


SKEWED TURBULENT BOUNDARY LAYERS

by
WARREN G. NELSON

Under the sponscrship of':

Office of Naval Research Contract Number 1841 (13)

Gas Turbine Leboratory
Report Number 55

August
1959

Massachusetts Institute of Technology



TABLE OF CONTENTS

ACKNOWLEDGEMENTS
ABSTRACT
PREFACE
NOMENCLATURE
1.  INTRODUCTION
2. THE EQUATIONS OF MOTION
2.1 The Coordinate System
2.2 The Boundary Layer Equations of Motion in Differential
Form
2.3 The Momentum Infegral Relations
3. THE AUXILIARY EQUATION
3.1 Introduction
3.2 Derivation of the Auwxiliary Equation
4.  VELOCITY PROFILES
4.1 Introduction
4.2 The Profile Assumptions
4.3 Preliminary Examination of Data
4.4 The Profile Functions F, ( Yl ) and Fp( M )
4.5 Comparison of Theoretical and Experimental Velocity
Profiles
5. FINAL FORM OF THE COMPUTATION SCHEME
6. SUMMARY
BIBLIOGRAPHY

LIST OF FIGURES

11

15
16

18
20
25
26

35
38
L6



ACKNOWLEDGEMENTS

The author wishes to express his appreciation to the entire staff
of the M. I. T. Gas Turbine Laboratory for their cheerful cooperation. To
the various computers who assisted him -- particularly Messrs. James Brown
and Robert Wu -- special thanks for their careful diligence.

This statement of indebtedness would be incomplete without men-
tion of Professor Yasutoshi Senoo whose many suggestions and ready willing-
ness to listen to.a tale of woe were most appreciated.

Finally and most especially, thanks to Professor E. S. Taylor
for exhibiting the patience of Job with regard to the often almost snail-

like progress of this effort.



ABSTRACT

The problem of predicting the growth of incompressible, skeyed,
turbulent bdundary layers on smooth surfaces is considered. It is sup-
posed that sufficient initial informetion and a complete knowledge of the
external pressure distribution is given. |

A computetlion scheme is devised which makes use of the two mo-
mentum integral relatlions and an auxiliery equation. The formwlation of
the latter is based on the empirical observation that if a velocity pro-
file is plotted in a hodograph plane the outer portion is nearly alweys
linear.

A theoretical means of describing velocity d.istributions is for-
mulated. These theoretical profiles contain two "universal" functions and
five parameters that are functions of the surface coordinstes only. The
"universal” functions are derived analytically and compared with experi-
ment.

Finally, a comparison of theoretical and experimental velocity
profiles suggests that the proposed computation scheme is only applica.}sle
to situations where gradients of flow quantities in the cross-flow direc-
tion are not too large. Therefore, the scheme is probably better suited

to the external flow over wings, etc., than to flows in turbomachinery.



PREFACE

The purpose of this preface is merely to say a word about the
menner in which references are indicated. When encountered in the text
references are shown by the names of the authors followed by the date of
the publication in parentheses, e.q. Clauser (1956). The references are
listed at the end of the paper alphaebetically according to the last name
of the author and then by date in case more than one paper by the ssme
man is noted. The purpose of this system is to avoid all footnotes and
discontinuities in the text -- so dear to the hearts of humanities schol-
ars and so distressing to read. |

No attempt has been made to compile an extensive bibliography

and so for any omissions, the author's apologies -- no slight was intended.
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NOMENCLATURE

constant appearing in "law of the wall"
parameter appearing in the derivation of FQ(‘Q )
constant appearing in the formulation of Fy( Yl )
unit base vectors along the coordinate lines

unit base vectors appearing in the theoretical ve-
locity profile

two-dimensional self-preserving velocity profile

"universal" functions appesring in theoretical ve-
locity profiles

quantities related to the "universality" of F,( Y\ )

and Fy( Y\ )

scale factors in the curvilinear coordinate system
function appearing in the derivation of FE( V\ )
integrals asppearing in the momentum integral relations
integrals involving the functions Fl( Vl ) and F2( Yl )
constant appearing in the expression for eddy viscosity
constant appgaring in the formulation of Fl( Y\ )
curvatures of S in the directions of x; and X3 respectively
principal curvatures of S

maximum curvature of S without regard to sign

scale of variation of mean quantitiles in the direction X,

scale of variation of mean gquantities in the directions
Xl and X3

arbitrary numbers appearing in the three-dimensional
skin-friction relationship

quantity appearing in the auxiliary equation
paremeter appearing in the derivation of Fp( Vl )

pressure within the boundary layer
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pressure outside the boundary layer

five parameters on which the theoretical profiles
depend

boundary layer veloclity vector
free-stream velocity vector
megnitude of the free-stream velocity

coefficients appearing in the final form of the mo-
mentum integral equations.

surface on which the boundary layer develops
variable apgearing in the derivation of Fp( Y] )
parameter appearing in the derivation of Fé( Y‘ )
parameter appearing in the derivation éf Fe( V\ )

boundary layer velocity components referred to the
coordinate system x;, Xp, Xz

components of the velocity fluctuation referred to
the coordinate system X,, X,, Xz

free-stream velocity components referred to the co-
wﬁmmswmmﬁ,ﬁ,%

boundary layer velocity components in streamline co-
ordinate system or Cartesian coordinate system

main-stream velocity components in streamline co-
ordinate system or Cartesian coordinate system

order of megnitude of the velocity components m; and Uz

order of magnitude of the products u'iu'j
boundary leyer velocity scale

"wake function" of Coles (1956)
curvilinear coordinates

streamline coordinate system or Cartesian coordinate
system

angle between s and.gl

angle between_e_w and e 1



¢

o O o
' *

sl
KR

boundary layer length scale
two-dimensional displacement thickness

displacement thicknesses referred to a streamline co-
ordinate system

angle between e, and &5

Xz

§

constant appearing in the formulation of Fl( Yl )
constant appearing in "law of the wall"

kinematic viscosity of fluid

turbulent eddy viscosity

raremeter appearing in theoretical velocity profiles
density of fluid

wall shesr stress-vector

megnitude of wall shear-stress

components of the wall shear-stress vector in the
directions X and X3

angle between g and e,

angle between Q and e,



1. INTRODUCTION

In the fifty five years since Prandtl first introduced the bound-
ary layer éoncept, boundary leyer theory has attained & position of impor-
tance and popularity in the field of fluld mechanics. Initially, most of
the work on the subject dealt with laminar, two-dimensional, incompressi-
ble boundary layers. More recently, compresslble flows of that nature
have recelved their share of attention. Much less effort, however, has
gone into the investiga:bion of three-dimensionel or skewed laminar bound-
ary layers (the two designations will be used interchangeebly). A skewed
boundary layer is one in which the veloelty vect;prs a.'l.ong. a8 line normal to
the surface are not collateral. The velocity vector varies in direction
as well as magnitude with distance from the surface. For & good sumary
of three-dimensional boundary layer work, see Moore (1956).

Although boundary layers encoutered in practice are most often
turbulent rather than laminar, turbulent boundary layers are not so well
understood. Only recently have same sound theoretical considerations of
the two-dimensional case been made; see e.g. Clauser (1956) and Townsend
(1956).

Three-dimensional turbulent boundary layers have the greatest
practical. importance but heve received the least attention because of
their complexity. Very little experimental information exists and theo-
retical considerations are even more meagre. The work of Gruschwitz (1935) s
Prandtl (1946), and Mager (1952) is perhaps the best known. More recently

Johnston (1957) and Gardow (1958) have dealt with the problem.
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It is the purpose of the present report to propose a scheme for
computing ﬁhe development of skewed turbulent boundary leyers. It is sup-
posed that the vector free~stream velocity and its derivetives are known
everywhere and, furthermore, that sufficient initial information is given
to describe the state of the boundary layer along scme line. It is assumed
that the f;uid. is incompressible and that the flow is well described by
mesn flow quantities which are independent of time. The boundary layer 1s
supposed to develop on a smooth, stationary surface. The assumption of a
stationary surface implies thaﬁ the mecha.niam producing skewing is curve-
ture of the main-flow streamlines, l.e. the secondary flow is pressure
driven. If this last 1s not the case, as for example near & rotor of an
axial ccm@ressor, no essential difficulty is involved; the equations merely
need be rewritten in the rotating coordinate system. If the surface is not
aerodynamlcally smooth, it msy be supposed that only a simple modification
is necessary if the roughness is sufficiently great so that the flow near
the surface is independent of viscosity. Should the surface be less than
"fully rough", the flow near the surface will in general depend on the
é_pecific nature of the roughness elements and the situstion is no longer

simple. See, for example, Clauser (1956) and Townsend (1956).



2. THE EQUATIONS OF MOTION

2.1 The Coordinate System

Suppose that the glven surface on which the boundary layer de-
velops is S. A coordinate system may now be constructed in the followlng
way:

Denote the femily of surfaces formed by S and all parallel sur-
faces by Xy = constant. The given surface S is Xy = 0. Conslder any two
paremetric lines (x, = constant, x, = 0) and (x5 = constant, X, = 0) on the
surface S. Construct the orthogonal tré..jectories of the family X = con-
stant. All the orthogonal trajectories which intersect the line (xl =
constant, Xy = 0) form & surface X = constant. Similarly, a surface x5 =
constant may be éenera.ted.. The intersections of the three feamilies éf sur-
faces, X = constant, Xy = constant, x3 = constant, form the coordinate
curves. The curve (x, = constant, Xz = constant) may be called the x;
curve, the curve (x5 = constant, x; = constant) the xp curve, and so on.

Let &, &p, &3 denote unit base vectors tangent to the coordi-
nate lines at any point. &, and &3 lie in the plane tangent to X, = con-
stant. Therefore, e. - ¢, = 0O and e, - e, = 0. In general, however,

1 2 2 )

& * &5 # 0, i.e. if the angle between e and 5 is Qenoted by € , € =

The coordinate system is therefore semi-orthogonal. See Weatherburn (1930),

N

P 71+. The main features of the coordinate system are shown in Figure 1.
Let hy, hp, h3 be the relevant scale facors so that the element
of arc length ds of any curve is given by

2
ds® = (h.@udx, + hz@_zd)(z + hg €3 dX:;)



or

ds? = thlx,2 + h:dxi + h; clx3z + 2 hhydx, dxs cos e

As has been stated the e, (i = 1, 2, 3) are not in general
mutually orthogonal. If, however, the pa.rametrié surfaces do constitute
& triply orthogonal femily (i.e. & Lame family of swfaces), Dupin's
theorem states that the coordinate lines ere lines of curvé;ture on each
surface. See Weatherburn (1927), p. 211. |

For simplicity, natvré.lly, one would prefer to deal only with
orthogonal coordinate systems. However, the restriction that the coordi-
nete lines X a.i;d. ;:3 coincide with the lines of curvature of 8 may be un-
desiraeble. As has been.pointed out by Howerth (1955) , this 1s an undue
restriction in that it is possible to usé a coordinate system which is
only locally orthogomal on the surface S without in any way complicating

the boundary layer equations of motion. The phrase "bpundary layer" is

und.erlined to indicate there is a 'd:.e\gree of approximation involved. The
equations of motion in the orthogonsl and semi~-orthogonal. coordinate sys-
tems have the same form ofly within the framework of the boundary layer
approximations.

In order to see this, consider the surface S. The first order

megnitudes see Weatherburn (1927) are

A

=h

i

E_,
F, h| h5 cos ¢
Gl

:hi



The second order magnitudes become

_ _hooh
- h, X2
! { b huh&\ . &
M = —Z—Hz[cose —%5(-; — h,h; Sin ¢ %_Xz
N’ _ — hﬁ a_h%
From here on it is assumed that & = TZ'L on S. Then the curvature K;
of 8 in the direction Xy is
! hz 5 XZ

while the curvature K3 in the direction X3 is

_ l_t)(l}’lha\
s = hy  oX

Let Ky and Ky7 denote the principal curvatures of S. Then

(21-1b)

and




Combining (2.1-1) and (2.1-2) one obtains

2

("(1"’\’1:\2 = (K,-Kj + ﬁ: (g_&) (201-3)

Since |’<3\ (K - KI[\

equation (2.1-3) implies that

- zxﬂ < (K l/_\&

Therefore,
L€ -
ho 0%, !KI KE, < ,KI\ T 'Kﬂ
Ir ]K l max LS the meximum curvature of S without regard to sign, it fol-
lows that
| 9€
AR L (2:1-2)

In developing the equations of motion it will be assumed that
hZA)(Z:O([) where X is a measure of the boundary layer thickness. There-
fore, |A€| 1isof order 2{ |K| . 1Ir ) || . << 1, i.e. if the
boundary layer thickness is small compared to the smallest radius of curve-
ture of S, A € will be negligible and it may be assumed that € =;_l’ every-
where even if the lines Xy and x3 are not lines of curvature on S‘.

One other fact may be demonstrated in the same way. Since

K| < K| pex> &nd k5| < |K| max> equations (2.1-1 &, b) imply that

A I (r-56)

hy 8Xo




...7..

and L 3Unhs) ,
h dX2 )Klmax <2'|-5\O>
Therefore, so long as ﬂ ‘Klm a x<\ 1, hl and h3 may be considered as func-

tions of X1 and Xz only.

2.2 The Boundary Layer Equations of Motion in Differential Form

If we confine our attention to the mean motion only, the govern-
ing equatiéns are as follows:

The Continuity Equation

hh Wby [ax (hahsw) + 35 (hshot) + 35, (h, h&;\] (2.2-1)

The X - Momentum Equation

D/IO’

F ol rul) ;"-2%(2 (uiz + W) + 4 ax (s + W75

X2 )

L {(Mw)fs(hmm\ o ) 2 +(u.u;+M\a({“h”\]

{(wu’ oy (s )Y

(uf +45) dhs
\ql oX, h\hz E)S

hgh? bx\

o/

\‘/\N ’DE_

_(a(h.u\ zM\\ {_,, (a(mm m
3%| hihs

7 (0
ZB hho,\ Xy X, /l X\ AXZ (?.Z-Z)
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and two other momentum equations obtained from (2.2-2) by cyelic change
of the suffices.

In the above, the u, are mean velocity components, the u'y are
components‘of the velocity fluctuation, p is the mean pressure, p and P/
are the density and kinematic viscosity respectively.

Ne mow suppose that
hoax, = 0(L), hdx, =0(L), hyo% =O(L),

u, = O(V,) , us = 0 (U,), du, = O(Up),
dus = O(Un) v =o(u), (wu)=0@) -

It has been cbserved experimentally that f, is an order of magnitude less

. 2 2
than L and Un is an order of magnitude less than Uy .

T—n L]
Without loss of generality we can take h2 = 1. Then x; is simply

Equation (2.2-1) im-

plies that u2 is at most of order Uy

distance measured normal to the given surface. Furthermore, in accordance
with the results of section 2.1 we have assumed that ‘?"Klma,x <&
Therefore, hl and h5 may be considered as functions of X and x‘5 only.

Retaining only the highest order terms the x - momentum equation

L3 (uws)

IL»—U?) éhg M@ éhl
+ e X, +1‘Z hihy aXs
= 2 gyl (22-34)



The X5 = momentum equation is

2u) _ e v I Dy dika _
zx: T P 3 nh, 3X|(h33X7_) +ax; U"ax ) (22-3b)
and the x -~ momentum equation is
Lol ) — l 6(!&1)
W\ 3 la + 5% (uzu;+ u,u,) + Ty > >
—_— (W"‘M;) A_a Wi Us éh%
hihy X3 Tz h, s hy, 3)(
_'_.Q_P_ X'U.a N
— e, TV (@2-3¢)

At high Reynolds numbers the viscous terms will be negligible everywhere

except very close to the wall.

Neglecting the viscous term, (2.2-3b) may be integrated to give

—u-';z' — —% +"§ (2'2."‘4)

where P is a functiobn of x; and X3 only and is the pressure outside the
boundary layer.

N
Substituting (2.2-4%) into (2.2-3 &, c) and neglecting AP LS

and L é-!’; we obtain 3K,
ha, axg
Loud) | 3 IR YAl AR
h\ 5X| +a (U U'l_-l-u Uz\) + h$ axa h|hb aX'
wis 3 _ 1 )P U _
+ 2 h Ny 3 %2 = ?h 3, + ¥V B’Xé— (2'2 56!)



and b (U. uz)

1 3 o=y L1 a5) _ (E-us) dhy
vl AU TA R v m w3 35
Wi lUs ah’b — L MB éil_‘:? .

The continulty equation simplifies to

A A(hﬂll\ d Uz + s 3(hnua) = O (2'2—6)

h.hg o X) T —_)-(.z h.h'b a)(g

If the free-stream velocity components are U, Up, and U}, the

continuity .equation in the free-stream becomes

3(haU) 3(hUs)

1 olhsUi) 80, _
0y o, T ok T b, oxs  C (22~7)
Furthexr, assuming that as the free-stream 1s approached ‘)—-—-——-—(au; bl';) s
- Wt : 2
W__ll"}) é___lk\ , and a__u«a all spproech zero,

Xz ’ dX2 32

the free-stream momentum equations become

AU TR 4L (U T5) +(U.?——v§‘>am
h, dX d X2 h 0 hhy X,

U, Us h oP

- 1 or ,
+ Z h hg 5X3 - Phl 3)(. <2'2 80.)
and
1 A(U|Ua T)te.\ + i é U’&\ _ (Ulz"U;—) b__h\
h oX, iy Vs dxs hihs, 9X3
LU 1P r2-6b)

hhs PYe pPhe X3
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Finelly, the pressure P may be eliminated between (2.2-5) and

(2.2-8) to give

LL(ML-U: T dX2 (u.ul UU + u|u1 + LS (“‘ua_g‘va)

ok h’b bXa
T - 52+ 2Ty 2
. $u, N
= Yo (22-9 )
and.
_k%K‘iM;—U.UJ T %)7 ( 1‘*3“D U + Uzl ) lh;%;@i -U, )
o)Wk, + sonvi
=7V %_3 (2'2- Qb)

2.3 The Momentum Integral Relations

In order to derive the momentum integral relations we need only
integrate équations (2.2-9 a, b) with respect to xa from 0 to o, Before
doing this, however, let us introduce the following notation:

Let Q be the magnitude of the free-stream velocity, i.e.
2 e 2 -2
and U.‘-‘Qcosc} , U;=Qsm<}
where é is the angle between the direction of X and the direction of

the free stream velocity vector. It is assumed that @ is positive when

measured towards ‘x5.
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Let ')7 be a new dimensionless vdpiable of integration defined
as ) ')7 = g_z
where § is an sppropriate length scale in the boundary layer. &S isa

f .
unction of xl and }% only

The following definitions may now be made:

b = égwﬁvt-ubdn

o

1, =4 (U, w)dn

In = é"- g (U| - un) dyl (2'3—‘)

135 = '5:. g(U—,"U{;) dY‘(

o

With the aid of (2.3-1) and meking some use of the continuity
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relations (2.2-6) and (2.,2-7) the momentum integral equations may be written as

+ (21, —3lcos @)@Lﬁ,%| + (21, =2T,s1n § =1, cos @)éﬂ%%%a

+21,snd + ) bx, — (Licos & - Isin CP)T'{BLP—

Ty~ Tas - Ticos § +lesm52)ﬁ'ﬁ;%.

+(2Lz _ZI,SIYI@ —Iicosé>ma%l3 +Eo\ —



a1l

1 3w + 1 0ls @ fs  cos® b
Mo, 0 Xy h, 0X, hy X3 h, 2x,

+ (21% 31’3 S'”@\é_hjb% (21,,, *-ZI cos@ 1&m§’)&‘l—‘ j;g

, B@ - 3@
_Zlacosé—;;‘s—)—(B t (1;&«\0@ _I'COS CP\_‘Y'-'W‘

/
h,
+(I;5_I\|-I3 sihd #2I|C°S‘b)-ﬂ%ﬁg%3
\ bha . Z‘oe — _

+ (2I.,—2],cos 3 —I,smcﬁ\)ma—&‘ +§'(;'52 =0 (25-2b)

Z;, and'zoaare components of the wall shear-stress vector in the directions

of X and x3 respectively.
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3. THE AUXILTARY EQUATION

3.1 Introduction

The essence of the problem as regards turbulent boundary J.ayer_s,
skewed or 6therwise, is that, in considering the time averaged equations
of motion, one invariably has to deal with more unknowns ‘hha._n there are
equations. There is as yet no thébretica.l connection between the Reynold.s.
stresses and the other mean-flov} quantities. Additional informstion must
be introduced. At the present time, of necessity, that informetion is em-
pirical. The only choice available to the analyst is the manner in which
he iin'troduc‘:es the empiricism. For example, Von Doenhoff and Tetervin (1943)
in their calculation scheme for mthe two-d:i.mensioxia.l turbulent boundary layer,.
meke use of an -‘empirica.lly devised equation for the rate of change of shape
factor. Truckenbrodt (1952), on the other hand, uses the energy equation
with a dissipation function determined by Rotta (1950) from a number of
neasurements. B

For the present problem, however, an entirely different approach
seems more satilsfactory. It hais long been observed that if one plots e ve-
locity profile from a skewéd turbulent boundary layer in a hodogresph plane,
almost always & straight line is obtained in the olter portion‘ of the bound~

ary leyer. _Such a straight line relationship may be stated as

(W =) = M(w-U) (3.1-1)

- where M is found to be independent of X, near the outer edge of the bound-
ary layer. For a fairly extensive collection of evidence testifying to the

validity of this relation see Johnston (1957),
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Johnston used (3.1-1) to develop an additional equation connect-
ing the va:x.‘ious boundary leyer perameters and found that his result was
well substentiated by his measurements. Gardow (1958) also tested Johnston's
equation but with less success. However, it would seem that in Gara,ow's case
better agreement could be obtained by abandoning the untested assﬁnption that
initielly his boundary iayer was collateral.

In any event because of its relative simplicity and its freedom
from eanpirica.lly determined constants, Johnston's equation will be used and

his derivation is repeated below in somewhat more general form.

3.2 Derivation of the Auxiliary Equation

The first step is to eliminate u, between (2.2-9 a, b). Using

(3.1-1) we have

%Z(U-ZU.% - UZ Ua) = M %Z(U;uz,-U. Uz\ + (Ug— lV' U,) 55')'(7—(“7_- Ug\) (5- 2-1 )

Mekipg use of (3.2-1) we multiply (2.2-9a) by M and (2.2-9b) by

-1 and add. The result-is

n s u-U0) = Lh"g—(u =00 - (Ua“MU‘)fiz(“fUz\

M ,\ > (Walh)
UL e 8) — 4 4 (-5)  m A 2R

+ [M (u,~._ U,Z) - M (u;‘—Ug ) *Z(M,u; -U Uﬁi‘ ,},\T]bqh;
ZM (u s = UU;) + U= Us) (Ma 'U;{[Tr:—‘}lf%a

2w Pl
(M X 5)(11:)

+

| S—

(3.2-2)
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_ As indicated be Johnston (1957), the outer portion of a cross-
flow profiie in s skewed turbulent boundary layer can be predicted with a
simple shearless analysis if the profile in the direction of the main flow
is known. Since, in essence, that is what is being done here, the terms
involving Reynolds stresses in (3.2-2) will be ignored. Then, eliminating

-f;z(ul—Uﬁ) with the aid of (2.2-6) and (2.2-7) and substituting

for us fram (3.1-1) equation(3.2-2) becomes

_MO 30 (TouY M (0w 30 1 (6-w) M
hn 3X| h, 5X|~*- h, X + h, 3&

3 G000 _ MU-WTIM | M) o0 _ ME(0-1) 3
h, & Wy, % he °X3 s 0K
=M (00 =M (- N+ M, (0m ) + 2M°0, (0-) + 0, (0 “\]ﬁ‘

[M (U\'Mh -+ (U"‘HD = M U| Ur’H;\)"ZU\(U\"MI)"MU3(U;‘M§\ h| héhh;(3— O (3°2‘5)

Finally, in the outer portion of the boundary layer (Ui - ul)
is small. ‘Therefore, dividing by (Ui - “1) and retaining only the largest
terms eqpa$§on‘(3.2:5) becomes after substituting for Ui and U3 in terms

of Q and

+ (Msind +cos c})%—‘%%

99‘%?2’;3‘ (Mcos@ - sm@) 'aQ

.ZDL_

% b;;? Q\/\ cos g - Msm%)a'— SQ + (M smgJ +Mcos£l'>)-}%-5§
ha

(M COS@ +2M Smc}) + Sin ¢>—L éa—

h
—(Mzcos@ +2 cosc@ + Msin c@)'—h gh' = (3.2- 4)
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L. VELOCITY PROFILES

L, 1 Introduction

Consider at first a two-dimensional bou.nda.fy layer flowing in
the x—direétion, say. The boundary layer mey be roughly divided into two
regions: |

1) An inner region whose thickness is usually of the order of

10 per cent of the total boundary layer thickness. The most im-

portant characteristic 6f this region 1s that it is virtuaj,iy in

a state of energy equilibrium -~ the local production of turbu-

lent energy being very nearly equal to local viscous dissipation.

Furthermore, almost all of the production of turbulent energy in

the boundary layer tekes place within this region. There is a

slight excess of production over dissipation, the excess energy

diffusing outwards. Because of the high tur‘bglent iﬁtensities
within this portion of the boundary layer, its response to dis-
turbances is relatively rapid. Moreover, the shear stress in
the lnher layer is approximately constant and equal to the wall
shear st:ess. It is a consequence of the fegtures mentioned
sbove that the motion within this imner region is effectively
determined by the wall shear stress Co and the viscosity V.
Therefore, the velocity distribution u is given by
n yw
w o F(7> (4,1—1)'
where Y& = /Do and y is the distance from the surface.

Ny

(4.1-1) is sometimes called the "law of the wall'.
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2) An outer region. Here the motion resembles that in a wake.
Production of tt_.wrbulenf energy and dissipation are smell. Tur-
bulent intensities are low or, in other words, the size of the
eddies is large. This region responds only very slowly to dis=-
turbances and the irelocity distribution within this portion of

the boundary layer depends on the history of the boundary layer
up to that point. The flow in the outer region is ind.ependerit

of viscosity except in so far as viscosity determines the wall

shear stress. It has been found that the effect of changing

skin-friction coefficient is minimized if the velocity defect

(U.—U
u_ir
length scale. Therefore, in the outer portion of the boundary

(52) = o) o

where the form of the function 8 depends primarily on the pres-

) is plotted against % vhere § is a properly chosen

layer we have

sure history of the boundary layer.
At sufficiently high Reynolds nm(b?rs the two profile descrip-
tions (4.1-1) and (4%.1-2) overlep and then it can be shown (e.g. see Mil-

likan (1938)) that m;f”or consistency (4.1-1) tekes the explicit form

| YW
% = X |Hb%j + c (4.1-3)
whgre K and C are absolute constants. Since (4.1-2) and (4.1-3) both

hold we must have

%,=—‘,<In5u*+c+A (4.1-4)
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where A is a number depending on the pressure history of the flow and on

the definition of & . In the region of overlap (4.1-2) takes the form

[5F) - ult) - -

Coles (1956) in & most thorough study found that he could achieve

a good description of a vdriety of two-dimensional turbulent boundary layer

prrofiles by assuming a defect law in the form

) ko) (Bl

vhere W (‘-yg) vas & "universal" function found empirically a.nd'-n‘ was

a perameter depending only on x. Coles further suggested a way of general-
izing his method of profile description to handle skewed boundary layers.

It is this suggestion that we wish to pursue with some modifications.

k.2 The Profile Assumptions

| Consider a typical skewed boundary layer profile plotted in a
hodograph plane and shown in Figure 2. There are almost alweys two dis-
tinet directions, I and IT, assoclated with such a plot. These directions
are indicated by the a.ngies @ and B i.ﬁ the figure. The first direction I
has been fdund to be the direction of the wall shear stress and so a is
the angle between e and tlj,e well shear st;'ess vector '_C_o . It wiil be
recognized that tan B is the quantity referred to as M in Sec. 3.

Let = and &, be unit vectors in the d‘irections I and
IT respec’cively,' Let g be the boundary layer velocity vector and Q the
free-stream veloclty vector. g makes an angle ¢ with respect to & - All

angles are sssumed to be positive when mea,sured toward 35. This notation

is illustrated in Figure 3.



We assumeé a vector defect law

4-Q = & %:F?(VU + @wrﬂ:%*F;(v\\ (42-1)

where \q 3 UL* and K are as defined before and F and Fy are supposed to
be "yniversel" functions. Further, it is supposéd. that near the wall the

logarithmic "law of the wall" holds so that

q €, l{ [\n X Wy Kc} (4.2-2)

4
for small x2.

It

Since (4.2+1) and (4.2-2) hold simultaneously, consistency re-

gquires that
* »
Q= Qo%[l'n W L ke + m‘] T ew i M (4-2-2)

where m, and m, are essentially arbitrary numbers =-- m, depending only on
the definition of the length scale 5 , and m, determining the value of m
associated with any particular profile other than the one for which "\T = 0.
Equation (4.2-3) is nothing more than a vector skin-friction relationship.
It relates the length scales § and —7&* to the velocity scale u®.

| Combining (4.2-2) and (4.2-3) we see that for small x,. the de-

2
fect law (4.2-1) has the form

q-Q = go%{*[\h)’{—m,] = @wrﬂ% m, (4.2-4)
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Comparing (4.2-4) and (11-52-;1) we see that as X, —» O
F\ (Yﬁ In Y\ - m,

and ) — —m, -

At this Juncture some reference should again be made to the work
of Coles (1956). 1In Coles' profiles the function Fl( Yl ) had the form

F o) = nn

while the function Fp( M ) had the form

Fn) = w(ny-2
Coles chose the function W(Y‘\ in such.a way that x, = § represented the
*’edge" of the boundary layer and so his profiles are defined only in the
fange.o < ‘Q & 1. This suggests a criticism of the functions used by
Coles since a boundary layer "edge" is q_xiite fictitious. In addition, it
is impossible, using the profiies devised by Coles, to satisfy the require-
-ment that as the free-stream is approached %% —_— O . One further
remark is in order. In Coles' work the direci;izn of the base vector &,
is not that assumed here. In examining the date of Kuethe, McKee, and
Curry (19%9) and that of Johnston (1957) Coles found that his base vector
e, was nearly in the direction of the pressure gradient. .If we are to be
guided by past experience this result would seem to be little more than
fortuitous since it has been quite well established that there is little
connection between the shape of a profile and any local pressure gradient

parameter.
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As regards the constants  and C appearing in the "law of the
wall" there is some disagreement concerning their valuesg. Hox;rever, Coles
exa.mined a large amount of data and in every case he found that a good
fit could be obtained with the values

K= 0.4

cC=5.]
We will therefore accept these values without further debate.

4.3 Preliminary Examination of Date

Two sets of date will be considered -- that of Johnston (1957!)
and Gerdow (1958). Since this data is presented in terms of & streamline
coordinate system, it will be expedient at this point to consider the pro-
file relationships for this special case.

Let us suppose: x; —> x where x is the direction of the main-
flow streamline; x3 => 2 where z is the cross~flow direction, x = ¥
and the uy - u, vy W respectively. Then @ » the angle between Q and
&1, 1s zero. '

Forming the dot product of (14-.2-1)' with first e; and then gy we

obtain

%—l = fcosx F(q) + T¥cosp F(n) (4.§«|a)

and W= fana FN)+ TS sing K () (43-1b)

O

where



ol
Similarly, from (4.2-3) we get
| = Ycos«x [\n %‘7* + Ke + m,] + T Kcosg m, (4.3-20)
0= ¥sing [ln %/‘-**M(c +m‘] +'T\“2§sm@ m, (4.%-2b)

We now introduce the following notation:

‘_
~nN

{

|
TN

[ 8
n
=
o
=

(4.3 -3)

<
|
0\/—\
I
=
—
o
=
\/’-“

° o \
by = gof-; (VOdv\ /)

» *
If we define the displacement thicknesses, &X and g z

as follows:

£ x

1

oot
_ Sj% dn

we obtain with the aid of (4.3-1) and (4.3-3)

and

B
8%
§

-8-8—” = L fcosa + L, fecoshp (43-4a)
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and %5 = L fsma + L, TN fsinp (4.3-4b)

The five parameters a, B, 5\ s & and 1| are assumed to be
functions of X; and Xz in gene:;'a.l, but not of X, Of these five § and
M are the most difficult to determine. Therefore, we eliminate & and
T vetween the four equations (k.3-2 a, b) and (4.3-4 a, b). After some

lengthy algebrs the following tﬁo relationshi ps are obtained

G,= Gy =, + In () + ke + In ¥ (43 -5)
and
— ! ma
G, G, = ”'(‘iﬂ (4-3- 6
where r ¥ *
G, = lntX‘(S-%Q)(l— %cotocﬂ
G = —- L [ tang
2 feosa | tana — tanp
[ §..%cot0(
- | ‘ X
Gs =~ Fros . _g_*_z_ cot o

Gy, Gp, and G3 can be determined for each profile by using the
* Q

. =d I,

graph plots, and determining § from a fit of equation (4.2-2) to the

tabulated values of &: ) g measuring & and g from hodo-
date near the surface.

Equations (4.3-5) and (4.3-6) state that if G, is plotted against
Gy and G, is plotted asgainst G, the points should fall on straight lines
having a slope of +1. The straight line in each case should be unigue if
for arbitrarily chosen values of m, and m,, il and i, are constants inde-
pendent of flow conditions. If this is so, Fl( Y{ ) and FE( Y‘k ) have some

small claim to "universality".
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The data is presented in this way in Figures 4 and 5. Unfor-
tunately the range of values for Gl’ G2, and G5 covered by these experi-
ments is small and the scatter is great, particularly in the data of Johnston.
For these reasons the tests are inconclusive. About all one can say is that
Gp versus G5 might better be described by a single straight line than Gy ver-
sus Gy -

More d.etailed.l examination of the date is necessary but first we

must have explicit formulations for Fl( Yl ) and Fy( Y\ )e

4,4 The Profile Functions Fl( N )and F.( W\ )

In his original paper Coles pointed out that a separation profile
was specified by the conditions rﬂ‘—* 0 ¥ — O in such & wey that the

product T f —> 1/2. The separation profile is then given from (4.1-6) as

v =zw(n

Following this lead we suppose that the function Fy( Y| ) is essentially re-
iated to a two-dimensionsl separation profile.

In a latter paper Coles (1957) speculsted that the two-dimensional
bouilda.ry léyer whose profile is everywhere described by the condition'ﬂ' = 0
is & boundary layer for which %/l; and, X‘ were constants. This boundary
layer is the one produced by flow *petween converging plane surfaces and is
in & sense quite special since it is the only boundery layer which -- in the
words of Townsend (1956) -- is exactly self-preserving. All other self-pré-
serving oi' equilibrium boundary layers occur only if the Reynolds number is
sufficiently high. Adopting Coles' speculations to our particular needs we
therefore assume that the function Fl( Y( ) is essentially the velocity pro-

file associated with the exactly self-preserving boundary layer.
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We are now in a position to meke use of some analysis by Townsend
(1956). Townsend formulated a differential equation for the outer velocity
rrofiles of equilibrium turbulent boundary layers assuming & constant eddy
‘viscosityl/T. Meking use of & result found experimentally by Clauser (1956)
we write

V.= KU§” (4.4-1)

where &* is the displacement thickness as usuelly defined, U is the free-
stream velocity, and k is & constant.

From our assumed velocity profiles written for the special case

of a‘fwo-dimensional boundary layer we have

*U * . |
K(SSUL*) = Lt LT (4.4-2)
so that as a result of coambining (h,h-l),(h.h-2)

Vr K ( :

———r — —— +L \) . -

(W B (1,41, (4-4-3)
First we consider the exactly self-preserving boundary lsyer.

As indicated in the discussion above we assume the velocity profile is

given by

(%) = R

Then, for the outer portion of Fl('ﬂ ) Townsend's equation gives

-K #
Fo= ¢ e N (4.4-4)
vwhere we have transformed from Townsend's notation to ours and made use of

(4.4-3) with T = o.

ok

2 Kz

K* = T (4-4-5)

k), C;, and i; are numbers to be determined.
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As indicated in Sec. 4.2 the inner portion of Fy( Y\ ) 1s given
by

R = 1Inn—wm; (4.4-6)

Assuming the inner and outer profiles join smoothly at some value

of Vl , say '\’ko » We have

C, et = |n No— m, (4-4-7)

Ce ¥ = _ Klv'\ (4.4-8)

Finally, remembering that
(%)

L = -Sﬁm\m

Q9
we have the relation

¢ KMo
K, €

Substituting for il from (k.4-5) equation (4.4-9) becomes

LI = ‘Vlol” no + (W‘\+ I)Y\o - (4'4‘9)

\l%- = _Klna \V‘ho + (Wh"' '\ K\ho - C'e_K\‘qo (4.4—10\

Equations (4%.4-7), (4.4-8) and (4.4-10) are three equations for
the three unknowhs k,, Cy, and Yla .

Substituting for C, from (4.4-8) into (4.4-7) and (4.4-10), and
combining the results we finally obtain

2

KMo = 5 (\7-%4) x (V—%——-—Q -4 (4.4-0)
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Clauser (1956) found experimentally that k = 0.018. This value
of k together with K = 0.4t does not permit a real solution of (4.4-11).
However, with a slight adjustment so that k = 0.0178 we can obtain a unique
éolution. -

In order to proceed further numefica.lly we must assume some value

for my . For convenience we take m = -AC = -2.04, Then, after some calcu-

lation we 4‘ obtain

o= 0:0478
K, =20.905

C,=-¢

L, = 0/14%5]

The final form of Fl( N ) is therefore

0 <V &£0.0418 , FO) =lny +2.04 \(
Ry =-¢ ("20'905“\>

/7

(4-4-12)
0.0478 < W] < o0
We next consider the equilibrium boundary layer with incipient

separation., This is a limiting case and has to be approached carefully.

If we write in general

(5) = Fon

we now suppose that as u’ —» 0, F( Yl ) ——»  Fy( Yk ).

Townsends equation yield.é for the outer portion of F the result

F = CHh,(t) (4-4-13)
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where t = Tyl
2

2 K
T RO (nt LT L

-

Agaln we have changed from his notation to ours and made usé of (4.4-3).
n is e parameter defined by Townsend and related to the external pres-
sure d.istribution; it is a cbnsta.nt for any particular equilibrium bound-
ary leyer. Hhh(t) is a function given in terms of an infinite series

as

K 2 4
=\/“2‘ nt” o nn-20t |

'E_ _ % ) s
—_ \/-2— g =0t (n-nl-3)t

Sl T T

(There should be no confusion between the number 7t and the parameter 'TF .)
For the Boundary layer with incipient sepe.raétion Townsend shows that n = =1
and Hh, (¢) = ezt

Again the outer profile has to be matched to the inner one at some
roint € = t,. We have already chosen m; = -KC. For convenience we take

m = 1. As shown in Sec. 4.2 the inner profile is

2
Flg) = Iny + ke =T (4.4-14)
'ﬂ‘ = constant for any particular equilibrium boundary layer so that in

the present situation i1t mey be considered to depend on n.

Using (4.4-13) and (4.4-14) we insure a smooth transition between
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inner and outer profiles by satisfying the relations

CHiy(to) = mt, = In T + ke =TT (4:4 - 15)
~CHh,_ (o) = lto (4-4-16)

Also we have the relation
= (Finan = (Lt
which gives us the edditional equation
T (4 +LT) = tht, - to(lnT-KC + 1+
+ C Hh, (o) (4.4-17)
Substituting for (1) + i]] ) in terms of T, (4.4-17) becomes
K

ko = ~toInto + to(\Y\T'—K,C + | +rﬂ")
- Cth-H (t°\ (4'4' \8)

Substitute C from (4.4-16) into (4.4+15) and (4.4-18), and com-

bine the results to give

K
R+ to H‘/\hq (to\ - to th.('t'O\
=t Hh,_, (Eo) + Hh, (t) (4.4-19)

Ultimately we will be interested in the limiting case n —%» —1.
For this condition it is easily seen that Hh“(t\ and. Hh“_‘(t\ have approximate

forms

\}—f 2 4
2 nt nin-2\t . ___
| + 21 + Al +

2\ | ma\n-at
th_|(t\ ~ - ©:7) t + (ngl + (n-2 (;_?\ +---
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Hhm_‘(t\ does not simplify.
A brief examination of (4.4-19) shows that as n ——> -1,

ty—> 0. Therefore, retaining terms of O(toa) and larger, we find from

t, = — 5 (4-4-20)
2 2 N+ i
“ ( 2 )\
With the aid of (4.4-20) we obtain from (k.4-16)
(ﬂ%‘)(nw
2 2 ()
C Ny - K = 4:4"’2\
\/12_ \/K(Hm ( )
Substituting (4.4-20) and (4.4-21) in (4.4-15) we obtain
—_— N+l
2 ( 2 )l l t —
—K_\/_— -+ 7 = 3 ln\JO+n
i () "2
(4-4-22)

—+
N b
s
{
™)
x|
]
]
71Nl
=
|
|
—
+
-~
o}
I
=]

-
For (n+\\)-—>o > (Y\+l\) 2' > }ln(lﬂ-ﬁ-l\%" and (4.4-22) becomes
1 ) AN K_ (r_l_—é_z_)l L mn
> .

L2 (A (ha-22)

As (n+ 1) —>»0, M— — C and
TR n_:_&l
, -
n+1\ | n‘;—l) ntl l
K _2_ (T\ _ \ﬂg__ SZ\)
T RS g TN e
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Therefore, for the limiting case of n = -1
[ [RT Lo = ¢
IhWT—zlhix\[Z | T3 KC = O
or )
- \ 4 ‘ i
— v KT K"z
_L4? LT 11"
2 — 2
Since Hh ( \) e s Iy (Yl\) = - £
With k = 0.01L78 as before, T = 3.01590 and we obtain finally
- 454783 h
& (\\ (4-4-20)

Using this formulation i, = 0.41557.
We are now in a position to compare the theoretical and experi-
mental forms of F;( V| ) and Fy( Yk ).

Solve for Fl( V\ ) and Fa( N ) from (4.3-1 a, b).

- &\ sin® + % o cosp

‘:\(\\ =( \J\Sm (OL*@\ (4.4-27>
ﬁ--l)smo& — X coso

=) = = Ww(“‘g) (4-4-28)

From (4.3-2 a, b)

S\V‘lcx 7
s (E-B) (4-4-29)
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With the aid of (4.4-29), (4.4-28) becomes

W

R =- mz[(\—a\ + 5 ot O‘] (4.4-30)

From (4.3-4 &, b) . N

%x SN — %—‘coso&
m = == (4-4-3)
L sin (x-8)
Equating (4.4-29) and (4.4-31), we obtain

*

§ = Kr—-:— (Xi - Szcoto(\ (4-4-32)

Experimental forms of Fy( Vl ) and Fy( ﬂ\ ) were calculated from
the data uéing (4.4-27) and (%.4-30) with values of ¢6 calculated from
(4.4-32). These forms are compared with equations (4.4-12) and (4.4-26) in
Figures 6 and 7 for the experiments of Johnston (1957) and in Figures 8 and
é for the experiments of Gardow (1958); In general the agreement is satis-
factory for the function F( h\ ). The experimental profiles Fy( Yl ) which
deviate greatly from the theoretical curve arise fraom situations where there
is a good deal of uncertainty in B. The most striking discrepancy occurs
with regard to the function Fa( Y\ ). The fit to Gardow's data is quite
satisfactory. However, the grofiles Fa( Y\ ) determined from Johnston's ex-
periments exhibit a form quite different from equation (4.4-26). This dis-
agreement cannot be attributed to experimental uncertainties. It is of a
more fundamental nature and we will return to the point again in the next
section.

In any event by way of summary, use of the relations (4.4-12)
and (h.h-eG) leads to  the following vaelues of the quantities (M;M-B):

il = 0,14351
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ig = 0.41557
113 = 0.26306
i1p = 0.14095
15 = 0.29385

4.5 Ccomparison of Theoretical and Experimental Velocity Profiles

We are now in a position to attempt e fit to actual measured ve-
* - %
locity profiles starting from the measured values of 7 ? 9 X, g X9 Sz 9

Q

and —

4

From equations (4.3-2 a, b) we obtain an expression for (S

QY _ sinf _
In l{@("{;) T $sin(a-B) Re - m (4-5-1)
T may be ca.lcula’c;ed from (4.4-29) and, finally, the theoretical profiles
from (4.3-1 a,b). Typical results are shown in Figures 10 and 11 for
Gard.o{r's experiﬁen’cs and Figures 12 and 13 for Johnston's experiments.

In general, Gard.ow's mﬁe.surements can be fitted quite successfully
like the profiles in Figure 10. There are a few profiles, like the ones in
Figure 11, where there is no clearly defined streight line relationship be-
ﬁween the two velocity components in the outer portion of the boundary layer.
Mese profiles usually occurred just after a separated region and in such
cases the theoretical description is not so good. The profile shown in
Figure 11 was the worst one encountered in this respect.

As regards Johnston's measurements, however, the story is very dif-
ferent. A glance at Figures 12 and 13 indicates that the theoretical pro-
files developed above are virtually incapable of describing Jphnston's meas-

urements. The fit is perhaps even worse than would have been anticipated
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from the differences in the function F2( n. ). The reason for this is

that we have now used a 8 calculated in a éifferent way. Though of course
they should agree, in Johnston's experiments the é)s calculated from equa~
tions (4.4-32) and (4.5-1) actually differ by a factor of k4.

' in éeeking to eiplain the difference in the quality of agreement
obtainable we notice that the experiments of Gardow are very different from
those of Johston in the following way:

Gardow made his measurements in a radial diffuser where the flow
was essentially axially-symmetric. If one considers two neighboring main-
flow streamline directions, it is apparent that the cross-flow serves to
bring fluid from one enviromment to another. In Gardow's case these two en-
vironments are almost the same, since the two main-flow streamlines have
had essentially the same experience.

On the other hand Johnston's experiments were made in a flowin
which a Jjet confined between two plane walls was made to impinge on;é back
plate and spread oyt evenly to both sides. There is a plane of symmetry
down the middle of the jet and his measurements were made on and in the
neighborhood of that plane of symmetry. This is a very severe situation
in one respect. Along the plane of symmetry the boundary layer is col-
lateral, the adverse pressure gradient is intense and in fact stagnation
pressure is epproached. Only & little way removed from the plane of sym-

- metry, however, the pressure gradient in the direction of a main-flow
streémline is less severe. Therefore, in this situation the cross-flow
serves to bring low-energy, degenerate fluid from the plane of symmetry
which displaces the more energetic fluid away from the plane of symmetry

thereby forming a thicker boundary layer than would otherwise be present.
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It is well known that 8 velocity profile in & turbulent boundary
layer d.epeﬁds on the history of the boundary layer upstream of that point.
With a skewed boundary layer the situation is even more camplicated. At
any particulaer point on the surface as one proceeds out along & line normal
to the wall the streamline direction varies from that of the limiting wall
streamline to the direction of the main-stream velocity vector. The situa-
tion is illustrated in Figure 14 where the shaded region indicates that por-
tion of the flow Whose past history determines the velocity profile at the
point under consideration. It is apparent that the fluid at any particular
point has come from a range of different enviromments.

The experiments we have considered suggest that the proposed
method of profile description is good 1f these enviromments do not differ.
considerably, as in Gardow's case. On the other hand, if the past histories
involved vary to a great extent, as in Johnston's experiments, the theoreti-
cal profiles are not, apparently, sufficiently flexible to handle the situation.

It seems likely that in the extremely complicated flows encountered
in turbomachinery, the conditions are closer to Johnston's case tha.h, to Gar-
dow's. On the other hand, external flows over wings and projectiles can prob-

ably be described reasonably well with the theory developed above.
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5. FINAL FORM OF THE COMPUTATION SCHEME

The velocity profiles that have been developed involve two pre-
determined functions Fl( Yl ) and FE( Yl. ) and five parameters -- @, B, § ,
5 3 a.nd'Tr -- which are functions of the surface ¢oordinates Xy and X3
only. Given the initial values of these parameters along a sultsble line
we can determine their values everywhere else by using the momentum inte-
gral relations -- (2.3+2 &, b), the suxiliary equation -- (3.2-4), and the
vector skin-friction relationship -- (k.2-3). We wiil now put these equa-
tions in more suitable form.

Forming the dot product of (4.2-1) with e, and e5, Ve obtain

after division by Q

([%!') =~ fcosa F\(V\\‘ — T ¥eosp B (v (5-10)
and CZ%L@): —fsma F(y) — T lsmnp R ) | (5-1b)
Similarly, from (4%.2-3) we get

cos § = feosa ()h %*) + Tl fcos b (s-2a)

s\nd = X‘smot(’n 8—1;“*\) + T Zfsm@ (5-2b)

Define new parameters as follows

pl=8cosq 7 Pz=TT2fcosp p p3=2¢sm0(

5 S (5-3)

P4=W&Sinﬁ ’ P5= ln Y
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With the aid of (5-3), (5.1 a, b) and (5-2 a, b) become

(Z54) =~ p R (n) = p.F2 () (5-4a)
(B57) = - psF (0= paFi ) (545
cos = PPs + P2 (5-5a)
sind = Pyps + Pa (5-5b)

If (2.3-1) are evaluated using (5-4 a, b) we get after substitut-

ing for py and pi from (5-5 &, b)

[ = p(Li-laps) + Lycos @
Ti= ps (L-Lps) + lasind

L= pf (L= 2leps +Lepd) + 20 (L=t ps)cos §
+ Ll cos™d

Lg = PipPs (L“—ZL\,_P; + iz Pa
+ (pisin® + p3cos ) (L=l ps) + Lazsind cos §
Jag = Pz'.; (Li-2 .Hz'Ps + Lzzpbz') ¥ 2p, ('Mz‘ ‘:‘27.[05\ sind

C+ s /



Further, since

5= (5)

= (pr + p2)*

and

we have

Ps = InK +Lin(pr+ps) + In 87/9

which leads to

L §§_ 2Ps | P, oD _ Py \dPs _ _\_A_Q . _
£ 3%~ ax (P?EP?\ oXi (\0. Pa) OXi QX (5-1)
Also in terms of this notation
@on -Ps —~
= Cpletr) e ($) (5-0d
and

Doz (___ _
55@- KP&(PN"P&\@ \ (s gb)
Finally, the quantity M appearing in the auxiliary equation (3.2-4)
becomes since M = tan B ‘
Pa  sind -PaPs
Pr cosd-pPs

Using the relations (5-6), (5-7), (5-8 a, b), and (5-9), equa-

(5-9)

M=

tions (2.3-2 a, b) and (3.2-4) become with the abreviations Ry indicated

on the next page.



R = iy= 2ii2Pst ipops

Ry = (2i2— 1)~ (2iz2~ ix)p,
Ry = i~ i,

Re = iz = 1))~ (iz2 — i2)pg

hz ~ l22Ps

DD

(i~ 2ii2) = 2(iiz — iz2)Ps + i22P;

Ry = (2ig= 2ia— iy + iz) — (22— ip)ps
Re = (in—izz= ii +io) = (ipp— ia)p,
Ry = (iip = iea) — izoPs

Ro= ipy— 20y

Ry = 2ip— 3i,



10 [ Rp,(pE+2p%) + R, picos® - R,p,cos” cb] + 1 apl[R, P3+ R4p§sin¢>-R,p,pscosd>—R3p,sin<bcoscp]
Mo (p, + pa) hsdx, (p|2+ p§)
_ L 3_&[ Rp; P+ Rzp. Dscos<b + Rypcos® <I>] + 1 apa[R.p? - Rap pssind + R,p,zcoscb - Rap,,sincpcoscb]
h P+ 5) hs dx, (P} + P3)
| 9P,
+Ea—x’[ R,p, + R,p, cos@ + Rycos cb] ;,La—p" [ RepPs + Rgp,Sin® + Rypscosd + R suncpcosq’b]
| 2
+Q_h,3%[R'p'z + 2R4p cOSD + R,ocoszcb] (')h gs[ Rip,ps + RepiSind + RapyCOsP + RuoSi”CPCOS‘I’]

| 0P . . .
“h K[ZR.p,smcp + R,.smq>cosd>] Tl;gg[ R,p, cosd — R,pssind + R3COSZCD = Rjosin ¢]

| oh .
R—ET’[R (pz-ps) + Rpcos®d - 2R,p,sind + R3COSz<I> - R,osSin cI>] + k°p(p, + Py e ps[%]
(5-10a) v

=0

|_Oh :
+ —h;a—xL[ZR,p,p, + R,pscos® + 2R,p,sind + R,,snnCDCOSdD]

=



L Q&[R, Pa + RyP:Sind - R,p,psCOsd — Ryp, sincpcoscb] 1 0p [R,p,p§+ R,p,psSind + Rsp,sinzd,]
, Ox (p|2+ pi) hs 0 (p|2 + p§)

Nl ap,[R,p, + Rypicos® - Rypp,sind - Rspssmcpcoscb]_’_ 1 aps[R,p,(2p7+p§)+Rzpfsin¢—R,pasinzda]
h‘ ax' (P. + P;) h; dx (p|2 + pg)

Q

P 0P

tES 1
th ox, [R,p,p3+ Rgp,sin®d + Rgpscosd + R smcpcoscp] * R

- [Rspg + R,pysind + R, sinch]

("]

| aQ . . | aQ . .
+ Q—hIET'[R,p,p,-k R,psin® + R,p,cosd + R,osundacoscb] + 'Q—h;a;s[R.pg + 2R p,sind + R,osmch]

op
ox,

Q)QJ
e

[R.p, cosd - R,p,sind + R,oCOS°® — Rssinzcb] hl [2R4p3coscb + R,,snncbcoscb]

+ 4
th

d
F:—-a-b‘[ZR,p,p3+ Rep;sind + 2R,p,cosd + R,,sund)coscb] + K’p,.(pI +pRe” [Q]

9 : , &
+TLH;EE;[R1(F)§’ p) + R,p,sind — 2R,p,cosd + Rysin’d - R,ocos"’@] =0 (5-10b)




9P - | | 9R .
-,.";' gj'[pbcos &(sin®d - pyP,) ] Eﬁ[p,coscb(cosq:— p,p,)] + h K[coscb(ﬂsm‘b— P,COS@]

:T|—-

Qs

9 Op,[ . :
Fll-—a—p—[pssmcp(smcb p_,,ps)] IFE&[DSSinfb(COSCb-P.Ps)] + %33%:[5m¢(p|5m¢“p3005¢)]

O'_

5Q[(coscp —PiPs)(P,PsSIND - p,pscosqpi -r"-ag[(&:oscb P,P) I~ P, psCOSD -~ p,p,smcb)]

| O0b
-59[(smcp — PsPs)(P,PsSIND - p,p,coscb)] hdxe [(Zsmcp = PsPs)(I-PipsCOSD - p,p,smcb)]

O_

g 2 [62l(p? +20sing + pipscose] - pf3p sindcosd+pyi+3sin'D) +2sind)

h|h3%;t[p§[(2p.z +Pa)coSd +p,Py sincp] - p5[3p3 sindcos® +p(l+ 3cos’<1>)] +2005<I>] =0
3

(5-11)E
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Equations (5-10 a, b) are the xl- snd x3 - momentum integral
equations respectively, and (5;11) is the auwxiliary equation. Knowing
the pressure distribution and having suitable initial values of Pp> p3,
ps s the equations may be solved numerically to yield p;, Pz, P5 at all
later stations. p, and p) may be found from (5-5 a, b). Although the
theory is now complete, the calculation in practical cases will present
a formidable problem. Some simplifications may on occasion be possible,
however. For example, it msy be that the Reynolds number é_—ylit-* varies
but little over the range of interest, in which case Ps could be assumed
to be constant as a first approximation. Then again, in situstions in-

volving only small cross-flows, @ and p will be small. Under such con-

ditions
P, =l

and terms of order (22 may be ignored.
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6. SUMMARY

Following a suggestion of Coles (1956) a theoretical means
of d.escribing velocity profiles in skewed turbulent boundary layers has
been devised. The theoretical velocity distribution involves two "uni-
versal', anaslytical functions and five parameters which are fu.nc‘bibns, of
the surface coordinates only. This method of profile description has
proved to be quite successful in those instances in which gradients of
flow quantities normel to a main-flow streamline are not too large. In
situations where the past history of the fluid varies considerably, the
theoretical profiles are quite inadequate. It is possible that more flex-
ibility can be built into the profiles, but in doing so their essential
simplicity should be retained if the description is to remain tractable
from a practical point of view.

The five parameters are connected by a vector skiﬁ-‘friction
relationship and their values everywhere in a boundary lsyer mmy be cal-
culated using the momentum integral equations and an auxillary equation
if sufficient initial information and complete knowledge of the pressure
distribution is given. Though &n theory the computation scheme is come
pletely defined, its practical application will in general be lengthy
and tedious.

One further remark must be made. The auxilisry equation is
based on the empirical observation that if g velocity profile is plotted
in a hodogreph plane, the outer portion is almost always linear. This is
an essentially three-dimensional idea and hence the computation scheme

will not handle two-dimensional boundary layers even though the method of
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profile description is probably quite adequate for the two-dimensional

case -- e.g. see Coles (1956). A two-dimensional profile depends on three
paremeters rather than five, these three parpmeters being connected by a
scalar skin-friction relationship. However, of the three equations in the
computation scheme only one remains independent for a two-dimensional bound-
ary layer, so that one additional equation is needed. It may be possible,
however, to handle the case of a boundary layer which is initially collat-
eral but which is in a three-dimensional environment so that skewing will
occur, through most probebly this lattef situation has little practical im-

portance.
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Fig. 3  Notation wused in description of velocity profiles.
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