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(Received 24 October 2016; published 9 February 2017)

Heat radiation and near-field radiative heat transfer can be strongly manipulated by adjusting geometrical
shapes, optical properties, or the relative positions of the objects involved. Typically, these objects are considered
as embedded in vacuum. By applying the methods of fluctuational electrodynamics, we derive general closed-form
expressions for heat radiation and heat transfer in a system of N arbitrary objects embedded in a passive
nonabsorbing background medium. Taking into account the principle of reciprocity, we explicitly prove the
symmetry and positivity of transfer in any such system. Regarding applications, we find that the heat radiation
of a sphere as well as the heat transfer between two parallel plates is strongly enhanced by the presence of a
background medium. Regarding near- and far-field transfer through a gas like air, we show that a microscopic
model (based on gas particles) and a macroscopic model (using a dielectric contrast) yield identical results. We
also compare the radiative transfer through a medium like air and the energy transfer found from kinetic gas theory.

DOI: 10.1103/PhysRevB.95.085413

I. INTRODUCTION

The derivation of Planck’s law of thermal radiation more
than a century ago set off a thorough and still ongoing
development in the field of heat radiation and radiative
heat transfer between objects in thermal nonequilibrium [1].
Over the years, and following the seminal works by Rytov
[2,3], considerable physical insight has been gained after
conceptually relating these phenomena to the presence of
charge and current fluctuations inside the objects, or to the
fluctuating electromagnetic field in such systems. The Rytov
theory, based on the fluctuation-dissipation theorem, relates
the electromagnetic field radiated by an object at a given
temperature to its sources, i.e., to the fluctuating electric
currents inside it. It allows us to have a clear physical
intuition of several phenomena, such as the Casimir-Lifshitz
dispersion forces [4–6] occurring between any polarizable
objects. These forces, in the Rytov’s spirit, have been recently
extended to nonequilibrium systems [7–19], for which lately
experimental tests have been done using trapped atomic
Bose-Einstein condensates [20,21], and have been proposed in
other systems [22]. Another important outcome of the Rytov
theory is the development of a more general framework for
heat radiation and for near-field heat transfer [11,23].

While Planck’s theory of black-body radiation offers
a precise theoretical description for the heat transfer on
macroscopic length scales, it was found by Polder and Van
Hove in the early 1970s that the situation on the submicron
or even nanoscale can be fundamentally different [24]. The
two theoreticians were prompted to reinvestigate the theory
of radiative heat transfer between closely spaced bodies after
being confronted with new experimental measurement results
for the heat transfer between two chromium layers at the
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time [25]. In their famous work, they presented a general
formalism based on the fluctuation-dissipation theorem for the
heat transfer between macroscopic planar bodies of arbitrary
dielectric properties. Their ground-breaking results for the
heat transfer across a vacuum gap revealed a strong increase
of many orders of magnitude for diminishing the gap width
due to evanescent wave contribution in good agreement to
experimental data.

In recent years, the field of heat radiation and heat
transfer has regained considerable interest due to signifi-
cant progress on the theoretical side, including improved
general formalisms [10,11,13,14,16,17,19,23,26,27] and new
powerful numerical methods [28–30] also for systems with
temperature gradients [31]. The common concept underlying
all these works is the fluctuation-dissipation theorem [32],
which is used to describe the correlations of the fluctuating
electromagnetic field of the radiating bodies in thermal
nonequilibrium. Despite the generality of the available the-
ories, a closed-form expression for the heat transfer between
three objects in vacuum has only recently been given [17],
and has already provided several interesting applications to
heat transfer amplification [33] and guiding [34]. Aside from
the advances in general formalism, various applications have
been investigated in recent nonequilibrium studies [35–43].
On the experimental side, the development of high-precision
measurement devices has verified many theoretical predictions
concerning radiative heat transfer [44–49]. The mentioned
theories share the similarity that they are restricted to the case
of objects being embedded in a vacuum environment.

In this work, we revisit and extend the scattering formalism
for radiative heat transfer between objects in vacuum that was
presented in Ref. [14] to be applicable to an arrangement of
N objects embedded in a passive nonabsorbing background
medium (e.g., a fluid or gas). Specifically, we find compact
trace formulas for the radiation in N -body systems, which are
valid in either vacuum, or in a passive background medium.
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FIG. 1. The system of N arbitrary objects embedded in a passive
nonabsorbing background medium in thermal nonequilibrium as
considered in this paper. The objects are subject to thermal charge
and current fluctuations (indicated by the white arrows). The resulting
electromagnetic field fluctuations (mimicked by the red arrows) give
rise to typical nonequilibrium phenomena, such as heat radiation and
heat transfer between objects.

We show that the symmetry and positivity of heat transfer,
known for two bodies [14,30], is also valid for three or more
bodies, and in the presence of the passive medium. We give
several examples, including the radiation of a sphere in a
background medium, as well as the near-field heat transfer
between two parallel plates separated by a gap filled with a
passive medium. In both cases, the background medium can
drastically change the energy transfer. We also analyze the
transfer between parallel plates in the presence of a dilute
gas, both directly (by considering scattering from individual
gas particles) as well as effectively (by assigning a dielectric
function to the gas). The two approaches share a common limit
of dilution.

II. DISCUSSION OF THE SETUP AND
EXPERIMENTAL RELEVANCE

The setup under study consists of N objects labeled by α =
1 . . . N at time-independent, homogeneous temperatures {Tα}
in a passive nonabsorbing background medium as schemat-
ically illustrated in Fig. 1. The requirement of vanishing
absorption of the background medium results in appreciable
technical simplifications regarding the following theoretical
derivations. In practice, we expect the derived predictions to
be valid as long as absorption in the background medium is
negligible. We thus neglect absorption and emission of the
medium [50]. Technically, we treat the background medium
as an enclosing passive body occupying the infinite space
complementary to the arrangement of objects. In this respect,
the medium can, in principle, be any kind of weakly absorbing
liquid or gas. Our general considerations are also valid if the
background medium is inhomogeneous, as, e.g., in density
gradients or through adsorption near object surfaces. For
specific examples, we take it to be homogeneous, isotropic, and

local. Despite being nonabsorbing, the background medium
contains the famous environment dust [32], so that eventually,
all radiation is absorbed by it at far distances. Due to this,
as far as radiation is concerned, only the temperature of
environment far away from all objects is relevant (denoted Tenv

and assumed homogeneous). This is important, as the liquid
or gas may acquire spatially dependent temperatures near the
objects, which, again, are irrelevant for the electromagnetic
field radiation.

In an exemplary experimental realization, the medium as
well as the ensemble of N objects may be considered as
inside surrounding material walls, which are kept at fixed
temperature Tenv [8,11,51]. The surrounding walls should be
far away from the N -body system so that only far-field waves
emitted by the walls impinge on the N -body system. The
walls should also be nonregular (black) to produce an isotropic
radiation at the N -body location, and to allow us to neglect
the backscattered radiation generated by the N -body system
impinging on the walls. To avoid such multiple reflections, a
tiny absorption in the background medium is advantageous.
Such requirements allow us to treat the radiation produced
by the surrounding walls as an isotropic black-body radiation,
independent of the dielectric permittivity of the walls, with
temperature Tenv. The mathematical description of such a setup
is identical to the one using the environment dust [32]. As the
temperature of the background medium may spatially vary in
the considered setup, it is worth stressing that Tenv is not equal
to its temperature in the vicinity of the objects. Since it is
nonabsorbing, its temperature in the vicinity of the objects is
irrelevant.

It is worth commenting here that the energy transport via
electromagnetic fields is in competition with the energy flux
evoked by thermal conduction of the medium. We suspect
metamaterials to be suitable candidates to reduce the latter
contribution to the total net energy flux, as these kinds of
structures can be successfully thermally insulated [52,53]. In
particular, we think of structural defects in the composition of
the medium, e.g., tiny vacuum gaps milled into a slab made of
metamaterial, to inhibit the propagation of phonons through
the medium and thus promoting the idea of thermal isolation.

III. FLUCTUATIONAL ELECTRODYNAMICS
IN A PASSIVE BACKGROUND MEDIUM

In this section, we generalize the formalism introduced in
Refs. [14,23] to be applicable to an arrangement of objects
that is surrounded by a passive nonabsorbing background
medium. In the given nonequilibrium situation, each object is
assumed to be at local equilibrium, such that the spontaneous
charge and current fluctuations within the individual object
satisfy the fluctuation-dissipation theorem at the appropriate
temperature (see Appendix A for details). The system under
study is characterized in terms of its macroscopic material
properties, i.e., through its electric and magnetic response
›(ω; r,r′) and —(ω; r,r′), which can in general be nonlocal
complex tensors, ›(ω; r,r′) = εij (ω; r,r′). Operator products
generally include a matrix multiplication in 3 × 3 space, as
well as an integral in R3 of the common spatial argument.
The response functions constitute the potential operator of
the systemV = ω2

c2 (› − I) + ∇ × (I − 1
— )∇× as defined in the
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classical Helmholtz equation [54–56][
H0 − V − ω2

c2
I

]
G(r,r′) = Iδ(3)(r − r′), (1)

where H0 = ∇ × ∇× describes free space and G is the
Green’s function of the system. In contrast to the vacuum
case [14], the potential operator is nonzero everywhere in space
and we need to make a distinction of cases

V(r,r′) =
{
Vα(r,r′), r,r′ ∈ Vα

Vb(r,r′), r,r′ /∈ {Vα}. (2)

Here, we introduced the potential Vα(r,r′) of the individual
object α, which is confined to its volume Vα and associated
with the response functions ›α(ω; r,r′) and —α(ω; r,r′). For
simplicity, we restrict to the case where the potential V
does not connect points in the background medium with
those in the objects, to allow for sharp boundaries between
medium and objects. The background medium, described by
the potentialVb and electric and magnetic responses ›b(ω; r,r′)
and —b(ω; r,r′), respectively, is assumed nonabsorbing. This
assumption, together with symmetries of microreversibil-
ity [32] make its electric and magnetic response Hermitian [57]

›b = ›†b, —b = —†
b. (3)

Furthermore, we introduce Gb, which is the Green’s function
in Eq. (1), for V = Vb. It takes the role which the free
Green’s function has for objects placed in vacuum. For
mathematical reasons, we define the potential Vb also inside
{Vα}, where it can take any (nonabsorbing) form in order for
the following theoretical steps to be valid. In practice, one can
choose a convenient form of Vb inside {Vα}. As done in the
examples provided below, for the case where the background
is homogeneous and local, we will naturally choose that the
potential takes the same value inside the objects as outside.

Making use of the identities Im[G] = −G Im[G−1]G∗
and Im[V − Vb] = − Im[G−1 − G−1

b ], which can be directly
found from Eq. (1), we can rewrite the equilibrium correlator
given in Appendix A, Eq. (A5), according to its originating
thermal sources [14,23]

Ceq = 〈E ⊗ E∗〉0
ω +

∑
α

Csc
α (T ) + Cenv(T ). (4)

In this equation, we separated the zero-point term 〈E ⊗ E∗〉0
ω ≡

a0 Im[G] and the contributions of object α and the environment
are identified, respectively, with

Csc
α (T ) = a(T )G Im[�Vα]G∗, (5)

Cenv(T ) = −a(T )G Im
[
G−1

b

]
G∗. (6)

The amplitude factors a(T ) and a0 are given in Appendix A,
Eqs. (A6) and (A7). We introduced the potential difference
�V ≡ V − Vb = ∑

α �Vα , which is only nonzero inside the
objects. For object α, it reads as specifically

�Vα(r,r′) =
{
Vα(r,r′) − Vb(r,r′), r,r′ ∈ Vα

0, else. (7)

Having identified the different sources of radiation in Eq. (4),
we use the key assumption of local equilibrium in fluctuational
electrodynamics, such that we can change the temperatures

of the different sources independently to arrive at the field
correlator in the nonequilibrium situation [14,23]

Cneq({Tα},Tenv) = Ceq(Tenv) +
∑

α

[
Csc

α (Tα) − Csc
α (Tenv)

]
.

(8)
In this step, we eliminated the environment contribution in
Eq. (4) by introducing the equilibrium correlator Ceq. It is
again important to note that the environment temperature Tenv

is measured far away from all objects. In other words, the value
of the medium temperature near the objects is irrelevant. This
is seen most explicitly in Eq. (6), which denotes the radiation
from sources in the environment: due to the infinitesimal
character of Im[G−1

b ] (the “dust”), only (the large) regions
far away contribute.

While the fluctuating electromagnetic field is subject to
the laws of quantum mechanics [compare the appearance of
the reduced Planck constant h̄ in Eq. (A5)], its scattering at
the objects obeys classical scattering theory. The scattering
by arbitrarily shaped particles is described by the T -matrix
approach introduced in detail in Ref. [55]. For the objects in
the background medium, the T operator is defined slightly
differently compared to the vacuum case. We derive it by
starting from the Lippmann-Schwinger equation [58]

Esc
b = Eb + Gb�VEsc

b . (9)

Equation (9) expresses the general solution Esc
b of the

Helmholtz equation with the objects present in the background
medium [55] [

H0 − V − ω2

c2
I

]
Esc

b = 0. (10)

Note that Eb is the solution to the Helmholtz equation in
the absence of any object, i.e., where V = Vb. Starting from
Eq. (9), we can iteratively substitute for Esc

b to obtain the formal
expression

Esc
b = Eb + Gb�VEb + Gb�VGb�VEsc + · · ·

= Eb + GbTEb. (11)

Solving Eqs. (9) and (11) for T, we find for the T operator of
objects in the background medium

T = �V
1

1 − Gb�V
. (12)

It is related to the Green’s function G via

G = Gb + GbTGb . (13)

Since the Green’s function, based on the principle of mi-
croscopic reversibility, is generally symmetric [32,55,59,60],
i.e., Gik(r,r′) = Gki(r′,r), the T operator enjoys the same
symmetry. Furthermore, we point out that T is the scattering
operator of the entire collection of objects in the background
medium, whereas we shall use Tα for object α in isolation.
In Table I, we provide the equivalent quantities of a system
in vacuum to those in a nonabsorbing background medium to
easily convert any formula between these two. In particular,
Eqs. (12) and (13) approach the known vacuum expressions
for Vb = 0.
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TABLE I. Overview of equivalent quantities for a system in
vacuum as presented in Ref. [14] and in a nonabsorbing background
medium as discussed here.

Quantities and equivalences

Vacuum G0 V T = V 1
1−G0V

Medium Gb �V T = �V 1
1−Gb�V

IV. THREE OR MORE OBJECTS: TOTAL HEAT
ABSORPTION IN A MEDIUM

Application of the formalism presented in the previous
section allows us to specify the energy fluxes in a many-body
system of N arbitrary objects in a passive nonabsorbing
background medium. The many-body heat radiation and heat
transfer in a medium will constitute the main results of this
paper. One measurable quantity in the system is the total heat
H (β) absorbed by object β in the presence of all other objects.
Using the representation of the nonequilibrium field correlator
in Eq. (8), we can write [14]

H (β)({Tα},Tenv) =
∑

α

(
H (β)

α (Tα) − H (β)
α (Tenv)

)
. (14)

Note that H (β)
α (the heat transfer rate) is the component of

radiation emitted by object α and absorbed by another object
β in a many-body system. On the other hand, H (β)

β (the “self”-
emission) describes the heat emitted by object β in the presence
of all other objects. The subtractive term in Eq. (14) implicitly
reflects the principle of detailed balance: at global thermal
equilibrium, i.e., {Tα} = Tenv, all radiative fluxes cancel each
other. In order to evaluate the total heat absorbed by object β,
we require general expressions for these quantities which will
be given in the following subsections.

A. Heat transfer rate H (β)
α

We first derive the generalized heat transfer rate H (β)
α for

α 	= β in a many-body system of N objects. The situation is
schematically illustrated in Fig. 2. In the following, we attach
the single-scattering operator Tα to object α and Tβ to object
β. Moreover, Tαβ will denote the composite T operator of
the residual N − 2 objects. (In a three-body system, it is the
operator of the third object.) Using multiple scatterings (see
Appendix B), we place the N − 2 objects described by Tαβ

into the field Eiso
b,α radiated by the isolated object α:

Ẽsc
b,αβ = (1 + GbTαβ)

1

1 − GbTαGbTαβ

Eiso
b,α. (15)

Finally, we add object β into this field and obtain the full
scattering solution

Esc
b,α = (1 + GbTβ)

1

1 − GbTβGbTβ

Ẽsc
b,αβ . (16)

In this equation, Tβ is the composite T operator of all objects
except object β. Insertion of Eq. (15) into (16) yields an explicit

FIG. 2. Illustration of the quantity H (β)
α in a many-body system

embedded in a passive nonabsorbing background medium. The heat
radiation emitted by object α (red) at temperature Tα is partially
absorbed by object β (blue) at temperature Tβ . The residual objects
are marked by a gray color.

form of the multiple-scattering operator Oα ,

Esc
b,α = OαEiso

b,α, (17)

Oα = (1 + GbTβ)
1

1 − GbTβGbTβ

× (1 + GbTαβ)
1

1 − GbTαGbTαβ

. (18)

This is identical (but more explicit) to the representation of
Oα in Appendix B, Eq. (B4). Note that the operator does not
depend on the specific choice of object β as can be directly seen
from Eq. (B4). The representation of the multiple-scattering
operator in Eq. (18) can be used to derive a general trace
formula for the heat transfer rate H (β)

α in a many-body system.
Following the derivation for two objects in vacuum in Ref. [14],
we can express H (β)

α in terms of three well-known quantities:
the radiation operator Rα , the multiple-scattering operator
Oα , and the free Green’s function G0. The radiation operator
describes the emitted field by object α embedded in the
background medium and is defined according to

Rα ≡ Gb[Im[Tα] − Tα Im[Gb]T∗
α]G∗

b. (19)

Explicitly, the heat transfer rate is given by an integral over
the volume of object β as

H (β)
α = −2h̄

π

∫ ∞

0
dω

ω

e
h̄ω

kB Tα − 1

× Im
∑

i

∫
Vβ

d3r
(
OαRαO

†
αG

−1∗
0

)
ii

(r,r). (20)

This expression directly finds the absorbed energy by inte-
grating over the object’s volume, as the integrand gives the
dissipated energy (G−1∗

0 enters from the conversion of electric
field to current density [14]). It can also be reverted to a surface
integral of the surface normal of the Poynting vector, evaluated
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in the background medium. Because of the nonabsorptive
properties of the background medium, this Poynting vector
is well defined.

With regard to Eq. (18), OαRαO†
αG

−1∗
0 (r,r) will carry the

operator product G∗
bG

−1∗
0 on its rightmost position. Using the

identity G−1
0 = G−1

b + Vb, which can be directly found from
Eq. (1), we can rewrite this product according to

G∗
bG

−1∗
0 = 1 + G∗

bV
∗
b. (21)

As a result, we can split up the operator to be integrated over
the volume of object β into a sum of three terms

OαRαO
†
αG

−1∗
0 = OαRαO

†
α,β + OαRαO

†
α,β

+ OαRαO
†
αV

∗
b,

(22)

where we defined

OαRαO
†
α,β = OαRα

1

1 − T∗
αβ
G∗

bT
∗
αG

∗
b

(1 + T∗
αβ
G∗

b)

× 1

1 − T∗
βG

∗
bT

∗
β
G∗

b

T∗
β, (23)

OαRαO
†
α,β

= OαRα

1

1 − T∗
αβ
G∗

bT
∗
αG

∗
b

(1 + T∗
αβ
G∗

b)

× 1

1 − T∗
βG

∗
bT

∗
β
G∗

b

G−1∗
b . (24)

The two parts differ precisely by the operator in the rightmost
position:

OαRαO
†
α,β = . . .T∗

β, (25)

OαRαO
†
α,β

= . . .T∗
γ (γ 	= β). (26)

Note thatTγ can be the scattering operator of any object except
for object β. As a consequence, OαRαO

†
α,β

(r,r) is identically
zero if r is located inside object β and does not contribute
to the volume integral in Eq. (20). This is because Tγ (r,r′)
can only be nonzero if both arguments are located within the
volume Vβ . Furthermore, in Appendix C, we show that the
third term in Eq. (22) does not contribute either for the case of
a nonabsorbing background medium. Thus, the heat transfer
rate H (β)

α in Eq. (20) is given in terms of OαRαO
†
α,β only.

Because this term is only nonzero if r is located inside Vβ , we
can extend the integration range over all space to obtain a trace

H (β)
α (Tα)=−2h̄

π

∫ ∞

0
dω

ω

e
h̄ω

kB Tα − 1
Im Tr[OαRαO

†
α,β].

(27)

This trace is now understood over spatial coordinate r as well
as over matrix indices i. Using the cyclic properties of the
trace, we give the final representation of the heat transfer rate
H (β)

α in explicit form

H (β)
α = 2h̄

π

∫ ∞

0
dω

ω

e
h̄ω

kB Tα − 1
Tr

{
[Im[Tβ] − T∗

β Im[Gb]Tβ]
1

1 − GbTβGbTβ

(1 + GbTαβ)
1

1 − GbTαGbTαβ

×Gb[Im[Tα] − Tα Im[Gb]T∗
α]

1

1 − G∗
bT

∗
αβ
G∗

bT
∗
α

(1 + G∗
bT

∗
αβ

)G∗
b

1

1 − T∗
βG

∗
bT

∗
β
G∗

b

}
. (28)

The basis-independent trace formula is completely determined
by the scattering properties of the N objects and the Green’s
function of the background medium. As a consistency check
for our formula, we compare it to the case of two objects in
vacuum as derived in Ref. [14]. By setting Tαβ = 0 and using
the conversion in Table I, the formula reduces exactly to the
known result.

B. Positivity and symmetry of transfer in a many-body system

The positivity and symmetry of transfer already known
for two objects [14,30] can be generalized to a many-body
system by means of Eq. (28). In this section, we provide these
properties, while the technical details are given in Appendix D.
As naturally expected, the heat transfer rate H (β)

α is a non-
negative number

H (β)
α � 0. (29)

Based on the principle of reciprocity, the function also obeys
the symmetry relation

H (β)
α (T ) = H

(α)
β (T ), (30)

stating that the roles of emitter and absorber can be inter-
changed in the presence of an arbitrary number of passive

scatterers. The symmetry and positivity of the heat transfer
can be used to show that the net heat flux between a warm
object α and a cold object β is always positive, i.e., that heat is
always transferred from the warmer object to the colder one:

H (β)
α (Tα) − H (β)

α (Tβ) � 0 if Tα � Tβ. (31)

The statement is a direct confirmation of the second law of
thermodynamics. Our derivation relies on the assumption that
the objects’ potentials {Vα} do not depend on temperature.

C. “Self”-emission H (β)
β

In order to give the total heat absorption of object β in
Eq. (14), we also need to specify its heat emission H

(β)
β

in the proximity of the N − 1 other objects. The situation
under consideration is schematically illustrated in Fig. 3.
The “self”-emission H

(β)
β is given by Eq. (20), where we

need to integrate the operator OβRβO
†
βG

−1∗
0 (r,r) over the

volume Vβ of object β. This time, we split the multiple-
scattering operator Oβ appearing on the right-hand side
differently, and after repeating the steps before Eq. (27), we
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find

H
(β)
β (Tβ) = −2h̄

π

∫ ∞

0
dω

ω

e
h̄ω

kB Tβ − 1
Im Tr[OβRβO

†
β,s].

(32)
The trace is now taken over the self-part “s” of the oper-
ator OβRβO

†
βG

−1∗
0 defined correspondingly to the vacuum

case [14]. It is the part of OβRβO
†
βG

−1∗
0 (r,r) which is

finite inside Vβ (again, the term with Vb on the rightmost
position does not contribute as the background medium is
nonabsorbing):

OβRβO
†
β,s = OβRβ

1

1 − T∗
β
G∗

bT
∗
βG

∗
b

G−1∗
b . (33)

The final representation of the self-emission in a many-body
system reads as

H
(β)
β = −2h̄

π

∫ ∞

0
dω

ω

e
h̄ω

kB Tβ − 1
Im Tr

{
(1 + GbTβ)

1

1 − GbTβGbTβ

Gb[Im[Tβ] − Tβ Im[Gb]T∗
β]

1

1 − G∗
bT

∗
β
G∗

bT
∗
β

}
. (34)

Note that −H
(β)
β is positive if the object emits energy. By

introducing the operator

Wβ ≡ G−1
b

1

1 − GbTβGbTβ

, (35)

we can rewrite the function H
(β)
β in a more compact way, where

now the Green’s function Gβ appears [61]

H
(β)
β = −2h̄

π

∫ ∞

0
dω

ω

e
h̄ω

kB Tβ − 1
Tr{Im[Gβ]WβRβW

†
β}. (36)

Taking into account that the product of the two positive
semidefinite operators Im[Gβ] and WβRβW

†
β is also positive

semidefinite, the positivity of the heat radiation in a many-body
system including the background medium is found:

−H
(β)
β � 0. (37)

As a final remark, we note again that all formulas derived in this
section are also applicable to the case where the objects are em-
bedded in vacuum. For the vacuum case, the definition of T in

FIG. 3. The “self”-emission H
(β)
β in a many-body system em-

bedded in a passive nonabsorbing background medium. The heat
radiation emitted by object β (red) at temperature Tβ is backscattered
at the residual objects (gray) and partially reabsorbed.

the first line of Table I should be applied, and the Green’s func-
tion Gb should be replaced by the free Green’s function G0.

V. PARTIAL-WAVE REPRESENTATION

In the previous section, we derived trace formulas for
heat radiation and heat transfer in a many-body system in
operator notation. These formulas are basis independent and
hold for any geometry. They are also valid if the potential
of the passive background medium depends on space, as
could for example be the case if the objects’ surfaces are
covered by a wetting film. In this section, we apply the
techniques presented in Refs. [14,56] to expand the formulas in
partial-wave bases. Therefore, we assume that the background
medium is homogeneous, isotropic, and local to allow for an
expansion of the Green’s function Gb in partial waves. In this
way, the traces of operators will turn into sums over matrix
elements with respect to partial-wave indices.

A. Partial-wave expansion of the Green’s function and the T

operator in the background medium

For an isotropic, homogeneous, and local background
medium, the dielectric permittivity and magnetic permeability
tensors reduce to constant scalars, e.g., ›b = εbI. In these cir-
cumstances, a simple conversion relates the Green’s function
in the background medium to the free Green’s function:

Gb

(
ω

c
,r − r′

)
= μbG0

(
ω

c

√
εbμb,r − r′

)
. (38)

For a nonmagnetic background medium, i.e., μb = 1, only
the speed of light outside of the objects is redefined, and the
expansion of the free Green’s function in eigenfunctions of
the Helmholtz equation given in Ref. [14] can be used. For the
sake of completeness, we provide this expansion (suppressing
the ω dependence)

G0(r − r′) = i
∑

μ

{
Eout

μ (r) ⊗ Ereg
σ (μ)(r

′) if ξ1(r) > ξ ′
1(r′),

Ereg
σ (μ)(r) ⊗ Eout

μ (r′) if ξ1(r) < ξ ′
1(r′).

(39)
The free Green’s function is expanded in terms of “regular”
and “outgoing” waves propagating through vacuum, which are
solutions of the wave equation, differing by their behavior at
the coordinate origin. While “regular” waves are nonsingular,
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“outgoing” waves are typically singular at the origin and obey
outgoing boundary conditions for ξ1 → ∞. Recall that ξ1 is
the “radial” coordinate which gives rise to a distinction of
cases, depending on which of the two arguments of the Green’s
function has a greater value of ξ1 [56]. In this way, the outgoing
waves are always evaluated for the larger argument and do not
encounter the divergence at ξ1 = 0. The wave index μ runs
over polarization (electric and magnetic) and indices of vector
functions depending on the specific basis. The function σ (μ)
is a permutation among these indices, fulfilling σ [σ (μ)] =
μ [14].

Furthermore, we define the matrix elements of the T
operator by

Tμμ′ = i

∫
d3r

∫
d3r′Ereg

b,σ (μ)(r)T(r,r′)Ereg
b,μ′ (r′), (40)

where we apply a regular wave propagating through the
background medium (denoted by the index “b”) to both sides
of the T operator. The waves in the homogeneous background

medium are related to those in vacuum by

Eb,μ

(
ω

c
,r

)
= √

μb Eμ

(
ω

c

√
εbμb,r

)
. (41)

As in the vacuum case, the matrix elements Tμμ′ in Eq. (40)
obey

Tμμ′ = Tσ (μ′)σ (μ) (42)

due to the symmetry of the T operator. Besides, both
expansions of Gb and T, respectively, do not contain complex
conjugations of waves, which ensures manifest analyticity of
these quantities in the upper complex frequency plane.

B. Heat transfer and “self”-emission

The general formulas for the heat transfer rate H (β)
α and

the self-emission H
(β)
β in an arrangement of N objects in

operator notation are given in Eqs. (28) and (34). Applying the
techniques of partial-wave expansion presented in this section
to these two equations, we obtain

H (β)
α = 2h̄

π

∫ ∞

0
dω

ω

e
h̄ω

kB Tα − 1
Tr

{[
τ
†
β + τβ

2
+ τ

†
β
prτβ

]
1

1 − υτβυτβ

(1 + υταβ)
1

1 − υταυταβ

× υ

[
τ †
α + τα

2
+ τα
prτ †

α

]
1

1 − υ†τ †
αβ

υ†τ †
α

(1 + υ†τ †
αβ

)υ† 1

1 − τ
†
βυ†τ †

β
υ†

}
, (43)

H
(β)
β = 2h̄

π

∫ ∞

0
dω

ω

e
h̄ω

kB Tβ − 1
Re Tr

⎧⎨
⎩[υτβυ + 
pr]

1

1 − τβυτβυ

[
τ
†
β + τβ

2
+ τβ
prτ

†
β

]
1

1 − υ†τ †
β
υ†τ †

β

⎫⎬
⎭, (44)

where we introduced the redefined matrices

τμμ′ ≡ e−iφμTμμ′, υμμ′ ≡ Uμμ′eiφμ′ . (45)

The phase factors eiφμ = eiφσ (μ) for evanescent wave contribu-
tion vary for each basis individually. The matrix



pr
μμ′ = δμμ′δμ pr (46)

acts as a projector on propagating waves. In the spherical
basis, the phase factors are unity, and, since no evanescent
waves exist, the projector 


pr
μμ′ is the identity so that the above

formulas simplify in that case.
U is the translation matrix defined by

Eout
b,μ(rβ) =

∑
μ′

Uαβ

μ′μ(Xαβ)Ereg
b,μ′ (rα), (47)

which expands outgoing waves in terms of regular waves
described in a different coordinate system. Xαβ = rα − rβ is
the vector connecting the two coordinate origins.

VI. APPLICATIONS

In this section, we give several applications for radia-
tion and transfer for objects in a background medium. In
particular, we study the heat radiation of a sphere and the
heat transfer between two semi-infinite bodies for different
materials. Besides, we investigate a three-body system in
vacuum consisting of two plates and a polarizable atom
in-between. After distributing the atom’s position, this atomic

system is a microscopical gas model which we compare to
the macroscopic approach, where a medium with dielectric
constant εb is placed between the plates. Finally, we compare
the radiative transfer between two plates to the energy transfer
found from kinetic gas theory. Throughout this section, the
medium is supposed to be nonmagnetic, i.e., μb = 1 in all
applications.

A. Heat radiation of a sphere in the presence
of a nonabsorbing background medium

1. General formula

The heat radiation of a homogeneous sphere in vacuum was
computed in Ref. [62], and analyzed in detail in Ref. [14]. We
revisit the heat radiation of a sphere and investigate how it
changes due to the presence of a homogeneous background
medium of dielectric constant εb. The energy emitted by an
arbitrary isolated object is obtained by setting Tβ = 0 in the
general formula for the self-emission in Eq. (44) (where we
include a minus sign to get the emitted energy):

H = −2h̄

π

∫
dω

ω

e
h̄ω

kB T − 1
Trpr{Re[T ] + T T †}. (48)

Note that the index “pr” upon the trace indicates that all
partial-wave indices involved run over propagating modes
and therefore all phase factors eiφμ turn unity. It is naturally
appropriate to write the heat radiation of a sphere in the
spherical wave basis, were only propagating modes exist, and
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FIG. 4. Main graph: heat radiation of a gold sphere at T = 300 K
in a homogeneous nonabsorbing background medium with dielectric
constant εb as given, as a function of radius R, normalized by the
result in vacuum (εb = 1). The inset graph shows the corresponding
result in vacuum, normalized by the Stefan-Boltzmann result (this
curve is identical to the one in Fig. 2 of Ref. [14]).

the index “pr” is dropped,

Hs = −2h̄

π

∫ ∞

0
dω

ω

e
h̄ω

kB T − 1

∑
P,l,m

[
Re T P

l + ∣∣T P
l

∣∣2]
. (49)

In this equation, the summation is over the polarization P

and the quantum numbers l and m. The matrix elements of
T for a homogeneous sphere in a nonabsorbing background
medium are well known and sometimes referred to as Mie
coefficients [63] (see Appendix E for details). They do not
depend on m.

2. Gold sphere

We first consider a sphere which is made up of gold using
the Drude model [54]

εAu(ω) = 1 − ω2
p

ω(ω + iωτ )
, (50)

with ωp = 9.03 eV and ωτ = 2.67 × 10−2 eV. In Fig. 4, we
show the change of the heat radiation due to the presence
of a background medium by comparing it to the vacuum
case. The presence of the background medium yields a
strong amplification for the heat radiation of the gold sphere.
Physically, this observation can be ascribed to a higher density
of propagating waves that can traverse the interface between
the two media (compare the angle of total internal reflection
for planar surfaces with the modified condition k⊥ < ω

c

√
εb).

In the limit, where the radius R is the largest scale and much
larger than the thermal wavelength λT = h̄c/(

√
εbkBT ) (which

is roughly 8 μm at room temperature in vacuum) and the
skin depth δ = c/(Im

√
εμω), the heat radiation of the sphere

approaches the classical Stefan-Boltzmann law

lim
R�{λT ,δ}

Hs = 4πR2σT 4ε(T ,εb) = 4πR2 Hp

A
, (51)

1

101

102
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H
s
(ε

b)
/H

s,
va

c

εb
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R = 10−8 m
R = 10−7 m
R = 10−6 m

FIG. 5. Heat radiation of a gold sphere at T = 300 K in a
homogeneous nonabsorbing background medium as a function of
dielectric constant εb, normalized by the result in vacuum (see inset
graph in Fig. 4).

with σ = π2k4
B/(60h̄3c2) and emissivity factor ε(T ,εb). The

linear dependence of ε in the dielectric constant εb in the given
range in Fig. 4 reflects the increase of propagating modes due
to the presence of the background medium for large R. In
the last step, we introduced the heat radiation Hp per surface
area A of a semi-infinite half-space at temperature Tp in the
medium given by

Hp

A
= h̄

2π

∫ ∞

0
dω

ω

e
h̄ω

kB Tp − 1

∫
k⊥< ω

c

√
εb

d2k⊥
(2π )2

∑
P

[1 − |rP |2].

(52)
The Fresnel coefficients rP for the infinitely thick plate in a
medium are given in Appendix F. As a test of the approach
presented in this paper, we compared Eq. (52) numerically to
the heat transfer between two half-spaces in vacuum given in
Eq. (58) below. If, in that formula, the plate separation is set
to zero, d = 0, and the absorbing half-space is assigned the
nonabsorbing medium’s dielectric constant εb, the results are
numerically identical.

Interestingly, the radiation, normalized to the corresponding
vacuum case, depends pronounced on R, and is largest for
small R. It means that the radiation of nanoparticles is most
strongly affected by the presence of the background medium.
For radii even smaller than shown in Fig. 4, the curves saturate
and reach plateau values. The local maximum around R =
1 μm in Fig. 4 shows that, when lowering the contrast εAu/εb

between the gold sphere and the background medium, the
global maximum of the heat radiation, seen in the graph, is
shifted to smaller values of R.

We show the ratio Hs(εb)/Hs,vac as a function of εb in
Fig. 5. The radiation increases monotonically for increasing
εb in the given interval, and for the given values of R (we
omit the discussion of practical relevance regarding large
and real values of εb). Remarkably, for εb → ∞, the curves
seem to approach finite values, which may be considered
counterintuitive; For objects in vacuum, the radiation or
transfer vanishes for ε → ∞. It is insightful to start with a
small vacuum gap between object and medium, which is easily
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FIG. 6. Main graph: heat radiation of a SiO2 sphere at T = 300 K
in a homogeneous nonabsorbing background medium with dielectric
constant εb between 1.2 and 2 as a function of radius R, normalized
by the result in vacuum. The inset graph shows the corresponding
result in vacuum, normalized by the Stefan-Boltzmann result (this
curve is identical to the one in Fig. 2 of Ref. [14]).

done for a plate, where, again, the formula for transfer between
two parallel surfaces in vacuum can be used. Then, for a finite
vacuum gap, the radiation vanishes for εb → ∞, while it goes
to the mentioned finite value if the vacuum gap is set to zero
first. Since the limits of vanishing vacuum gap and εb → ∞ do
not commute, we expect that (experimental) results for very
large εb will depend on the details at the interface between
object and medium.

Numerical accuracy of the truncated sum over multipoles
is ensured by requiring a relative error of less than 10−3. We
note that convergence becomes more slow for increasing εb,
as εb lowers the wavelength in the medium so that the sphere
is effectively larger.

3. SiO2 sphere

As an example for a dielectric, we examine the heat radia-
tion of a SiO2 sphere in a nonabsorbing background medium,
which has a much larger emissivity in vacuum compared to
gold: the radiation of a SiO2 sphere in vacuum outnumbers
the heat radiation of a gold sphere by at least one order of
magnitude. In order to analyze the SiO2 sphere in a background
medium (see Fig. 6), we rely on optical data for εSiO2 (ω).

The overall curve is very similar to the one of gold, however,
it reaches the nanoparticle plateau already for larger values of
R. This is because the skin depth δSiO2 ≈ 0.7 μm is much larger
than the one of gold. Again, we note that the amplification due
to the background medium is largest for nanoparticles.

In Fig. 7, we show the amplification factor of the heat
radiation as a function of εb for different radii R. The curves
for the SiO2 sphere are much lower compared to the gold
sphere. We note that differences in the contrast εs/εb between
the sphere material and the background medium may lead
to this observation. It also implies that the radiation of a
gold nanoparticle and a glass nanoparticle, which have very
different radiation in vacuum, have almost identical values
for the radiation if a background medium is present. The
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FIG. 7. Heat radiation of a SiO2 sphere at T = 300 K in a
homogeneous nonabsorbing background medium as a function of
dielectric constant εb, normalized by the result in vacuum (see inset
graph in Fig. 6).

nanoparticle limit (i.e., the limit where R is small compared
to δ and λT ) can be understood by using the form (with
R∗ = ωR

c

√
εbμb)

lim
R�{λT ,δ}

T N
1 = i

2(εs − εb)

3(εs + 2εb)
R∗3 (53)

and accordingly T M
1 by substituting the electric responses of

sphere and medium εs and εb, with its respective magnetic
responses μs and μb. The term in Eq. (53) is commonly
written in terms of the dipole polarizability of the sphere in a
homogeneous background medium [55]

αb ≡ (εs − εb)

(εs + 2εb)
R3. (54)

For a nonmagnetic sphere, i.e., μs = 1, the heat radiation is
then given by

lim
R�{λT ,δ}

Hs = 4h̄

c3π
ε

3/2
b

∫ ∞

0
dω

ω4

eh̄ω/kBT − 1
Im αb. (55)

For small dieletric constants εb − 1 � 1, we can expand
the dipole polarizability in Eq. (54) to obtain its vacuum
correspondence

lim
εb−1�1

αb = (εs − 1)

(εs + 2)
R3 + O(εb − 1). (56)

Since αb approaches a finite value for εb → 1, the heat
radiation in the medium is then directly proportional to ε

3/2
b ,

which physically accounts for the reduced speed of light in
the medium. Indeed, the curves in Fig. 6 follow a dependence
∝ε

3/2
b for small R well.

B. Heat transfer between two semi-infinite bodies

The heat transfer between two semi-infinite bodies sepa-
rated by a vacuum gap has been thoroughly studied by many
authors [24,26,64,65]. Recently, setups consisting of three
slabs in vacuum were investigated [17,33]. In this section,
we use two different approaches to study the transfer between

085413-9
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two surfaces in the presence of a nonabsorbing medium. We
start by ascribing a homogeneous value of εb to the medium
between the surfaces. In a second approach, we investigate the
situation with a single polarizable atom located inside the gap
(which is then homogeneously distributed to mimic a gas).
Among other things, we show that the two approaches yield
identical results for the dilute limit, where εb is close to unity.

1. Two semi-infinite plates in the presence of a homogeneous
background medium

The setup of two semi-infinite plates with a medium in-
between is schematically illustrated in Fig. 8. We are interested
in the heat transfer H 1→2 between the two plates, and start from
the general formula for the heat transfer rate H (β)

α in Eq. (43),
where for two objects ταβ = 0. The total heat transferred from
object 1 to object 2 can be written as the difference of the heat
transfer rates between the objects, where we already use the
symmetry to write

H 1→2 = H
(2)
1 (T1) − H

(2)
1 (T2). (57)

As found in Sec. IV, we saw that the heat transfer in the
nonabsorbing background medium is given by a redefinition

FIG. 8. Two semi-infinite half-spaces held at different tempera-
tures T1 > T2 and separated by a gap of length d . The gap is filled
with a nonabsorbing homogeneous background medium.

of the involved (scattering) operators compared to the vacuum
case. The heat transfer between two plates in vacuum is
well known [24,26,64,65], and we can adopt its form to
describe the radiative transfer through the nonabsorbing
medium by redefining the Fresnel coefficients and the ranges
of propagating and evanescent waves

H 1→2

A
= h̄

8π3

∫ ∞

0
dω ω[n1(ω) − n2(ω)]

∑
P

∫
d2k⊥

{(
1 − ∣∣rP

1

∣∣2)(
1 − ∣∣rP

2

∣∣2)∣∣1 − e2ikzdrP
1 rP

2

∣∣2 θpr + 4 Im
[
rP

1

]
Im

[
rP

2

]
e−2|kz|d∣∣1 − e−2|kz|drP

1 rP
2

∣∣2 θev

}
. (58)

We introduced the step functions θpr = θ (ω
c

√
εb − k⊥) and

θev = θ (k⊥ − ω
c

√
εb) to distinguish between propagating and

evanescent wave contributions in a medium, as well as nα(ω) =
(e

h̄ω
kB Tα − 1)−1. Note that the wave vector k⊥ perpendicular

to the symmetry axes of the plates is measured within the
background medium. Its absolute value is related to the
vacuum wave vector by k⊥ = kvac

⊥
√

εb. The Fresnel reflection
coefficients rP , given in Appendix F, describe waves moving
from the medium to the respective plate. For completeness
of our presentation, we show in Fig. 9 the well-known
heat transfer for two SiC plates and two gold plates in
vacuum, i.e., for εb = 1. Optical properties of SiC are taken
to be [66]

εSiC = ε∞
ω2 − ω2

LO + iωγ

ω2 − ω2
TO + iωγ

(59)

with ε∞ = 6.7, ωLO = 0.12 eV, ωTO = 0.098 eV, and γ =
5.88 × 10−4 eV. For any plate separation d, the heat trans-
fer between the SiC plates exceeds the transfer between
the gold plates. In the near field d � λT , the evanes-
cent wave contribution dominates due to photon tunneling
processes [27], and the transfer scales as 1/d2 (not seen
yet for gold). The known near-field enhancement is also
valid if the vacuum gap is filled with a homogeneous and
nonabsorbing medium. We find the following approximation

that appears to be asymptotically exact in the limit where d

is the smallest length scale (cf. the dashed line for εb = 1
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FIG. 9. Heat transfer between two SiC plates (upper curve) and
two gold plates (lower curves) embedded in vacuum (i.e., εb = 1)
as a function of the plate distance d . The plates are held at the
homogeneous temperatures T1 = 301 K and T2 = 300 K. On the
submicron scale d � λT1 ≈ 8 μm, the transfer is strongly enhanced
because of photon tunneling processes. The dashed line shows the
approximation for two SiC plates in the small-distance limit given by
Eq. (60).
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FIG. 10. Heat transfer between two SiC plates at the homoge-
neous temperatures T1 = 301 K and T2 = 300 K embedded in a
nonabsorbing medium as a function of the plate distance d . The
transfer is normalized by the result in vacuum (see upper curve in
Fig. 9).

in Fig. 9)

lim
d�{δ,λT }

H 1→2

A

= 4h̄

d2π2

∫ ∞

0
dω[n1(ω) − n2(ω)]ω

∫ ∞

0
dk̃z

× k̃z

ε2
b Im[ε1] Im[ε2]e−2k̃z

|(ε1 + εb)(ε2 + εb) − e−2k̃z (ε1 − εb)(ε2 − εb)|2 ,

(60)

where we restricted Eq. (58) to the electric polarization P = N

of the evanescent wave contribution, and used the following
expansion of the Fresnel reflection coefficient for large wave
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FIG. 11. Heat transfer between two gold plates at the homo-
geneous temperatures T1 = 301 K and T2 = 300 K embedded in a
nonabsorbing medium as a function of the plate distance d . The
transfer is normalized by the result in vacuum (see lower curve in
Fig. 9).
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FIG. 12. Enhancement factor of the heat transfer between two SiC
and two gold plates, respectively, in a background medium compared
to the vacuum case. Circles symbolize the transfer in the near field
(d = 1 nm), while squares show plate separations d = 10 μm (far
field). The temperatures of the plates were chosen identically to
Figs. 10 and 11.

vectors kz:

rN
α (kz,ω) = εα(ω) − εb

εα(ω) + εb

+ O
(

1

k2
z

)
. (61)

Figure 10 shows the result for SiC with the medium present.
Generally, we note a strong enhancement of the heat transfer
compared to the vacuum case, increasing with increasing value
of εb. In the small-distance regime, where the evanescent wave
contribution dominates, we can enhance the heat radiation
between 10% and 40% compared to the vacuum case for a
little change as εb � 2. For large distances d � λT , we find
a larger enhancement up to 230% of the value in vacuum for
εb � 2. In Fig. 11, we depict the same graph for the case of
two gold plates. In contrast to the SiC plates, the amplification
factor for small distances is marginally small, i.e., around 2%
for εb = 2. In the regime of the thermal wavelength d ≈ λT ,
we find a strong enhancement of almost 300% in the given
interval of εb compared to the vacuum transfer.

In Fig. 12, we finally show the amplification factor for SiC
and gold plates as a function of εb, in the near field d � λT

and in the far field d > λT .
In the former case, we find a maximum for SiC plates at

εb ≈ 10, where the heat transfer is twice as large as in vacuum.
For gold in the near field, the transfer is enhanced significantly
only for larger values of εb, but then grows strongly. In
contrast to SiC, the enhancement factor for gold increases
monotonically in the given interval and reaches values of
almost 10 times the vacuum transfer for εb < 100. In the far
field, the amplification factor is generally larger than in the
near field for both materials.

2. Two semi-infinite plates and an atom

The setup under study in this section consists of two semi-
infinite plates separated by a gap of width d and containing
a polarizable particle (an atom) as schematically illustrated in
Fig. 13. The heat transfer in this three-body configuration can
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MÜLLER, INCARDONE, ANTEZZA, EMIG, AND KRÜGER PHYSICAL REVIEW B 95, 085413 (2017)

FIG. 13. The arrangement of two semi-infinite half-spaces and an
atom in vacuum. The half-spaces are kept at different temperatures
T1 > T2 and separated by a gap of length d . The absorptivity of the
atom (or nanoparticle) is assumed to be negligible, such that it only
scatters the (near and far) fields radiated by the plates.

be also calculated using the theory developed in Ref. [17],
where an example of the nonequilibrium Casimir-Polder

force acting on the atom has been presented. Here, we evaluate
the heat transfer H 1→2 between the two plates in the presence
of the atom (labeled as object 3) from Eq. (43), where the
composite scattering operator T13 of object 1 and 3 appears.
This matrix can be expressed through the individual scattering
matrices of the objects (see Appendix G for details). Since
the scattering by the atom is generally weak, we linearize
Eq. (43) with respect to the scattering matrix T of the atom.
We then find a term additional to the heat transfer between two
semi-infinite plates in vacuum

H 1→2 = H 1→2
vac + �H 1→2. (62)

Recall that the vacuum heat transfer H 1→2
vac /A per surface area

between two plates is obtained by setting εb = 1 in Eq. (58).
The additional term �H 1→2 represents the change of transfer
due to the presence of the atom. Splitting it up into propagating
and evanescent parts, we find [recall that α is the (real and
nondispersive) dipole polarizability of the atom]

�H 1→2
pr = h̄

4π3

∫ ∞

0
dω[n1(ω) − n2(ω)]ω

∑
P

∫
d2k⊥

(
1 − ∣∣rP

1

∣∣2)(
1 − ∣∣rP

2

∣∣2)∣∣1 − e2ikzdrP
1 rP

2

∣∣2 Re

[
α

1 − e2ikzdrP
1 rP

2

(
e2ikzd1rP

1 rP
3

+ e2ikz(d−d1)rP
3 rP

2 + tP3 + e2ikzdrP
1 tP3 rP

2

)]
θpr, (63)

�H 1→2
ev = h̄

π3

∫ ∞

0
dω[n1(ω) − n2(ω)]ω

∑
P

∫
d2k⊥

Im
[
rP

1

]
Im

[
rP

2

]
∣∣1 − e−2|kz|drP

1 rP
2

∣∣2 Re

[
α

1 − e−2|kz|drP
1 rP

2

(
e−2|kz|(d+d1)rP

1 rP
3

+ e−2|kz|(2d−d1)rP
3 rP

2 + e−4|kz|drP
1 tP3 rP

2 + e−2|kz|d tP3

)]
θev. (64)

Again, these terms are linearized with respect to α. We
provide the expressions for the reflection and transmission
coefficients r3 and t3 of the atom in Appendix F. In Fig. 14, we
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FIG. 14. Correction term �H 1→2 to the heat transfer between
two SiC plates in vacuum at distance d = 10 nm due to the presence
of a polarizable atom over the atom position d1. The plates are held
at the homogeneous temperatures T1 = 301 K and T2 = 300 K. The
correction is normalized by the polarizability α of the atom, which is
assumed to be a nondispersive real quantity.

illustrate the correction term �H 1→2 for two SiC plates at fixed
separation d in the near field d = 10 nm � λT plotted over
the atom position d1. The two plates are held at the constant
temperatures T1 = 301 K and T2 = 300 K. We choose the two
plate temperatures very closely (still with a huge temperature
gradient for small gap widths d), to allow comparison of
�H 1→2 to kinetic gas theory below. In the graph, the correction
term is normalized by the polarizability α of the atom. The
symmetry of the heat transfer (see Sec. IV) is reflected by
the fact that �H 1→2 is an even function of the atom position
d1, where the symmetry axis is located at the center of the
gap (only given for identical plates). The influence of the
atom on the heat transfer between the two plates is maximal
when the atom is in close proximity to one of the plates. This
can be explained by examining the evanescent contribution in
Eq. (64). In the near field, the correction term is dominated by
the electric polarization P = N of the reflection coefficient rP

3
of the atom [see Eq. (F2)]. Physically, the impact of the atom
on the heat transfer is maximized by minimizing the light path
of the electromagnetic waves emitted by one of the plates and
reflected by the atom. In Eq. (64), this is achieved by mini-
mizing d + d1 or 2d − d1 (see the distance dependence in the
exponential functions of the two terms carrying the reflection
coefficient rP

3 ) so that the maxima are at d1 = 0 and d1 = d.
In Fig. 15, we show the corresponding graph for a fixed plate

separation d = 10 μm > λT . In this regime, the correction
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FIG. 15. Correction term �H 1→2 to the heat transfer between
two SiC plates in vacuum at distance d = 10 μm due to the presence
of a polarizable atom over the atom position d1. The other parameters
are chosen identically to Fig. 14.

term is dominated by the propagating wave modes in Eq. (63)
and is more than six orders of magnitude smaller than in the
near field. The correction term is now minimized when the
atom is located at one of the plates. Moving the atom away from
the plate leads to a global maximum at roughly d1 ≈ 1 μm. In
the center of the gap we observe another local maximum. The
oscillatory behavior of the curve is due to interference effects
of the reflected and transmitted waves.

3. Comparison of the approaches of Secs. VI B 1
and VI B 2 in the dilute limit

In Sec. VI B 1, we regarded the case of a homogeneous
background medium filling the gap between the plates, while in
Sec. VI B 2, we analyzed the situation of a single atom between
the two plates. These cases are expected to share the limit of di-
lution, as, microscopically, a diluted medium consists of atoms.
We integrate the results for the atom in Eqs. (63) and (64)
over the position d1 of the atom, assuming a homogeneous
distribution. We then multiply the result by a finite-particle-
number density, as dictated by the theory of Clausius-Mossotti
(i.e., assuming the effect of the atoms to be additive):

εb − 1 = 4πnbαb. (65)

With this relation, the two approaches can now be com-
pared, as shown in Fig. 16 for the case of air (where we use
εair = 1.00059 and nair = 2.55 × 1019 cm−3, which are typical
numbers at sea level [67]). The two curves are (numerically)
identical for any plate distance d. Coming from two completely
different starting points, we have thus demonstrated that the
two approaches are consistent and yield the same result in the
dilute limit as expected.

4. Comparison to heat transfer via kinetic gas theory

With a medium present, the energy transferred via electro-
magnetic radiation is in competition to other mechanisms of
thermal conduction, i.e., by phonons or collisions of gas atoms.
For the case of a gas, such transfer can be expressed by simple
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FIG. 16. Comparison between the microscopic and the macro-
scopic model for the change in the heat transfer due to the presence
of air between two SiC half-spaces at temperatures T1 = 301 K and
T2 = 300 K. The completely different approaches yield the same
result in the dilute limit.

formulas: For the regime where the distance between the plates
is small compared to the mean-free path l of the gas molecules,
d � l, we can assume the particles of the medium to traverse
the gap between the two plates unhindered and therefore use
a simple model from kinetic gas theory to describe the energy
flux evoked by collisions of the atoms with the two surfaces:

lim
d�l

Hkin

A
≈ 3

2
kB�T nbv̄x. (66)

In this equation, �T = T1 − T2 is the temperature difference
between the two plates, nb is the particle-number density of the

dilute gas, and v̄x =
√

kBT
m

is the mean velocity of the particles
pointing in the direction normal to the plates, with molecule
mass m. One may use T = T1 or T = T2 for an estimate, as
T1 and T2 are almost equal. On the other hand, for distances
d much larger than the mean-free path, i.e., d � l, the kinetic
part is described by Fourier’s law for thermal conduction, being
proportional to d−1 for the case of two plates:

lim
d�l

Hkin

A
= κ

�T

d
. (67)

Here, κ is the thermal conductivity. Since for air l ≈
68 nm [68], the optical near field should be compared to
Eq. (66), while the optical far field should be compared
to Eq. (67). Recently, it was shown that the radiative heat
exchange between two closely spaced bodies in vacuum can
in principle surpass conductive heat transfer through air at
room temperature [69]. Using the derived formula for the
heat transfer in a background medium, we can explicitly
analyze the case of two SiO2 plates surrounded by air (again
εair = 1.00059 [67]). In Fig. 17, we show both the kinetic part
Hkin and the radiative part of energy transfer H 1→2

air . In general,
the radiative part exceeds the kinetic part in both limits for
small and large d. In the near field, the radiative energy flux
grows as d−2, and exceeds the kinetic part, which in the regime
of Eq. (66) is independent of d. For the parameters chosen, the
crossover is at roughly 10 nm. For larger plate temperatures, it
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FIG. 17. Energy fluxes in the system of two plates embedded in
air. The radiative component H 1→2

air surpasses the kinetic part Hkin

both in the near and in the far field. Increasing the temperature of the
plates shifts the point of intersection of the two contributions to larger
plate separations d in the near field and to smaller plate separations
in the far field, respectively.

generally shifts to larger distances, as the radiative part grows
stronger with temperature than the kinetic part.

In the far field, radiation also eventually dominates, as
the kinetic part vanishes with 1/d. Here, depending on
the temperatures, we find the crossover at d ≈ 400 μm or
d ≈ 6 mm. [We neglect the temperature dependence of κair =
0.0262 W/(m K).]

While the numbers we have found are already promising
concerning experimental detection, we believe that, e.g., using
metamaterials, interesting scenarios regarding competition of
radiation and other transport mechanisms can be proposed in
the future.

VII. SUMMARY

Closed formulas for heat radiation and radiative heat
transfer in a many-body system embedded in a nonabsorbing
background medium (described by real magnetic and electric
permeabilities μb and εb) were derived. In contrast to the case
of objects in vacuum (μb = εb = 1), these formulas contain
the classical scattering operators which describe scattering
of objects in the corresponding background medium. The
formulas show a number of general properties (such as
positivity and symmetry). The presence of a nonabsorbing
background medium can have very strong effects on the
resulting radiation: Both the radiation of a sphere, as well as the
heat transfer between two parallel plates, can be enhanced by
orders of magnitude, this enhancement effect being especially
strong for metals such as gold. For example, the radiation
of a gold nanosphere in a medium with εb ≈ 6.5 is 100 times
larger compared to vacuum, an effect which can be relevant for
composite materials. The enhancement is generally smaller for
near-field quantities, but can still be pronounced: the near-field
transfer between two SiC plates is doubled at εb ≈ 8. For
very large values of εb, the found results are expected to
depend on the details of the interface between object and
medium, an expectation which should be explored further in

the future. Concerning near- and far-field transfer through a
gas like air, both a microscopic model (based on gas particles)
and a macroscopic model (using a dielectric constant) can be
used with equal accuracy. The radiative transfer through air
exceeds the energy transfer from kinetic gas theory for both
very small and very large distances. The generality of the
derived formalism provides incentive for future studies of heat
radiation and radiative heat transfer in complex environments.

The theory derived in this paper can also be useful for pos-
sible implementation and improvement of the performances
of the recently proposed nonequilibrium-based many-body
quantum thermal machines [70] and configurations to create
and/or protect entanglement [71].
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APPENDIX A: NONEQUILIBRIUM FIELD
FLUCTUATIONS

1. Spectral density

Random processes of spontaneous fluctuations can in
general be described by means of correlation functions. For
any two field operators Â and B̂ in the Heisenberg picture, we
employ the symmetrized expectation value [72]

〈Â(t,r)B̂(t ′,r′)〉s ≡ 1
2 〈Â(t,r)B̂(t ′,r′) + B̂(t ′,r′)Â(t,r)〉. (A1)

In stationary conditions, the correlation function is invariant
under time translation and depends only on the time difference
t − t ′. Accordingly, we define the spectral density of fluctua-
tions 〈A(r)B∗(r′)〉ω by [73]

〈Â(t,r)B̂(t ′,r′)〉s =
∫ ∞

−∞

dω

2π
e−iω(t−t ′)〈A(r)B∗(r′)〉ω. (A2)

Note that the spectral density satisfies the reality condition

〈A(r)B∗(r′)〉∗ω = 〈A(r)B∗(r′)〉−ω. (A3)

2. Electric field correlator

The spectral density of the electric field E at points r and r′ is
given by

Cij ≡ 〈Ei(r)E∗
j (r′)〉ω. (A4)

In global thermal equilibrium, the spectral density of the
electric field is related to the imaginary part of the dyadic
retarded Green’s function of the system via the fluctuation-
dissipation theorem [3,32]:

C
eq
ij (T ; r,r′) = [a(T ) + a0] Im[Gij (r,r′)]. (A5)

The two contributions are identified with the zero-point and
thermal fluctuations with amplitude

a(T ) ≡ sgn(ω)
8πh̄ω2

c2
[exp(h̄|ω|/kBT ) − 1]−1, (A6)

a0 ≡ sgn(ω)
4πh̄ω2

c2
. (A7)
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Note that c is the vacuum speed of light, h̄ is the reduced
Planck constant, kB is the Boltzmann constant, and T is the
temperature of the equilibrium system.

APPENDIX B: REDEFINED OPERATORS

1. Radiation operator

The radiation operator Rα specifies the radiation of an
arbitrary object in isolation. Corresponding to the vacuum case
in Ref. [14], we redefine this operator by

Cα(Tα) = a(Tα)Rα, (B1)

Rα ≡ Gb[Im[Tα] − Tα Im[Gb]T∗
α]G∗

b. (B2)

Note that Cα is the field correlator of the isolated object α as
defined in Eq. (5) (where the Green’s function Gα appears)
and Tα is the individual scattering operator of this object.

2. Multiple-scattering operator

The multiple-scattering operator Oα describes the scatter-
ing of the field Eiso

b,α radiated by the isolated object α at all other
objects in the system. For objects in a background medium,
this operator is found to be

Esc
b,α = OαEiso

b,α, (B3)

Oα = (1 + GbTα)
1

1 − GbTαGbTα

. (B4)

For a detailed derivation of this important operator we refer
the reader to Ref. [14]. Note that Tα is the scattering operator
of the single object α, while Tα is the composite T operator
of the residual objects.

APPENDIX C: NONABSORBING BACKGROUND MEDIUM

We want to prove that the third termOαRαO†
αV

∗
b in Eq. (22)

does not contribute to the heat transfer rate H (β)
α given in

Eq. (20) for the case of a nonabsorbing background potential.
The derivation of the “self”-emission H

(β)
β leads to a similar

term that can be treated in the same way as presented in this
appendix. Since the volume integral in Eq. (20) is restricted to
the volume Vβ of object β, and we do not allow the potentialVb

to connect points in the background medium and the objects,
we can introduce a redefined background potential

Ṽb(r,r′) = θ (rβ − r)θ (rβ − r′)Vb(r,r′). (C1)

Note that θ (rβ − r) is the Heaviside step function, where rβ

is the coordinate attached to the surface of object β. Because
Ṽb(r,r′) is only nonzero if both arguments are located within
the volume Vβ , the range of integration can be extended to all
space to obtain the following operator trace:

−2h̄

π

∫ ∞

0
dω

ω

e
h̄ω

kB Tα − 1
Im Tr[OαRαO

†
αṼ

∗
b]. (C2)

As discussed in the main text, the potential of the nonabsorbing

background medium is Hermitian, Ṽb = Ṽ
†
b. Since Rα is a

Hermitian operator as well, which can be directly seen from its
definition in Eq. (19), the operator to be traced in the preceding

equation consists of a product of two Hermitian operators. By
using the properties of the trace, we can prove that the trace of
a product of two Hermitian operators is always real, although
the product is not necessarily Hermitian in general. For two
arbitrary Hermitian operators A and B, we have [74]

Tr{AB} = Tr{(BA)†} = Tr{BA}∗ = Tr{AB}∗, (C3)

where we used the invariance of the trace under transposition
in the second step and the cyclicity of the trace in the last step.
The last equality shows that Tr{AB} is a real number and we
conclude Im Tr[AB] = 0. As a consequence, the imaginary
part of the trace in Eq. (C2) is identically zero for any nonab-
sorbing background medium with Hermitian potential Vb.

APPENDIX D: POSITIVITY AND SYMMETRY
OF TRANSFER

Equation (28) gives the general formula for the heat transfer
rate H (β)

α in the presence of N objects embedded in a passive
nonabsorbing background medium. It is straightforward to
prove the positivity and symmetry of this expression. For this
purpose, we define the operator

Wαβ =G−1
b

1

1−GbTβGbTβ

(1+GbTαβ)
1

1−GbTαGbTαβ

.

(D1)

Equation (28) can then be rewritten in compact form as

H (β)
α = 2h̄

π

∫ ∞

0
dω

ω

e
h̄ω

kB Tα − 1
Tr{R∗

βWαβRαW
†
αβ}. (D2)

For the positivity of transfer, we need to show that the radiation
operator Rα as defined in Eq. (19) is positive semidefinite. By
virtue of the symmetry relation for the potential difference

�Vα(−ω) = �V∗
α(ω), (D3)

we restrict ourselves to positive frequencies ω. For any body
made of passive material, the imaginary part of the potential
difference is positive semidefinite, i.e.,

Im[�Vα] � 0. (D4)

Recalling that for any positive-semidefinite operator A, the
product BAB† is also positive semidefinite, we can write

G−1
b Gα Im[�Vα]G∗

αG
∗−1
b � 0. (D5)

Application of Eqs. (12) and (13) then yields the desired
property for the radiation operator Rα:

Rα = Gb[Im[Tα] − Tα Im[Gb]T∗
α]G∗

b � 0. (D6)

Finally, as the product of the two positive-semidefinite op-
erators R∗

β and WαβRαW
†
αβ is also positive semidefinite, we

conclude that the heat transfer rate H (β)
α in a many-body system

including the background medium in Eq. (D2) is non-negative,

H (β)
α � 0. (D7)

In order to prove the symmetry of the heat transfer, i.e.,
H (β)

α (T ) = H
(α)
β (T ), we need to show the following equality

of operators:

W†
αβ = W∗

βα. (D8)
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This relation can be straightforwardly proven by making use
of the symmetry of Gb and T as well as the decomposition of
the composite scattering operator Tβ (see Appendix G). As a
result, we can write

H (β)
α (Tα) = 2h̄

π

∫ ∞

0
dω

ω

e
h̄ω

kB Tα − 1
Tr{R∗

βWαβRαW
∗
βα}

= H
(α)
β (Tα). (D9)

In the second line we have used the cyclic property of the trace
and, furthermore, we have taken the complex conjugate of the
expression since it is real. The symmetry and positivity of the
heat transfer in the presence of an arbitrary number of other ob-
jects can be used to show that the net heat flux between a warm
object α and a cold object β is always positive, i.e., that heat is
always transferred from the warmer object to the colder one:

H (β)
α (Tα) − H (β)

α (Tβ) � 0 if Tα � Tβ. (D10)

This relation holds because of the monotonic increase of
(exp[h̄ω/kBT ] − 1)−1 with T for any ω. And it also relies on
the assumption that the objects’ potentials {Vα} do not depend
on temperature.

APPENDIX E: SPHERICAL WAVE BASIS

1. Partial waves and Green’s function

In the main text, we stated that the Green’s function Gb,
describing a homogeneous, isotropic, and local background
medium, can be traced back to the partial-wave expansion of
the free Green’s function G0 given by the relation in Eq. (38).
For explicit knowledge of the expansion of the free Green’s
function in spherical waves, we refer the interested reader to
Ref. [14].

2. T matrix of a sphere

The scattering problem of a homogeneous sphere of radius
R is an exactly solvable problem. The matrix elements of
T are well known [63] and sometimes referred to as Mie
coefficients. Considering spheres with isotropic and local ε and
μ renders the matrix diagonal and independent of m, T P ′P

l′lm′m =
T P

l δPP ′δll′δmm′ . The matrix elements can be conveniently
written in terms of R∗ = √

εbμbRω/c and R̃∗ = √
εμRω/c as

T N
l =−

ε
εb

jl(R̃∗) d
dR∗ [R∗jl(R∗)] − jl(R∗) d

dR̃∗ [R̃∗jl(R̃∗)]
ε
εb

jl(R̃∗) d
dR∗ [R∗hl(R∗)] − hl(R∗) d

dR̃∗ [R̃∗jl(R̃∗)]
.

(E1)

jl is the spherical Bessel function of order l, and hl is the
spherical Hankel function of the first kind of order l. T M

l

follows from T N
l by interchanging ε and μ as well as εb and

μb. Note that the matrix elements for a sphere in vacuum are
restored by taking the limit εb = μb = 1.

APPENDIX F: PLANE-WAVE BASIS

1. Green’s function and T matrix of a plate

The expansion of the Green’s function Gb in plane waves
is found with the help of Eq. (38) and the representation of the
vacuum waves given in Ref. [14]. For the T matrix of a plate

in a homogeneous, isotropic and local background medium,
we may resort to its representation in vacuum [14], where we
only need to adjust the Fresnel coefficients as given below for
the case of an infinitely thick plate.

2. Fresnel coefficients of the plate

The Fresnel reflection coefficients for an infinitely thick
plate embedded in a background medium are given in Ref. [54]:

rN (k⊥,ω) =
ε
εb

√
ω2

c2 εbμb − k2
⊥ −

√
εμω2

c2 − k2
⊥

ε
εb

√
ω2

c2 εbμb − k2
⊥ +

√
εμω2

c2 − k2
⊥

. (F1)

rM is obtained from rN by interchanging ε and μ as well as
εb and μb. In order to regain the Fresnel coefficients in the
vacuum case, one has to set εb = μb = 1.

3. Fresnel coefficients of the atom

The Fresnel reflection and transmission coefficients of a
polarizable atom in vacuum with dipole polarizability α are
straightforwardly derived from the definition of the T matrix
in Eq. (40). For the reflection coefficients we obtain

rN = 2πi
ω2

c2

1

kz

(
2c2k2

⊥
ω2

− 1

)
, (F2)

rM = 2πi
ω2

c2

1

kz

, (F3)

and for the transmission coefficients we find

tN = 2πi
ω2

c2

1

kz

, (F4)

tM = tN . (F5)

APPENDIX G: COMPOSITE SCATTERING OPERATORS

1. T operator for two or more objects

The T12 operator, describing the composite scattering
operator for two objects embedded in a background medium,
can be straightforwardly expanded in terms of the single-
scattering operators T1 and T2. The desired representation
is found by starting from the single object 1 in the medium
with G1 = (1 + GbT1)Gb [see Eq. (13)], and inserting object
2 by use of the operator O1 in Eq. (B4), as

G = (1 + GbT2)
1

1 − GbT1GbT2
(1 + GbT1)Gb. (G1)

On the other hand, we can introduce theT12 operator by writing

G = (1 + GbT12)Gb . (G2)

Solving these two equations for T12, we obtain

T12 = (T1 + T2GbT1)
1

1 − GbT2GbT1

+ (T2 + T1GbT2)
1

1 − GbT1GbT2
. (G3)

Note that this operator is symmetric and we can write
T12 = T21. The composite scattering operator for more than
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two objects is then obtained by iteratively substituting the
composite scattering operator in Eq. (G3) for either of the two
single-scattering operators T1 and T2, respectively.

2. Expansion for N objects

An expansion for the Tαβγ ... operator for N objects in
terms of the single-scattering operators [75,76] can be given
by starting from the definition in Eq. (12). The expansion of
the inverse operator in that equation into a power series yields

Tαβγ ... = �V
∞∑
i=0

[Gb�V]i . (G4)

�V is the potential difference between the collection of
objects and the background medium, i.e.,

�V =
N∑

i=1

�Vi . (G5)

Insertion of this relation into the power series leads to

Tαβγ ... =
N∑

i=1

�Vi +
N,N∑

i=1,j=1

�ViGb�Vj

+
N,N,N∑

i=1,j=1,k=1

�ViGb�VjGb�Vk + · · · , (G6)

where the ellipsis stands for the remaining infinite terms.
Notice that in the higher-order terms the same index of the
potential introduced by object α may be repeated several times.
By resummation of the infinite terms, we finally arrive at the
expansion of T in terms of the single-scattering operators,
reading as

Tαβγ ... =
N∑

i=1

Ti +
N,N∑

i=1,j=1,i 	=j

TiGbTj +
N,N,N∑

i=1,j=1,k=1,i 	=j,j 	=k

TiGbTjGbTk + · · · . (G7)

Again, the ellipsis represents the remaining higher-order terms. From this representation, it becomes apparent that the scattering
operator for an arbitrary number of objects is always symmetric with respect to a permutation of indices, e.g., Tαβγ ... = Tγβα....
Note that for the composite T operator in vacuum, one has to exchange Gb with the free Green’s function G0 and use the
definition of the T operator in vacuum given in the first line of Table I.
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