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Geometry-based Estimation of Stability Region for
A Class of Structure Preserving Power Grids

Thanh Long Vu and Konstantin TuritsyMember, IEEE

Abstract—The increasing development of the electric power the problem of searching for an exponential number of UEPs is
grid, the largest engineered system ever, to an even morean NP-hard problem. The controlling UEP methiad [7] certifies
complicated and larger system requires a new generation of o+t the post-fault dynamics is stable if the system enetgy a

stability assessment methods that are computationally tretable the clearing ti . ler than th functi iU
and feasible in real-time. In this paper we first extend the € clearing ime I1s smaller than the energy function value a

recently introduced Lyapunov Functions Family (LFF) transient  the controlling UEP, which is defined as the nearest point on
stability assessment approach, that has potential to redecthe the boundary of the actual stability region that the fault-o
computational cost on large scale power grids, to structure trajectory is approaching, i.e. nearest the fault-cleastede.
preserving power grids. Then, we introduce a new geometry- Thig method is less conservative than the closest UEP method
based method to construct the stability region estimate of gwer . . . -

systems. Our conceptual demonstration shows that this new S'NC€ the energy value at the controlling UEP is possiblyear
method can certify stability of a broader set of initial condtions ~than the energy value at the closest UEP. However, as the
compared to the minimization-based LFF method and the energ  actual stability region is unknown, the controlling UEP can
methods (closest UEP and controlling UEP methods). only be searched by some heuristic algorithms.

Recently, we introduced theyapunov Functions Family
(LFF) approachto alleviate some of these drawbacks [8].
The principle of this approach is to provide transient siigbi

The electrical power grid is currently undergoing the archcertificates by constructing a family of Lyapunov functipns
tectural revolution with the increasing penetration ofewable which are generalizations of the classical energy fungtion
and distributed energy sources and the presence of miibnsand then find the best suited function in the family for given
active endpoints. Intermittent renewable and volatile®are initial states. Basically, this method certifies that thetgiault
difficult to exactly predict and present challenges conicgrn dynamics is stable if the fault-cleared state stays within a
voltage, frequency, power quality, and power supply duringplytope surrounding the equilibrium point and the Lyapuno
unfavorable weather conditions. As such, the existingmitegn function at the fault-cleared state is smaller than the mimm
and operation computational techniques largely developealue of Lyapunov function over the flow-out boundary of that
several decades ago will have to be reassessed and adopteublytope. Generally, the LFF approach can certify stgbdita
the new physical models in order to ensure secure and stalleader set of initial conditions compared to the closesPUE
operation of the modern power grids. Among those challengesethod. Also, the introduced optimization-based techesqu
the extremely large size of the grid calls for the developmefor constructing stability certificates are scalable togéar
of new generation of stability assessment methods that aale power grids, since they avoid identifying the expdiaén
computationally tractable and feasible in real-time. number of UEPSs. In addition, the LFF approach is applicable

The most straightforward approach to the post-fault stte stability assessment of power grids with lossés [9], Whic
bility assessment problem is based on direct time-domamimpossible by the standard energy method.
simulations of transient dynamics following the contingies. In this paper, we improve the LFF transient stability assess
Rapid advances in computational hardware made it possiblenent method and make two contributions. The first contribu-
perform accurate simulations of large scale systems ftsier tion is the extension of LFF method to structure-preserving
real-time [1], [2]. Alternatively, the direct energy appihes power systems. The second contribution is a new geometry-
[B]-[5], which are accepted and adopted by indusfry [6hased method to construct the estimate of stability regfon o
allow fast screening of the contingencies while providinthe desired equilibrium point, which we argue to possibly be
mathematically rigorous certificates of stability and savi larger than that defined by the existing methods. We observe
more computational resources than time-domain simulatiothat among all of the UEPS, there are many points that are far
Essentially, the closest UEP method [4] certifies that th&-pofrom the equilibrium point and thus are not necessary to be
fault dynamics is stable if the system energy at the clearicgunted when we search for the controlling UEP. Therefore,
time is smaller than the minimum energy value at evetye define2|&| points that are the minimum points of Lyapunov
unstable equilibrium points (UEP). This method is knowfunction over the2|£| flow-out boundary segments of the
conservative and not scalable to large-scale power grite si considered polytope. HeréS| is the number of lines in the

grids. These|€| minimum points play the role of all possible
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is smaller than the Lyapunov function at the (controlling) Let P;, be the real power drawn by the load /t* bus,
minimum point corresponding to the polytope’s subset cok- = m + 1...,n. In generalP;, is a nonlinear function
taining the fault-cleared state. This method is less cmasige  of voltage and frequency. For constant voltages and small
than the original LFF method in_][8] since the Lyapuno¥requency variations around the operating po}?ﬁk, it is
function at the controlling minimum point is possibly largereasonable to assume that

than the minimum value of Lyapunov function over the flow- :

out boundary. In comparison to the controlling UEP method Py = B, +didek=m+1,....n, @)

we note that since the|£| minimum points play the role whered, > 0 is the constant frequency coefficient of load.
of all possible controlling UEPs of the system, the proposailthend;, = 0 we have the constant load model. The electrical
geometry-based method can certify stability for points fgsower P., from thek*" bus into network, wheré = 1, ..., n,
which the controlling UEP method cannot. Furthermore, the given by

construction of the minimum points is mathematically rigs

and does not involve any heuristic algorithm. Also, knowled P, = Z Vi VjByj sin(dy, — 9;). @)
of the fault-on trajectory is not required as in the coningjt JEN
UEP methodl[F]. Here, the valué/,, represents the voltage magnitude of &t

We note that there are many works on Lyapunov functiopus which is assumed to be constdBi,; are the (normalized)
based stability of structure preserving power systeém${104usceptance betweeri” bus andj* bus. N} is the set of
[12]. However, the Lyapunov function in these works is usual neighboring buses of thié" bus. Leta; = V4V, By;. Finally,
used to prove the local stability of the system; it is notyfullthe structure-preserving model of power systems is obdaine
exploited to construct the stability region of the system ags:
in this paper. Instead, in these works the stability reg®n i

estimated by the energy method. MmOk + didk + Z ak; sin(0 — 05) =Py 4)
JENK
Il. STRUCTUREPRESERVINGPPOWER SYSTEMS k=1,...,m,
In normgl conditions, power grids operate at a stable e_qui— dy b + Z ay; sin(d — 8;) = — PY | (5)
librium point. Under some fault or contingency scenarios, JEN
the system moves away from the pre-fault equilibrium point k=m+1,...,n.

to some post-fault conditions. After the fault is clearduk t

system experiences the transient dynamics. This work &scus The system described by equatidns (4)-(5) has many station-

on the transient post-fault dynamics of the power grids, a@dy points with at least one stable corresponding to therelsi

aims to develop computationally tractable certificatesraf+ operating point. Mathematically, this point, charactedzy

sient stability of the system, i.e. guaranteeing that thetesy the rotor angles* = [67, ..., 6,0, ...,0]”, is not unique since

will converge to the post-fault equilibrium. In this papere any shift in the rotor angleg; +c, ..., 5, +¢,0, ..., 0]" is also

address this question on a traditional swing equation dymarn equilibrium. However, it is unambiguously charactetibg

model of power systems, which is named structure-presgrvifie angle differences;, = 6; — 47 that solve the following

model originally introduced in[[10]. This model naturallysystem of power-flow like equations:

incorporates the dynamics of rotor angle as well as response N _

of load power output to frequency deviation. However it does Z @ Si0(0) = Pk =1, (©)

not model the dynamics of voltage in the system which is the

main downside of the approach. However, in comparison Yhere P, = Py, k = 1,...,m, and P, = —P) |k = m +

the classical swing equation with constant impedance |oads.--,». Then, the set of swing equatios (£)-(5) is equivalent

the structure of power grids is preserved in this approach. With
Assume that the grid has: generators andy buses in - c . _ ok

which ng — m buseg have Iogds and no generation. It is ik + didk = = Z ar; (sin(0k)) = sin(97;)), - (7)

JEN

. . . . . JENK
convenient to introduce fictitious buses representing the i
ternal generation voltages. So, in the augmented grid we hav . k=1,..,m,
n = ng + m buses. Assume that the grid is lossless. The ddo, = — Z ak; (sin(dr;) —sin(dz;)),  (8)
generators have perfect voltage control and are charaeteri JEN
each by the rotor anglé, and its angular velocityi'k. The E=m-+1,...,n.

dynamics of generators are described by a set of the sadcalle _ )

swing equations: Formally, we consider the following problem.

. . Transient stability assessment problem: Determine
My + ddk + Pe, — Py, = 0,k =1,..,m, (1) if the post-fault scenario defined by initial conditions

where,;m;, is the dimensionless moment of inertia of the gener-  {9x(0), 9x(0) };_, of the systenf7)-() leads to the stable

ator, d;, is the term representing primary frequency controller ~ equilibrium pointé* =[5}, ..., 67,0, ..., 0]

action on the governorP,,, is the effective dimensionless We will address this problem by estimating the stability

mechanical torque acting on the rotor aRgd is the effective region of the stable equilibrium point*, i.e. the set of

dimensionless electrical power output of thi¢ generator.  points from which the systeni](7)3(8) will converge &.



which are clearly separated in the state space representati

3 T T T T T T
a O~ iy (I0). From Fig[dL, we observe that
> il —r =3 5 | 0 < (Okj — Ox;)(sin g — sin ;) < (s — 5Zj)2a (12)
= 0
g_l, / | for any|dy;+d5;| < 7. Therefore, the nonlinearity (Cz) can
5 Ll ™= | be bounded by the linear functions in the polytdpelefined
S ol b, sz by the set of inequalitiesy; + d;;| < .
Z ., Exploiting this nonlinearity bounding, we propose to use th
convex cone of Lyapunov functions defined by the following
’5 system of Linear Matrix Inequalities for positive, diagbna
EE T 2 E matrices K, H of size 2|€| x 2|€] and symmetric, positive
9 matrix ) of size2n x 2n :
Fig. 1. Bounding of nonlinear sinusoidal couplirigin d;; — sind; ;) by AT A R
two linear functions of angular differendg,; as describedjirﬂlZ) g [ QR—iT_ @ _of <0, (13)

whereR = QB—-CTH—(KCA)T. For every paiQ, K satis-
If the initial statexz, belongs to this estimate set, then théying these inequalities the corresponding Lyapunov fiomct
corresponding post-fault scenario is determined stable. \l§ given by
will use a sequence of techniques originating from nonlinea 1
control theory that are most naturally applied in the stagee ~ V(2) = 2" Qu — Z Ky (cos Orj + Ok sindy;).  (14)

: : . . 2
representation of the system. Hence, we view the multinmechi . .
Here, the summation goes over all elements of pair set

power system[{7):(8) as a system with the state space vecgorand Ky, denotes the diagonal element of mati

_ T ) ’
x = [x1,29,23]" composed of the vector of generator’s anglgorresponding 0 the paik, j).

L S TR T
deylatlons from eqw_hbnumvl =0 -51’T' -2 Om — O] Similar to Appendix A in [8], we obtain the derivative of
their angular velocitiesc, = [d1,...,0,]", and vector of Lyapunov functionV () along [ID) as:
load’s angle deviation from equilibriumxs = [0,,41 — yap 9 '

i1y, 0n—0%]T. Let E be the incidence matrix of the cor- V(z) = —0.5(Xz — YF)T (X2 -~ YF) - (Cx — F)THF
responding graph, so th&[d, ... 6,7 = [(6x —6:) sk ines]”. B T
Consider matrixC such tha[Cx = E][él . F(én]T. 'le)cinéi}deer]the = 05Xz —YF) (Xo —YF) - Z Hir gy 9453, (19)
nonlinear transformatiod” in this representation is a simpleywhere Ik} = (5kj _ 5;;]_ — (sindy; — sin 5Zj))(sin Ok —
trigonometric functionF'(C'z) = [(sin d; —sin 5;;].)%,]-}65]? sin 5;7,), From Fig[d, we havey;, ;; > 0 for any|5kj+5;;j| <
In state space representation the system can be expressed {jence,V(z) < 0,z € P, and thus the Lyapunov function
the following compact form: is decaying inP. Therefore, we have the following result.
Theorem 1: In the polytop®, the Lyapunov function de-
fined by (I4) is decaying along the trajectory ofIQ), i.e.,
V(z(t)) is decaying whenevei(t) evolves insideP.

T1 = X2
iy = M; ' (=Dyzy — SiETSF(Cx)) 9)
i3 = —D5 'S ETSF(Cx)

IV. GEOMETRY-BASED STABILITY CERTIFICATION AND

where S = diag(a; ) rj)ee: S1 = Lmxm  Omxn—m], 52 = CONTINGENCY SCREENING
Hn—mxn—m On—mxm). Equivalently, . - N
A. Construction of Stability Certificate
@ = Ar — BF(Cu), 10) [8], the stability certificate is constructed by findingeth

with the matricesd, B given by the following expression: ~Minimum valueVi,;, of the functionV(z) over the union of
flow-out boundary segments of the polytope Accordingly,

Omxm Imffw Omxn—m if the Lyapunov function at the initial state, which stays
A= Omxm —M, "D Omxn-m |+ (11) insideP, is smaller thanVy,,, then the system trajectory is
Omxm Omxm Omxn—m guaranteed to converge from the initial state to the desired

B . T . o 17 stable equilibrium point. In this paper, we will introduce a
and _.[ Omxje] =My S1E°S =Dy SE S ] geometry-based approach for stability certificate consitin,
Here, |£] is the nu_mber of e(_jges in the graph defined by ﬂlﬁ which we inscribe inside the polytoge an invariant set
susceptance matr_lx, or equivalently the number of NON-Z€f0 \which is the largest set formed by combining the flow-
non-diagonal entries idy;. in boundary of the polytop&® together with the patches of
Lyapunov function’s sublevel sets that are guaranteed do no
I1l. LYAPUNOV FUNCTIONS FAMILY APPROACH meet the flow-out boundary &?.

This paper proposes a family of Lyapunov functions to In deed, we divide the bounda&yP;; of P corresponding
certify the transient stability for the structure presagzpower to the equality|dx; + dj;| = 7 into two subset)P;’; and
system [[ID). The construction of this Lyapunov function@Py;". The flow-in boundary segmeritP;” is defined by
family is based on the linear bounds of the nonlinear cogglin|dx; + 6;;| = 7 and dx;dy; < 0, while the flow-out boundary



Theorem[P provides a geometry-based estimate of the
stability region of the stable equilibrium point. As a coptieal
illustration, we can observe from F{g. 2 that in the most danp
case of 2-bus system, the geometry-based method resutis in t
largest stability region estimate compared to the closé&s®P U
method and thé/,;, method in [8].

Vinin method

1
1
1
!
o:sest UEP method

Angular velocity
o

Geometry-based method \( + + B. Direct Method for Contingency Screening

In this section, we will apply the geometry-based stability

. - F'i‘”‘““‘ b°“:dary \ certificate to the contingency screening problem. Esdgntia

—r =0 Rotorangle - ¢* the post-fault dynamics is certified stable if the faultackd
stater, stays within the polytop® and the Lyapunov function

Fig. 2. Comparison between the stability region estima@sed byV,,i,- ; i -
based method and geometry-based method with the statsliiprr obtained at zy is smaller than the Lyapunov function at the (control

by the closest UEP energy method (black solid line). Theilitaegion 1ING) minimum point corresponding to the polytope’s subset
estimated by thé/.,i, method is the intersection of the Lyapunov level secontaining the fault-cleared state. Indeed, for a giveritfau
(blue solid line) and the polytope defined byr — 0™ < 6 < = — 4. The ~ clagred stater,, which is determined by integration or other
stability region estimated by the geometry-based methdtigsinner of the . .
set whose boundary is combined of solid blue segments techmqqes, the value dV(xO) can be computed by direct
application of [(IH). Ifx is inside the polytop@, we calculate
the frequency difference,;. From the|£| signatures of these
segmendPy)" is defined byldy; + 05, = 7 andéy;0,; > 0. frequency differences, we can determine the subset of the
Since the derivative szj at every points 0@73;;; is negative, polytopeP in which every points have the same signatures for
the system trajectory can only go insifleonce it meet@P;».  frequency differences witho. Then, flom the for.mulaﬂormG)
We define the following minimum values f(z) on the flow- Wwe can defindZ| minimum valuesV;, . in which V.5 —is

i .
™\ Flow-in boundary™
1
1

out boundary segmemtPys*: eitherVHJ[inkj or Vi, @ccording to the signature of;. The
. ) value of Lyapunov function at the initial state) should be
Viaing = veppoutt V(z), (16)  then compared to the minimum of theg® minimum values
r VE - If V, is smaller than this minimum value, the post-
ming; p

whereaplg’;“tjE is the flow-out boundary segment of polytopdault dynamics is certified stable, becausg belongs to the
P that is defined by,; + 65, = 7 and d;d,; > 0. Let Stability region estimate.
xzq;t:t be the point Orﬁpg;lt:t'such thatV(a:ZWi) _ypt We note that unlike energy based approaches, the LFF

! X minkj' h . .
Now we consider the st formed by the combination of method provides a whole cone of Lyapunov functions to

the flow-in boundan@P™ of the polytopeP together with choose from. This freedom can be exploited to choose the

2|€| segments of Lyapunov function’s sublevel sets. Each byapunov function that is best suited for a given initial
out+  condition or their family. Essentially, we can apply the gamn

these segments goes through one of 2h€| points z}" _ ) ; 5 . - i
and lies in the half of the polytop@ corresponding to iterative algorithm in[[8] (Section 1V) to identify the Lyapov

sign(§;) = +. The conceptual demonstration of the §et function that certifies the stability of a give_n initial catidn

is given as the combination of solid blue lines in HiYy. 2. Noto Whenever such a Lyapunov function exits.

these segments can only meet the boundary @it the point

with 6y,;0; = (Fm — 6;;)(&) < 0, i.e. the point on the flow- V. SIMULATION RESULTS

in boundary. Therefore, the boundary &f is composed of  To illustrate the effectiveness of the LFF and geometry-

segments which are parts of Lyapunov function’s sublevsl séased approach in estimating the stability region of powst s

or flow-in boundary. tems, we consider the classicabus with easily visualizable
From the decrease of Lyapunov function insfdéTheorem state-space regions. This system is described by a singte 2-

@) we note that from any initial state inside@ the system order differential equation

trajectory cannot escapR through the Lyapunov function’s % : p -

sublevel sets. Also, once the system trajectory meets the flo md +dé +asing — P =0. (17)

in boundary, it can only go inside the polytofe So, if the For this systemé* = arcsin(P/a) is the only stable equi-

setR is closed, then its inner is an invariant set. In Appendiiorium point (SEP). For numerical simulations, we choose

VIII=A] we prove the following main result of this paper. m = 1 p.u.,,d = 1 p.u.,a = 0.8 p.u.,, P = 0.4 p.u., and
Theorem 2: If the seR is closed], then the inner oR is  &* = 7/6. Figure[2 illustrates the construction of stability

an estimate of the stability region of the equilibrium paiif  region estimate for the most simple 2-bus system by the slose

i.e., from any initial stater, in the setR, the system trajectory UEP method, thé/,;, method in[[8], and the geometry-based

x; of (@J) will converge tod*. method. It can be seen that there are many contingency scenar

ios defined by the configuratiary whose stability cannot be

1_\Ne conjecture that there are always some Lyapunov funchiotie family  certified by the energy method, but can be ensured by the LFF

defined by the LMIs[{I3) such that the sRtis closed. In the conceptual method. Also, the geometry-based method provides a better

demonstration of 2-bus system, it is easy to search for syapunov function - > .
by the adaptation algorithm introduced A [8]. stability region estimate compared to thg;, method.



We can also see that the two minimum point&'* are all VII. ACKNOWLEDGEMENTS
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which can be certified by this security assessment toolbox.

This will help us quickly assess the transient stability of

dynamical power systems by offline algorithms.
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