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Measurement of the inclusive electron spectrum from B meson decays
and determination of jVubj
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Based on the full BABAR data sample of 466.5 million BB̄ pairs, we present measurements of the
electron spectrum from semileptonic B meson decays. We fit the inclusive electron spectrum to distinguish
Cabibbo-Kobayashi-Maskawa (CKM) suppressed B → Xueν decays from the CKM-favored B → Xceν
decays, and from various other backgrounds, and determine the total semileptonic branching fraction
BðB → XeνÞ ¼ ð10.34� 0.04stat � 0.26systÞ%, averaged over B� and B0 mesons. We determine the
spectrum and branching fraction for charmless B → Xueν decays and extract the CKM element jVubj, by
relying on four different QCD calculations based on the heavy quark expansion. While experimentally,
the electron momentum region above 2.1 GeV=c is favored, because the background is relatively low, the
uncertainties for the theoretical predictions are largest in the region near the kinematic endpoint. Detailed
studies to assess the impact of these four predictions on the measurements of the electron spectrum,
the branching fraction, and the extraction of the CKM matrix element jVubj are presented, with the lower
limit on the electron momentum varied from 0.8 GeV=c to the kinematic endpoint. We determine jVubj
using each of these different calculations and find, jVubj ¼ ð3.794� 0.107exp

þ0.292
−0.219SF

þ0.078
−0.068 theoryÞ × 10−3

(De Fazio and Neubert), ð4.563� 0.126exp
þ0.230
−0.208 SF

þ0.162
−0.163 theoryÞ × 10−3 (Bosch, Lange, Neubert,

and Paz), ð3.959� 0.104exp
þ0.164
−0.154SF

þ0.042
−0.079 theoryÞ × 10−3 (Gambino, Giordano, Ossola, and Uraltsev),

ð3.848� 0.108exp
þ0.084
−0.070 theoryÞ × 10−3 (dressed gluon exponentiation), where the stated uncertainties refer

to the experimental uncertainties of the partial branching fraction measurement, the shape function
parameters, and the theoretical calculations.

DOI: 10.1103/PhysRevD.95.072001

I. INTRODUCTION

Semileptonic decays of B mesons proceed via leading
order weak interactions. They are expected to be free of
non-Standard-Model contributions and therefore play a
critical role in the determination of the Cabibbo-
Kobayashi-Maskawa (CKM) quark-mixing matrix [1] ele-
ments jVcbj and jVubj. In the Standard Model (SM), the
CKM elements satisfy unitarity relations that can be
illustrated geometrically as triangles in the complex plane.
For one of these triangles, CP asymmetries determine the
angles, jVcbj normalizes the length of the sides, and the
ratio jVubj=jVcbj determines the side opposite the well-
measured angle β. Thus, precise measurements of jVcbj and
jVubj are crucial to studies of flavor physics and CP
violation in the quark sector.
There are two methods to determine jVcbj and jVubj, one

based on exclusive semileptonic B decays, where the
hadron in the final state is a D;D�; D�� or π; ρ;ω; η; η0
meson, the other based on inclusive decays B → Xeν,

where X refers to either Xc or Xu, i.e., to any hadronic state
with or without charm, respectively.
The extractions of jVcbj and jVubj from measured

inclusive or exclusive semileptonic B meson decays rely
on different experimental techniques to isolate the signal
and on different theoretical descriptions of QCD contribu-
tions to the underlying weak decay processes. Thus, they
have largely independent uncertainties, and provide impor-
tant cross-checks of the methods and our understanding of
these decays in general. At present, these two methods
result in values for jVcbj and jVubj that each differ by
approximately 3 standard deviations [2].
In this paper, we present a measurement of the inclusive

electron momentum spectrum and branching fraction (BF)
for the sum of all semileptonic B → Xeν decays, as well as
measurements of the spectrum and partial BF for charmless
semileptonic B → Xueν decays. The total rate for the B →
Xueν decays is suppressed by about a factor 50 compared
to the B → Xceν decays. This background dominates the
signal spectrum except near the high-momentum endpoint.
In the rest frame of the B meson, the electron spectrum for
B → Xueν signal extends to ∼2.6 GeV=c, while for the
background B → Xceν decays the kinematic endpoint is at
∼2.3 GeV=c. In the ϒð4SÞ rest frame, the two B mesons
are produced with momenta of 300 MeV=c which extends
the electron endpoint by about 200 MeV=c. The endpoint
region above 2.3 GeV=c, which covers only about 10% of
the total electron spectrum, is more suited for the exper-
imental isolation of the charmless decays.
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To distinguish contributions of the CKM suppressed
B → Xueν decays from those of CKM-favored B → Xceν
decays, and from various other backgrounds, we fit the
inclusive electron momentum spectrum, averaged over B�

and B0 mesons produced in theϒð4SÞ decays [2,3]. For this
fit, we need predictions for the shape of the B → Xueν
spectrum. We have employed and studied four different
QCD calculations based on the heavy quark expansion
(HQE) [4]. The upper limit of the fitted range of the
momentum spectrum is fixed at 3.5 GeV=c, while the
lower limit extends down to 0.8 GeV=c, covering up to
90% of the total signal electron spectrum. From the fitted
spectrum we derive the partial BF for charmless B → Xueν
decays and extract the CKM element jVubj. While the
experimental sensitivity to the B → Xueν spectrum and to
jVubj is primarily determined from the spectrum above
2.1 GeV=c, due to very large backgrounds at lower
momenta, the uncertainties for the theoretical predictions
are largest in the region near the kinematic endpoint.
Studies of the impact of various theoretical predictions
on the measurements are presented.
Measurements of the total inclusive lepton spectrum in

B → Xeν decays have been performed by several experi-
ments operating at the ϒð4SÞ resonance [2]. The best
estimate of this BF has been derived by HFAG [3], based on
a global fit to moments of the lepton momentum and
hadron mass spectra in B → Xeν decays (corrected for B →
Xueν decays) either with a constraint on the c-quark mass
or by including photon energy moments in B → Xsγ decays
in the fit. Inclusive measurements of jVubj have been
performed at the ϒð4SÞ resonance, by ARGUS [5],
CLEO [6,7], BABAR [8] and Belle [9], and experiments
at LEP operating at the Z0 resonance, L3 [10], ALEPH
[11], DELPHI [12], and OPAL [13]. Among the jVubj
measurements based on exclusive semileptonic decays [2],
the most recent by the LHCb experiment at the LHC is
based on the baryon decay Λb → pμν [14].
This analysis is based on methods similar to the one used

in previous measurements of the lepton spectrum near the
kinematic endpoint at the ϒð4SÞ resonance [5,6]. The
results presented here supersede the earlier BABAR
publication [8], based on a partial data sample.

II. DATA SAMPLE

The data used in this analysis were recorded with the
BABAR detector [15] at the PEP-II energy-asymmetric
eþe− collider. A sample of 466.5 million BB̄ events,
corresponding to an integrated luminosity of 424.9 fb−1

[16], was collected at the ϒð4SÞ resonance. An additional
sample of 44.4 fb−1 was recorded at a center-of-mass (c.m.)
energy 40 MeV below theϒð4SÞ resonance, i.e., just below
the threshold for BB̄ production. This off-resonance data
sample is used to subtract the non-BB̄ background at the
ϒð4SÞ resonance. The relative normalization of the two

data samples has been derived from luminosity measure-
ments, which are based on the number of detected μþμ−
pairs and the QED cross section for eþe− → μþμ− pro-
duction, adjusted for the small difference in center-of-mass
energy.

III. DETECTOR

The BABAR detector has been described in detail else-
where [15]. The most important components for this study
are the charged-particle tracking system, consisting of a
five-layer silicon vertex tracker and a 40-layer cylindrical
drift chamber, and the electromagnetic calorimeter consist-
ing of 6580 CsI(Tl) crystals. These detector components
operated in a 1.5 T magnetic field parallel to the beam.
Electron candidates are selected on the basis of the ratio of
the energy deposited in the calorimeter to the track
momentum, the shower shape, the energy loss in the drift
chamber, and the angle of signals in a ring-imaging
Cerenkov detector. Showers in the electromagnetic calo-
rimeter with energies below 50 MeV which are dominated
by beam background are not used in this analysis.

IV. SIMULATION

We use Monte Carlo (MC) techniques to simulate the
production and decay of B mesons and the detector
response [17], to estimate signal and background efficien-
cies, and to extract the observed signal and background
distributions. The sample of simulated generic BB̄ events
exceeds the BB̄ data sample by about a factor of 3.
The MC simulations include radiative effects such as

bremsstrahlung in the detector material and QED initial and
final state radiation [18]. Information from studies of
selected control data samples on efficiencies and resolu-
tions is used to adjust and thereby improve the accuracy of
the simulation. Adjustments for small variations of the
beam energy over time have been included.
In the MC simulations, the BFs for hadronic B and D

meson decays are based on values reported in the Review of
Particle Physics [2]. The simulation of inclusive charmless
semileptonic decays, B → Xueν, is based on calculations
by De Fazio and Neubert (DN) [19]. This simulation
produces a continuous mass spectrum of hadronic states
Xu. To reproduce and test predictions by other authors
this spectrum is reweighted in the course of the analysis.
Three-body B → Xueν decays with low-mass hadrons,
Xu ¼ π; ρ;ω; η; η0, make up about 20% of the total charm-
less rate. They are simulated separately using the ISGW2
model [20] and added to samples of decays to nonresonant
and higher-mass resonant states Xnr

u , so that the cumulative
distributions of the hadron mass, the momentum transfer
squared, and the electron momentum reproduce the inclu-
sive calculation as closely as possible. The hadronization of
Xu with masses above 2mπ is performed according to
JETSET [21].

J. P. LEES et al. PHYSICAL REVIEW D 95, 072001 (2017)

072001-4



The MC-generated electron momentum distributions for
B → Xueν decays are shown in Fig. 1 for individual decay
modes and for their sum. Here and throughout the paper,
the electron momentum and all other kinematic variables
are measured in the ϒð4SÞ rest frame, unless stated
otherwise. Above 2 GeV=c, the significant signal contri-
butions are from decays involving the light mesons π, ρ, ω,
η, and η0, in addition to some lower mass nonresonant
states Xnr

u .
The simulation of the dominant B → Xceν decays is

based on a variety of theoretical prescriptions. For B →
Deν and B → D�eν decays we use form factor para-
metrizations [22–24], based on heavy quark effective
theory. Decays to pseudoscalar mesons are described in
terms of one form factor, with a single parameter ρ2D. The
differential decay rate for B → D�eν is described by three
amplitudes, with decay rates depending on three parame-
ters: ρ2D� , R1, and R2. These parameters have been measured
by many experiments; we use the average values presented
in Table I.
For the simulation of decays to higher-mass L ¼ 1

resonances, D��, i.e., two wide states D�
0ð2400Þ,

D0
1ð2430Þ, and two narrow states D1ð2420Þ, D�

2ð2460Þ,
we have adopted the parametrizations by Leibovich et al.
[25] and the HFAG averages [3] for the BFs. For decays to
nonresonant charm states B → Dð�Þπeν, we rely on the
prescription by Goity and Roberts [26] and the BABAR and
Belle measurements of the BFs [3]. The simulations of
these decays include the full angular dependence of
the rate.
The shapes of the MC-generated electron spectra for

individual B → Xceν decays are shown in Fig. 2. Above

2 GeV=c the dominant contributions are from semileptonic
decays involving the lower-mass charm mesons,D and D�.
Higher-mass and nonresonant charm states are expected to
contribute at lower electron momenta. The relative con-
tributions of the individual B → Xceν decay modes have
been adjusted to the results of the fit to the observed
spectrum (see Sec. VI B 2).
The difference between the measured exclusive decays

B → ðDð�Þ; D��; Dð�ÞπÞlν and the inclusive rate for semi-
leptonic B decays to charm final states is ð1.40� 0.28Þ%
[27]. The decay rate for B̄ → Dð�Þπþπ−l−ν̄ was measured
by BABAR [28]. Based on these results it was estimated that
B̄ → Dð�Þππl−ν̄ decays account for up to half the differ-
ence between measured inclusive and the sum of previously
measured exclusive branching fractions. Beyond these
observed decays, there are missing decay modes, such as
B → D0ð2550Þeν and B → D0�ð2600Þeν. Candidates for
the 2S radial excitations were first observed by BABAR [29]
and recently confirmed by LHCb [30]. We have adopted the
masses and widths (130�18MeV=c2 and 93�14MeV=c2)
measured by BABAR [29], and have simulated these decays
using the form factor predictions [27]. Both D�� and D0ð�Þ

may contribute by their decays toDð�Þππ to B̄→Dð�Þππl−ν̄
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FIG. 1. MC-generated electron momentum spectra in the
ϒð4SÞ rest frame for charmless semileptonic B decays. The full
spectrum (solid line) is normalized to 1.0. The largest contribu-
tion is from decays involving higher-mass resonances and
nonresonant states (Xnr

u ) (dash-three-dotted). The exclusive de-
cays (scaled by a factor of 5) are B → πeν (dash-dotted), B →
ρeν (dashed), B → ωeν (dotted), B → ηeν (long-dashed), B →
η0eν (long-dash-dotted).
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FIG. 2. MC-generated electron momentum spectra for semi-
leptonic decays to charm mesons, B → Xceν with the total rate
(solid line) normalized to 1.0. The individual components are:
B → Deν (dash-dotted), B → D�eν (dashed), B → D��eνþ
B → Dð�Þπeν (dotted). The highly suppressed B → Xueν signal
spectrum (long dashed) is shown for comparison.

TABLE I. Average measured values [3] of the form factor
parameters for B → Deν and B → D�eν decays, as defined by
Caprini, Lellouch, and Neubert [23].

B → Deν B → D�eν

ρ2D 1.185� 0.054
ρ2D� 1.207� 0.026
R1 1.406� 0.033
R2 0.853� 0.020
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decays. The decay rate for D1 → Dππ was measured by
Belle [31] and LHCb [32], LHCb also measured the decay
rate for D�

2 → Dππ. We account for contributions from
B̄ → D��e−ν̄, B̄ → D0ð�Þe−ν̄, and B̄ → Dð�Þπe−ν̄ decays to
B̄ → Dð�Þππe−ν̄ final states.
The main sources of secondary electrons are semilep-

tonic charm meson decays and J=ψ → eþe− decays. The
J=ψ momentum distribution was determined from this data
set and the MC simulation was adjusted to reproduce these
measured spectra. The momentum spectra of D and Ds

mesons produced in BB̄ decays were measured earlier by
BABAR [33] and the MC simulated spectra were adjusted to
reproduce these measurements.

V. CALCULATIONS OF B → Xulν
DECAY RATE

While at the parton level the rate for b → ulν decays can
be reliably calculated, the theoretical description of inclu-
sive semileptonic B → Xulν decays is more challenging.
Based on HQE the total inclusive rate can be predicted with
an uncertainty of about 5%, however, this rate is very
difficult to measure due to very large background from the
CKM-favored B → Xclν decays. On the other hand, in the
endpoint region where the signal to background ratio is
much more favorable, calculations of the differential decay
rates are much more complicated. They require the inclu-
sion of additional perturbative and nonperturbative effects.
These calculations rely on HQE and QCD factorization
[34] and separate perturbative and nonperturbative effects
by using an expansion in powers of 1=mb and a non-
perturbative shape function (SF) which is a priori
unknown. This function accounts for the motion of the b
quark inside the Bmeson, and to leading order, it should be
universal for all transitions of a b quark to a light
quark [35,36]. It is modeled using arbitrary functions for
which low-order moments are constrained by measurable
parameters.
For the extraction of jVubj, we rely on ΔBðΔpÞ, the

partial BF for B → Xueν decays measured in the momen-
tum interval Δp, and ΔζðΔpÞ ¼ Γ theory × fuðΔpÞ=jVubj2,
the theoretical predictions for partial decay rate normalized
by jVubj2, measured in units of ps−1:

jVubj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ΔBðΔpÞ
τbΔζðΔpÞ

s
: ð1Þ

Here τb ¼ ð1.580� 0.005Þ ps is the average of the B0 and
Bþ lifetimes [2]. Γtheory is the total predicted decay rate and
fuðΔpÞ refers to the fraction of the predicted decay rate for
the momentum interval Δp.
In the following, we briefly describe four different

theoretical methods to derive predictions for the partial
and total BFs. In the original work by De Fazio and Neubert
[19] and Kagan and Neubert [37] the determination of jVubj

relies on the measurement of the electron spectrum for
B → Xueν and on the radiative decays B → Xsγ to derive
the parameters of the leading SF. More comprehensive
calculations were performed by Bosch, Lange, Neubert,
and Paz (BLNP) [38–44]. Calculations in the kinetic
scheme were introduced by Gambino, Giordano, Ossola,
Uraltsev (GGOU) [45,46]. BLNP and GGOU use B →
Xclν and B → Xsγ decays to derive the parameters of the
leading SF. Inclusive spectra for B → Xueν decays based
on a calculation of nonperturbative functions using
Sudakov resummation are presented in the dressed gluon
exponentiation (DGE) by Andersen and Gardi [47–50].
We assess individual contributions to the uncertainty of

the predictions of the decay rates by the different theoretical
approaches. For this purpose, the authors of these calcu-
lations have provided software to compute the differential
rates and to provide guidance for the assessment of the
uncertainties on the rate and thereby jVubj. We differentiate
uncertainties originating from the SF parametrization,
including the sensitivity to mb, the b-quark mass, from
the impact of the other purely theoretical uncertainties. The
uncertainty on mb, the b-quark mass, has a large impact.
Weak annihilation could contribute significantly at high-
momentum transfers (q2). The impact of weak annihilation
is generally assumed to be asymmetric, specifically, it is
estimated to decrease jVubj by Oð1–2Þ% [51].

A. DN calculations

While the calculations by BLNP are to supersede
the earlier work by DN, we use DN predictions for
comparisons with previous measurements based on
these predictions and also for comparisons with other
calculations.
The early DN calculations [19] predict the differential

spectrum with OðαsÞ corrections to leading order in HQE.
This approach is based on a parametrization of the leading-
power nonperturbative SF. The long-distance interaction is
described by a single light-cone distribution. In the region
close to phase-space boundaries these nonperturbative
corrections to the spectrum are large. The prediction for
the decay distribution is obtained by a convolution of the
parton model spectrum with the SF. The SF is described by
two parameters Λ̄SF ¼ MB −mb and λSF1 which were
determined from the measured photon energy moments
in B → Xsγ decays [37]. We use BABAR measurements
[52] of the SF parameters, mSF

b ¼ ð4.79þ0.06
−0.10Þ GeV and

λSF1 ¼ −0.24þ0.09
−0.18 GeV2 with 94% correlation.

DN predict the shape of the differential electron spec-
trum, but they do not provide a normalization. Thus to
determine the partial rates ΔζðΔpÞ, we rely on the DN
predictions for fuðΔpÞ, the fractions of B → Xueν decays
in the interval Δp, and an independent prediction for the
normalized total decay rate ζ ¼ ð65.7þ2.4

−2.7Þ ps−1 [48] [the

current value of mMS
b ¼ ð4.18� 0.03Þ GeV [2] is used to
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calculate ζ]. Earlier determinations of ζ can be found in
[51,53–58].
The uncertainty on jVubj due to the application of the

shape function is derived from 10% variations of Λ̄SF and
λSF1 , as prescribed by the authors. The estimated total
theoretical uncertainty on jVubj is about 2.1% (for
pe > 0.8 GeV=c).

B. BLNP predictions

The BLNP calculations incorporate all known perturba-
tive and power corrections and interpolation between the
HQE and SF regions [38–40]. The differential and partially
integrated spectra for the inclusive B → Xulν decay are
calculated in perturbative theory at next-to-leading order
(NLO) in renormalization-group, and at the leading
power in the heavy quark expansion. Formulas for the
triple differential rate of B → Xulν and for the B → Xsγ
photon spectrum are convolution integrals of weight
functions with the shape function renormalized at the
intermediate scale μi. The ansatz for the leading SF
depends on two parameters, mb and μ2π; subleading SFs
are treated separately.
The SF parameters in the kinetic scheme are determined

by fits to moments of the hadron mass and lepton
energy spectra from inclusive B → Xclν decays and
either additional photon energy moments in B → Xsγ
decays or by applying a constraint on the c-quark mass,

mMS
c ð3 GeVÞ ¼ 0.998� 0.029 GeV=c2. These parameters

are translated from the kinetic to the SF mass scheme [42].
The impact of the uncertainties in these SFs are

estimated by varying the scale parameters μi and choices
of different subleading SF. The next-to-next-to-leading
order (NNLO) corrections were studied in detail [44]. In
extractions of jVubj, the choice μi ¼ 1.5 GeV introduces
for the NNLO corrections significant shifts to lower values
of the partial decay rates, by ∼15%–20%, while at the same
time reducing the perturbative uncertainty on the scale μh.
At NLO, small changes of the value of μi impact the
agreement between the NLO and NNLO results. We
adopt the authors’ recommendation and use values μi ¼
2.0 GeV and μh ¼ 4.25 GeV, as the default. The results
obtained in the SF mass scheme with the mc constraint
and μi ¼ 2.0 GeV are mSF

b ¼ ð4.561� 0.023Þ GeV and
μ2SFπ ¼ ð0.149� 0.040Þ GeV2 [59]. The 1σ contours for
different choices of these parameters are presented in
Fig. 3.
In the BLNP framework, the extraction of jVubj is based

on the predicted partial rate ζðΔpÞ [43] for B → Xueν
decays and the measurement of ΔB. The predictions for
total decay rate are

ζ ¼ ð73.5� 1.9SF
þ5.5
−4.9 theoryÞ ps−1

mc constraint; μi ¼ 2.0 GeV; ð2Þ

ζ ¼ ð70.4� 1.9SF
þ6.4
−5.2 theoryÞ ps−1

mc constraint; μi ¼ 1.5 GeV; ð3Þ

ζ ¼ ð74.5� 2.7SF
þ5.5
−4.9 theoryÞ ps−1

Xsγ constraint; μi ¼ 2.0 GeV; ð4Þ

ζ ¼ ð71.4� 2.7SF
þ6.5
−5.3 theoryÞ ps−1

Xsγ constraint; μi ¼ 1.5 GeV: ð5Þ

The estimated SF uncertainty and total theoretical uncer-
tainty on jVubj are about 5.0% and 3.6%, respectively
(for pe > 0.8 GeV=c).

C. GGOU predictions

The GGOU calculations [45,46] of the triple differ-
ential decay rate include all perturbative and nonpertur-
bative effects through Oðα2sβ0Þ and Oð1=m3

bÞ. The Fermi
motion is parametrized in terms of a single light-cone
function for each structure function and for any value of
q2, accounting for all subleading effects. The calculations
are based on the kinetic mass scheme, with a hard cutoff
at μ ¼ 1 GeV.
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FIG. 3. The shape function parameters mb and μ2π in the kinetic
scheme (HFAG 2014): fit to Xc data with constraint on the
c-quark mass (solid line, solid triangle); fit to Xc þ Xsγ data
(μi ¼ 1.5 GeV, μ ¼ μi) (dotted line, solid square). Translation
of fit to Xc data with constraint on the c-quark mass (short dashed
line, open triangle); translation of fit to Xc þ Xsγ data with
μi ¼ 2.0 GeV, μ ¼ μi (dash-dotted line, open square). The
previous BABAR endpoint analysis [8] was based on a XsþXc
fit (long dashed line, open circle). The contours represent
Δχ2 ¼ 1.
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The SF parameters are determined by fits to moments
of the hadron mass and lepton energy spectra from
inclusive B → Xclν decays, and either including photon
energy moments in B → Xsγ decays or by applying a
constraint on the c-quark mass. The results obtained in the
kinetic scheme with themc constraint aremkin

b ð1.0 GeVÞ ¼
ð4.560� 0.023Þ GeV and μ2 kinπ ð1.0 GeVÞ ¼ ð0.453�
0.036Þ GeV2 [59]. The 1σ contours for the resulting SF
parameters are presented in Fig. 3.
The uncertainties are estimated as prescribed in [46].

To estimate the uncertainties of the higher order perturba-
tive corrections, the hard cutoff is varied in the range
0.7 < μ < 1.3 GeV. Combined with an estimate of 40% of
the uncertainty in α2sβ0 corrections, this is taken as the
overall uncertainty of these higher order perturbative and
nonperturbative calculations. The uncertainty due to weak
annihilation is assumed to be asymmetric, i.e., it tends to
decrease jVubj. The uncertainty in the modeling of the tail
of the q2 distribution is estimated by comparing two
different assumptions for the range ð8.5–13.5Þ GeV2.
The extraction of jVubj is based on the measured partial

BF ΔBðΔpÞ, and the GGOU prediction for the partial
normalized rate ζðΔpÞ. The predictions for the total decay
rate are

ζ ¼ ð67.2� 1.6SF
þ2.5
−1.3 theoryÞ ps−1

mc constraint; ð6Þ

ζ ¼ ð67.9� 2.3SF
þ2.8
−5.1 theoryÞ ps−1

Xsγ constraint: ð7Þ

The estimated uncertainties on jVubj for the SF and the total
theoretical uncertainty are about 4.1% and 2.0%, respec-
tively (for pe > 0.8 GeV=c).

D. DGE predictions

The DGE [47] is a general formalism for inclusive
distributions near the kinematic boundaries. In this
approach, the on-shell calculation, converted to hadronic
variables, is directly used as an approximation to the decay
spectrum without the use of a leading-power nonperturba-
tive function. The perturbative expansion includes
NNLO resummation in momentum space as well as full
OðαsÞ and Oðα2sβ0Þ corrections. The triple differential rate
of B → Xulν was calculated [48,50]. The DGE calculations
rely on the MS renormalization scheme.
Based on the prescriptions by the authors [50], we have

estimated the uncertainties in these calculations and their
impact on jVubj. The theoretical uncertainty is obtained by
accounting for the uncertainty in αs ¼ 0.1184� 0.0007

and mMS
b ¼ ð4.18� 0.03Þ GeV [2]. The renormalization

scale factor μ=mb ¼ 1.0 is varied between 0.5 and 2.0, and
the default values of ðC3=2; fpvÞ ¼ ð1.0; 0.0Þ are changed

to ðC3=2; fpvÞ ¼ ð6.2; 0.4Þ to assess the uncertainties in the
nonperturbative effects.
DGE predict the shape of differential electron spectrum,

but do not provide a normalization. Thus we rely on the
DGE predictions for fuðΔpÞ, the fraction of B → Xueν
decays in the interval Δp, and an independent prediction
for the normalized total decay rate, ζ ¼ ð65.7þ2.4

−2.7Þ ps−1
[48] to deriveΔζðΔpÞ [the current value ofmMS

b ¼ ð4.18�
0.03Þ GeV [2] is used to calculate ζ].
The estimated total theoretical uncertainty on jVubj for

DGE calculations is about 2.2% (for pe > 0.8 GeV=c).

VI. ANALYSIS

A. Event Selection

To select BB̄ events with a candidate electron from a
semileptonic Bmeson decay, we apply the following criteria:
Electron selection:We select events with at least one electron
candidate in the c.m. momentum range 0.8 < pcms <
5.0 GeV=c and within the polar angle acceptance in the
laboratory frame of −0.71 < cos θe < 0.90. Within these
constraints the identification efficiency for electrons exceeds
94%.The averagehadronmisidentification rate is about 0.1%.
Track multiplicity: To suppress background from non-BB̄
events, primarily low-multiplicity QED processes, includ-
ing τþτ− pair production and eþe− → qq̄ðγÞ annihilation
(q represents a u, d, s or c quark), we reject events with
fewer than four charged tracks.
J=ψ suppression: To reject electrons from the decay
J=ψ → eþe−, we combine the selected electron with other
electron candidates of opposite charge and reject the event
if the invariant mass of any pair is consistent with a J=ψ
decay, 3.00 < meþe− < 3.15 GeV=c2.
If an event in the remaining sample has more than one
electron that passes this selection, the one with the highest
momentum is chosen as the signal candidate.
To further suppress non-BB̄ events we build a neural

network (NN) with the following input variables which rely
on the momenta of all charged particles and energies of
photons above 50 MeV detected in the event:

(i) R2, the ratio of the second to the zeroth Fox-
Wolfram moments [60], calculated from all detected
particles in the event [Fig. 4(a)].

(ii) l2 ¼
P

ipicos2θi=2Ebeam, where the sum includes
all detected particles except the electron, and θi is the
angle between the momentum of particle i and the
direction of the electron momentum [Fig. 4(b)].

(iii) cos θe−roe, the cosine of the angle between the
electron momentum and the axis of the thrust of
the rest of the event [Fig. 4(c)].

The distribution of the NN output is shown in Fig. 5.
Only events with positive output values are retained, this
selects ∼90% of B → Xueν and ∼20% non-BB̄ events. The
positive output corresponds the selection with maximum
significance level.
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This selection results in an efficiency of 50%–60% for
B → Xueν decays; the dependence on the electron momen-
tum is shown in Fig. 6.

B. Background subtraction

The selected sample of events from the on-resonance
data contains considerable background from BB̄ events and

non-BB̄ events. The BB̄ background is dominated by
primary electrons from semileptonic B decays and secon-
dary electrons from decays of charm mesons and J=ψ
mesons. Hadronic B decays contribute mostly via the
misidentification of charged particles. Non-BB̄ events
originate from eþe− → qq̄ðγÞ annihilation and lepton pair
production, especially eþe− → τþτ−.

1. Non-BB̄ background

To determine the momentum-dependent shape of the
non-BB̄ background, we perform a binned χ2 fit to the off-
resonance data in the momentum interval 0.8 to
3.5 GeV=c, combined with on-resonance data in the
momentum interval 2.8 to 3.5 GeV=c, i.e., above the
endpoint for electrons from B decays. Since the c.m.
energy for the off-resonance data is 0.4% lower than for
the on-resonance data, we scale the electron momenta for
the off-resonance data by the ratio of the c.m. energies.
The relative normalization for the two data samples

[15,16] is

rð0ÞL ¼ sOFF
sON

R
LONdtR
LOFFdt

¼ 9.560� 0.003stat � 0.006syst;

where s and
R
Ldt refer to the c.m. energy squared and

integrated luminosity of the on- and off-resonance data.
The statistical uncertainty of rL of 0.03% is based on the
number of detected μþμ− pairs used for the measurement of
the integrated luminosity; the relative systematic uncer-
tainty on the ratio is estimated to be 0.06%.
The binned χ2 for the fit to the electron spectrum for

selected non-BB̄ events is defined as
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FIG. 4. The number of events before the NN selection, as a
function of (a) R2, (b) l2, (c) cos θe−roe: on-resonance data
(triangles), the sum of simulated BB̄ events and off-resonance
data (solid histogram), MC simulated BB̄ events (dashed histo-
gram), and off-resonance data (dotted histogram). For compari-
son, the distributions for BB̄ events with a signal B → Xueν
decay (dash-dotted histogram), are shown (scaled by a factor of
50). Ratio ¼ ½BB̄ ðMCÞ þ off-resonance�=on-resonance.
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χ2c ¼
X

pi>0.8 GeV=c

ðfð~a; piÞ − rLniÞ2
r2Lni

þ
X

pj>2.8 GeV=c

ðfð~a; pjÞ − NjÞ2
Nj

þ ðrL − rð0ÞL Þ2
σ2rL

: ð8Þ

Here ni and Nj refer to the number of selected events in
the off- and on-resonance samples for momentum bins i
and j, respectively, ~a represents the set of free parameters of

the fit, and σrL is the uncertainty on rð0ÞL . To fit the
momentum spectrum, we have chosen an exponential
expression of the form,

fð~a; pÞ ¼ a0ðexpða1pþ a2p2 þ a3p3Þ
þ expða4pþ a5p2ÞÞ: ð9Þ

We perform three different fits and they all describe the
data well, see Table II. The results of the fit to both on- and
off-resonance data are shown in Fig. 7. In the fit to the full
on-resonance data spectrum, the constraint on the ratio

rL=r
ð0Þ
L ¼ 1.0000� 0.0007 is applied.

In Fig. 8(a) the data and the result of this fit to the non-
BB̄ background are compared to the full spectrum of the
highest momentum electron in selected events observed in
the on-resonance data sample. By subtracting the fitted
non-BB̄ background we obtain the inclusive electron
spectrum from ϒð4SÞ decays, shown in Fig. 8(b). Above

2.3 GeV=c, an excess of events corresponding to the
expected signal B → Xueν decays is observed above the
BB̄ background.

2. BB̄ Background and fit to the electron spectrum

The BB̄ background spectrum is composed of several
contributions, dominated by primary electrons from
various semileptonic B decays, and secondary electrons
from decays of D, Ds, and J=ψ mesons or photon
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FIG. 6. Selection efficiency for BB̄ events with a B → Xueν
decay as a function of the MC-generated electron momentum.
The error bars represent the statistical uncertainties only.

TABLE II. Results of the fit to the non-BB̄ background.

Data χ2=Nd:o:f: rL=r
ð0Þ
L

Off-resonance only 65.0=48
Off- and on-resonance 70.6=61 1.007� 0.004
Off- and on-resonance
with rL=r

ð0Þ
L constrained

73.0=62 1.0002� 0.0007
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FIG. 7. The combined fit to off-resonance data in the momentum
interval of 0.8 to 3.5 GeV=c and to on-resonance data in the
momentum interval of 2.8 to 3.5 GeV=c, with the constraint on

rL=r
ð0Þ
L ; (a) comparison of off-resonance data (solid squares), on-

resonance data (open circles) and fitted function; (b) ðData FitÞ=σ:
off-resonance data (solid histogram), on-resonance data (dotted
histogram)
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(a) on-resonance data (solid squares), scaled off-resonance
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resonance data. (b) On-resonance data with non-BB̄ background
subtracted (open squares), BB̄ MC without B → Xueν decays
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conversions. Hadronic B decays contribute mostly via
charged-particle misidentification, primarily at low
momenta. The MC simulated contributions from different
background sources are shown in Fig. 9.
We estimate the total background by a simultaneous fit to

the observed inclusive electron spectra in off- and on-
resonance data to the sum of the signal and individual
background contributions. For the individual signal and BB̄
background contributions, we rely on the MC simulated
shapes of the spectra (including some corrections), and treat
their relative normalization as free parameters in the fit. For
this extended fit, we expand the χ2 definition as follows:

χ2 ¼
X

i;j

ðfð~a; piÞ þ Sð~b;~t; piÞ − NiÞV−1
ij

× ðfð~a; pjÞ þ Sð~b;~t; pjÞ − NjÞ

þ
X

i

ðfð~a; piÞ − rLniÞ2
r2Lni

þ
X

k

ðbk − bð0Þk Þ2
σ2bk

þ ðrL − rð0ÞL Þ2
σ2rL

; ð10Þ

with

Vij ¼ ðNi þ σ2ðMCÞiÞδij þ VPID
ij :

Here ni and Nj refer to the number of selected events in
the off- and on-resonance samples for momentum bins i
and j, respectively, and ~a is the set of free parameters of
the fit.
The first sum refers to the on-resonance data. The BB̄

electron spectrum is approximated as Sð~b;~t; pÞ ¼P
kbkgkð~t; piÞ, where the free parameters bk are the BFs

for the individual contributions gkð~t; pjÞ representing the
signal B → Xueν decays, the background of primary
electrons from semileptonic B decays (Deν, D�eν,
Dð�Þπeν, D��eν and D0ð�Þeν), and secondary electrons
from decays of D and Ds mesons (D;Ds → e fitted as a
scale factor relative to the MC input). Smaller contributions
to the BB̄ background are fixed in the fit, for example,
electrons from J=ψ and τ� decays, photon conversions, and
hadrons misidentified as electrons. Their simulations and
rates rely on independent control samples and are well
understood.
The momentum spectra gkð~t; pjÞ are histograms taken

from MC simulations. The array ~t refers to the form factor
parameters ρ2D�, R1, R2, and ρ2D and other fixed parameters
such as form factor parameters for B → D��eν and B →
D0ð�Þeν decays. σðMCÞj is the statistical uncertainty of the
number of simulated events in the jth bin. VPID

ij is the
covariance matrix for the detection of electrons among
charged tracks. It includes electron identification and
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FIG. 9. The simulated contributions to BB̄ events as a
function of the momentum for electron candidates (a) all
events (solid histogram), primary electrons (dashed histogram),
secondary electrons (dotted histogram), misidentified hadrons
(dash-dotted histogram). (b) Primary electrons: B →
Deνðsolid histogramÞ, B → D�eν (dashed histogram), B →
Dð�Þπeν (dotted histogram), B → ðD�

0 þD�
1Þeν (long-dashed

histogram), B → ðD1 þD�
2Þeν (long-dash-dotted histogram),

signal B → Xueν decays (dash-dotted histogram). (c) Secondary
electrons from D� (solid histogram), D0ðD̄0Þ (dashed histo-
gram), Ds (dotted histogram), J=ψ (dash-dotted histogram), τ
(long-dashed histogram), γ conversion (long-dash-dotted histo-
gram), other e� (dash-three-dotted histogram).
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misidentification of pions, kaons, protons and antiprotons,
studied with large data control samples. VPID

ij only includes
the uncertainty for the shape of the momentum distribution
due to particle identification (PID) uncertainties. The
uncertainty of the relative normalization due to PID
uncertainties is about 0.5% and is taken as a systematic
uncertainty. The last two terms of Eq. (10) refer to
quantities that are well known.
In the fit, Deν and D��eν contributions are highly

correlated. The BF for B → Deν is constrained to
0.022� 0.001 [2]. The luminosity ratio is constrained to

the value rð0ÞL ¼ 9.560� 0.007 [15,16].
The fit is performed in the momentum range from 0.8 to

3.5 GeV=c, in bins of 50 MeV=c. At lower momenta, the
data determine the relative normalization of the various
background contributions, allowing for an extrapolation of
these backgrounds into the endpoint region. This fitting
procedure was chosen in recognition of the fact that the
current BFs for the individual B → Xclν decays are not
sufficiently well measured to perform an adequate back-
ground subtraction. The shape of the signal spectrum is fixed
in the fit to one of the theoretical predictions, its normali-
zation is a free parameter. In a given momentum interval, the
excess of events above the sum of the fitted backgrounds is
taken as the number of signal events.
To reduce a potential systematic bias from the theoreti-

cally predicted shape of the signal spectrum in a region
where these calculations are less reliable, events in the
interval from 2.1 to 2.7 GeV=c are combined into a single
bin. The lower limit of this bin is chosen so as to retain
sensitivity to the steeply falling BB̄ background distribu-
tions, while containing a large fraction of the signal events
in a region where the background is low. The upper limit at
2.7 GeV=c is chosen to limit the non-BB̄ background at

higher momenta where the signal contributions become
very small compared to the non-BB̄ background.
The fits are performed separately for the different

theoretical predictions of the signal spectrum, introduced
in Sec. V. The results of these fits are shown in Table III,
and for the fit with the GGOU signal spectrum, the
correlation matrix is presented in Table IV. The differences
of the correlation matrices for the fit with DN, BLNP,
GGOU and DGE signal spectra are small. The difference in
the fit results for the B → Xueν BF is primarily due to the
difference between the various predictions for the fraction
of the signal spectrum in the high-momentum range. The
fitted BFs for the dominant B → Xceν decays agree
reasonably well with expectations [2].
Since the ability of the fit to distinguish between

individual D��eν decay modes is limited, the sum of the
four measured decay modes (D�

0eν, D
0
1eν, D1eν, D�

2eν) is
treated as single contribution in the fit, with the relative BFs
for the individual components fixed. Similarly, the con-
tributions from B → D0eν and B → D0�eν are added, and
the sum is treated as single contribution, with the relative
BFs for the two components fixed.

VII. SYSTEMATIC UNCERTAINTIES

The principal sources of systematic uncertainties in
the measurement of the lepton spectrum from B → Xueν
decays are the following:

(i) the signal selection,
(ii) the simulation of the signal electron spectrum,
(iii) the subtraction of the non-BB̄ background,
(iv) the subtraction of the BB̄ background.
To estimate the systematic uncertainties on the signal

electron spectrum and BFs, we compare the result obtained
from the nominal fit with results obtained after changes to

TABLE III. Results of the fit to the electron spectrum, with the non-BB̄ background subtracted and with all entries in the interval from
2.1 to 2.7 GeV=c in a single bin, for four different theoretical predictions of the Xueν spectrum. Fitted BFs(%), averaged over charged
and neutral B mesons, for the signal Xueν, the background Deν (constrained), D�eν, Dð�Þπeν, D��eν, D0ð2.55ÞeνþD0�ð2.60Þeν, and
scale factors relative to reweighted MC inputs for secondary D → e, and the luminosity ratio rL (constrained) are presented. The
contributions to the χ2 from the on-resonance and the off-resonance data and constraints, and the ratio of the total χ2 per degree of
freedom are listed at the bottom.

BLNPμi¼2.0 GeV GGOU
DN mc constraint mc constraint DGE

Xueν 0.149� 0.005 0.240� 0.008 0.166� 0.006 0.153� 0.005
Deν 2.233� 0.090 2.197� 0.088 2.226� 0.089 2.230� 0.089
D�eν 5.612� 0.049 5.424� 0.049 5.579� 0.048 5.611� 0.048
Dð�Þπeν <0.052 <0.025 <0.050 <0.075
D��eν 2.285� 0.071 2.540� 0.075 2.331� 0.070 2.287� 0.070
D0ð�Þeν 0.046� 0.011 0.023� 0.011 0.041� 0.011 0.045� 0.011
D → e 0.982� 0.005 0.968� 0.005 0.980� 0.005 0.982� 0.005

rL=r
ð0Þ
L

1.0002� 0.0007 1.0002� 0.0007 1.0002� 0.0007 1.0002� 0.0007

χ2ON þ χ2OFF þ χ2constraints 27.4þ 69.7þ 0.1 31.9þ 70.9þ 0.2 27.8þ 69.9þ 0.1 26.8þ 69.7þ 0.1
χ2=Nd:o:f: 97.2=85 102.9=85 97.8=85 96.6=85
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the MC simulation that reflect the uncertainty in the
parameters that impact the detector efficiency and reso-
lution, or the simulation of the signal and background
processes. The sensitivity to the detailed description of the
inclusive signal spectrum, in particular the theoretical
uncertainties in the QCD corrections will be discussed in
Sec. VIII.
A summary of the experimental systematic uncertainties

is given in Table V for four intervals of the electron
momentum with different lower limits, and a common
upper limit of 2.7 GeV=c. The uncertainty in the simulation
of the detector performance and its impact on themomentum
dependence of the efficiencies for signal and background are
the experimental limitations of the current analysis. The
largest source of uncertainties in the fit to the observed
electron spectrum, is the event selection, primarily the
suppression of the non-BB̄ background using a neural
network. The impact of the uncertainties in the theoretical
predictions of the spectrum are not included in this Table.

A. Event selection

The principal sources of uncertainties in the event
selection arise from the efficiency of reconstruction of
charged-particle tracks, the restriction on the number of
charged particles, the electron identification, and the
application of a neural network.
The single charged-particle tracking efficiency inside the

detector acceptance exceeds 96% and it is largely inde-
pendent of momentum. It is well reproduced by the MC
simulation. To estimate the impact of the uncertainty in the
detection of charged-particle tracks, the track finding
efficiency is decreased by 1 standard deviation (σ) and
the fit is repeated. The observed impact is 0.1% for electron
momenta below 2.3 GeV=c and increases slightly at higher
momenta.

The electron identification efficiency has been studied on
a high statistics sample of radiative Bhabha events, with
electron momenta in the laboratory frame extending up to
10 GeV=c. The ratio of efficiencies from Bhabha data and

TABLE V. Summary of the relative systematic uncertainties
(%) on the partial branching fraction measurements for B →
Xueν decays (GGOU), as a function of pmin, the lower limit of the
signal momentum range, the upper limit is fixed at 2.7 GeV=c.
The uncertainties in the theoretical predictions of the signal
spectrum are not included here.

pminðGeV=cÞ 0.8 1.5 2.1 2.3

Single Track efficiency 0.1 0.1 0.1 0.0
Charged track multiplicity 1.2 1.9 1.3 1.0
Particle identification 0.5 0.5 0.5 0.5
Hadron mis-ID background 0.7 0.7 0.8 0.5
Photon selection 0.4 0.3 0.4 0.2
Neural net event selection þ3.0

−0.8
þ3.3
−1.2

þ3.6
−1.2

þ3.1
−2.1

Non-BB̄ background 0.5 0.5 0.5 0.8
B → Xueν exclusive decays 0.3 0.3 0.3 0.3
B → Dð�Þlν form factors 1.1 0.5 1.2 0.2
B → D��eν form factors 0.6 0.4 0.6 0.0
B → D��eν BF 0.4 1.1 0.5 0.1
B → Dð0Þeν BF 0.2 0.9 0.2 0.0
Widths of Dð0Þ states 0.2 0.5 0.2 0.0
J=ψ and ψð2SÞ background 0.1 0.2 0.1 0.1
τ background 0.2 0.7 0.3 0.1
B momentum 1.5 1.5 1.6 0.5
Bremsstrahlung 0.3 0.1 0.3 0.0
Final state radiation 0.6 0.6 0.5 0.6
Width of wide bin 0.4 0.4 0.3 0.0
NBB̄ normalization 1.1 1.1 1.1 1.1

Total exp. systematic uncertainty þ4.2
−3.1

þ4.8
−3.7

þ4.7
−3.3

þ3.8
−3.0

Total exp. statistical uncertainty 3.8 5.0 3.5 2.8

Total exp. uncertainty þ5.7
−4.9

þ7.0
−6.2

þ5.9
−4.8

þ4.7
−4.1

TABLE IV. Correlation matrix for the fit to the total electron spectrum with the GGOU prediction of the signal spectrum, with the
contributions to the spectrum and the parameters of the background function, a0 through a5.

Deν D�eν Dð�Þπeν D��eν D0ð�Þeν Xueν D → e a0 a1 a2 a3 a4 a5 rL=r
ð0Þ
L

Deν 1 −0.827 0.032 −0.398 −0.449 −0.305 −0.060 0.018 −0.048 0.058 −0.036 0.023 −0.032 0.001
D�eν 1 −0.024 −0.158 0.784 −0.128 0.309 0.050 0.029 −0.146 0.126 0.038 0.125 0.008
Dð�Þπeν 1 −0.031 0.004 0.027 0.012 −0.066 0.033 0.033 −0.048 −0.044 −0.052 −0.028
D��eν 1 −0.601 0.598 −0.361 −0.062 0.030 0.055 −0.063 −0.055 −0.066 −0.012
D0ð�Þeν 1 −0.236 0.206 0.069 −0.051 −0.034 0.053 0.070 0.063 0.001
Xueν 1 −0.252 −0.461 0.310 0.252 −0.369 −0.425 −0.363 −0.107
D → e 1 −0.108 0.204 −0.189 0.104 −0.102 0.037 −0.116
a0 1 −0.827 −0.196 0.670 0.980 0.671 0.139
a1 1 −0.315 −0.190 −0.870 −0.209 −0.103
a2 1 −0.801 −0.122 −0.818 0.012
a3 1 0.610 0.947 0.035
a4 1 0.627 0.027
a5 1 −0.006
rL=r

ð0Þ
L

1
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simulated events is measured in bins of the polar angle θ
and laboratory momentum and used to correct the identi-
fication efficiency of electrons in BB̄ events. The uncer-
tainty of this correction is about 0.5%. The fit to the
electron spectrum, in bins of 50 MeV=c, incorporates the
uncertainty in the shape of the momentum distribution, and
the momentum dependence of the electron efficiency and
hadron misidentification using a covariance matrix to
account for bin-to-bin correlations.
The requirement of at least four charged tracks in the

event suppresses primarily QED processes in non-BB̄
background, but also impacts both signal and other back-
ground events with low charged-particle multiplicity. To
estimate the systematic uncertainty we increase the require-
ment on the minimum number of charged tracks in an event
from four to five and observe changes in the partial BF of
up to 1.9%. This estimation is rather conservative because
the default requirement rejects less than 2% of recon-
structed BB̄ events.
To estimate the systematic uncertainty on the modeling

of photons, the range of rejected photon energies was
doubled. We increase the requirement on the minimum
photon energy from the nominal value of 50 to 100 MeV
and observe changes in the partial BF of up to 0.4% below
2.3 GeV=c, increasing at higher electron momenta.
The neural network is primarily designed to suppress

non-BB̄ backgrounds. Its input variables depend on the
momenta of all tracks and the energies of all photons in the
event. We have examined the sensitivity of the fit results to
the requirement on the NN output value (default require-
ment at 0.0), and observe that for an increase to þ0.15, the
non-BB̄ background decreases and the signal BF changes
by up to −2.1%, whereas for a decrease to −0.15, the non-
BB̄ background increases and the signal BF changes by up
to þ3.6%. Decreasing the requirement on the NN output
value increases the fraction of non-BB̄ events, worsening
the fit quality. Specifically, the fit probability changes from
20% for the default requirement to about 1% for a
requirement at −0.15 and to about 10−7 for a requirement
at −0.20. Increasing the requirement beyond þ0.15
increases the statistical uncertainty by an amount consistent
with the observed shifts in the branching ratio relative to the
default value.

B. Signal electron spectrum

The momentum spectrum of the electrons from charm-
less semileptonic decays is not precisely known. It is
composed of contributions from exclusive and inclusive
decays.
Many of the exclusive decay modes are still unobserved

or poorly measured due to small event samples, and the
form factors for many of the observed exclusive decay
modes are not measured, thus we have to rely on theoretical
predictions. To estimate the sensitivity of the signal BF to
the relative contributions of the different exclusive decay

modes, the BFs for B → πlν, B → ρlν, B → ωlν, B → ηlν,
B → η0lν and B → Xnr

u lν are varied by 5%, 10%, 15%,
20%, 35% and 15% [2], respectively. The B → πlν and
B → ρlν form factors are varied between the ISGW2 model
and current fits to measurements plus lattice QCD pre-
dictions. The observed impact of these variations on the fit
result does not exceed 0.3%.
The systematic uncertainties inherent to the modeling of

the inclusive lepton spectrum in charmless decays and their
impact on the signal yield are studied by varying the SF
parameters. For each set of SF parameters, we recalculate
the signal momentum spectrum and repeat the fit to the
data. Taking into account the uncertainties and correlations
of the measured SF parameters, we derive the uncertainties.
This is the largest source of systematic uncertainty for the
measurement of the partial BFs and is discussed separately
for each theoretical calculation in Sec. VIII.

C. Non-BB̄ background

Systematic uncertainties associated with the subtraction
of the non-BB̄ background originate from the choice of the
function describing the lepton momentum spectrum and the
relative normalization of the on- and off-resonance data
samples. We assess the impact of the fit function by
replacing the default ansatz in Eq. (9) with the following:

fð~a; pÞ ¼ ða0 þ a1pþ a2p2Þ
× expða3pþ a4p2 þ a5p3 þ a6p4 þ a7p5Þ:

ð11Þ

The observed difference is taken as the uncertainty,
which is about 0.5% below 2.3 GeV=c and increases for
higher momenta where this contribution dominates. The
uncertainty in the relative normalization is taken as a
constraint in the fit.

D. BB̄ background

The momentum spectra of the dominant BB̄ back-
grounds are derived from MC simulations. Their relative
contributions are adjusted in the fit.
The uncertainty in the lepton spectrum from the dom-

inant decay modes was estimated by varying the form
factors in B → D�eν and B → Deν decays. The change in
the partial BFs from these variations is less than 1.2%, and
decreases for momenta above 2.3 GeV=c.
The sum of the BFs for the four decays toD�� resonances

are included as a free parameter in the fit and the
uncertainty is estimated by changing the relative BFs for
decays to individualD�� resonances. The uncertainty due to
the theoretical predictions of the form factors is estimated
by varying the form factors for B → D�

0eν,D
0
1eν,D1eν and

D�
2eν. The impact on the fitted signal yield of each of these

two sets of uncertainties in theD��eν spectrum is estimated
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to be less than 0.6% over most of the spectrum, and
decreases for momenta above 2.3 GeV=c.
Similarly, the impact of the uncertainties in the relative

BFs of D0 and D0� resonances and their widths are
evaluated. They change the fit results by less than 1%
for momenta below 2.3 GeV=c, and are negligible above.
Electrons from J=ψ → eþe− decays are one of the main

sources of background near the endpoint, because unpaired
e� from these decays are unaffected by the veto on the
invariant mass of eþe− pairs. We observe a difference
between the veto efficiency for electron pairs in data and
simulation of ð4.9� 0.9Þ% and also a difference in the
observed momentum spectrum of the J=ψ . The BB̄ MC
simulation is corrected to match the measured spectrum and
yield. To assess the impact of the veto efficiency, the
number of J=ψ events is varied by 0.9%; this variation
changes the signal BF by less than 0.2%. Background from
ψð2SÞ → eþe− decays is significantly smaller, and its
uncertainty is negligible.
Varying the relative BFs for semileptonic B decays

involving τ� leptons by 20% changes the fitted signal
yield by up to 0.7%.
For background from hadronic B decays, the uncertainty

in the spectrum is primarily due to the uncertainty in the
momentum-dependent hadron misidentification. They have
been studied and uncertainties in the normalization of π, K
and p spectra are estimated to be 15%, 30% and 100%,
respectively. Variations of the charged pion spectrum
change the signal BFs by less than 0.8%, they are negligible
for kaons and protons. The uncertainties in the momentum-
dependent misidentification of pions, kaons and protons
and antiprotons are included in the fit of the electron
spectrum (uncertainty for shape of spectrum), taking into
account bin-to-bin correlations.

E. B meson momentum spectrum

The B momentum is sensitive to the energies of the
colliding beams which may vary slightly with time. Any
variation in the momentum of the B meson in the ϒð4SÞ
rest frame affects the shape of the electron spectrum near
the endpoint. We have compared the simulated and
measured momentum spectra for fully reconstructed had-
ronic decays of charged B mesons for different data taking
periods. The widths of the total energy distributions agree
well for all data, but for some of the data sets we observed a
shift in the central value of up to 3.4 MeV relative to the
simulation, which assumes a fixed c.m. energy. We correct
the simulation for the observed shifts. The uncertainty of
0.1 MeV in this correction results in an estimated uncer-
tainty on the signal BF of up to 1.6%.

F. Bremsstrahlung and radiative corrections

The MC simulations include the effects of bremsstrah-
lung and final state radiation. Corrections for QED

radiation in the decay process are simulated using
PHOTOS [18]. This simulation includes multiple-photon
emission from the electron, but does not include electro-
weak corrections for quarks. The accuracy of this simu-
lation has been compared to analytical calculations
performed to OðαÞ [18]. Based on this comparison we
assign an uncertainty of 20% to the PHOTOS correction,
leading to an uncertainty in the signal yield of about 0.6%.
The uncertainty in the energy loss of electrons due to

bremsstrahlung in the beam pipe and tracking system is
determined by the uncertainty in the thickness of the
detector material, estimated to be ð0.0450� 0.0014ÞX0

at normal incidence. The thickness of the material was
verified using electrons from Bhabha scattering as a
function of the polar angle relative to the beam. The impact
of the uncertainty in the energy loss on the signal rate was
estimated by calculating the impact of an additional
0.0014X0 of material. Relative shifts in the B → Xueν
BF due to variations of bremsstrahlung with respect to the
default simulation are estimated to be about 0.3% up to
2.4 GeV=c and less at higher momenta.

G. Width of wide bin

The lower boundary of the large bin noticeably affects
the fitted signal yield and uncertainty. For values less than
2.05 GeV=c, the uncertainty on the BF increases signifi-
cantly, and for values greater than 2.1 GeV=c, the fit
quality diminishes because the data and the predicted
spectra differ at higher momenta. The impact of this
sensitivity is estimated as the difference between the
nominal fit with 2.1–2.7 GeV=c and a fit with a slightly
lower boundary of the bin, 2.05–2.7 GeV=c. The relative
change in the B → Xueν BFs due to this variation is
estimated to be 0.4% below 2 GeV=c and much lower
at higher momenta.

VIII. RESULTS

The primary results of this study of the electron spectrum
for inclusive semileptonic decays of B mesons are the total
inclusive B → Xeν spectrum and BF, the extraction of
the spectrum and partial and total BF for the charmless
B → Xueν decays and the determination of the CKM
element jVubj, using four theoretical predictions based
on different approaches to estimate the QCD corrections
to the decay rate. All results are based on the full BABAR
data sample and averaged over charged and neutral B
mesons produced in ϒð4SÞ decays.

A. Total semileptonic spectrum
and branching fraction

The differential BF for primary electrons in B → Xeν
decays as a function of the electron momentum in the
ϒð4SÞ rest frame is shown in Fig. 10. It is derived from the
fit to the total observed electron spectrum for GGOU
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calculations of the B → Xueν spectrum. It is fully corrected
for efficiencies and radiative effects. The data are normal-
ized to the total number of produced BþB− and B0B̄0 pairs,
NBB̄ ¼ ð466.48� 0.11stat � 2.39systÞ × 106. The uncertain-
ties shown represent the statistical uncertainties of the
measurement, including the background subtraction and
the uncertainties in the fit parameters. These uncertainties
do not include systematic uncertainties, in particular those
related to the prediction of the B → Xueν spectrum. This
spectrum and its uncertainties and the correlation matrix of
the fit are available in the Supplemental Material [61].
The total inclusive semileptonic BF, averaged over

charged and neutral B mesons, is obtained as the sum of
the individual semileptonic BFs determined by the fit to the
observed electron spectrum:

BðB → XeνÞ ¼ ð10.34� 0.04stat � 0.26systÞ%: ð12Þ
Using GGOU for the predicted contribution from
B → Xueν decays, we obtain

BðB → XceνÞ ¼ ð10.18� 0.03stat � 0.24systÞ%; ð13Þ
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FIG. 10. Inclusive B → Xeν decays: (a) The differential
branching fraction as a function of the electron momentum [in
the ϒð4SÞ rest frame] after background subtraction and correc-
tions for bremsstrahlung and final state radiation. (b) The relative
statistical uncertainties on the background subtraction combined
with the uncertainties of the fit parameters.
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FIG. 11. The differential branching fraction for charmless
semileptonic B decays (data points) as a function of the electron
momentum [in the ϒð4SÞ rest frame] after background subtrac-
tion and corrections for bremsstrahlung and final state radiation,
compared to the Monte Carlo simulation (histogram). The
uncertainties indicate the statistical uncertainties on the back-
ground subtraction, including the uncertainties of the fit param-
eters. The shaded area indicates the momentum interval for which
the on-resonance data are combined into a single bin.
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where the stated systematic uncertainty takes into account
the differences of about 1% between this result and those
obtained with predictions of the B → Xueν spectrum by
DN, BLNP, and DGE. The results, which are dominated by
systematic uncertainties, are consistent with the most recent
HFAG average of BðB → XeνÞ ¼ ð10.86� 0.16Þ% and
BðB → XceνÞ ¼ ð10.65� 0.16Þ% [3].

B. Differential B → Xueν branching fractions

The partial B → Xueν BF for a given electron momen-
tum interval Δp is determined as

ΔBðΔpÞ ¼ NtotðΔpÞ − NbgðΔpÞ
2ϵðΔpÞNBB̄

ð1þ δradðΔpÞÞ: ð14Þ

Here Ntot refers to the total number of selected electron
candidates from the on-resonance data and Nbg refers to the
total non-BB̄ and BB̄ background, as determined from the
fit to the spectrum. ϵðΔpÞ is the total efficiency for
selecting a signal electron from B → Xueν decays (includ-
ing bremsstrahlung in the detector material), and δrad
accounts for the impact of final state radiation on the
electron spectrum. This momentum-dependent correction
is derived from the MC simulation based on PHOTOS [18].
The differential BF for B → Xueν decays, fully corrected

for efficiencies and radiative effects, as a function of the
electron momentum in the ϒð4SÞ rest frame is shown in
Fig. 11, and in the B meson rest frame in Fig. 12. The error
bars represent the statistical uncertainties of the measure-
ment. They do not include the systematic uncertainties, nor
the uncertainty due to the B → Xueν predictions. For fits
using the GGOU prediction for B → Xueν the results for
the differential BFs and the correlation matrix are available
in the Supplemental Material [61]. Differences of the fitted
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FIG. 12. The differential branching fraction for charmless
semileptonic B decays (data points) as a function of the electron
momentum (in the B rest frame) after background subtraction
and corrections for bremsstrahlung and final state radiation,
compared to the Monte Carlo simulation (histogram). The
uncertainties indicate the statistical uncertainties on the back-
ground subtraction, including the uncertainties of the fit
parameters. The shaded area indicates the momentum interval
for which the on-resonance data are combined into a single
bin.
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FIG. 13. The comparison of the theoretical differential branch-
ing fraction for charmless semileptonic B decays with normali-
zation based on the fit as a function of the electron momentum [in
the ϒð4SÞ rest frame] for DN (solid), BLNP (dashed), GGOU
(dotted) and DGE (dash-dotted). The shaded area indicates the
momentum interval for which the on-resonance data are com-
bined into a single bin.
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FIG. 14. Total branching fraction for B → Xueν decays as a
function pmin, the lower limit of the electron momentum range
used in the extraction of the signal and the total uncertainty which
include experimental, SF parametrization and theoretical uncer-
tainties, separately for DN, BLNP1, GGOU1, and DGE predic-
tions of the decay rate used in the fit.
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FIG. 15. Relative uncertainties on the signal BF for DN,
BLNP1, GGOU1, and DGE calculations as a function of pmin,
the lower limit of the electron momentum range used in the signal
extraction, open and solid circles: total uncertainties (positive and
negative uncertainties), solid line: experimental, long-dashed and
long-dash-dotted lines: theoretical, dashed and dotted lines: SF
uncertainty.
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spectra and the data are clearly visible inside the wide bin,
and are most pronounced for BLNP, for which the predicted
rate is negative above 2.4 GeV=c. In all cases the data
exceed the predictions above 2.3 GeV=c, and are lower
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FIG. 16. jVubj as a function of pmin, the lower limit of the
momentum range used in the extraction of the signal, for DN,
BLNP1, GGOU1, and DGE predictions of the decay rate.
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FIG. 17. Relative uncertainties on jVubj for four different
predictions as a function of the lower limit pmin of the
momentum range used to extract the signal, for DN,
BLNP1, GGOU1, and DGE predictions of the signal
rate: total uncertainties (open and solid dots for positive
and negative uncertainties), experimental (solid histogram),
SF parametrization (dashed and dotted histograms for
positive and negative uncertainties), and theoretical (long-
dashed and long-dotted histograms for positive and negative
uncertainties).
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below, such that the data summed over the wide bin agree
with the predictions in this momentum range.
A comparison of the predicted B → Xueν electron

spectra, each normalized to the fitted rate is presented in
Fig. 13. While these spectra agree reasonably well for DN,
GGOU and DGE, the BLNP prediction deviates substan-
tially. This is explained by a lower predicted rate for
momenta above 2.1 GeV=c, which leads to a significantly
larger fitted normalization of this spectrum.

C. Total charmless branching fraction

The total BF for charmless B → Xueν decays is deter-
mined from the partial BF ΔBðΔpÞ in a given momentum
range Δp, as follows:

BðB → XueνÞ ¼ ΔBðΔpÞ=fuðΔpÞ; ð15Þ

where fuðΔpÞ is the theoretically predicted fraction of the
electron spectrum. These total BF which have been
determined as a function of pmin, the lower limit of the
momentum range Δp ¼ ½pmin; 2.7 GeV=c�, (with fixed
upper limit of 2.7 GeV=c) and their relative uncertainties
are shown in Figs. 14 and 15, for the four different
theoretical predictions. Up to 2.1 GeV=c, the resulting
BFs are independent of pmin, above 2.1 GeV=c, the BFs
and their uncertainties increase significantly.

D. Extraction of jVubj
We rely on four different theoretical calculations to

extract jVubj from the inclusive electron spectrum for
B → Xueν decays. The jVubj and relative uncertainties

are shown in Figs. 16 and 17, respectively. The exper-
imental uncertainty includes statistical uncertainty and the
uncertainty of the background subtraction. The SF uncer-
tainty includes stated uncertainties on the SF parameters
and their correlation. Specifically, we adopt the maximum
deviation of the central value of jVubj from selected SF
parameter values on the error ellipse. The resulting values
of jVubj and their uncertainties are largely constant for
lower values of pmin, and rise sharply above 2.1 GeV=c.

E. Summary of results

The results for BðB → XueνÞ and jVubj are presented
for the wide momentum range, pe ¼ 0.8–2.7 GeV=c, in
Table VI, and for the narrower range, pe¼2.1–2.7GeV=c,
in Table VII. In these tables, the first uncertainty represents
the combined statistical and systematic experimental
uncertainties of the partial BF measurement, the second
refers to the uncertainty in the determination of the
shape function parameters used by the DN, BLNP, and
GGOU, and the third is due to the uncertainties of the QCD
calculations.
For GGOU, we present results for two sets of SF

parameters in the kinetic scheme, one based on fits to
moments of lepton energy and hadron mass distributions
from B → Xclν decays and further constrained by the
c-quark mass (GGOU1), the other based on including the
moments of the photon spectrum in B → Xsγ decays
(GGOU2).
For BLNP, we present results for four sets of SF

parameters in the SF scheme, based on fits of the moments
of the lepton energy and hadron mass distributions in

TABLE VI. Results for ΔBðB → XueνÞ, BðB → XueνÞ, jVubj and ΔζðΔpÞ based on the electron momentum range Δp ¼
0.8–2.7 GeV=c for different theoretical predictions, with experimental, SF, and theory uncertainties.

ΔB½10−3� B½10−3� jVubj½10−3� ΔζðΔpÞ½ps−1�
DN

1.397� 0.078expþ0.214
−0.153 SF 1.494� 0.084exp

þ0.239
−0.167 SF

þ0.030
−0.003 theory 3.794� 0.107exp

þ0.292
−0.219SF

þ0.078
−0.068 theory 61.43þ0.20

−0.33 SF
þ2.28
−2.45 theory

DGE
1.433� 0.081exp 1.537� 0.086exp

þ0.031
−0.003 theory 3.848� 0.108exp

þ0.084
−0.070 theory 61.26þ2.30

−2.58 theory

Xclν, mc constraint fit of SF parameters, GGOU1

1.554� 0.082exp
þ0.095
−0.086 SF 1.665� 0.087exp

þ0.103
−0.093 SF

þ0.002
−0.011 theory 3.959� 0.104exp −0.154

þ0.164SF
−0.079
þ0.042 theory 62.76þ1.59

−1.55 SF
−1.32
þ2.58 theory

Xclν, Xsγ constraint fit of SF parameters, GGOU2

1.551� 0.081exp −0.100
þ0.117 SF 1.661� 0.086exp −0.109

þ0.127 SF
−0.011
þ0.008 theory 3.936� 0.102exp −0.188

þ0.202SF
−0.086
þ0.168 theory 63.38þ2.15

−2.15 SF
−5.08
þ2.87 theory

Xclν, mc constraint fit of SF parameters with μi ¼ 2.0 GeV, BLNP1
2.268� 0.125exp −0.163

þ0.191 SF 2.418� 0.134exp −0.176
þ0.205 SF

−0.003
þ0.003 theory 4.563� 0.126exp −0.208

þ0.230SF
−0.163
þ0.162 theory 68.93þ1.88

−1.85 SF
−4.65
þ5.20 theory

Xclν, mc constraint fit of SF parameters with μi ¼ 1.5 GeV, BLNP2
2.924� 0.112exp −0.137

þ0.152 SF 2.160� 0.120exp −0.148
þ0.164 SF

−0.003
þ0.002 theory 4.406� 0.122exp −0.193

þ0.203SF
−0.189
þ0.176 theory 66.00þ1.88

−1.82 SF
−4.96
þ6.06 theory

Xclν, Xsγ constraint fit of SF parameters with μi ¼ 2.0 GeV, BLNP3
2.157� 0.120exp −0.176

þ0.207 SF 2.298� 0.128exp −0.189
þ0.222 SF

−0.003
þ0.003 theory 4.420� 0.123exp −0.251

þ0.273SF
−0.158
þ0.156 theory 66.94þ2.69

−2.62 SF
−5.02
þ6.15 theory

Xclν, Xsγ constraint fit of SF parameters with μi ¼ 1.5 GeV, BLNP4
1.931� 0.108exp −0.147

þ0.172 SF 2.059� 0.115exp −0.158
þ0.185 SF

−0.002
þ0.002 theory 4.273� 0.119exp −0.243

þ0.263SF
−0.184
þ0.170 theory 69.88þ2.70

−2.64 SF
−4.69
þ5.26 theory
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B → Xclν decays: two with a constraint on the charm
quark mass (BLNP1, BLNP2), and the other two on
including the moments of the photon spectrum in B →
Xsγ decays (BLNP3, BLNP4). For each pair of results, we
choose two values for the scale parameter, μi ¼ 2.0 GeV
and μi ¼ 1.5 GeV. The results with the smaller scale
parameter have the lower SF uncertainties.
The resulting total BFs and jVubj for DN, GGOU and

DGE agree well within their uncertainties, while the BF
results for BLNP are between about 25% and 60%, and the
values of jVubj are about 8%–20% higher than for the
other three QCD calculations. The BFs and the values of
jVubj that are extracted for the momentum range with
pmin ¼ 0.8 GeV=c exceed those for pmin ¼ 2.1 GeV=c on
average by ∼2% and ∼1%, respectively.

To quantify the dependence of the total BF (and also
jVubj) on the SF parameters we have introduced a simple
relation,

B × 103 ¼ c0 þ c1 ×
x1 − x01

x01
þ c2 ×

x2 − x02
x02

: ð16Þ

The parameters ci and the default SF parameters values
x0i are given in Table VIII.

IX. CONCLUSIONS

Based on the total BABAR data sample, we have
measured the inclusive electron spectrum and BF,
averaged over B� and B0 mesons, BðB → XeνÞ ¼
ð10.34� 0.04stat � 0.26systÞ%. From a fit to this observed
inclusive spectrum, we have extracted the spectrum and
partial BFs for the CKM suppressed B → Xueν decays in
the momentum range 0.8 < pe < 2.7 GeV=c. This fit
requires as input knowledge of the shapes of the signal
and all background contributions, many of them derived
from measurements. The most challenging input is the
prediction of the shape of the B → Xueν spectrum, for
which we rely on predictions of four sets of QCD
calculations that involve estimates of the perturbative
and nonperturbative hadronic corrections. Specifically,
we have used the earlier calculations by De Fazio and
Neubert [19] and Kagan and Neubert [37], and the more
comprehensive approaches by Lange, Neubert and Paz
[43], Gambino, Giordano, Ossola and Uraltsev [45,46], and
Andersen and Gardi [47,48,50]. These calculations also
enter the determination of jVubj. The resulting values of

TABLE VII. Results for ΔBðB → XueνÞ, BðB → XueνÞ, jVubj and ΔζðΔpÞ based on the electron momentum range Δp ¼
2.1–2.7 GeV=c for different theoretical predictions, with experimental, SF, and theory uncertainties.

ΔB½10−3� B½10−3� jVubj½10−3� ΔζðΔpÞ½ps−1�
DN

0.330� 0.018exp −0.009
þ0.009 SF 1.471� 0.081exp −0.164

þ0.235 SF
−0.101
þ0.124 theory 3.764� 0.104exp −0.216

þ0.290 SF
−0.148
þ0.170 theory 14.75þ1.41

−1.70 SF
−1.24
þ1.23 theory

DGE
0.331� 0.018exp 1.511� 0.082exp −0.085

þ0.090 theory 3.815� 0.104exp −0.160
þ0.182 theory 14.40þ1.29

−1.28 theory

Xclν, mc constraint fit of SF parameters, GGOU1

0.342� 0.018exp −0.006
þ0.007 SF 1.634� 0.087exp −0.090

þ0.100 SF
−0.163
þ0.109 theory 3.922� 0.104exp −0.150

þ0.160 SF
−0.251
þ0.170 theory 14.06þ0.87

−0.82 SF
−1.14
þ1.99 theory

Xclν, Xsγ constraint fit of SF parameters, GGOU2

0.342� 0.018exp −0.007
þ0.008 SF 1.630� 0.086exp −0.105

þ0.122 SF
−0.189
þ0.188 theory 3.899� 0.103exp −0.185

þ0.198 SF
−0.289
þ0.381 theory 14.23þ1.12

−1.08 SF
−2.42
þ2.37 theory

Xclν, mc constraint fit of SF parameters with μi ¼ 2.0 GeV, BLNP1
0.397� 0.022exp −0.012

þ0.014 SF 2.359� 0.130exp −0.170
þ0.199 SF

−0.133
þ0.173 theory 4.507� 0.124exp −0.204

þ0.226 SF
−0.275
þ0.337 theory 12.36þ0.89

−0.83 SF
−1.66
þ1.66 theory

Xclν, mc constraint fit of SF parameters with μi ¼ 1.5 GeV, BLNP2
0.376� 0.021exp −0.010

þ0.011 SF 2.110� 0.117exp −0.143
þ0.158 SF

−0.087
þ0.128 theory 4.356� 0.120exp −0.190

þ0.198 SF
−0.265
þ0.317 theory 12.55þ0.92

−0.85 SF
−1.64
þ1.68 theory

Xclν, Xsγ constraint fit of SF parameters with μi ¼ 2.0 GeV, BLNP3
0.389� 0.022exp −0.013

þ0.015 SF 2.244� 0.124exp −0.183
þ0.215 SF

−0.117
þ0.152 theory 4.367� 0.121exp −0.248

þ0.270 SF
−0.257
þ0.313 theory 12.91þ1.25

−1.17 SF
−1.67
þ1.67 theory

Xclν, Xsγ constraint fit of SF parameters with μi ¼ 1.5 GeV, BLNP4
0.370� 0.020exp −0.010

þ0.012 SF 2.013� 0.111exp −0.153
þ0.179 SF

−0.075
þ0.112 theory 4.225� 0.116exp −0.239

þ0.259 SF
−0.250
þ0.296 theory 13.10þ1.30

−1.20 SF
−1.66
þ1.70 theory

TABLE VIII. Simple ansatz describing the dependence of the
total branching fraction BðB → XueνÞ and jVubj on the shape
function parameters x1 and x2, i.e., Λ̄SF and λSF1 for DN, and mb

and μ2π for BLNP and GGOU.

B × 103

QCD prediction x01 x02 c0 c1 c2

DN 0.49 −0.24 1.494 þ1.498 −0.072
BLNP1;3 4.561 0.149 2.418 −34.608 −0.252
GGOU1;2 4.560 0.453 1.665 −13.714 −0.314

jVubj × 103

QCD prediction x01 x02 c0 c1 c2

DN 0.49 −0.24 3.794 þ1.949 −0.109
BLNP1;3 4.561 0.149 4.563 −43.621 −0.178
GGOU1;2 4.560 0.453 3.959 −25.024 −0.357
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jVubj and the total uncertainties are shown in Fig. 18. The
measurements based on DN, DGE, and GGOU agree well
within their uncertainties, while the BLNP calculations
result in significantly higher values for both the total BF
and jVubj. The differences of measured jVubj values and the
world averages [3] are 0.3σ (BLNP), 1.9σ (GGOU),
2.5σ (DGE).

These results are in very good agreement with the earlier
BABAR measurements [8] of the inclusive lepton spectrum
at the ϒð4SÞ resonance, which showed similar differences
between results based on the DN and BLNP predictions.
As in earlier measurements based on the lepton momen-

tum spectrum, the uncertainties on the B → Xueν lepton
spectrum and the extraction of jVubj are dominated by the
current knowledge of the shapes of signal and background
spectra, in particular in the theoretical predictions of the
spectrum, both in terms of perturbative and nonperturbative
corrections to the predicted rate.
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