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REPRESENTATIONS OF RATIONAL CHEREDNIK ALGEBRAS WITH
MINIMAL SUPPORT AND TORUS KNOTS

PAVEL ETINGOF, EUGENE GORSKY, AND IVAN LOSEV

ABSTRACT. In this paper we obtain several results about representations of rational Chered-
nik algebras, and discuss their applications. Our first result is the Cohen-Macaulayness
property (as modules over the polynomial ring) of Cherednik algebra modules with minimal
support. Our second result is an explicit formula for the character of an irreducible minimal
support module in type A, 1 for ¢ = 2, and an expression of its quasispherical part (i.e.,
the isotypic part of “hooks”) in terms of the HOMFLY polynomial of a torus knot colored
by a Young diagram. We use this formula and the work of Calaque, Enriquez and Etingof
to give explicit formulas for the characters of the irreducible equivariant D-modules on the
nilpotent cone for SL,,. Our third result is the construction of the Koszul-BGG complex
for the rational Cherednik algebra, which generalizes the construction of the Koszul-BGG
resolution from [BEG] and [Gol, and the calculation of its homology in type A. We also show
in type A that the differentials in the Koszul-BGG complex are uniquely determined by the
condition that they are nonzero homomorphisms of modules over the Cherednik algebra.
Finally, our fourth result is the symmetry theorem, which identifies the quasispherical com-
ponents in the representations with minimal support over the rational Cherednik algebras
Hmn(S,)and Hx (Sy,). In fact, we show that the simple quotients of the corresponding qua-
sispherical subalgebras are isomorphic as filtered algebras. This symmetry was essentially
established in [CEE] in the spherical case, and in [Gor2] in the case GCD(m,n) = 1, and it
has a natural interpretation in terms of invariants of torus knots.

1. INTRODUCTION

The goal of this paper is to establish a number of properties of representations of rational
Cherednik algebras with minimal support, and connect them to knot invariants. Our mo-
tivation came from the connections of representations of Cherednik algebras with quantum
invariants of torus knots and Hilbert schemes of plane curve singularities (such as ™ = y",

GCD(m,n) = 1), see [GORS].

1.1. Let b be a finite dimensional complex vector space, W C GL(h) a finite subgroup,
S C W the set of reflections, and ¢ : S — C a conjugation invariant function. Let H.(W,b)
be the rational Cherednik algebra attached to W, h. Let O. = O.(W, ) be the category of
modules over this algebra which are finitely generated over C[h] = Sh* and locally nilpotent
under h. Typical examples of objects of this category are M.(7), the Verma (a.k.a. standard)
module over H.(W,h) with lowest weight 7 € Irrep W, and L.(7), the irreducible quotient
of M.(1).

Any object M € O, being a finitely generated C[h]-module, has support supp(M) as a
module over C[h], which is a closed subvariety of b.

Definition 1.1. We say that M € O, has minimal support if no subset of supp(M) of
smaller dimension is the support of a nonzero object of O..

Our first main result is
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Theorem 1.2. If M has minimal support then it is a Cohen-Macaulay module over C[h]
of dimension d = dim supp(M). In other words, it is free over any polynomial subalgebra
Clp1, .., pa) C C[h] (with homogeneous p;) over which it is finitely generated.

Remark 1.3. Note that the minimal support condition is needed. For example, if W = S5,
¢ =1/3, and M = L.(h) is the irreducible module with lowest weight b, then M is the
augmentation ideal in C[h], so it is not Cohen-Macaulay (as it is not free).

1.2. Our second result is the character formula for irreducible minimally supported modules
for rational Cherednik algebras of S5, for ¢ = f—g, and its consequences. Let h = b, be
the reflection representation of S,,, and consider the rational Cherednik algebra H.(S,) :=
H.(Sp,by), where ¢ = 73—8 and mg, ng € Z>y are coprime. Let n = dng+ 17, where 0 < 7 < ny.
Recall from [Wi] that minimally supported modules in the category O. := O.(S,, b,) are of
the form L.(ngA + \’), where \ is a partition of d and X is a partition of r. Here ng\ + X' is
the partition given by (ngA + X); = noA; + A..

To state the character formula, define the constants cf ,, , by:

S)\([L’?O’ ;L'SO’ ...)SA/([L’:[’ To, .. ) = Z CK,A’,nOSV(zl’ X9, ),
v

. oy y
where sy are the Schur polynomials. When we write c§ , , we mean cf , , .

Theorem 1.4. In the Grothendieck group Ky(O,), we have
[Le(nod + X)] = D & o Me(v).

vi|v|=n

In particular, the character of L.(ng)) is given by the formula

n=l_ k(v —
TrL i) (06%) = D Knngd > “x(0) dety(1—go) ™,

vi|v|=n

where h is the scaling element of the rational Cherednik algebra, x(v) is the content of v
(see formula (), o € S, and Y, is the character of the S,,-module attached to the partition
v.

This theorem implies the following explicit formula for the character of the quasispherical
part of L.(no\), which provides a connection to the theory of knot invariants. Namely, let
T (mg,ng) be the torus knot corresponding to the relatively prime integers mq, ng, and let
Py\(T(mg, no))(a, q) be its colored HOMFLY polynomial; if a = ¢~ for large enough N, it
is computed as the Reshetikhin-Turaev invariant for U,(sly), by coloring the knot with the
irreducible representation of sly of highest weight \. Let

q—1/2 _ q1/2

) BT m0))a,q) = adrormemmed T = py (7, o)) (0, 0).

We will call this polynomial the renormalized colored HOMFLY polynomial.
Using the formula by M. Rosso and V. Jones [RJ] for this polynomial, from Theorem [.4]
we obtain:

Corollary 1.5.
n—1

Z(—a)k dim, Homsg, (A*h,,, Le(ng))) = ¢~™0"0"*N Py(T (g, no) ) (a, q),

k=0
where dim,(E) := Trg(¢").
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This shows, in particular, that the sum on the left hand side is symmetric under in-
terchanging m and n, which is not obvious from the representation theoretic viewpoint
(and is explained by Theorem [[LI0 below). It also shows that Py(7(mg,no))(—a,q) (and
hence Py(T(mg,no))(—a,q), under a suitable normalization by a power of —a) is a (Lau-
rent) polynomial in a and a power series in ¢ with nonnegative coefficients, which is not
straightforward from the knot theory point of view (in fact, the only proof we know uses
Cherednik algebras). Moreover, Theorem [[.2] implies that the reduced colored HOMFLY

invariant P (T (mq, no)) - [T°,(1 — ¢*) is a polynomial with nonnegative coefficients.

1.3.  The character formula of Theorem [L.4] can be used to solve a problem in Lie theory
posed in [CEEL Section 9], namely, to compute the characters of certain equivariant D-
modules on the nilpotent cone of the group SL,,.

Let G be a complex simply connected simple algebraic group with Lie algebra g, N’ C g*
be its nilpotent cone, and Dg(N') be the category of G-equivariant D-modules on A. This
category is known to be semisimple, with simple objects Mo , parametrized by nilpotent
orbits O and irreducible representations y of the fundamental group of O. Using Kashiwara’s
lemma, we can regard objects of this category as equivariant D-modules on g* supported on
N, and then they are precisely the Fourier transforms of unipotent character D-modules on
g (see [CEE] Section 9] and references therein, in particular, [Mir]).

Given M € Dg(N), regard it as a D-module on g*, and consider its space of global
sections, which we will denote also by M for brevity. Then M carries an action of G
and a commuting action of the Lie algebra sl, generated by the Laplace operator and the
operator of multiplication by the squared norm on g*, see [CEE| Section 9]. Moreover, it is
shown in [CEE| Subsection 9.4], that for simple M and for any irreducible G-module V, the
multiplicity space Homg(V, M) is an sly-module in category O. Thus, one can define the
character of M by the formula

Char(g, 9) = Trar(gg™) = D Trv, (9)¢aru(q)
wePy
with
Uaru(q) == TrHomg(Vu,M)(q_H)vg €q,
where H is the Cartan element of sly, and V), is the irreducible representation of G' with
highest weight p. This leads naturally to the following interesting problem:

Problem 1.6. Compute the character Chy, for every simple object M = Mg, of Dg(N).

As far as we know, this problem is open for a general G. In [CEE] it was reduced for
G = SL,, to the computation of characters of minimally supported modules for rational
Cherednik algebras, and solved for G = SLy and in the cuspidal case for G = SL,, using
this reduction. Thus, using Theorem [[.4] we now obtain the general answer for G = SL,,.

Let s € [0,m — 1], and 05 be the corresponding character of the center of SL,,. Let
d = GCD(m,s), my = m/d and X\ be a partition of d. Let O, be the nilpotent orbit
corresponding to the partition p of m. Consider the orbit O,,,,. This orbit carries a unique
1-dimensional local system corresponding to the central character 65, which we will denote
by L.

Theorem 1.7. If M = MOmOAVCS then

. n_1_m
ChM(C],g) = (1 - q) nh—>nolo Z C;,noq ? n ' V)Sl/(xlv ooy Ty 421, ...,qu,q2$1, )7

vi|v|=n
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where n = s+ km with k € Z>o, ng = n/d, and z1, ..., z,,, are the eigenvalues of g.

Here the limit is understood in the sense of stabilization. Namely, define an increasing
filtration on M (labeled by n = s + km) by setting M to be the isotypic part of M for
the representations V), of SL,, which occur in V®". Then

Chyon(g:9) = (L—q) Y Kn0d

vi|v|=n

n

—1 m
— (v 2
5 il )SV(I’l, ey Ty QT ey QT G- T -0 ),

and ChM = limn_mo ChM(n).

1.4. The third result is the construction of the Koszul-BGG complex and the study of
its homology. To define this complex, let us say that an irreducible W-subrepresentation
V' C M.(7) is singular if it is annihilated by the action of h C H.(W,Hh). Then, given
a singular subrepresentation V' C M,.(C) for which rank(s — 1)|y = 1 for every reflection
s € S, we consider the Koszul complex K*(V') (in the sense of commutative algebra) [

M,(C) = M(V) = M(A*V) + ...
Our third main result is the following theorem.

Theorem 1.8. (i) (Proposition[6.Ilbelow) The complex K* is, in fact, a complex of H.(W, h)-
modules.

(ii) (Theorem below) If W = S,,, ¢ = =, GCD(m,n) = d < n, and V is the unique
singular copy of h in degree m (see [D, [CEL [ES]) then the homology H;(K*®) vanishes if i > d,
and is the irreducible H.(W,h)-module L.();), where \; = no(d — 4, 1%), if i < d.

The complex K*(V) is analogous to the BGG resolution in the representation theory of
semisimple Lie algebras, and for this reason it is called the Koszul-BGG complex.

Remark 1.9. In the case when dimV = dimbh and the quotient module M.(C)/(V) is
finite dimensional, the Koszul complex K*(V') (which is then exact in higher degrees, i.e., a
resolution) was considered in [BEGI,[Go] for real reflection groups, and in |[CE] for complex
reflection groups.

We also show in type A that the differentials in the Koszul-BGG complex are uniquely
determined up to scaling by the condition that they are nonzero homomorphisms of modules
over the Cherednik algebra (Proposition [6.17]).

1.5.  Finally, our fourth main result concerns symmetry for Cherednik algebras of type A.
Let e;,, be the Young projector in CS,, corresponding to the “hook” representation A’h,
(which is nonzero iff 0 <i <n—1), and let €, = Z?:_()l e;, be the idempotent of /\f)nE The
subalgebra €, H.(S, )€, will be called the quasispherical subalgebra.

Note that the algebra H.(W, h) has the Bernstein filtration, in which deg(h) = deg(h*) = 1,
deg(W) = 0. Also, the module L.(7) is graded by the eigenvalues of the scaling element
h € H.(W,h), and has a descending filtration by the images of the powers of the maximal
ideal m C C[p]" (this filtration is discussed in [GORS]).

It is shown in |LI] that the algebra H.(S,) has a unique maximal two-sided ideal J.(n).
Also, for m € Z-o with GCD(m,n) = d, it follows from [CEE], [BE] (see also [Wi]) that
if A is a partition of d then the module Lm(ngA) has minimal support (its support can

Here we do not use, nor claim, that A*V are simple W-modules, even though this is true if W is a Coxeter
group and V is its reflection representation.
2When no confusion is possible, we will often drop the subscript n from the notation for these idempotents.
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be explicitly computed from the construction of |[CEE], and it follows from [BE] that this
support is minimal). This means that the annihilator of Lm(ngA) is the maximal ideal
Our fourth main result is

Theorem 1.10. (i) (Corollary below) Let A be a partition of d. Then for all ¢ there is
an isomorphism of vector spaces
¢nmz : ei,nL%(no)\> = ei,mL%(mo)\)
which preserves the grading and the filtration. In particular, the two-variable characters of
these two spaces associated to the grading and the filtration are equal.
(ii) (Theorem [T.I1] below) There exists an isomorphism of algebras
D@\ € (Hm (Sy)/ I (n))€, — €n(Hxn(S,)/Jn(m))e,

preserving the Bernstein filtration and compatible with ¢, ;.

Note that this implies that if ¢« > min(n, m) then in both parts of Theorem [[.T0] the spaces
and the algebras vanish (which is obvious only on one of the two sides).

The proof of Theorem [LL.T0 is based on comparing two constructions of representations of
rational Cherednik algebras of type A from Lie theory (by reduction from equivariant D-
modules) - the Gan-Ginzburg construction ([GG]) and the construction from |[CEE]. More
precisely, we generalize the Gan-Ginzburg construction to the case of hook representations,
and then the representations in part (i) of Theorem turn out to be realized on the same
vector space, yielding a proof of part (i), and the algebras from part (ii) turn out to act on
this space by the same operators, yielding a proof of part (ii).

1.6. The organization of the paper is as follows.

Section 2 contains the preliminaries.

In Section 3 we prove Theorem (actually, we give two somewhat different proofs), and
give some applications.

In Section 4, we prove Theorem [[.4 and Corollary [[L3, providing a link to knot invariants.

In Section 5, we prove Theorem [I.7 on the characters of equivariant D-modules.

In Section 6, we develop the theory of the Koszul-BGG complex, and prove Theorem [L.8
We give two proofs, based on two different approaches.

In Section 7, we generalize the Gan-Ginzburg quantum reduction construction to the
“hook” case, and prove Theorem [L.I0.

Finally, in Section 8, we study the symmetrized Koszul-BGG complexes, and give a third
proof of Theorem [I.§]

Acknowledgments. The work of P. E. was partially supported by the NSF grant DMS-
1000113. The work of I. L. was partially supported by the NSF grants DMS-1161584 and
DMS-0900907. The work of E. G. was partially supported by the grants RFBR-10-01-678,
NSh-8462.2010.1 and the Simons foundation. We are very grateful to R. Bezrukavnikov, M.
Feigin, S. Gukov, A. Oblomkov, J. Rasmussen, V. Shende and M. Stosic for many useful
discussions, without which this paper would not have appeared.

2. PRELIMINARIES AND NOTATION

2.1. Rational Cherednik algebras. Let h be a finite dimensional complex vector space,
W C GL(b) a finite subgroup, S C W the set of reflections, and ¢ : S — C a conjugation
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invariant function. For s € S, let as € b*, Y € b be elements such that sa, = Asavs, A\s # 1,
say = A\'aY, and (a4, a)) = 2.

Definition 2.1. The rational Cherednik algebra H.(WW,h) attached to W, b is the quotient
of CW x T'(h @ b*) by the relations

[SL’,I/] = [y,y'] = 07 [yvx] = (SL’,y) - ch(as,y)(a!,x)s,

where z, 2" € h*,y,y € b.

If W is a reflection group and b is its reflection representation, we will also use the
abbreviated notation H.(W) for this algebra.
For a representation 7 of W, let M,.(7) be the Verma (or standard) module over H.(W, b)

induced from 7, i.e., M.(7) = H.(W.,h) @cwwsy 7. We have a natural isomorphism M.(7) =
Sh* @ 7 of CW x Sh*-modules, and y € h act by Dunkl operators

Dy =, — S ) gy
y = Y SEZS a.
where ¢; = 2¢4/(1 — Ag). The Verma module M,.(7) has a unique irreducible quotient L.(T).
Define the category O. = O.(W,h) to be the category of H.(W,bh)-modules which are
finitely generated over C[h] = Sh*, and locally nilpotent under b. Clearly, M.(7) and L.(7)
belong to this category.
The algebra H.(W,h) contains the scaling element

h:inyﬁdir;b ~Y s,

seS

where {y;} is a basis of b, and {z;} the dual basis of h*. This element has the property
that [h, z;] = z;, [h,y;] = —y;, [h,w] = 0 for all w € W. It is known ([GGOR]) that h acts
locally finitely on every module from category O., and acts semisimply in every standard
and hence every irreducible module. This implies that any module in O, is naturally graded
by (generalized) eigenvalues of h, and in particular every standard and irreducible module
in this category is C*-equivariant (we make C* act trivially on the lowest weight space).

It is known ([GGOR]) that the category O, is a highest weight category (with the ordering
by real parts of eigenvalues of h). In particular, it has enough projectives, and they admit
a filtration in which successive quotients are standard modules. Such a filtration is called a
standard filtration.

2.2. Rational Cherednik algebras in type A. Let W = S,, be the symmetric group in
n letters, and fh = b,, be the reflection representation of W (of dimension n — 1). Then the
reflections are just transpositions, so we have a single conjugacy class. Thus the parameter
c is a single complex number. The space § is spanned by yi, ..., y, permuted by S,, with
> ¥i =0, and b* is spanned by z,...,z,, permuted by S, with ) . 2; = 0. The defining
relations are:

i, 5] = [yi, y5] = 05

1 o,
i, x;] = — +csij, 1 F G

1
[yl,xl] =1- E — CZSZ']‘.

JFi



REPRESENTATIONS WITH MINIMAL SUPPORT AND TORUS KNOTS 7

2.3. Idempotents. We need to fix notation for some idempotents in CS,,. Denote by e; ,, (or
shortly e; when no confusion is possible) the primitive projector of the representation A'h,, (it
is nonzero iff 0 < ¢ < n—1). Denote the symmetrizer ey by e and the antisymmetrizer e,_; by
e_. Also, set ¢; = e;+e;_1 (the projector of A'C"), and € = Z?:_()l € = Y 5062 = D0 €2it1
(the projector of AB,). - -

2.4. The restriction functors. The parabolic restriction functors for rational Cherednik
algebras were introduced in [BE]. Namely, given a point b € b, denote by W, the stabilizer
of b in W. Then one can define the restriction functor Res, : O.(W,h) — O.(W,, bh), as
follows. Given M € O.(W,h), let M, be the completion of M at b as a C[h]-module. Then
]\/Zb is naturally a module over the completion of the algebra H.(W,,h) at zero. By taking
the y-nilpotent vectors in ]\//Tb, we get a module over H.(W,, h), which lies in O.(W}, ), and
is denoted by Resy(M). A
The functor Res, is exact. It will be used below in several places.

2.5. The results of [Wi|. Let us summarize the results of [Wi] (essentially, Theorem 1.8
and Proposition 3.7 in [Wi]) which will be used several times below.

Let m,n,d be as above. Let 7, be the representation of S; corresponding to a partition
pof d. Let X4,/a(n) be the affine variety which is the union of all the S,-translates of the
subspace in C" defined by the equations ), z; = 0 and

N

zlz...:I%,I%_,_l:...::L'n,...,a?(d_l)%_,_l:...zzn.

T
Let Xg4,/4(n)° be the open subset of Xg,/4(n) where there are d distinct values of x;. Then

Xansa(n)°/Sy is isomorphic to the configuration space of d unmarked points on the complex
plane with barycenter at the origin, so 7 (Xg,/a(n)°/Sn) = Bg, the braid group in d strands.

Theorem 2.2. ([Wil) (i) The minimal support for modules in the category Om (S, b,) in b,
is the variety Xg,/q4(n). The minimally supported irreducible modules are L%(% ), where
1 is a partition of d.

(ii) Let Y be the simple finite dimensional module over Hm (S, /4). Given a minimally
supported module M € Om(S,,h,), let Ly be the local system on Xg,/a(n)°/S, whose
fiber at a point b is HomH% (sn/d)®d(Y®d, Resy(M)). Then the local system L); corresponds
to a representation of By which factors through the symmetric group S;. Moreover, the
assignment M +— L), is an equivalence of categories between the category O%(Sn, D )ms
of minimally supported modules in On (Sy,b,) and Rep(Ss). In particular, the category
Om (Sns Bn)ms is semisimple.

(iii) The equivalence of (ii) maps Lm (5u) to m,.

3. COHEN-MACAULAYNESS OF MODULES OF MINIMAL SUPPORT OVER RATIONAL
CHEREDNIK ALGEBRAS

The goal of this section is to prove Theorem [I.2l We propose two proofs, given in the two
subsections below. In the third subsection we give applications in the case of the symmetric

group.

3Note that this definition is slightly different from the one in [BE], since here, unlike [BE], we don’t replace
b with h/p".
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3.1. Proof via homological duality for rational Cherednik algebras. Here is our first
proof of Theorem Its idea was suggested to us by R. Bezrukavnikov.
For brevity let H := H.(W,§) and R := C[h]. Let n = dim b.

Proposition 3.1. Let M be a module over H which is free of finite rank over R. Then
Exty (M, H) lives in dimension n (i.e., Extyy (M, H) = 0 unless ¢ = n), and there is a natural
isomorphism of R-modules

Exty (M, H) = M* ® A\"b",
where M* := Hompg(M, R).
Proof. Consider the Koszul complex of M as an H-module:
(2) M H®(CW[><RM < H®(CW[><R (M® []) — ... — H®(CW[><R (M@/\nb) < O,

with the differential defined by
O(h@m®@b) =Y (hy;@m—h®ym)® L, (b),be A,
J
where {y;} is a basis of b, {z;} the dual basis of h*, and ¢ is the contraction operator.
Lemma 3.2. This differential is well defined.
Proof. If w € W then

J
Z(hw(yj) ®@ wm — h @ w(y;)wm) @ wi,;b =
J

Z(hyj ® wm — h ® y;wm) @ t,;wb = 0(h @ wm & wb).

j
On the other hand,
O(hz; @m®b) = Z(hxiyj ®@m — hr; @ y;m) @ 1,;b =

J

Z(ha:iyj ®@m —h @ zgy;m) @ t,;b =

J

Z(hyja:i ®@m —h @ y;zm) @ ty;b+ Z cs(wi, ) ) (5, ) (hs @ m — h @ sm) @ 1,,b =

J J»s

O(h @ x;m @ b) + ch(xi,asv)(hs ®@m —h® sm) ® iy,b.

Thus, it suffices to show that for each s,
(hs@m —h® sm) ® t,,b=0.
We have
(hs@m —h®sm)® o, b =h®sm® (s —1)t,,b.

So it suffices to show that (s — 1)i,,b = 0. This is shown in Lemma [6.2] below (in a slightly
more general situation). O
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The complex (2)) is a resolution (i.e., exact in nonzero degrees), since its associated graded
under the y-filtration (where M sits in degree 0 and deg(y;) = 1) is the usual Koszul complex
of M as a C[h @ h*]-module with ;|5 = 0 (which is a resolution since M is free over R).
Moreover, since M is free over R, this is a projective resolution over R, and we can use it to
compute the Ext groups of M with other modules (in particular, H). Computing Hom of
this resolution to H, and using that

Hompy (H ®cwwr M, H) = Homewwr(M, H) =

HOHI(CWKR(M, (CW X R) X S) XM ®S=EM QQCW xR H,
where S = Sh, we see that the dual is a similar Koszul complex (of right H-modules) with
M replaced with M* ® A"h*, and the statement follows. O]

Corollary 3.3. If M is in the category O, then there is a natural isomorphism of R-modules
Ext™(M, H) = Ext'y (M, R) @ A"h*.

Proof. 1t suffices to show that the corollary holds for projectives in category O.; then the
statement follows in general since we can replace every object by its projective resolution.
But projectives admit a standard filtration, so they are free over R, and Proposition [3.1]
applies. O

Now we are ready to prove Theorem [I.2 Suppose that M € O, has minimal support.

Let ¢*(s) = c¢(s7'). We have an antiisomorphism 1 : H.(W, ) — H.(W,h) defined by the
formulas: z + z for z € h*; y > —y for y € h; s — s~ for s € W. It is shown in [GGOR],
Proposition 4.10, that the homological duality functor M + Ext; (M, H)' defines a derived
antiequivalence between the categories O, and Q.. Moreover, it is clear from Corollary B.3]
that this antiequivalence preserves supports (in the sense that Ext% (M, H) is supported on
supp(M) for all ). This implies that the minimal supports are the same in O, and O.-.

Suppose that the support of M has dimension d. Then M is Cohen-Macaulay of dimension
d at generic points of its support, so for any i < n—d, Ext’é(M , R) is supported in dimension
< d. On the other hand, by Corollary B.3, Ext’ (M, R) ® A"h* is a right H,-module, which
can be turned into a left H.-module U; from category O, by the antiisomorphism f. Since
the support of U; is a proper subvariety of supp(M), by the minimality assumption for
supp(M), we must have U; = 0. This implies that M is Cohen-Macaulay.

3.2. Proof using cohomology with support. Here is our second proof of Theorem [L.2l
Let M € O, have minimal support, and assume that M is not Cohen-Macaulay. Let Y be
the non-Cohen-Macaulay locus of M in b (which is a Zariski closed subset in ) and let u be
the codimension of Y in h. Consider the ith cohomology group H{- (M) of M with support
in Y. According to [Gr, Expose VIII, Cor. 2.3], H,(M) is a finitely generated R-module
whenever ¢ < u. Similarly to the proof of Theorem 6.2.5 in [V] one needs to prove that
Hi (M) =0 for i < u. Indeed, the vanishing of Hi (M) implies Ext}»(C[Y], M) =0 for i < u
(see |Gr, Expose VII, Prop. 1.2]). Thus, M has depth > u near a generic point of Y. This
contradicts the condition that Y is the non-Cohen-Macaulay locus for M.

Lemma 3.4. For any closed W-stable subvariety Z C b, any H-module M, and any integer
i the space H% (M) admits a natural action of H extending the R-action.

Proof. Consider the endofunctor I'; on the category of R-modules such that I'z(M) is the
set of elements of M set-theoretically supported on Z (i.e., killed by some power of the
ideal of Z). This functor is representable by the module R"#  the completion of R along
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Z. Since Z is W-invariant, the space H"? := H ®p R"Z has a natural algebra structure
and admits algebra embeddings R"#4 < H"? and H — H"# (compare to [BE]). So if M
is an H-module, we get, using the Frobenius reciprocity, that I'z(M) = Hompy(H"2, M).
Now, Hi(e) = RTz(e) = Extl(R"%, e), so, using the Shapiro lemma, for an H-module M
we have H} (M) = Ext’y;(H"#, M) (an isomorphism of R-modules). The right hand side is
definitely an H-module. O

Now we can finish the proof of the theorem. We may assume that M is irreducible. In this
case, it is shown by Ginzburg, [Gil], that supp(M)/W is an irreducible subvariety of /W
Hence, supp(M) is an equidimensional variety of the form Why, where by is a subspace
of h. The subvariety Y is a proper subvariety in the support, W-stable because M is a
W-equivariant R-module. From Lemma [3.4] and the preceding discussion we deduce that
Hi, (M) is an H-module, finitely generated over R for i < u. Also the support of that R-
module is contained in Y. Since M, by our assumptions, has minimal support, we see that
Hi,(M) = 0, which gives the desired contradiction and completes the proof of the theorem.

Remark 3.5. In fact, our assumption of the minimality of support concerned only the
category O.. But this does not create a problem because H{ (M) automatically lies in the
category O.. Indeed, M is a C*-equivariant H-module. So Y is C*-stable and we have a
natural C*-action on H”Y and hence also on Ext’, (H"Y, M) = Hi,(M). So Hi,(M) becomes
a C*-equivariant H-module. Since this module is finitely generated over R, it lies in the
category O, (see [BE]).

3.3. Examples. Consider now the case of type A, i.e. W =S,,. Let ¢ =
GCD(r,¢) = 1. In this case, we have the following result.

7, where r, (€ 7>,
Proposition 3.6. (see [BE, Example 3.25]). For i =0, ..., [n/{], let X, ,(n) be the union of
all the S,,-translates of the subspace U; in h defined by the equations

Ty = ... =Ty, Tp41 = ... = Ty, vy L(G—1)041 = -0 = ZLip-

Then X; ¢(n) occur as supports of modules from category O,, and conversely, the support of
any irreducible module in O, is X, ,(n) for some i.

In particular, since Xo,(n) O Xi(n) O ... DO Xpyge(n), we see that the only minimal
support is X, /g,¢(n). So we get

Corollary 3.7. Any module M € O. with support X[, g¢(n) is Cohen-Macaulay as a
module over Clzy, ..., z,] (of dimension n — 1 — [n/¢](¢ — 1)).

In particular, consider the irreducible module L.(C). We have the following known propo-
sition:

Proposition 3.8. If ¢ = 1/¢ then L.(C) = C[X},/g,¢(n)].

Proof. Let 1. be the ideal of X,/q(n). Then it is easy to see by completing at the generic
point of Xp,/q¢(n) (as in [BE]) that I, is invariant under the Dunkl operators (i.e., if a
polynomial f vanishes on X7,/q.¢(n), then so does the polynomial D, f for any y € b, because
it is so at a generic point by the completion argument). Thus, /. is a submodule in M.(C) =
C[h]. The quotient M (C)/I. = C[Xp,/q,(n)] is clearly an irreducible module, since it has
minimal support, and its multiplicity at generic points of the support is 1. This proves the
proposition. O]
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This leads to the following corollary in commutative algebra, which appears to be new
(note that it is used in the recent paper [BGS]).

Proposition 3.9. For any ¢ < n, the variety Xj,/q,¢(n) is Cohen-Macaulay.
Proof. This follows from Proposition [3.8 and Corollary [3.7. O

Now consider the situation when ¢ = n/d = ng, where d € Z>y, and r = m/d (so
c = T). Then the minimal support is Xg,/4(n), of dimension d — 1, and by the results of
[Wi] (see Theorem 2.2)), the simple modules in O, with this support are precisely Lm(ng)),
where A is a partition of d (we identify the irreducible S,-modules with the corresponding
partitions). Let p; be the i-th power sum polynomial. Then C[Xg,/4(n)] is finite over
Clpa; - - - pa) = C[Xgnsa(n)]°" by the Hilbert-Noether theorem. Thus, we get the following
result:

Proposition 3.10. For any partition A of d, Ln(ng)) is a free finite rank module over
Clpa, - - -, pdl.
This proposition is used below in the proof of Theorem [4.19]

3.4. Cohen-Macaulayness of Xj,(n). Using the above results, one can actually com-
pletely answer the question when the variety Xj, ,(n) is Cohen-Macaulay. Namely, we have

Proposition 3.11. [l The variety Xy ¢(n) for k > 0,¢ > 1 is Cohen-Macaulay if and only if
either k =[] or £ = 2.

Proof. Let r = [%]. By Proposition B.9, it suffices to show that

(1) for ¢ > 3, the variety Xy ¢(n) is not Cohen-Macaulay for k < r; and

(2) Xk 2(n) is Cohen-Macaulay for all k&, n.

Let us prove (1). We first show that X,_; ,(n) is not Cohen-Macaulay for n divisible by
¢ > 3 and n > (. To this end, consider a generic point a of X, (n) C X,_1,(n). We have
a=(ay,...,a1,0a,...;a2, ..., Gy, ..., a,) € C" where the a; are distinct, and each occurs ¢ times.
Consider the formal neighorhood of a in X, _; 4(n). When we pass from a to a generic point
of this neighborhood, the equalities in exactly one group of ¢ equal coordinates in a have to
become inequalities. This means that this neighborhood is a product of a formal polydisc of
the appropriate dimension with the formal neighborhood of zero in the union of the subspaces
Wi, ...,W, of dimension ¢ — 1 inside Wi @ ... & W,. This union is not Cohen-Macaulay by
Reisner’s theorem ([Re], Theorem 1) if ¢ > 2.

Now suppose that X} ¢(n) is not Cohen-Macaulay, and consider a point in Xy ,(n + 1) of
the form (b, ...,b, —nb), where b # 0. The formal neighborhood of this point in Xj ,(n + 1)
is the product of the formal disc with the formal neighborhood of zero in Xy (n). Thus,
Xge(n+ 1) is not Cohen-Macaulay, either. This completes the proof of (1).

Now let us prove (2). To this end, note that if ¢ = 1/¢, the defining ideal of Xj ,(n) is
inviariant under Dunkl operators (this can be checked at the generic point of Xy ¢(n) by using
restriction functors from [BE], as in the proof of Proposition B.8), so C[X} ¢(n)] is a lowest
weight module over H.(S,,). Therefore, specializing to ¢ = 2 and arguing as in the proof of
Theorem [[.2] we see that if X} o(n) fails to be Cohen-Macaulay, its non-Cohen-Macaulay
locus has to be X;5(n) for some s > k (as the non-Cohen-Macaulay locus has to be the
support of a module over the rational Cherednik algebra at ¢ = 1/2, by the proof of Theorem

“We thank A. Polishchuk and S. Sam for discussions which led to this result, and S. Sam for computation
of the cases { =3,n =6,k =1and { =2,n=6,7,k = 2 in Macaulay-2.
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[[.2). Consider a generic point of X;s(n), v = (a1, a1, a2, as, ..., as, s, by, ..., b,_os), Where
a; # a;, b; # b; for i # j and a; # b; for any 4, j. Consider the formal neighborhood of Xj, 5(n)
at the point v. When we pass from v to a generic point of this formal neighborhood, exactly
s — k of the equalities inside the s pairs of equal coordinates have to become inequalities.
Considering differences of coordinates in the pairs, we see that this formal neighborhood is
the product of a formal polydisk of the appropriate dimension with the formal neighborhood
of zero in the union of the s — k-dimensional coordinate subspaces in C°. This union is
Cohen-Macaulay by Reisner’s theorem (|Re], Theorem 1), which is a contradiction. This
means that X »(n) is always Cohen-Macualay, and (2) is proved. O

4. CHARACTERS OF MINIMALLY SUPPORTED MODULES AND COLORED INVARIANTS OF
TORUS KNOTS

In this section we first prove the character formula for minimally supported modules
(Theorem [[4)), an then proceed to apply it to knot invariants. Namely, in [GORS, Theorem
3.6] it was shown that the HOMFLY polynomial of the (m,n) torus knot can be realized as
a bigraded character of

Hm = Homg, (A°hy, Lim),
where b, is the reflection representation of S, and Lm = Lm=(C) is the unique finite-
dimensional irreducible representation of the rational Cherednik algebra of type A,_;. The
space L= has a canonical ¢-grading, and the second a-grading is defined on A®h,, as exterior
degree. This section extends this description to the colored HOMFLY invariants of torus
knots. As an application, we prove certain positivity results for these polynomials.

4.1. Proof of Theorem [1.4l First let us consider the case when r = 0. In this case the
computation was basically done in the proof of [SV], Proposition 5.13]. We reproduce the
proof for reader’s convenience.

The category O.(Sy, b,) is equivalent to the category of modules over the ¢-Schur algebra
S,(n), where q := exp(my/—1/ng) (where ng is the denominator of ¢ and n = dng). The
equivalence was proved by Rouquier, [R], when ny > 2 and by the third author, [L4],
in general. Under this equivalence the Verma module A(v) := M.(7,) goes to the Weyl
module W (v). Let us represent S,(n) as the quotient of U,(gly) with some N > n. Then
the character of W (v) is the same as the character of the irreducible GLy-module V,, with
highest weight v. The simple module L.(ngv) is obtained from V,, under the pull-back with
respect to the quantum Frobenius. So the character of L.(ngv) is obtained from that of V,,
by replacing each summand e* with e"°*. This implies Theorem [L.4] in the case when r = 0.

Let us proceed to the case when r > 0. The proof will follow if we check that L(ngA+\') =
IndgznoX s, L(noA) X L(X'), where on the right hand side we have the Bezrukavnikov-Etingof
functor associated to the parabolic subgroup Sg,, X S, C Sgne+r- First, we will provide an
alternative realization of L(ngA 4+ \') in terms of L(ngA) and .

Recall that the category O, = @, , O.(n) carries a categorical Kac-Moody action of g[no,
see [Sh|. In particular, we have functors F; : O.(e) — O.(e +1),i = 0,1,...,n9 — 1. The
functor F; maps A(XA) to a module that admits a filtration with standard quotients, the
quotients that occur are A(u) with p being a diagram obtained from A adding a box with
content congruent to i modulo ng, each A(p) with such p occurs with multiplicity 1. Also
the categorical action is highest weight in the sense of [L2].

Choose a Young tableau on X, let ¢, ..., ¢, be the residues of boxes in the order they
appear in the tableau. We claim that L(ngA + X) = F,, ... F., F., L(no)). Indeed, let \;, for
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7 =1,...,r, denote the diagram obtained from ngA by adding the first j boxes. It is enough
to prove that F L(\;j_1) = L(};). As the third author proved in [L2], the crystal of the
categorical action on O, coincides with the standard crystal of the Fock space. Therefore, the
reduced c;-signature of \;_; is a single “—" and fC j—1 = Aj. According to [CR] Proposition
5.20], F,,L(Aj—1) = L(})).

So it remains to prove that

(3) F, ...F,F.L(no\) = Inds”noxsr L(no\) K L(X).

By [SV] Proposition 5.15], the functor Indsdnoig L(nogA)X7? : O.(e) — O.(dny+e) commutes

with the functors F;. Let us remark that L(X ) = A(X) as the category O,(r) is semisimple
and so L(\') = F,, ... F., L(@). This completes the proof of ([B). O

4.2. Standard modules revisited. Let us first recall some facts about representations of
Sq. Let A be a Young diagram, d = |\|, and let 7, denote the irreducible representation of
Sq corresponding to A. It is well known (e.g. [FH, Exercise 4.17(c)], [Hur]) that the central
element 2 =3, (i j) € CSy acts in my by the constant

. 1 .
(4) RN =D (i—j)= 3 D (A =2+ DA
(i,5)EX J
called the content of A. Recall that the Frobenius character of a representation m of Sy is
defined by the formula

_ ( ) k(o)
chm = a Z Tr. (o o
oESy
where p; are power sums and k;(o) is the number of cycles of length i in 0. The Frobenius

character of 7y is given by the Schur polynomial s). The following lemma is obvious (and
well known).

Lemma 4.1. Let § be the (d — 1)-dimensional reflection representation of Sy, o € S;. Then
(5) det (1 — qo) :—H ki)

Lemma 4.2. The following equation holds:
d—1

1 A=l 1 - q
(6) ;(—a)’“ dim, Homs, (A9, M (V) = ¢ 2~V 2= 0, ,(s5,),

where 6, , is the character of the ring of symmetric functions defined by the formula 0, ,(p;) :=

Here, for simplicity we write M.(X) for M.(m)).
Proof. The character of M.()\) was computed in [BEGL eq. (1.5)]:

q% —ck(A) TI.7rA (0.)
det (1 — qo)

Traz. (0 - ™) =
By orthogonality of characters, we have

. 1
dim, Homg, (A*h, M.(N)) = T Z Trar (0 - q") Trarg(0).

’ €Sy
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Since Zz;é(—a)k Trpip(0) = det y(1 — ao), one can rewrite the left hand side of (@) as

1 deth (1—ao)

N det (1 — ao) = ¢“T o Tr,, (o) S —99)

7 2 Ton(o et o(1 = a0) = !25: )
(o2 d (o2

By Lemma [Tl it is equal to

gz N (1 — q) 1—a\"
Tr,, ( —
e PN (=)
oESy
S5l en(3) (] —
q > (1-q)
1—a -Qa,q(chm).

O

We will need some facts on the colored HOMFLY invariants of knots in the three-sphere.
Given a knot K and a Young diagram A, one can define a rational function Py\(K)(a,q) in
variables a and q. We refer the reader to [AM],[LM],[MM], [Resh] for the precise mathemat-
ical definitions. The colored sly invariant Py y(K)(q) (which can be defined using quan-
tum groups, see e.g. |Resh]) coincides with the specialization of the HOMFLY invariant:
Py (EK)(q) = PA(K)(¢Y, q)-

For example, the sly invariant of the unknot colored by a diagram )\ equals to the g¢-
character of the corresponding irreducible representation V), which is equal to

1-N 2—N 71 1 N ]_ - N+i— ']
Pya(@)=s\qg 2 ,q2,....,q %) . HA 1 —qqhu] ),
z ] S

where h(i, j) is the hook-length for a box (7,j) € \.

Proposition 4.3. The HOMFLY polynomial of the unknot colored by a Young diagram A
equals to
By Al

7) P = (2)7 T 5o = (9) bt

a e (1—¢q a

Proof. Note that if {z;} = {1,q,...,¢" "'} then p; = %, SO

S)\(lv q,---, qN_l) = eqN,q(S)\)’

Since s, is a homogeneous polynomial of degree |\|, we get

1-N 2—N N-1

2-N N-1 1-N
Pur(@)=sxq 2 ,q2 ,...,qg2 )=q 2 MO~ (s)).

If we replace ¢V by a, we get

>

Py(a,q) = (%)* B.o(52)-
0

Corollary 4.4. The character Zz;é(—a)k dim, Homg, (A*h, M.())) of the hook-labeled iso-
typic components of M.(\) equals q_mO"O"@(A)ﬁ,\(a, q).

Proof. Follows from equations ([6)), (@), and (). O



REPRESENTATIONS WITH MINIMAL SUPPORT AND TORUS KNOTS 15

Remark 4.5. Corollary [4.4] can be explained in more combinatorial way. We have an
isomorphism Homg, (A®h, M.(\)) = Homg, (7, C[h]@A*h). The space C[h]@A®h is naturally
bigraded: the g-grading is the polynomial degree and the a-grading is the degree of an exterior
form. It is known that the ¢-grading defined by eigenvalues of h differs from the polynomial
grading by a constant. The bigraded character of the isotypic component of 7, in this space
was computed in [KP] (see also [Moll): it is equal to
¢!+ agi!

1 ghGd)
(3,9)EX q
It remains to compare this formula with ([T]).
4.3. Representations with minimal support and torus knots. Let A be the ring of

symmetric polynomials in infinitely many variables. Let us define the Adams operations on
A by the formula

\Dk(f)(xla Lo, .. ) = f(I]f>I§a x )
Note that ¥, : A — A are ring homomorphisms and ¥, o ¥,, = W,,,. We refer the reader to
|[Gorl] and references therein for more details on Adams operations.

Definition 4.6. Let us define the coefficients c’;,no by the equation
(8) Unplsn) = 3 s
|p|=no| Al
Theorem 4.7. (|RJ], see also [LZ],[Ste]) The HOMFLY polynomial of the A-colored (my, no)

torus knot can be computed using the formula

MOTOK mqg(ng—1)|A| —ml-ﬁ
PA(T (mo,mo)) = ¢ Va5 Y e 170 P (a,q),
n

where k(p) is defined by ().

Proof of Corollary
By Theorem [L4]

(9) no)\ Z C)\ no C

|ul=n
Consider a linear map F : Ko[O (Sn, h)] — Cl[a, ¢]] defined by the equation

F(V]) =) (—a)*dim,Homg, (A*h,,V).

N Y2 — gl
‘F(MC(,U)) = q_ﬁﬁ(ﬂ)afﬁpu(a’ q)’

F(Lm(ng))) = a? Z Ay "W Pu(a,q) =

|ul=n

(mg+ng—mong)d q_1/2 — q1/2
a 2 —

———P(T(mo, n0))(a, q).
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The last equation follows from Theorem [4.7.C]
Corollary 4.8. Consider the space

n—1

H=(N) = @ Homsg, (A*h,, Lz (no))) .

" k=0
It carries a ¢-grading obtained from the ¢-grading on L%(no)\), and an a-grading by the
exterior degree of b,. Then the (a, ¢)-bigraded characters of Hm (A) and Hn ()) coincide.

Proof. By Corollary these characters compute the A-colored HOMFLY invariants of the
(mo, ng) and (ng, mg) torus knots respectively. Since the knots are topologically equivalent
in S3, their colored invariants coincide. O

Remark 4.9. Indeed, this coincidence of (a, ¢)-characters also follows from Theorem [0,
which shows an isomorphism between Hm (A) and Hn (X).

Corollary 4.10. Let P\(T(mq, no))(a, q) denote, as above, the renormalized A-colored unre-

duced HOMFLY invariant of the (my, ng) torus knot. Then Py(T (g, no))(—a, q) (and hence
P\(T(mg,ng))(—a, q), with an appropriate normalization by a power of —a) is a polynomial
in a of degree min(mg,ng) - |A| — 1 and a power series in ¢ with nonnegative coefficients.

4.4. Invariants of torus links. Let m,n be two positive integers, d = GCD(m,n). One
can consider the (m,n) torus link with d components and compute its quantum invariants.

Theorem 4.11. The uncolored HOMFLY polynomial of the (m,n) torus link is given as
the following linear combination of characters of the minimal support representations:

Po(T(m,n))(a Z dim 7y - chaq’}-[m( ),
I\|=d

where, as above,

Hom (A @Homgn (/\ b, L (E)\» .

Proof. Let C denote a cycle of length n in S,,. By [RJ, Theorem 8], the HOMFLY polynomial
of T'(m,n) can be presented as following:

Po(T(m,n) =Y ¢ " Tr, (C™) - Pu(a, q).
lu|=n

Since C™ is a product of d cycles of length ny = n/d, we have

Tr“u(cm) = <(pm))d’ SH> = <\Dn0(p1)da Su> =

< no g dim (7 s,\,sﬂ> E dim () c)\nO

[A=d |A|=d
It remains to apply Theorem [1.4] and Corollary [I.5 O

Corollary 4.12. The series P5(T(m,n))(—a,q) (renormalized by a suitable power of —a)
has nonnegative coefficients.
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Remark 4.13. In fact, our argument implies a stronger statement: the function

(14 a)"'Pa(T(m,n) 9)-[]a-q)

=1

is a polynomial with nonnegative coefficients.

Example 4.14. Let us compute the HOMFLY polynomial for the Hopf link, i.e., the (2, 2)
torus link. We have m =n =d =2, ¢ = 1, the Verma modules M._;(\) are irreducible and
dim 7y, = 1. One can check that

1 1 —|— a
chyg(Ha(2) = ¢ 2t

1+aq_1
1— ’ .

cho (M1 (1.1)) = 5 %

Therefore
- 1+ ¢ +aq(l+q)

1—¢q?

This coincides with the known answer for the HOMFLY polynomial (e.g. [OS, Example
4]). Note that one can cancel the factor (1 + ¢) to get q_%l_q;’fq?’“q, but this destroys the
non-negativity of the coefficients in the numerator.

chag(H1(2)) + choq(Hi(1, 1)) =

4.5. Duality of characters. Let w be the involution of the ring of symmetric functions A
defined by the equation w(py) = (—1)*"!p,. It is well known that w(sy) = sx:.

Lemma 4.15. Let f be a symmetric function of degree d. Then
W(Wn(f)) = (=)D, (w(f)),

Proof. 1t is sufficient to check the statement for the power sums f = py:
W(Wm(pa)) = (1) Pty V(W (pa)) = (=1 Pma = (1) "W (w(pa)).

O
Corollary 4.16. The coefficients ¢, satisfy the equation
(10) Ky = (~1)0 I
Proof. This follows from Lemma [4.15 O

Theorem 4.17. The characters of L.(noA\) and of L.(ng\") are related (as rational functions
in ¢) by the equation

TrLc(noAt)(Uqh> = (_1)‘)4_1 TrLc(n())\)(Uq_h)’
Proof. By Theorem [[.4] we have

Ttz (nort) (0q™) ZC)\t noq%_m(”) (o) det (1 —qo)™t.

By ([I0) we can rewrite this as

Z(_l)(no_l)l)\‘ci,ngqngl+CH(V)(—1)SgnJXu(0') det h(l N qo_)—l

v

On the other hand,
dety(1 — ¢~ lo) = (=1)" 1750 = ("=D det (1 — o),



18 PAVEL ETINGOF, EUGENE GORSKY, AND IVAN LOSEV

hence

Trr, oy (0g ™ Zc)\noq I +C”‘(”)( 1)ntmsen@ =y (5) det (1 — go) ™"

O

Remark 4.18. The statement of Theorem [4.17] should be understood as follows. For non-
trivial A the representation L.(ngA) is infinite-dimensional, so its character is an infinite
series in ¢. On the other hand, by Proposition [3.10] this character is a rational function in ¢

of the form
Qc(no)(q)
(1=¢*)--(1—q?)
where d = |A|. Theorem .17 provides a functional equation for this rational function which

is equivalent to the functional equation for its numerator (which is a Laurent polynomial
with nonnegative coefficients):

ch Lc(no)\) =

d+1)

Qe(noX)(g) = ¢ 2 ' Qu(noN) (7).

4.6. Reduced colored invariants. In knot theory one has a notion of the reduced HOM-

FLY invariant. By definition, it is equal to the normalization of the unreduced A-colored
HOMFLY invariant of a knot K by the unreduced A-colored HOMFLY invariant of the
unknot:

P{(K) = PA(K)/PA(T(1,0)).

Motivated by Proposition [B.10, we define partially reduced A-colored HOMFLY invariants
by the formula
Al

P(K) = P(K) - T[(1 = ).

i=1
Theorem 4.19. The function Py(K) has the following properties:

a) Py(K) is a polynomial in a and ¢ for any knot K.

b) For a torus knot T'(mg, no), all the coefficients of the polynomial Py(T (mg, no))(—a, q)
(after renormalizing by a power of —a) are nonnegative.

¢) The sum of the coefficients of ﬁA(T(mO, no))(—a, q) equals to

(11)

Py(T(mo,n))(a=—1,g=1) = (}A’(l)(T(mo,no))(—l, 1)?-dim7y, = (2dim Hm )¢ - dim 7y,

0

where d = |A| and 7, is the irreducible representation of S, corresponding to A.

Remark 4.20. In fact, our argument implies a stronger statement that (b): the function
(1+a)~Y(1 —q)P\(T(mq,no))(—a, q) (after renormalizing by a power of —a) is a polynomial
with nonnegative coefficients.

Proof. a) We have

d d
P\(K) K)-TJ(1 - ¢') = B{Y(K) - P )T -4
i=1 1=1
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It is known that the function P{°!(K) is a polynomial, and the product of the remaining
factors is a polynomial too:

d d .
ITi.(1—¢")
(1—4q" (1 —ag"@)- = )
- 1= =11 ILo(i—7)

Indeed, e.g. by [KP]

H?=1(1 —q")
[Loex( — ")
is a polynomial in ¢ with nonnegative coefficients.
b) By Proposition .10 the module Lm (ngA) is free over Clpa, ..., pa]:

L%(no)\) = N(?’L(), my, )\) ® C[p2a s >pd]>

dimq (7'(')\) =

where N(ng, mo, A) is a certain finite-dimensional graded S,-module. It remains to note that

n—1

(12) P\(T(mo,n0)) = Y _(—a) dim, Homg, (Ah, N (ng, mo, \)).
=0
¢) By () the number P\ (T (mqo, no))(—1,1) equals
Py(T(mo, no))(—1,1) = dim Homg, (A*h, N (ng, mo, ).
Let us use the restriction functor [BE] to compute this dimension. The stabilizer of a generic

point b in Xy ,,/4(n) is isomorphic to (Sy,)%, and

Res, o d) Lmo (ngA) ~ (Lmo (C)® ® By

for an Sg-module F). It follows from [Wi] that E\ = 7). O

Remark 4.21. Equation (IIJ) is similar to the ”power growth” phenomenon in the colored
Khovanov-Rozansky homology, conjectured by S. Gukov and M. Stosic in [GS| Sec. 4.5.2].

Example 4.22. Consider the (2,3) torus knot colored by A = (2,1). One can check using
Theorem [4.7] that (up to an overall monomial factor)

P (2,3)) = 1+2¢° — ¢* +2¢* +2¢° — ¢" +2¢° + ¢"° — a(1 + 2¢* + 3¢" + 3¢° + 2¢° + ¢'°) +
AP+ P+ T ) — P

We see that P{°¢(T(2,3))(—a,q) has two negative coefficients, while all coefficients in

B(T(2.3)) = (1—a)(1- aq)(tl—_ag)‘;()l(l_—qg))(l —¢)(1 - q?’)P;ed(T(Q’ 3))
(1—a)(1 —aq)(1 —ag™")(1 + q) Py*(T(2,3))
have the right sign, and
Py(T(2,3))(~1,1) =8-54 = (2-3)M . 2,
Indeed, dimy = 2 and P)(T(2,3))(a, ¢) = (1—a)(1+¢*—ag), so Py (T(2,3))(—1,1) = 2:3.
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5. CHARACTERS OF EQUIVARIANT D-MODULES

5.1. Proof of Theorem [I.7. Let us use Theorem [I.4] to prove Theorem [[L7 Let M be an
S L,-equivariant D- module with central character 6;, GCD(m, s) = d, labeled by the Young
diagram d\. Let M be the isotypic part of M for the representations V,, of SL,, which
occur in V&,

Define the automorphism ¢ . of the ring of symmetric functions as follows:

Dk
1—gk

(13) p (o) =

Note that
o1 (f)(x1, .y T, 0,0,...) = f(x1, ..., T, g1, ...,qu,q2x1, o).

1—q
By [CEE| Theorem 9.8], (F(M) ® (C™)")*™ ~ Lm(ng)), where F denotes the Fourier
transform. Therefore, since the Fourier transform changes H to —H, by the Schur-Weyl
duality, we have Chy, (M™) = chg, Lm(ngA) (where the right hand side is the character
of the sl,,-module, and the left hand side is the Frobenius character of the corresponding
Sy-module).
By the proof of Corollary [L5 we have

chs, Lz (no)) = Z K@’ T 5 chg, M (v).
Since Mm (v) = m, ® C[h,], we have chg, Mm (v) = goﬁ(s,,). This implies Theorem [I.71

5.2. Character formulas. Recall that by [CEE, Corollary 8.10] the character of the D-
module for SL,, corresponding to the partition (1™) is given by the equation

m2-1 VMPM
(1) Moy =" Y et

o

where V), is the irreducible representation of SL,, labelled by p (so that p is a partition with
at most m parts), and P,(q) is the g-analogue of the multiplicity of zero weight in V), (cf.
IK],[Lu],[Gu]). By the Schur-Weyl duality one can get the character of the corresponding
representation of the Cherednik algebra:

m2_1 Subu
ch Li(n(1™) =¢"7 > (1—¢2) - -((ql)— qm)’

lul=nm

where s,, denotes the Schur polynomial labeled by .

Remark 5.1. The polynomials P,(g) are a special case of the Kostka-Foulkes polynomials.
Indeed, the zero weight for SL,, can be represented by the Young diagram n(1™) = (n™),
and

PM(Q) = KM,(nm)(Q)a Z SMPM(Q) = Q/(nm)'
lal=nim
Here Q’(nm) is a transformation of the corresponding Hall-Littlewood polynomial Q,my ([M],
[DLTY):
Qlumy = 1 (Qnmy),
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where the map ¢ 1 is defined by (@3). Therefore

77L

Q'nm
(1—q ) (L—gm)

This agrees with the observation in [MMS] that the “extended HOMFLY polynomial” of the
(1,n) torus knot colored with the diagram (1™) is given by the Hall-Littlewood polynomial

We can use Theorem .17 to get similar answers for A = (m):

ch L1 (n(1™)) =

m—1 VMPM -1
) Mo = 3
sulu(a™)

Ly (n(m) =g 3 ¢

lul=nm

T (=)

Finally, similarly to [CEE] Theorem 9.18] (and using Lemma below) one gets the
following equation in the Grothendieck group of representations of SL,,:

(16> (_1) (m— zll q V dlmq V,ua

where [m], = (1 —¢™)/(1 — q), dimy(V},) is the (non—symmetrized) g-dimension of V,,, and
d(p) = deg(dim, V) —m + 1.

5.3. Equivariant D-modules for SL,. We have p = (Iy,13) with [; + Iy = 2n, and V), ~
Vi, —1,- Since l1 and [ have same parity, zero weight is present in V), with multiplicity 1 and

P,(q) = q 52 Therefore by (I4]) and (I3 one gets

q —j+1/2 qg+3/2
EZ%J ’ ZZ%J
(la—l1+1)/2 (li—=12+43)/2
q q
chL%(n(2)) = Z 8(11,12)1_7(127 chL%(n(l,l)) = Z 5(11,12)1_7q2
l1+12=2n l1+12=2n
Note that
o q —j+1/2 _ qj+3/2
(M) = M) = [Vay] T =
j=0
e q—j+1/2(1 _q2j+1) o q—j+1/2 '
Vaj| = Vo, | dimg Vs,
—~ 1—gq [2]] jgol_l_q[%] qV2j

what agrees with ([IGl).
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5.4. Equivariant D-modules for SLs. We have pu = (I3, 1ls,13) with {1 + 3 + I3 = 3n, and
Vi = Vi —i3,02—13) = V(1 ue)- The g-dimension of V,, equals
[+ 2]g[pr — po + 1]g[p2 + 1],
2l
Let x = min(u; — pa + 1, o + 1), then one can check that P,(g) = ¢**~***[z],. Therefore by

(I2) and (I5) we have

dim, V, =

gzl g “5[ Ja
17 Mz = 1% Vi .
) @ ; "1-¢)(1-¢) Moy Z (1-¢*)(1—¢%
To compute the character of M, ), note that
2 2 —
dim, V, = (1 + 2g[2]q[pn + x]q’
2],
hence by (I0]) one gets
q—,ul+1
[Vi] dimg V), =

[Mg) — M1y + M) =Y 3
P q

S i - ) -

1—¢*)(1—¢°)
2 (i B )
therefore
(@®+¢* )]y ¢*~°[27],
. A R B

The character formulas for the corresponding representations of Cherednik algebras im-
mediately follow from (I7)) and (IS).

5.5. The “small” part of the equivariant D-modules with trivial central character.
Consider the special case s = 0, so that d = m. Let X\ be a partition of m, and consider the
equivariant D-module M, attached to the nilpotent orbit corresponding to A. Also, let u be
another partition of m, and V), be the corresponding “small” representation of SL,, (in the
sense of A. Broer, [Br]) i.e., one occurring in_(C™)®™. Consider the isotypic component of
V, in My, and let us compute its character. i We may take n = m, so ng = 1, the Verma
modules are irreducible, and thus the formula of Theorem [L.7is greatly snnphﬁed

m—1
ChMﬁ’") (0,9) = (1 —q)g" 7 "Ny (21, ..., T, @1, .., T, 21, ...).

Thus, to compute the character of the multiplicity space for V,,, we need to find the coefficient
of s,(21,..., @) in the decomposition of s)(21, ..., Tm, q1, ..., Tm, ¢°T1, ...) With respect to
Schur functions.

5The dual representations to these V,, are also small representations in the sense of Broer, but we don’t
have to consider them, since each M) is clearly self-dual as a graded SL,,-module (being stable under outer
automorphisms of SL,,), so the characters of the multiplicity spaces for V,, and V,;" are the same.
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Let 7\ be the representation of S, corresponding to A, and E) ,(¢q) be the character of
the multiplicity space of 7y in m, ® SC™ (with grading defined by deg(C™) = 1). It is easy
to see that the desired coefficient equals E ,(¢). Thus, we get

ChHomSLm(VwMA)( ) (1 - q) ; = )E)\ ,u( )

In particular, consider the special case V), = C (i.e., p = (1)), which gives the character
of the invariants M /‘\9 Lm ~We have that E\ amy(q) is the character of the multiplicity space
of my¢ in SC™, where A is the dual partition to A. This character is well known to equal a
power of ¢ times the reciprocal of the hook polynomial ([M]):

By am(q) = =N [0 = ¢"@) !

TEA

This implies that

m-l i>1(—=1)A; z)\—
CthLm(q) =q 21 ((=DA (1—q) H(l _ qh( )) 1

TEA

Z CthLm (q)7r,\
A

is g™ dety, (1 — go)™', where dety, (1 — go)~! is the graded character of Sh,, as an S,,-
module.

Thus, we see that

6. THE Ko0szuL-BGG COMPLEX FOR RATIONAL CHEREDNIK ALGEBRAS

6.1. The definition of the Koszul-BGG complex. We keep the notation of Section 2.
Let V C Sh* = M.(C) be a representation of W where rank(1 — s) < 1 for all s € S (this
includes, for instance, the Galois twists of the reflection representation for complex reflection
groups). Assume that V is singular, i.e., the Dunkl operators act on V' by zero. We will attach
to V' a complex of H.(W,h)-modules from category O,, called the Koszul-BGG complex.

For s € S'let 0 # B € V* be such that s acts trivially on Ker 5, and let s8} = pu 5:. Let
Bs € V be such that sf, = u; '8, and (Bs, 87) = 1.

We have the Koszul complex K*(V'), where K'(V) = Sh* @ A'V = M (A'V).

Proposition 6.1. The complex K*(V):
M,(C) < M(V) <= M (N*V) ¢
is a complex of H.(W, h)-modules.

Proof. By definition, the Koszul complex is a complex of CIWW x Sh*-modules. So we need
to show that the Koszul differential d commutes with the Dunkl operators. Let f € Sh*,
u € AN"V. We have

d(f ®@u) = Zvﬂ“@wu

where {v;} is a basis of V and {v}} the dual bas1s of V*. Thus,

Dy, d)(f®wv) = Za v]f®LvU—Z@(l—s)(vj)sf@)s%u.

seS s
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Since Dyv; = 0, this equals to
¢s(as, y)

S )w)sf @ (1 - g,

seS s
so our job is to show that the expression

Gs(as, y)
T(u):=> (1= 5) (1) @ (1= s)uzu.
seS s

vanishes. To this end, we note that

Y A=) @v; = (1— ) (B5,0;)8s © ) = (1= i) B, © B

J J
This implies that

T0) = 3 (1 = )0 p) 2 (1= )

seS

So the result follows from the following lemma.
Lemma 6.2. For any u € A"V and s € S, (1 — s)ig:u = 0.

Proof. Let uw = uy A ... A u,,. If m = 1, there is nothing to prove, so assume that m > 2.
Then

(1= s)ep;u =
m—1
Alt,, Z(um, Biur @ ... @uj—1 @ (1 — 5)(uj) @ sujp1 @ ... @ SUyp—1 =
j=1
m—1
Altm Z(umvﬁz>u1 X...Q Uj—1 X (1 - /J,S)(Uj,ﬁ:)ﬁs & SUj4+1 X . Q SUpy—1-
j=1

This is zero, since we have skew-symmetrization with respect to j and m, which now occur
symmetrically. O

The proposition is proved. O]

In the special case when W is a real irreducible reflection group, ¢ = m/h, where h is the
Coxeter number of W, m € Z>;, GCD(m,h) = 1, and V = b is the reflection representation,
this complex was studied in [BEG] and |[Go]. In this case, this complex is actually a resolution
of a finite dimensional H.(W,h)-module of dimension m”, where r is the rank of W. Later
it was studied in [CE] in the case when the representation Sh*/(V') is finite dimensional (it
follows from the fact that the expression in Theorem 2.3(iii) in |CE] is a polynomial that
in this case S acts by reflections in V'). This resolution is analogous to the BGG resolution
in Lie theory, so it was called the BGG resolution. Thus we will call the complex K* the
Koszul-BGG complex.
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6.2. The Koszul-BGG complex for W = S,. It follows from the paper [FS] that if W
is an irreducible real reflection group, and ¢ = m/h, where m =d — 1+ (h, { € Z>, and d
is a degree of W, then there is a singular copy of V = b in degree m of Sh*, so the complex
K*(V) is nontrivial. A similar result for cyclotomic wreath product groups G(I,r,n) follows
from the paper [DO] (see also [CE] and [L3] for the case r = 1).

In particular, if W = §,,, and b is the reflection representation, the Koszul-BGG complex
has a nonzero differential for any ¢ = 7, where m is not divisible by n. In this case, it was
shown by Dunkl, [D] (see also [CE]) that the singular representation V' is spanned by partial
derivatives of the polynomial

(19) Fron(1, 0oy ) 7= ReSy—oo (U — 21)...(u — ,)) ™ du.

Note that this works also if m is divisible by n, except that in this case [}, , = 0, so the
differential in the corresponding complex is zero. Thus, we have defined a complex for every
n > 1 and m > 1. Let us denote this complex by K;W.

Now let m,n be positive integers, and d = GCD(m,n). Write m = mgyd, n = ned. Our
main result about the Koszul-BGG complex for .S, is the following theorem.

Theorem 6.3. (i) The homology H;(K}, ) is nonzero if and only if 0 <7 < d — 1.
(i) If 0 <4 < d —1 then H;(K}, ) is the irreducible representation Lm ();) of the rational
Cherednik algebra H.(S,), where \; = no(d — i, 1%).

Two proofs of this theorem are contained in the next three subsections, and a third one
in Subsection 8.3} these proofs are based on different ideas, so we present all three of them.

6.3. Proof of Theorem

Lemma 6.4. Let V be a finite dimensional subspace of R := C[zy, ..., zx]. Assume that the
zero set Z(V) of V in CV has dimension k < N. Then there are polynomials f,, ..., fxv_x € V,
which form a regular sequence.

Proof. We prove by induction in ¢ (for i < N — k) that one can choose a regular sequence
fi,..., fi € V. The base of induction is obvious. To make the step of induction, suppose
that for some ¢ < N — k, the polynomials fi, ..., f; have been chosen. Then the zero set Z;
of fi,..., f; has pure codimension i. Since the zero set Z of V has codimension > 4, none
of the components of Z; is contained in Z, so a generic element f;;; of V' does not vanish
identically on any of these components; this completes the step of induction. O

The vanishing of H; for ¢ > d follows from the standard properties of the Koszul complex.
Namely, we know that the module Hy = L= (C) has minimal support (by 2.2} see also [BE),
so this support is of dimension d — 1. By Lemma [6.4] this means that there exists a basis
fi, ..., fa—1 of the space V spanned by the partial derivatives of F,,, such that fi,..., f,—a
is a regular sequence. Define a grading on Kj, , by the number of f; in the wedge part
with ¢ > n — d. Then the differential preserves the filtration defined by this grading, and
the associated graded complex is of the form K*(fi, ..., fu—a) @ A*(fu—ax1, -, fn_1) (with the
Koszul differential of the first factor). The first factor is acyclic in positive degrees, so this
complex has no homology in degrees > d. Hence the same is true for the filtered complex.

Thus, we just need to prove part (ii).

To this end, note that the support of Hy is the union Xg,/4(n) of all the images of the
subspace defined by the equations x; = z; when 7 — j = 0 modulo d under permutations.
By Theorem 2.2} this is the minimal support of modules in category O for H=(S,). By the
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theory of Koszul complexes, this implies that all the homology modules H; are supported
on Xg,/q4(n), i.e. have minimal support. By the results of Wilcox, [Wi, Theorem 1.8,
Proposition 3.7] (see Theorem [2.2)), the category of such modules is equivalent to the category
of representations of Sy, by considering restriction Res, to the open stratum of Xg,/q4(n)
and looking at the monodromy of the resulting local system. Namely, this equivalence
sends a representation of S; corresponding to the Young diagram p to the representation
Lmn(nop) over the rational Cherednik algebra Hm (S,) with minimal support (see Theorem
2.2). Moreover, this equivalence is compatible with restrictions to points of Xg,/qa(n)/Sn
(i.e. restriction from Cherednik algebra to its parabolic subalgebras corresponds under this
equivalence to the restriction from the symmetric group Sy to its parabolic subgroups).

Let A% be the i-th exterior power of the reflection representation of S;. We will need the
following simple lemma.

Lemma 6.5. Suppose that 7 is a representation of S; such that for any 0 < k < d,
7| SxSa s = Bror<ipicr Ny ONjp,
and 7 = 0. Then 7 = A}

Proof. Clearly, N/, satisfies the condition. Hence, the character of the difference m — A}, has
zero restriction to the subgroups Sy x Sy_k, i.e., vanishes on all non-cyclic permutations in
Sg4. Thus, it is an integer multiple of the virtual character x(g) = >, Trx, (g)m, where g is a
cyclic permutation in S;. This virtual character involves a copy of the trivial representation.
So = N} O

Now we prove part (ii) of the theorem. Our job is to show that H; = Lm (ng(d —i,1")) for
0 <i < d (we already know that Hy = L= ((n))).

We will use the following proposition. Let 0 < k& < d. Let b be a point in h with coordinates
x; = (d —k)z for i <ngk, and z; = —kz for i > nok, for some z # 0.

Proposition 6.6. We have an isomorphism of complexes of C(.S,,x X Sno(a—ky) X C[h]-modules
(20) Resb(K;n,n) = K;u)]anok‘ ® K;u)(d—k),n()(d—k‘) ® Q.?
where 2° is the two-step complex C[t] - C[t] with the zero differential.

Proof. First of all, if fi,..., fr € R = C|xy, ..., x,) and K*(f1,..., f, R) is the corresponding
Koszul complex, then by definition, the completion f(b'(fl, ey [y R) of K*(f1,..., fr, R) at
any point b € C" is naturally isomorphic to K*(fi, ..., f;, }A%b), where R, is the completion of
R at b.

Next, suppose f; € R, 1 < i < r, are linearly independent quasihomogeneous polynomials
of the same degree D (i.e., homogeneous polynomials of degree D for a grading in which
deg(z;) = d; for some positive integers d;), and assume that f; = f; +higher degree terms €
R = C[[z1, ..., z,]] are deformations of these polynomials. Also let g, € R, p=1,..s, be
elements whose lowest degree is > D.

Lemma 6.7. Assume that f; generate the same ideal in R as fi, gp- Then

K.(flu veey f?‘7g17 ---7937E) = K.(f_lu veey fra If{) ® /\(517 ---753)7

as complexes of R—modules, where 0§; = 0.
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Proof. We can choose elements a;; € R such that
fi= Z az’jfj-
J
Then, since f] have the same homogeneity degree, we have
fi=_ ay(0)f;.
J

This implies that a;;(0) = d;; and hence (a;;) is invertible. Also, we have the matrix (c,;),

¢,; € R such that g, = >iCoili
We claim that the matrices (a;;), (¢,;) define the desired isomorphism

0 : K(fla sy fragla o0y Js) é) = K(f_la sy .f?“a é) ® /\(617 sy 58)
Namely, let 7, ..., . be the odd generators of K(fi, ..., fr, J%) over R, and let Ny ooy Moy &4 L
be the odd generators of K(fi, ..., fr, 91, ..., gs, R) over R (so that
K(f_la sey .fﬂ é) = é ® /\(nlﬁ "'7777“)a K(fla L) f?“agb o0y Jsy é) = é ® /\(niﬁ "'777;"’ 51’ 762)’
and 9n; = fi, O = fi, 9¢, = gp). Then 0 is defined by the formula

() = aim;, 0(&) =&+ Y oty

This proves the lemma. O]

Now, consider the singular polynomials f;, ¢ = 1,...,n, generating the Koszul complex
K3, o As explained above, f; = 0,F,, , where

1

Fm,n:2 .
Tl 5

(u—21) .. (u — x,)) ™ du,

where the integration is over a large enough circle v in the counterclockwise direction. This
polynomial has degree m + 1. Let us consider the completion at the point b, and introduce
new variables:

1 t .
t:n—o g x; — k(d —k)z; :)sgzzci—g—(d—k:)z,lgnok;
1<i<nok
93’-’:58-+L+kzz'>nk:
7 7 d—k 9 0

(thus, >°, 2 = >, 27 = 0).
Lemma 6.8. We have
Frnn(2) = C'Frgknok(x') + C" Frg(d—k) mo(d—k) (2") + higher terms, C', " € C*,

where higher terms are of two kinds:
(1) degree " > ngk 4+ 1 in 2’ and degree s” in 2"t with ' + 5" — (ngk + 1) > 0;
(2) degree s” > no(d—k)+1 in 2” and degree s’ in 2/, ¢ with s’ + " — (ng(d—k)+1) > 0.
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Proof. Consider a point x close to b. Then z; cluster around z(d — k) for i < ngk, and around
—zk for @ > nok. So by the Cauchy integral formula the contour integral defining F,, ,, can
be represented as a sum of integrals over two contours going around each of the two clusters
(note that the integrand is single-valued on these contours). Shifting the integration variable
in each of the integrals to make the contours go around the origin, we get

! wn {7 o T v to\
Fom = — (zd)™ 4= — g]ymo/no 1 2 d
n= 5 2d) %H(“ %) 11 ( L k;)) Tt

i=1 i=ngk-+1

1 d mok Hok 1 v — l’; t mo/no & " mo/nod
27 fﬂ( 2d +zk(d—k)) I @ —atyreima.
i= i=ngk+1
This implies the lemma, with C’ = (2d)™(@=%) and C” = (—zd)™* (the two terms in the
formula come from the two resulting integrals, and the form of the higher terms is clear from
the form of these integrals; we just expand the expressions of the form (1-+u)™/m appearing
in the integrals in a Taylor series with respect to u). 0

Now let deg(z}) = d — k, deg(z?) = k. Then the polynomials f; = %Fmok,nok(l'/) for
i < ngk, and f; = %Fmo(d_k)m(d_k)(x”) for © > ngk are quasihomogeneous of degree

nok(d — k). Note that >, fi=>", ., fi =0.

So, it suffices to show that f; generate the same ideal in C[[z}, ..., &} 1, i1y - - - Ty t]]
as f;, i = 1,...,n. Then by virtue of Lemma the Proposition will follow by applying
Lemma to fi for i # nok,n and g1 = Y., . fi (as power series in 2’, 2", ).

To this end, note that f;, 1 < i < n, generate an ideal [ that is invariant under the Dunkl
operators D;. Let us expand the Dunkl operators at b, with respect to the coordinates
xf, xl t. These “formal” Dunkl operators are non-homogeneous in the variables z}, 7 t, and
we have D; = D;+R;, where D; are the homogeneous parts (of degree —1 in the grading where
the degrees of the 2/, z7 t are 1), and R; are the regular parts. Clearly, I is invariant under
R;, so it is invariant under D;, which are the Dunkl operators of the parabolic subgroup W, =
Shok X Sno(d—k) stabilizing the point b. Thus, I corresponds to a proper submodule J in the
polynomial module M. (C) over the parabolic Cherednik algebra H.(S,k X Sno(d—k), b’ &H"),
where b’,h” are the reflection representations of S,,x and S, —x), respectively (here we
use the fact that the restriction of the polynomial module is the polynomial module over
the parabolic subalgebra, which follows from the definition of the restriction functors in
[BE]). Since M.(C)/J has d — 1-dimensional (i.e., minimal) support, J must be the image
of M.(§") X M.(C") & M.(C") K M.(b") in M.(C") K M.(C"), where C',C" are the trivial
representations of S,,x and Sy (4—r), respectively. This means that I is generated by the
elements f;.

Thus, by Lemma [6.7, we have the required isomorphism of complexes of C[h]-modules.
Moreover, since all the constructions in the proof are equivariant under the group
Snok X Sno(d—k), it follows from the proof of Lemma that this is actually an isomorphism
of C(Snok X Spg(a—k)) X Clhl-modules, as desired.

The proposition is proved. O]

Corollary 6.9. The two complexes in Proposition have isomorphic cohomology groups,
as H%(Sm),.C X Sno(d—k)» h)-modules.

Proof. By Proposition [6.6] the cohomology groups of the two complexes are isomorphic
as C(Snok X Sng(d—k)) X Clh]-modules. Also, we know that these cohomology groups are
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semisimple modules over Hm (Sy,x X Spo(a—t), h), by the result of [Wi] (see Theorem [2.2)), since
they have minimal support, and the category of minimally supported modules is semisimple.
Hence, the corollary is a consequence of the following lemma. 0

Lemma 6.10. A semisimple object in O.(W, ) is uniquely determined, up to an isomor-
phism, by its structure of a CW x C[h]-module.

Proof. Let m be the augmentation ideal of C[h] (generated by b*). If N = @ crvep wmrLe(T),
then N/mN = @-ciepw)m,T as a W-module. So N is determined by its structure of a
CW x C[p]-module, as desired. O

Now note that for r > 0, H,.(K, ) cannot contain L.(C), since L.(C) is not a composition
factor of M.(A'h) for i > 0 (because it has smaller lowest eigenvalue of h than any eigenvalue
of hin M,(Ah), i > 0). So, varying k and using Lemma [6.5, we conclude that the statement
follows by induction in d from the known case d = 1. Namely, if under the correspondence
of [Wil, [Theorem 1.8 and Proposition 3.7] (see Theorem 2.2), H,(K}, ) for some r > 0
corresponds to some (possibly reducible) representation © € Rep Sy, then we have 75 = (
(as L.(C) does not occur) and 7|s, x5, , = Pr_1<itj<r Ni ®/\ﬁl_k, by Corollary So the
result follows from Lemma [6.5]

6.4. Uniqueness for the Koszul-BGG complex. It turns out that K73, , where m is not

divisible by n, is the only complex with nonzero differentials with terms M.(A%h) that one
can write.

Proposition 6.11. The space Hom(M,(A"'h), M.(A'h)) is one-dimensional for all 1 < n—1.

Proof. Let O denote the direct sum @;°,O;, where O; is the category O for the algebra
H,(S;). According to Shan, [Sh], there is a categorical sl,,-action on ©. This gives rise to ng
categorical sly-actions, one for each simple root in ;[no. These categorical actions are highest
weight in the sense of [L3].

Now let A, ) be the hooks corresponding to A™™'h, A’h. Since |A| is divisible by ng, one
obtains A" from A by moving an a-box (where a is a suitable residue mod n). It follows that
A and X lie in the same family (in the terminology of [L3, Section 3]) for the subalgebra

sly C g[no corresponding to the residue a. Since A < X we conclude from [L3, Proposition
7.4, Remark 7.8] that dim Home (M.(A™1h), M.(A'h)) = 1. O

Let Sh, : O, — O,y be the shift functor, which is a right exact functor defined by
Shc(v> = HC(Sn)e ®6HC(S7L)9267HC+1(S7L)€, e—v7

where e = ey is the symmetrizer, and e_ = e,_; € CS,, is the antisymmetrizer (see [BEG]).
It is shown in [BE] that Sh, is an equivalence of categories for ¢ > 0.

Corollary 6.12. One has Shm (K3, ) = K}

m+n,n"

Proof. This follows from Proposition and the fact that the shift functor maps Verma
modules to Verma modules, see [GL]. Namely, Lemma 4.3.2 in |GL] says that if a category
is equipped with two highest weight structures such that the classes of the standard objects
coincide in Ky, then the structures coincide. But the shift functor is clearly the identity
on Ky (with the basis of standard modules), as it is flat with respect to ¢ for ¢ > 0, and
is obviously the identity for generic ¢ (by looking at the eigenvalues of the scaling element

h). 0
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6.5. Another proof of Theorem
Lemma 6.13. Theorem holds on the level of the Grothendieck groups, i.e.,

@(—1>i[M%an>] = ._ (= 1)L (A)]-

Proof. Let \i(k) = (k —i,1%). By Theorem [L4] one has
(L (noAi(d))] = Z N () o Mz (1),
lul=n

where the coefficients ¢}, , are defined by the equation Wn,(sxi(@) = 22, €, (d)nSu- The
statement now follows from a symmetric function identity

d—1 d—1 n—1
D (1) W (sx,0)) = Vg (Z(—l)’%(d)) = Wy (pa) = pn = Y _(—1)"sx,(n).
i=0 i=0 i=0
Here we used the equation py = Zfz_ol(—l)is,\i(k) twice: for k = d and k = n. O

T

Let us recall again that all categories O, with ¢ = .-, where GCD(r,ng) = 1 and r >
0, are equivalent as highest weight categories. From Proposition [6.11] it follows that the
equivalences preserve the Koszul-BGG complexes. So it is enough to prove the theorem for

c= L,
no

Lemma 6.14. The multiplicity of H;(KJ,) in a generic point of the support of L1 (n)
) no
equals (dzl).

Proof. This follows from Lemma Namely, for ¢ = 1/ng, the zero set Z of fi,..., f, is
generically reducedE so for a suitable generic point z € Z, the differentials df(z), ..., dfn_a(z)
are linearly independent. This implies that in the formal neighborhood of z, there exist
functions ¢;;, j < n —d, i > n —d, such that f; = Z;:f cijf; for i > n —d. This implies
(similarly to the proof of Lemma[6.7)) that the completion of K3, at z is the tensor product
of the Koszul complex defined by fi, ..., fn_q with the exterior algebra A(&y, ..., &q—1) in d —1
generators. This implies the statement, as the dimension of the degree i component of

A(gl,...,fd_l) 1S (d;l)‘ ]

Proof of Theorem[6.3. The proof is by induction on . Assume that H;(K3,) = L= (noA;(d))
for all i < k, where k is a fixed number from 0 to d (for £ = 0 the assumption is vacuous).
We want to prove that Hy(Kj,) = Lm(noAx(d)). First of all, for i < k, Lm(ngAy(d)) is
not a composition factor of H;(Kj, ), by the inductive assumption. We also claim that
Ln(noA(d)) does not appear in H;(Kj,) for i > k. Indeed, assume the converse. Then
Ln(noA(d)) has to be a composition factor of Mm (\;(n)). However, Ai(n) Z noAr(d) in the
dominance ordering as A;(n) has more rows than ngAx(d). So Lm (ngAi(d)) cannot appear
as a composition factor of Mm(A;(n)). But Lm(ngA;(d)) has to appear in some H;(Kj,)
thanks to Lemma and so we must have i = k. Also the generic ranks of Lm (noAx(d))
and Hy(K3,) coincide by Lemma It follows that Lm (noAx(d)) = Hi(K3,,)- O

6In fact, it is reduced, but we use only generic reducedness.
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7. SYMMETRY FOR RATIONAL CHEREDNIK ALGEBRAS OF TYPE A

7.1. The statement. We start by recalling the type A rational Cherednik algebra. We will
need a universal version, which is slightly different from the one defined in the preliminaries
section. Let n > 2 be an integer and h be the n — 1 dimensional vector space viewed as
the subspace {(z1,...,2,)|> ;2 = 0} C C". Then h can be thought of as the Cartan
subalgebra in the Lie algebra sl,,. Let Ay C h* be the root system. The corresponding Weyl
group is S,. Fix independent variables h,c. The (universal) rational Cherednik algebra H
is the quotient of the semi-direct product CS,, x T'(h & h*)[h, c|] by the relations

[, 2] = 0, [y, 4] = 0, [y, 2] = hiy,2) —c Y {a,y)(z,a")sa,

OZEAJr

with z, 2" € h*, v,y € b. Here oV, s,, are, respectively, the coroot and the reflection corre-
sponding to a root «.

We remark that the algebra H is bigraded: h, ¢ lie in bidegree (1, 1), b is in bidegree (0, 1),
h* is in bidegree (1,0), and S, is in bidegree (0, 0).

Recall that we introduced the idempotents e; in CS,, corresponding to the irreducible
representations A'h of S, and e; := e; + e;_1, where e_j,e, = 0. The element ¢; € CS,
should be thought of as the idempotent corresponding to the S,-module A’C™ = A'HD AT 1H.
Recall that € = ), eop = >, €641 = Zj e;. Our goal is to understand the structure of
the quasispherical subalgebra €eHe C H. The latter is not a unital subalgebra, instead €
is the unit in €He. We will identify the algebra eHe with a certain quantum Hamiltonian
reduction generalizing the description of egHey obtained by Gan and Ginzburg, [GG].

Set V,, := s[,(C) & C". We will call it V if no confusion is possible. The group G :=
GL,(C) acts naturally on V. Also G acts on the symplectic vector space T*V with moment
map 4 : T*V — g := Lie(G) given by u(A, B,i,j) = [A,B]+i®j, A, B € s1,,(C),i € C",j €
(C™)*, where we identify sl,(C) with its dual via the trace pairing. The space T*V also
carries an action of the two-dimensional torus (C*)? commuting with G:

(tlu t2)(A7 Bv iu j) = (tl_lAv t2_le tl_liu t2_1j)

Consider the subtori T} := {(¢,t7!) € (C*)?}, Ty := {(t,t) € (C*)?}.

The symplectic vector space T*V admits a natural quantization, the algebra D (V) of
homogenized differential operators. The latter can be obtained from the algebra D(V) of
differential operators by using the Rees construction. Namely, the algebra D(V) is filtered by
the subspaces D;(V) of differential operators of order < i. Then D (V) := @, D<;(V)h' C
D(V)[h]. The algebra Dy (V) is bigraded: its component of bidegree (i,j), by definition,
consists of all elements in h/De;(V) that have degree ¢ + j with respect to the grading
induced by the C*-action on V by (¢,v) — t~1v. In particular, V* C D<(V) has bidegree
(1,0), while V C Vect(V) C hD<;(V) has bidegree (0, 1) and h has bidegree (1,1). Also the
action of G on V gives rise to the quantum comoment map ®; : g — D;(V), under which
an element ¢ maps to the corresponding vector field in hD<;(V) induced by the action of g.
We remark that the quantum comoment map has image in bidegree (1,1).

More generally, let U be a G-module. Consider the tensor product Dp(V) ® End(U)
that inherits the bigrading from D (V) with End(U) being of bidegree (0,0). There is the
quantum comoment map ®Y(¢) 1= &,(§) @1+ h @&y : g — Dyp(V)@End(U), where & just
stands for the image of ¢ in End(U).

Let 3 denote the center of g. It is naturally identified with C via z — zidcn. Let 8 denote
the basis element in 3 corresponding to 1.
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The quantum Hamiltonian reduction we are going to consider will be defined first at the
level of sheaves. A sheaf of interest will be on a formal deformation X of the Hilbert scheme
X = Hilb,, to be recalled first.

The variety X can be produced by Hamiltonian reduction as follows. Consider the char-
acter 0 := det of G = GL,(C) and let V" be the open subset of -semistable points in
V := T*V. Then V"’ N p~1(0) = {(A, B,4,0)|[A, B] = 0,C[A, B]i = C"}. By definition,
X is the Hamiltonian reduction of V' by the action of G, ie., X = (= 1(0)NV")/G.
This is a smooth symplectic variety equipped with a (C*)%action and also with a morphism
X = p10)//G = (h & b*)/S, that is a resolution of singularities.

In fact, we will need to work over a larger scheme. Namely, consider the Hamiltonian
reduction [V™" N p~1(3*)]/G. This is a scheme over 3*. Its non-zero fiber is the so called
Calogero-Moser space and the G-action over such fiber is known to be free. Let X be
the completion of this scheme at the zero fiber, this is a formal scheme over the formal
neighborhood (3*). The scheme X comes equipped with a fiberwise symplectic form, say
w.
We will define a sheaf DY of C[[3*, h]]-algebras on X as follows. We sheafify the h-adic
completion of Dy, (V) to V. Abusing notation, we denote the resulting sheaf again by Dj,(V).
Then set

¢
(21) Dy = [(End(U) ® Dy(V))ly>/(End(U) @ Dp(V)ly= @} (g, 8])] -
The group (C*)? naturally acts on DY, where we have (t1,ty).h = titah. Let A,(V,U)

stand for the subalgebra of Th-finite elements in I'(X, DY). This is an algebra over C[f, h]
equipped with an action of (C*)? by algebra automorphisms.

Theorem 7.1. There is a (C*)?-equivariant C[h]-linear isomorphism
T: A, (V,A""**C") = eHe
that maps (8 to ¢ + h. [l This isomorphism induces an isomorphisms
T, Ay(V,A7HC™) S e,-0iHey o)
for j > 0.
Theorem [7.1] is proved in the next three subsections.

7.2. Procesi bundle. In the proof we use a remarkable bundle on X, the Procesi bundle
P originally constructed by M. Haiman, [Hail; an alternative construction was produced by
Ginzburg, [Gi2].

The Hamiltonian reduction construction equips X and X with natural vector bundles T, T
of rank n. Namely, we can consider the G-equivariant vector bundle on T*V that is trivial
as a vector bundle, and such that G acts on a fiber as on the tautological n-dimensional
representation. We also equip this bundle with the (C*)%action that is trivial on the fiber.
The bundle 7 is the descent of the restriction of this bundle to x~'(0)N'V"". The bundle T
is (C*)2-equivariant. The bundle 7 on X is defined in a similar way.

There is another bundle on X, the Procesi bundle P. It is a (C*)2-equivariant bundle
with a fiberwise action of S,, having the following properties:

(i) Endo, (P) = CS, x Clh@®b*] (a C[h@®b*]%- and S,- and (C*)?-linear isomorphism).
(ii) Exty (P, P) =0 for i > 0.

"Here A"—2°C" := D; A2
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(ifi) eoP = Ox.

(IV) 6173 = T
Ginzburg generalized (iv): the vector bundle e;P = Homg, (A‘C", P) is naturally isomorphic
to A“T. This follows from [Gi2, Theorem 1.6.1] and is the main ingredient in the proof of
Theorem [Z1l (Note that this property fails if we replace A* in both places by a more general
Schur functor!)

Because of (ii), the bundle P uniquely extends to a (CX) -equivariant bundle P on X.
Moreover, since AT is a direct summand of P, we get Exto(/\ “T,AT) =0. So A'T is a
unique (C*)2-equivariant extension of A’ T So we see that P has the following properties:

(i) Endo, (P)/(5) = CS, x Clh & b7].
(i) Exty_(P,P) =0 fori> 0.
(ifi) eoP = Ox.
(iv) eyP = T. More > generally, the multiplicity space of the S,-module A* 'C" in P is
isomorphic to AYT.

7.3. Quantization. Set D), := D}, where C stands for the trivial G-module. This is a
quantization of the structure sheaf Og. We remark that D is almost the same as the

canonical quantization of X studied in [BK] and [L6]. The only difference is that the structure
of the C[[3*, h]]-algebra is changed, since here we have used a non-symmetrized quantum
comoment map to define Dy,. N N

To a G-module U we can assign a bundle i on X as before. One can construct a quanti-
zation i{'h of U as follows:

Up = [(U @ Dp(V))lg=+/(U @ Dn(V)) v« ®i([g, 8])].

It is clear from the construction that U, is a (C*)%-equivariant right Dj-module. Let us
relate U, to DY.

Lemma 7.2. There is a natural identification of the sheaves of algebras Endp, (Uy,) and DY .

Proof. There is a natural action of DY on U, from the left commuting with a right action
of Dy. This gives rise to a homomorphism DY — Endp, (U,). The endomorphism sheaf is

flat modulo h because Uy, is a locally free right Dj,-module. The sheaf DY is complete in the
h-adic topology. This is because the sheaf End(U) ® Dj,(V)|y= is Noetherian and so every
left ideal is finitely generated and hence closed with respect to the h-adic topology, compare
to [L5, Lemma 2.4.4]. So it is enough to check that the homomorphism is an isomorphism

modulo h. Equivalently, we need to show that the endomorphism sheaf of U is the sheaf
induced by End(U). But this is clear. O

Also, thanks to (ii) we have a unique quantization Pj, of P, where Py, is again a (C*)2-
equivariant right Dj,-module. We still have a natural action of S,, on Py,. Consider the
endomorphism algebra Endp, (P,). This is a C[[3*, h]]-algebra equipped with a (C*)-
action by automorphisms. Consider the subalgebra Endp, (ﬁh)TZ_ 7in Of To-finite elements in

Endp, (P,). The results of L6, Section 6] relate the latter algebra to H. Summarizing these
results, we obtain the following proposition.

Proposition 7.3. We have an S,-linear, (C*)%-equivariant isomorphism of C[h]-algebras
T :H — Endp, (Pn)1,—fin- It maps ¢ € H to —f or to 5 — h.
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We will see in the next subsection that actually Y(c¢) = 5 —h (i.e. §+ c+ h, as desired).
Now let € € CS,, be an idempotent. Then T induces an isomorphism

eHE =5 ¢ Endp, (Py)1,—jine = Endp, (€Ph)1,— fin-

7.4. Proof of Theorem [7-1l Let us remark that if a G-module U satisfies U = 675, then
U, = éP,. This is because Extgi(éﬁ,éﬁ) — 0 for i > 0 and so P admits a unique
quantization. So by applying e_, we have a (C*)?-equivariant C[[3*, h]]-linear isomor-
phism (X, DY) — Endp, (6P,) and hence a (C*)2-equivariant C[f3, h]-linear isomorphism
An(V,U) = Endp, (éﬁh)TQ_fin. So, to prove Theorem [T1], it remains to take U = A" ~2*C"
(where we use Ginzburg’s result on A'T) and verify that in Proposition [[.3, we have
T(c)=p—h.

Assume the converse, Y(c¢) = —f. Consider the determinant representation A"C". Then
U= e_ﬁ, where e_ is the idempotent corresponding to the sign representation. So we have
an isomorphism e_He_ = A4, (V, A"C"). Consider the specialization of this isomorphism at
h =1and ¢ = p. Since T(c) = =3, we get e_H; ye_ = A, _,(V,A"C"). It is known ([BEG])
that there is an isomorphism o, : eH; ,_;e = e_H, ,e_. Also, by the definition of quantum
hamiltonian reductions, there is an isomorphism oy : A; _;_,(V,C) = A; _,(V; A"C"). So,
we have an isomorphism o,' oe_ Yooy : eH;, je — A; 1 ,(V,C). On the other hand,
we have €Y : eH;,,1e = A;_1_,(V,C). This gives rise to an isomorphism eH; , e =
eH, , e for all p. It is clear, however, that such an isomorphism cannot exist (for example,
from considering dimensions of irreducible finite dimensional representations, see [BEGI).

7.5. Local vs. global quantum Hamiltonian reductions. We also can form the global
hamiltonian reduction

An(V,U) == [(End(U) ® Dy(V))/(End(U) @ Dy(V))®}, ([, a])I,

where the algebra Dy, (V) is not completed. This definition yields a (C*)?-equivariant C[3, h]-
linear algebra homomorphism ¢ : A,(V,U) — A,(V,U).

We do not know whether this homomorphism is an isomorphism with one exception:
U = C. In this case modulo (h, 3), the homomorphism ¢ is the map C[h @ h*]°» — C[X].
This is an isomorphism. Since the algebras in consideration are graded and flat over C[h, 3],
the homomorphism ¢ is an isomorphism.

Also let us point out that our construction is independent of U in the following sense.
Let €, e” be two commuting idempotents in CS,, such that ¢’¢” = 0. Assume that U’, U” be
G-modules such that U' = ¢'P,U" = ¢”P. Then we have homomorphisms

An(V,U") = Ay(V,U') 5 dHe', Ap(V,U") = An(V,U") 5 ¢"He,

A (VU & U") = Au(V, U aU") = (¢ + ¢"H( + €").
The latter homomorphisms map idempotents corresponding to U’, U” to the analogous idem-
potents. The induced homomorphisms between A,(V,U?), A,(V,U?),e’He’ coincide with
the homomorphisms above.
Specializing to h = 1, 5 = ¢ we get a homomorphism A.(V,U) — eyH.ey. We note that
for U = C the homomorphism A.(V,U) — A.(V,U) = eH_.e is an isomorphism.
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7.6. The CEE construction. Let V' be an m-dimensional vector space, and M a D-module
on g =sl(V) =sl,. Let G = SL(V) (note that we now consider sl,, instead of gl,,, and use
m instead of n for the size of matrices).

Consider the vector space
Fo(M) = (M @ V*em)©

Remark 7.4. Let My be the locally finite part of M under the sl(V')-action by conjugation.
It is clear that F,(M) = F,(My), so we may assume that M = My, i.e. that M is G-
equivariant. In this case, M = @™ ' M(s), where M(s) is the subspace on which the center
of SL(V') acts as it does in V%, It is easy to see that F, (M) = F,(M(n)), where 7 is the
remainder under division of n by m.

Following [CEE], Subsection 9.6/ and replacing V with V* (using the isomorphism s[(V) 22
s[(V*) given by A +— —A*), we obtain the following proposition

Proposition 7.5. The space F,(M) carries a natural action of the rational Cherednik
algebra Hm (n).

If M = M(s), we say that M has central character s. Let u be a partition of d =
GCD(m,n), and M, be the irreducible G-equivariant D-module on s[(V') with central char-
acter n supported on the nilpotent orbit O, corresponding to f, as in [CEE]. Then, as shown
in [CEE], Fl.(F(M,)) = Ln(npu/d). Thus, @F,(F(M,)) =€Ln(nu/d).

Thus, applying € to the statement of Proposition [/, we immediately obtain the following
corollary:.

Corollary 7.6. The space

el (M) = (M ® (B even SV @ NV))Y
carries a natural action of the algebra @Hm (n)e. If M = F(M,), where u is a partition of
d, with central character n, then this space is naturally isomorphic to €Lm (npu/d).

7.7. Matching of representations with minimal support for spherical Cherednik
algebras. Let m,n be positive integers with GCD(m,n) = d. By H.(n) we will mean the
rational Cherednik algebra H.(S,, C"™!). It is known [LI] that if ¢ has denominator d, then
the proper two-sided ideals in H.(S,) form a chain 0 = Iy C [y C ... C Ijn/qp; 80 Ijpyq is a
maximal ideal. We will denote it by I(c). Let e = ey be the symmetrizing idempotent for
Sn, and Io(c) = el(c)e C eH.(n)e.

Recall that the spherical Cherednik algebra eH.(n)e contains the z-subalgebra generated
by the power sums p;(z1, ..., z,), the y-subalgebra generated by the power sums p;(yi, ..., Yn),
and the sly-subalgebra generated by >~ z? and Y y?. The following proposition is proved in
[CEEl Proposition 9.5]:

Proposition 7.7. There is an isomorphism ¢ : el{m (n)e/Io(%) — eHr (m)e/lo(;:), which
preserves the Bernstein filtration, the z-subalgebra, the y-subalgebra, and the sly,-subalgebra.

Consider the isomorphism ¢ in more detail. Let z1, ..., z, be the x-variables for the first
spherical Cherednik algebra, and z1, ..., 2/, be the z-variables for the second one. Let p,, =
27 + ...+ 27,. By [CEE, Proof of Proposition 9.7, line 3], we have ¢(p,(2)) = Zprm(2).
Denote the z-subalgebras of these two spherical Cherednik algebras (i.e., the subalgebras
generated by p,, and p, . respectively) by A,,, and A, ,,, respectively, and define the

8Note that in [CEE], the parameter m is denoted by N.
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affine schemes &,,, = Spec A,,, and &, ,, = Spec A, ,,. Then we have an isomorphism
¢ Ampn — Anm, and hence an isomorphism of schemes ¢* : &, ,, = X, ,,. This isomorphism
induces an isomorphism of the corresponding reduced schemes (i.e., affine varieties) ¢* :
X nom —> X mmn- Lhese varieties, by the results of |[CEE| Section 9], are just the minimal
supports of category O modules over the corresponding spherical Cherednik algebras. This
means that X, , = X4, /a(n)/ Sy is the image (under taking the quotient by permutations) of
the locus where x; = x; when i — j is divisible by d (4,7 € [1,n]), and X, ,n = Xam/a(m)/Sm
is the image of the locus where 2} = 2, when i — j is divisible by d (i,j € [1,m]). Set z; = x;
and zj = x; for i = 1,...,d. Then Proa() = 2pra(z) on Xy, and pyp(a’) = 2pra(z’) on
Xnm. Thus, X, and X, ,,, are d-dimensional affine spaces with coordinates p;.4(2), pra(2'),
respectively (r = 1,...,d), and we have ¢(p,4(2)) = pra(z’). Hence ¢p(A?(2)) = A?(2'), where
A is the Vandermonde determinant. Let Z C &), ,,, be the zero locus of A(z) (i.e. the image
of the locus where z; = z; for some i # j), and Z' C A, ,, be the zero locus of A(2') (i.e.,
the image of the locus where 2{ = 2} for some i # j). We see that ¢*(Z') = Z.

Now consider the category O of modules over ellm (n)e/I.(%}) (i.e., the category of mod-
ules which are finitely generated over Clxy, ..., z,]" and locally nilpotent under the action
of the augmentation ideal of Clyy, ..., 4,]°"). This category is equivalent to the category of
minimal support modules in the category O for H ml(n) namely, an equivalence is given by
M +— eM. So by the results of [Wi, Theorem 1.8 and Proposition 3.7] (see Theorem 2.2]), it
is a semisimple category with the simple objects eL%(g,u), where p is a partition of d.

We will need the following proposition on how the isomorphism ¢ acts on these modules.

Proposition 7.8. For any partition u of d, the pushforward map ¢, under the isomorphism
¢ of Proposition [Z.7 sends the module eLm (54) to the module eL = (7 u).

Proof. 1t is clear that ¢. sends the module eL= (nu/d) to the module eL » (mo(u)/d), where
o is a certain permutation of the set of partitions of d, and our job is to show that ¢ = id.
Let us localize our algebras and modules with respect to the loci Z and Z’ (i.e., to the
complements of these loci), and denote the corresponding localizations by the subscript “loc”.
Since ¢*(Z') = Z (as shown above), we have an isomorphism @ioc : (€Hm (n)e/Ie(’}))ioc —
(e ne/le(;:) )i, which maps the module eLm (nu/d)i. to the module eLE( o(u )/d)1OC
On the other hand, we see from the results of [Wi] (see Section 4 of [Wil, in particular
Theorem 4.4) that the algebra (eHm(n)e/le(%))e can be naturally identified with the
algebra (D(C?\ diagonals) ® End(Y (m, )®d)) ¢ where Y (m,n) is the spherical part of
the irreducible finite dimensional representation of Hm(ng). But it is shown in [CEE] (see
Section 9, in particular, Proposition 9.5) that there is a natural identification of graded spaces
v Y (m,n) =2 Y (n,m), and upon this identification the map ¢y, becomes the identity map.
But it follows from [Wi|] (see Section 4 of [Wi] and Theorem 2.2 above) that the module
eLm (p) corresponds under the above identification to the local system on (Cl/Sy) \ Z
which is attached to the representation 7, ® Y®¢ of S; (where Y =Y (m,n) = Y (n,m) and
M is the irreducible representation of S; attached to the partition p). Thus, we see that
Ty = To(u), which implies that p = o(p), as desired. O

7.8. The generalized Gan-Ginzburg construction. Recall the setting of quantum hamil-
tonian reduction introduced above (but now for numerical values of parameters, and n
replaced with m). Let g = sl,, V = C™ V,, = g x V. We will denote V,, by V
for brevity. Let 0 < i < m, and consider the algebra A := D(V) ® End(A™"2V).
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For a € gl,,, let X, be the vector field on V corresponding to the action of a, and let
us consider the homomorphism (the quantum moment map) u : gl,, — A defined by
wa) = X, @1+ 1®a. Let ¢ € C and x. : gl,, — C be the character defined by
Xe(a) = ¢Tr(a). Let A(V,A™2V) = (A/A(n — x.)(gl,,))® be the (global) quantum
hamiltonian reduction.

Proposition 7.9. Let M be a D(g)-module. Then the algebra A.(V, A™~2*V) acts naturally

on the space (M @ SV* @ A™72°V @ x_.)9m.

Proof. This follows directly from the definition of the quantum Hamiltonian reduction. [
Note that the space (M @ SV*@ A"V ® x_.)%m is nonzero if and only if —mc+m — j is

a nonnegative integer £, and in this case this space is (M ® SV* @ A™~V)8. Thus, replacing

cby 1 —cand A™ 7V by AJV* (which are isomorphic sl,,-modules), we obtain the following

corollary.

Corollary 7.10. For a nonnegative integer ¢, on the space (M & (8; even S™ I V* QN V*))9,
there is a natural action of the algebra A;_.(V, A" 72*V).

We are now ready to state and prove the main theorem of this section. Recall from
Subsection that € = Z?:_Ol € = D ;502 = ) ;>0 €2itr1 i an idempotent for S,,. We have:
eCS,, = Ab,,, where b, is the reflection representation of S,,.

Theorem 7.11. We have a natural isomorphism of algebras

_ no_ m.y._
(Hz (m)/I(—))e = &(Hz(n)/I(~))e
preserving the filtration and the grading, and mapping e; to e; and e; to e;.
A proof of Theorem [[.11] is given in the next subsection.

Corollary 7.12. We have natural isomorphisms of algebras

n m
65 (H () /() e = e (Hon (n) 1)),
n m
€5 (Ha (m)/1(2))e; = e5(Han (1) 1)) e;
Proof. The Corollary follows from Theorem [7.11] by applying e;, respectively e; on both
sides. 0
Remark 7.13. If n > m then for m < j <n, e; € I(%), so for any i,

m m
ex(Ha () 1))y = e (Ha () [1(2))es = 0.
7.9. Proof of Theorem [7.11l We will show that there is a homomorphism
_ m.._ n.._
Conn + &(He (n)/1(--))8 — &(Ha (m)/1())e
preserving the Bernstein filtration. This homomorphism must be injective since the alge-
bra €(Hm(n)/I(%))e is simple f. This implies that we have a self-inclusion Ppm © P
of € Hm(n)/I(%))e preserving the Bernstein filtration. Since the Bernstein filtration has
finite dimensional quotients, this self-inclusion must be an isomorphism, which implies the
theorem.

9ndeed, this algebra is Morita equivalent to the algebra Hm (n)/I(%), which is simple, and simplicity is
a Morita invariant property.
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To construct ®,,,,, recall that by Proposition [7.6], we have a map
7:€Hmn(n)e — End (M @ &, cven S"7V* @ NV*)9) |

which is obtained by applying € on both sides to the map 7 : Hm (n) — End((M ® (V*)®")?)
provided by [CEE], see Proposition above (on the right hand side, e; symmetrizes with
respect to the first n — j indices and antisymmetrizes with respect to the last 7 indices, and
€= wen ej) Moreover, we know from [CEE], Section 9, that this map kills the ideal
el(™)e, so it defines a map

£ B(Hp () /1)) = Bnd((M @ (8 v "IV © NV))0).

Now, according to [CEE], the action 7 is given by global differential operators with values
inU = @jeven A"V Let £ : Ap_n (V,U) = End((M®(B; even S" V@A V*))?) (where
V =5sl(V) & V) be the action of the global hamiltonian reduction from Corollary [[. 10l Let
K = Ker(£), and € be the corresponding injective map

§:A1_2(V,U)/K = End((M ® (B even S" IV @ NV*))?).

Since the action 7 is given by global differential operators, it must factor through &, i.e., there
exists a unique homomorphism  : e(Hm(n)/1(%))e — A1—»(V,U)/K such that T = £od.
Now recall that for any ¢ we have an algebra homomorphism from the global hamiltonian
reduction to the global sections of the local hamiltonian reduction, 7 : A.(V,U) — A.(V,U)
(see Subsection [T5)). This descends to @ : A.(V,U)/K — A.(V,U)/(r(K)) (where (S)
denotes the ideal generated by S). Also, since e;H.e; = e,,_;H_.em_;, by Theorem [[1] we
have an isomorphism ¢ : A, »(V,U) — @(H=x(m))e, which induces isomorphisms ¢; :
Ay n (V,A"3C™) — e;H= (m)e;. This isomorphism descends to an isomorphism

¢ A (V,U) /(7 (K)) = @l z(m)e/e((r(K))).

Since €/ (7-)€ is a maximal ideal, and since ideals in the Cherednik algebra form a chain (see
the beginning of Subsection [Z.7)), we see that e/(*)e D ¢((m(K))), and hence we have a
projection v : @H = (m)e/¢({m(K))) — €(H= (m)/I(;:))e. So the map ¢’ gives rise to a map

@: A2 (V,U)/(w(K)) = &(Hz(m)/I(3))e.
So altogether we have a map

By i= @07 00 : (Ha (n)/[(%))é — 8(Hax (m)/[(%))é,
as desired.

It remains to show that the map ®,,, preserves the Bernstein filtration. To show this,
note that the map @ preserves the Bernstein filtration by the CEE construction, the map
@ preserves the Bernstein filtration by the generalized Gan-Ginzburg construction, and the
map 7 preserves the Bernstein filtration because the corresponding map of the Rees algebras
is (C*)2-equivariant. This implies the required statement.

OHere M can be taken to be any D-module for which the corresponding spaces of invariants are nonzero;
for example, one can take M = F(M,) for X being a partition of d, as in Section 5.
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7.10. Correspondence between modules over quasi-spherical subalgebras.

Proposition 7.14. For j = 0, the isomorphisms of Corollary [.12] coincide with the isomor-
phism constructed above in Proposition [[.7]

Proof. Tt suffices to show that these isomorphisms coincide on the elements >, z¥ and 3, 7,
since by the results of [BEG], such elements generate the corresponding algebras.

To this end, note that it follows from [CEE], Section 9, that in the proof of Theorem [.11]

one has 0(}_" 27) = 2 Tr(X") where X € sl,,. Also, it is clear that 7(Tr(X")) = Tr(X"),
and ¢(Tr(X")) = >0, a7, Thus, ®,,,(> 0, 27) = 25" 27, Similarly, it follows from
[CEE], Section 9, that one has (>, y?) = A, (the Laplacian of g). Also, it is clear
that 7(A,) = A, and it is known from [EG] that ¢(A,) = > y2. Thus, @,,,(> "1, v?) =
LN Y2, as desired. O
Corollary 7.15. The isomorphism of Theorem [Z.11l maps €L~ (“;11) to €L = (), and the
isomorphisms of Corollary [.I2 map e; L= (%) to e;Lm (Gu), and e;Ln(% u) to e;Lm(5u).
Thus, we have natural isomorphisms of vector spaces preservmg the gradlngs and the filtra-
tions: SLa (21) = eLis (3u), ¢;Lx (24) = e, Las (211, ;Ls (24) = 5L (3p).
Proof. The algebra €H.(n)e is Morita equivalent to both eH.(n)e and H.(n), and the sym-
metrizer e can be regarded as an idempotent in €H.(n)e. So, we see by Proposition [.8]
and Proposition [Z.14] that the pullback of €Lm (5u) to €Hy/.(m)e is €Lx (% u). This proves
the first statement of the Corollary. The second statement is obtained from the first one by
applying e; and e;, respectively. O
Remark 7.16. Note that by virtue of the above results, the algebras @ Hm (n)e and €H » (m)e
act on the same space (M & (D; evenS" V*@AIV*))? (the first algebra via the CEE construc-
tion and the second one via the generalized Gan-Ginzburg construction), and the images of
these algebras under these actions coincide.

8. SYMMETRIZED K0szUuL-BGG COMPLEXES

8.1. Quasiisomorphism of Koszul-BGG complexes. Consider the BGG resolution K7, ..
As a vector space, it is just the space Q°h,, of differential forms on the reflection represen-
tation, and the homological degree is given by the degree of a form. The differential is
a contraction ¢ with an S,-invariant vector field £ = ), fia%i, where f; are the singular
polynomials for Dunkl operators. In other words, ¢ is defined by the identity

e(dz; N o) = fiao —dx; A te(a).
By definition, K, , is a Koszul complex associated to the polynomials f;.

Lemma 8.1. The symmetrized complex (K;W)S” coincides with the Koszul complex asso-
ciated to the polynomials >~ 27 f;, 1 <j<n-—L1
Proof. By a theorem of Solomon [S] we have

(Q.bn)sn = Q.(bn/sn)

The functions on b,,/S,, are symmetric functions on b, and form a polynomial ring in power
sums po, . .., p,. The statement now follows from the identity

ve(dp;) = 1e(j Y ol ) =3y _alT'f
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Recall that by (I9]) the singular polynomials are given by the equation

0
fi = O Coefm+1 H(l — Z.CL’Z')

m
n
%

Theorem 8.2. The symmetrized complex (K;nm)s" is quasi-isomorphic to the Koszul com-
plex associated to the sequence of polynomials

<1+Zukzk) — <1+kazk) ],2§j§m+n—1
k=2 k=2

in variables ug, ..., Uy, Vg, ..., Up.

(22) Coef;

Proof. By Lemma [B.1] (K,’n,n)s’l is isomorphic to the Koszul complex associated to the poly-
nomials g; = 3, #) f;, 1 < j < n—1. Similarly to the proof of [Gor2, Theorem 4.3], one can
deduce from ([9) that g; are related to §; = Coef,y; [[;(1—22;)", 1 < j <n—1 by a trian-
gular change. Therefore the Koszul complexes associated to g; and g; are quasi-isomorphic.
If we denote [],(1 — zz;) = 14 > _;_, upz", we conclude that (K3, , )% is quasi-isomorphic
to the Koszul complex associated to the polynomials
Coef 4 5(1 + Zukzk)ml, 1<j<n-1
k=2

in variables u,. The latter complex is quasi-isomorphic to the Koszul complex associated to
the polynomials

Coef (l—l—Zukzk)% - (l—l—kazk) ,2<j<m+n-1
k=2 k=2

in variables wuy, vy, while this set of polynomials is related to (22]) by a triangular change
which does not affect its quasi-isomorphism class. O

Corollary 8.3. The complexes (K3, )" and (K7 ,,)°" are quasi-isomorphic as complexes
of modules over the ring of symmetric functions. In particular, (L= ((n)))*" 2 (L= ((m)))%".

m

Proof. The first statement follows from Theorem The second statement follows from
the first one, since Ho(K3,,) = Lm((n)). O

m,n

8.2. Action of the Hamiltonian. Recall that the quantum Calogero-Moser Hamiltonian
is defined by the formula Hy = > | D?. Let us compute the action of Hy on

HomSn(A.bm C[V]) = (Q.hn)sn = Q.(bn/sn)

This action is defined because the space Homg, (A®h,,, C[V]) is the S,-invariants in the Verma
module M.(A*hY) over the rational Cherednik algebra. We have to compute
Hy(f(z1,...,20)dpa; A .. ANdp,, ), where p; are the power sum symmetric functions (provid-
ing a coordinate system on b,,/5,,), f is a symmetric polynomial in x; (and thus a polynomial
in p;), and dpg, A ... A dp,, denotes a copy of A*h,, in C[h,] spanned by the coefficients of
dpa, N ...dp,, in its expansion in dz;. Since Hy commutes with the action of .S, its action
on S,-equivariant differential forms is well-defined and preserves the exterior degree.

2
Recall that Hs is a second order differential operator with > (a%i) as second order part,
so one has the identity Ho(fg) = Ha(f)g+fH2(9)+2(V f, Vg), where (Vf,Vg) =>". ggi ggi.
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Lemma 8.4. The following equation holds:
Hy(dp; N dp;) = Ha(dp;) A dp; + dp; N Ha(dp;).

dpi 9pj _ Opi 9p;
Oz Oy Oxy Oxy "

Proof. By definition, dp; A dp; is a copy of A*V spanned by Therefore

Hy(dp; N dp;) — Ha(dp;) A dpj — dp; N Ha(dp;) = Z
!

Ppi Pp;  Ppi Py
0x,0x; 0x,0x;  Ox,0x; 0x, 07

Note that afigml vanish for p # [, so the right hand side can be rewritten as

D’p; 0%p;  O%p; p;
Z 2 2 2 5 ] =0.
Ox; Oxj  Oxj O

l

Lemma 8.5. The following identity holds:

k—2

Hy(dpy) = (1 + c)k(k — 1)dpy—2 — chzpsdpk—2—s-

s=0

Proof. By [GORS, Lemma 2.6] Hy(pr) = (14 ¢)k(k — 1)pr_g — ke Y 2 papr—2-s, and dpy

s=

denotes a copy of h spanned by ng’; = D, (px). Therefore Hy(dpy) is spanned by
Hy(dpr) = (Ha(Dy(pi)) = (Du(Ha(pr))) = dHa(pr) =

k—2

(1+c)k(k — 1)dpp—2 — 2kczpsdpk—2—s-

s=0

Lemma 8.6. The following equation holds:

sk(k—1) 0
(Vf,Vdpe) = ﬁa]{ APpys—2-

s

Proof. By definition, (V f, V(dpi),) = >, Of Ppi k(k — 1)xk_2%. This is a first order

Ox; Oz, 0z 14
differential operator in f, so it is sufficient to compute it for f = p,:

5 Ops _ sk(k—1)
k k+s
e T
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Theorem 8.7. The action of Hy on the S,-invariant differential forms is given by the
equation

(23) Ha(fdpa, A .. .dpak) = Hy(f)dpa, A - ..dpa,+

saj(a; — 1) Of
222 S A B dpa; N oo Ndpa,vs—2 N ... dpa,—

a;+5s—2 Ops

2cf Z Zpsozjdpal Ao Ndpa;—2-s N ... dpa,+

(1+¢) onz] Ddpa, A ... Ndpa;—2 N ... dpa, .

Proof. By Lemma [84] one has

k
Hy(f - dpa, A - .. dpa,) = Ha(f)dpa, A .. .dpa, + Y fdpa, N... A Hy(dpa,) A ... dpa,

k
Z 1YV f, Vdpa,)dpa, A - Adpe, A .. dpe

Now the theorem follows from Lemma and Lemma O

Corollary 8.8. Let us consider two sets of coordinates {z;}, {Z;} such that p; = cp;. Then
Hy(5) = LH5(00).

Proof. The statement was proved in [GORS, Theorem 2.9] for symmetric functions. Let us
extend it to the differential forms. Indeed, dp, = ¢ - dpy, and

0 0
He(p) = (), L= 1Y

" Op. cOps

1. 1 1 1
—pr = ~(cpi), 1+ - =—(1+0).
c c c c

Therefore every term in (23) is multiplied by . O
It follows from Proposition that the actions of Hy and ¢z commute.

Theorem 8.9. The quasi-isomorphism of Corollary B3 between the complexes (K3, )" and
(K,’Lm)s’" commutes with the action of Hy. In other words, if Y is the algebra freely generated
by the symbol H, and symmetric functions in infinitely many variables, then (K3, )5 and
(Ky,,)° are complexes of Y-modules, and the quasi-isomorphism of Corollary B3l is a
quasi-isomorphism of complexes of Y-modules.

Proof. Let us extend the action of Hs to the constructions of Theorem Consider the
polynomial ring in variables us, . .., Uy, va, . . ., v,,. We identify u; with elementary symmetric
polynomials in variables zq,...,x, and v; with the elementary symmetric polynomials in
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variables 77, ..., T,,. Consider the operator H := nH, + mﬁ/g. It is sufficient to check that
H preserves the Koszul complex associated with the equations

Coef; {(1 + 3 (1)) — (1 + Z(—l)ivizi)"] L i=2..m+n—1

We can change variables and consider instead power sums in z; and z;: the generators
will be pa, ..., Pn, D2, ..., Pm, and the equations E; :== mp; —np; =0, i =2...m+n — 1.
The corresponding Koszul complexes will be quasi-isomorphic, and it follows from [GORS,
Lemma 2.6] that

LH(Ez) = Hy(p;) — Ej;(@) = (m;— nZ(Z — D)pi—a — m;— nZ(Z — 1)@—2) —

mn
i—2 i—2
m n -
11— E PsPi—2—s — t— PsPi—2—s | =
n m
s=0 s=0

. i=2

m-+n 7 ~

(1 —1 Ei— - i— —sEs + sEi— —s) -
Z(Z ) 2 mn 52:; (mp 2 np 2 )

mn

Since H(E;) belongs to the ideal generated by E; with j < ¢, the Koszul complex associated
with E; is invariant under H. Ol

8.3. Yet another proof of Theorem [6.3|(ii). Here is a third proof of Theorem [(.3|(ii),
based on Theorem 8.9 First, note that the statement holds if m is divisible by n. In this
case, d = n, the differential is zero, so the statement is trivial. Next, by the results of
[BEGI, the spherical subalgebra eH.(n)e is generated by symmetric functions of the x; and
Hy := Y".y?. Therefore, Theorem and Proposition [Z.8 imply that if the statement of
Theorem [6.3|(ii) holds for (m,n) then it holds for (n,m). Finally, by Corollary [6.12 using
the fact that the shift functor is an equivalence ([BE]), we see that if the statement holds
for (m,n) with m > n, then it holds for (m — n,n). This implies the result by using the
Euclidean algorithm (more precisely, any pair (m,n) can be reduced to one with m divisible
by n by transformations (m,n) +— (n,m) for m < n and (m,n) — (m —n,n) for m > n).

Remark 8.10. Instead of the shift functors (i.e., Corollary [6.12]), we could have used
Rouquier equivalences of highest weight categories Om = O, where m,m’ > 0 and

GCD(m,n) = GCD(m',n) (|R]). Note that for GCD(m,n) — 2, these equivalences were
constructed later in [L4].
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