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Abstract

We analyze in this paper a random feature map based on a tbkmyariance
(I-theory) introduced in ]. More specifically, a group invariant signal signature
is obtained through cumulative distributions of groupfarmed random pro-
jections. Our analysis bridges invariant feature learniity kernel methods, as
we show that this feature map defines an expected Haar-ati@gikernel that is
invariant to the specified group action. We show how this lw@ar random fea-
ture map approximates this group invariant kernel unifgram a set ofV points.
Moreover, we show that it defines a function space that iselgnthe equivalent
Invariant Reproducing Kernel Hilbert Space. Finally, weaqtify error rates of
the convergence of the empirical risk minimization, as selthe reduction in the
sample complexity of a learning algorithm using such anriiawd representation
for signal classification, in a classical supervised leagrsietting.

1 Introduction

Encoding signals or building similarity kernels that areanant to the action of a group is a key
problem in unsupervised learning, as it reduces the coritplefthe learning task and mimics how
our brain represents information invariantly to symmetaed various nuisance factors (change in
lighting in image classification and pitch variation in speeecognition) 1, 2, 3, 4]. Convolutional
neural networksH, 6] achieve state of the art performance in many computer wiaiod speech
recognition tasks, but require a large amount of labeledgkas as well as augmented data, where
we reflect symmetries of the world through virtual examplg<s3] obtained by applying identity-
preserving transformations such as shearing, rotatianskation, etc., to the training data. In this
work, we adopt the approach of][ where the representation of the signal is designed toctefle
the invariant properties and model the world symmetries \gibup actions. The ultimate aim is
to bridge unsupervised learning of invariant represematiwith invariant kernel methods, where
we can use tools from classical supervised learning toyeaddress the statistical consistency and
sample complexity question8,[10]. Indeed, many invariant kernel methods and related iavri
kernel networks have been proposed. We refer the readee tiellted work section for a review
(Sections) and we start by showing how to accomplish this invarianoatgh group-invariant Haar-
integration kernelsq1], and then show how random features derived from a memasgdtheory

of invariances introduced irl] approximate such a kernel.

1.1 Group Invariant Kernels

We start by reviewing group-invariant Haar-integrationiads introduced in11], and their use in a
binary classification problem. This section highlights toaceptual advantages of such kernels as
well as their practical inconvenience, putting into pecdppe the advantage of approximating them
with explicit and invariant random feature maps.
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Invariant Haar-Integration Kernels. We consider a subséf of the hypersphere id dimensions
S9=1. Let px be a measure aff. Consider a kernély on X', such as a radial basis function kernel.
Let G be a group acting o', with a normalized Haar measute G is assumed to be a compact
and unitary group. Define an invariant keriébetweene, z € X through Haar-integratiorifl] as
follows:

K(z,z) = /G /G ko(gz, ¢'2)du(g)du(g'). 1)

As we are integrating over the entire group, it is easy to bat K(¢'x, 92) = K(z,2), Vg,¢' €
G,Vz,z € X. Hence the Haar-integration kernel is invariant to the gracon. The symmetry of
K is obvious. Moreover, ik is a positive definite kernel, it follows th&t is positive definite as
well [11]. One can see the Haar-integration kernel framework asanéiirm of data augmentation,
since we have to produce group-transformed points in ocdeompute the kernel.

Invariant Decision Boundary. Turning now to a binary classification problem we assumewiea
are given a labeled training sef: = {(z;,y;) | z; € X,y; € Y = {£1}}N,. In order to learn a
decision functionf : X — ), we minimize the followmg empirical risk induced by d&nLipschitz,
convex loss functio, with V/(0) < 0[12]: minfew, Ev(f) == = Zf;l V(y: f(z;)), where we
restrictf to belong to a hypothesis class induced by the invariangtéinthe so called Reproducing
Kernel Hilbert Spacé{x.. The representer theorerhd shows that the solution of such a problem,

or the optimal decision boundayy;, has the following formyy (x) = Zfil o K(z, ;). Since the
kernel K is group-invariant it follows that % (gz) = Zfil a;iK(gz,z;) = Zf.vzl aiK(x, ;) =
f&(z), Yg € G. Hence the the decision boundafyis group-invariant as well, and we have:
falgz) = fr(z),Vg € G,Vx € X.

Reduced Sample Complexity. We have shown that a group-invariant kernel induces a group-
invariant decision boundary, but how does this translatin¢osample complexity of the learning
algorithm? To answer this question, we will assume thatripatisett’ has the following structure:

X =X UGXy, GXy = {z|z = g,z € Xy, g € G/ {e}}, wheree is the identity group element.
This structure implies that for a functighin the invariant RKHSH ¢, we have:

Vz € GXp, Tz € Xy, g € G suchthaty = gz, andf(z) = f(z).

Let p,(z) = P(Y = y|z) be the label posteriors. We assume thglyz) = p,(z),Vg € G. This
is a natural assumption since the label is unchanged givegrtbup action. Assume that the get
is endowed with a measugey that is also group-invariant. Lgt be the group-invariant decision
function and consider the expected risk induced by thelgss, (f), defined as follows:

/ SV (f (@) py () pr (@)da, 2)

yey

Ev(f) is a proxy to the misclassification risk%]. Using the invariant properties of the function
class and the data distribution we have by invariancg ef,, andp:

evif) = /XOZ;}Vyf oy (@) pie (2 dm+/gXOZ;Vyf pae(2)dz
- [ [ L Vil foo)p(a)i
= [ dute) [ S V1@, @hx(a)ds @By invariance of. . andy)
Xoyey
= /ZVyf )oy () px (z)d.

0 yey

Hence, given an invariant kernel to a group action that isitithe preserving, it is sufficient to
minimize the empirical risk on the core s&}, and it generalizes to samplesgixy.

Let us imagine thatt is finite with cardinality|X'|; the cardinality of the core set; is a small
fraction of the cardinality oft: |Xy| = «|X|, where0 < o < 1. Hence, when we sample training
points fromA}, the maximum size of the training seths = a|X'| << |X|, yielding a reduction in
the sample complexity.



1.2 Contributions

We have just reviewed the group-invariant Haar-integrakiernel. In summary, a group-invariant
kernel implies the existence of a decision function thahisfiant to the group action, as well as
a reduction in the sample complexity due to sampling trgmpoints from a reduced set, a.k.a the
core seth).

Kernel methods with Haar-integration kernels come at a egpensive computational price at both
training and test time: computing the Kernel is computatlityrcumbersome as we have to integrate
over the group and produce virtual examples by transforrpivigts explicitly through the group
action. Moreover, the training complexity of kernel methatales cubicly in the sample size.
Those practical considerations make the usefulness oflarolels very limited.

The contributions of this paper are on three folds:

1. We first show that a non-linear random feature mhapt — R” derived from a memory-
based theory of invariances introduced i induces an expected group-invariant Haar-
integration kernelK. For fixed pointse, z € X, we have:E (®(x), ®(z)) = K(z, 2),
whereK satisfies:K (gz,g'z) = K(z,2),Vg,9' € G,z,z € X.

2. We show a Johnson-Lindenstrauss type result that holftsrony on a set ofV points that

assess the concentration of this random feature map artaexpiected induced kernel. For
sufficiently largeD, we have(®(z), ®(z)) ~ K(x, z), uniformly on anN points set.

3. We show that, with a linear model, an invariant decisiomcfion can be learned in this
random feature space by sampling points from the coré’séte: fi (z) = (w*, ®(z))
and generalizes to unseen pointgjiAy,, reducing the sample complexity. Moreover, we
show that those features define a function space that appates a dense subset of the
invariant RKHS, and assess the error rates of the empiiglalhninimization using such
random features.

4. We demonstrate the validity of these claims on three digagtext (artificial), vision
(MNIST), and speech (TIDIGITS).

2 From Group Invariant Kernelsto Feature M aps

In this paper we show that a random feature map based oniytfgo ® : X — R” approximates
a group-invariant Haar-integration kerrf€lhaving the form given in Equatiori);
(@(z), ®(2)) = K(, 2).
We start with some notation that will be useful for defining feature map. Denote the cumulative
distribution function of a random variahlé by,
Fx(r) =P(X <7),

Fix x € X, Letg € G be arandom variable drawn according to the normalized Haasore: and
let t be a random template whose distribution will be defined ldter s > 0, define the following
truncated cumulative distribution function (CDF) of the gdeoduct(z, gt):

Y(x,t,7) = Py((z,gt) < T) = Fig gy (T), T € [=5,8],x € X,

Lete € (0,1). We consider the following Gaussian vectors (sampling wéjbection) for the tem-
platest:

1 .
t=n~N (0, Eld) , if Han <l4e¢, t=1 else.

The reason behind this sampling is to keep the range gft) under control: The squared norm
Han will be bounded byl + ¢ with high probability by a classical concentration res@eé proof
of Theoreml for more details). The group being unitary and S?—*, we know that | (z, gt) | <
[In]l, < vV14+e<1+e¢,foree(0,1).

Remark 1. We can also consider templatgsdrawn uniformly on the unit sphe@&~'. Uniform
templates on the sphere can be drawn as follows:

t VNN(OaId)a
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since the norm of a gaussian vector is highly concentratediad its mean/d, we can use the
gaussian sampling with rejection. Results proved for gamstemplates (with rejection) will hold
true for templates drawn at uniform on the sphere with déffeiconstants.

Define the following kernel function,

KS(.T,Z) = Et ’L/J(.I',t,T)w(Z,t,T)dT,
wheres will be fixed throughout the paper to Be= 1+« since the gaussian sampling with rejection
controls the dot product to be in that range.
Let 5 € G. As the group is closed, we have(t,gz,7) = [, 1(g50.0<-du(g) =
fG Vigzty<-dp(g) = ¥(t,xz,7) and henceK (g9, 9'z) = Ky(w, 2), forall g,¢" € G. Itis clear
now thatk is a group-invariant kernel.
In order to approximaté;, we sampldG| elements uniformly and independently from the group
G,i.e.g;,i =1...|G|, and define the normalized empirical CDF :

|G|
1
qs(xvtaT):i 1 itx)<T> _SSTSS-
|G|\/m ; (git,x)<
We discretize the continuous threshelds follows:
|G|
sk N
t,— | = —— 1, s —n<k<n.
¢<x’ ! n> Nerlel ; te)siby TSRS

We samplen templates independently according to the Gaussian sagnwiih rejectionyt;, j =
1...m. We are now ready to define the random feature dap

o(z) = |o x,t-,—Sk € Rt xm
J
n j=1l..mk=—n...n

Itis easy to see that:

U sk sk
lim Ey g ((2), B(2))gantnxm = n1ggo1Et7gZ > ¢ (x,tj, ;> ¢ (z,tj, ;) = Ky(z,2).
j=1k=—n
In Section3 we study the geometric information captured by this kernyestating explicitly the
similarity it computes.
Remark 2 (Efficiency of the representation)l) The main advantage of such a feature map, as
outlined in [1], is that we store transformed templates in order to compitevhile if we wanted
to compute an invariant kernel of typgé (Equation(1)), we would need to explicitly transform
the points. The latter is computationally expensive. &tptransformed templates and computing
the signature® is much more efficient. It falls in the category of memoryelearning, and is
biologically plausible [].
2) As|G|,m,n get large enough, the feature mé@papproximates a group-invariant Kernel, as we
will see in next section.

3 An Equivalent Expected Kernel and a Uniform Concentration Result

In this section we present our main results, with proofsmyivethe supplementary material . Theo-
rem1 shows that the random feature mapdefined in the previous section, corresponds in expec-
tation to a group-invariant Haar-integration kerél(z, z). Moreover,s — K(z, z) computes the
average pairwise distance between all points in the orlbitsand z, where the orbit is defined as
the collection of all group-transformations of a given gain O, = {gz, g € G}.

Theorem 1 (Expectation) Lete € (0,1) andx, z € X. Define the distancé; between the orbits

0, andO,:
1
de(z,2) = — — g'z||, dul(g)du(q),

and the group-invariant expected kernel

KS(:C7 Z) = nh—)ngo Et-,g <(I)(CC), (I)(Z)>]R(2n+1)><m = ]Et ’[/)(Ia th)¢(tha T)dTa s=1 + €.



1. The following inequality holds with probability 1:
g€ —0a(d,e) < Ks(w,2) — (1 —dg(z,2)) <e+6(d,e), ?3)

67452/16 e—cd/2 —de2 /16 2
wheredy (e, d) = ——— — §° \/%“)2 anddy(s,0) = “——— + (1 +e)e™* /8,
2. Foranye € (0,1) as the dimensiod — oo we have); (¢,d) — 0 anddz(e,d) — 0, and
we have asymptoticalli(s(x, z) = 1 — dg(z,2) + € = s — da(z, 2).

3. K is symmetric andf is positive semi-definite.

Remark 3. 1) ¢,61(d,¢), and d2(d, ) are not errors due to results holding with high probability
but are due to the truncation and are a technical artifactloé proof. 2) Local invariance can be
defined by restricting the sampling of the group elementssidset; C G. Assuming that for each

g € G,g~! € G, the equivalent kernel has asymptotically the followingrfo

1
Ki(z,2)~ s — — x—g'zl,d du(g’).
@)~ s o [ [ llor g sl duto)in(a)

3) The norm-one constraint can be relaxed, ®t= sup,cy ||z||, < oo, hence we can set =
R(1+¢),and

—d2(d,e) < Kg(z,2) — (R(1+¢) —dag(x,2)) < d1(d, e), (4)
o—de2/16 e—cd/2(14¢) % —de2 /16 _de?
wheredy (,d) = RE—-— — 2052 anddy (e, 6) = RE—-— + R(1+¢c)e /5,

Theorem2 is, in a sense, an invariant Johnson-Lindenstraldstype result where we show that
the dot product defined by the random feature rbag.e (®(z), ®(2)), is concentrated around the
invariant expected kernel uniformly on a data sefopoints, given a sufficiently large number of
templatesn, a large number of sampled group eleménts and a large bin number. The error
naturally decomposes to a numerical errgand statistical errors,, e due to the sampling of the
templates and the group elements respectively.

Theorem 2. [Johnson-Lindenstrauss type Theoreni-point Set] LetD = {z; | z; € X},

be a finite dataset. Fixg,e1,e2,01,92 € (0,1). For a number of bing, > El templatesn >

% 10g(5 ), and group elementsr| > C2 1og( ), whereC';, C; are universal numeric constants,
we have:

|<(I)(£CZ),(I)(IJ)> - KS(Iiv'rj” <ept+erteg,i=1.. Na.] =1...N, (5)
with probability1 — 61 — d5.
Putting together Theorenisand?, the following Corollary shows how the group-invariantdam
feature mappb captures the invariant distance between points uniformlg dataset oV points.

Corallary 1 (Invariant Features Maps and Distances between OrljiEst)D ={x;|z; € X}
be a finite dataset. Fixq,d € (0,1). For a number of bing, > = templategn > 901 log(& )

and group elements;| > 902 log(&), whereC1, Cs, are unlversal numeric constants we have:

e —da(d,e) — eo S (D(m:), P(xz5)) — (1 —dg(wi,xj)) <eo+e+d(de), (6)
i1=1...N,7=1...N,with probabilityl — 20.

Remark 4. Assuming that the templates are unitary and drawn form agedestributionp(¢), the
equivalent kernel has the following form:

Ks(:v,Z):/g/gdu(g)du(g’) (/s—maX(Cv,gt),<Z7g’t>)p(t)dt)~

Indeed when we use the gaussian sampling with rejection Her templates, the integral
J max((z, gt} , (2, g't))p(t)dt is asymptotically proportionaltﬁg 1:1:—g'=*1zH Itis interesting

to consider different distributions that are domain-sgiedor the templates and assess the number
of the templates needed to approximate such kernels. Is@siateresting to find the optimal tem-
plates that achieve the minimum distortion in equatirin a data dependent way, but we will
address these points in future work.



4 Learning with Group Invariant Random Features

In this section, we show that learning a linear model in thaiiant, random feature space, on a
training set sampled from the reduced coreXsgthas a low expected risk, and generalizes to unseen
test points generated from the distribution®in= Xy U GX,. The architecture of the proof follows
ideas from 15 and [16]. Recall that given arl-Lipschitz convex loss functio’, our aim is to
minimize the expected risk given in Equatidi) (Denote the CDF by (z,t,7) = P({gt,x) < 1),

and the empirical CDF by (z, t, 7) = ‘G‘ Z‘G Vgt zy<r Letp( ) be the distribution of templates
t. The RKHS defined by the invariant kernkl,, K,(z,z) = [ [ ¥(z,t,7)¢(2,t, 7)p(t)dtdr
denotedH . , is the completlon of the set of all finite linear CombmaB(m the form:

Zal (x,2;),x; € X, a5 € R. (7

Similarly to [16], we define the followmg infinite-dimensional function sga

_ {f(a:) _//st(t,T)w(x,t,T)dth |sup|w§7;;)| < c}.

Lemmal. F,isdenseirtk,. For f € F, we havey (f on yey V(Y f(z))py(z)dpx (),
whereX, is the reduced core set.

Since F, is dense inH_ , we can learn an invariant decision function in the spageinstead
of learning inH .. Let ¥(z) = [w (2., %)} . ¥, and® are equivalent up to

j=1l..mk=—n...n

constants. We will approximate the sgf as follows:

. 5 e — . sk , C

j=1lk=—n

Hence, we learn the invariant decision function via emplrigsk minimization where we restrict
the function to belong t&F, and the sampling in the training set is restricted to the setX;. Note
that with this function space we are regularizing for coneroe the norm infinity of the weights
but this can be relaxed in practice to a classical Tikhongulaization.

Theorem 3 (Learning with Group invariant featuresjet S = {(x;,v:) | ©: € Xo,yi €
Y,i = 1...N}, atraining set sampled from the core sk. Let fx = afgminj»ej_-gv(f) =

LS V(yif(x:)).Fix§ > 0, then

1 1 1
Ev(fi) < min Ev(f) + 2= <4LSC+ 2V(0) + LCy | 5 log (3>>

+2;9/LEC<1+ 210g(%)>+L<\2/S%(1+ 210g(%))+$),

with probability at leastl — 36 on the training set and the choice of templates and group ehésn

The proof of Theoren3 is given in Appendix B. Theoreri shows that learning a linear model
in the invariant random feature space defineddyor equivalently¥), has a low expected
risk. More importantly, this risk is arbitrarily close toetoptimal risk achieved in an infinite-
dimensional class of functions, namely,. The training set is sampled from the reduced core
set Xy, and invariant learning generalizes to unseen test poetemted from the distribution
on X = Xy UGA), hence the reduction in the sample complexity. Recall fiais dense in
the RKHS of the Haar-integration invariant Kernel, and se ¢éixpected risk achieved by a linear
model in the invariant random feature space is not far froemdhe attainable in the invariant
RKHS. Note that the error decomposes into two terms. The @st\/l—ﬁ), is statistical and it

depends on the training sample complexity The other is governed by the approximation error of
functionsF,, with functions inF, and depends on the number of templatgsnumber of group

elements samplgd:|, the number of bing, and has the following forr® (—— )+O( log"”)Jr—




5 Rdation to Previous Work

We now put our contributions in perspective by outlining goaf the previous work on invariant
kernels and approximating kernels with random features.

Approximating Kernels. Several schemes have been proposed for approximating breamnker-
nel with an explicit non-linear feature map in conjunctiothwinear methods, such as the Nystrom
method [L7] or random sampling techniques in the Fourier domain fardiaion-invariant kernels
[15]. Our features fall under the random sampling techniquesrajtunlike previous work, we sam-
ple both projections and group elements to induce invagavith an integral representation. We
note that the relation between random features and quadnaies has been thoroughly studied in
[18], where sharper bounds and error rates are derived, anchpinta our setting.

Invariant Kernels. We focused in this paper on Haar-integration kerngl§, [since they have an
integral representation and hence can be represented avittom featureslg]. Other invariant
kernels have been proposed: 9] authors introduce transformation invariant kernels, imitke
our general setting, the analysis is concerned with ditatiwariance. In 20], multilayer arccosine
kernels are built by composing kernels that have an integmksentation, but does not explicitly
induce invariance. More closely related to our work?g][ where kernel descriptors are built for vi-
sual recognition by introducing a kernel view of histograihgiadients that corresponds in our case
to the cumulative distribution on the group variable. Egiplieature maps are obtained via kernel
PCA, while our features are obtained via random samplingalfi the convolutional kernel network
of [22] builds a sequence of multilayer kernels that have an ialegpresentation, by convolution,
considering spatial neighborhoods in an image. Our futwekwill consider the composition of
Haar-integration kernels, where the convolution is agjtiet only to the spatial variable but to the
group variable akin to7].

6 Numerical Evaluation

In this paper, and specifically in Theorems 2 and 3, we showatlthe random, group-invariant
feature mapd captures the invariant distance between points, and thatiteg a linear model
trained in the invariant, random feature space will geliegalvell to unseen test points. In this
section, we validate these claims through three expersnefor the claims of Theorem 2, we
will use a nearest neighbor classifier, while for Theorem 8,wil rely on the regularized least
squares (RLS) classifier, one of the simplest algorithmsdigervised learning. While our proofs
focus on norm-infinity regularization, RLS corresponds tkhdnov regularization with square
loss. Specifically, for performind’—way classification on a batch d¥ training points inR?,
summarized in the data matri¥X € RY*< and label matrixt’ ¢ R¥*T, RLS will perform the
optimization,minyy cgmxr { %Y — ®(X)W||% + A|W||% }, where|| - || is the Frobenius norm,
A is the regularization parameter, aftds the feature map, which for the representation described
in this paper will be a CDF pooling of the data projected omtmug-transformed random templates.
All RLS experiments in this paper were completed with the GSRoolbox R3]. The three
datasets we explore are:

Xperm (Figurel): An artificial dataset consisting of all sequences of langtwhose elements
come from an alphabet of 8 characters. We want to learn aibtmathich assigns a positive value
to any sequence that contains a target set of charactersr(zase, two of them) regardless of their
position. Thus, the function label is globally invariantgermutation, and so we project our data
onto all permuted versions of our random template sequences

MNIST (Figure2): We seek local invariance to translation and rotation,smdll random templates
are translated by up to 3 pixels in all directions and rotéketiveen -20 and 20 degrees.
TIDIGITS (Figure 3): We use a subset of TIDIGITS consisting of 326 speakers (memen,
children) reading the digits 0-9 in isolation, and so eadapiaint is a waveform of a single word.
We seek local invariance to pitch and speaking ratg, [and so all random templates are pitch
shifted up and down by 400 cents and warped to play at half antlld speed. The task is 10-way
classification with one class-per-digit. S&&][for more detalil.

Acknowledgements: Stephen Voinea acknowledges the support of a Nuance Faandatant.
This work was also supported in part by the Center for Braiiisids and Machines (CBMM),
funded by NSF STC award CCF 1231216.
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Figure 1: Classification accuracy as a function of training set sizeeraged over 100 random
training samples at each siz& = CDF(n, m) refers to a random feature map withbins andm
templates. With 25 templates, the random feature map dotpes the raw features and a bag-of-
words representation (also invariant to permutation) andmeapproaches an RLS classifier with a
Haar-integration kernel. Error bars were removed from theSplot for clarity. See supplement.
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Figure 2: Left Plot) Mean classification accuracy as a function of neméf bins and templates,
averaged over 30 random sets of templates. Right Plot) @ileestson accuracy as a function of
training set size, averaged over 100 random samples of #iaitig set at each size. At 1000 exam-
ples per class, we achieve an accuracy of 98.97%.
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Figure 3: Mean classification accuracy as a function of number of bimd gmplates, averaged
over 30 random sets of templates. In the “Speaker” datasetiest on unseen speakers, and in the
“Gender” dataset, we test on a new gender, giving us an exrgain/test mismatch 2.



A Proofsof Theorems1and 2

Proof of Theoreni.. 1)

Kiws) = B[ By [esner) By (egner] @

—S

= E / du(g)du(g’) / Wiz gty<r Vo gry<rdr

- / dyu(g)dp(g"Ex (5 — max((z, gt} , (2, g'8)))

where the second equality is by Fubini theorem and the lashofds since fou, b € [—s, ] :

/ lo<;Mp<,dr = s — max(a, b).

—S

Recall that the sampling ¢fis the following fore € (0, 1) let :
1 .
t=n~N <O, aId) , if Han <1l+e,t=1 else,
since our group is unitaryy being norm one, and by virtue of this sampling the dot product

l(z,gt)| < |In|ly < V1+e < 1+¢e. Hence(z,gt) € [-(1 +¢),1+ €], and we can choose
s = 1+ €. Using again the fact the group is unitary and compact we:have

Ky (x,z) = /du(g)du(g/)Et(s — max (<gilx,t> , <g,’71z,t>) .

Now using this particular sampling of templates we have:

Kq(z,2) = /G/Gd,u(g)d,u(g’)IEn (]|||n||§<1+s [1+e—max ((g"'z,n), <g’712,n>)}) :

Let
Zy2(n,9,9') =max ((g "z, n), (g’ "z,n)),
It follows that:

Ko(w2) = [ [ dulaauta B (Vgare (142 = 2o 0.0.9))
=Rl <1+ = | [ aula)du@ By (3ujzrsoZo(no.o)
=Rl <1+ = | [ dula)dule B (1= Vopz1:0)Z0-(09.9))
=@l <1+ = [ [ dula)dute)BuZe (0.0.9)

+/G/Gdu(9)dﬂ(9')ﬂ3n (]I||n||§ZI+EZI72(n’g’gl)) (8)

We are left with evaluating or bounding two expectatiods: = E,Z, .(n,g,¢'), andI; =

E, (]I”n”§21+5nyz(n,g,g’)) , that involve the maximum of correlated gaussian variabtewa
will see in the following.

By rotation invariance of Gaussians we have that'z,n), and (¢'~'z,n) are two correlated

random gaussian variables with correllation coefficieat the note byos(6, o) = <g*1:c, g*’lz>.
Hence by a change of a basis we can write:

1

1 1 1
<g_1x,n> = \/—au, <g'_ z,n> = ﬁ cos(fy,9 )u + ﬁ 1 —cos?(by,4 )V

wherecos(by,4) = (g~ 'z, g'"*2), andu,v ~ N(0, 1) iids.

9



Hence,

1
I = ﬁEu,v max (u, cos(fg,9 )+ /1 — COSZ(QG,!]’)”) :

The following Lemma from 26] gives the expectation and the variance of the maximum of two
gaussians with correllation coefficiemt

Lemma 2 (Mean and Variance of Maximum of Correlated Gaussi@tb). LetX ~ N (ux,0%)

andY ~ N(uy,o%), two correlated gaussians with correllation coefficigntDefinegn (z) =

\/%exp(—xz/%, and®u(y) = [Y_on(x)de. Leta = \/ok + 0% —2poxoy, anda =

X —HY

The meanuz and variancer? of Z = max(X,Y’) are expressed analytically as follows:

pz = puxPu(a) + py Pa(—a) + ady (). 9)
oy = (0% + 1%) On(a) + (0 + 13) Pa(—) + (ux + py) adnr(a) —pz.  (10)
EZ?

Applying Lemma2 to our case(pux = py = 0,0x = oy = 1,p = cos(fy,4)). We have:
a=+/2(1—cos(fy,4)) anda = 0.

Il = —a¢/\/(0)

1
—/2
V2rd

1 -1 -1
V2rd Hg z—g ZHQ :
We turn now tol; that we bound using Cauchy-Schwarz inequality:

En (VjuzsrseZe(n,9.9)|
VEQ a1\ E(22 .(n,9,9)
— \/p (Hn”g > 1+ 5) E(Z2,(n,g.9"))- (12)

On the first hand, applying again Lemméfor EZ?2) we have:

(1 —cos(fg,4))

(11)

o] =

IN

2
E(Ziz(n,g,g') = —Eu. (max (u,cos(Ggyg/)u +4/1— cosQ(Ggyg/)v)>

= - (13)

On the other hand, note thﬁh”é has a (normalized) chi squared distribution witldegree of

freedomy? , with meanl . The following Lemma gives upper bounds for the upper andttdails
of a chi square distribution.

Lemma 3 (x? tail bounds) Let X ~ x?, a chi squared random variable withdegree of freedom.
The following hold true for any € (0, 1):

e Upper Bound for the upper tail[7]: P (X > 1+¢) < e k"/5,

e Upper Bound for the lower tail48]: Forall &k > 2, u > k — 1 we have:

P(X <u)<1-— %exp (—% (u—k — (k—2)log(u/k) —l—log(k))) .

10



More specifically for: = k(1 + £) we have:

1 Le=sh/2(14¢)' 7
P(-X<lte)<l-> .
(retee) s

Applying Lemmas3, for ||n||§. We havq\n||§ = 12X, whereX ~ x3, hence:

P (Il > 1+2) < e, (14)

Putting together Equation$?),(14), (13) we have finally:
—de?/16
Vd

Putting together Equation8)( (11), and (L5), and using upper and lower bounds]ﬂﬁﬂnﬂg < 1l+4¢)
from Lemma3:

e

|2 < (15)

1 efd52/16
Ky (z,2) < (1+¢)P n2<1+5——// “lx—g¢ 2. d du(qg’) +
(z,2) (1+e)P(|[nll; ) Nl GHg 9" 2|, dulg)dp(y) NG
le—=d/2(14¢) T 1
< (14+¢)|1=-2= — // “lr— g1, d du(q’
( )( 5 7 ) 7 ). GHg g 2||, du(g)du(y’)
67d52/16
_l’_
Vd
) 1 ) " , e—da2/16
Ky (x,z) > (1+¢e)P(||n <1+€——// Tx—g “z|.,d d —
(z,2) (1+e)P(||n]l; ) Nl) GHg 9"~ 2|, dulg)dp(y) NG
1 e—de’/16
> (1+4¢ 1— /8 ——// e —g 12 d du(q’) —
(a+e)( )= L et =g el dul)duts') - ——=

Noting byd the integral and using that the group is compact and unitary:

1 - )
da(z,z) = m/c/c\!g_lx—g 2|, du(g)du(g")

We finally have:

—de?/16 —de?/16 | p—ed/2 (1 4
— (4 e)e e < Ky(w,2)— (1 — dg(a, 2)) < & _LerPAAe)R

vd vd 2 Vd
(16)

For anye € (0,1) , as the dimensiod — oo, we have asymptotically:

Ks(z,2) > 1 —dg(z,2) + e = s —dg(z, 2).

2) The symmetry ofK is obvious. Letp(t) be the distribution of the templatés Define the
following weighted dot product{f(z,.,.),g(z,.,.)) = [,p(t) [, drf(z,t,7)g(2,t,7). Recall
that:

Ky(z,z) = /p(t)dt j (x,t, T)Y(z,t,7)dT
(W, .,.),9(2 ) -

HenceK is symmetric and positive semidefinite.
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Proof of Theoren?. In the following we fix two pointst andz in X and a random template Let
X; = [ P((gt;,z) < 7)P({gt;,z) < T)dr, we haved < X; < 25, wheres = 1 + ¢. Recall that

K(x,2) = =E:(3°7-, X;). By Hoeffding's inequality we have:

1 — —2me?
il - < -
Py o .E_ Xj — Ky(z,2)| > € _2exp( (29)2 )

Turning now to the CDFy(x,t,7) = P((gt,z) < 7), and the empirical CDR)(z,t,7) =

IGI Z‘G‘ 1(g,¢,2)<-- By the theorem on convergence of the empirical CR¢] [Theoremd given
in AppendixD ) we have, fory > 0:

P, {su|d(e.t.7) — v(o.t.7)| > 2} < 2empl-2(61)

Hence we have'r € [—s, s]:
}1[)(56,@7’) - 1/’(51%1577')‘ < Y and ’1[)((17,15,7') - 1/’('2,1577') < Y

with a probability at least — 4exp(—2|G|72).
Define X = f v(x, t, 7)Y(z,t, T)dT, X = fjs1/l(z,t,T)1/}(Z,t,T)dT, and X =
Col s (,t, B2)id(z, ¢, ), choosed < 7 < 1:

X - X| = V D, t, )b (2,8, 7) — 1/)(x,t,7')1/)(z,t,7'))d7'

‘/S (x,t,7) —(x, t,7) + (=, t,T)) (z/;(z,t, T) = (2,8, 7) + (2, t, T)) —(x,t, 7)Y(z,t,7)dT

(27 +72)2s

<
< 65y,

with probabilityl — 4dexp(—2|G]y?). Define X; = [° (x,t;,m)0(z, b, 1)dr, X,
)

f_ (@, tj, T) (2, t5,7)dr, and X; = ZL S (a5, B2 )(z, 5, B2), Then for allj =
1...m, we have

X, — X;| < 6sv

. . 2
with probability 1 — 4m exp(—2|G|y?) — 2 exp (*ég; ) .
Now we turn to the numerical approximation of the integra bigiamann sum, we have for all

j=1...m
S

n
Hence the error decomposes in the following way:

(@ (2), D(2)) — Ks(x,2)] = Xj— Ki(@,2)

IV

1

J

1 1 & len, 1 & 1 &
w2 N K L N | X - Kaes)

I
—— 3|~

j=1 Jj=1 j=1
1 m 1 m m . 1 m 1 m
S_E: __E: E: j__E Xj+_§ Xj—KS(CL',Z)
Jj=1 j=1 J:1 j=1 Jj=1
Numerical Binning Error Group CDF Approximation Error Templates Concentration Error

§£+68’7+6.
n
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with probability1 — 4m exp(—2|G|y?) — 2 exp ( (2")“ ) For this to hold on all pairs of points in
a set of cardinalityvV we have:

P (x;), P(x;)) — K(xs, ;)] < %+68’}/+6,i:1...N,j=1...N,

with probabilityl — 4mN (N — 1) exp(—2|G|]12) — 2N (N — 1) exp (%) .
Hence we have for numerlcal constantg andCs, 0 < 61,02 < 1, and0 < &g, e1,89 < 1, for
n>2,m> gHog(5)|G| > G log(52), :
|<<I>(xi),<1>(a:j)> — Ky(wj,zj)| <eo+e1+e2,i=1...N,j=1...N,
with probabilityl — §; — 0.

B Proof of Theorem 3

Proof of Lemmal. Our proof parallels similar proofs mLB] Note that functions of the form7j
aredense iftix. f(z) =Y, aiKo(z,2;) =, a5 [ [° p(x, t,7)(xi, t, 7)p(t)dtdr

= ffjs (p(t) >, citp(wi, t, 7)) Y(x, t, T)dtdr. Let ﬂ(t,T) = p(t) >, aip(xs,t,7), sinced <
Yz, t,7) < 1, Va,t, 7, we have% < 3. lag| < oo, sinceqy are finite. Hencef can be
written in the form:

< 00,

N RN ()
:C)—/ 756(1%, Y (z, t, 7)dtdr, 5;11%) o0

andf € F,. O

In order to prove Theorer®, we need some preliminary lemmas. The following Lemma astfes
approximation of any functiotf € 7, by a certainf € F.

Lemma4 (F ApprOX|mat|on ofF,). Let f be a function inF,. Then ford,, j, > 0, there exists a
functionf € F such that:

<20 210( ) L 20 (1 e (T) + ¢
LX) T M #\or) ) " VTGl #\5 o

with probability at leastl — §; — Js.

|71

Proof of Lemmat. Let f € 7, f(z) = [ [* w x,t, 7)drdt.

Letf;e) = [, LD g (a, T>dT fi(e > = f; L (2,15, 7)dr, and fi(x) =
D D ;T))w(:z: tj, £2). We have the foIIowing'Et(fJ) = f,and L Et(ZT ) =T
Consider the Hilbert spac&? (X, px ), with dot product:(f, g) 9)c2(x pr) = [y f(@)g(x)dpx ().
Note that .f_sg T)dr < /28 f_sg

illen ey = \/ L] “’;’g;; i, 7)) o) < (25C),

Fix 6; > 0, applying Lemma& we have therefore with probability— ¢;:

Ly g%( 210g<611)> (17)
j=1

13
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Now turn to:

LS h) SR o T .
o xpn) 7
- wlty7) T, b5, T bz, t;,T T)Q x
‘Lz(pr) / </ p(t; ) (Y(x,t,7) — P(z,t;,7))d dpx(x)
< 28/ / il Y(x,ty,7) — zﬁ(fCalfj,T))szde(ac)

< 2502/ / V(x,ty,7) — P(x,t;, 7)) drdpx (2)
= 2502/ / (z,t;,7) — (2, tj, 7)) dpx (z)dT

R 2
- 2502/ ot ) — (st ‘ d
. Y(., ) —( s T) £2(X ) T
. 2
< (2sC)?  su H Lt ) — (Lt ’ .
<( ) ‘r,j:lp..m W( j ) — Y( J 7) £2(X )

Recall thatz)(z, t, 7) = e S Wt ay<r, @Nde(2, 1, 7) = Egib(x, t,7).
CIearIyH]l (gty<r < 1, hence applying again Lemntafor 65 > 0 we have with proba-
bility 1 — d2:

Hﬁ (X,px)

BltisT) = 0ty 7)|

It follows that:Vj =1...m

<20 (1 +/2log (g)) with probability 1 — md,.

Hence with probabilityl — m52, we have:

J AN 2C's 1

— = [ < 1+4/2log| = ]. 18

Ui 1) |G|< g(52)> (18)
= L2(X,px)

and by the approximation of a Riemann sum we have that:

1 x=,;
E;m

< B¢ (19)
n

Q

L2(X,px)

Itis clear thatf = % Z;”:l fj e F, hence, putting together equations),(18), and (L9) we finally
have:

1 o= - 1 & 1 o 4 1 &
Eij_ EZ + EZ(fj_fj) + Eij—f
=1 £2(X ) =1 £2(X px) =1 £2(X px) =1 £2(X,px)
<2$C+ 2C's 9l (1) +2SC 9l <1>
- n 1/|G| & 02 \/ﬁ & 01
with probability1 — §; — mds. O

The following Lemma shows how the approximation of funcsiam#,, by functions inF, translates
to the expected Risk:

14



Lemma 5 (Bound on the Approximation Errar)Let f € F,, fixd1,d2 > 0. There exists a function
f € F, such that:

~ 2sLC 1 2sC m 2sC
Ev(f) <&v(f)+ N ( 210g(51)>+L<ﬁ <1+ 2log(5—2)>+7>,

with probability at leastl — §; — J2.

Proof of Lemma. &y (f) — Ev(f) < fX‘V (yf(z)) = V(yf(x ))’dpx < LfX|f
f@)|dpx(z) < L\/fX (7))2dpx(z) = L Hf f‘ sk , Where we used the Lips-
2 PX
chitz Condltlon and Jensen mequallty. The rest of the pf@ld]jws from Lemma4. O

The following Lemma gives a bound on the estimation of theeetd Risk with finite training
samples:

Lemma 6 (Bound on the Estimation Errar}Fix § > 0, then

1 1
;1611:]; Ev(f) — Ev( )‘ \/—_ <4LSC+2V(O)+LC Elog (3)) ,

with probability1 — 4.

Proof. The proof follows from Theorend given in AppendixD. It is sufficient to bound the
Rademacher complexity of the clags

'RN(]}) =E;, |sup Zazf Z; ] =E.;, sup anal (Z Z w;, M/) <ZCZ, s )) H
j€.7: j=lk=—n
[ s m n N R sk
— Em,o Sup (—— Z Z Wj k Z Uﬂ/} (I’L? tja >
| feF [ — i=1
sC m n N R sk
<E,., N Z Z Zo—ﬂ/; (:z:l-,tj, ) By Holder inequality:(a, b) < ||al ||b]l,
MmN = n
sC LR N N sk ’
<— EIZ Z E, <Zcm/) <:ci,tj,—)> Jensen inequality, concavity of square root
miNn n
j=1k=—n i=1
Note thatE(c;0;) = 0, for i # j it follows that:
N sk )2 N N p ) sk
E, (Zl 10'z¢ (I’Latja n)) = Eozizl Zgzl oo (I’iatja n)d}(xlv Js n) =
SN (xi,t5,28) < N, sincey) (., .,.) < 1. Finally:
~ Cs
R (F) < —.
P =Tw

We are now ready to prove Theorén

Proof of Theoren®. Let fY = argmin, z&v(f), f = argming zEv(f), f, =
argminge z Ev(f).

Ev(fi) — min &v (1) = (Ev (i) — &v(D) + (v (D) ~ Ev (1))

Statistical Error Approximation Error
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The first term is the usual estimation or statistical erranttve can bound using Lemrfiawe have:
Ev (i) = Ev(F) = (Ev(ii) = &) + (Evri) — & (D) + (&v () - &v ()

<0,by optimality of f,

<23up‘gv év(f)‘
feF

1 1 1
< 2—— Z Z
< 2\/N <4LSC+2V(O)+LC 5 log (5)> ,

with probability1 — ¢ over the training samples. Lé;, the function defined in Lemmé, that
approximateg, in F. By Lemma5 we know that:

s o) 135 ) )

with probability1 — ¢, — d2, on the choice of the templates and the sampled group elsmByt
optimality of f € F, we have

~ ~ 2sLC 1 2sC' m 2sC'
Ev(f) <é&v(fp) < EV(fp)"'W < 2log (61)>+L <\/ﬁ (1 +4/2log <E>> + T)

Hence by a union bound with probability— § — 6; — d2, on the training set , the templates and the

group elements we have:
1 1
<4LSC +2V(0) + LC B log (3))

+2f/?< 210g(611>>+L<\2/S|—%|< 2log<g)>+¥>.

O

Ev(fn) — ]{Iellj% Ev(f) <2

%\H

C Technical tools

Theorem 4. [29 Let X4, X5, ..., X,,, be i.i.d. random variables with cumulative distributioméu

tion F, and letF},, be the associated empirical cumulative density funcfipn= % Yo Ix <o
Then for anyy > 0

P {s&p ’Fm(T) — F(T)’ > 7} < 2exp (—2m7?).

Lemma 7 ([15],Concentration of the mean of bounded random variablesHiiteert Space) Let
(M, (.,.)4) be a Hilbert space. LeK»,j =1...K, beiid random, such thdtX ;|| < M. Then

< [y + 2 ()g —1 .

1 K
EZXJ-— EZX
j=1

Theorem 5 ([15]). Let F be a bounded class of functiopyp,c x| f(x)| < C forall f € F.
Let V be an L-Lipschitz loss. Then with probability — §, with respect to training samples
{xi,vi }i=1. n,€vVeryf satisfies:

Ev(f) < Ev(f) + ALRN(F) + &\/%') L LC % log %

whereR  (F) is the Rademacher complexity of the cla“ss

Z sz 5171

the variabless; are iid symmetric Bernoulli random varlables taking valae{i-1, 1}, with equal
probability and are independent form.

RN(F)=E; lbup
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D Numerical Evaluation

D.1 Permutation Invariance Experiment

For our first experiment, we created an artificial datasetlvinas designed to exploit permutation
invariance, providing us with a finite group to which we hadngdete access. The datase€j.,,
consists of all sequences of length= 5, where each element of the sequence is taken from an
alphabetA of 8 characters, giving us a total of 32,768 data points. Tharacters;,co € A were
randomly chosen and designated as targets, so that a sequencX,,.,, is labeled positive if

it contains bothc1 andcs, where the position of these characters in the sequencendbesatter.
Likewise, any sequence that does not contain both chasasttabeled negative. This provides us
with a binary classification problem (positive sequencesegative sequences), for which the label
is preserved by permutations of the sequence indices,vie.s¢quences will belong to the same
orbit if and only if they are permuted versions of one anather

Thei™ character i is encoded as an 8-dimensional vector which is 0 in everytipadiut thei",
where itis 1. Each sequenge= X,.,, is formed by concatenating the 5 such vectors representing
its characters, resulting in a binary vector of length 40biidd the permutation-invariant represen-
tation, we project a binary sequences onto an equal-lergghesnice consisting of standard-normal
gaussian vectors, as well as all of its permutations, anuloel over the projections with a CDF.
As a baseline, we also used a bag-of-words representativereveachr € X,..,, was encoded
with an 8-dimensional vector with element equal to the count of how many times characier
pears inz. Note that this representation is also invariant to pertrania, and so should share many
of the benefits of our feature map.

For all classification results, 4000 points were randombysem fromX,....,,, to form the training set,
with an even split of 2000 positive points and 2000 negatmats. The remaining 28,768 points
formed the test set.

We know from Theorem 3 that the expected risk is dependertt@mimber of templates used to
encode our data and on the number of bins used in the CDFrgpstep. The right panel of Figure
4 shows RLS classification accuracy &f.,, for different numbers of templates and bins. We see
that, for a fixed number of templates, increasing the numblging will improve accuracy, and for a
fixed number of bins, adding more templates will improve aacy. We also know there is a further
dependence on the number of transformation samples fromgrtwe G. The left panel of Figure

4 shows how classification accuracy, for a fixed number of ingipoints, bins, and templates, de-
pends on the number of transformation we have access to. 8\seurve is rather flat, and there
is a very graceful degradation in performance.

In Figure5, we include the sample complexity plot (for RLS) with theogrbars added.

i Xperm Accuracy RLS R Xperm Accuracy RLS

o
©

Bins
5

=25

Accuracy
o
3
.
[63]

10 20 30 40 50 60 70 8 90 100 110 120 5 10 15 20 25
Number of Samples from G Number of Templates

Figure 4: Left) Classification accuracy of random invariant featuessfunction of the number of
sampled group elements Ofyerm Right) Classification accuracy of random invariant feasias
function of the number of templates and bin sizes(ggm
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Xperm Sample Complexity RLS

1.0
Raw
Bag-Of-Words
Haar

y lﬁfﬁ )
.4 S

CDF
> CDF(25,25]

Accuracy
o
\

0.6

04 10 100 1000

Number of Trainina Points Per Class

Figure 5:Classification accuracy as a function of training set sike= CDF(n, m) refers to a ran-
dom feature map with bins andm templates. For each training set size, the accuracy is ayeda
over 100 random training samples. With enough templates/tithe random feature map outper-
forms the raw features as well as a bag-of-words represemtdalso invariant to permutation). We
also train an RLS classifier with a haar-invariant kernel,igthnaturally gives the best performance.
However, by increasing the number of templates, we come thamatching this performance with
random feature maps.

D.2 TIDIGITS Experiment

Here, we add plots (Figurek7 and8) showing performance as a function of number of templates
and bins for some other splits of the TIDIGITS data.

TIDIGITS Utterance RLS

§ Bir%s
505 25
g =%
<04

0.2
0.1

00 10 100 1000

Number of Templates

Figure 6: Mean classification accuracy as a function of number of teteglm, and bins,;n. Ac-
curacy is averaged over 30 random template samples for eaelnd error bars are displayed. In
the “Utterance” dataset, we train and test on the same spesahmit the test set contains new utter-
ances of each digit. This is the easiest dataset, repraggntily intraspeaker variability, and the
performance is quite good even for a small number of bins.
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Figure 7:Mean classification accuracy as a function of number of teeslm, and binsy. Accu-
racy is averaged over 30 random template samples for eaeimd error bars are displayed. In the

“Age (Women)” dataset, we train on adult women and test ofdobin, giving us an age mismatch.
Despite this mismatch, performance remains strong.

. TIDIGITS Age (Men) RLS

0.9

Accuracy
o
&
N
al

I
i
I
h.l
i
;

&\

H‘

i

f

i

f

0.2
0.1

00 10 100 1000

Number of Templates

Figure 8: Mean classification accuracy as a function of number of teteglm, and bins,;n. Ac-
curacy is averaged over 30 random template samples for eaaind error bars are displayed. In
the “Age (Men)” dataset, we train on adult men and test onabaih, giving us an age mismatch.
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