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SPECIAL REPRESENTATIONS OF WEYL
GROUPS: A POSITIVITY PROPERTY

G. LuszTIG

INTRODUCTION

Let W be an irreducible Weyl group with length function! : W — N and let S =
{s € W;lI(s) = 1}. Let IrtW be a set of representatives for the isomorphism classes
of irreducible representations of W (over C). In [L1] a certain subset of IrrW was
defined. The representations in this subset were later called special representations;
they play a key role in the classification of unipotent representations of a reductive
group over a finite field F, for which W is the Weyl group. (The definition of
special representations is reviewed in 3.1.)

It will be convenient to replace irreducible representations of W with the cor-
responding simple modules of the asymptotic Hecke algebra J (see [L6, 18.3])
associated to W via the canonical isomorphism ¢ : C[W] = J (see 3.1); let Eo,
be the simple J-module corresponding to E' € IrrW under .

In this paper we show that a special representation E of W is characterized by
the following positivity property of F..: there exists a C-basis of F., such that
any element ¢, in the standard basis of J acts in this basis through a matrix with
all entries in R>.

The fact that for a special representation E, F., has the positivity property
above was pointed out (in the case where W is of classical type) in [L9]. In this
paper I will recall the argument of [L9] (see 3.3) and I give two other proofs which
apply for any W. One of these proofs (see 4.4) is based on the interpretation [L3],
[BFOJ, of J (or its part attached to a fixed two-sided cell) in terms of G-equivariant
vector bundles on X x X where X is a finite set with an action of a finite group
G. Another proof (see Section 2) is based on the use of Perron’s theorem for
matrices with all entries in Rsq. (Previously, Perron’s theorem has been in used
in the context of canonical bases in quantum groups in the study [L5] of total
positivity and, very recently, in the context of the canonical basis [KL1] of C[W],
in [KM]; in both cases the positivity properties of the appropriate canonical bases
were used). We also show that the Hecke algebra representation corresponding to
a special representation E can be realized essentially by a W-graph (in the sense
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of [KL1]) in which all labels are natural numbers. Some of our results admit also
an extension to the case of affine Weyl groups (see Section 5).

1. STATEMENT OF THE MAIN THEOREM

1.1. Let v be an indeterminate and let A = Z[v,v™!]. Let H be the Hecke algebra
of W that is, the associative A-algebra with 1 with an A-basis {T},; w € W} (where
Ty = 1) and with multiplication such that To, Ty = Ty if L(ww') = l(w) + L(w)
and (Ts+1)(Ts—v?) = 0if s € S. Let {c,;w € W} be the A-basis of H denoted by
{C!;w e W} in [KL1] (with ¢ = v?); see also [L6, 5.2]. For example, if s € S, we
have ¢, = v~ T, +v~!. The left cells and two-sided cells of W are the equivalence
classes for the relations ~j; and ~pr on W defined in [KL1], see also [L6, 8.1];
we shall write ~ instead of ~p. For z,y in W we have c,c, = Zzew Py, 2Co
where hy, . € N[v,v7!]. As in [L6, 13.6], for 2 € W we define a(z) € N by
hey. € v*@Zw™Y for all x,y in W and h,,,, ¢ v**)~1Z[v~!] for some x,y
in W. (For example, a(l) = 0 and a(s) = 1if s € §.) For z,y,z in W we
have hy , . = %’%z_lva(z) mod v**)~1Z[y~1] where Ya,y,-—1 € N is well defined.
Let J be the C-vector space with basis {t,;w € W}. For z,y in W we set
taty = Y cw Vay,2—1t. € J. This defines a structure of associative C-algebra
on J with unit element of the form ), ptq where D is a certain subset of the
set of involutions in W, see [L6, 18.3]. For any subset X of W let Jx be the
subspace of J with basis {t,;w € X}; let J% be the set of elements of the form
Y owex Julw € Jx with fi, € Ry for all w € X. We have J = @cJc where c
runs over the two-sided cells of W. Each J. is a subalgebra of J with unit element
ZdeDc tq where D, = ¢ N D; moreover, J.Jo =0 if ¢ # ¢'.
Until the end of Section 4 we fix a two-sided cell c.
Let L be the set of left cells that are contained in c. We have

c=Urerl =Urr ([N
moreover, I NIV~ £ () for any I', T in L. It follows that
Je = ®rerdr = ®r1 in LdrAr-1;

moreover, Jrnr—-1 # 0. Note that for I' € L, Jr is a left ideal of J..

A line £ in Jpqp -1 is said to be positive if LT := LN Jffﬂr,_l # (); in this
case, L1 consists of all Rsg-multiples of a single nonzero vector. We now state
our main result.

Theorem 1.2. (a) Let I' € L. There is a unique left ideal My of J. such that
property (V) below holds:

(@) Mpr = EBF’GLMF,F’ where for any IV e L, MF,F’ = Mpr N Jrqapr-1 45 a
positive line.

(b) LetT € L,I" € L,u € c. We haveu € INI'~ for well-defined T,T" in L. If

['#T', then t,Mpr = 0. If T =T', then t,Mpr = My ¢, and t, My, = MY .
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(¢) The Je-module My in (a) is simple. Its isomorphism class is independent
of ' e L.

(d) The subsp~ac~e I=®rer Mr of:]C is a simple two-sided ideal of~ Je.

(e) Let T, T, T, T" be in L. IfT" AT’ then Mp Mg =0. IfI' = I, then mul-
tiplication in Je defines an isomorphism Mr r ® Mz = Mz and a surjective
map M;{F, X ijr,r — M;F,.

(f) Let T T be in L. The antiautomorphism 0 : Jo — J¢ given by ty — t,—
for all x € ¢ maps My r» onto My r and MIT’F, onto Mlj/,r-

The proof is given in Section 2.

1.3. As a consequence of Theorem 1.2, the simple J.-module M admits a C-basis
{ér/; T’ € L} with the following property:

(i) If u € c and I'" € L, then t,ér: is an R>q-linear combination of elements
érr with T” € L; more precisely, if u e TNI'~1 with T,T" in L, then

tuer = Au,l",f"éf’
with A, v p € Rog if D =T" and A, 5 = 0 if I #17.
Indeed, we can take for érs any element of MIT - and we use 1.2(b).

1.4. Let < be the standard partial order on W. By [KL1], to any y # w in W
one can attach a number u(y, w) € Z such that for any s € S and any w € W with
sw > w we have ¢sCw = D ey <y MY; w)cy. By [KL2] we have p(y, w) € N.

1.5. Let H = C(v) ® 4 H where we use the obvious imbedding A — C(v); we
denote 1®c,, again by ¢,,. Let J = C(v)®cJ where we use the obvious imbedding
C — C(v). We have a homomorphism of C(v)-algebras (with 1) ¥ : H — J given

by
U(ea)= Y. hoasts
de€ED,zeW,d~z
for all x € W, see [L6, 18.9]. (Note that W is in fact the composition of a homo-
morphism in loc.cit. with an automorphism of H.)

1.6. For any I" € L let Sr be the set of all ¢ € S such that rt < r for some (or
equivalently any) r € I.

We fix ' € L. Let {ér;I" € L} be a C-basis of Mr as in 1.3; we use the
notation of 1.3. We shall view C(v) ® My as an H-module via ¥. Let s € S and
let IV € L; let ¢ be the unique element in IV ND. We show:

(a) If s € Sy, then ¥ (T,)ér = v2ér.

(b) If s ¢ Sr/, then

Q(Ts)él"/ = —~1'\/ —+ Z ff’r,v_léf
f‘EL;sESf

where
ff\ ™ = Z ,LL('U/, 6)>\u’1ﬂ/7f\ S RZO.

wel’Nl—1
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By definition, we have

U(cs)er = Z hs dutuér = Z Z hs.dudy pr pEp-

deD,ucc,d~u IeL deD,uel’Nl—1,deT’

Since in the last sum we have d € IV we see that we can assume that d = §. Thus

we have
CS 61“/ — E E hS ) uAu I 1—\61—\

reL uwel’nl'—1

If s6 < & (that is, s € Spv) we have cscs = (v+v71)cs hence hg s, is (v+v71) for
u =9 and is 0 for u # J; hence in this case

\IJ(CS)ép/ = (U + U_1>él“/;

(we use that A\sp = 1.)
We now assume that s§ > § (that is, s ¢ Sr/). In this case, hs sy 18 o5 if
su < u and is 0 if su > u (see 1.4); hence

Cs 61"/ Z Z M(u75))\u,1—",féf

el wel’Nl'—Lsu<u

- Z Z pu(, O)A,, v pEp-

fEL;sESf wel’Nr—1

Now (a),(b) follow.

Note that (a),(b) show that in the H-module C(v) ® My the generators T act
with respect to the basis {ér/;I” € L} essentially by formulas which are those in
a W-graph (in the sense of [KL1]) in which all labels are in Rx>g.

1.7. In Section 4 we will give another proof of the existence part of 1.2(a) which
also shows that ér in 1.3 can be chosen so that

(i) each érs is a Z~-linear combination of elements in {t,;z € T NIT'71},

(ii) Au,rv, 17 € Zxo (notation of 1.3).
In particular, with this choice of ér/, the constants f; ., in the ”W-graph formulas”
in 1.6 are in Zx>. 7

2. PROOF OF THEOREM 1.2

2.1. From [L6,§15] we see that, for z,y,u in W we have:
(a> Y,y,u = Yyu,x = Yu,z,y>

(b) Vx,y,u%o - xNy_l,yNU_l,UNfL‘_l.

By [L6, 18.4(a)]:
(c) fory,z in W we have y ~ z if and only if t,t,—» # 0.
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2.2. Let I',T",I,T” be in L. From 2.1(b) we deduce:

(a) If T #1’, then Jpap—1 37471 =0,
(b) Jrﬁrlfl‘]f‘ﬁf*l C Jf‘ﬁf’*l'
We show:
-1 + +
(c) Ifuel'NI'™", then tqule C meﬂ,fl.
Let £ = > crnr-1 futy € Jpqp-1 with fy € Rso for all y. We must show that
tu€ € J%’ﬂr,fl; it is enough to show that for any z € TNI”~! there exists y € INI'~!

such that v, , .-+ # 0 or that there exists y € W such that v,-1,, # 0 (see
2.1(a)); such y is automatically in T N T~!. Hence it is enough to show that for
any z € I NT"~1 we have t,-1t, # 0. This holds since 271 ~ u™! (see 2.1(c)).

From (c) we deduce

- - -
(d) JFmF’—lmer—l C meF’—l'

2.3. LetI" € L. For any I'V € L we define a C-linear map Tt : Jpapr—1 — Jpapr—1

by
TF’(tm> = Z tmty = Z ’)/m,y,z*ltz-

yel'n—1 yel'N'—1 zell

We show:

(a) the matriz representing Ty with respect to the basis {t,;w € TNI'71} has
all entries in Rsq.
An equivalent statement is: for any z, z in TNI'~!, the sum ZyEFﬁF*1 Va,y,z-1 18
> 0. Since 7, ,-1 € N for all y, it is enough to show that for some y € I' N r-t
we have 7, , .-1 # 0 or equivalently (see 2.1(a)) that for some y € W we have
Y.-1.2.4 7 0 (we then have automatically y € TNI'~1). Thus, it is enough to show
that t,-1t, # 0. This follows from 2.1(c) since 27 ~ x 7.

Applying Perron’s theorem [Pe] to the matrix in (a) we see that there is a unique
Trs-stable positive line Lr r in Jpap-1 (the ”Perron line”).

Now let u € ¢; we have, u € T NI"~! with T',I” in L. From 2.2(a), 2.2(d), we
deduce

(b) If T' # I, then t,Jpqr—1 = 0 hence tuLr 1 = 0;

(c) if T = I, then tuﬁf{r, C JlJ:mf/—l’ hence ¢, Lr 1 is a positive line in J 7 1.
In the setup of (c), we have ¢, (Tt (§)) = 17/ (tu§) for any £ € Jpap—1. It follows
that ¢, Lr v is a Tf,-stable line in Jp~p -1 Thus,

(d) if I =", then t,Lr v = Ly p.
We set Mr = @r/er L. From (b),(d) we see that Mr is a Je-submodule of Jr.

We now see that the existence part of 1.2(a) is proved: we can take Mp = Mr.
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2.4. Let I" € L and let Mp be any J.-submodule of Jr for which property (©) in
1.2(a) holds. We show that 1.2(b) holds for Mp. Let u € I NTV~" be as in 1.2(b)
and let I’ € L. If T # I, then t,Jprnr-1 = 0 hence tuMpr = 0. Now assume
that I = I". By 2.2(c), left multiplication by ¢, maps Jf:mr,,l into Jl—fmf'fl hence
it maps any positive line in Jp~p/—1 onto a positive line in J~p 1. In particular,
it maps Mt r/ onto a line in J 1, which, being also contained in Mr, must be
equal to Mr,f'3 moreover, it maps Mlj,r/ into J;:mf,fl hence onto lef,. Thus,
1.2(b) holds for Mr. ’

We now choose a basis {ér/; I € L} of M such that ép € MITF, for any I'V € L;
then for any u € c, the matrix of the t,-action on M in this basis has entries in
Rzo. ThUS,

(a) tr(ty, Mr) € R>q for all u € c.

We show:

(b)the C-linear map v : Jo — Endc(Mr) given by the J.-module structure on
Mr 1s surjective.

It is enough to show that for any I',T” in L there exists u € ¢ such that v(t,)
carries the line My r/ onto the line M. 7, and carries the line Mp (where I € L,

I #I") to zero. Note that any v € IV N I"~! has the required properties. This
proves (b).

It follows that the J.-module Mr is simple. We show:

(c) Assume that M’ is any simple J.-module such that tr(t,, M') € R>q for all
u € c. Then M’ is isomorphic to Mr.
Assume that this is not so. We use the orthogonality formula

> " tr(ty, Mp)tr(t,—1, M') =0,

uec

which is a special case of [L6, 19.2(e)] (taking into account [L6, 20.1(b)] and using
that u — u~! maps ¢ into ¢). Since each term in the last sum is in R, it follows
that each term in the last sum is 0. In particular, we have tr(tqy, Mp)tr(ty, M') =0
for any d € D.. We show that for any d € D, we have tr(ty, Mr) € R~g. Using the
basis of M employed in the proof of (a), it is enough to show that some diagonal
entry of the matrix of the ¢4-action in this basis is # 0 (all entries are in R>(). We
have d € TV for a unique IV € L; then thlj:F, = MITI, and the desired property
holds.
From tr(tq, Mp)tr(tqs, M') = 0 and tr(tq, Mr) € R~ we deduce that tr(tqs, M) =}

0 for any d € D.. Since Y deD, ta 1s the unit element 1. of Je, it follows that
tr(le, M') = 0. This is a contradiction. This proves (c).

Let I be the simple ideal of J. such that IMp # 0. It is a C-vector space of
dimension N2 where N is the number of elements in L. If I' € L, then Mg is a
simple Jc-module such that tr(t,, Mz) € R>q for all u € ¢ (we use (a) with My
replaced by M+); hence, by (c), we have My = Mr as Jc-modules. In particular,
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the isomorphism class of My is independent of [. We see that the (necessarily
direct) sum Y ., My is contained in I and has dimension N? hence it is equal
to I; we also see that Mr C [ and, taking intersections with Jr, we see that
Mrpr C My, hence My = My (since dim My = dim Mp = N). We now see that
the uniqueness part of 1.2(a) is proved. Note that 1.2(b),1.2(c),1.2(d) are also
proved and we have I = I.

2.5. We prove 1.2(e). In the setup of (e), if I' # I’ then, using 2.2(a), we have
Mr Mg 7 = 0. Assume now that I' = I, Using 2.2(d), we see that M{F,Mgr

is contained in J ;{ﬂr,fl; it is also contained in I (since I is closed under multiplica-

tion), hence it is contained in INJY = M+ _ . Thus, multiplication restricts
rar/-1 IR

to a map MITF, X M;_F — Mg’rl. This map is necessarily surjective since Mrj‘—r/
is a single orbit of R~ under scalar multiplication. This implies that the linear

map between lines Mp r» ® Mg . — Mg 1, is an isomorphism. This proves 1.2(e).

2.6. We prove 1.2(f). Any element ¢ € J. defines a linear map *(6()) : Mj: — M
where M} denotes the dual space and ' denotes the transpose. This defines
a Jc-module structure on M such that for any = € ¢ we have tr(t;, M) =
tr(t,—1, Mr). By the argument in [L6, 20.13(a)], tr(¢,-1, Mr) is the complex con-
jugate of tr(t,, Mr). But the last trace is a real number, so that tr(t,, M) =
tr(ty, Mr). It follows that M = Mp as Je.-modules. From the definitions, the
simple two-sided ideal I’ of J¢ such that I’ M} # 0 satisfies I' = 6(I). It follows
that 6(I) = I. Since I = &g j ;, Mg 5 and 6(Jr ) = Jr r, it follows that

O(Mrr) C I r NS v iy My 0 = Mrop.

Since 6 is a vector space isomorphism, it follows that §(Mr /) = My . Note that
Q(Jf{r,) = Jff,’F; hence

Q(Mlj_’l"/) C JP‘_/’F ﬂ MF/’F = Mlj_/’l—x.

This forces the equality Q(Mliip,) = ]\41?,7F (since JM;C’F is a single orbit of R+
under scalar multiplication). This proves 1.2(f). Theorem 1.2 is proved.

2.7. After an earlier version of this paper was posted, P. Etingof told me that
the line Mp / in 1.2 is the same as the line associated in [EGNO, 3.4.4] to the
right Jpar-1-module Jpqr—1 (viewed as a based module over a based ring) that
is, the unique positive line £ in Jpr/-1 such that £ is a right Jp~p-1-submodule.
(The discussion in loc.cit. concerns left (instead of right) indecomposable based
modules over a fusion ring.) Indeed, from the definitions we see that £ must be
the same as L v in 2.3, hence the same as My .

3. SPECIAL REPRESENTATIONS

3.1. When H is tensored with C (using the ring homomorphism A — C, v — 1),
then it becomes C[W], the group algebra of W. (For w € W we have 1®T,, = w €
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C[W]; we denote 1 ® ¢, again by ¢,.) We have a homomorphism of C-algebras
(with 1) ¢ : C[W] — J given by

w(cx) — Z hx,d,z

deD,zeW,d~z

v:ltz

for all x € W, see [L6, 18.9]; this is an isomorphism, see [L6, 20.1]. For example, if
W = {1, s} is of type Ay we have 1(c1) = t1+1ts, P(cs) = 2ts; hence (1) = 1+,
”(p(S) = —tl + ts.

For each FE € IrtW let FE, be the simple J-module corresponding to £ under
1 and let cg be the unique two-sided cell of W such that J.,E # 0. (Note
that £ = F, as C-vector spaces.) Let Irr°W = {FE € IrtW;cg = ¢} and let
a' = a(zwy) for any = € ¢, where wy is the longest element of W.

For any k € N let &* be the k-th symmetric power of the reflection representa-
tion of W, viewed as a representation of W in an obvious way. For E € IrtW let
bg be the smallest integer k£ > 0 such that E is a constituent of &F. Now for any
E € Irr*W we have by > o/ and there is a unique E € Irr®W such that bg = d/;
this F is denoted by E°€ and is called the special representation associated to c.
(This is a reformulation of the definition of special representations given in [L1].)

Theorem 3.2. In the setup of Theorem 1.2, for any I' € L, we have My = ES,
as J.-modules.

We give two proofs; one is contained in 3.3,3.4,3.5. The other is given in 3.4,3.6.

3.3. In this subsection we assume that W is of type A, B or D.
Let I' € L. For any IV € L we set

_ +
€y = E t, € Jl"ﬂl"’—l'
zelNI/—1

By [L9, 4.8(b)], {er/;I" € L} is a C-basis of the unique J-submodule of Jr iso-
morphic to ES . By the uniqueness part of 1.2(a) this J-submodule of Jr (viewed
as a Je-module) must be the same as M in 1.2(a). We see that in this case, Mt
is isomorphic to £, and Mr v is the line spanned by er/. In particular, 3.2 holds
in our case.

3.4. In this subsection we assume that c is such that Irr®W consists of exactly
2 irreducible representations. In this case, W is of type E7 (resp. FEg) and the
2 irreducible representations in Irr®W have degree 512 (resp. 4096). Let I' € L
and let d € DNT. The C-linear map r : Jp — Jr given by left multiplication
by (—1)Dyp(wy) is in fact J-linear (since wg is central in W) and r(t,) = t,-
for any x € I', where x +— x* is a certain fixed point free involution of I', see
[L7]. Then J& = {¢€ € Jr;7(€) = £} is a simple Jc.-submodule of Jr with C-basis
{tz + tz=;x € I'1} where I'y is a set of representatives for the orbits of = — z*
on I'. Note that, if z € T', then {x,z*} is the intersection of I with the inverse
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of a left cell IV € L; hence t, + t,« € Jl—rmr/—l' By the uniqueness part of 1.2(a),
we must have M = J11~ and that for any IV € L, Mp -/ is the line spanned by
ZxEFﬂF’—l t-

Now let E € Irr®W be such that Eo, = Jf. From the definitions we have
tr((—1)"Dwy, F) = |Ty| = dim E. Hence, if ¢ = +1 is the scalar by which wy
acts on F, then (—1)9e = 1. We have I(d) = a(d) mod 2; hence € = (—1)*®),
But this equality characterizes the special representation in Irr®WW (the special
representation satisfies it, the nonspecial representation doesn’t satisfy it). We see
that Mp = J{ = ES.. In particular, 3.2 holds in our case.

3.5. In this subsection we assume that W is of exceptional type, but that c is not
as in 3.4. In this case, E° is the only representation in Irr®W of dimension equal to
|L|; since Mt (in 1.2(a)) has dimension equal to |L]|, it follows that Mp = J{. & ES_.
In particular, 3.2 holds in our case. This completes the proof of Theorem 3.2.

3.6. In this subsection we give a second proof of Theorem 3.2 assuming that c is
not as in 3.4. Let a = a(w) for any w € c¢. Let I' € L. Let X = Zwewv_l(w)Tw €
H. We can view C(v) ® Jp and C(v) ® Mr as H-modules via ¥ in 1.5. By [L9,
4.6], for any = € I' we have

Xt, = vaZtth mod Zvi.]p.

zZEcC 1<a

By an argument as in the proof of 2.2(c), we see that >°___t.t, € J{. It follows

that if IY € L and £ € Mp v then

zec

X¢=1"¢ mod Y v'Ip

<a

where ¢ € J{. In particular, we have X¢ # 0. Thus, X (C(v) ® Mr) # 0. Using
this and Theorem 4.2 in [L9] we deduce that the simple H-module C(v) ® Mr is
a constituent of the ”involution module” M in [L9, 0.1] (with Q(u) replaced by
C(v)). According to [L8] if a simple H-module appears in C(v) ® Jps for every
IV € L and it appears in M, then that H-module corresponds to E°. We deduce
that Mt = ES . This completes the second proof of Theorem 3.2, assuming that
c is not as in 3.4.

4. EQUIVARIANT VECTOR BUNDLES

4.1. In this section we fix a reductive, not necessarily connected algebraic group G
over C acting on a finite set X. Let G\ X be the set of G-orbits on X. Representa-
tions of reductive groups over C are always assumed to be of finite dimension over
C and algebraic. For z € X let G, = {g € G;gx = x}. Now G acts diagonally on
X x X and we can consider the Grothendieck group K (X x X) of G-equivariant
complex vector bundles (G-eq.v.b.) on X x X . This is an (associative) ring with
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1 under convolution, denoted by * (see [L3, 2.2], [L4, 10.2]). For a G-eq.v.b. V on
X x X we denote by V,, the fibre of V at (z,y) € X x X. Let B be the set of
pairs (€2, p) where 2 is a G-orbit 2 in X x X and p is an irreducible representation
of Gq (the isotropy group of a point (z,y) € Q). For any (€2, p) € B we denote by
V&P the G-eq.v.b. on X x X such that Va,plxxx—q = 0 and the action of G on
ViLe is equivalent to p. Now {V®*;(Q, p) € B} is a Z-basis of Kg(X x X). Let
Ke(X xX)=C® Kg(X x X), viewed as a C-algebra.

4.2. In this subsection we assume that G is finite. Let w,w’ be in G\X. Let V&'
be the G-eq.v.b. on X x X such that V,;* = C[G] if (a,b) € w x ', V3" =0if
(a,b) ¢ w x w'. (Here C[G] is the left regular representation of G.) The G-action

g: V" — Voot is left translation by g on C[G] (if (a,b) € w x w') and is 0 if
(a,b) ¢ w x w'. We show:

(a) Let (Om,p) € B; we have Q C wy X w} where wy,w)] are in G\X. Then
U' = VP« V@' s isomorphic to a direct sum of copies of the single G-eq.v.b.
Vere' - More precisely, if ) # w, we have U’ = 0; if ) = w, we have U’ =

&(dim p|2|ws| 1)
wi,w’ :

For (a,b) € X x X we have
U/

a

b = EBZGw;(a,z)EQVaS?;p ® C[G] if b e w/7
Ucll,b = 0 lfb ¢ W/.

Thus the support of U’ is contained in w; X w’ and U’ = 0 unless wj = w. We now
assume that w; = w and (a,b) € w1 xw'. Then U ;, = Dia, eV’ ® CIG]. We
have dimU;, , = d|G||Q|/|w1|. We show:

(b) as a G, N Gy-module, U, ,, is a multiple of the regular representation.
Let o1,...,0% be the various G, N Gy-orbits contained in w’. We have Uc’hb =
ealeRi, where R; = e, Vagfz’p ® C[G]. We pick z; € ;. Now

R = G0 g, (46 )

where G,NG G.. NG
a z; Q, _ z;
A — I'eSGamemGZi (V p), B — I'eSGame;GZi (C[G])

a,z;
It is enough to show that R; is a multiple of the regular representation of G, NGy.
Since R; is induced, it is enough to show that A ® B is a multiple of the regular
representation of G, NGy N G,. It is also enough to show that B is a multiple of
the regular representation of G, N G, N G,. This follows from the fact that C[G]
is a multiple of the regular representation of G,, N Gy. This proves (b). Now (a)
follows.

Note that in Kg(X x X) we have
() e = > dim p|QV27.

(Q,p)EB;QCwXw’
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4.3. We now drop the assumption (in 4.2) that G is finite. Let Kg(X x X)
be the C-vector space consisting of formal (possibly infinite) linear combinations
Z(Q,p)GB fa,,V® where fo, € C. The left Kg(X x X)-module structure on
Ka(X x X) given by left multiplication extends naturally to a left Kg (X x X)-
module structure on Kg(X x X). If w,w' are as in G\X then we can define
Ve e Kg(X x X) by the sum 4.2(c) (which is now a possibly infinite sum); we
set Vo' = |w|~1V9 50 that

(a) e = > dim p|Q|w| VP,
(Q,p)EB;QCwXw’

Now formula 4.2(a) extends to the present case as follows. Let (Om,p) € B; we
have 2 C wy X w] where wy,w) are G-orbits in X. Then

(b) veyee = Ny
where N € Z is 0 if W} # w and N = dim p|Q||w;|7? if w] = w. Hence
(C) VQ,pr,w' — N/le,w'

where N’ € Z is 0 if W} # w and N’ = dim p|Q||w| 7! if W] = w.

Let w' € G\X. Let R, be the subspace of Ky (X x X) consisting of formal
(possibly infinite) linear combinations 3 ¢ ,ep.pran—w fa.,,V&* with fo, € C.
Here pro : X x X — X is the second projection. Note that R, is a Kg(X x X)-
submodule of Kz (X x X).

Let R, be the subspace of Kg(X x X) with basis formed by the elements
Ve for various w € G\X. Using (c) we see that R, is a (simple) Kg(X x X)-
submodule of Kg(X x X); we have R, C R,. Using (c) we see also that if
w” € G\X then V¥ s V<" defines an isomorphism of Kg(X x X)-modules
R, = R,». Hence the isomorphism class of the Kg(X x X)-module R, is
independent of the choice of w’.

4.4. We now assume that G is the finite group associated to ¢ in [L2] and that X
is the finite G-set ®re G/Hr where Hp is the subgroup of G defined in [L3, 3.8].
In this case we have Kg(X x X) = Kg(X x X). By a conjecture in [L3, 3.15],
proved in [BFO], there exists an isomorphism of C-algebras y : Kg(X x X) — J.
carrying the basis (V*) of Kg(X x X) onto the basis {t,;x € ¢} of J.. Under ¥,
the left ideal Jp of J (for ' € L) corresponds to the left ideal R, of Kg(X x X)
where w’ € G\ X corresponds to I', and the basis {t,;x € I'} of Jp corresponds
to the intersection of the basis (V) of K¢ (X x X) with R,,. The basis of R,
formed by the elements yew' corresponds to a family of elements {er/;I” € L} in
Jr.
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From 4.3(a) we see that err € J{ [, for any I" € L (in fact the coefficients of
the various t,,2z € T NI'~! are in Z~() and from 4.3(c) we see that for u € c the
product t,ers is a Z>o multiple of an element er. We see that the C-subspace
of Jr spanned by {er ;T € L} satisfies property (©) in 1.2(a) hence it is equal to
My . This provides another proof in our case for the existence part of 1.2(a), with
the additional integrality properties in 1.7.

5. FINAL REMARKS

5.1. Theorem 1.2 and its proof remain valid if W is replaced by an affine Weyl
group (with ¢ assumed to be finite) or by a finite Coxeter group; in the last case
we use the positivity property of hg, . established in [EW]. In these cases, the
simple J.-module given by Theorem 1.2 will be called the special J.-module.

5.2. Assume now that W is an (irreducible) affine Weyl group and that c is a not
necessarily finite two-sided cell of W. We denote again by L the set of left cells
of W that are contained in c; this is a finite set. Then the C-algebra J. with its
basis {t,;z € ¢} is defined. Let .J.J, be the set of formal (possibly infinite) linear
combinations ZuEC futy where f, € C. This is naturally a left J.-module. For

any subset X of c let jX be the set of all Zuec futy € jc such that f, = 0 for

u€ec—X. IfT' € L, then jp is a J.-submodule ofjc. We have jp = @F’eLj]:‘mplfl.

According to a conjecture in [L4, 10.5], proved in [BFO], we can find G, X as
in 4.1 and an isomorphism of C-algebras x : Kg(X x X) — J carrying the basis
{V&r,(Q,p) € B} of Kg(X x X) onto the basis {t,;2 € ¢} of J.. This extends
in an obvious way to an isomorphism ¥ : Kg(X x X) = J. under which the left
K (X x X)-module structure on Kg(X x X) corresponds to the left Je-module
structure on J. If T' € L, there is a unique w’ € G\X (the set of G-orbits in X)
such that { carries Ry (see 4.3) onto a (simple) Je-submodule Mp of Jp whose
isomorphism class is independent of I'; we say that this is the special J.-module.
The J.-module Mr admits a basis {er/;T” € L} in which any ¢, (with u € ¢) acts
by a matrix with all entries in Z>(, namely the basis corresponding to the basis
{(Ver'sw e G\X} of Ry
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