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Abstract

We study high-dimensional distribution learning in an agfimsetting where an adversary is al-
lowed to arbitrarily corrupt am-fraction of the samples. Such questions have a rich higpayning
statistics, machine learning and theoretical computensa. Even in the most basic settings, the only
known approaches are either computationally inefficienbee dimension-dependent factors in their
error guarantees. This raises the following question: gb{tdimensional agnostic distribution learning
even possible, algorithmically?

In this work, we obtain the first computationally efficiengafithms with dimension-independent
error guarantees for agnostically learning several furetdgal classes of high-dimensional distributions:
(1) a single Gaussian, (2) a product distribution on the hyytge, (3) mixtures of two product distribu-
tions (under a natural balancedness condition), and (4jun@g of spherical Gaussians. Our algorithms
achieve error that is independent of the dimension, and inyncases scales nearly-linearly with the
fraction of adversarially corrupted samples. Moreover,dgeelop a general recipe for detecting and
correcting corruptions in high-dimensions, that may bdiapple to many other problems.
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1 Introduction

1.1 Background

A central goal of machine learning is to design efficient athms for fitting a model to a collection of
observations. In recent years, there has been considgnadgeess on a variety of problems in this domain,
including algorithms with provable guarantees for leagmmixture models [FOS05, KMV10, MV10, BS10,
[HK13], phylogenetic trees [CGGD2, MRO05], HMMis_ J[AHKN12], ticpmodels [AGM12 [ AGHK13], and
independent component analysis [AGMS15]. These algostbracially rely on the assumption that the
observations were actually generated by a model in the yamdwever, this simplifying assumption is not
meant to be exactly true, and it is an important directionqaae what happens when it holds only in an
approximate sense. In this work, we study the following fgraf questions:

Question 1.1. Let D be a family of distributions of®?. Suppose we are given samples generated from the
following process: Firstyn samples are drawn from some unknown distributidim D. Then, an adversary

is allowed to arbitrarily corrupt are-fraction of the samples. Can we efficiently find a distriatP’ in D

that is f (e, d)-close, in total variation distance, tB8?

This is a natural formalization of the problem of designiaust and efficient algorithms for distribution
estimation. We refer to it agproper) agnostic distribution learningnd we refer to the samples as being
e-corrupted. This family of problems has its roots in manydelincluding statistics, machine learning, and
theoretical computer science. Within computational legyriheory, it is related to the agnostic learning
model of Haussler [Hau92] and Kearesal. [KSS94], where the goal is to learn a labeling function whose
agreement with some underlying target function is closd¢obtest possible, among all functions in some
given class. In the even more challenging malicious noiséehiyal85,[KL93], an adversary is allowed to
corrupt both the labels and the samples. A major differenidle @ur setting is that these models apply to
supervised learning problems, while here we will work in asupervised setting.

Within statistics and machine learning, inference prolsidike Questioi_1]1 are often termed “esti-
mation under model misspecification”. The usual presaiipis to use the maximum likelihood estimator
[Hub67,/Whi82], which is unfortunately hard to compute imgeal. Even ignoring computational consid-
erations, the maximum likelihood estimator is only guagadtto converge to the distributid?l in D that is
closest (in Kullback-Leibler divergence) to the distributfrom which the observations are generated. This
is problematic because such a distribution is not necégsdwse toP at all.

A branch of statistics — called robust statistics [HR09, FIBR] — aims to tackle questions like the
one above. The usual formalization is in terms of breakdowintpwhich (informally) is the fraction of
observations that an adversary would need to control to leetattompletely corrupt an estimator. In low-
dimensions, this leads to the prescription that one shasgdthie empirical median instead of the empirical
mean to robustly estimate the mean of a distribution, arerdoartile range for robust estimates of the
variance. In high-dimensions, the Tukey depth [Tuk75] isgintdimensional analogue of the median that,
although provably robust, is hard to compute [JP78]. Sintirdness results have been shown [Ber06,
[HM13] for essentially all known estimators in robust statis

Is high-dimensional agnostic distribution learning evearsgible, algorithmically?The difficulty is that
corruptions are often hard to detect in high dimensions,caudd bias the natural estimator by dimension-
dependent factors. In this work, we study agnostic distigiouearning for a number of fundamental classes
of distributions: (1) a single Gaussian2) a product distribution on the hypercub@) mixtures of two
product distributions (under a natural balancedness tiongliand(4) mixtures ofk Gaussians with spher-
ical covariances. Prior to our work, all known efficient aitfims (e.g. [[LT15/ BD15]) for these classes
required the error guaranteg(e, d), to dependolynomiallyin the dimensioni. Hence, previous efficient
estimators could only tolerate at most apoly(d) fraction of errors. In this work, we obtaihe firsteffi-
cient algorithms for the aforementioned problems, wifdeed) is completely independent @and depends



polynomially (often, nearly linearly) in the fractionof corrupted samples. Our work is just a first step in
this direction, and there are many exciting questions teétplore.

1.2 Our Techniques

All of our algorithms are based on a common recipe. The firestian to address is the following: Even
if we were given a candidate hypothegts how could we test if it is-close in total variation distance to
P? The usual way to certify closeness is to exhibit a couplietyveenP and P’ that marginally samples
from both distributions, where the samples produced frooh emree with probabilityy — . However,
we have no control over the process by which samples are afedefrom P, in order to produce such
a coupling. And even then, the way that an adversary decalesrtupt samples can introduce complex
statistical dependencies.

We circumvent this issue by working with an appropriate owtbf parameter distance, which we use
as a proxy for the total variation distance between two itistions in the clas®. Various notions of
parameter distance underly several efficient algorithmsliiribution learning in the following sense. df
andd’ are two sets of parameters that define distributiBnand Py in a given clas®, a learning algorithm
often relies on establishing the following type of relalﬂdnetweerdTv(Pg, Py) and the parameter distance
d,(6,0'):

pOly(dp(Q, 9/), 1/d) < dTv(Pg, Pg/) < pOly(dp(Q, 9/), d) . (1)

Unfortunately, in our agnostic setting, we cannot afford () to depend on the dimensiehat all. Any
such dependence would appear in the error guarantee of ganitain. Instead, the starting point of our
algorithms is a notion of parameter distance that satisfies

pOIY(dP(9> 9/)) < dTV(P97 P@’) < pOIY(dP(9> 9/)) (2)

which allows us to reformulate our goal of designing robwsineators, with distribution-independent error
guarantees, as the goal of robustly estimatingccording tod,. In several settings, the choice of the
parameter distance is rather straightforward. It is oftendase that some variant of thedistance between
the parameters worls

Given our notion of parameter distance satisfying (2), oaimingredient is an efficient method for
robustly estimating the parameters. We provide two algonit approaches which are based on similar
principles. Our first approach is faster, requiring only rapgmate eigenvalue computations. Our second
approach relies on convex programming and achieves mutdr Baimple complexity, in some cases match-
ing the information-theoretic limit. Notably, either apgich can be used to give all of our concrete learning
applications with nearly identical error guarantees. Imtifbllows, we specialize to the problem of robustly
learning the meap of a Gaussian whose covariance is promised to be the idewtiigh we will use to
illustrate how both approaches operate. We emphasize thedtis/needed to learn the parameters in more
general settings requires many additional ideas.

Our first algorithmic approach is an iterative greedy metthad, in each iteration, filters out some of
the corrupted samples. Given a set of samplethat contains a sef of uncorrupted samples, an iteration
of our algorithm either returns the sample mearb0br finds afilter that allows us to efficiently compute
a setS” c S’ that is much closer t¢. Note the sample megih = Zfil(l/N)Xi (even after we remove

IFor example, the work of Kalait al. can be reformulated as showing that for any pair okiuaies of two Gaussians
(with suitably bounded parameters), the following quéegitire polynomially related:1) discrepancy in their low-order moments,
(2) their parameter distance, a(®l) their total variation distance. This ensures that any catdiset of parameters that produce
almost identical moments must itself result in a distribntihat is close in total variation distance.

2This discussion already points to why it may be challengindesign agnostic algorithms for mixtures of arbitrary Gaarss
or arbitrary product distributions: It is not clear what ioot of parameter distance is polynomially related to thalteariation
distance between two such mixtures, without any dependamde



points that are obviously outliers) can Q¢=+/d)-far from the true mean if,-distance. The filter approach
shows that either the sample mean is already a good estiorat®f else there is an elementary spectral test
that rejects some of the corrupted points and almost norteeafiicorrupted ones. The crucial observation
is that if a small number of corrupted points are respondini@ large change in the sample mean, it must
be the case that many of the error points are very far from th@mnmn some particular direction. Thus, we
obtain our filter by computing the top absolute eigenvalua wfodified sample covariance matrix.

Our second algorithmic approach relies on convex programgmiHere, instead of rejecting corrupted
samples, we compute appropriateightsw; for the samplesX;, so that the weighted empirical average
Ty = Zf\i 1 w; X; is close tou. We work with the convex set:

< 5} .
2

We prove thatny set of weights irCs yields a good estimatg,, = Zf\il w; X; in the obvious way. The
catch is that the séfy is defined based on, which is unknown Nevertheless, it turns out that we can use
the same types of spectral arguments that underly theridi@pproach to design an approximate separation
oracle forCs. Combined with standard results in convex optimizatiois yfields an algorithm for robustly
estimatingyu.

The third and final ingredient is some new concentration Heurn both of the approaches above, at
best we are hoping that we can remove all of the corruptedigaind be left with only the uncorrupted
ones, and then use standard estimators (e.g., the empivieadge) on them. However, an adversary could
have removed an-fraction of the samples in a way that biases the empiricatame of the remaining
uncorrupted samples. What we need are concentration bthetdshow for sufficiently largéV, for samples
X1, Xs, ..., Xy from a Gaussian with megnand identity covariance, that evefy — ¢) N set of samples
produces a good estimate for In some cases, we can derive such concentration boundspeglam to
known concentration inequalities and taking a union bouddwever, in other cases (e.g., concentration
bounds for degree two polynomials of Gaussian random Masathe existing concentration bounds are not
strong enough, and we need other arguments to prove that seof(1 — ¢) N samples produces a good
estimate.

N
s = {uwil 0w 1/ - M), T =1
i=1

N
;wi(Xi — (X — )t -1

1.3 Our Results

We give the first efficient algorithms for agnostically leiam several important distribution classes with
dimension-independent error guarantees. Our first maiitrissfor a single arbitrary Gaussian with mean
w and covarianceZ, which we denote byV (1, ). In the previous subsection, we described our convex
programming approach for learning the mean vector whendhiar@nce is promised to be the identity. A
technically more involved version of the technique can tatite case of zero mean and unknown covari-
ance. More specifically, consider the following convex sétere: is the unknown covariance matrix:

<o}
F

We design an approximate separation oracle for this unkranmaex set, by analyzing the spectral proper-
ties of the fourth moment tensor of a Gaussian. Combininggtheo intermediate results, we obtain our first
main result (below). Throughout this paper, we will abus&ation and writeN > ﬁ(f(d,s,f)) when re-
ferring to our sample complexity, to signify that our algbm works if N > C'f(d, ¢, 7)polylog(f(d, e, 7))

for a large enough universal constant

N
s = {uwil 0w 1/ - N, T =1
i=1

S (R T 12
5 S w X XT) s I
i=1




Theorem 1.2. Let i, X be arbitrary and unknown, and let 7 > 0. There is a polynomial time algorithm
~ : 2
which givere, 7, and ane-corrupted set ofV samples fromV (i, ) with N > Q (%), producesi

and$. so that with probabilityl — 7 we havedry (N (4, 2), N (73, £)) < O(elog?(1/e)).

We can alternatively establish Theoreml 1.2 with a slighttyse sample complexity via our filtering tech-
nique. See Sectidd 8.

Our second agnostic learning result is for a product digtidim on the hypercube — arguably the most
fundamental discrete high-dimensional distribution. \Weesthis problem using our filter technique, though
our convex programming approach would also yield similaots. We start by analyzing the balanced case,
when no coordinate is very close to being deterministics Bpiecial case is interesting in its own right and
captures the essential ideas of our more involved analgsighé general case. The reason is that, for two
balanced product distributions, tlfe-distance between their means is equivalent to their tadhtion
distance (up to a constant factor). This leads to a clean lagdm presentation of our spectral arguments.
For an arbitrary product distribution, we handle the comatis that are essentially deterministic separately.
Moreover, we use thg?-distance between the means as the parameter distancesandpasequence, we
need to apply the appropriate corrections to the covariareteix. Formally, we prove:

Theorem 1.3.LetII be an unknown binary product distribution, anddet > 0. There is a polynomial time
algorithm which givers, 7, and anc-corrupted set ofV samples fromil with N > Q (%) , produces

a binary product distributiorlI so that with probabilityl — 7, we havedy (IL, II) < O(y/clog 1/¢).

For the sake of simplicity in the presentation, we did not enak effort to optimize the sample com-
plexity of our robust estimators. We also remark that foradhse of balanced binary product distributions,
our algorithm achieves an error 6f(e+/log(1/¢)).

Interestingly enough, the above two distribution clasgedrivial to learn in the noiseless case, but in
the agnostic setting the learning problem turns out to bgrsimgly challenging. Using additional ideas, we
are able to generalize our agnostic learning algorithnmitauresof the above classes under some natural
conditions. We note that learning mixtures of the above liasis rather non-trivial even in the noiseless
case. First, we stud¥-mixtures ofc-balanced products, which stipulates that the coordinaftéise mean
vector of each component are in the rarigel — ¢). We prove:

Theorem 1.4(informal). LetII be an unknown mixture of twebalanced binary product distribution, and
lete, 7 > 0. There is a polynomial time algorithm which givenr, and ans-corrupted set ofV samples

fromII with N > Q (dtff/é/ T), produces a mixture of two binary product distributioHsso that with
probability 1 — 7, we havelry (11, IT) < O,(¢'/9).

This generalizes the algorithm of Freund and Mansiour [EM8%he agnostic setting. An interesting open

guestion is to improve the-dependence in the above bound to (nearly) linear, or to verttee assumption

of balancedness and obtain an agnostic algorithm for nestaf two arbitrary product distributions.
Finally, we give an agnostic learning algorithm for mixtsia spherical Gaussians.

Theorem 1.5. Let M be a mixture ok Gaussians with spherical covariances, anddet > 0 andk be a
constant. There is a polynomial time (for constaiplgorithm which givere, 7, and anes-corrupted set of
N samples fromM with N > poly(k, d, 1/e,log(1/7)), outputs anM’ so that with probabilityl — 7, we
havedry (M, M') < O(poly (k) - V€).

Our agnostic algorithms for (mixtures of) balanced prodiistributions and for (mixtures of) spherical
Gaussians are conceptually related, since in both casegoties to robustly learn the means of each
component with respect @-distance.



In total, these results give new robust and computatioreffigient estimators for several well-studied
distribution learning problems that can tolerate a condtaction of errors independent of the dimension.
This points to an interesting new direction of making rokstatistics algorithmic. The general recipe we
have developed here gives us reason to be optimistic abowt atler problems in this domain.

1.4 Discussion and Related Work

Our results fit in the framework adensity estimatiorand parameter learningwhich are both classical
problems in statistics with a rich history (see e.g., [BBBEDGS85, Sil86/ Sco92, DL01]). While these
problems have been studied for several decades by diffe@nmunities, the computational complex-
ity of learning is still not well understood, even for somesisingly simple distribution families. Most
textbook estimators are hard to compute in general, edfyemahigh-dimensional settings. In the past
few decades, a rich body of work within theoretical comp@gience has focused on designing compu-
tationally efficient distribution learning algorithms. #seminal work, Kearnst al. [KMR T94] initiated

a systematic investigation of the computational compjesit distribution learning. Since then, efficient
Iearning algorithms have been developed for a wide rangéstiflmlitions in both low and high-dimensions
[Das99[ FM99, AKOIL, VWOZ, CGG02, MRO5, BV08, KMV! 36,DDS124, DDS12b, CDSS13,
_ [CDSS14a, CDSS14b, HR15, ADLS$15, DDS15b, DDKT16, DKBIKS16].

We will be part|cularly mterested in efficient learning atghms for mixtures of high-dimensional Gaus-
sians and mixtures of product distributions, as this is tioei$ of our algorithmic results in the agnostic set-
ting. In a pioneering work, Dasgupta [Das99] introducedpiablem of parameter estimation of a Gaussian
mixture to theoretical computer science, and gave the ficsighly efficient algorithms under the assump-
tion that the components are suitably well-separated. éulantly, a number of works improved these sep-
aration conditions JAKO1, VW0Z, BV(08] and ultimately remog them entirely [KMV10[ MV10[ BS10].

In another line of work, Freund and Mansour [FM99] gave th& fiolynomial time algorithm for properly
learning mixtures of two binary product distributions. Fhilgorithm was substantially generalized to phy-
logenetic trees [CGG02] and to mixtures of any constant rrrobdiscrete product distributions [FOS05].
Given the vast body of work on high-dimensional distribatiearning, there is a plethora of problems where
one could hope to reconcile robustness and computatioiigibaty. Thus far, the only setting where robust
and efficient algorithms are known is on one-dimensiondtidigion families, where brute-force search or
some form of polynomial regression often works. In confrastentially nothing is known about efficient
agnostic distribution learning in the high-dimensionatieg that we study here.

Questior 111 also resembles learning in the presence ofimaierrors[[Val85, KL93]. There, an algo-
rithm is given samples from a distribution along with th@ibé&ls according to an unknown target function.
The adversary is allowed to corrupt aifiraction of both the samples and their labels. A sequeneeodks
studied this problem for the class of halfspac¢es [Ser010FHe&LS09] in the setting where the underlying
distribution is a Gaussian, culminating in the work of Avastt al. [ABL14], who gave an efficient algo-
rithm that finds a halfspace with agreeméx). Our work and theirs are not directly comparable, since we
work in an unsupervised setting. Moreover, their algorghmeed to assume that the underlying Gaussian
distribution is in isotropic position. In fact, our resulise complementary to theirs: One could use our
algorithms (on the unlabeled examples) to learn an affimestoamation that puts the underlying Gaussian
distribution in approximately isotropic position, eventire presence of malicious errors, so that one can
then directly apply thé JABL14] algorithm.

Another connection is to the work on robust principal congdranalysis (PCA). PCA is a transfor-
mation that (among other things) is often justified as beiblg @0 find the affine transformationl =
2‘1/2(X — ) that would place a collection of Gaussian random varialii@sdtropic position. One can
think of our results on agnostically learning a Gaussian@gpe of robust PCA that tolerates gross corrup-
tions, where entire samples are corrupted. This is diffeifean other variants of the problem where random




sets of coordinates of the points are corrupted [CLMW11jvbere the uncorrupted points were assumed
to lie in a low-dimensional subspace to begin with [ZL114, LKIP]. Finally, Brubaker [Bru09] studied the
problem of clustering samples fromveell-separatedmixture of Gaussians in the presence of adversarial
noise. The goal of [Bru09] was to separate the Gaussian coemt® from each other, while the adversarial
points are allowed to end up in any of clusters. Our work ifagbnal to [[Bru0d], since even if such a
clustering is given, the problem still remains to estimategarameters of each component.

1.5 Organization

The structure of this paper is as follows: In Secfidn 2, weothice basic notation and a number of useful
facts that will be required throughout the paper, as welhasormal definition of our adversary model. In

Section 8, we discuss several natural approaches to higbrgdional agnostic learning, all of which lose
polynomial factors that depend on the dimension, in terntkef error guarantee.

The main body of the paper is in Sectidd$ ¥—8. Sectidns 4 hiidsfrate our convex programming
framework, while Sectioris 61-8 illustrate our filter frametuo

More specifically, in Sectiof]4 we apply our convex programgnframework to a single Gaussian
with unknown mean and unknown covariance. In Sedfion 5, wegdize these technigues to obtain an
agnostic algorithm for mixtures of spherical Gaussian$witknown means. In Secti@h 6, we apply our
filter techniques to a binary product distribution. In Sexfid we generalize the techniques of Secfiibn 6 to
obtain an agnostic learning algorithm for a mixture of twdabaed binary product distributions. Finally,
in Section[8 we apply our filter technique to obtain an alterregnostic learning algorithm for a single
Gaussian with unknown mean and unknown covariance.

We note that for some of the more advanced applications ofraoreworks, the technical details can
get in the way of the fundamental ideas. For the reader whaésasted in seeing the details of our most
basic application of the convex programming framework, a@mmend reading the case a Gaussian with
unknown mean, in Sectidn 4.3. Similarly, for the filter framoek, we suggest either the balanced product
distribution in Section 6]1 or the Gaussian with unknown mieaSectiorf 8.11..

2 Preliminaries

2.1 Types of Adversaries

In this paper, we will consider a powerful model for agnogtistribution learning that generalizes many
other existing models. The standard setup involvestdivious adversarywho chooses a distribution that
is close in total variation distance to an unknown distifouin some clas®.

Definition 2.1. Givene > 0 and a class of distribution®, the oblivious adversarghooses a distribution
P so that there is an unknown distributiad € D with dry (P, D) < . An algorithm is then givem
independent samples;, X,, ..., X, fromP.

The goal of the algorithm is to return the parameters of aidigton DinD, wheredrvy (D, ﬁ) is small.
We refer to the above adversary as oblivious because it fireesbdel for noise before seeing any of the
samples. In contrast, a more powerful adversary is allowadspect the samples before corrupting them,
both by adding corrupted points and deleting uncorruptedtpoWe refer to this as thell adversary

Definition 2.2. Givene > 0, and a class of distribution®, the full adversaryoperates as follows: The
algorithm specifies some number of samptesThe adversary generates samplesXy, X, ..., X, from
some (unknown) distributio® € D. It then drawsn’ from an appropriate distribution. This distribution is
allowed to depend o, X, ..., X,,, but when marginalized over the samples satisfies’ ~ Bin(e, m).



The adversary is allowed to inspect the samples, and remavesthem, and replaces them with arbitrary
points. The set af: points is given (in any order) to the algorithm.

We remark that there are no computational restrictions erattversary. As before, the goal is to return
the parameters of a distributiaB in D, wheredry (D, f)) is small. The reason we allow the draw/ to
depend on the sample§,, Xo, ..., X,, is because our algorithms will tolerate this extra genstadind it
will allow us to show that the full adversary is at least asrsy as the oblivious adversary (this would not
necessarily be true i’ were sampled independently from Binm)).

We rely on the following well-known fact:

Fact 2.3. Let P, D be two distributions so thatrvy (P, D) = . Then there are distributions/’; and N, so
that(l — El)P +e1N1 = (1 — 62)D + e9No, Wheres| + g9 = €.

Now we can describe how the full adversary can corrupt sasnipten D to get samples distributed
according toP.

Claim 2.4. The full adversary can simulate any oblivious adversary.

Proof. We drawm samplesXy, X, ..., X,, from D. We delete each sampl¢; independently with prob-
ability e5 and replace it with an independent sample frdin This gives a set of samplé§,Ys,...,Y,,

that are independently sampled frofh — e3)D + 2 Ns. Since the distributiongl — ;)P + 1Ny

and1 — e9)D + 92Ny are identical, we can couple them to independent sampjegs, ..., Z,, from
(1—¢1)P +e1N1. Now each sampl&; that came fromV;, we can delete and replace with an independent
sample fromP. The result is a set of samples that are independently sdrfole P where we have made

m’ edits and marginallyn” ~ Bin(e1 + €2, m), althoughm’ has and needs to have some dependence on the
original samples fronD. O

The challenge in working with the full adversary is that etlemsamples that came frof can have bi-
ases. The adversary can now choose how to remove uncoriugitad in a careful way so as to compensate
for certain other biases that he introduces using the ctadupoints.

Throughout this paper, we will make use of the following tiotaand terminology:

Definition 2.5. We say a a set of sampleg , X, ..., X,, is ane-corrupted set of samples generated by
the oblivious (resp. full) adversary if it is generated beg fhrocess described above in the definition of the
oblivious (resp. full) adversary. If it was generated by thiéadversary, we leGG C [m] denote the indices
of the uncorrupted samples, and weletC [m] denote the indices of the corrupted samples.

In this paper, we will give a number of algorithms for agnostistribution learning that work in the full
adversary model. In our analysis, we will identify a set oémg that ensure the algorithm succeeds and
will bound the probability that any of these events does ouowhenm is suitably large. We will often
explicitly invoke the assumption thgE| < 2em. We can do this even though the number of points that are

corrupted is itself a random variable, because by the Clffdvoand, as long as» > O (%) , we know

that || < 2em holds with probability at least — O(7). Thus, making the assumption tha@| < 2em
costs us an additional additive(7) term in our union bound, when bounding the failure probgbiif our
algorithms.

2.2 Basic Notation

Throughout this paper, if is a vector, we will let|v[|> denote its Euclidean norm. I¥/ is a matrix, we
will let ||M ||, denote its spectral norm, afid/ || » denote its Frobenius norm. For a discrete distribution
P, we will denote byP(x) the probability mass at point. For a continuous distribution, let it denote the
probability density function at. Let S be a multiset ovef0, 1} . We will write X €,, S to denote thafX

is drawn from the empirical distribution defined By
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2.3 Distributions of Interest
One object of study in this paper is the Gaussian (or Normstfijildution.

Definition 2.6. A Gaussian distributioo\ (1, X2) with meany and covarianceX: is the distribution with
probability density function

) = 2n) 2 exp (o= 5o ).

We will also be interested in binary product distributions.

Definition 2.7. A (binary) product distributioris a probability distribution over0, 1}¢ whose coordinate
random variables are independent. Note that a binary prodiistribution is completely determined by its
mean vector.

We will also be interested in mixtures of such distributions

Definition 2.8. A mixture P of distributionsP;, . .., P, with mixing weightsyy, . .., a4 is the distribution
defined by
P(z) =) ajPi(a),

JELK]
wherea; > 0 forall jand}_ ;o = 1.

2.4 Agnostic Hypothesis Selection

Several of our algorithms will return a polynomial-sizest bf hypotheses at least one of which is guaranteed
to be close to the target distribution. Usually (e.g. in a-agnostic setting), one could use a polynomial
number of additional samples to run a tournament to idetitigéycandidate hypothesis that is (roughly) the
closest to the target distribution. In the discussion tbhdods, we will refer to these additional samples
as test samples. Sutlypothesis selectioalgorithms have been extensively studied [Yai85, DIL96, B)L9
[DLO1,[DK14,[AJOS14, SOAJ14, DDS1%a, DDS15b]. Unfortunatatjainst a strong adversary we run into
a serious technical complication: the training samples tastlsamples are not necessarily independent.
Moreover even if we randomly partition our samples in tnagnand test, a priori there are an unbounded set
of possible hypotheses that the training phase could quapdtwhen we analyze the tournament we cannot
condition on the list of hypotheses and assume that thedegbles are sampled anew. Our approach is to
require our original algorithm to return only hypothesasrirsome finite set of possibilities, and as we will
see this mitigates the problem.

Lemma 2.9. LetC be a class of probability distributions. Suppose that fansaV, ¢, 7 > 0 there exists a
polynomial time algorithm that givei independent samples from sofhec C, of which up to &e-fraction
have been arbitrarily corrupted, returns a list 8f distributions whose probability density functions are
explicitly computable and which can be effectively samfrted so that withl — 7 /2 probability there exists
all’ € M with dpy(IT',IT) < 6. Suppose furthermore that the distributions returned by #hgorithm
are all in some fixed set. Then there exists another polynomial time algorithm, WhijtvenO(N +
(log(|IM|) +1og(1/7))/?) samples fronil, ane-fraction of which have been arbitrarily corrupted, retsrn
a single distributionlI” so that withl — 7 probability dpv (IT', II) < O(d + €).

Proof. Firstly, we randomly choose a subset®fof our samples and a disjoint subset@flog(|M|) +
log(1/7))/e? of our samples for some sufficiently large Note that with high probability over our ran-
domization, at most as-fraction of samples from each subset are corrupted. Thasney instead con-
sider the stronger adversary who sees aSsedf NV independent samples frobh and another setS,, of
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C(log(|M]) + log(1/7))/e? samples fromI and can arbitrary corrupt 2e-fraction of each, giving sets
51,55,

With probability at least — 7/2 over Sy, the original algorithm run oy returns a sef\/ satisfying
the desired properties.

For two distributions” and@ in M we letA pg be the set of inputs wherePrp(x) > Prg(z). We note
that we can test membership i as, by assumption, the probability density functions arematable.
We also note thadrv (P, Q) = Prp(Apg) — Pro(Apg). Our tournament will depend on the fact thatif
is close to the target an@ is far away, that many samples will necessarily liedipg.

We claim that with probability at leadt— /2 over the choice o5, we have that for any’, Q € M
that

GP% (x € Apg) = Pr(a:GApQ)+O()
TeyuO2

This follows by Chernoff bounds and a union bound over|th? possibilities forP andQ. Since the total
variational distance between the uniform distributionsras and.S is at mose, we also have fof that

Pl:9 (:L' € APQ) = Pl“ (l’ S APQ) +O( )
TEy 4

Suppose thaity (P, II) < § anddry(Q,II) > 55 + Ce. We then have that

Pl:g (SL’ S APQ) = Pll“_l(ﬂj S APQ) + O(E) > PIID(QE c APQ) + O(E) — > PI"Q({L' S APQ) + 0+ 06/5.
TEy é T~ T T

On the other hand, drv (II, Q) < ¢ then

PI,"S‘ (l’ S APQ) = PI{_[(:L’ S APQ) + 0(6) < PI"Q(:L’ S APQ) + 0+ 06/5.
HASIN T~ T~

Therefore, if we throw away ang in our list for which there is & in our list so that

PrS (x € Apg) > Pr (xEApQ)+5+CE/5
S

we have thrown away all th@ with dpv(Q,II) > 56 + Ce, but none of the) with dry(Q,1II) < 6.
Therefore, there will be & remaining, and returning it will yield an appropridt. O

2.5 Bounds on TV Distance

The Kullbeck-Liebler divergencéalso known asgelative entropy information gain or information diver-
gence¢ is a well-known measure of distance between two distriimsti

Definition 2.10. Let P, Q be two probability distributions of?. Then the KL divergence betweé&nand
@, denotediky,(P||Q), is defined as
dpP
dx1,(P = log —dP .
kL (P Q) / %% 55
The primary interest we have in this quantity is the fact iathe KL divergence between two Gaus-

sians has a closed form expression, and (2) it can be relattsh (with little loss) to the total variation
distance between the Gaussians. The first statement isssgprén the fact below:

Fact 2.11. Let N (11, %1) and NV (g, 32) be two Gaussians so thaet(X1), det(X2) # 0. Then

dir, (N (p1, £1)[|N (12, 52)) = % <tr(25121) + (2 — 1) 8y (g2 — 1) — d = In <j§g;;>> '



The second statement is encapsulated in the well-kridwsker's inequality

Theorem 2.12(Pinsker’s inequality) Let P,  be two probability distributions oveR®. Then,

drv(P,Q) < %dKL(P> Q) -

With this, we can show the following two useful lemmas, whadlow us to relate parameter distance
between two Gaussians to their total variation distance:. firbt bounds the total variation distance between
two Gaussians with identity covariance in terms of the Elegn distance between the means:

Corollary 2.13. Lety, up € R be arbitrary. Thendpy (N (p1, 1), N (2, 1)) < Sl — palfa-
Proof. In the case wher&; = 3, = I, (@) simplifies to
1
dicr, (N (w1, 1), N2, 1)) = Sz = pal3-

Pinsker's inequality (Theorem Z112) then implies that

1 1
drv (N (p1, 1), N (p2, I)) < \/§dKL (N (p1, 1), N (pa, 1)) = 32 = palle,
as desired. O

The second bounds the total variation distance between weammero Gaussians in terms of the Frobe-

nius norm of the difference between their covariance mesdric
Corollary 2.14. Letd > 0 be sufficiently small. Let;, X9 so that|| ] — 22_1/22122_1/2\\17 = ¢. Then,

dTV(N(Oa 21)7'/\/(0’ E2)) < 0(5) :

1/2 —-1/2

Proof. Let M =X, /“%;3, . Then [3) simplifies to

dict, (N (s S0) [N (2, 52)) = % (6x(M) — d — Indet(M)) .

Since both terms in the last line are rotationally invarjave may assume without loss of generality that

is diagonal. LetM = diag(1 + A1,...,1+ Ag). Thus, the KL divergence between the two distributions is
given exactly by>"? | \; — log(1 + \;), where we are guaranteed tHaL"_, \?)!/2 = 4. By the linear
approximation tdn(1 + z), for z small, we have that faf sufficiently small,

d d
> Xi—log(l+X)=6 <Z A%) =0(8?).
=1

i=1

Thus, we have shown that férsufficiently small,dir, (N (11, 1) |V (g2, $2)) < O(8?). The result now
follows by an application of Pinsker’s inequality (TheorZm2). O

Our algorithm for agnostically learning an arbitrary Gaassill be based on solving two intermediate
problems: (1) We are given samples frovi{x., I) and our goal is to learp, and (2) We are given samples
from N(0,X) and our goal is to learX. The above bounds on total variation distance will allow as t
conclude that our estimate is close in total variation distato the unknown Gaussian distribution in each
of the two settings.

We will also need the following lemma, bounding the totali@gon distance between two product
distributions by the chi-squared distance between theespanding mean vectors.
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Lemma 2.15. Let P, Q be binary product distributions with mean vectars; < (0,1)%. We have that

d
pz_%)
W(P,Q) <2 E: .
=1 pz+Qz 2 pz_Qi)

The proof is deferred to Sectid A.

2.6 Miscellaneous Lemmata

We will frequently use the following version of the Chernb&iund:

Theorem 2.16.Let 7y, ..., Z, be independent random variables with supported orla;, b;]. Let Z =
S | Z;. Then for anyl’ > 0,

—277?
Pr(|Z —E[Z]| > T) < 2exp (W) .

3 Some Natural Approaches, and Why They Fail

Many of the agnostic distribution learning problems thatsively are so natural that one would immediately
wonder why simpler approaches do not work. Here we detailesother plausible approaches, and what
causes them to lose dimension-dependent factors (if they diay guarantees at all'). For the discussion
that follows, we note that by Falct 2]13 in order to achieve simate that i< (<)-close in total variation
distance (for a Gaussian wheris unknown andt = I) itis necessary and sufficient thgt — u||2 = O(e).

Learn Each Coordinate Separately

One plausible approach for agnostic learning in high dinoessis to agnostically learn along each coor-
dainate separately. For instance, if our goal is to agraltitearn the mean of a Gaussian with known
covariancel, we could try to learn each coordinate of the mean separaRaly since as-fraction of the
samples are corrupted, our estimate can be off by each coordinate and would be off by/d in high
dimensions.

Maximum Likelihood

Given a set of sampleX,..., Xy, and a class of distribution®, the maximum likelihood estimator
(MLE) is the distributionF" € D that maximizeq [;", F(X;). Equivalently,F" minimizes the negative log
likelihood (NLL), which is given by

NLL(F, X1,...,Xn) == ) log F(X

In particular, ifD = {N(u, I) : n € R%} is the set of Gaussians with unknown mean and identity covari
ance, we see that for apye R?, the NLL of the set of samples is given by

N
1 )
NLL (A (1, 1), X1, ., Xn) = — > log <_e—|xi—u||2/2>
i=1 v2m

N
1 2
= Nlog V2r + 5 2 1% — 3
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and so theu which minimizes NLUN (u, I), X1, ..., Xn) is the mean of the samples;, since for any
set of vectorsyy, ... ., uy, the average of the;’s is the minimizer of the functiof(z) = 3> | |jv; — x||2.
Hence if an adversary places afraction of the points at some very large distance, thereienate for
the mean would need to move considerably in that directignplBcing the corruptions further and further
away, the MLE can be an arbitrarily bad estimate. Hence dwaurgh it is well known[[Hub&7, Whig2] that
the MLE converges to the distributidii € D that is closest in KL-divergence to the distribution fromigfh
our samples were generated (i.e. after the adversary had adduptions)}’ is not necessarily close to the
uncorrupted distribution.

Geometric Median

In one dimension, it is well-known that the median providegravably robust estimate for the mean in
a number of settings. The mean of a set of pomnts .., ay is the minimizer of the functiorf (z) =

SN (a; — x)?, and in contrast the median is the minimizer of the functign) = SV | |a; — |. In
higher dimensions, there are many natural definitions fernttedian that generalize the one-dimensional
case. Thelukey mediaris one such notion, but as we discussed it is hard to compBf&]Jand the best
known algorithms run in time exponential ih Motivated by this, the geometric median is another high-
dimensional notion of a median. It often achieves betteustitess than the mean, and can be computed
quickly [CLMT16]. The formal definition is:

med S) £ minz |z — vz .

zeSs

Next, we show that the geometric median also does not giveriion independent error guarantees
for learning the mean of a Gaussian with known covariancep8se we have a séf of (1 —¢) N samples
from A7(0,7) and a setS, of e N samplesc {0,1}?. Each element < S, is generated independently by
choosing a random sél, C [d] of cardinalityd/2 and settinge; = 1 if i € Q,, and0 otherwise. Call this
distribution D.

Let f(v) = > .cs,us, |75 — vll2, and letv™ be the value which minimizes this function, which is also
the geometric median of this set of points. We know that tfaelignt isO at this point, and thus, for all
(Vf(v*)); = 0. Assume thafiv* s < e, where we set > Q(1/+/d). We will show to be a contradiction.

Writing the expression for the gradient, we have

Z ||$—sz Z Hw—v\lz

mGS mGS

We will bound each term of this in turn at= v*, assuming|v*|| < e. First, observe that

1 v 1
—_— —t — —yE|——|| =0
(1—¢)N ;1 [z —v*||2 [Hw—v Hz]

asN — oo by a Chernoff bound, and by basic concentration, we haveEI{?ftx_{J—*”Q] = O(1/Vd), if
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[lv*]] < O(1). We also have

(1—-e)N g;l \/Ele(mj —v})? (-oN g;l \/Em(% — ;)
T oan 2 |l \/Z#z vi)? - \/Z?ﬂ(%
N &, \/(Zj Lz — vj)2> (Z#i(%’ - ”;)2>

1—5 ZM— (é)

from basic Gaussian concentration. Moreover, we have

asN — oo, by another Chernoff bound. Putting these terms togethehave that

<0 (2) +o(1) .

1
v; E TSI
(1—¢e)N Z Hx —1)H2 a~N(0,1) [Hx — v*Hg]

Similarly, we also have that sind&,.p[z;] = 1/2,

N Yy - Hw— ” (W; +1/2) E [ﬁ] <0 (é) +o(1),

TES2

lz—v*l2

and moreoverE,..p [I#] =0 (1/\/3). Thus, altogether we have that

= ﬁw(v*)i = v -0 (%) +e(vf +1/2)-0© <%> +0 (é) +o(1),

which we see is impossible for our choicesof Q(1/+/d) unlessv}| = Q(¢). In particular, this means that
each coordinate of the geometric median must be at fe@st and soj|v*||2 > Q(v/d), which contradicts
our original assumption. This finishes the analysis.

4 Agnostically Learning a Gaussian, via Convex Programming

In this section we give a polynomial time algorithm to agrsly learn a single Gaussian up to erfé(s).

Our approach is based on the following ingredients: FirstSeéctior 4.ll, we define the s&f; ., which

will be a key algorithmic object in our framework. In Sectid® we give key, new concentration bounds
on certain statistics of Gaussians. We will make crucialafshese concentration bounds throughout this
section. In Section 413 we give an algorithm to agnostidayn a Gaussian with unknown mean and whose
covariance is promised to be the identity via convex prognarg. This will be an important subroutine in
our overall algorithm, and it also helps to illustrate ogaalthmic approach without many of the additional
complications that arise in our later applications. In ®&d#.4 we show how to robustly learn a Gaussian
with mean zero and unknown covariance again via convex anogring. Finally, in Sectioh 4.5 we show
how to combine these two intermediate results to get ourathvagorithm.
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4.1 The SetSy .

An important algorithmic object for us will be the followirsgt:

Definition 4.1. For anyi > ¢ > 0 and any integetV, let

1 .
Sm7g = {(wl,...,'wN) : sz = 1, andO S w; S m,VZ} .

Next, we motivate this definition. For any C [N], let w’/ € RY be the vector which is given by

wi = ﬁ fori € J andw] = 0 otherwise. Then, observe that

SNe = conv{w‘] | =(1-2¢)N)} ,

and so we see that this set is designed to capture the notgmlesfting a set ofl — 2¢) N samples fromV
samples.
Givenw € Sy we will use the following notation

wy = Zwi andw, = Zwi
i€G i€E

to denote the total weight on good and bad points respegtivighe following facts are immediate from
|E| < 2eN and the properties &y .

Fact 4.2. If w € Sy and |E| < 2eN, thenw, < 13625- Moreover, the renormalized weightg on good

points given by, = ;”—g forall i € G, andw] = 0 otherwise, satisfy’ € Sy 4.
4.2 Concentration Inequalities

Throughout this section and in Sect[dn 5 we will make use dbua concentration bounds on low moments
of Gaussian random variables. Some are well-known, ando#re new but follow from known bounds
and appropriate union bound arguments.

4.2.1 Empirical Estimates of First and Second Moments

Here we will give rates of convergence for various statistar Gaussians with covariance matfixhat we
will make use of later. First, we will require the followingel-known tail bounds:

Lemma 4.3([Verld], Theorem 5.50)LetY; ~ A (0,1) be independent, far = 1,..., N, where we set
N=0 (%&”) We have that with probability — 7,

<é.
2

N 1
T
2 Y1

Lemma 4.4(folklore). With the same setup as above, with probability T,

1N
—> Y
N;

<d.
2
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The above bounds have the property that as we take more sgwglean take to be arbitrarily small.
We will also be interested in how well various statistics@amtrate around their expectation, when we take
the worst-case set of weights #y .. This is more subtle because as we take more samples, any fixed
statistic (e.g. taking the uniform distribution over thengdes) concentrates better but the siz&gf. (e.g.
the number of sets dfi — 2¢) N samples) grows too. We defer the proof to Sediibn B.

Lemma 4.5. Fixe < 1/2 and7r < 1. There is &; = O(e/log 1/¢) so that ifY7, ..., Yy are independent
samples frorV' (0, ) and N = Q2 (%2(1/7)) , then
1

Pr 3w € Sp e -

i w ;Y — 1
=1

251] <rT. (4)
2

A nearly identical argument (Use Hoeffding instead of Begimsin the proof of Theorem 5.50 in
[Ver1Q]) yields:
Lemma 4.6. Fix ¢ and 7 as above. There is & = O(ey/log1/e) so that ifY;,..., Yy are independent
samples frordV' (0, ) and N = Q (%2(1/7)) , then
2

N
> Y
i=1

Pr [Elw € Sne:

2
Note that by Cauchy-Schwarz, this implies:
Corollary 4.7. Fix ¢ and T as above. Thereis& = O(e\/log 1/¢) so thatifYy, ..., Yy are independent
samples fromV'(0,7) and N > Q (%ﬁ/”) , then
2

m
=1 2

We will also require the following, well-known concentiati, which says that no sample from a Gaus-
sian deviates too far from its mean in distance.
Fact 4.8. Fix 7 > 0. LetXy,...,Xx ~ N(0,I). Then, with probabilityl — 7, we have thaf| X;||s <
O( leg(N/T)) foralli=1,...,N.

Pr [3v e R% Jw e SNe:

> 52||U||2] <. (6)

4.2.2 Estimation Error in the Frobenius Norm

Let X3,...X be N i.i.d. samples from\/ (0, ). In this section we demonstrate a tight bound on how
many samples are necessary so that the sample covariameseaisal in Frobenius norm. Let denote the
empirical covariance, defined to be

1 N
Y= Z x;xI.
=1
By self-duality of the Frobenius norm, we know that

IS—Ip = max (<i—1,U>(

We first state the following lemma, whose proof is deferre8éctior B:
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Lemma 4.9. LetU = 0 with |U[|» = 1. Then, for any~’ > 0 and anys > 0, if N = Q(<H% 1) then
with probability 1 — 7/,

kS > e (X X]U) —tr(U)

N

N

i=1

Since there is d/4-net over all PSD matrices with Frobenius notnof size 9%, the Vershynin-type
union bound argument immediately gives us the following:

Corollary 4.10. Foranyé, > 0, if

d?>+logl/T
N=Q (T) :

then||S — I||» < & with probability 1 — 7.
By the same union bound technique as used in the proof of LédiByave obtain:

Corollary 4.11. Fix e,7 > 0. There is ad; = O(ey/log1/e) so that if X;,..., Xy are independent
samples fromaV/' (0, I), with

2
N:Q(d —|—1<;g1/7-> ’
O

then

Pr [Elw € Sne:

N
> wiXiX] —1
=1

251]§7'-
F

In fact, the proof technique there can be used to show songestightly stronger, which we will require
later. The technique actually shows that if we take any seizef at mostm, and take the uniform weights
over that set, then the empirical covariance is not too fayafnom the truth. More formally:

Corollary 4.12. Fix e,7 > 0. There is ajo = O(e/log1/e) so that if X3,..., Xy are independent
samples fror\V (0, ), with

2
N:Q(d +1(;g1/7'> ’
5

then

<T.

1
Pr |37 C [N]:|T| < eN and ZWXZ-XZT—I

€T

N
> -
F—O<52\Tr>

4.2.3 Understanding the Fourth Moment Tensor

Our algorithms will be based on understanding the beha¥itiredfourth moment tensor of a Gaussian when
restricted to various subspaces. Izetlenote the Kronecker product on matrices. We will make atuge
of the following definition:

Definition 4.13. For any matrix/ € R** let M* € R* denote its canonical flattening into a vector in
2 2 . .
RY", and for any vectop € R?, letv! denote the unique matrix/ € R¥*? so thatM® = v.
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We will also require the following definitions:
Definition 4.14. LetSqym = (M’ € R” . Mis symmetri¢, and letS C Sy, be the subspace given by
S = {v € Syym : tr(v?) =0},
and letlls andIl;. denote the projection operators onfoand S+ respectively. Finally let
[vlls = [Tsvll2 and|vf| g1 = [[Tgrvll2 -

2 2
Moreover, for anyM € R% >4 |et

T
vt Mv
IM||s= sup ——.
ves {0} vl

In fact, the projection of = A° onto S whereA is symmetric can be written out explicitly. Namely, it

is given by
M = (M - tr(jﬁ[) + tr(;w)f .

By construction the flattening of the first term is$hand the flattening of the second term isSn. The
expression above immediately implies that| . = L\/Jg)‘.
The key result in this section is the following:

Theorem 4.15.Let X ~ N(0,%). Let M be thed? x d* matrix given byM = E[(X ® X)(X ® X)T].
Then, as an operator 0fisy,,, we have
T
=2+ () (3)

It is important to note that the two terms above act the same; the first term is high rank, but the
second term is rank one. The proof of this theorem will regjisserlis’s theorem, and is deferred to Section
Bl

Theorem 4.16(Isserlis’s theorem)Letay, . .. , a;, € R? be fixed vectors. Then¥ ~ N(0,7), we have
k
5 [H<az-,x>] =S [Tl
=1

where the) " ] is over all matchings of1, ..., k}.

4.2.4 Concentration of the Fourth Moment Tensor

We also need to show that the fourth moment tensor concesirat
Theorem 4.17.Fix e, 7 > 0. LetY; ~ N(0,I) be independent, far= 1, ..., m, where we set
~ (d®+1og1
N=20 (M) 7
03

LetZ; = 2. Let M, = E[Z;Z]'] be the canonical flattening of the true fourth moment teribere is a
63 = O(elog®1/¢) so thatifYy, ..., Yy, and Zy, ..., Z,, be as above, then we have

Pr [Elw € Smpe

N
> wiZZ] - M,y
=1

253] <rT.
S
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To do so will require somewhat more sophisticated techrsdju@n the ones used so far to bound spectral
deviations. At a high level, this is because fourth momehtSaussians have a sufficiently larger variance
that the union bound techniques used so far are insuffickbmivever, we will show that the tails of degree
four polynomials of Gaussians still sufficiently concetgrao that removing points cannot change the mean
by too much. The proof appears in Secfion|B.1.

4.3 Finding the Mean, Using a Separation Oracle

In this section, we consider the problem of approximatingiven N samples from\/ (u, I) in the full
adversary model. Our algorithm will be based on working wlitd following convex set:

gé}.
2

Itis not hard to show thats is non-empty for reasonable valuesiaqind we will show this later). Moreover
we will show that for any set of weights in Cs, the empirical average

Cs = {wESN’gz

N
> wil X = p) (X — )" — 1
i=1

will be a good estimate foui. The challenge is that singeitself is unknown, there is not an obvious way
to design a separation oracle f0f even though it is convex. Our algorithm will run in two bastefss.
First, it will run a very naive outlier detection to removeygoints which are more tha@(1/d) away from
the good points. These points are sufficiently far away thagrg basic test can detect them. Then, with
the remaining points, it will use the approximate sepanaticacle given below to approximately optimize
with respect ta’s. It will then take the outputted set of weights and outputehgirical mean with these
weights. We will explain these steps in detail below.

Our results will hold under the following deterministic @btions:

1 — ull2 < O (Vdlog(N/7)) Vi€ G, (7)
Zwi(Xi — ) (X; — ,u)T —wgl|| <01 Vw e Sy, and (8)
i€G 2
Zwi(Xi —p)|| <d2Vw e Sy - )
ieG 2

The concentration bounds we gave earlier were exactly mandhe failure probability of either of these
conditions, albeit foiS,, . instead ofS,,, 4.

4.3.1 Naive Pruning

The first step of our algorithm will be to remove points whicivé distance which is much larger than
O(+/d) from the mean. Our algorithm is very naive: it computes alhyige distances between points,
and throws away all points which have distance more é%/'d) from more than are-fraction of the
remaining points.

Then we have the following fact:

Fact 4.18. Suppose thaf{7) holds. Th&aivE PRUNE removes no uncorrupted points, and moreovexif
is not removed bNAIVE PRUNE, we have|X; — ulls < O («/dlog(N/ﬂ).
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Algorithm 1 Naive Pruning
1: function NAIVEPRUNE(X1, ..., XnN)
2 Fori,j =1,..., N, defines; ; = || X; — Xj||2.
3 fori=1,...,jdo
4: LetA; = {j S [N] : 5i,j > Q( leg(N/T))}
5
6
7

if |[A;| > 2eN then
RemoveX; from the set.
return the pruned set of samples.

Proof. That no uncorrupted point follows directly fror] (7) and tteetf that there can be at md&tm
corrupted points. Similarly, iX; is not removed by NivE PRUNE, that means there must be an uncorrupted
X; so that|| X; — Xj|2 < O(\/dlog(N/7)). Then the desired property follows from (7) and a triangle
inequality. O

Henceforth, for simplicity we shall assume that no point veamoved by MIVE PRUNE, and that for all
i=1,...,m,we have|X; — ull2 < O(y/dlog(m/7)). Otherwise, we can simply work with the pruned
set, and it is evident that nothing changes.

4.3.2 The Separation Oracle

Our main result in this section is an approximate separatianle forCs. Our first step is to show that any
set of weights that does not yield a good estimate.foannot be in the sel;:

Lemma 4.19. Suppose thai{8)-[9) holds. Lét= max(d;, d2). Letw € Sy and set = ZiNzl w; X; and
A = p — u. Further, suppose thatA|| > ©(d). Then

Alj3
X, - —1| o (18k)
i ,“) I >=Q < -
2
Proof. By Fac{4.2 and(9) we havgy ", =+ o — nll2 < 2. Now by the triangle inequality we have
sz > [|Afl2 = sz i —wgp|l = Q([All2)
€l ieG )

Using the fact that variance is nonnegative we have

T
ZZ—;(Xi—u)(Xz—u)Ti <ZZ—Z(XF”)> <Z%Z(Xi_“)> ’

el el el

2 2
chmm>zgcmm>
Wy £

N

and therefore

> wi(Xi — p) (X — )"

i€l

On the other hand,

> wi(Xi — p) (X —

1eG

Z wi (Xi = p) (X — )" — wyl

1eG

+ wp, < 01 + wp.
2

2
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where in the last inequality we have used 4.2 Bhd (8)célatiogether this implies that

2 2
o (188) oy 0 (12),

as claimed. O

sz‘(Xz‘ —w)(Xi =) =1
i=1

2

As a corollary, we find thaany set of weights irCs immediately yields a good estimate for

Corollary 4.20. Suppose thaf(8) anfl(9) hold. Lete Cs for 6 = O(clog1/¢). Then

[A]l2 < O(e/log 1/¢)

Our main result in this section is an approximate separatianle forCs with § = O(clog 1/¢).

Theorem 4.21.Fix ¢ > 0, and letd = O(elog1/¢). Suppose thaf(8) andl(9) hold. Let denote the
weights which are uniform on the uncorrupted points. Themetlis a constant and an algorithm so that:

1. (Completeness) 6 = w*, then it outputs “YES”.

2. (Soundness) iy ¢ C.s, the algorithm outputs a hyperplane: R™ — R so that/(w) > 0 but
¢(w*) < 0. Moreover, if the algorithm ever outputs a hyperplahéhen/(w*) < 0.

These two facts imply that the ellipsoid method with thisasson oracle will terminate impoly(d, 1/¢)
steps, and moreover with high probability outputvaso that||w — v'|| < e/(m+/dlog(m/7)), for some
w € C.5. Moreover, it will do so in polynomially many iterations.

Remark 4.22. The conditions that the separation oracle given here satigsé slightly weaker than the
traditional guarantees, given, for instance, in [GLS88Jowever, the correctness of the ellipsoid algorithm
with this separation oracle follows because outsidg, the separation oracle acts exactly as a separation
oracle forw*. Thus, as long as the algorithm continues to query pointsidetofC.s, the action of the
algorithm is equivalent to one with a separation oracle for. If

The separation oracle is given in Algorittih 2.

Algorithm 2 Separation oracle sub-procedure for agnostically legrtiie mean.
1: function SEPARATIONORACLEUNKNOWNMEAN(w, X1,..., Xn)
2: Let ﬂ = Ef\;l w; X;.

3 Fori=1,...,m,defineY; = X; — 1.

4 Let \ be the eigenvalue of largest magnitude\éf= Zf\il w; ;YT — 1T
5: Letv be its associated eigenvector.

6: if [A] < 56 then

7. return “YES”.

8: else ifA > 56 then

o: return the hyperplané(w) = (Zﬁil wi (Y, v)? — 1) - A

10: else

11: return the hyperplané(w) = A — (Zﬁil wi (Y, v)? — 1).

Next, we prove correctness for our approximate separatiacie
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Proof of Theorerh 4.21Again, letA = p — 1. By expanding out the formula fav/, we get:

N N
S wYiV —T=Y wi(X;—p+A)X;—p+ AT —1T

N
=3 wil(X; — (X, I+sz i AT+Asz i— ) +AA"
=1

i=1
N
= wi(Xi — p)(X; — )" — T — AAT
i=1

Let us now prove completeness.

Claim 4.23. Supposes = w*. Then||M||; < £6.

Proof. Recall thatw* are the weights that are uniform on the uncorrupted poinézaBsdE| < 2eN we
have thatv* € Sy .. We can now usd8) to conclude that € Cs,. Now by Corollary(4.2D we have that

|All2 < O(ey/log1/e). Thus

—p)" =1 -AA" —w)" =1 + AL
2 2
<01 +0(?logl/e) < —
O
We now turn our attention to soundness.

Claim 4.24. Suppose that ¢ C.s. Then|A| > 50.
Proof. By the triangle inequality, we have

N N

S wiXi = ) (X — )" =T = AAT| =D (X — p) (X — )T —T)| — [|AAT, .

i=1 2 =1 2

Let us now split into two cases. [I[A |l < 1/¢d/10, then the first term above is at leastby definition and
we can conclude thah| > ¢§/2. On the other hand, ifA|2 > /¢d/10, by Lemmd4.19, we have that

- [ENE: [N
> wilXi =) (X — )T =T - AAT| >0 <TZ> — 1Al =@ (72> : (10)
i=1 2

which for sufficiently smalk also yieldg|\| > ¢d/2. O

Now by constructior¢(w) > 0. All that remains is to show that{w*) < 0 always holds. We will
only consider the case where the top eigenvalug ) is positive. The other case (when< —39) is
symmetric. We will split the analysis into two parts.

Z -7 - Z —p+ A)X; - pt AT -
ZEG 2 ZEG 2
G X-—u)(X,- —u)" =1I| +2[Al2 e Z HlAZ @D
Py P>
i 2 i 2
<& <282 All2
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Supposé|A|2 < +/cd/10. By (1) we immediately have:

0
() <8+ 26| A2 + A=A < T = A <0,

sinceA > ¢3/2. On the other hand, ifAll, > /c6/10 then by [ID) we have = Q (”Aﬁ). Putting it all
together we have:

) < |l S =X =) 1

1eG

—\,
2

<81+282]| A2+ A13
where in the last line we used the fact that- (@) and||Al|3 > Q(e%log 1/¢). This now completes
the proof. O

4.3.3 The Full Algorithm

This separation oracle, along with the classical theoryoolvex optimization, implies that we have shown
the following:

Corollary 4.25. Fixe,7 > 0, and letd = O(ey/log1/¢e). LetXy,..., Xy be aes-corrupted set of points
satisfying [(B)I(®), foré,,do < 0. Letc be a sufficiently large constant. Then, there is an algorithm
LEARNAPPROXMEAN (g, 7, X1, ..., Xx) which runs in timepoly (N, d, 1/¢,log 1/7), and outputs a set
of weightsw’ € Sy . so that there is av € C.5 so that||w — w'||ec < &/(N/dlog(N/T)).

This algorithm, while an extremely powerful primitive, ischnically not sufficient. However, given
this, the full algorithm is not too difficult to state: simplyun NAIVE PRUNE, then optimize ovelC.;
using this separation oracle, and get somevhich is approximately irC.;. Then, outputh\i1 w; X
For completeness, the pseudocode for the algorithm is dieéow. In the pseudocode, we assume that
ELLIPSOID(SEPARATIONORACLEUNKNOWNMEAN, ¢’) is a convex optimization routine, which given the
SEPARATIONORACLEUNKNOWNMEAN separation oracle and a target ersQroutputs aw’ so that||w —
w0 < €’. From the classical theory of optimization, we know suchuing exists and runs in polynomial
time.

Algorithm 3 Convex programming algorithm for agnostically learning thean.
1: function LEARNMEAN(e, 7, X1, ..., XN)
2: Run NAIVEPRUNE(X71, ..., Xy). Let{X, };cr be the pruned set of samples.
3: For simplicity assumé = [N].
4: Letw’ + LEARNAPPROXMEAN (¢, 7, X1,..., XN).
5 return SN w!X;.

We have:

Theorem 4.26.Fix e, 7 > 0, and leté = O(e/log1/e). LetXy, ..., Xy be ans-corrupted set of samples,

where
d+logl/T

Let i be the output oOEEARNMEAN (X1, ..., Xy). Then, we havén — p|s < 9.
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Proof. By Fact[4.8, Lemm&4l5, and Lemmal4.6, we know thht[(I7)-(9) kath probability 1 — 7, with
51,02 < 4. Condition on the event that this event holds. Aftexiixe PRUNE, by Fac{4.1B we may assume
that no uncorrupted points are removed, and all pointsfgdti&; — |2 < O(y/dlog(N/7)). Letw’ be
the output of the algorithm, and let € C.s be so that|w — w'|| < &/(N+/dlog(N/7)). By Corollary
@20, we know thaf S~ | w; X; — |2 < O(6). Hence, we have

N N N
ngXi_N < ZwiXi_,U +Z’wi—wﬂ'HXi—,qu§0(5)+€7
i=1 2 i=1 2 =l

so the entire error is at moét(9), as claimed. O

4.4 Finding the Covariance, Using a Separation Oracle

In this section, we consider the problem of approximatingiven m samples fromN (0, ) in the full
adversary model. Ldt; = ¥~1/2X; so that ifX; ~ N(0,%) thenU; ~ N(0, I). Moreover letZ; = U2
Our approach will parallel the one given earlier in Secfidh Again, we will work with a convex set

»1/2 (ZwiX,-XZ-T> 2l < 5} .
F

=1
and our goal is to design an approximate separation oracle. r&3ults in this section will rely on the
following deterministic conditions:

Cs = {wESN@:

|Uil|3 < O (dlog(N/7)) ,Vie G (12)
> wliU] —wyl|| <6y, (13)
ieG ol
1 N
—UUr -1/ <0 (52—> ,and (14)
; 7| - 7|
Y wiZiZ] —wyMy|| <35, (15)
1€G S

forallw € Sy, and all set§” C G of size|T'| < 2eN. As before, by Fadt4]2, the renormalized weights
over the uncorrupted points are$ 4. Hence, we can appeal to Factl4.8, Corollary .11, Cordatg,
and Theoreni 4.17 witl$y 4. instead ofSy . to bound the probability that this event does not hold. Let
w* be the set of weights which are uniform over the uncorrupt@dtg; by [I3) for§ > Q(s4/log1/e) we
have thatw* € Cj.

Theorem 4.27.Letd = O(elog1/e). Suppose thai(13).(L4), aid]15 hold far d; < O(6) and i3 <
O(dlog1/e). Then, there is a constaatand an algorithm so that, given any inpute Sy . we have:

1. (Completeness) 16 = w*, the algorithm outputs “YES”.

2. (Soundness) i ¢ C.s, the algorithm outputs a hyperplarfe: R™ — R so that/(w) > 0 but we
have/(w*) < 0. Moreover, if the algorithm ever outputs a hyperplah¢hen/(w*) < 0.

By the classical theory of convex optimization this impiieg we will find a pointv so that||w — w'||s <

m for somew’ € C,s, using polynomially many calls to this oracle.
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The pseudocode for the separation oracle is given in Algoid. Observe briefly that this algorithm
does indeed run in polynomial time. Ling§R-7 require onkirtg top eigenvalues and eigenvectors, and
so can be done in polynomial time. For afiye {—1,+1}, line[§ can be run by sorting the samples by

w; (% — \/E) and seeing if there is a subset of the fapV samples satisfying the desired condition,
and line[® can be executed similarly.

Algorithm 4 Convex programming algorithm for agnostically learning ttovariance.
1. function SEPARATIONORACLEUNKNOWNCOVARIANCE (w)
2 LetS =N wxxT.
3 Fori=1,...,N,letY; = £71/2X; and letz; = (v;)%2.
4: Letw be the top eigenvector ff = >°~ | w; Z; Z] — 21 restricted taS, and let\ be its associated

eigenvalue.
5: if |A\| > Q(clog?1/¢) then
6: Let{ = sgn(A).
7 return the hyperplane

N
lw) =& (Z w;(v, Z;)* — 2 — >\> .
i=1
8: else ifthere exists a sigh € {—1, 1} and a sef” of samples of size at mogt N so that

azgsz(

I3 (1= )as
) |

; 2
€T
then
9: return the hyperplane
lw) = £Zwi (HYZH% — \/8> -,
e\ Vd
10: return “YES”.

We now turn our attention to proving the correctness of tefgsation oracle. We require the following
technical lemmata.

Lemma 4.28. Fix § < 1 and suppose that/ is symmetric. If M — I||z > & then| M~ — I|p > $.

Proof. We will prove this lemma in the contrapositive, by showingttif |[A/~' — I||p < § then| M —
I||r < 6. Since the Frobenius norm is rotationally invariant, we naggume that\/ ' = diag(1 +
v1,...,1+1y), where by assumptiop v? < §2/4. By our assumption that < 1, we havelv;| < 1/2.
Thus

d 1 2 d
1— < 412 < §
>(1-155) <y wt<s,

i=1

where we have used the inequaljty— HLI\ < |2z| which holds for all|z| < 1/2. This completes the

proof. O
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Lemma 4.29. Let M, N € R¥? be arbitrary matrices. ThefM N ||z < || M|2||N||F.
Proof. Let Vq, ..., Ny be the columns ofV. Then

d d
IMN|E =D IMN|5 < M3 INilI3 = | MIZINE
i=1 1=1

so the desired result follows by taking square roots of biotbss O

Lemma 4.30. Letw; fori = 1,..., N be a set of non-negative weights so t@fﬁ_l w; = 1, and leta; € R
be arbitrary. Then

N N 2
E aiw? > E a;w; .
i=1 i=1

Proof. Let P be the distribution where; is chosen with probabilityw;. ThenEx..p[X] = Ef\il a;w;
andEx . p[X?] = 2N aw?. SinceVary.p[X] = Ex.p[X?] — Ex.p[X]? is always a non-negative
guantity, by rearranging the desired conclusion follows. O

Lemma 4.31. Let M € R%¥. Then,” (M) (Mb)THS < |IM - 1|2

Proof. By the definition of| - |

() ()"

s, we have

T T
= sup <Ab> <Mb> <Mb> A" = sup (A, M)?
S Abes S
lAllF=1 Al =1
By self duality of the Frobenius norm, we know that
<A7M>:<A7M_[>§HM_[”F7
sincel” € S*. The result now follows. O

Proof of Theorerh 4.27Let us first prove completeness. Observe that by Theéren dvéSknow that
restricted toS, we have thatV/y; = 2. Therefore, by[(15) we will not output a hyperplane in Iide 7.
Moreover, by[(1%), we will not output a hyperplane in Iide &id proves completeness.

Thus it suffices to show soundness. Supposeuth@tC,.s. We will make use of the following elementary
fact:

Fact 4.32. Let A = X~1/25x-1/2 and B = £-1/2%5-1/2, Then
A = I||p = |B—I|F

Proof. In particularA=! = $1/25-1511/2, Using this expression and the fact that all the matriceslved
are symmetric, we can write

AT = I|[F = tr (A7~ )
—tr (21/22 122 121/2 ox1/25-1571/2 —I)
= tr ( B ) Yt ) SutVE S St Vi) 3) Sl L g 1)
=t ((B-0)"(B-1))=|B~-I|}
where in the third line we have used the fact that the tracepodduct of matrices is preserved under cyclic

shifts. O

25



This allows us to show:

Claim 4.33. Assume[(1I3)E(15) hold with ,d2 < O(4) andds < O(dlog1/e), and assume furthermore
that||A — I||z > ¢d. Then, if we let’ = @5 = 0(9), we have

SwiZi—w | + | wiZi —w, || >4 (16)
(S S (S S+
Proof. Combining Lemma4.28 and Fact 4132 we have
co
|A=Tlr > 5= |B-Ilr> 5. )

We can rewrite[(T3) as the expressipiy. ., w; X; X! = w,E/%(I + R)XY/2 whereR is symmetric and
satisfies|R||» < é,. By the definition of: we have thad Y | w;Y;¥;T = I, and so

> w YV — wpl
i€eE

> w YV —w,l
i€G

= w, STV + RS2 g
F

F
Furthermore we have

Hg—1/221/2R21/2§—1/2H <6 H§—1/22§—1/2H 7
F 2

by applying Lemm&4.29. And putting it all together we have

Z iniYiT — wbI
1€l

2wy ([Eremst i o [Eess ]
F

Itis easily verified that for: > 10, we have that for alf, if |S~ /25512 — I||p > ¢4, then
|S72ES12 Z ||y > 20|57 288 12,

Hence all this implies that

Y wYiY —wl| >¢,
el F
whered’ = 0(1—2_5)5 = O(0). The desired result then follows from Pythagorean theorem. O

Claim[Z£33 tells us that ifv ¢ C.s5, we know that one of the terms in{17) must be at Iea¥t We first
show that if the first term is large, then the algorithm owspaiseparating hyperplane:

Claim 4.34. Assume thaf(13-(15) hold with, 0, < O(6) andds < O(dlog 1/¢). Moreover, suppose that

Z wiZZ- — ’wbIb

el

5.

N —

>
S

Then the algorithm outputs a hyperplane in lide 7, and mageadwis a separating hyperplane.
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Proof. Let us first show that given these conditions, then the dlgorindeed outputs a hyperplane in line
[@. Sincel” € S+, the first term is just equal {03, ;, w; Zi|| . But this implies that there is sonig” € S

so that||M”||; = ||M||r = 1 and so that

1
Zwl<Mb7ZZ> 2 55/ )
ISy
which implies that
i 1y
: Wy 2wy
i€eE

Thew; /wy, are a set of weights satisfying the conditions of Lenimal4r&Dsa this implies that
&7

Zwi(Mbszz >0 —
wy

=y
12
>0 <%> (18)

LetS = £-!%. By TheoreniZ.15 and(15), we have that
g}sziZ@T = wy <<§b> (ib)T 1 oy®2 4 <§1/2>®2 R <§1/2>®2> |

where||R||2 < 3. Hence,

wi ZiZE 20| = w, ||(Z o) Lo (e g (1 —w) T+ (512 22 5 (51/2)%7
> () ) 25 1) 0w (59w () 7
<|IE = 1IF + 21T = Tll2 + (1 — wy) + [|R] IS
<3S —IIE+6IZ1% + Oe) -
§0<5'2+5’), (19)

since it is easily verified that||3||2 < O(||S — I||r) as long ad/S — ||z > (), which it is by [IT).
Equation$ I8 and 19 then together imply that

N 2
> wi(M)T z,ZF (M) — (M°)TIM® > O (%) :
=1

and so the top eigenvalue 8f is greater in magnitude thay and so the algorithm will output a hyperplane
in line[@. Letting? denote the hyperplane output by the algorithm, by the sameelation as for[(IP), we
must have/(w*) < 0, so this is indeed a separating hyperplane. Hence in thés tae algorithm correctly
operates. O

Now let us assume that the first term on the LHS is less gaiénso that the algorithm does not neces-
sarily output a hyperplane in liié 7. Thus, the second terrtherLHS of Equatiol_16 is at Iea%ﬁ’. We
now show that this implies that this implies that the aldoritwill output a separating hyperplane in line 9.
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Claim 4.35. Assume thaf{13-(15) hold. Moreover, suppose that

Z wiZi — ’wbIb

el

> _§ .

SJ_

1
2

Then the algorithm outputs a hyperplane in lide 9, and mageadwis a separating hyperplane.

Proof. By the definition ofS+, the assumption implies that

tr( 2 1
Zwi r( 2) _ Mb\/& 2 _6/ ,
e Vd 2

which is equivalent to the condition that

e () > 097

el

for some¢ € {—1,1}. In particular, the algorithm will output a hyperplane

ey (R a) -

€S

in Step(®, wheres' is some set of size at mostV, and\ = O(¢’). Since it will not affect anything, for
without loss of generality let us assume that 1. The other case is symmetrical.
It now suffices to show that{w*) < 0. LetT = S N G. By (14), we know that

Z‘ ’YYT [=SV2(14+ A5V 1,
€T

where||A||r = O (5%) Hence,

SU2(1 4 A) SV - IH

Z%Y,YT_&[

- ol

= 1—¢g)N " (1-¢)N
T (5 .
< goan UE=1Ir+ 14171S]:)
& S —I|p + 0|
0(55’+5)

as long a®’ > O(4). By self-duality of the Frobenius norm, using the test nxa%[, this implies that

> = (Ml - va)

€T

<O(68' +6) < a

and hencé(w*) < 0, as claimed.

These two claims in conjunction directly imply the correxta of the theorem.
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4.4.1 The Full Algorithm

As before, this separation oracle and the classical thdargrvex optimization shows that we have demon-
strated an algorithm INDAPPROXCOVARIANCE with the following properties:

Theorem 4.36.Fix e,7 > 0, and letd = O(clog1/e). Lete > 0 be a universal constant which is suffi-
ciently large. LetX7, ..., X be ans-corrupted set of points satisfying (13-{15), for 6> < O(d) anddz <
O(dlog1/e). ThenFINDAPPROXCOVARIANCE (g, 7, X1, ..., Xn) runs in timepoly(N,d, 1/¢,log 1/7),
and outputs a: so that there is some € C.s so that||w — ul|s < ¢/(Ndlog(N/T)).

As before, this is not quite sufficient to actually recover tlovariance robustly. Naively, we would just
like to output>"Y | u; X; X7 However, this can run into issues if there are poikifsso that||~ /2 X;]|,
is extremely large. We show here that we can postprocess shahat we can weed out these points. First,
observe that we have the following lemma:

Lemma 4.37. AssumeX, . .., Xy satisfy [IB). Letv € Sy .. Then

N
> wiXiX] = (1-0(61))% .
i=1

Proof. This follows since by[(I3), we have that, . w;X; X! = wy(1 — 6)T = (1 — O(61))S. The
lemma then follows sinc®, . w; X; X = 0 always. U

Now, for any set of weightsv € Sy, letw™ ¢ RY be the vector given by, = max(0,w; —
e/(Ndlog(N/7))), and letw™ be the set of weights given by renormalizing . It is a straightforward
calculation that for any € Sy ., we havew™ € Sy 2.. In particular, this implies:

Lemma 4.38. Letu be so that there is) € C,s S0 that|u—w||« < ¢/(Ndlog(N/7)). ThenS N  u; X; X7 <
(14+0(6))%.

Proof. By the definition ofC.s5, we must have thazfil wiX,-XiT = (1 4 ¢§)X. Moreover, we must
haveu; < w; for every indexi € [N]. Thus we have thazﬁ\il u; w; X; X < (1+ ¢§)%, and hence
SN urwi XiXT < (14 ¢6)%, sinceX N umwi X X < (14 0(e)) N 7w X; X T O

We now give the full algorithm. The algorithm proceeds aofes: first run FNDAPPROXCOVARI-
ANCE to get some set of weightswhich is close to some element 6f;. We then compute the empirical
covariancer; = Ef\il u; X; X with the weights:, and remove any points which haN'E;mXiH% which
are too large. We shall show that this removes no good paamd,removes all corrupted points which
have ||~ ~1/2X;||? which are absurdly large. We then rerumBAPPROXCOVARIANCE Wwith this pruned
set of points, and output the empirical covariance with tipat of this second run. Formally, we give the
pseudocode for the algorithm in AlgoritHr 5.

We now show that this algorithm is correct.

Theorem 4.39.Let1/2 > ¢ > 0, and7 > 0. Letd = O(clog1/e). LetX;,..., Xn be as-corrupted set
of samples fromlV (0, 3) where

B 1ae2
N:Q(M)
g

LetS. be the output of EARNCOVARIANCE (£, 7, X1, . . . , X ). Then with probability —, |2~ 1/25%-1/2—
I|F < O(9).
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Algorithm 5 Full algorithm for learning the covariance agnostically

1: function LEARNCOVARIANCE(e, 7, X1, ..., XN)

2: Letu < FINDAPPROXCOVARIANCE (¢, 7, X1, ..., XN).
Let®; = SN u; X X7
fori=1,...,Ndo

if |S7Y2X,]2 > Q(dlog N/7) then
RemoveX; from the set of samples

Let I be the set of pruned samples.
Letu' < FINDAPPROXCOVARIANCE (&, T, {X; }icr).
reurn SN i X, X7

Proof. We first condition on the event that we satidfyl(12}}(15) withd> < O(d) andds < O(dlog1/e).
By our choice ofN, Fact{4.8, Corollary_4.10, Corollaty 4]12, and Theotem 4dl a union bound, we
know that this event happens with probability- 7.

By Theoreni 4.36, Lemnia 437, and Lemima #.38, we have that siiscsufficiently small,

1
=N <X 2%,
2
In particular, this implies that for every vectdr;, we have
1, — _
SISTXE < 5723 < 2572 X3

Therefore, by[(T2), we know that in lihé 6, we never throw awt ancorrupted points, and moreoverXif

is corrupted with| S~ /2X;||3 > Q(dlog N/7), then it is thrown out. Thus, Idtbe the set of pruned points.
Because no uncorrupted point is thrown out, we have|that (1 — 2¢) N, and moreover, this set of points
still satisfies[(IB) and moreover, for everc I, we have|~~/2X;||3 < O(dlog N/7). Therefore, by
Theoreni 4.36, we have that there is samec C. ;| so that|v’ — u"||« < &/(Ndlog(N/7)). But now if

= ziem ui X; XTI, we have
IS-V282 Y2 || < ZUQ/E_I/QXZ-XZ-TE—W g

il

<cd+0(e) <0(0),

+ D i — w572
i€l

which completes the proof. O

4.5 Learning an Arbitrary Gaussian Agnostically

We have shown how to agnostically learn the mean of a Gausgtanknown covariance, and we have
shown how to agnostically learn the covariance of a mean Gaugssian. In this section, we show how to
use these two in conjunction to agnostically learn an atjtGaussian. Throughout, 1&t;, ..., Xy be an
e-corrupted set of samples frai (., X), where bothu andX: are unknown. We will set

/13102
N:Q(d log2 1/7') .
€

3Technically, the samples satisfy a slightly different datanditions since we may have thrown out some corruptedtgoimd
S0 in particular the number of samples may have changedh&uméaning should be clear.
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45.1 From Unknown Mean, Unknown Covariance, to Zero Mean, dknown Covariance

We first show a simple trick which, at the price of doubling #reount of error, allows us to assume that
the mean is zero, without changing the covariance. We do dollasss: for eachi = 1,...,N/2, let
X/ = (X; — Xn/2+i)/V2. Observe that if both¥; and X /o, are uncorrupted, theX ~ N(0, ).
Moreover, observe thak; is corrupted only if eithetX; or Xy /o4, is corrupted. Then we see that if

Xi,..., Xy is e-corrupted, then theX], ... ’XEV/2 is a N/2-sized set of samples which 2-corrupted.

Thus, by using the results from Sect[onl4.4, with probapilit- ~, we can recover 2 so that
IS8 — )| < O(elog 1/e) (20)
which in particular by Corollariy 2.14, implies that
drv(N(0,2), N(0,%)) < O(elog 1/e) . (21)

4.5.2 From Unknown Mean, Approximate Covariance, to Approxmate Recovery

For eachX;, let X! = $-1/2X;. Then, forX; which is not corrupted, we have that’ ~ N(0,%;), where
¥, = 2~ Y2x%-1/2, By Corollary[Z1% and LemniaZ.R8, [F{R0) holds, then we have

dry(NV(E7Y20,50), N(EY2, 1)) < O(elog 1/e) .

By Claim[2.4, this means that if(P0) holds, the uncorruptetla X/ can be treated as ai(clog1/c)-
corrupted set of samples fromf(ﬁ‘l/%, I). Thus, if [20) holds, the entire set of sampl€§, ..., X/ is
aO(elog1/¢e)-corrupted set of samples fro.mf(ﬁ‘l/%, I). Then, by using results from Sectibn#.3, with
probability 1 — , assuming thdf 20 holds, we can recovér o that]|ii — £~ 1/2u/jy < O(clog®/?(1/¢)).
Thus, by Corollary 2,13, this implies that

dry (N, 1), N (712, 1) < O(elog®*(1/2))
or equivalently,

drv(N(E°0, ), N (1,2)) < O(elog(1/2)) ,
which in conjunction with[(21), implies that

drv(N(EY20,5), N (p, %)) < O(elog®?(1/e))

and thus by following this procedure, whose formal pseudeds given in Algorithni B, we have shown the
following:

Algorithm 6 Algorithm for learning an arbitrary Gaussian robustly

1. function RECOVERROBUSTGUASSIAN(g, 7, X1,..., XN)

22 Fori=1,...,N/2,letX] = (X; — Xn/24:)/V2.

3 LetY « LEARNCOVARIANCE (g, 7, X}, . .. s Xiv/o)-

4 Fori=1,...,N,letx! =S"12x,.

5: Letzi < LEARNMEAN(e, 7, X{, ..., X}).

6:  return the Gaussian with mean—'/27i, and covariance.

31



Theorem 4.40.Fix e,7 > 0. Let Xy, ..., Xy be ane-corrupted set of samples froid(x, 32), wherey, 3

are both unknown, and
1312
N=§ (d log2 1/7') .
&

There is a polynomial-time algorithfRECOVERROBUSTGAUSSIAN (e, 7, X1, ..., X ) which with proba-
bility 1 — 7, outputs a%, z so that

drv (N (EY20,8), N (1, 8)) < O(clog®?(1/e)) .

5 Agnostically Learning a Mixture of Spherical Gaussians, ia Convex Pro-
gramming

In this section, we give an algorithm to agnostically leamiature of k Gaussians with identical spherical
covariance matrices up to err@(poly (k) - /2). Let M = > e N (1, o2I) be the unknowrk-GMM
each of whose components are spherical. ¥or M, we write X ~; M if X was drawn from thgth
component ofM.

Our main result of this section is the following theorem:

Theorem 5.1. Fixe,7 > 0, andk € N. Let Xy,..., Xy be ane-corrupted set of samples fromkaGMM
M =3 e N (nj,031), where alla, uj, ando are unknown, and

N = Q(poly (d, k,1/e,log(1/7))) .

There is an algorithm which with probability — 7, outputs a distributionM’ such that
dry (M, M') < O(poly(k) - V) .

The running time of the algorithm isoly (d, 1/e, log(1/7))*".

Our overall approach will be a combination of our method fgnastically learning a single Gaussian
and recent work on properly learning mixtures of multivegiapherical Gaussians [SOAJL4, [515]. At a
high level, this recent work relies upon the empirical c@amce matrix giving an accurate estimate of the
overall covariance matrix in order to locate the subspacshith the component mean lie. However, as
we have observed already, the empirical moments do not sertlgsgive good approximations of the true
moments in the agnostic setting. Therefore, we will use epagation oracle framework to approximate the
covariance matrix, and the rest of the arguments followlaityias previous methods.

The organization of this section will be as follows. We defsoene of the notation we will be using
and the Schatten top-norm in Sectio 5]1. Sectidn 5.2 states the various corat@nirinequalites we
require. In Sectiof 5l3, we go over our overall algorithm iorendetail. Sectioh 514 describes a first naive
clustering step, which deals with components which are wely separated. Sectidn 5.5 contains details
on our separation oracle approach, allowing us to apprdeirtiee true covariance. Sectibnl5.6 describes
our spectral clustering approach to cluster components mians separated more th@p(log 1/¢). In
Section 5.)7, we describe how to exhaustively search overtaylar subspace to obtain a good estimate
for the component means. In Sectfon]5.8, we go over how ta timi set of hypotheses in order to satisfy
the conditions of Lemm@a_2.9. For clarity of exposition, diitlee above describe the algorithm assuming
all aj2- are equal. In Sectidn 8.9, we discuss the changes to algovithich are required to handle unequal
variances.

For clarity of presentation, many of the proofs are defetoeBectiod C.
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5.1 Notation and Norms

Recall the definition ofSy . from Sectior4.11, which we will use extensively in this sesti We will use
the notationu = 3~ ., a;u; to denote the mean of the unknown GMM. Also, we define paramete

vj = aylluj — p||3 and lety = max; ;. And for ease of notation, let
F(k,v,e) = kY% + kyY%e + ke? andh(k, v, ¢) = kY/%e + kv e + ke + ke = f(k,v,¢) + kye.

Finally, we use the notation
Q= oy -’ (22)
JEK]
to denote the covariance of the unknown GMM. Our algorithmléarning sphericak-GMMs will rely
heavily on the following, non-standard norm:

Definition 5.2. For any symmetric matrix)/ € R?*¢ with singular valuess; > o9 > ..oy, let the
Schatten tog: normbe defined as

k
1Mz, =3 o
i=1

i.e., itis the sum of the top-singular values of\/.
It is easy to see that the Schatten toperm is indeed a norm, as its name suggests:
Fact 5.3. || M ||, is a norm on symmetric matrices.

Proof. The only property that is not immediate, that we need to ygsfthat it satisfies the triangle inequal-
ity. Indeed, we can lower bourjd\/ ||, in terms of its dual characterization

|M||7, = max Tr(XTVMTMX),
X

eRka

where the maxima is taken over &l with orthonormal columns. And now the fact that the trianigle
equality holds is immediate. O

5.2 Concentration Inequalities

In this section, we will establish some concentration iraitjes that we will need for our algorithm for
agnostically learning mixtures of spherical GaussiancaRéhe notation as described in Section 5.1. The
following two concentration lemmas follow from the samegdfeoas for Lemmas 42 and 44 in [LS15].

Lemmab.4.Fixe,d > 0. If Yy, ..., Yy are independent samples from the GMM with P@j:.e[k] aiN (g, %)
wherea; > Q(e) for all j, and N = Q (%ﬁ/‘”) then with probability at least — O(3),

N
ZY /L Y ,U) I_Q SO(f(k7’Y7E))7

2

where() is defined as in equatiof (22).

Lemmab.5.Fixe,d > 0. If Y1,..., Yy are independent samples from the GMM with ijjz.e[k] a;N (g, %5)
wherea; > Q(e) for all j, and N = Q (%ﬁ“)) then with probability at least — O(3),

B )
N i=1 2 ;
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From the same techniques as before, we get the same sortoof boinds as usual over the weight
vectors:

Lemma 5.6. Fix e < 1/2and7T < 1. Thereis ad = O(ey/log1/e) so that ifYy,..., Yy are inde-
pendent samples from the GMM with PDE,_,; a;N (11, 2;) wherea; > Q(e) for all j, and N =

Q (w), then

of

N
S wiY; - ) (Y- )T ~1-Q Zf(k,%él)] <, (23)

Pr [Elw € SNpe:
i=1

2

where( is defined as in equatiof (22).

Lemma 5.7. Fix e < 1/2and7T < 1. Thereis ad = O(ey/log1/e) so that ifYy,..., Yy are inde-

pendent samples from the GMM with PDE,_,; a; N (1, X;) wherea; > Q(e) for all j, and N =
d-+log (k/7)

Q (§7%) then

Pr [Elw € SNpe:

N
Z w;Y; —
i—1

> k1/262] <7 (24)
2

5.3 Algorithm

Our approach is based otairnamentas used in several recent works [DK14, SOAJ14, DDS15a, BBS1
[DKT15,[DDKT16]. We will generate a lis§ of candidate hypotheses (i.e. BfGMMs) of size|S| =
poly(d, 1/¢,1log(1/7))** with the guarantee that there is some € S such thatiry (M, M*) < O(poly(k)-
V/€). We then find (roughly) the best candidate hypothesis onishell is most natural to describe the al-
gorithm as performing several layers gidiessing We will focus our discussion on the main steps in our
analysis, and defer a discussion of guessing the mixinght®i¢he variance? and performing naive clus-
tering until later. For reasons we justify in Sectionl5.8, may assume that the mixing weights and the
variance are known exactly, and that the variante= 1.

Our algorithm is based on the following deterministic caiadis:

{X € G, X~y M X — 13 > Q(dlog k/2)}

<elk ¥j=1,...,N 25
D wi(Xi = p)(Xi — )" —wgl —wyQ|| < f(k,7,61) Yw € Sy e, and (26)
i€G 2
> wi(Xi = p)|| < kY26 Vw e Sy (27)
ieG 2

(29) follows from basic Gaussian concentration, and (26)@) follow from the results in Sectién 5.2 for
N sufficiently large. Note that these trivially imply similaonditions for the Schatten tdpnorm, at the
cost of an additional factor of on the right-hand side of the inequalities. For the rest of $kection, let
d = max(dy, d2).

At this point, we are ready to apply our separation oracleéaork. In particular, we will find a weight
vectorw over the points such that

<n

— 9

N
> wi(Xi = ) (X =) =T = ay(pg — ) (py — )"
=1 JE[K]

2
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for some choice of). The set of such weights is convex, and concentration imhat the true weight
vector will have this property. Furthermore, we can degcabseparation oracle given any weight vector
not contained in this set (as long a$s not too small). At this point, we use classical convex paogmning
methods to find a vector which satisfies these conditionghBudetails are provided in Sectionls.5.

After this procedure, Lemnia 5113 shows that the weightediirapcovariance is spectrally close to
the true covariance matrix. We are now in the same regime @8J%4], which obtains their results as
a consequence of the empirical covariance concentratingtahe true covariance matrix. Thus, we will
appeal to their analysis, highlighting the differencesnaetn our approach and theirs. We note that [LS15]
also follows a similar approach and the interested readgraisa adapt their arguments instead.

First, if v is sufficiently large (i.e.f2x(log(1/¢))), this implies a separation condition between some
component mean and the mixture’s mean. This allows us tdetlalse points further, using a spectral
method. We take the top eigenvector of the weighted emprmaariance matrix and project in this direc-
tion, using the sign of the result as a classifier. In cont@ptevious work, which requires that no points are
misclassified, we can tolerapely (¢ /k) misclassifications, since our algorithms are agnostics Thicially
allows us to avoid a dependencedm our overall agnostic learning guarantee. Further detai provided
in Sectio 5.b.

Finally, if + is sufficiently small, we may perform an exhaustive seardte 9pan of the means is the top
k — 1 eigenvectors of the true covariance matrix, which we camamate with our weighted empirical
covariance matrix. Since is small, by trying all points within a sufficiently tight meswe can guess a
set of candidate means which are sufficiently close to trertraans. Combining the approximations to the
means with Corollarj 2.13 and the triangle inequality, we gaarantee that at least one of our guesses is
sufficiently close to the true distribution. Additional di$ are provided in Sectidn 5.7.

To conclude our algorithm, we can apply Lemmal 2.9. We notettiis hypothesis selection problem
has been studied before (see, i.e. [DL01, DK14]), but we radapt it for our agnostic setting. This allows
us to select a hypothesis which is sufficiently close to the ttistribution, thus concluding the proof. We
note that the statement of Lemmal2.9 requires the hypothesesne from some fixed finite set, while there
are an infinite number of Gaussian mixture models. In Sei@nwe discuss how to limit the number of
hypotheses based on the set of uncorrupted samples in orsatigfy the conditions of Lemnia 2.9.

5.4 Naive Clustering

We give a very naive clustering algorithm, the generaloratf NalvE PRUNE, which recursively allows us
to cluster components if they are extremely far away. Therdlym is very simple: for eack;, add all
points within distanc&(dlog(k/<)) to a clusters;. LetC be the set of clusters which contain at le&sV
points, and let the final clustering I8¢, ..., C; be formed by merging clusters @hif they overlap, and
stopping if no clusters overlap. We give the formal pseudeda Algorithm[7.

Algorithm 7 Naive clustering algorithm for spherical GMMs.

1. function NAIVE CLUSTERGMM(X1, ..., X,)

2: fori=1,...,Ndo

LetS; = {7’ : || X; — X2 < O(dklog1/e)}.

LetC = {SZ : ‘SZ‘ > 4EN}.
4 while 3C, C" € C so thatC # C" andC U C" # @ do
5: RemoveC, C’ from C
6
7

w

AddCuUC’toC
return the set of cluster€

We prove here that this process (which may throw away paihisjvs away only at mostafraction of
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good points, and moreover, the resulting clustering onlgctassifies at most abi(<)-fraction of the good
points, assuming (25).

Theorem 5.8. Let X1,..., X,, be a set of samples satisfyirig (25). &t ...,y be the set of clusters
returned. For each componeitlet /() be thel so thatC), contains the most points frofn Then:

1. Then, for eacHd, there is some so that/(j) = .

2. Forall j, we have

{Xi € G, Xi ~j MY — |{X; € G, Xi ~; M, X, € Cy }|<0(—|{X € G, X ~ M}|)

3. Forall j,5', we have that if(j) = £(5), then||u; — p;/||3 < O(dklogk/e)
4. |fXZ,XJ e Oy, thenHXZ — XJH% < dk IOg 1/5

Thus, we have that by applying this algorithm, givensacorrupted set of samples fro, we may
cluster them in a way which misclassifies at mostah fraction of the samples from any component, and
so that within each cluster, the means of the associatedauengs differ by at mostk log k/e. Thus, each
separate cluster is simplyzacorrupted set of samples from the mixture restricted tactimaponents within
that cluster; moreover, the number of components in eacterlust be strictly smaller th@n Therefore,
we may simply recursively apply our algorithm on these @tssto agnostically learn the mixture for each
cluster, since it = 1, this is a single Gaussian, which we know how to learn agoaibfi

Thus, for the remainder of this section, let us assume thatlfg, j’, we havel|; — |2 < O(dklog1/e).
Moreover, we may assume that there are no pgints(corrupted or uncorrupted), so thak; — Xj'H% >
Q(dklog1/e).

5.5 Estimating the Covariance Using Convex Programming

In this section, we will apply our separation oracle framewnto estimate the covariance matrix. While in the
non-agnostic case, the empirical covariance will appraxathe actual covariance, this is not necessarily
true in our case. As such, we will focus on determining a wieigittor over the samples such that the
weighted empirical covariange a good estimate for the true covariance.

We first define the convex set for which we want an interior poin

N
Cp=1SweSyet||D wilXi—p)(Xi— )" =T = ajlp; — )y — )| <n
‘ JE[K] 2

In Sectior{5.511, we prove lemmas indicating important prtes of this set. In Sectidn 5.5.2, we give
a separation oracle for this convex set. We conclude withrhaff.13, which shows that we have obtained
an accurate estimate of the true covariance.

5.5.1 Properties of Our Convex Set

We start by proving the following lemma, which states thatsioy weight vector which is not in our set, the
weighted empirical covariance matrix is noticeably lartgpan it should be (in Schatten tdprorm).

Lemma 5.9. Suppose thai (26) holds, and¢ Cekn(k,y,5)- Then

N
D wil X — ) (X — )" -
i=1

3ckh(k,~,0)
> Z v + 1 .
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We also require the following lemma, which shows that if acdeteights poorly approximates, then
it is not in our convex set.

Lemma 5.10. Suppose thaf(26) anf(27) hold. Lete S,,. and setu = > ", w; X; and A = p — L.
Furthermore, suppose thdt\ || > Q(h(k,v,0)). Then

- 7 r A3
Y owil X = )X = )" =T =Y ajlpy — ) — ) 29<T>
i=1 JEK] 9

By contraposition, if a set of weights is in our set, then d\ypdes a good approximation for

Corollary 5.11. Suppose thaf(26) and (27) hold. Letc Cy, -,5) for 6 = Q(clog 1/¢). Then
[A[l2 < O(ey/log 1/e).

5.5.2 Separation Oracle

In this section, we provide a separation oracle(farin particular, we have the following theorem:

Theorem 5.12. Fix ¢ > 0, and letd = Q(elog1/¢). Suppose thaf(26) an@(27) hold. Let denote the
weights which are uniform on the uncorrupted points. Thenelis a constant and an algorithm so that:

1. (Completeness) 6 = w*, then it outputs “YES”.

2. (Soundness) th & Ceip(x,4,5), the algorithm outputs a hyperplade R™ — R so that/(w) > 0 but
L(w*) <0.

These two facts imply that the ellipsoid method with thisasson oracle will terminate impoly(d, 1/¢)
steps, and moreover, will with high probability outputvaso that||w — w'||~ < e/(Ndklog1/e) for some
W € Cen(k,y,5)- Moreover, it will do so in polynomially many iterations.

The proof is deferred to Sectién C.1.

Algorithm 8 Separation oracle sub-procedure for agnostically legrifia span of the means of a GMM.
1. function SEPARATIONORACLEGMM(w)
2: Let ,L/I\, = zf\il w; X;.

3 Fori=1,..., N, definey; = X; — L.

4 LetM =N wVyT — 1.

5: i | Mz, < Xjem i+ M then

6: return “YES”.

7 else

8: LetA = [|[M||z,.

9 Let U be ad x k matrix with orthonormal columns which span the topigenvectors ofi/.
10: return the hyperplané(w) = Tr <UT <Zf\i1 w; ;YT — I) U) ~A>0

After running this procedure, we technically do not have taofeveights inCp, (1 .5)- But by the
same argument as in Sectionl4.3, because the maximum didtehween two points within any cluster is
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bounded, and we have the guarantee {f#t— X;||*> < O(dklog 1/¢) for all i, j, we may assume we have
a set of weights satisfying

N
(X — ) (X — )" =T =" aj(py — )y — w)"|| < 2ckh(k,,0).
i=1 j€lk] )

We require the following lemma, describing the accuracyhef émpirical covariance matrix with the
obtained weights.

Lemma5.13. Letu = ZiNzl w; X;. After running the algorithm above, we have a veatosuch that

N
Yowil X =) (X = )" = 1= (i — ) (uy — w)"|| < 3ckh(k,,0).
i=1 JE[K] 9

Proof. By triangle inequality and Corollafy 5.111,

N
S wiXi =) (X =) =T =Y (g — )y — )"
i=1 jel )

N

<D wil X = ) (X = )" =T =" (g — (g — )| +1A]3
i=1 E 9

< 2ckh(k,~,0) + O(0) < 3ckh(k,~,0)

5.6 Spectral Clustering

Now that we have a good estimate of the true covariance matexwill perform spectral clustering while
~ is sufficiently large. We will adapt Lemma 6 from [SOAJ14}yigg the following lemma:

Lemma 5.14. Given a weight vectow as output by Algorithrl8, i > Q(poly(k) - log 1/¢), there exists
an algorithm which produces a unit vectomwith the following guarantees:

e There exists a non-trival partition df] into Sy and S; such thatv”n; > 0 for all j € Sy and
UT,uj < Oforall j € Sy;

e The probability of a sample being misclassified is at nidgtoly(¢/k)), where a misclassification is
defined as a sampl& generated from a component fiy havingv” X < 0, or a sample generated
from a component it5; havingv” X > 0.

The algorithm will be as follows. Let be the top eigenvector of

N

D wi(Xi - )X - )T -1
=1

For a sampleX, cluster it based on the sign of X. After performing this clustering, recursively perform
our algorithm from the start on the two clusters.

The proof is very similar to that of Lemma 6 in [SOAJ14]. Theiain concentration lemma is Lemma
30, which states that they obtain a good estimate of the touariance matrix, akin to our Lemnha 5113.
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Lemma 31 argues that the largest eigenvector of this esimdtighly correlated with the top eigenvector
of the true covariance matrix. Singds large, this implies there is a large margin between theraed the
hyperplane. However, by standard Gaussian tail boundgrdimbility of a sample landing on the opposite
side of this hyperplane is small.

We highlight the main difference between our approach aeidshFor their clustering step, they require
that no sample is misclustered with high probability. Ashsubey may perform spectral clustering while
v = Q (poly(k) - log(d/e)). We note that, in the next step of our algorithm, we will pemican exhaustive
search. This will result in an approximation which dependstlee value ofy at the start of the step,
and as such, using the same approach as them would resultaveaall approximation which depends
logarithmically on the dimension.

We may avoid paying this cost by noting that our algorithmgaastic. They require that no sample
is misclustered with high probability, while our algorithiwlerates that @oly(¢/k)-fraction of points are
misclustered. As such, we can continue spectral clustenitiy = O (poly (k) - log(1/¢)).

5.7 Exhaustive Search

The final stage of the algorithm is when we know thatygh are sufficiently small. We can directly apply
Lemma 7 of [SOAJ14], which states the following:

Lemma 5.15. Given a weight vectow as output by Algorithrl8, then the prOJectlon| ” onto the
space orthogonal to the span of the top- 1 eigenvectors of

Xi—m)(X =)' -1

2

has magnitude at most

0 (poly () - VA 7,5)/212) = <p01 () fljf/(21/5)>.

)

At this point, our algorithm is identical to the exhaustiearch of [SOAJ14]. We find the span of the
top £ — 1 eigenvectors by considering tti# — 1)-cube with side lengtl2y centered afi. By taking an
n-mesh over the points in this cube (fpr= poly(¢/dk) sufficiently small), we obtain a set of poinig.
Via identical arguments as in the proof of Theorem & of [SGRJbr each;j € [k], there exists some point

fij € M such that
_ Velog(1/e)
I = 5l < 0 (poly(h) - Y22 ).

By taking ak-wise Cartesian product of this set, we are guaranteed troatvector which has this guar-
antee simultaneously for al;.

5.8 Applying the Tournament Lemma

In this section, we discuss details about how to apply oupthgsis selection algorithm. First, in Section
[£.8.1, we describe how to guess the mixing weights and thanae of the components. Then in Section
(.82, we discuss how to ensure our hypotheses come from Breakfinite set, in order to deal with
technicalities which arise when performing hypothesiec@n with our adversary model.
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5.8.1 Guessing the Mixing Weights and Variance

The majority of our algorithm is focused on generating gasder the means of the Gaussians. In this
section, we guess the remaining parameters: the mixinghteeind the variance. While most of these
guessing arguments are standard, we emphasize that werreajaidonal benefit because our algorithm
is agnostic. In particular, most algorithms must deal wittoreincurred due to misspecification of the
parameters. Since our algorithm is agnostic, we can prdtendisspecified parameter is the true one, at
the cost of increasing the value of the agnostic parametdf our misspecified parameters are accurate
enough, the agnostic learning guarantee remains unchanged

Guessing the mixing weights is fairly straightforward. Bomer = poly(¢/k) sufficiently small, our
algorithm generates a set of at mésfr)* = poly(k/c)* possible mixing weights by guessing the values
{0,e,e + v,e + 2v,...,1 — v, 1} for eacha;. Note that we may assume each weight is at leasince
components with weights less than this can be specified-anibjtat a total cost oD (ke) in total variation
distance.

Next, we need to guess the variance of the components. To accomplish this, we will take- 1
samples (hoping to find only uncorrupted ones) and comp&eninimum distance between any pair of
them. Since we assunie<< 1/¢, we can repeatedly draiv+ 1 samples until we have the guarantee that
at least one set is uncorrupted. If none ofthel samples are corrupted, then at least two of them came from
the same component, and in our high-dimensional settingligtance between any pair of samples from
the same component concentrates aroudo. After rescaling this distance, we can then multiplicdgive
enumerate around this value with granularibly (¢ /dk) to get an estimate far? that is sufficiently good
for our purposes. Applying Corollafy 2114 bounds the coghaf misspecification by)(¢). By rescaling
the points, we may assume thet = 1.

5.8.2 Pruning Our Hypotheses

In this section, we describe how to prune our set of hypothaserder to apply LemmaZ.9. Recall that
this lemma requires our hypotheses to come from some fixae fiet, rather than the potentially infinite
set of GMM hypotheses. We describe how to prune and disertiz set of hypotheses obtained during the
rest of the algorithm to satisfy this condition. For the msgs of this section, a hypothesis will bé-&uple

of d-dimensional points, corresponding only to the means otdmponents. While the candidate mixing
weights already come from a fixed finite set (so no further wsnkeeded), the unknown variance must be
handled similarly to the means. The details for handlingvimeance are similar to (and simpler than) those
for handling the means, and are omitted.

More precisely, this section will describe a procedure tnegate a set of hypothesésl, which is
exponentially large ik and d, efficiently searchable, and comes from a finite set of hygsdk which
are fixed with respect to the true distribution. Then, givem set of hypotheses generated by the main
algorithm (which is exponentially large i but polynomial ind), we iterate over this set, either replacing
each hypothesis with a “close” hypothesis frdv (i.e., one which is withirO(¢) total variation distance),
or discarding the hypothesis if none exists. Finally, wethstournament procedure of Lemmal2.9 on the
resulting set of hypotheses.

At a high level, the approach will be as follows. We will taksraall set of samples, and remove any
samples from this set which are clear outliers (due to hatangew nearby neighbors). This will give us a
set of points, each of which are within a reasonable distémore some component mean. Taking a union
of balls around these samples will give us a space that issesoba union of (larger) balls centered at the
component centers. We take a discrete mesh over this spat@aio a fixed finite set of possible means,
and round each hypothesis so that its means are within this se

We start by takingV = O(klog(1/7)/e%) samples, which is sufficient to ensure that the number of
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(uncorrupted) samples from compongmwill be (w; + ©(e))N for all j € [k] with probability 1 — O(7).
Recall that we are assuming that = Q(e) for all j, as all other components may be defined arbitrarily at
the cost ofO(ke) in total variation distance. This implies that even aftemrgption, each component has
generated at leastV uncorrupted samples.

By standard Gaussian concentration bounds, we know tiéatsiimples are taken from a Gaussian, the
maximum distance between a sample and the Gaussian’s miée &t most¢ = O(/dlog(N/7)) with
probability 1 — 7. Assume this condition holds, and thus each component’s mvéhave at least NV points
within distance{. We prune our set of samples by removing any point with felwant N other points at
distance less tha2(. This will not remove any uncorrupted points, by the abowuagption, and triangle
inequality. However, this will remove any corrupted poiatslistance at lea8t from all component means,
due to the fact that the adversary may only move-éiraction of the points, and reverse triangle inequality.

Now, we consider the union of the balls of radRiscentered at each of the remaining points. This set
contains all of the component means, and is also a subset ofitbn of the balls of radiu& centered at the
component means. We discretize this set by taking its istdimn with a lattice of side-lengtt%. We note

that any two points in this discretization are at distancmasts /. By a volume argument, the number of
d
points in the intersection is at mdsi(meﬂ> . Each hypothesis will be described by thevise Cartesian

kd
product of these points, giving us a set of at mostk* (M hypotheses.

Given a set of hypothesds from the main algorithm, we prune it usingt as a reference. For each
h € H, we see if there exists sonk € M such that the means inare at distance at mosfk from the
corresponding means ifd. 1f such anw’ exists, we replacé with 1’ — otherwise . is simply removed. By
Corollary[2.18 and the triangle inequality, this replacatriacurs a cost 0f)(¢) in total variation distance.
At this point, the conditions of Lemnia 2.9 are satisfied ananag run this procedure to select a sufficiently
accurate hypothesis.

5.9 Handling Unequal Variances

In this section, we describe the changes required to allenatborithm to handle different variances for
the Gaussians. The main idea is to find the minimum varian@ngpfcomponent and perform clustering
so we only have uncorrupted samples from Gaussians withn@aes within some known, polynomially-
wide interval. This allows us to grid within this interval arder to guess the variances, and the rest of the
algorithm proceeds with minor changes.

The first step is to locate the minimum variance of any compbnégain using standard Gaussian
concentration, in sufficiently high dimensions Nf samples are taken from a Gaussian with varianck
the distance between any two samples will be concentrateechdr (v/2d — ©(d/*)). With this in hand,
we use the following procedure to estimate the minimum waga For each sample record the distance
to the(e N + 1)st closest sample. We take theV + 1)st smallest ofhesevalues, rescale it by/+/2d, and
similar to before, guess around it using a multiplicative- poly(¢/kd)) grid, which will give us an estimate
62, for the smallest variance. We note that discarding the sstallV fraction of the points prevents this
statistic from being grossly corrupted by the adversary.tk@ remainder of this section, assume i,
is known exactly.

At this point, we partition the points into those that comenircomponents with small variance, and
those with large variance. We will rely upon the followingnecentration inequality fromi [SOAJL4], which
gives us the distance between samples from different coersn

“We observe that the complexity of this step is polynomiad iand k, not exponential, if one searches for the nearest lattice
point in the sphere surrounding each unpruned sample rridte performing a naive linear scan over the entire list.
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Lemma 5.16(Lemma 34 from[[SOAJ14])Given N samples from a collection of Gaussian distributions,
with probability 1 — O(r), the following holds for every pair of sampl&s Y":
N2

log =
IX Y3 € (d(oF +03) + |1 — pall3) |14 7 ;

whereX ~ N (u1,03I) andY ~ N (ug, 031).

Assume the event that this condition holds. Now,}l@tbe the set of all points with at leaslV points

at squared-distance at masf1 + 1 )é o2 1 +4\/ , for ¢ € [k]. Note thatH, C H,,. Let

mzn

£* be the minimun¥ such thatH, = H,, 1, or k if no such/ exists, and partition the set of samples into
H,- andH ;- This partition will contain all samples from componentshwiariance at most some threshold
t, wheret < eo?,. in Hy-. All samples from components with variance at letasiill fall into H,«. We
continue running the algorithm witH -, and begin the algorithm recursively (Tﬂgﬁ

This procedure works due to the following argument. When arapputeH,, we are guaranteed that it
will contain all samples from components with variance,,, by the upper bound in Lemria5]16. However,

it may also contain samples from other components — in paaticthose with variance at mogt2 . , for

logN—2 logN—2 1
< |1+16 L 1-4 < <1+ -
L d / a |- te

where the second inequality follows fdrsufficiently large. Therefore, we compukg,, which contains all
samples from such components. This is repeated up to atifesince if a sei, 4 is distinct fromHy, it
must have added at least one component, and we have: @osnponents. Note thétl + %)k < e, giving
the upper bound on variances/ify-.

After this clustering step, the algorithm follows similatb before. The main difference is in the convex
programming steps and concentration bounds. For instaeéere, we considered the set

n’lll’l’

N

Cp=we Sne: || D wilXi — p)(Xi =) =T =" oy — p) (s — )| <n
i=1 jeli )

Now, to reflect the different expression for the covariancthe GMM, we replacer>I with > jelk] ajoil;
for example:

N
Cp=1Qwe Sne||D wilXi — p)( = ot T = a(p = ) — )| <7
=1

jelk] jelk] 2

We note that since all variances in each cluster are off byctifaof at moste, this will only affect our
concentration and agnostic guarantees by a constant.factor

6 Agnostically Learning Binary Product Distributions, via Filters

In this section, we study the problem of agnostically leagra binary product distribution. Such a distri-
bution is entirely determined by its coordinate-wise maahich we denote by the vecter, and our first

SWe require an additional guess df,“andk-"; the split into how many components are withify- andH ¢ respectively.

42



goal is to estimate within 62—distance5(a). Recall that the approach for robustly learning the mean of
an identity covariance Gaussian, sketched in the intraoluctvas to compute the top absolute eigenvalue
of a modified empirical covariance matrix. Our modificatioasacrucially based on the promise that the
covariance of the Gaussian is the identity. Here, it turrigtoat what we should do to modify the empirical
covariance matrix is subtract off a diagonal matrix whosgies arep?. These values seem challenging
to directly estimate. Instead, we directly zero out the died entries of the empirical covariance matrix.
Then the filtering approach proceeds as before, and allows estimatep within Eg-distance@(e), as we
wanted. In the case whegnhas no coordinates that are too biased towards either zenoegrour estimate
is alreadyé(s) close in total variation distance. We give an agnostic liegralgorithm for this so-called
balanced case (see Definition]6.2) in Secfiion 6.1.

However, wherp has some very biased coordinates, this need not be the casle.c&ordinate that is
biased needs to be learned multiplicatively correctly. &ftheless, we can use our estimatepftirat is close
in />-distance as a starting point for handling binary produstritiutions that have imbalanced coordinates.
Instead, we control the total variation distance via{Ralistance between the mean vectors. Pend@Q
be two product distributions whose means aendq respectively. From Lemma 215, it follows that

2 (pi — %)2
drv(F Q) < 422‘: ai(l—q)

So, if our estimate is already close ifi,-distance tg, we can interpret the right hand side above as giving a
renormalization of how we should measure the distance legtwandg so that being close (ig?-distance)
implies that our estimate is close in total variation dise@anWe can then set up a corrected eigenvalue
problem using our initial estimatgas follows. Lety?(v), = >, v?¢:(1 — ¢;). Then, we compute

max vl Yo,
X2 (v)g=1

whereX is the modified empirical covariance. Ultimately, we shoattiis yields an estimate that&(ﬁ)
close in total variation distance. See Seclion 6.2 for rtetails.

6.1 The Balanced Case
The main result of this section is the following theorem:

Theorem 6.1. Let P be a binary product distribution id dimensions and, ~ > 0. Let.S be a multiset of
O(d*log(1/71)/e?) independent samples frofm and S’ be a multiset obtained by arbitrarily changing an
e-fraction of the points irb. There exists a polynomial time algorithm that returns a pictddistribution P’
so that, with probability at least — 7, we have|p — p’||2 = O(e4/log(1/<)), wherep andp’ are the mean
vectors ofP and P’ respectively.

Note that Theorem 6.1 applies to all binary product distidms, and its performance guarantee relates
the /5-distance between the mean vectors of the hypoth@sand the target product distributiaR. If P
is balanced, i.e., it does not have coordinates that areitsed toward$ or 1, this ¢s-guarantee implies a
similar total variation guarantee. Formally, we have:

Definition 6.2. For 0 < ¢ < 1/2, we say that a binary product distribution isbalancedf the expectation
of each coordinate is if, 1 — ¢].

For c-balanced binary product distributions, we have the folhgacorollary of Lemma2.15:
Fact 6.3. Let P and @ bec-balanced binary product distributions with mean vectoendg. Then, we have
thatdry (P, Q) = O (¢7/2 - [Ip — ql2) -
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That is, for twoc-balanced binary product distributions, wherés a fixed constant, thé,-distance
between their mean vectors is a good proxy for their totahtian distance. Using Fact 6.3, we obtain the
following corollary of Theorerh 6]1:

Corollary 6.4. Let P be ac-balanced binary product distribution id dimensions, where > 0 is a fixed
constant, and:, 7 > 0. LetS be a multiset o (d*log(1/7)/e?) independent samples from and S’
be a multiset obtained by arbitrarily changing arfraction of the points inS. There exists a polynomial
time algorithm that returns a product distributiaR’ so that with probability at least — 7, dpv (P’, P) =

O(ey/log(1/€)/ Vo).

We start by defining a condition on the uncorrupted set of $asrff) under which our algorithm will
succeed.

Definition 6.5 (good set of samples) et P be an arbitrary distribution or{0, 1} ande > 0. We say that
a multisetS of elements irf{0, 1}¢ is e-good with respect t@ if for every affine functiorL. : {0,1}¢ — R
we have Prxe,s(L(X) > 0) — Prx.p(L(X) > 0)| <e/d.

The following simple lemma shows that a sufficiently largeaséndependent samples fromis e-good
(with respect taP) with high probability.

Lemma 6.6. Let P be an arbitrary distribution on{0, 1} ande, 7 > 0. If the multisetS is obtained by
takingQ((d* +d?log(1/7))/e?) independent samples froR) it is -good with respect t@ with probability
at leastl — 7.

Proof. For a fixed affine function, : {0,1}¢ — R, an application of the Chernoff bound yields that
after drawing N samples fromP, we have thai Prxc, s(L(X) > 0) — Prx.p(L(X) > 0)] > ¢/d
with probability at mos® exp(—Ne?/d?). Since there are at mo2{” distinct linear threshold functions on
{0,1}%, by the union bound, the probability that there existd.aatisfying the conditiohPr y ¢, s(L(X) >
0) — Pryp(L(X) > 0)| > ¢/d is at most2?*+! exp(—Ne2 /d2), which is at most- for N = Q((d* +
d?log(1/7))/e%). O

The following definition quantifies the extent to which a niedt has been corrupted.

Definition 6.7. Given finite multisets' and .S” we letA(.S, S’) be the size of the symmetric differenceSof
and S’ divided by the cardinality of.

Note that the definition of\(.S,.S") is not symmetric in its two arguments.

Our agnostic learning algorithm establishing Theotenh 6.&htained by repeated application of the
efficient procedure whose performance guarantee is givdreifollowing proposition:

Proposition 6.8. Let P be a binary product distribution with mean vecjoandes > 0 be sufficiently small.
Let S bee-good with respect td?, and S’ be any multiset with\ (S, S") < 2e. There exists a polynomial
time algorithmFILTER-BALANCED-PRODUCT that, givenS’ ande > 0, returns one of the following:

(i) A mean vectop’ such that|p — p'[|o = O(e/log(1/¢)).
(i) A multisetS” C S’ such thatA (S, S”) < A(S,S") — 2¢/d.
We start by showing how Theordm 6.1 follows easily from Psion[6.8.
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Proof of Theorerh 611By the definition ofA(.S, S’), sinceS” has been obtained froi$i by corrupting an
e-fraction of the points irf, we have that\(S, S") < 2. By Lemmd®&.6, the sef of uncorrupted samples
is e-good with respect t@ with probability at least — . We henceforth condition on this event.

Our algorithm iteratively applies thellFER-BALANCED-PRODUCT procedure of Propositidn 8.8 until
it terminates returning a mean vectgrwith |[p — p'|la = O(e4/log(1/¢)). We claim that we need at
mostd + 1 iterations for this to happen. Indeed, the sequence oftibaisresults in a sequence of sets
So=25",51,...,s0thatA(S, S}) < A(S,S’) —i- (2¢/d). Thus, if the algorithm does not terminate in the
first d iterations, we havé’, = S, and in the next iteration we output the sample meaS.of O

6.1.1 Algorithm FILTER -BALANCED -PRODUCT: Proof of Proposition [6.8

In this section, we describe the efficient procedure esfaibly Propositio 618 followed by its proof of
correctness. Our algorithmilFER-BALANCED-PRODUCT is very simple: We consider the empirical dis-
tribution defined by the (corrupted) sample multi$ét We calculate its mean vectgr®” and covariance
matrix /. If the matrix M has no large eigenvalues, we returfi. Otherwise, we use the eigenvecidr
corresponding to the maximum magnitude eigenvalti®f M/ and the mean vectqr®’ to define a filter.
We zero out the diagonal elements of the covariance matrithéfollowing reason: The diagonal elements
could contribute up t62(1) to the spectral norm, even without noise. This would prewsrfrom obtaining
the desired error (15(5). Ouir efficient filtering procedure is presented in detailegug®code below.

Algorithm 9 Filter algorithm for a balanced binary product distribatio
1: procedure FILTER-BALANCED-PRODUCT(e, S”)
input: A multisetS” such that there exists argood.S with A(S,S") < 2¢
output: Multiset S” or mean vectop’ satisfying Proposition 618
2: Compute the sample mear’ = Exe,s/[X] and the sample covariandé with zeroed diagonal,
3: e, M = (Mi,j)lgi,jgd with Mi,j = EXEUS’[(XZ' — M?l)(X] — Mf,)], 1 75 7 ande- = 0.
4:  Compute approximations for the largest absolute eigeavalld/, \* := || M ||z, and the associated
unit eigenvecton™.

5. if | M|z < O(elog(1/e)), then return 5.
6: Letd := 34/e||[M]|2. FInd T > 0 such that

P (v (X - 13| > T+ 8) > 8exp(—T2/2) + & /d.
€5’

7: return the multisetS” = {z € S": [v* - (z — )| < T + 6}.

Tightness of our Analysis. We remark that the analysis of our filter-based algorithnmighktt and more
generally our bound ab(e/log(1/¢)) is a bottleneck for filter-based approaches.

More specifically, we note that our algorithm will never sessfully add points back t§ after they have
been removed by the adversary. Therefore, ikdraction of the points inS are changed, our algorithm
may be able to remove these outliers fréfnbut will not be able to replace them with their original vaue
These changed values can alter the sample mean by as mi¢h\g$og(1/¢)).

To see this, consider the following example. Letbe the product distribution with mean where
p; = 1/2 for all i. Sete = 27(@=D_ We draw a©(d*log(1/7)/c?) size multisetS which we assume
is e-good. The fraction of times the all-zero vector appears iis less thar2~(¢~1). So, the adversary
is allowed to corrupt all such zero-vectors. More specifjcahe adversary replaces each occurrence of
the all-zero vector with fresh samples froR) repeating if any all-zero vector is drawn. In effect, this
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procedure generates samples from the distribuf?ormlefineqasP conditioned on not being the all-zero
vector. Indeed, with high probability, the s&tis e-good for P. So, with high probability, the mean o

in each coordinate is at least2 + 2-(4+2). Thus, the/,-distance between the mean vectors’odnd P is
at leasty/d2~ (42 = ©(e,/log(1/¢)). Note that for any affine functioft, we have thaPr ¢, ¢ (L(X) >

0) < Prxe,s(L(X) > 0)/(1 — €) + 2¢/d, which means that no such function can effectively distisQui
betweenS’ \ S andS, as would be required by a useful filter.

The rest of this section is devoted to the proof of corregiméalgorithm FLTER-BALANCED-PRODUCT.

6.1.2 Setup and Basic Structural Lemmas

By definition, there exist disjoint multisets, I, of points in{0,1}¢, whereL c S, such thatS’ = (S \
L) U E. With this notation, we can writ&\ (S, S") = % Our assumptio\ (.S, S”) < 2¢ is equivalent
to |L| + |E| < 2 -|S], and the definition of5” directly implies that(1 — 2¢)|S| < |S'] < (1 + 2¢)|S|.
Throughout the proof, we assume thats a sufficiently small constant. Our analysis will make etis¢
use of the following matrices:

e Mp denotes the matrix witki, j)-entry Exp[(X; — 7 )(X; — p5)], but0 on the diagonal.
o Mg denotes the matrix withi, j)-entryExc, s[(X; — 127 )(X; — p5")], but0 on the diagonal.
e Mp denotes the matrix witt, j)-entry Exe,, p[(X; — uf)(X; — )]
e M, denotes the matrix withi, j)-entryEx e, 1[(X; — p5 )(X; — p)].
Ouir first claim follows from the Chernoff bound and the defonitof a good set:
Claim 6.9. Letw € R? be any unit vector, then for ari§ > 0,
Do (ws (X =p¥)[> T+ (6% = plla) < 2exp(=T7/2) +2/d.
and
b (jw- (X - P > T+ |5 = pll2) < 2exp(=17/2).

Proof. SinceS is e-good, the first inequality follows from the second one. Taverthe second inequality, it

suffices to bound the probability that - (X — p%') — E[w - (X — x)]| > T, X ~ P, since the expectation

in question isw - (p — 15'), whose absolute value is at mdgt>" — p||», by Cauchy-Schwarz. Note that
w- (X — uS’) is a sum of independent random variable$ X, — uf’), each supported on an interval of
length2|w;|. An application of the Chernoff bound completes the proof. O

The following sequence of lemmas bound from above the sglentrms of the associated matrices.
Ouir first simple lemma says that the (diagonally reduced)ikcapcovariance matrix\/g, whereS is the

set of uncorrupted samples drawn from the binary produdtiloligion P, is a good approximation to the
matrix M p, in spectral norm.

Lemma 6.10. If S is e-good, | Mp — Mg|ls < O(e).
Proof. It suffices to show tha{ Mp); ; — (Ms); ;| < O(e/d) for all i # j. Then, we have that

[Mp — Ms|l2 < [|[Mp — Ms||r < O(e).
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Let ¢; denote the standard basis vector indik direction inR? . Fori # j we have:

(Mp)ij = E [(Xi— 7 )(X; — 5]
o ) ) Sl ) S/ ) Sl Sl
= XIEP[XZX]] — i )EP[XJ] = 1 XIEP[X’] + Ky K
S’ S’ s s’
= Xlirp((ei +ej)- X >2)—p; XF;vrP(ej X > 1) = p3 XPNrP(ei X > 1)+ gy

A similar expression holds fai/s except with probabilities foX €, S. SincesS is e-good with respect to

P, we have|(Mp); ; — (Mg); ;| < e/d+ p'e/d + p?'e/d < 3¢ /d. This completes the proof. O
As a simple consequence of the above lemma, we obtain ttosvial:

Claim 6.11. If S'ise-good,||M — (1/|S'))(|S|Mp + |E|Mg — |L|ML)|l2 = O(e).

Proof. First note that we can writg5’|M = |S|Mg + |E|MY% — |L|M?, where MY and M? are obtained
from My and M|, by zeroing out the diagonal. Observe thaYf + |L| = O(¢)|S’|. This follows from
the assumption thah (S, S") < 2e and the definition ofS’. Now note that the matriced/y — MY and
My, —Mg are diagonal with entries at mastand thus have spectral norm at mbsthe claim now follows
from Lemmé&6.7D. O

Recall that ifu®" = p, Mp would equal the (diagonally reduced) covariance matrixhef product
distribution P, i.e., the identically zero matrix. The following simple lema bounds from above the spectral
norm of Mp by the/3-norm between the corresponding mean vectors:

Lemma 6.12. We have thall Mp|jy < ||z5" — pl|3.

Proof. Note that(Mp); ; = (u" —pi)(ﬂf/ —p;) fori # j and0 otherwise. Thereforel/p is the difference
of (1" — p)(u®" — p)T and the diagonal matrix with entrigg?" — p;)2. This in turn implies that

(1% =p)(* = p)" = Mp = Diag(— (1" —pi)*) -
Note that both bounding matrices have spectral norm at ost— p||2, hence so does/p. O

The following lemma, bounding from above the spectral nofnif,, is the main structural result of
this section. This is the core result needed to establightiieasubtractive error cannot change the sample
mean by much:

Lemma 6.13. We have thall M ||ls = O(log(|S|/|L|) + ||z — pl|3 + - |S|/|L]), hence
(ILI/IS']) - M|z = O(elog(1/2) + &1 — pl3).
Proof. SinceL C S, for anyz € {0,1}%, we have that

. — > . — )
S|+ Pr (X =) > |L]- Pr (X =2) (28)

SinceM, is a symmetric matrix, we havyeM |2 = max|j,|,—1 |vT Mpv|. So, to bound| M/ ||z it suffices
to bound|v” M, v| for unit vectorsv. By definition of M, for anyv € R? we have that

WMl = E [lo- (X — %))

u
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The RHS is in turn bounded from above as follows:

E Uv.(x—us’)m:z/ﬂ Pr <]v-(X—uS/)]>T>-TdT
XeuL 0o X€uL

Vd o
SZ/O mln{l,\S\/\L!'X]zzs(]v'(X—u )]>T>}TdT

44/1og(ISI/ILD+|15" —pll2
< / TdT
0

Vd
+(IS1/1L]) exp(—(T — |4 —pll2)*/2)T + <T/d) dT
4y/1og([ST/ILD+|n% ~pll2 ( >

< log(|S|/|L]) + lu¥ = pll5 +=-[SI/|L],

where the second line follows from (28) and the third linédiats from Clain{6.9. This establishes the first
part of the lemma.

The bound(|L|/|S|)||ML||2 = O(elog(1/e) + ¢||u®" — p||3) follows from the previously established
bound using the monotonicity of the functiorin(1/z), and the fact thatL|/|S| < 2. The observation
|S]/]1S"] <1+ 2 < 2 completes the proof of the second part of the lemma. O

Claim[6.11 combined with Lemm&s 6112 dnd 6.13 and the tréaimgiquality yield the following:
Corollary 6.14. We have thalf M — (|E|/|S'|)Mg|ls = O(clog(1/e) + |15 — pl|3).

We are now ready to analyze the two cases of the algorithmER-BALANCED-PRODUCT.

6.1.3 The Case of Small Spectral Norm

We start by analyzing the case where the mean vactois returned. This corresponds to the case that
the spectral norm ai/ is appropriately small, namelyM/ |2 < O(elog(1/¢)). We start with the following
simple claim:

Claim 6.15. Let u”, u* be the mean vectors & and L respectively. Then|u” — 5|2 < ||[Mg|2 and
I = 113 < 1ML l2-

Proof. We prove the first inequality, the proof of the second beirmmniital. Note thai\/g is a symmetric
matrix, so||Mg||2 = max|,,—1 |v? Mpgv|. Moreover, for any vector we have that

T _ X — SV o (uF — S
v' Mpv XEE[\U (X =p? )] = v (u" —p”)

Letw = u” — 1% and takev = w/||w||o. We conclude tha{ Mg||» > |lw|3, as desired. O

The following crucial lemma, bounding from above the dis&@fiz®" — p|» as a function of and
| M |2, will be important for both this and the following subsecton

Lemma 6.16. We have thalj;i®" — plls < 21/2[[M |z + O(e/log(1/e)).

Proof. First we observe that the mean vector of the uncorrupted sample sétis close top. SincesS is
e-good, this follows from the fact that for any= [d], we have

S
’/1’2 p‘ ’),' i‘s[ = ] [ = ”— /

— Pr
X~ P
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Therefore, we get thau® — p|» < ¢/V/d.
Consideru” andu”, the mean vectors df and L, respectively. By definition, we have that
15" 15" = |S|p® + | E|p® — |L|p*

and thus by the triangle inequality we obtain

115 = plla < 1GEVIS (" — p) — (LIS ("~ D2 +2/Va

Therefore, we have the following sequence of inequalities:

11 = plla < (BI/IS1) - 1® = 152 + (LIS - ™ = 6|2 + OGe) - 11 = pll2 +e/Vd
< (IE[/IS') - VIIMEll2 + (ILI/[S]) - VIIM. |2+O ) 11 = pll2)) +e/Vd
< O(ev/1og(1/2)) + (3/2) Vel M|z + O(VE) - |1 = pll3
< O(ev/10g(1/2))) + (3/2) Ve Mz + 1% = pll2/4 .

where the first line follows from the triangle inequalityeteecond uses Claim 6115, while the third uses
Lemma6.IB and Corollafy 6.114. Finally, the last couple né$i assume thatis sufficiently small. The
proof of Lemmd 6.76 is now complete. O

We can now deduce the correctness of $iep 5 of the algorithme R-BALANCED-PRODUCT, since
for ||M |2 < O(elog(1/¢)), LemmdB.15 directly implies tha®" — pllz = O(e+/log(1/¢)).

6.1.4 The Case of Large Spectral Norm

We next show the correctness of the algorithmTER-BALANCED-PRODUCT if it returns a filter (rejecting
an appropriate subset ¢f) in Step[®6. This corresponds to the case thaf|;, > Celog(1/e), for a
sufficiently large universal constadt > 0. We will show that the multises” c S’ computed in Stepl6
satisfiesA(S, S”) < A(S,S") — 2¢/d.

We start by noting that, as a consequence of Lefnma 6.16, vesthaollowing:

Claim 6.17. We have thalj®" — p|ja < & := 3/2||M]..

Proof. By Lemmal6.1B, we have thdi® — pla < 20/3 + O(e4/log(1/¢)). Recalling that|| M|, >
Celog(1/e), if C > 0is sufficiently large, the terr®(s/log(1/¢)) is at mos® /3. O

By constructionp* is the unit eigenvector corresponding to the maximum mageitigenvalue of/.
Thus, we havév*)T Mv* = ||M||o = 62 /(9¢). We thus obtain that

B [lo" (X - a5 = () Mgo* = 215
XeuE - 20 20¢|E|
where the equality holds by definition, and the inequalitiofes from Corollary(6.1% and Claiin 6.117 using
the fact thate is sufficiently small and the constaét is sufficiently large (noting that the constant in the
RHS of Corollanf6.14 does not depend G
We show that[{29) implies the existence offa> 0 with the properties specified in Stép 6 of the
algorithm HLTER-BALANCED-PRODUCT. More specifically, we have the following crucial lemma:

(29)

Lemma 6.18. If | M|l > Celog(1/e), for a sufficiently large constant’ > 0, there exists &’ > 0
satisfying the property in Stép 6 of the algoritffmTER-BALANCED-PRODUCT, i.e., such that

P (vt (X - 13| > T +6) > 8exp(—T2/2) + 8 /d .
S
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Proof. Assume for the sake of contradiction that this is not the ,dasethat for alll” > 0 we have that

(Pro (7 (X = ) 2 T+ 6) < 8exp(~T°/2) + 8¢/d. (30)

SinceE C &', for all € {0,1}¢, we have thatS’| Pryc, s/[X = 2] > |E|Prye,g[Y = ]. This fact
combined with[(3D) implies that for ai’ > 0

(0" (V= p)] = T+ 8) < (15']/|B])(exp(=T2/2) +¢/d) . (31)

Using [29) and[(31), we have the following sequence of inkiips

2| ¢! * 52

PIS /B < B (7 %))
o > * 8 X
_2/0 Pr_ (|v Y —p )|2T> TdT

Yeqy

O(V4d)
< (IS')/|E]) /0 min {|E|/|S'], exp(— (T — §)%/2) + £/d} TdT

1y/log(S/IED+6 0 ) ONVd) ||
<</ Tdt+/ (1S'|/|E]) exp(—(T — ) /2)TdT+/ TdT
0 4/ 108"/ | E)+6 0 d|E|
!
< log(S'|/|E]) + 6 + E"g" .

This yields the desired contradiction recalling that theuasption|| /|2 > Cslog(1/¢) and the definition
of § imply thatd > C’e+/log(1/¢) for an appropriately large” > 0. O

The following simple claim completes the proof of Propasift.8:
Claim 6.19. We have that\(S, S”) < A(S,S") — 2¢/d .

Proof. Recall thatS’ = (S \ L) U E, with E and L disjoint multisets such that C S. We can similarly
write S” = (S'\ L')U E’, with L' > L andE’ C E. Since
_EANE -\

A(S7S/)_A(S7S//)_ |S| )

it suffices to show that! \ E'| > |L'\ L| + 2¢|S|/d. Note that| L' \ L| is the number of points rejected by
the filter that lie inS N S’. By Claim[6.9 and Clairi 6.17, it follows that the fraction oéelentsr € S that

are removed to produc#” (i.e., satisfy|v* - (z — ug:)| > T + 0) is at most exp(—12/2) + ¢/d. Hence, it
holds that L’ \ L| < (2exp(—T?/2) +¢/d)|S|. On the other hand, St&p 6 of the algorithm ensures that the
fraction of elements of’ that are rejected by the filter is at le@stxp(—72/2) + 8¢/d. Note that| E \ E’|

is the number of points rejected by the filter that lieSin\ S. Therefore, we can write:

|E\ E'| > (8exp(—T2/2) + 8/d)|S'| — (2exp(—T?/2) +£/d)|S|
(8exp(—T2%/2) 4 8¢/d)|S|/2 — (2exp(=T?/2) + £/d)|S|
(2exp(—T72/2) + 3¢/d)|S|

>
>
> |L/\ L] + 2|8]/d.,

where the second line uses the fact th#lt > |S|/2 and the last line uses the fact thét \ L|/|S| <
(2exp(—T?/2) + ¢/d). This completes the proof of the claim. O
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6.2 Agnostically Learning Arbitrary Binary Product Distri butions
In this subsection, we build on the approach of the previobsection to show the following:

Theorem 6.20. Let P be a binary product distribution id dimensions and, 7 > 0. There is a polynomial
time algorithm that, giver and a set 0B (d®log(1/7)/c*) independent samples frof an ¢ fraction of
which have been arbitrarily corrupted, outputs (the meacteeof) a binary product distributior so that,

with probability at leastl — 7, dpy (P, P) < O(y/elog(1/e)).

By Lemma[2.1b, the total variation distance between tworlipaoduct distributions can be bounded
from above by the square root by té-distance between the corresponding means. For the casd-of b
anced product distributions, the-distance and thé,-distance are within a constant factor of each other.
Unfortunately, this does not hold in general, hence theaniae of our previous algorithm is not sufficient
to get a bound on the total variation distance. Note, howthairthey?-distance and thé,-distance can
be related by rescaling each coordinate by the standardta®viof the corresponding marginal. When we
rescale the covariance matrix in this way, we can use theigmmealue and eigenvector as before, except
that we obtain bounds that involve tlyé in place off,-distance. The concentration bounds we obtain with
this rescaling are somewhat weaker, and as a result, outigtiae guarantees for the general case are
somewhat weaker than in the balanced case.

Similarly to the case of balanced product distributions,wilerequire a notion of a “good” set for our
distribution. For technical reasons, the definition in $e#ting turns out to be more complicated. Roughly
speaking, this is to allow us to ignore coordinates for whioh small fraction of errors is sufficient to
drastically change the sample mean.

Definition 6.21 (good set of samples).et P be a binary product distribution and n > 0. We say that a
multisetS of elements if0, 1}% is (¢, )-good with respect t@ if for every affine functiord. : {0,1}¢ — R
and every subset of coordinatésC [d] satisfying) ", pi(1 — p;) < n the following holds: LettingS
be the subset of points i that have theiri*” coordinate equal to the most common value unBédor all
1 € T, and letting Pr be the conditional distribution aP under this condition, then
Pr (L(X)>0)— Pr (L(X)>0)|<&¥?/d?.
Pr (LX) 2 0) = Pr (L(X) > 0)] < 77/d

We note that a sufficiently large set of samples fréhwill satisfy the above properties with high

probability:

Lemma 6.22. If S is obtained by takin§(d° log(1/7)/e*) independent samples fromyit is (¢, 1/5)-good
with respect taP with probability at leas9/10.

The proof of this lemma is deferred to Sectioh D.
We will also require a notion of the number of coordinates driclv S non-trivially depends:

Definition 6.23. For S a multiset of elements if0, 1}¢, letsupp(S) be the subset di] consisting of indices
i so that thei'® coordinate of elements &f is not constant.

Similarly to the balanced case, our algorithm is obtaineddpeated application of an efficient filter
procedure, whose precise guarantee is described below.

Proposition 6.24. Let P be a binary product distribution id dimensions and > 0. Suppose tha$ is an
(e,7m)-good multiset with respect 8 with , > 10 and .S’ be any multiset witl\ (S, S”) < 2¢. There exists
a polynomial time algorithm which, givenand S’, returns one of the following:

() The mean vector of a product distributid?® with dpy (P, P') = O(y/e1n(1/¢)).
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(i) A multisetS” of elements of0, 1}¢ so that there exists a product distributidn with meanp and a
multisetS that is(e,n — ||p — p||1)-good with respect té such that

A(S,8") + elsupp(S”)|/d + [lp = Pll1/6 < A(S, S") + e[supp(S")| /d .

Our agnostic learning algorithm is then obtained by itegthis procedure. Indeed, the proof of Theo-
rem[6.20 given Propositidn 6.24 is quite simple.

Proof of Theoreri 6.20We draw® (d° log(1/7)/e%)) samples forming a s&t, which is (e, 1/5) good with
probability 1 — 7 by Lemmd6.2R. We condition on this event. The adversaryuptsranc-fraction of S
producing a seb’ with A(S,S") < 2e. The iterations of the algorithm produce a sequence of $gts
S, S1,..., Sk, wheresS; is (e, n;)-good for some binary product distributidd and some setS.. We note
thatA(S;, S7) + |supp(S?)|/d is monotonically decreasing and never more tharSince|u — pfi+1| <
drv(P;, Piy1), in theit? iteration, the aforementioned quantity decreases by at taa; (P;, P,.1), and
thus> ", drv(P;, Pit1) < 3e. Thereforedry (P, P;) < 3e. Our algorithm outputs a product distributidt
with dpy (Pg, P') = O(y/e1n(1/¢)). The triangle inequality completes the proof. O

6.2.1 Algorithm FILTER -PRODUCT: Proof of Proposition [6.24

In this section, we describe and analyze the efficient reugistablishing Propositidn 6]24. Our efficient
filtering procedure is presented in detailed pseudocod=ibel

Algorithm 10 Filter algorithm for an arbitrary binary product distribr
1: procedure FILTER-PRODUCT(e, S”)
input: & > 0 and multisetS” such that there exists argood.S with A(S,S") < 2¢
output: Multiset.S” or mean vectop’ satisfying Proposition 6.24
2. Compute the sample meari’ = Exe,s/[X] and the sample covariance matfix
Le., M = (Mij)i<ij<a With M = Exes[(Xi — ) (X; — p3")].
if there exists € [d] with 0 < 5" < e/dor0 <1 —pud" < e/d, then
let S” be the subset of elements.gfin which those coordinates take their most common value.
return S”.
I* For the later steps, we ignore any coordinates nogipp(S’). */
7:  Compute approximations for the largest magnitude eigervdlof DA D, \' := || DM D||o, where

D = Diag(1/4/p" (1 — p£")), and the associated unit eigenvectar

8: if | DM D]y < O(log(1/¢)), then return 1" (re-inserting all coordinates affected by Stép 6).
o: Letd := 34/e||[DM D]||o. FindT > 0 such that

P (vt (X = )] > T +0) > 20/T% + 42 d?
€us’

wherev* := Dv'.
10:  return the multisets” = {x € S : [v* - (z — p¥')| < T 46} .

This completes the description of the algorithm. We now geatto prove correctness.
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6.2.2 Chi-Squared Distance and Basic Reductions

As previously mentioned, our algorithm will use the chi-ampd distance between the mean vectors as a
proxy for the total variation distance between two binamydurct distributions. Since the mean vector of the
target distribution is not known to us, we will not be able s uhe symmetric definition of the chi-squared
distance used in Lemnia 2]15 We will instead require theioilg asymmetric version of the chi-squared
distance:

Definition 6.25. They2-distance ofz, y € R% is defined by?(z,y) %< S°¢ | g(;é;_y;)_j.

The following fact follows directly from Lemmia Z.15.

Fact 6.26. Let P,  be binary product distributions with mean vectgrg respectively. Thenlry (P, Q) =

O(V/X%(p:q))-

There are two problems with using the chi-squared distaet@den the mean vectors as a proxy for
the total variation distance. The first is that the chi-sqdadistance between the means is a very loose
approximation of the total variational distance when thenseare close t0 or 1 in some coordinate. To
circumvent this obstacle, we remove such coordinates vapgaropriate pre-processing in Sigép 6. The sec-
ond is that the above asymmetric notion of gffedistance may be quite far from the symmetric definition.
To overcome this issue, it suffices to have that O(p;) and1 — ¢; = O(1 — p;). To ensure this condition
is satisfied, we appropriately modify the target productritligtion (that we aim to be close to). Next, we
will show how we deal with these problems in detail.

Before we embark on a proof of the correctness of algorithoreR-ProDUCT, we will make a few
reductions that we will apply throughout. First, we notet ithaome coordinate in Stép 6 exists, then remov-
ing the uncommon values of that coordinate increasgs, S’) by at most:/d but decreasesupp(S’)| by
at leastl. We also note that, ifV is the set of coordinates outside of the supporsefthe probability that
an element inS” has a coordinate itV that does not take its constant valug)idNote that this is at most
O(e) away from the probability that an element taken frétrhas this property, and thus we can assume
that )",y min{p;,1 — p;} = O(e). Therefore, after Stefd 6, we can assume that all coordiriatese
e/d<p;, <1l—¢g/d.

The next reduction will be slightly more complicated and efegis on the following idea: Suppose that
there is a new product distributia® with meanp and an(e, n — ||p — pl|1)-good multisetS for P so that

A(S,S") + |lp — Bl /5 < A(S, S").

Then, it suffices to show that our algorithm works forandsS instead ofP and S (note that the input to the
algorithm, S’ ande in the same in either case). This is because the conditiopsset by the output in this
case would be strictly stronger. In particular, we may agﬂratuf' > p;/3 forall i:

Lemma 6.27. There is a product distributiod® whose mean vectq?satisfiesuf’ > p;/3andl — Mf' >
(1 —p;/3) forall i, and a setS C S thatis(e,n — |[p — p|/1)-good for P and satisfies

A(S,S") + [lp — Bl /5 < A(S, ).

Proof. If all coordinatesi haveyy” > p;/3 and1 — u2" > (1 — p;/3), then we can také® = P andS = S.

Suppose that thé" coordinate haﬂf' < p;i/3. Let P be the product whose mean vecfonasp; = 0
andp; = p; for j # 1. Let S be obtained by removing frotfi all of the entries withl in the i*"-coordinate.
Then, we claim thas is (¢, — p;)-good for P and hasA(S,S) + p; /5 < A(S,S"). Note that here we
have|lp — pll1 = p:.
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First, we show thafS is (¢, — p;)-good for P. For any affine function.(z) and setl’ C [d] with
> jerbi(1 —pj) < n— pi, we need to show that

| Pr (L(X)>0)— Pr (L(X)>0)|<e¥?/d?.
XeuSp X~Pr

Let7 =T U {i}. We may or may not havee T but, from the definition op,

Yop=p)= > p-p)= > pi(l—p;).
jeT JET\{i} FET\{i}
Thus,
Y pi(t=p;) =pi(L=pi) + Y (1= p;) <n—pi+pi(1—pi) <.
jef JjeT
SinceS is good forP, we have that
(P (LX) 20— Pr (5(X) 2 0) < £%/a
Moreover, note thasz = Sy and Pz = Pr. Thus,S is (¢, — p;)-good for P.

Next, we show that\(S, ") + p;/5 < A(S,S"). We write S = S\ L U E. We write Sy, L1, S} for
the subset of, L, S’ respectively, where thé" coordinate isl. Sinces is (e,7)-good for P, we have that
| — pi| < 32/d?. Recall that we are already assuming that> ¢/d. Thus,uy > 29p;/30. Therefore,
we have thatS;| > 29p;|S|/30. On the other hand, we have that | < p;|S’|/3 < 11p;|S|/30. Thus,
|L1| = [S1\ 1] > 18p;|S]/30. This means thap; = O(A(S, ")) = O(¢). However,E2 = E U S and
L =1L\ L. This gives

_ B+ IL] _ B[+ 151+ L]~ | L]

A(S, 8 < =
5] 5]
o[BI+ L] = Tpi/30 _ |E| +|L] - 7pilS|/30
- S| 1S1(1 = pf)
, J— .
< A5, 5) = Tpi/30 = A(S,S5") — Tpi/30 + O(ep;)

1—31p;/30
<A(S,S) —pi/5.

Similarly, suppose that instead té-coordinate hag — 1" < (1 — p;)/3. Let P be the product whose
mean vectop hasp; = 1 andp; = p; for j # . Let S be obtained by removing frorl all of the entries
with 0 in thei*"-coordinate. Then, by a similar proof we have tRas (=, — (1 — p;))-good for P and has
A(S,S) + (1 —p;)/5 < A(S, S"). Note that here we havi — pl|; = 1 — p;.

By an easy induction, we can set all coordinatesth ;7" > p;/3 and1 — " > (1 —p;/3) to O or 1
respectively, giving a and P such thatS is (¢, — ||p — p||1)-good for P and

A(S,8") + lp =Bl /5 < A(S, )
as desired. O
In conclusion, throughout the rest of the proof we may antlassume that for all,
o c/d<pf <1—¢/d

o " >pi/3andl — " > (1 —p;)/3.
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6.2.3 Setup and Basic Structural Lemmas

As in the balanced case, we can witte= (S'\ L) U E for disjoint multisetsL and E.. Similarly, we define
the following matrices:

o Mp to be the matrix with(i, j)-entryEx . p[(X; — 1) (X; — p3")],
e Mg to be the matrix with(i, j)-entry Exe,,s[(X; — 7 )(X; — p5)],
e Mp to be the matrix with(i, j)-entry Exc, g[(X; — uf)(X; — p3")], and
e M to be the matrix with(i, j)-entry Exe,, . [(X; — p5 ) (X; — u")].
Note that we no longer zero-out the diagonald/bf andMg. We start with the following simple claim:
Claim 6.28. For anyv € R? satlsfylngzl Lo (1 — pf") < 1, the following statements hold:
(i) Vary.plv-X]<9and|v-(p— ") < /x2S, p), and
(i) Pry.p (yv X -S| >T+ m) <9/T?

Proof. Recall thatp denotes the mean vector of the binary prodEctTo show (i), we use the fact that
X; ~ Ber(p;) and theX;'s are independent. This implies that

Var
X~P

d
ZviXi] Zv Var[ X Zv pi(1 —p;) <QZ’U §9,
i=1

where we used that; < 35", (1 —p;) < 3(1 — p5") and the assumption in the claim statement. For the
second part of (i), note that

d
jo-(p—™)| = Zv i (1= ") \/57 \l — ") \/x S\/X2(MSI7P),

where the first inequality is Cauchy-Schwarz, and the sedolholvs from the assumption in the claim
statement tha} %, v2ud" (1 — ") < 1. This proves (i).
To prove (ii), we note that Chebyshev’s inequality gives
P (X =p)|>T)< - X1/T? < 9/T?
Pr(lv- (X —p)| >T) < Var[o- X]/T* < 9/,

where the second inequality follows from (i). To complete gnoof note the inequality
o (X = %) > T+ 1/x2(1S, p)

o (X =p)| = o (X =p%) = |- (p—p¥)|>T,
where we used the triangle inequality and the second pai}t of ( O

implies that

Let Co\{S| denote the sample covariance matrix with respeci,tand CoVP] denote the covariance
matrix of P. We will need the following lemma:

Lemma 6.29. We have the following:
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0) [V 15) — VX2 p)]| < O(e/d), and
(i) [|D (CovS] — CovP]) D2 < O(V5) .

Proof. For (i): SinceS is good, for anyi € [d], we have

=l = | Pr e X 2 1) = Pr e X 2 1) <

Therefore, by the triangle inequality we get

d S _ . .
\/X2(u5',us)\/x2(u5',p)<JZ (S’le_plf, < dE(/i?;g)%) < 0(e/d)

— )

where the second inequality uses the fact a1 — p5") > ¢/(2d).
For (ii): SinceS is good, for anyi, j € [d], we have

'ng[Xin — pipj]

‘X];E)ES[(eZ +ej)- X >1] XPNrP[(eZ +ej)- X > 1]‘ <e’?/d

Combined with the bounfl:y — p;| < £3/2 /d* above, this gives
[CoviS]i; — CoviPlij| < O(*?/d?) .

We thus obtain
ICovS] — Cov[P]|l2 < [[(CoV[S] — Cov{P])||r < O(c*?/d) .

Note that|| D||2 = max; (1/ (1 — uf’)) < \/2d/e. Therefore,

|D (Cov[S] — CovP]) Dl|; < O(VE) .

Combining Claini 6.28 and Lemnia 6]29 we obtain:
Corollary 6.30. For anyv € R? with 3>% | 025" (1 — pif") < 1, we have:

(i) Varye,s[v-X] < 10and|v- (1% — p*)| < VX215, p) + O(e/d), and
(i) Prxe,s (\v X -y >T+ \/m) < 9/T? + 32 /42 .

Proof. We have that

\)}grs[v X] - ygﬁ[v -Y]| = v (CovS] — CoviP]) v

< |ID™0l3 - |[D (Cov(S] — CovP]) D||2
< O(ve)

<1,

where the second line uses Lemma 6.29 (i), and the assumpbio 'v[|3 = % 245 (1 — pf') < 1,
and the third line holds for small enoughThus, using Clairi 6.28 (i), we get that

Var [v- X] < Var[v Y]+1<10.
Xeus
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By the Cauchy-Schwarz inequality and Lemima 6.29, we get
o+ (1% = )] <\ 18) < \/x2 ) + O(e/d)
This proves (i).

Part (i) follows directly from Claini_6.28 (ii) and the assption thatS is good forP. O

Lemma 6.31. For all 4, j € [d], we have that(Ms); ; — (Mp); ;| < O(*/? /d*) and therefore
[1S'|M — |S|Mp + |E|Mg — |L|ML||, = O(|S'|e¥?/d) .

Proof. The bound|(Ms);; — (Mp)i ;| < O(e3/?/d?) comes from expanding the LHS in terms of the
differences of linear threshold functions éhand P in the same way as the proof of Lemina 6.29. The
lemma then follows from the fact that tht'|M = |S|Mgs + |E|Mg — |L| M}, and the observatiof| <
|S"]/(1 — 2¢) < 2|9). O

Combining the above we obtain:

Corollary 6.32. We have thal D(|S’|M — |S|Mp — |E|Mg + |L|Mp)D|, = O(|S"] - Ve) .
Proof. Note that|| D||2 = max; (1/ w' (1 — uf’)) < /2d/e, and therefore

| D(1S'|M — |S|Mp — |E|Mg + |LIML)D||, < [|Dl5 - |||S|M — |S|Mp — |E|Mp + |LIM ||,
< (2d/e) - O(|S'|e*?/d)
= O(|S'] - Ve) .

We have the following lemma:
Lemma 6.33. We have thall DMpD||s < 9 + x2(u,p).

Proof. Note thatMp = ( ST p) (" — p)T + Diag(p;(1 — p;)). For anyv’ with ||v}]| < 1, the vector
v = Dv' satisfiesy % w2 (1 — pif") < 1. Therefore, we can write

VTDMpDV' = v" Mpv = (v- (1% — p))? + v" Diag(pi(1 — pi))v
Using Claim(6.28B (i), we get
and
(v Diag(pi(1 = p))o| = | Var (v- (X —p))| <9.
This completes the proof. O
The following crucial lemma bounds from above the contiibf the subtractive error:

Lemma 6.34. The spectral norm{ DM D|s = O(|S'|/|L| + x>, p)).
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Proof. Similarly, we need to bound from above the quantity DM Dv'| for all v € R? with ||o/[|2 < 1.
Note that\v’TDMLDv’\ = [v"Mpv| = Exe,pllv- (X — 15)|?], where the vecton = D’ satisfies
S 02ud (1 — pf') < 1. The latter expectation is bounded from above as follows:

(B0 (X =) <2 B (e (X =p)] + 20 (6 = p))?

<2 E [ (X —p)]+ 2% (1", p)

< (2[SI/IL]) 'XIeEuS[(U (X =)+ 23 (1", p)
20|S|/|L] + 2x* (1%, p)
< 21|S"|/|L] + 2x* (1%, p) ,

where the first line uses the triangle inequality, the sedomeuses Claini 6.28 (i), the third line follows
from the fact thatl. C S, the fourth line uses Corollaty 6.30 (i), and the last lineaihe fact that is small
enough. O

IN

The above lemmas and the triangle inequality yield the fahg:
Corollary 6.35. We have thali D (M — (|E|/|S’|)Mg) D, = O(1 + x*(u¥', p)) .

We are now ready to analyze the two cases of the algorithmeER-PRODUCT.

6.2.4 The Case of Small Spectral Norm

We start by considering the case where the veptoris returned. It suffices to show that in this case
drv(P, P') = O(y/zlog(1/e)).

Let NV be the set of coordinates notsnpp(S’). We note that only an fraction of the points it could
have that any coordinate iN does not have its most common value. Therefore, at mastfeaction of
samples fromP have this property. Hence, the contribution to the vamatiistance coming from these
coordinates i®)(¢). So, it suffices to consider only the coordinates navViand show thatity ( Py, P’W) =

O(y/elog(1/¢)). Thus, we may assume for the sake the analysis below\hato.
We begin by bounding varioug’-distances by the spectral norm of appropriate matrices.

Lemma 6.36. Let ., i be the mean vector df and L, respectively. Then?(p®', u?) < |DMgD||;
andx?(u®', p*) < |[DMLD|Js.

Proof. We prove the first inequality, the proof of the second beimy g@milar.
Note that for any vector, v" Mpv = Exe, g[lv- (X — p%)?] > v - (1P — 15 |%. Letv € R be the
vector defined by

b =
(2 ’ / 7 .
" (1= ")/ x2S, nP)
We have that
d /
1 (nf —pf)?
D7 ll3 =) v ) ! Lo =1
Z RN ;uf (1 — ")

Therefore,
IDMgD|z > v" Mg > |v- (1" — u)[> = x>, 1) .
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We can now prove that the output in Siép 8 has the desiredmjeara

Lemma 6.37. We have that/x2 (15", p) < 21/e[|[DMD||s + O(\/¢).

Proof. SinceS’ = (S \ L) U E, we have thatS’|u% = |S|u® + |E|u” — |L|u*. Recalling thatL, E are
disjoint, the latter implies that

(SI/1S" D/ 2 (' 1) < (IEI/1S DA X (05", 1) + (LIS DA X (1 i) (32)

First note that, by Lemnfa®2p/x2(1°", %) — /x2(1%", p)| < O(e/d). Lemmd6.3b and Corollary
give that

(IBI/IS'D*XC (1™ 1) < (IEI/IS")*IDMEDIl2 +0(e) < (|E|/|S'DIDMD]s +O(e(1+x* (1%, p))) -

Thus,

(BN DA (s 1) < (EN/[SNIDMDlls + Ve - O(1 + /X1, p)) -
Lemmag 6.34 anld 6.B6 give that

(LI/IS'D*X (™ 1") < (LIS DPIDMLDllz < O((ILI/IS )X (1™ p) +€) -

Thus,
(LI/1S" DA/ X2 (1", 1) < O((ILI/1S" D)/ X2 (15", p) + O(Ve) -
Substituting these int@ (82), yields

(15118 /xS p) < /TS DMD]s + O (\/5 (1 T \/X2(us',p)>> |

For ¢ sufficiently small, we have that thg/x2(u’, p) terms satisfy

(ISI/1S')) = O(Ve) = 1 —2e = O(Ve) =

Sl

Recalling thatE|/]S’| < A(S,S")|S]/|S’| < (5/2)e, we now have:

VX2, p) < (5/2)/el DMD]z + O(Ve)

as required. O

Corollary 6.38. For some universal constaft, if § < C'/e1n(1/¢), theny/x2(u", p) < O(y/elog(1/¢)).
Otherwise, we have/x?(p%", p) < 6.

Proof. From the algorithm we hav@:= 3./¢[\| = 3\/¢[[ DM D], . By Lemmd&.3V7, we have that

/(s p) < 25 +0We) .

If C is sufficiently large, whed > C'\/e1In(1/¢), thisO(y/¢) is at mostC'y /e In(1/¢) /6. O

Claim 6.39. If the algorithm terminates at Sté€p 8, then we hayg (P, P’) < O(y/eIn(1/¢), whereP’ is
the product distribution with mean vectpf".

Proof. By Corollary[6.38, we have thay x? (1", p) < O(y/elog(1/¢)). Thus, by Corollary 6.26, the total
variation distance between the product distributions wittangy and ¥’ is O(+/clog(1/¢)). O
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6.2.5 The Case of Large Spectral Norm

We next need to show the correctness of the algorithm ifutrnst a filter, If we reach this step, then we have
|DM Dy = Q(1), indeed|v’ DM Dv'T| = Q(1), and by Corollary6.38, it follows thay/x2(uS", p) < 4.
Since||v'||2 = 1, D' satisfiesy ", (Dv')2u?" (1 — ) = S™ v/ = 1. Thus, we can apply Corol-
lary[6.30 to it.
We will show thatPrxc, z(|v* - (X — )| > T + §) is larger than this quantity for sonie > 0.

Corollary 6.40. If we do not terminate at Stép 8, thet' Mpv* > §2|S'|/(2¢| E)).
Proof. By Corollary[6.35, we have that
ID(M — (|E|/|S')ME)Dll2 = O(L + x* (1™, p)) -
Since|| D~ 1v||z < 1, we have that
o (M = (|E|/|S') Mp)v*" = O(L+x* (¥ ,p) = O(1 +) .
Recall that we can assume t#dfs In(1/¢) is a sufficiently large constant. So,
(|E|/|S' )T Mgv* > T DMDv' — O(1 +6) = 6*/e — O(1 +6) > §2/2¢ .
U

Lemma 6.41.If || DM D||, = (1), there exists & > 0 satisfying the property in Stép 9 of the algorithm,
Le. Prye,s[v" - (X = p%)[ > T +6] > 20/T° + 42 /d?.

Proof. Assume for the sake of contradiction that this is not the dasethat for alll” > 0 we have that

L (or - (X - 12 > T +6) < 20/T?% 4 432 )d? .
€ulS’

This implies that for alll” > 0
B[ Pr (v - (Y p5) > T+ 6) < |8')(1)T2 + £3/2 /d?).

Since
i (Y; — )| < 1/3/pi(1 — pi) < 24/de
for all 7, we have

Tl (= u)) > 242 /e = 0.
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Therefore, we have that
8 /e < (|E|/IS']) (v*)" Mpv*
_ / * 812
—(IEI/ISI)YguE[Iv (Y —p)]

=2OHA§DAMYQEWﬁWY—uyN>TﬂUT

3/2 /. /g
< /2d min{(|E|/|S"]),1/(T — 6)? + (¢/d)*}TdT
0

\/1/e+6 oo 2d3/2 /\/z

<</ 5Tdt+/ T/(T — 5)2dT+/ 32 14> TdT
0 \/1/e+d 0

< (14 6%) + (log(1/e) + 6/2) + £/Vd

< log(1/e) + 64/ + %€ .

3/2/. /2
< /2d I min{(5/2)e, 1/(T — 6)* + (¢/d)*}TdT
0

This yields the desired contradiction recalling that C'\/c log(1/¢) for an appropriately largé’ > 0. O
The following simple claim completes the proof of Propasif6.24, and thus proves Theorem 6.20.
Claim 6.42. If we return ans” it will satisfy A(S, S”) < A(S,S") — &%/2/d>.

Proof. We can writeS” = (S'\ L") U E” for disjoint multisetsL” and E”. Note thatS” is produced from
S’ by removing points withv - X — p%'| > T + 6. Thus,E” ¢ E andL” D L.
By our choice ofT’, the fraction ofr € S with |[v- X — 15| > T + & is at leasR0/T? + 4¢%/2 /d>.
Thus,
|E\ E"|+|L"\ L| > (20/T?% + 4¢%/2 /d?) - || > (18/T? + 3%/2 /d®)| S| .

On the other hand, the fraction ofc S with the desired property is

Pr [[v*- X — 45| >T 46 <9/T% + 32 /42
Xegs[\v p | =T +6] <9/T° +e%=/d”,

by Corollary{6.30 (ii). Thus,
ILV\L| < (9/T* + %2 /d%)|S]
and therefore
B\ E"| > (9/T% + 2632 /d?)|9].
In summary, we have that
_ B+ |L] - B — L7

A(S,S") — A(S,S") = 5 > e3/2/d?

61



7 Agnostically Learning Mixtures of Two Balanced Binary Products, via
Filters

In this section, we study the problem of agnostically leagna mixture of two balanced binary product
distributions. Letp andq be the coordinate-wise means of the two product distribstid etu = £ — 1.
Then, when there is no noise, the empirical covariance mart = wu’ + D, whereD is a diagonal

matrix whose entries ar%% — % Thus, it can already have a large eigenvalue. Now in theepoes
of corruptions it turns out that we can construct a filter whemnsecondabsolute eigenvalue is also large.
But even if only the top absolute eigenvalue is large, we kti@at bothp andg are close to the ling + cv,
wherey, is the empirical mean andis the top eigenvector. And by performing a grid search eyere will
find a good candidate hypothesis.

Unfortunately, bounds on the top absolute eigenvalue ddraoslate as well into bounds on the total
variation distance of our estimate to the true distributias they did in all previous cases (e.qg., if the top
absolute eigenvalue is small in the case of learning the rokariaussian with identity covariance, we can
just use the empirical mean, etc). In fact, an eigenvalgeuld just mean that andgq differ by v/ along
the directionv. However, we can proceed by zeroing out the diagonalsxf has any large value along
the diagonal, this operation can itself produce large eigleres. So, this strategy only works whiem| - is
appropriately bounded. Moreover, there is a strategy tbwiigalarge entries in; by guessing a coordinate
whose value is large and conditioning on it, and once agdiimgaip a modified eigenvalue problem. Our
overall algorithm then follows from balancing all of theséatent cases, and we describe the technical
components in more detail in the next subsection.

7.1 The Full Algorithm
This section is devoted to the proof of the following theorem

Theorem 7.1. Let 1l be a mixture of twa-balanced binary product distributions i dimensions. Given
e > 0 andpoly(d, 1/¢) log(1/7) independent samples fraffy ane-fraction of which have been arbitrarily
corrupted, there is a polynomial time algorithm that, witfolpability at leastl — 7, outputs a mixture of
two binary product distribution$l’ such thatdry (I1, IT') = O(/6 /. /c).

Recall that our overall approach is based on two stratep@stcceed under different assumptions. Our
first algorithm (Sectiof 7]12) assumes that there exists edawate in which the means of the two component
product distributions differ by a substantial amount. Unithés assumption, we can use the empirical mean
vectors conditioned on this coordinate beingnd1. We show that the difference between these conditional
mean vectors is almost parallel to the difference betweenibkan vectors of the product distributions.
Considering eigenvectors perpendicular to this diffeeendl prove a critical part of the analysis of this
case. Our second algorithm (Section] 7.3) succeeds undessiuenption that the mean vectors of the two
product distributions are close in all coordinates. Thisuagption allows us to zero out the diagonal of the
covariance matrix without introducing too much error.

Both these algorithms give an iterative procedure that yred filters which improve the sample set
until they produce an output. We note that these algorithssemially only produce a line iR? so that
both mean vectors of the target product distributions asgayieed to be close to this line dg-distance.
The assumption that our product distributions are balamogdies thatll is close in variation distance to
some mixture of two products whose mean vectors lie exactlthe given line. Given this line, we can
exhaustively compar# to a polynomial number of such mixtures and run a tournaneefind one that is
sufficiently close.

We note that together these algorithms will cover all pdesdases. Our final algorithm runs all of
these procedures in parallel, obtaining a polynomial nurobeandidate hypothesis distributions, so that at
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least one is sufficiently close @. We then run the tournament described by Lerima 2.9 in ordiéndaa
particular candidate that is sufficiently close to the targe ensure that all the distributions returned are in
some finite setM, we round each of the probabilities of each of the producteeémearest multiple af/d,
and similarly round the mixing weight to the nearest mudtipfe. This introduces at mos?(¢) additional
error.

Algorithm 11 Filter algorithm for agnostically learning a mixture of twalanced products

1: procedure LEARNPRODUCTMIXTURE(e, 7, 5")
input: a set ofpoly(d, 1/¢)log(1/7) samples of which aa-fraction have been corrupted.
output: a mixture of two balanced binary products thaﬂ&l/ 6)-close to the target

2: Run the procedurelETER-BALANCED-PRODUCT(2¢1/6 S}) for up tod + 1 iterations on a se$
of corrupted samples of siz@(d* log(1/7)//3).

for eachl < * < ddo

4: Run the procedurelETER-PRODUCT-MIXTURE-ANCHOR(:*, ¢, sg,i*) for up tod+1 iterations

on a sets ;. of corrupted samples of siz@(d* log(1/7)/'%/5).

w

5. Runthe procedurelETER-PRODUCTMIXTURE-CLOSE(e, S%, 6 := £'/6) for up tod + 1 iterations
on a setS}, of corrupted samples of siz&(d* log(1/7)/£'3/9).
6: Run a tournament among all mixtures output by any of the ptessteps. Output the winner.

7.2 Mixtures of Products Whose Means Differ Significantly inOne Coordinate

We will use the following notation. Lell be a mixture of twas-balanced binary product distributions. We
will write IT asaP + (1 — )@, where P, () are binary product distributions with mean vectprg, and
a € [0, 1]. In this subsection, we prove the following theorem:

Theorem 7.2. LetIl = aP + (1 — «)Q be a mixture of twe-balanced binary product distributions it

dimensions, witlh/6 < o < 1 — £1/6, such that there exists < i* < d with p;+ > ¢;» + /5. There is an
algorithm that, given*, e > 0 and©(d* log(1/7)/?) independent samples froffy ane-fraction of which

have been arbitrarily corrupted, runs in polynomial timedamvith probability at leastt — 7, outputs a set
R of candidate hypotheses such that there efiéts R satisfyingdry (IT, IT') = O(¢/6/./c).

For simplicity of the analysis, we will assume without logggenerality that™ = d, unless otherwise
specified. First, we determine some conditions under whictsample set will be sufficient. We start by
recalling our condition of a good set for a balanced binapdpct distribution:

Definition 7.3. Let P be a binary product distribution id dimensions and let > 0. We say that a multiset
S of elements 0f0, 1} is e-good with respect td if for every affine functior, : R — R it holds

| Pr (LX) > 0) = Pr (L(X) > 0)] < e/d

We will also need this to hold after conditioning on the lasbiinate.

Definition 7.4. Let P be a binary product distribution il dimensions and let > 0. We say that a
multiset S of elements 0f0,1}? is (e, i)-good with respect ta if S is e-good with respect tdP, and

57 {z € S:x; =j} ise-good for the restriction of to z; = j, for j € {0, 1}.

Finally, we define the notion of a good set for a mixture of tvatalnced products.
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Definition 7.5. LetIl = aP + (1 — a)Q be a mixture of two binary product distributions. We say that
multisetS of elements of0, 1}¢ is (e, i)-good with respect tdl if we can writeS = Sp U S, whereSp is

(e,1)-good with respect té, S is (¢, i)-good with respect t@), and]% —al <e/d>.
We now show that taking random samples frinproduces such a set with high probability.

Lemma 7.6. LetII = aP + (1 — «)@ be a mixture of binary product distributions, whefe @ are
binary product distributions with mean vectgrs;. LetS be a set obtained by takir@(d*log(1/7)/c'%/6)
independent samples froth Then, with probability at least — 7, S'is (¢, 7)-good with respect tdl for all
i€ [d].

The proof of this lemma is deferred to Sectidn E.
We claim that given a good set with affraction of its entries corrupted, we can still determihé&om
it. In particular, this is achieved by iterating the follawgi proposition.

Proposition 7.7. LetIl = aP + (1 — )@ be a mixture of twa-balanced binary products, with; >
qa+e/fandel/® < o <1 — /5. LetS be an(e, d)-good multiset foll, and letS’ be any multiset with
A(S,S") < 2e. There exists an algorithm which, givéhande > 0, runs in polynomial time and returns
either a multisetS” with A(S, S”) < A(S,S") — 2¢/d, or returns a list of mixtures of two binary products
S so that there exists H' € S with dpv (IT, II') = O(c'/9/,/c).

We note that iteratively applying this algorithm until ittputs a sef? of mixtures gives Theorem 1.2.

Notation. All vectors in this section should be assumed to be over thedfir 1 coordinates only. We will
write p_4 andq_,4 for the firstd — 1 coordinates op andg, but for other vectors we will use the similar
notation to that used elsewhere to den@te- 1)-dimensional vectors.

The algorithm, written in terms af instead ofd for generality, is as follows:

Algorithm 12 Filter algorithm for a mixture of two binary products whoseans differ significantly in
some coordinate
1: procedure FILTER-PRODUCT-MIXTURE-ANCHOR(i*, €, 5")
2: Let 1 be the sample mean 6f without the:* coordinate. Let be the sample covariance matrix of
S’ without thei* row and column.

3 Let S{, andS] be the subsets &’ with a0 or 1 in their:* coordinates, respectively.
4. Letpul) be the sample mean of, without thei* coordinate.
5. Letu = pM — 10, Compute the unit vectar* € R4~ with v* - u = 0 that maximizes” Xv and

let A = v*TSo*.
/* Note thatv* is the unit vector maximizing the quadratic forrhXv over the subspace- v = 0,
and thus can be approximated using standard eigenvalue at@tigns.*/

6 if A< O(1) then

7: Let L be the set of pointg + i(c'/6/||u|2)u truncated to be ifc,1 — ¢ for i € Z with
li| <1+ +/d/e/S.

8: return the set of distribution$l’ = o/ P/ + (1 — /)@’ with the means of”’ and@’, p’, ¢’ with

P sy € Landpl., ¢} € [c,1— ], € [0,1], multiples ofs!/S.
9. Letd = C(e/5vVX + 23 1log(1/¢)) for a sufficiently large constart.
10: Find a real number > 0 such that

XlgrS, (Jv* - (X_g+ —p)| > T +6) > 8exp(—T2/2) + 8¢/d .

11:  return thesetS” = {z € 5" : [v- (x_p —p)| < T + 0},
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We now proceed to prove correctness. We note that givenSp U Sg, we can write
§'=SpUSyUE.
whereS,, C Sp, Sb C Sg andE is disjoint fromSp \ S andSg \ S&Q. Thus, we have

1Sp\ Spl + 190 \ Spl + | E]
A(S, ') = P S & .

We use the notatiop®?, 1%, ¥ € R%! etc., for the means &p, S5, E, etc., excluding the last coordi-
nate.
We next need some basic lemmata relating the means of sorhesaf tlistributions.

Lemma 7.8. Let P be a binary product distribution with mean vectarLetS be ane-good multiset for”
in the sense of Definitidn 7.3. Létbe a subset of with [S| — [S| = O(e|S]). Let,* be the mean of.
Then,|[p — ]|z < O(e+/log(1/)).

Proof. SinceS is e-good, ||;° — plj2 < e/Vd. LetL = S\ S. We can apply appropriate lemmata from
Sectior6.]L. Note that Lemmia6]13 and CI&Im b.15, only depend” as far as it appears in the definition
of M, and we may treat it as a parameter that we will sei.tBy Lemma6.1B with:* := p, we have
IExe,c[(X = p)(X = p)T]ll2 < O (log(|S|/|L]) +¢lS|/|L]). By Claim[6.15 again withs*" := p, it
follows tNhat(|L|/|S|)\|uL —pll2 < O(er/log(1/¢)). Since|S|u® = |S|p® + |L|u*, we haveu® — ;5 =
—(ILI/|S))(e" — ) and so

165 = 18ll2 < (ILI/ISDIRE = 1]z < O(E2/Vd) + O(1 + &)(ILI/ISDIIit — pll2 < O(e\/log(1/5)).
By the triangle inequalityllp — |2 < /vd+ O(ey/log(1/2)) = O(e\/log(1/e)). O

We next show that(!) — () is approximately parallel tp_; — g_4. Note that if we hads = S’ and
P = p_g, 1% = q_g, thenp® — 1,9 would be a multiple ofp_; — ¢_4. SincesS is s-good, we can
bound the error introduced hy°r — p, 1@ — ¢_; and Lemmd& 7]8 allow us to bound the error in taking
wSP, MSIQ instead ofp_,4, g_4. However, we still have terms in the conditional mean#of

Lemma 7.9. For some scalars = O(e), b° = O(|E|/|S']), b' = O(|E'|/|S'|), we have
I(1 = pa)au = (1 = @)(pa = ga) + @) (p—a — g-a) = V(™ — ) = b' ("' = )2 < O(elog(1/¢)) ,
whereE7 is the subset af with last entryj, .’ is the mean ofz? with d'" coordinate removed.

Proof. Let S, 53, E7, 5 denote the subset of the appropriate set in which the lastlicae is;. Let

usﬁj,u%],um denote the means 61’},1, Sg, andE7 with the last entry truncated, respectively.
We note that _ _
5§ =SpUSyUE.
Taking the means of the subsets%f, we find that
. . i . g/ j . .
1571 u0) = |Sp; |+ |SG | + | BT |u” .
Therefore, using this and Lemihal7.8, we have that
187119 = |SEIp-a +1S8lg-a + B[ + O(clog(1/e)|7)),
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whereO(e) denotes a vector dh-normO(e).
Thus, we have

15715 (1D — @) = (|S°)1S5] — 1SS )p-d
+ (1511831 — 19158V a-a
+ | EY[S0|uP — |E°[S |1 + O(elog(1/)(|S1S™] + [S°11S™)) . (33)
Since|S"| = |SE| + |SF| + | E7|, we have:
0= [S[|S"| — S]] = (|S™|ISE - [S™ISP)
+(1S™|S31 — |1SM1S8]) + |EY|S™| — |E°||S™] -

Thus, the sum of the coefficients of the,; andq_4 terms in Equation(33) igF°||S™ | — |E'||S™|, which
is bounded in absolute value bi||S’| < O(¢|S|?). Meanwhile, thep_; coefficient of Equation{33) has:

1S1.55] — [5™|SP

= [5™[|Sp| = 1SM1SP| + O(elS'[?) = [5[|S|apa — |S™||S|a(l — pa) + O(e|S*)

= [5°[|S|apa — |S[|Sla(l — pa) + O(elS"|?)

= ((a(1 = pg) + (1 = a)(1 = qa))apg — (epa + (1 — @)gq)(1 — pa) + O(e))|S'|?

= (a(l = @)(1 = ga)pa — a(1 — @)ga(1 — pa) + O())|S']* = (a(l — @)(pa — qa) + O(e))|S']* .

Noting that(|EY|[S™| — |E°||S|)a = O(¢]S’|?) and (| E1||S| — |E°||S™))(1 — a) = O(|S"|?), we can
write Equation[(3B) as:

1SN () = @) = (a(1 = a)(pa — ga) + OE))|S'*(P-a — ¢-a)
+(IBY]8"] = |E°[[S" ) (ap—a + (1 — @)g-a)
+ B8~ [E°||S" |1 + O(clog(1/2)|5"*) -
We write ! = ap_4 + (1 — a)g_4 and so, dividing byS’|? and recalling thatZ|/|S’| < O(¢), we get
pa(1 = pa) (D — @) = (a1 = @) (pa — 44) + O(€))(p-a — q-a) + O(E'/IS)) (" — )
+O(E|/|S") (1" — ™) + O(elog(1/e)) - (34)

If T = 11, then we would be done. So, we must bound the error introdogeodaking this substitution. We
can expresg as

5| = 1SpluF +|Sqlue + |E|u”
= || + O(elS) (p-a — g-a) + O(elog(1/2)|S"]) + | B[ + [E°|u™" ,
and so
1S|(u™ = 1) = O(e]S]) (p—q — q—a) + O(elog(1/2)[S]) + | E* (1" — ) + |E°|(u® — 1) .
Thus, we have
= 1+ O(e)(p—a — q-a) + O(clog(1/2)) + O E/|S' ) (1" = 1) + O(E°|/|S') (1" = p) .

Substituting this into Equatioh (B4), gives the lemma. O
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We now show that, for any vecterperpendicular ta, if the variance ofS” in the v-direction is small,
thenv - p_4 andv - ¢_4 are both approximately - .

Lemma 7.10. For anyv with ||v]|s = 1, v-u = 0, we have thatv - (p_q — p)| < dand|v - (g_q— )| <0
for 6 := C'(e'/9]||2 + £%/3 1og(1/¢)) for a sufficiently large constant as defined in the algorithm.

Proof. We begin by noting that
vIYv= Var (v-X)= E v (X = w)]?]

Xeyus’ XeuS
> (1B|/1S') _E_ [[v- (X = )
> (1B71/|8Dlo - (6 = )

Next, sincev - u = 0, we have by Lemmia 7.9 that
v (p—a— q-a)| <
1

= (- ) pa— )
1

=0
(a(l —a)(pd — qa)
However, we have that’| i = [ S| + |Sh|u% + |E|u +15'|O(e log(1/¢)), and so

(OUE 18w - (4 — 1) + OB /1" )o - (4" — 1) + Otelog(1/e)) o] )

> ( e(vTYv) —|—510g(1/5)> :

(18" = 1B (1 — 1) = |Sp| (1% — p¥P) + | E| (1P — p) +15'|0 (e log(1/e)) -
Now, we have:
p—p-qg=(1—a+0(e)(g-a—p-a) +O(E|/S)(u" — ) + O(clog(1/e)) -
Thus,

v (p—g — )| = O (p—q — q-a)) + O(E|/|S'|)(v - (1" — ) — v - (1 — p—a)) + O(elog(1/2)).

Therefore,
- ma = =0 (o= ) (Vs +clog1/e))

Inserting our assumptions thatl — a) > £/6/2, andpy — g4 > £'/6 gives

[0+ (P-4 = W) = O VIIE]2 + £/ log(1/¢)) < 6 ,

when(' is sufficiently large.
The other claim follows symmetrically. O

We can now show that if we returiR, some distribution returned is closelio First, we show that there
are points orl close top_; andqg_y.

Lemma 7.11. There arec,d € R such thatp = p+ cu andg = p + du have||p — p_qll2, [|§ — q—all2 < 6.

Proof. If we take thec that minimizes||p — p_4l|2, thenu - (p — p_4) = 0. Thus, we can apply Lemma
[2.10, giving that (p — p—a) - (P—a — 1) < [|Ip — p—all29.
However,p — i = cu so we havép — p_g4) - (p — 1) = 0 and thus

15— pl3 = 15— p-a) - (—a — )| < [P — p—all20.
Therefore,||p — p_qll2 < 0. O
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It is clear that even discretizingandd, we can still find such a pair that satisfies this condition.
Lemma 7.12. There arep’, ¢’ € L such thatllp_q — /|2, [|g—q — ¢'||l2 < § + O(e'/9) .

Proof. By Lemma&[7.1lL, there exist poinis= p + (a/|lul|2)u andg = p + (b/||ull2)u with a,b € R that
have(|p — p—dll2, [¢ — g—dll2 < 6.

Letting ic'/6 be the nearest integer multiple of/6 to a, we have thap’ := p + i(¢'/%/||ul2)u has
lp—a =22 < |P-a = pllz + P = Bll2 < 6 +€V/S.

Note that we havélp_q — pll2 < [[p—a — pllz < Vd|p—q — 1tllsc < V/d, which implies thatw < v/d.
Thus,|i| <1+ +/d/e'/5.1f p’ ¢ [c,1 — ¢], then replacing any coordinates less thawith ¢ and more than
1 — cwith 1 — ¢ can only decrease the distanceptsincep < [c, 1 — ¢]%. Thus, there is a point € L with
Ip—a —'ll2 < 6 + O(e°).

Similarly, we show that there is@ € L such that|q — ¢/[|2 < & + O(¢!/9). O

Corollary 7.13. If the algorithm terminates at Stép 8, then there iflac R with with dpy (IT', 1) =
O('/5/\/e).

Proof. By Lemmd7.1P, there exisfs § € L such that|p_q—5|l2, |g_a—qll2 < §+O(/%). But now there
is a distributionll’ € R, wherell’ = o/ P’ + (1 — &/)@’ for binary products”’ and@’, whose mean vectors
arep’, ¢’ and with|o/ —a| < Y6, ||p" s —p_dll2, [|d"_g—a-dl2 < O(Y®) and|p);—pal, |¢;—qa| = O(=/0).
Note that this implies thalp’ — plj2, [|¢ — qll2 = O(¢/9).

SinceP andQ arec-balanced, we havéry (P, P') < O(|lp — ¢||2/+/c) < O(¢'/%//c) and

drv(Q, Q") < O(llg — d'll2/v/e) < 00/ /).

Thus,dry (I, II) < 6 + O(c'/%/\/c). Since we terminated in Stép 8,< O(1), and so§ = C(e¥/6y/X +
e?/3log(1/e)) = O(£'/9). O

Now, we are ready to analyze the second part of our algoritftme.basic idea will be to show thatif
is large, then a large fraction of the variance in théirection is due to points iif.

Lemma 7.14.1f A > Q(1), then

X |E|Eyc,g[[v* - (Y — p)?]
o [0 X < e = &) (e —a0))?

Proof. We have that
S| Var [v*-X] = [Sp|( Var [v*- X]+ [v*- (5P — p))?
51 Yo b X0 = 18] Yar, 07X+ o (%% =)

+15gl <X¥3§b[v* - X] o [o* - (pe — u)l2>

HIE| E [0 (X - w2
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SinceSp andSq ares-good, we have that

Var [v*-X]= E CX — vt pSr)?
Xe%;:[v ] Xeu%[(v vt ptP)7]

< (Spl/IShD) | B [0 X~
= (p1/15D) (Va0 X1+ (0 (057 = e9) )

< (Sel/15pD (Yol X1+ (0" (s = 57) + Ole (151
< (14 0(e/a)) - (0(1) + O(ey/log(1/)) < O(1) |
and similarly,

. X]=0().
i X =00

Thus, we have:
’S‘XE%/[” ] < \XeuEHv (X =) ]+ 00+ [v* - (p—a — w)|” + [v" - (g—a — 1)[*)|5"]
By Lemmd7.9, we have

v+ (P—a — s [0" - (q—a — )| < O(1/(a(1 — @) (pa — qa)))
A(O(E|/1S")v* - (1 — )| + O EM|/|S")v* - (b — )| + O(elog(1/e)))

< \/(IEI/IS’I) E [lv*- (Y — )] + O(elog(1/e)) -

YEuE
However, ,
* |E|Eye,pllv" - (Y — p)l]
A= Var [v*  X] < - +0(1) .
e S Y P ER
Since) is larger than a sufficiently large constant, this complétegproof. O

We next show that the threshadld > 0 required by our algorithm exists.

Lemma 7.15.1f A > Q(1), there exists & > 0 such that

XgrS/ (|[v* - (X = p)| > T +6) > 8exp(—T2/2) + 8¢/d .

Proof. Assume for the sake of contradiction that this is not the ,dase that for all” > 0 we have that

Fr - (X =) =T +0) < 8exp(—T2/2) + 8¢/d .
S

Using the fact thafy c 57, this implies that for alll’ > 0

B P (0 (Y =) > T'+0) < |S"|(exp(~17/2) +€/d) .
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Therefore, we have that

* _ 2 2 : * o o 5\2
Y& LT (¥ =) <87+ B fmin(0, [v* - (Y — p)[ = 0)7]

v
< 6 +/0 YlgrE(|v* (Y = p)| > T+ 6)TdT

Nz 2/1og(|5"[/[E)
< 6%+ / (e/d)TdT + / TdT
0 0

+ [ (1'|/| El) exp(~T? 2)TdT
24/log(|S"|/|E])
< 6% + e +log(|S)/|E]) -
On the other hand, we know that

N wP] > (a(l — a)(pa — 4a))*MS"|/|E| > log(|S'|/1E]) -

Combining with the above we find that
6% = 0(e"PN) > (a1 — ) (pa — 4a))*NIS"|/|E]

Or in other words,
'3 > BB/ > (a1 — ) (pa — aa))* > €**,

which provides a contradiction. O
Finally, we show tha” is closer toS than.S” was.
Claim 7.16. If the algorithm returnsS” thenA(S, S”) < A(S,S’) — 2¢/d.

Proof. SinceS” C S, we can writeS” = 5%, U S¢ U E” for S, C S, S¢) € Sq andE” C E, whereE”
has disjoint support fron¥?, \ Sp andsSg, \ Sg. Thus, we need to show that

|E"\ B| > 2¢[S|/d + |Sp \ Sp| + |5\ S5 -
We have that
|\ S = Pr_(Jv- (X —p)|=T+3)[S|
Xeus'
> (8exp(—T2/2) +8¢/d)|S"| > (dexp(—T?/2) + 4¢/d)|S| .
By Hoeffding’s inequality, we have that

Pr (v (X —p_g)| > T) < 2exp(-T2/2) .

By Lemmd7.ID, we have that* - (1 — p_4)| < § and so
Pr([v" (X = )| > T +0) < 2exp(~T7/2) .
SinceS'is (e, d)-good, we have

Pr (jv*- (X —p)| > T +96) < 2exp(~T?/2) +¢/d .
XeuSp
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We get the same bound fof €, S, and so

(T (X =) 2T +9)

= (1SPI/ISD)  Pr (o (X =)l = T+ 6) + (1Sgl/IS) | Pr. (" - (X = )| 2T +)

< 2exp(~T?/2) +¢/d .
SinceLp U L, € S butanyz € (Sp \ S%) U (Sg \ Sg) hasv™ - (z — p) > T'+ 5, we have that

[P\ Spl+1Sg \ Sgl < Br (v*- (X =) =2 T +9)|S|
< (2exp(—=T2/2) +¢/d)|S| .
Finally, we have that:
[E\E| =8\ 8"| - |Sp\ Sh| - 155\ 54
> (4exp(—T2%/2) +4e/d)|S| — (2exp(=T?/2) + ¢/d)|S|

> (2exp(~17/2) + 3¢/d)|S|
> |Sp\ Spl+15 \ Sol + 2¢/S1/d

which completes the proof. O

7.3 Mixtures of Products Whose Means Are Close in Every Cooridhate
In this section, we prove the following theorem:

Theorem 7.17.Lete, 7 > 0 and letll = aP + (1 — a)Q be ad-dimensional mixture of twe-balanced
product distributionsP and Q whose meang and ¢ satisfy||p — ¢lloc < 0, for 6 > /elog(1/e), and

c < pi,q; <1—cforic[d]. LetS be a multiset of2(d*log(1/7)/(¢2§)) independent samples from
Let.S” be obtained by adversarially changing atfraction of the points ir5. There exists an algorithm that
runs in polynomial time and, with probability at least- 7, returns set of distributiong? such that some
IT" € R hasdypy (IL 1) < O(6/+/¢).

We will assume without loss of generality that< 1/2. We may also assume that> 10§ > 10e since
otherwise, we can make use of our algorithm for learning glsiproduct distribution.
In this context, we require the following slightly differedefinition of a good set:

Definition 7.18. Let S be a multiset in{0, 1}¢. We say thasS is e-good for the mixturdI if there exists a

partition S = SpUSg so that‘ % — a‘ < e and thatSp and Sq aree/6-good for the component product

distributions P and (), respectively.

Lemma 7.19. If IT has mixing weight9 < o < 1 — §, with probability at leastl — 7, a setS of
Q(d*log1/7/(25)) samples drawn froml is good forTl.

The proof of this lemma is in Sectiéd E.
Our theorem will follow from the following proposition:

Proposition 7.20. LetII be as above anf be a good multiset fafl. LetS’ be any multiset witl\ (S, S”) <
2e. There exists a polynomial time algorithm that, giv&ne > 0 and 4, returns either a multises” with
A(S,8") < A(S,S") — 2¢/d or a set of parameters of binary product distributions oesiX(d/(c5?))
which contains the parameters of B with dpv (I1, I") < O(6/+/¢).
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Algorithm 13 Filter algorithm for mixture of two binary products whoseans are close in every coordinate
1: procedure FILTER-PRODUCT-MIXTURE-CLOSE(e, S’, 0)
2: Computey, the sample mean &', and Coy(S’). Let C be a sufficiently large constant.
if Covy(S’) has at most one eigenvector with absolute eigenvalue mangth? then
Let v* be the unit eigenvector of CgS’) with largest absolute eigenvalue.
Let L be the set of pointg + idv* truncated to be ific, 1 — |4, fori € Z with |i| < 1++/d/s.
return the set of distributions of the forii’ = o/ P’ + (1 — /)@’ with the means of”’ andQ’
in L anda’/ is a multiple ofs in [10e,1/2].

7 Letv* andu* be orthogonal eigenvectors with eigenvalues more théh
8: Find a numbett > 1 + 2,/In(1/¢) and@ a multiple of§?/d so thatr = (cos 6)u* + (sin 0)v*
satisfies

p P (X -Y t) <2 12 —t%/4 d.
ety (Yeufs,(lr ( )| <t) < e) > 12exp(—t2/4) + 3¢/

o return the setS” = {x € ' | Pry¢, s/(Jr- (z = Y)| < t) > 2¢} .

Before we present the algorithm, we give one final piece ohtmi. ForS a set of points, we let
Cov(S) be the sample covariance matrix®and Coy(S) be the sample covariance matrix with zeroed out
diagonal. Our algorithm is presented in detailed pseudadaiow.

To analyze this algorithm, we begin with a few preliminariegstly, we recall thats = Sp U Sg. We
can writeS’ = S, U S&Q U E, whereS}, C Sp, Sb C Sg,and

ISIA(S,8") = [Sp\ Sp| + |So \ Sol + | E] -
Let .57 andu% be the sample means 8§, and.Sp,, respectively.

Lemma 7.21. We have that||p — 157 ||s, (1 — a)||qg — %@ |2 = O(e/log(1 /%)) .
Proof. This follows from Lemma 7]8. O
A key part in our analysis involves showing that the matrix@®") is close to being PSD:

Lemma 7.22. LetT be the multiset obtained froif by replacing all points o5, with copies ofu°P and
all points of Sy, with copies ofu°2. Then,|Cow(S") — CouT) |2 = O(52) .

Proof. Noting that the mean df is © and|7T'| = |S’|, we have:

S'ICoUS") = 185] B (X = (X = "] +180] _E_ [(X = (X = )

u p euQ

+IE]_E (X - (X - )]

u

— ISp| (Cou(Sp) + (15 — ) (e — )T ) + S| (Cou(Sp) + (1% — w)(ue — w)")
+1E| (E (X =m)(X = )]
= |Sp|Cov(Sp) + [Sp|Cov(Sy) + |S'|Cov(T) . (35)

SinceP and@ are product distributions, C87,) and Co\(S;,) can have large diagonal elements but small
off-diagonal ones. On the other hand, we bound the elementsendiagonal of Col"), but ||Cov(T)||2
may still be large due to off-diagonal elements.
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By the triangle inequality, and Equatidn {35) with zeroeagdinal, we have:

[Cov(S) — Cov(T)||2 < ||Cow(S’) — Cow(T)||2 + [|Covp(T) — Cov(T)||2

S| / 53] /
=\ 737 [Covo(Sp)ll2 + 151 ICow (Sg)ll2 + [[Cow(T') — Cov(T)|2 -
(36)

We will bound each of these terms separately.
Note that Coy(7") — Cov(T) is a diagonal matrix and its non-zero entries are

(Cow(T') — CovT))i,i = )}QTT[XJ-

Since the mean df is y, for all i, we have thaWar xc,7[X;] < Exe,7[[|X — pl/%]. We seek to bound the
RHS from above. /

Note thaty satisfies|S|u = | S|P + |S&2|NSQ + |E|uE. Since|S'| — |E| = |Sp| + 1So !, we
have(|S'| - |E|)(u — 1%F) = |Sp| (1 — %) + |E| (1 — ). Using thatS'| — |E| = (1 + O(e))|S,
1Spl = (1 = a)[S| = O(e), | E| < O(e)]S], we have

ln = 1% lloo < (1= a4 O(e)) 1172 = pF[|oc + Ofe) -

Similarly, / )
I = 172|oe < (@ + O())[[°@ — pP[|oc + O(e) -
SinceS is e-good forll, it follows that||°F — p||o < ¢/d and|[pQ — || < €/d. Also,
11Sp 1157 = |1Sp11F oo < |Sp| = |Sp| < O@E)]S] -
Thus,
1157 = 5P [l < (1157 = (1SpI/ISP DI lloo + (1Sp| = 1SB1)/SP| < O(e)[SI/|SP| < O(ag) .

Similarly, we show that ,
1152 — %20 < O((1 = a)e).

Finally, [[p — q]|l~o < d. Thus, by the triangle inequality, we get
11652 = 57 ||oe < O(ag) + £/d+ 6+ £/d + O((1 — a)e) < 6 + O(e) .
We have the following sequence of inequalities:
! 1< |9’ o 2
18] Yar [X) <18 E_[1X — ul)
= 1Spllln — 1P 1% + 1Splle — 152 |%

2
+IB| E_[IX - ]

(1S5 + ISD (1% = 1 ||oc + O(e))* + | E

<
< (62 +0(9))|9] .

Thus,

IGow(T) — Cou(T) |2 = max(Covy(T) — Cov(T));; = max Var(T;) < O(6% +¢).
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It remains to bound th H??”) [Cow(Sp)ll2 + (%) [Cow (Sp,)ll2 terms in[36). To analyze the first of

these terms, note that Ga\") = 0. We have that

IV (Sp)ll2 = [[Cov(Sp) — Cou(P) + Diag( Var (X))l
< Y ) I .
< |CoSp) — Cov(P)l + max(] Var (X;) — Var (X;)])

wSh ~
Noting that
| Vay, (X0) = Var (X;) = ef (Cou(Sp) — Co(P)e
we have that
max(] Var, (Xi) = Var (Xi)]) < [|Cov(Sp) — CouP)2

and so
[Covo(Sp)ll2 < 2/[Cov(Sp) — Cov(P)|2.

By the triangle inequality,
|CoM(S}) — Cov(P)2 < [[COV(Sp) — CoV(Sp)|l2 + [[COV(Sp) — COV(P)]]: .
Note that sinces is good, thg(i, j)-th entry of CoySp) — Cov(P) has absolute value at mastd. Thus,
|ICov(Sp) — COV(P)|2 < [[COV(Sp) — Cov(P) | < < ,

which gives
[Cow(Sp)ll2 < 2[[Cov(Sp) — Cov(Sp)|j2 + Oe).
We have
/ — — . — .
[Cou(SE) — Cousy)l = s, (\ Yo (0 X) = Var (o X>r) |

SinceS), C Sp,
S| Vi -X)<|Sp| _E - X — pSp
| P|Xe%3:(v )< P|Xeu5p[(v wr!
< |Spl( Yar (v X) + (| — " 3)

< (1+0(e/a))|Sp] - ((Yar (v-X)+ O(*log(1/¢)/a?)) .

Thus,

IX;’?g%(v - X) - X\efggp(v - X)| <O0(g/a) X\efggp(v - X) + O(e? log(1/¢) /a?))

< O(e/a) Var (v- X) + O(e*log(1/¢) /a”))

(since||Cov(Sp) — Cov(P)||2 < ¢)
< O(e/a) + O(%log(1/e) /a?)) (since||Cov(P) ||, < 1)
< Of(elog(l/e)/a) . (sincea > ¢)
Thus, we have that

[Cow(ShH)|l2 < 2-O(elog(1/e)/a) + O(e) < O(elog(1/e)/a).
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Therefore, combining the above we have that

(!g};'!) ICoVo(Sp)||2 = (o + O(€))]|Covy(Sp)||2 = O(elog(1/e))

A similar argument shows

% Al
151 [Cow(Sg)ll2 = Olelog(1/e)).

Combining this with the above gives that
ICoV(S") — CoU(T)||2 = O(62 + log(1/¢)).
By the assumption o#i in Theoreni 7.117§* = Q (= log(1/¢)), and the proof is complete. O

We are now prepared to show that the first return conditiglpuista correct answer. We begin by
showing that vectors with large inner products witp°r — 1 or us@ — p correspond to large eigenvectors
of Covy(S).

Lemma 7.23. For u € R%, we have
alu- (17 — )2+ (1 —a)(u- (1P — p))? < 20" Cow(S")u + O(8%)|ulf3.

Proof. Using Lemmd7.22, we hawe’ Covy(S")u = Varxe,r(u - X) + O(6%)||u||3. From the definition
of T it follows that

/ , S’ /
Var (u- X) > ('SP') (u- (4% — ) + (’ Q‘) (- (1% — ) + 12 var - x)

XeuT |57 |57 |S| xXeuE
> (= 26)(u- (1% — p))? + (1 — a —2¢)(u- (1@ — p))?
> /2 (u- (17 — )2+ (1—a)/2- (u- (u¥2 — p)?. (sincea, 1 — a > 4¢)
]

Next, we show that, if there is only one large eigenvalue 0f¢C8'), the means in question are both
close to a given line.

Lemma 7.24. There arep, ¢ € L such that|p — plla < O(6/v/«) and||qg — Gll2 < O(6/V1 — a).

Proof. Letp’ = u + av*, ¢ = p + bv* with a, b € R be the closest points foandq on the linex + cv*,
for ¢ € R. Then,v* - (p’ — p) = 0 and sincev* is the only eigenvector of the symmetric matrix Go")
with eigenvalue more thafi (52 + £1log(1/¢)), we have that

(' —p)TCow(S) (' — p) < C(62 + e/log(1/e))|[p’ — pl13 .
We thus obtain:

I = pls =@ —p)- (p—n)?

<20 —p)- (p— ") +20 —p) - (p— p°")?

< O(e*log(1/e)/a®)|Ip" — pl3 + (4/e) - (' — p)"Cow(S) (0" — p)" + O(5* /) |lp’ — pli3
O((6* + elog(1/¢))/a)llp’ — pli3 (sincea > ¢)
O(8*/a)|lp’ = pll3 ,

ININ ]
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where the second line uses LemrmasT7.21[and 7.23. We thusha\e't— p|l>» < O(§/+/«). Lettingid be
the nearest integer multiple tg we have thap := p + idv* has

lp—pll2 <l —pll2+ 0" — Bll2 < O(6/Ve).

Note that we havélp — p/[l2 < [lp — pll2 < Vd|lp — ptllec < Vd. So,a < Vd/8. Thus,|i| < 1+ Vd/é.
If p ¢ [c,1 — ], then replacing any coordinates less thamith ¢ and more than — ¢ with 1 — ¢ can only
decrease the distancejipsincep € [c, 1 — ¢]?.

Similarly, we show that there is@ € L such that|qg — ¢||2 < O(6/v/1 — «), which completes the
proof. O

Corollary 7.25. If the algorithm outputs a set of distributions in Siép 6 ntle@e of those distributions has
dpy (I, II) < O(8/+/<).

Proof. There is a distribution in the séf = o/ P’ + (1 — «/)Q’, where|a — /| < ¢ and the means of
P’ and@’ arep andq as in Lemma&7.24. Then, we hadgy (P, P') < |p — pl|/v¢ < O(6/+/ac) and
drv(Q, Q') < [lp = pll/ve < O(6/+/(1 — a)c). Thus, we have

dry (IT', 1) < O(e)+adrv (P, P')+(1-a)drv(Q, Q") < O(e)+O((Va+V1 — a)i/\/c) < 0(6/Ve) .
O

Next, we analyze the second case of the algorithm. We must gtat Stefp B will find an- andt. First,

we claim that there is & which makes- nearly perpendicular mS; — M%-

Lemma 7.26. There exists & = (cos §)u* + (sin #)v*, with § a multiple ofs? /d, that has

[ (% — )| < 62/Vd.

Proof. Let z = (u5p — M%)- If u* -z = 0, thend = 0 suffices. Otherwise, we tak¥ = cot™ (” ).

"z

Then, letd be the nearest multiple of /d to §’. Note that| cos § — cos #'|,|sinf — sin¢’| < |6 — ¢'| and
lu* - 2|, [v* - 2| < /||z]l2 < V/d. Then, we have
|- 2 = |(cos 0)(u” - 2) + (sin ) (v" - 2)]
< |(cos @) (u* - z) + (sin @) (v* - 2)| + |0 — 0'|Vd
= [sin@||u* - z + (cot 8')(v* - 2)| + |6 — O'|Vd
<0+6%/Vd .

O

We now need to show that for this Sted 8 will find at. For thisr, r - usﬁa andr - M% are close. We
need to show thak' contains many elemeniswhoser - x is far from these. We can express this in terms
of T

Lemma 7.27. Letr be a unit vector in- € (u*, v*) with |r- (u5 — M%)\ < 62/+/d. Then, thereisa > 1
such that

L (e (X = poP) > 2t) > 12exp(—(t — 1)2/4) + 3¢/d .
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Proof. First, we wish to show tha x¢, z[(r - (X — p57))?] is large.
Sincer € span(u*,v*), [rTCovy(S)r| > C62. By Lemmd7.2P, we have that

)}éarT(r - X) =rT'Cou(T)r > rT'Cow(S')r — 0(5?) > (C — 0(1))8* > (C/2)6? ,

for sufficiently largeC' and we also have thatf Covy(S’)r is positive.
We note that
rT'Cov(T)r = Var(r - T)
= (IEI/IS']) Var (r-X) +O0(a)(r- (= p%))* + O(1 = a)(r - (1 = 1))’

+(BI/IS")(r - (= p"))?

= (IS ( Yo (- X0+ (- (n = ) ) + O(2). @)

Now, , ,
GE (X - por))?) = Var (r- X) + (r- (1P — p))? .

We also have that

19'1(r - ) = (IS = | ED(r - u57) +1Sp|(r - (%P = p5)) + |B|(r - pu¥)
= (IS'| = |E)(r - 4°7) + [E|(r - p®) + |S'|0(5”) .
Thus, /
(1] = |EN(r - (u = 7)) = (18" = [E[)(r - (1P = u")) +15"10(8%)
or
(r-(n—p") = (- (5 = pF) + 08 .
This implies that ,
(r- (ur = pP)? > (r- (p—u"))?/2 = 0(5") .
Substituting into[(3]7), we have

(EI/ST) B [ (X = u5)2) = (B/IS'D] Yax [ X]+ (- (s = )] = O(6") > €25

Thus, forC sufficiently large,

JE L (X =592 > 6.

Suppose for a contradiction that this lemma does not holénTsincely C T, we have

P (r+ (X = u5%) > 21)) < (S'V/|B)12exp(—£2/2) + 3</d .

Thus, we have

(Pr (0 (X = i) > 1)) < (S')/| B2 exp(— (¢ — 12/4) + 3</d

e



and we can write

|90% < |E| E [(rX — r )]

Vd o
18| [ Pyl (X =) > )t

1+ /B(STIED2
< |E| /
0

NG

tdt + 15| / exp(—(t — 1)2/4)tdt + / e/dtdt
1++/In(|S"|/|E])/2 0

< |E|In(|S"1/|E]) + |E| + [S(|E]/]S]) + &
< |91 O(elog(1/e)) .

Since we assumed thét > Q(clog(1/e), this is a contradiction.
O

To get a similar result fo6’, we first need to show that), andS’Q are suitably concentrated about their
means:

Lemma7.28.1ft > 1,

a-IBIS) _Pr <r (X — S > t) < (5/4) exp(—(t — 1)2/2) + ¢ /5d.
L SUS),

Ift > 1+ 4/21n6/¢, this is strictly less thae/3.
Proof.

(X = uSP)y <)< ' (X = u5P) <
XEMI"S;D(T (X —p P)_t)_(|5P|/|5p|)X£1gP(T (X —por) <t)

<+ 0(a) - (P - (X =) <0+ </120))

— 0@/ ([, (r (0 =p) < t= (6% =) +/60))
< (1+0(e)/a) - (2exp(—(t — 1/2)?/2) + £/6d) .
(using Lemma 7.21 and Hoeffding’s inequality)
Similarly,

P (X - 150) <) < (1+0() /(1 — ) - (2exp(—(t — 1/2)2/2) + £/6d).
Q

Since|r - (u°e — pS7)| < 6%/3/d < 1/2, we have

XfN’gb (7’ (X = pa) < t> <(14+0(e)/(1 —a)) - (2exp(—(t — 1)*/2) +£/6d) .
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Noting thatl — (|S%| + |Sp1)/15'| = | E|/|S'| > 4¢/3, we have

J— , . _— S/
A= IB/IS) | Br o (re (X =10 > 1)

= (|8p|/18")) Pr (r- (X — P SH/18') Pr(r-(X — puF
(SpIAISD P, (r- (X =19 > ) + (SQUS') Pr, (r- (X =19 > 1)
((a+0(@) (1+0(e)/a) + (1 —a+0() (1 +0(e) /(1 — @) - (2exp(—(t — 1)%/2) + £/6d)

(1+0(e)) - (2exp(—(t — 1)*/2) +£/6d)
(5/2) exp(—(t — 1)%/2) +¢/5d .

<
<

If t > 14 /21In6/e, this expression i§5/2)(¢/6) + £/5d < 2¢/3. O
Now we can finally show that aexists for thisr, so StefhB will succeed:

Lemma 7.29. Thereis at > 1 + 2/In(9/¢) such that

Pr ( Pr (r-(X—Y)>t)<2 ) >12exp(—(t—1)?/4 d.
iy (P (0 (X =) > 0) < 22) > 12exp(~(0 = 1/4) + 32/

Proof. By Lemmd_Z.2V, there existsta> 1 such that

P (7’ (X — 5P > 2t)) > 12exp(—(t — 1)2/4) + 3¢/d.

Using the definition ofl", the points when: = ;/°F or z = M% do not contribute to this probability so all
points in7T that satisfyr - (z — uS7) > 2t come fromE. SinceE c S’ and|S’| = |T'|, we have

. _ 5 . _ .S 12
o (r (X — pSp) > 2t> > Pr. (r (X — pS) > 2t) > 12exp(—(t — 1)2/4) + 3¢/d.  (38)
Noting that| E|/|S’| < 4¢/3, all except ale/3 fraction of pointsz € T haver - (z — u5r) = O(6?). So,
4e/3 > 12exp(—(t — 1)?/4). Thereforet > 1 +2,/In(9/e).

Thus, by Lemm4 728, we have — | E|/|S'|) Prxe,s,0s, (7‘ (X — 5P > t) < 2¢/3. Again,
using that E|/|S’| < 4e¢/3, we have that

P (-X— Sp >t><2.
Xefs,r( poF) £

Consequently, if: satisfies-- (z — °7) > 2t, then it satisfie®ry ¢, ¢ (- (x — Y) < t) < 2e. Substituting
this condition into Equatiori (38) gives the lemma. O

Again we need to show that any filter does not remove too mamggof S. We need to show this for

an arbitraryr, not just one nearly parallel {o°r — ;ﬁ’@.

Lemma 7.30. For any unit vector”’ andt > 2./In(1/¢), we have

1—|E|/|S" P Pr (- (X-Y)<t)<2]< —t%/4 4d .
Q= 1B1181) B (P (706 =Y) 1) <22) < e+
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Proof. Using Hoeffding’s inequality, we have

! _ /. _
Sl B, (- (0= X) > 1/2) < [Spl Pr (' (X —p)| > 1/2)

< 191 (1, (r" (X = ) > 1/2) + e/6)
< |Sp| (2 exp(—t%/4) + /6d) . (39)

Every pointz with | - (z — p)| < t/2 has|r’ - (z — y) < t| for all y with |/ - (y — p)| < t/2. Thus,
for z with |r' - (x — p)| <t/2, we have

P (7 (@ = Y) <02 (1Sp1/1S']) — (1Spl/IS') (2 exp(—£/4) + /6d)

Whent > 21/In(1/¢), (|Sp/|S"])(2exp(—t?/4)+¢e/6d) < (14+2¢)-(2e+¢/6d) < 3e. Also, (|Sp|/|S']) <
((a=¢€/6)|S)/(IS|(1 — 2¢)) < o — 3e < Te. Thus, we hav®ry ¢ o (r- (x —Y) <t) > 4e > 2e.
But inequality [39) gives a bound on the numberah Sp that do not satisfy this condition. That is,

; e — < < 42 .
’SP’XEPLLI:S';D (Yars' (- (X -Y)<t) < 25) < [Sp| (2exp(—t?/4) +£/6d)

Similarly, every pointe with |’ - (z — q)| < t/2 has

Pr (r' (z—y) <t)>2e
YyEuS’

and|.Sg | Prxe,s, (7" (X —p) >t/2) < (2exp(—t%/4) + £/6d). Thus,

2
|ks*’Q|X£}~Sé2 <Y1635Sl(r’ (X -Y)<t)< 2s> < |Sg| (2exp(—t*/4) +¢/6d) .

Summing these gives

/ / !, _ < < —¢2 .
(|Sp| + |SQ|)XGUEZUS’Q <Y£’urS,(r (X-Y)<t)< 2s> <|5] (2eXp( t%/4) —|—€/6d)

Dividing by |S’| and noting thatS| < (1 + 2¢)|S’| < (3/2)|S’| completes the proof. O

Now, we can show that the filter improves(S, S”), and so that the algorithm is correct in the filter
case.

Claim 7.31. If we reach Step]9 and retur§’, thenA(S, S”) < A(S,S") — 2¢/d.

Proof. We can writeS” = 7, U S¢ U E”, whereE" has disjoint support fronsp \ S% andSg \ Sg). Note
that, since we havs” C S’, we can define these sets so thdtC S}, Sg C Sb andE” C E. We assume
that we do. Now we have that

[\ E' = [SP\ Spl = 159 \ Sgl

A(S,8') = A(S, S") = 5

Therefore,
|S"\ S| = 2(|Sp \ Spl + 155 \ Sgl)

A(S,S) — A(S, 8") = 5
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In Sted 8, we found a vecterandt > 1 + 2,/In(1/¢) such that

P X-Y)<t)<2 12exp(—(t —1)2/4 .

i (Pl (=Y <0) < 26) > 12exp(-(0 - 12/4) + 32/

Then in Stefid, we remove at leastzexp(—t2/4) + 3¢/d fraction of points. That is,
1S\ S'| > (12exp(—t2/4) + 3¢/d)|S'| .

The fact that > 1 + 2,/In(1/¢) allows us to use Lemnia 7130, with= r, yielding that:

(=BT | Pr ([P (e (6= ¥) < 0-1) <22 ) < Bexp(—(t = 124) +/(4a)

This implies that

1-|E|/S']) Pr ( Pr (r-(X-Y)<t)< 25> < Jexp(—(t — 1)2/4) + £/(4d) .

X€uSpUSy, \Yeus’
Thus,
1S5\ Sp|+ 156\ Sol < (Bexp(—(t — 1)*/4) + /4d)|S"| ,
and we have
A(S,8) = A(S,8") > (12exp(— 1)2/4)—|—3€/d—2(3exp(—(t—1)2/4)—|—6/4d)) 1S'1/]S|
> 2e/d,
since|S’| > [S|(1 — A(S,S")) > (1 — 2¢)|S]| > 5|5]/6. O

8 Agnostically Learning a Gaussian, via Filters

8.1 Learning a Gaussian With Unknown Mean

In this section, we use our filter technique to give an agodstirning algorithm for an unknown mean
Gaussian with known covariance matrix. More specificallg, prove:

Theorem 8.1. Let G be a Gaussian with identity covariance matrix and- > 0. Let.S be a multiset of
Q(d®log(d/eT))* /e%) independent samples frof and S’ be a multiset obtained by arbitrarily changing
ane-fraction of the points ir5. There exists a polynomial time algorithm that returns a GaausG’ so that
with probability at leastl — 7 we havelry (G, G') = O(e4/log(1/e)).

Let 1&, 1" denote the mean vectors6f G’ respectively. Our output hypothesis will be a Gaussian
with identity covariance matrix, such that — 1&'[|2 = O(e+/log(1/¢)). The desired bound on the total
variation distance follows from Corollaﬂlm

Notation. We will denote byu® = S > xeg X and Coys] = ‘S| > xes(X = p&) (X — )T the sample
mean and sample covariance matrlx of theset

We start by defining a condition on the uncorrupted set of $a&ff) under which our algorithm will
succeed.

Definition 8.2. Let G be a Gaussian i dimensions with identity covariance aadr > 0. We say that a
multisetS of elements iR? is (e, 7)-good with respect to- if the following conditions are satisfied:
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(i) Forall x € Swe have|z — ug|l2 < O(\/dlog(]S|/7)).

(i) For every affine functionZ : R? — R we have| Pryc,s(L(X) > 0) — Prxg(L(X) > 0)| <
e/(dlog(d/eT)) .

(i) We have that|u® — pC|ls < e.
(iv) We have thal{CoV{S] — I||, < ¢/d.

Next, we show that a sufficiently large set of independentpda@snfromd is (e, 7)-good (with respect
to ) with high probability. The proof of the following lemma igfirred to SectiohlF.

Lemma 8.3. Let G be a Gaussian with identity covariance andr > 0. If the multisetS is obtained by
taking2(d3 log(d/e7)/<?) independent samples fro@ it is (&, 7)-good with respect t6: with probability
at leastl — 7.

We recall our definition ofA (S, S’) that quantifies the extent to which a multiset has been ctadup

Definition 8.4. Given finite multisets and .S’ we letA(S, S) be the size of the symmetric differenceSof
and S’ divided by the cardinality of.

As in the convex program case, we will first useINE PRUNE to remove points which are far from the
mean. Then, we iterate the algorithm whose performanceagte® is given by the following:

Proposition 8.5. Let G be a Gaussian with identity covariance,> 0 be sufficiently small and > 0. Let
S be an(e, 7)-good set with respect t@. Let.S’ be any multiset witl\ (S, S”) < 2¢ and for anyz, y € 57,
|z —yll2 < O(y/dlog(de/T)). There exists a polynomial time algoritAL TER-GAUSSIAN-UNKNOWN-
MEAN that, givenS” ande > 0, returns one of the following:

(i) A mean vectoy such thatdry (N (i, ), G) = O(e/log(1/e)).
(i) A multisetS” C 5" such thatA (S, S”) < A(S,S") —e/(dlog(d/eT)).
We start by showing how Theordm 8.1 follows easily from Prijan[8.5.

Proof of Theorerh 811By the definition ofA(S, .S’), sinceS’ has been obtained from by corrupting an
e-fraction of the points irf, we have that\ (S, S") < 2. By Lemmd38.38, the sef of uncorrupted samples
is (¢, 7)-good with respect t6: with probability at least — 7. We henceforth condition on this event.

Since S is (¢,7)-good, allz € S havel|z — ugll2 < O(y/dlog|S|/7). Thus, the MIVEPRUNE
procedure does not remove frashany member of5. Hence, its outputS”, hasA(S, S”) < A(S,S") and
foranyz € S”, there is ay € S with ||z — y||2 < O(y/dlog|S]|/7). By the triangle inequality, for any
z,z €S8, ||z — 2|2 < O(y/dlog |S|/T) = O(y/dlog(d/eT)).

Then we iteratively apply thelETER-GAUSSIAN-UNKNOWN-MEAN procedure of Propositidn 8.5 un-
til it terminates returning a mean vectarwith dry (N (i, I), G) = O(ey/log(1/e)). We claim that we
need at mosO(dlog(d/eT)) iterations for this to happen. Indeed, the sequence oftib@sresults in a
sequence of setS/, so thatA (S, S}) < A(S,S") —i-e/(dlog(d/eT)). Thus if we do not terminate in the
first 2dlog(d/eT) iterations, in the next iteration the algorithm terminabesputting the sample mean of
S. O

82



8.1.1 Algorithm FILTER -GAUSSIAN-UNKOWN -M EAN: Proof of Proposition[8.3

In this subsection, we describe the efficient algorithmteistaing Propositiofi 815 and prove its correctness.
Ouir filter algorithm is very simple: We consider the empiridiatribution defined by the (corrupted) sample
multiset S’. We calculate its mean vecter®” and covariance matri®/. If the matrix © has no large
eigenvalues, we retugn® . Otherwise, we use the eigenvectdrcorresponding to the maximum magnitude
eigenvalue ofZ and the mean vector®’ to define a filter. Our efficient filtering procedure is presenin
detailed pseudocode below.

Algorithm 14 Filter algorithm for a Gaussian with unknown mean and idgmtbvariance
1: procedure FILTER-GAUSSIAN-UNKNOWN-MEAN(S’, €, 7)
input: A multisetS” such that there exists &g, 7)-good.S with A(S, S") < 2e
output: Multiset S” or mean vectop’ satisfying Proposition 815
2. Compute the sample mear’’ = Exe,s/[X] and the sample covariance matdk, i.e., X =
(Si)1<ij<a With B = Exe, sr[(Xi — ) (X; — 1)),
3 Compute approximations for the largest absolute eigeavafl> — I, \* := ||X — I||2, and the
associated unit eigenvectot.

4. if |2 — 1|z < O(elog(1/e)), then return p".
5: Letd := 34/¢||X — I||2. FindT > 0 such that

Xlgfy““* (X =) > T +68) > 8exp(—T2/2) + 8¢/(dlog(de /7)).

6:  return the multisets” = {z € " : |v* - (z — pu)| < T + 5}.

The rest of this section is devoted to the analysis of ourrdlgo FILTER-GAUSSIAN-UNKOWN-
MEAN.

8.1.2 Proof of Correctness of H.TER -GAUSSIAN-UNKOWN -M EAN

By definition, there exist disjoint multisefs, £, of points inR?, whereL ¢ S, such thats’ = (S\ L)U E.
With this notation, we can writé\(S,S’) = ‘L‘ﬁg"E' Our assumptiomA (S, S”) < 2e is equivalent to
L] + |E| < 2¢ -S|, and the definition of5” directly implies that(1 — 2¢)|S| < |S'] < (1 + 2¢)|S|.
Throughout the proof, we assume thas a sufficiently small constant.

We defineu®, 115, 1%, n=, andp” to be the means af, S, S', L, and E, respectively.

Our analysis will make essential use of the following maisic

e Mg denotesExc, s/[(X — pu&)(X — u®)T],

e Mg denotef xe,s[(X — p) (X — u)7],

o Mj denotesEyc, 1 [(X — pu)(X — p)T], and
o My denotef xe, p[(X — pu&) (X — )T,

Our analysis will hinge on proving the important claim that I is approximately(| E|/|S’|) Mg. This
means two things for us. First, it means that if the positirers align in some direction (causingz to
have a large eigenvalue), there will be a large eigenvalige-in/. Second, it says that any large eigenvalue
of X — I will correspond to an eigenvalue 8f, which will give an explicit direction in which many error
points are far from the mean.
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We begin by noting that we have concentration boundé& @md therefore, o¥ due to its goodness.

Fact 8.6. Letw € R? be any unit vector, then for any > 0, Pryc,s(jw - (X — u%)| > T) <
2exp(—T12/2) + ¢/(dlog(d/eT)), andPrxq(jw - (X — pu&)| > T) < 2exp(—12/2).

Proof. The second line is a standard concentration result for Gmsssand the former follows from it using
the goodness df. O

By using the above fact, we obtain the following simple claim
Claim 8.7. Letw € R? be any unit vector, then for ari§ > 0,

Lr - (X = w3 > T+ (| — p€2) < 2exp(~T%/2) + ¢/(dlog(d/eT)).

and
Pr(lw- (X = p¥)| > T+ (|6 — uC2) < 2exp(=T7/2).

Proof. This follows from Fadf816 upon noting that- (X —p5")| > T+ w5 —uC||o only if jw-(X —u)| >
T. ]

We can also use this to prove concentration boundg fon particular:
Corollary 8.8. || ML|2 = O(log(|L|/]S]))-

Proof. We need to bound” Mpv = Exe, [(v - (X — p%))?] for all unit vectorsv. This is

Pr (Jv- (X —u%)| > T)2TdT.

O(dlog(d/eT))
/0 XeuL

/0 Xlze’zL(\v (X —u™)| >T)27dT
Our bound then follows from noting that, sinées a subset of, we have that
P (X = p9)| >T)<min!1 L)) P (X =D >T
(o (X =) > >_mm{ ASI/ILD - Pr (o= (X = 1)) > >},

and using Clairf 8]7. O
Next, we prove a bound oig:.
Lemma 8.9. We have that
Mg = I+ (|E|/|S') Mg + O(clog(1/2)) ,
where theD (s log(1/¢)) term denotes a matrix of spectral noire log(1/¢)).
Proof. Notice that

‘S"MS, = ‘S‘Ms — ’L‘ML + ’E‘ME
= |S|(I + O(g)) — O(elog(1/e)) + |E|MEg ,

where the second line is by the goodness$ of herefore, we have that

Mg =1+ (|E|/|S") Mg + O(clog(1/e)).
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We get a similarly useful bound on the difference betweemtban vectors:

Lemma 8.10. We have that
(1" = n%) = (1E|/1S') (1P — p9) + O(e\/1og(1/e))
where theO(s+/log(1 /<)) denotes a vector with, norm at mosO(e/log(1/¢)).
Proof.
15'1(1%" = p)) = [8|(u® = u) = [L|(p* = p9) + | B|(u® — u).

SinceS is good||p® — u2 = O(e). Since|| M| > (u* — u®)(pl — n©)T, we have thafju” — p||, <
O(y/log(|L|/|S]))- Therefore, we have that

(1% = p©) = (|E|/IS'N (1" = n%) + O(e/log(1/2)) ,
as desired. O

From this we conclude that — I is approximately proportional td/g.

Corollary 8.11.
X —I=(E|/|S')Mg + O(elog(1/e)) + O(|E|/|S)?|| M2

Proof. We have that

/

S—I=Mg—T—u" —p) s —puo".
By Lemmag 8.0 and 8.10, this is
(IEI/IS')ME + O(elog(1/2)) + O((|EI/IS)? 4" — u%I3) = (|EI/IS') Mg + O(elog(1/€)) + O(|E|/|S)* | ME| 2.
Ol

From this we can immediately see that if our algorithm retwon Step 4, then it returns a correct answer.
In particular, ifA* = ||X — I]|2 = O(elog(1/¢)), we have by Corollarfy8.11 that

|B|/IS'[| MEll2 < X+ O(elog(1/¢)) + O(1EI/|S])* || MEl|2.

Therefore,
[MEllz = O(clog(1/¢)).

On the other hand, we hayi@/r |2 > ||u — 1|2, and therefore by Lemnia 8110,
1% = 12 < V(EI/ISDMEll2 + O(ey/log(1/2)) = O(ey/Tog(1/2)).

Next, we need to show thatX* > Cclog(1/¢) that al as in Stepb exists. To show this, we note again
by Corollary(8.11 that

X = () (S = 1)o* = (IB|/|S'| + O(IEI/|S))*) (v*) MEv* + O(e log(1/¢)).

Therefore,

CE I (X = €)= 1) M > (1| EDA
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On the other hand,

E [jv*- (X —pu%)? Cvitlosteen) Pr (|v*- (X — u%)| > T)2TdT
(Bl =y = P (0 (X =) > T)
O(+/dlog(d/eT)) o
<|S/|E| Pr (|v* - (X — u®)| > T)27dT + \*/100.
VA*/10 Xeus'

Therefore, it must be the case that for some valu&’of +/A*/10 for which Pryc, g (Jv* - (X — pu&)| >
T') > exp(—T1"/4) + 8¢/(dlog(de/7)). LettingT = T" — § yields the necessary.

Finally, we need to show that if our algorithm returns ghin Step[® thatA(S, S”) < A(S,S’) —
2e/(dlog(d/eT)).

Claim 8.12. We have that\(S, S”) < A(S, ") — 2¢/(dlog(d/e7)) -

Proof. Recall thatS’ = (S'\ L) U E, with E and L disjoint multisets such that C S. We can similarly
write S” = (S\ L') U E', with L’ O LandE’ C E. Since
E\FE|—-|L'\L

A(S, Sl) _ A(S, Sl/) — ’ \ “S“ \ "
it suffices to show thatF \ E’| > |L'\ L| + ¢|S]|/d. Note that|L’ \ L| is the number of points rejected
by the filter that lie inS N S’. Note that the fraction of elements 6f that are removed to producg’
(i.e., satisfy|v* - (x — pg)| > T + 6) is at most2exp(—12/2) + ¢/(dlog(d/s7)). Hence, it holds that
|L'\ L| < (2exp(=T7?/2) + ¢/(dlog(d/eT)))|S|. On the other hand, Stép 5 of the algorithm ensures that
the fraction of elements of’ that are rejected by the filter is at leastxp(—T2/2) + 8¢/(dlog(d/eT)).
Note that/E' \ E’| is the number of points rejected by the filter that liesth\ .S. Therefore, we can write:

[E\ E'| > (8exp(~T?/2) + 8¢/(dlog(d/e7)))|S'| — (2exp(~T?/2) + ¢/(dlog(d/eT)))|S|

(
(8exp(—T?/2) + 8¢/(dlog(d/e7)))|S|/2 — (2exp(—T?/2) + £/ (dlog(d/eT))) S|
(2exp(—T7/2) 4 3¢/(dlog(d/eT)))|S]

>
>
>
> |L'\ L| + 2¢|S]/(dlog(d/e7)) ,

where the second line uses the fact th#lt > |S|/2 and the last line uses the fact thét \ L|/|S| <
(2exp(—T?/2) + ¢/(dlog(d/e7))). Noting thatlog(d/eT) > 1, this completes the proof of the claim]

8.2 Learning a Gaussian With Unknown Covariance

In this subsection, we use our filter technique to agnos$fidahrn a Gaussian with zero mean vector and
unknown covariance. By combining the algorithms of the entrrand the previous subsections, as in our
convex programming approach (Sectlonl 4.5), we obtain a-fiksed algorithm to agnostically learn an
arbitrary unknown Gaussian.

The main result of this subsection is the following theorem:

Theorem 8.13.LetG be a Gaussian id dimensions with meahand unknown covariance, and ketr > 0.
Let S be a set ofN independent samples fro6i for N = Q((dlog(d/e7))%/e?). Let S” be a set ofN
elements oR? obtained fromS by adversarially changing at most arfraction of the samples &f. There
exists an algorithm that, givenS’ ande, returns the parameters of a Gaussian distributi@hso that with
probability at leastl — 7 over the samples frorfi, it holdsdrv (G, G') < 6 = O(elog(1/e)).

As in the previous subsection, we will need a conditionSaunder which our algorithm will succeed.
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Definition 8.14. Let G be ad-dimensional Gaussian with me8@rand covariance matrix. LetS be a set

of N points ofR?, ande, 7 > 0. We say thasS is (¢, 7)-good with respect t@7 if the following conditions
hold:

e Forall x € S we have that” Y"1z = O(dlog(N/7)).

e For any even degre-polynomialp : RY — R we have thalEx.q[p(X)] — Exe,s[p(X)]| <
eVEx~c[p(X)?] , [Ex~c[p®(X)] — Exe,s[p*(X)]| < eEx~c[p(X)?] , and

Lr (p(X) = 0) <2 Pr (p(X) 2 0) +¢/(dlog(N/7))* .

Let us first note some basic properties of such polynomiala narmal distribution. The proof of this
lemma is deferred to Sectidn F.

Lemma 8.15. For any even degreg-polynomialp : R — R, we can writep(z) = (X~ 22)T Py(X~1/22)+
po, for ad x d symmetric matrix? andpy € R. Then, forX ~ G, we have

1. E[p(X)] = po + tr(F%),

2. Var[p(X)] = 2||P||% and

3. Forall T > 1, Pr(jp(X) — E[p(X)]| > T) < 2¢!/3-2T/3 Varlp(X)],
4. Forall § > 0, Pr(|p(X)| < 62) < O(5).

We note that, ifS is obtained by taking random samples frémthen.sS is good with high probability.
The proof of this lemma is also deferred to Secfion F.

Lemma 8.16. LetG be ad-dimensional Gaussian with meamnd lete, 7 > 0. Then, fof)((dlog(d/e7))¢ /&%) <
N < poly(d/eT), we have that i5 is obtained by takingV independent samples fro thenS'is (g, 7)-
good with respect t6: with probability at leastl — 7.

As in Definition[8.4,A(S, S’) is the be the size of the symmetric differenceScdnd .S’ divided by|S|.

The basic thrust of our algorithm is as follows. By Lemma 8vii#th probability1 — 7 we have thaS
is (e, 7)-good with respect t6:. The algorithm is then handed a new $§éso thatA(S, S’) < 2¢|S|. The
algorithm will run in stages. In each stage the algorithm ither outputG’ or will return a new sefs”
so thatA(S, S”) < A(S,S’). In the latter case, the algorithm will recurse 8f. We formalize this idea
below:

Proposition 8.17. There is an algorithm that given a set fini#é c R?, so that there is a meahGaussian
G and a setS that is (e, 7)-good with respect t6: with A(S, S”) < 2¢|S|, runs in timepoly(dlog(1/7)/e)
and returns either the parameters of a Gaussidwith drv (G, G) < O(elog(1/¢)) or a subsets” of RY
with A(S,8") < A(S,S").

Given Propositioft 8,17, the proof of Theorém 8.13 is strhighvard. By Lemma 8.16 the original set
S'is (¢, 7)-good with respect t6/ with probability at least — 7. Then,S’ satisfies the hypotheses of Propo-
sition[8.17. We then repeatedly iterate the algorithm frawpBsition 8.1l until it outputs a distributiah’
close toGG. This must eventually happen because at every step thecksbetweert and the set returned
by the algorithm decreases by at least
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8.2.1 Analysis of Filter-based Algorithm: Proof of Propostion B.17

We now turn our attention to the proof of Proposition 8.17. fiké define the matri¥’ to beE y g/ [X X 7],
and letG’ be the meaf Gaussian with covariance matfiX. Our goal will be to either obtain proof that
is close toG or to devise a filter that allows us to clean 8pby removing some elements, most of which
are not inS. The idea here is the following: We know by Corolldary 3.14tthaand G’ are close unless
I — ©~Y/25/5~-1/2 has large Frobenius norm. This happens if and only if thesoise matrixA/ with
||M||F = 1 so that

tr(ME~Y28n12 M) = ng/[(z—1/2X)TM(2—1/2X) — tr(M)]
is far from0. On the other hand, we know that the distributiopX ) = (X~1/2X)T M (S~Y2X) —tr(M)
for X €, S is approximately that op(G), which is a varianc€ (1) polynomial of Gaussians with mean
0. In order to substantially change the mean of this functighile only changingS at a few points, one
must have several points #1 for which p(X) is abnormally large. This in turn will imply that the varianc
of p(X) for X from S’ must be large. This phenomenon will be detectable as a laggevalue of the
matrix of fourth moments o € S’ (thought of as a matrix over the space of second momentsjckf a
large eigenvalue is detected, we will havg @ith p(X') having large variance. By throwing away fra
elements for whichip| is too large, we will return a cleaner version$ff The algorithm is as follows:

Algorithm 15 Filter algorithm for a Gaussian with unknown covariancenrat
1: procedure FILTER-GAUSSIAN-UNKNOWN-COVARIANCE(S’, €, 7)
input: A multisetS” such that there exists &g, 7)-good.S with A(S, S") < 2e
output: Either a setS” with A(S,S”) < A(S, S’) or the parameters of a Gaussi@hwith dpv (G, G') =
O(elog(1/e)).
Let C' > 0 be a sufficiently large universal constant.
Let ¥/ be the matrixE y¢, s [X X 7] and letG’ be the mea® Gaussian with covariance matrix.
if there is anyr € S’ so thatz” (X/)~1x > Cdlog(|S’|/7) then
return $” = 8" — {z: 2T (X))~ 1z > Cdlog(|S’|/7)}.
Let L be the space of even degrggolynomialsp so thatE x ../ [p(X)] = 0.
Define two quadratic forms oh

() Qo (p) = Ep*(G)],
(i) Qs (p) =Exe,s[p*(X)].

Computingmax,c o @s(p)/Qc (p) and the associated polynomigi(z) normalized so that
Q¢ (p*) = 1 using AND-MAX -POLY below.
if Qs (p*) < (1+ Celog®(1/2))Qe (p*) then
return G’
10: Let u be the median value ¢ff (X) overX € §'.
11: Find aT > C’ so that

N

Lo (P (X) =l = T) = 12exp(—(T = 4/3) + 3¢/ (d1og(N/7))?

122 return 8" ={X € 5" : [p"(X) —u| < T}.

Thr function END-MAX -POLY uses similar notation toEPARATIONORACLEUNKNOWNCOVARIANCE
so that FLTER-GAUSSIAN-UNKNOWN-COVARIANCE and SEPARATIONORACLEUNKNOWNCOVARIANCE
can be more easily compared.
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Algorithm 16 Algorithm for maximizingQs (p)/ Q¢ (p).

1: function FIND-MAX -POLY(S’, YY)
input: A multisetS’ and a Gaussia@’ = N (0,Y)
output: The even degre-polynomial p*(z) with Ex o [p*(X)] = 0 and Q¢ (p*) ~ 1 that approxi-
mately maximize$)s/ (p*) and this maximum\* = Qg (p*).
Compute an approximate eigendecompositio®'oéind use it to computg’~1/2
Letz(y),...,z(s be the elements &f’.
Fori=1,..., ‘Sl‘, Iety(i) = Z’_1/2x(,~) andz(,-) = y(%z
Let Ty = P17 + (1/15') 12 2
Approximate the top eigenvalue ané corresponding unit eigenvectorof T ..
Letp*(z) = 2= (X 122)To(2/—1/22) — tr(v*™))

V2
return p* and\*.

Let us first show that IND-MAX -POLY is correct.

Claim 8.18. Algorithm FIND-MAX -POLY is correct andFILTER-GAUSSIAN-UNKNOWN-COVARIANCE
runs timepoly(dlog 7 /¢).

Proof. First, assume that we can compute all eigenvalues and eigems exactly. By Lemnia 8.115 all even
polynomials with degree-that haveE y..[p(X)] = 0 can be written ag(z) = (X'~ /2z)T Py (%'~ 1/22) —
tr(P,) for a symmetric matrixP,. If we take P, = v //2 for a unit vector such that* is symmetric, then
Varx~g/[p(X)] = 2| P2l = [[va]] = 1.

Note that since the covariance matrix$ffis >’ , we have

E [p(X)]= E_[(S2X)TPy(S"712X) — tr(P)]

X~S5! X~S5!
= E, [tr(XXT)S V2P 512 — tr(Py)
= tr(XIES,[(XXT)]E’_l/ngE"1/2) — tr(Py)

— (X' Y2R YY) —tr(Py) =0 .

We letT” be the multiset of) = X ~1/2z for z € S’ andU’ the multiset ofz = 42 for y in T”. Recall that
P = \/2v. We thus have

Qs(p) = E (X l= E [(YTRY - tr(P))’]
= éEuT,[(YTP2Y)2] +tr(Py)? — 2tr(Py))?
= éE;T/[tr(((YYT)Pg)Z] + tr(Pyd)? — 0
= ZGI%U,[Q(ZTU)2] +2(0T1)?
ZGI[EU,[QUT(ZZT)U] +207(P T
= 20" Tgv .

Thus, thep(z) that maximizesQs (p) is given by the unit vector that maximizess” Ts;v subject tov?
being symmetric.
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Leto’ = v*7”. Note that” Ts/v = v'T T'sv' by symmetries of .. Thus, by linearityy” = v/2 4+ v'/2
also hasv"" Tgv" = vT Tsw. However, ifvf is not symmetricp” has|[v”||2 < 1. Thus, the unit vector
v" /||v"||2 achieves a higher value of the bilinear form. Consequenthyjis symmetric.

Now we have thap*(x) that maximizesQs (p) is given by the unit vector that maximizes)” Tsv.
sinceQc (p) = Ex~c/[p(X)?] = 2|[P2||r = [|v]|> = 1, this also maximize€)s (p)/Qc (p).

We note that we can achiey . [p*(X)] = O(¢?) andEx.q [(p*(X))?] = 1+ O(?) in time
poly(e/d) using standard algorithms to compute the eigen-deconiposif a symmetric matrix. This
suffices for the correctness of the remaining part off ER-GAUSSIAN-UNKNOWN-COVARIANCE The
other steps in ETER-GAUSSIAN-UNKNOWN-COVARIANCE can be easily done ipoly(|S’|dlog(17)/e)
time. O

In order to analyze algorithm ETER-GAUSSIAN-UNKNOWN-COVARIANCE, we note that we can write
S"=(S\L)UEwhereL =S\ S andL = 5"\ S. Itis then the case thak(S,S") = (|L| + |E])/|S|.
Since this is small we have thgt|, |E| = O(¢|S'[). We can also writeX andXq\ 1,((|S| — |L])/|5"]) +
Se(lE|/|S']) = Ba\L + O(e)(Zp — Bs\1), whereXg, = Exe,s\r[XXT],2p = Exe,n[XXT]. A
critical part of our analysis will be to note th&l, ;, is very close td, and thus that eithex’ is very close
to X or elseX g is very large in some direction.

Lemma 8.19. We have that
1T = =728 272 p = O(e log(1/).
Proof. Note that, since the matrix inner product is an inner product

1T — 5256 52 p = sup (tr(ME_1/2ES\LE_1/2) - tr(M)) .
M| =1
We need to show that for any/ with || M|z = 1 thattr(MX~1/25g  571/2) — tr(M) is small.
Sincetr(ME~28g 1 5712) = tr(MTS Y284 [ 27Y2) = tr(3 (M + MT)S1/254 ,£71/2) and

[3(M +MT)||p < 3(|M]||F + |MT||Fr) = 1, we may assume WLOG thaf is symmetric.
Consider such an/. We note that

tr(ME 238 q 2V = E  [tr(MIV2xxTe" 2= E [(V2X)TM(zV2X)).
r( S\L ) XeuS\L[ r( )] Xeus\L[( )" M( )]

Let p(x) denote the quadratic polynomial
p(x) = (X7V2)TM(27Y22) — tr(M).

By LemmdB8.IbE xc[p(X)] = 0 andVarx ¢ [p(X)] = 2| M||% = 2.

Since S is (g, 7)-good with respect t@7, we have thatf xcs[p(X)] = e/Ex~q[p*(X)] = O(e).
Therefore, it suffices to show that the contribution fréans small. In particular, it will be enough to show

that
ZXGL p(X)
S|

This holds essentially because the distributiorp@X’) for X € S is close to that fop(G), which has
rapidly decaying tails. Therefore, throwing awayafraction of the mass cannot change the value of the

= O(elog(1/e)).
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mean by very much. In particular, we have that

2owerP(@) _ [ {z € L:p(x) >t}
el s
< /0 min(E,X]fé’iS(p(X) > t))dt

<

O(dlog(N/T))
/ min(e, 2 Pr(p(G) > 1)) + £/ (dlog (N /7)) dt

0

<e+ /OO min(e, 2exp(—Q(t — 1)))dt
0

C'log(1/e) 3]
<e —I—/ edt —I—/ 2exp(—Q(t))dt
0 Clog(1l/e)—1

<e+ O(elog(1l/e)) + O(e)
= O(elog(1/e)) ,

whereC above is a sufficiently large constant. The third line usas th

max |p(z)| < max =722 |3][M || + trM < O(dlog(N/7)) - 1+ Vd = O(dlog(N/T)) .

This completes the proof. O
As a corollary of this we note that’ cannot be too much smaller thah

Corollary 8.20.
¥ > (1 - 0(elog(1/e)))%.

Proof. Lemma8.IP implies that~1/2% 4, , £1/2 has all eigenvalues in the range- O(c log(1/<). There-
fore,Y g\ 1 > (1+0(clog(1/¢)))%. Our result now follows from noting that’ = g\ 1,((|S|—|L[)/|S"|)+
Se(E|/|S]), andSg = Exe, p[XXT] > 0. O

The first step in verifying correctness is to note that if oligoathm returns on Stefpl 4 that it does so
correctly.

Claim 8.21. If our algorithm returns on Steg 4, thel(S, S”) < A(S,S").

Proof. This is clearly true if we can show that allremoved have:r ¢ S. However, this follows because
(%)=t < 2%~1, and therefore, bye, 7)-goodness, alt € S satisfy

2T (2o < 22727 e = O(dlog(N/7)) < Cdlog(N/T)
for C sufficiently large. O
Next, we need to show that if our algorithm return&’an Step® thatirv (G, G’) is small.
Claim 8.22. If our algorithm returns in Stefl9, thefiry (G, G') = O(elog(1/¢)).

Proof. By Corollary[2.14, it suffices to show that

|1 = S22 = O(elog(1/2)).
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However, we note that
11 = S22 g < |IT = 27286  27V2) g + (|E/IS'DIT — 27285872 p
< O(clog(1/e)) + (|1EI/|S'DIT — =728 x| p.

Therefore, we will have an appropriate bound unlgss- X~ /2X 5% ~12||p = Q(log(1/¢)).
Next, note that there is a matri¥ with || M ||z = 1 so that

|1 =27 V28p5 72| p = te(MYV28 02 — M) = (E E[(z—l/ZX)TM(z—WX) — tr(M)].
S

Indeed we can takd/ = (I — X~1/28p2~1/2)/||II — 2712852 ~1/2|| 5. Thus, there is a symmetrit/
such that this holds.
Letting p(X) be the polynomial
p(X) = (272X M(ETVPX) — (M),

Using Lemmd 8. I5F x . [p(X)] = 0 andVarx.q[p(X)] = 2. Thereforep € L andQ¢ (p) = 2. We
now compare this to the size ¢fs/(p). On the one hand, we note that using methodology similardb th
used in Lemmf&8.19 we can show thia¢c s\ 1 [p*(X)] is not much less than 2. In particular,

2 2(x _ZXeLp2(X)
0] 2 (B 0] - ZXLE ).

XeuS\L XeuS

On the one hand, we have that

E [p*(X)] <EP*(G)(1+¢)=2+0(),

X€uS
by assumption. On the other hand, we have that

S PX) [ UX €L p2(X) > 1))
e S/ 5] a

/ min(e, Pr (X)) > t))dt
/O(dlog(N/T))

<

min(e, 2 Pr(p*(G) > t)) + ¢/(dlog(N/7)*)dt
0

<e+ /000 min(e, 2exp(—Q(vVt —1)))dt

Clog=(1/e) (3]
<e —I-/ edt —I-/ 2 exp(—Q(Vt))dt
0 Clog?(1/e)—1

< e+ O(elog?(1/¢)) + O(elog(1/¢))
= O(elog?(1/¢)).
Therefore, we have thd yc o\ 1 [p*(X)] = 2+ O(e log?(1/¢)). Since, by assumptio®s:(p) < 2 +

O(elog?(1/¢)), this implies that | E|/|S'|) Exe, z[p?(X)] = O(clog?(1/¢)). By Cauchy-Schwartz, this
implies that

(EI/IST) (E (X)) < V(IEI/IS") \/IEI/IS/ E ?(X)] = O(clog(1/e)).

Thus,
(EI/IS'DIT — 728pE 72| p = O(elog(1/¢)).

This shows that if the algorithm returns in this step, it deesorrectly. O
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Next, we need to show that if the algorithm reaches Bigp Iistith al” exists.

Claim 8.23. If the algorithm reaches Stép]11, then there exists:a 1 so that

P (Ip(X) — ] 2 T) > 12exp(— (T — 1)/3) + 3¢/ (d1og(N/7))*.

Proof. Before we begin, we will need the following critical Lemma:

Lemma 8.24.
Var [p(X)] <14 O(elog(1/¢)).
Proof. We note that sinc&ar x..c/(p(G')) = Q¢ (p) = 1, that we just need to show that the this variance
with respect ta7 instead ofG’ is not too much larger. This will essentially be because tvagance matrix
of G cannot be much bigger than the covariance matrig’dby Corollary(8.20.
Using Lemma8.1l5, we can write

p(l’) _ (E/_1/21')TP2(2,_1/2Z') + Do,

where||P|r = 4 Vary.o (p(G')) = 3 andpy = p + tr(P,). We can also expresgz) in terms of

G asp(z) = (7Y22)"M(2~Y2z) + po, and haveVarxg[p(X)] = ||M|/r. Here, M is the ma-

trix $1/2%/~1/2py3/=1/2%.1/2 By Corollary[8.:20, it holds™ > (1 — O(clog(1/¢)))E. Consequently,
S1/257-1/2 < (11:0(e log(1/¢)))1, and sd| S /2512 ||, < 1+0(clog(1/¢)). Similarly, |£/~/251/2, <
1+ O(elog(1/e)).

We claim that ifA, B are matrices, thefAB||r < ||All2||B||r. If B; are the columns o3, then we
have||ABI|[}. = 32, [|AB; |13 < 1Al X, 185113 = (I All2[|Bll#)?. Similarly for rows, we havgl AB||p <
Al 7| Bll2-

Thus, we have

Var [p(X)] = 2[|M|[p < 2|58 2| Py pI="H222 ]2 < 1+ Ofelog(1/2)) -

0

Next, we need to consider. In particular, we note that by the similarity Sfand.S’, i must be between
the 40 and 60 percentiles of values gf(X) for X € S. However, sinceS is (e, 7)-good, this must be
between th&0 and70 percentiles op(G). Therefore, by Cantelli’ s inequality,

= B [p(0) <2, [Var[p(X)] < 3. (40)

We are now ready to proceed. Our argument will follow by nptihat while@Qg:(p) is much larger than
expected, very little of this discrepancy can be due to gaimtS \ L. Therefore, the points off must
provide a large contribution. Given that there are few mintE, much of this contribution must come
from there being many points near the tails, and this willrgotee that some valid threshdldexists.

Let i be Exg[p(X)]. In particular, we have thafarxc, s (p(X)) = Qg(p) > 1+ Celog?(1/e),

which means that o
Yoxes IP(X) —fi
S|

Now, because is good, we know that

)
Sxes M ZPL — () - 1)1+ 0(0) = Yag [p(X](1 + O6)) < 1+ O og(1/:).

> 1+ Celog?(1/e).

93



Therefore, we have that
ZXGS\L Ip(X) —
|51
Hence, forC' sufficiently large, it must be the case that

> Ip(X) = A’ = (C/2)elog?(1/e)]5']
XeFr

<14 O(elog(1/e)).

and therefore,
> Ip(X) = u* = (C/3)elog®(1/2)]S| -

X€eE
On the other hand, we have that

> Ip(X) =l = /OO{X € E: |p(X) —p| > t}2tdt
X€eE 0

C4log(1/¢) (dlog(N/T))
< / O(te| S'))dt +/ (X € B p(X) — pul > 2tdt
0 C1/410g(1/e)

(dlog(N/7))
< O0(C?clog?(1/e)|S']) + |9 Pr (Ip(X) — p| > t)2tdt .
C1/410g(1/e) X EuS’
Therefore, we have that
(dlog(N/7))
/ Pr (|p(X) — p| > t)2tdt > (C/4)elog?(1/¢) . (41)
C1l/410g(1/e) X€uS’

Assume for sake of contradiction that

(Pr () = i = T) < 12exp(—(T = 4)/3) + 3¢/ (dlog(N/7))?

for all T > 1. Plugging this into Equatio (41), we find that
(dlog(N/7)) (dlog(N/7))
/ 24 exp(—t/3)dt —1—/ 6te/(dlog(N/7))2dt > (C/4)elog?(1/e) ,
C1/410g(1/)—4 C1/410g(1/¢)
which yields a contradiction. O
Finally, we need to verify that if our algorithm returns outjn Sted 12, that it is correct.
Claim 8.25. If the algorithm returns during Stdp1L2, thex(S, S”) < A(S,S’) — ¢/(dlog(N/7))2.

Proof. We note that it is sufficient to show thgf \ S”| > [(S'\ L) \ S”|. In particular, it suffices to show
that

{X € E:[p(X) —pu[>TH >{X € S\ L: [p(X) —p > T}

For this, it suffices to show that
{X €S |p(X) —pl > T} >2{X € S\ L: [p(X) —pu| > T},

or that
HX €S8 |p(X) —pl > T} >2{X € S: [p(X) —pu| > T}
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By assumption, we have that
{X €8 [p(X) — ul > T} > (12exp(—(T — 4)/3) + 3¢/(dlog(N/7))*)|5"| -
On the other hand, we have that

{X €S p(X) = ul > TYH < |S|2Pr(|p(G) - pl > T) +¢/(dlog(N/7))?)
<315 Pr (Ip(X) = pl > T) + 3¢/(dlog(N/7))*)|$'] .

On the other hand by the last claim(X) for X ~ G is an even degre2-polynomial of a Gaussian with
variance at most/2. Therefore, by Lemmia 8.15

Pr (p(X) — E[p(X)]| > T) < 2/3-213Vab00) < exp((T —1)/3))

However, from equatiod (40E[p(X)] — » < 3 and so

Pr(p(X) — i > T) < 2exp(~(T ~ 4)/3).

This completes our proof. O
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A Deferred Proofs from Section2

Proof of Lemma& 2.15We include the simple proof for completeness. By Kraft'sguality, for any pair
of distributions, we have thaf?rv(P, Q) < 2H?*(P,Q), where H(P,(Q) denotes the Hellinger distance
betweenP, (). SinceP, () are product measures, we have that

d

d
1-H(P,Q) =[]0~ B2, Q) = [[(vrid + V(1 —p) (1 — ) -

i=1 i=1

The elementary inequaliyv/ab = a + b — (v/a — vb)?, a,b > 0, gives that

(pi — q;)?
VPigi + (1 —pi))(1 —q;)) 21— =1-2z.
b+ V(1 =p)(1—a) (pi +@)(2 —pi — @)
Therefore,
d d
diy(PQ) <2-(1-JJ1—2) <2) =,
=1 =1
where the last inequality follows from the union bound. O
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B Deferred Proofs from Section 4

This section contains deferred proofs of several conceémtrinequalities.
Proof of Lemm&4]5Recall that for any/ C [m], we letw’ € R™ be the vector which is given by = i‘

7
fori € J andw] = 0 otherwise. By convexity, it suffices to show that

N
> w/viyT - (1-20)1
=1

Pr|3J:|J|=(1—-2¢)N, and

251] <T
2

For any fixedw”’ we have

N
S wlvy —I= ——— =% ZYYT

=1
1
Yy, — I— Y,y — 1)1] .
1—25 Z 1—2e (125 Z <1—2€ > )

Therefore, by the triangle inequality, we have

< I

I T (1 _ T
Iviyh — (1 —20)1 1_25 ZYY

T
1—2 ZYY (1—25 1>[
By Lemmd 4.3, the first term is at magt with probability 1 — 7 by setting

N <d+1<;g%(1/7)> |

2 2

We now wish to show that with probability — 7, there does not exist & so that the second term is
more tharn,, for our choice ofN. By multiplying both sides by, = (1 — 2¢) /e, this event is equivalent to
the event that there is.Aso that

25N YY1 >mér

i€ J

2

By Lemmd4.3, for any fixed’, this happens with probability at mostif we choose

/
N> Ar1s(/T) (42)
Y07

for some universal constant We wish to union bound over all of size(1 — 2¢)N. There are((l_JZVa)N)

such events. Thus, we také= ((1—];3)1\/)_17- We now need to show that for our choicefandr’, (42)

is satisfied. By algebraic manipulations, and the fact ch@(a"n) = O(nH(«)) for n sufficiently large,
whereH () is the binary entropy function, the RHS &f {42) simplifies to

Cd +logl/7" Cd +log1l/7 + O(NH(2))

o7 07
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Thus, [42) is satisfied if

N<1— H(2s)> ZCd+log1/7' '

H(2¢)
67

By our choice ofjy, (1 — ) > 1/2, and hence[{42) is satisfied for our choiceraf O

Proof of Lemm&4l9tet U = VAV be the diagonalization d@f. Then by the properties of trace, we have

' Ztr X, XTU) —tx(U)

N
- '% D (XX VAVT) — tr(A)

N

1

~ > (X VAVTX;) — tr(A)
=1

LetY; = (Yi1,...,Yid) = VTX;. SinceV is an orthogonal matrix, and because a spherical Gaussian is
rotationally invariant, we hav&; ~ N (0, I). By computation, the lemma is equivalent to the statemexit th

N d

Zz%mi—n <94.

i=1 j=1

SinceY; ~ N(0,1), we have that th&3 — 1 are all independent random variables wi#i? — 1[|,,, < ¢
for some universal constant Thus, we may invoke Bernstein’s unequality (Prop 5.16)erglour weight
vectora € RV is given bya;; = \;/N, and thus satisfiel| . = ||U]|/N and

lal = ZZ N

since by assumptiol ¢ = ||U||% = 1. Thus, Bernstein’s inequality gives us that

zl]

Pr izﬁ}ﬂ—l > 0| <2exp |—K min i L
N - /N’ c|U||/N

=1 j=1
< 2exp [—Q (min (52N7 5N))]

<7,

for our choice ofN, where the second line follows because the spectral normyoffreatrix with Frobenius
norm1 is at mostl. O

Proof of Theorerhi415:etv = A° € Ssym- We will show that
T
(v, Mv) = 207 (592) v 40T (37) (2) 0.

SinceM is a symmetric operator dﬁdQ, its quadratic form uniquely identifies it and this sufficegptove
the claim.
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Since A is symmetric, it has a eigenvalue expansibn= Zle Niuzul’, which immediately implies
thatv = % | A\u; © u;. Let X ~ A(0,%). We compute the quadratic form:

<2},M’U> )\Z)\j(u, ®UZ,E[(X®X)(X®X)T]UJ ®Uj>

I
IM&

-

<
Il
—

I
iM&

AN E [(u; @ g, (X @ X)(X ® X) u; @ )]

-

s
Il
-

I
IM&

)‘i)‘j E [<ul7 X>2<uj7 X>2]

-

<
I
—

>

I
iM&

i E (BT, Y)Y (B ;. Y)?

-

&
Il
-

/\i>\j (<BT’LLZ', BTUZ'><BT’LLJ', BT’LLj> + 2<BT’LLZ', BTuj>2) s

~.
Il
—

I
.M&

)

where the last line follows by invoking Isserlis’s theorevye now manage both sums individually. We have

d d 2
Z )\Z’)\j<BTUi, BTUZ‘><BTU]', BTUj> = <Z )\ZU;FZUZ>
i,j=1 i=1

d

and
d
Z /\2)\3 (BTUZ', BTUj>2 == Z >\i/\j<(BTui)®2y (BTuj)®2>
i,j=1 4,

d
=Y AN((BT @ BMu; ® uj, (BT ® B )u; @ uy)
ij=1

d
= Z i (u; @ ui)2®2(uj ® uj)
ij=1
= oT2%%y .

B.1 Proof of Theorem4.1¥

We will proceed in a couple of steps. First, we prove conegiotn of the empirical fourth moment, without
worrying about removing points. We will use the followingetirem:
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Theorem B.1(Theorem 5.44 of Vershynin)Let A1, ..., Ay € R? be independent random variables with
identical second momett = E[A; AT]. Let R be so that| A;|| < v/R almost surely for ali. Then, for all
t > 0, we have that with probability at least— n - exp(—ct?),

N
1 T 12 2 [
- A < = .
N ; 1 A A =% max (HEHZ ¥,y > where v =t

2
With some massaging, this allows us to show:

Lemma B.2. Fix ¢, 7 > 0. Let M, denote the canonical flattening of the fourth moment tenfdr @, 7).

We have that with probability — 7,
[ d3 1o L 100 X

1 N
T
5 > %zl — M
=1

In particular, if

thenH% SN 7,77 - M4H2 < 0(e).

We briefly remark that with somewhat more involved (but stadyl methods, we believe we can
strengthen this bound to

2 2 3
voa (Ll 4
9 9
However, for simplicity of exposition we only present theaker bound.

Proof. Let D be the distribution oveR? which is given by X®2 where X ~ N(0,1) if |X|2 <
O(dlog(N/(r¢))), and0 otherwise. That is, a sample from is drawn by samplingk ®2, and zeroing

it out if its norm is too large. Lef C [N] be the set of indices so thik; |2 < O(dlog T—J\f:). For each € I,
we have thatX; ~ D. Let M} = Ex..p[(X®?)(X®%)T]. Since we are only removing large points, it is
evident thatM < My, and||M,|| = O(d?). By TheoreniB.IL, we have

[dlog Llog m
< max (O(d)%yZ) where 70( OgTIOgT‘E) ,
2

except with probabilityl — O(7). By basic Gaussian concentration, we know that the probalilat we
throw awayZ; from this process is at moét(7/m). Hence with probability —O(7), we have thal = [N].
Union bounding over these two events and simplifying yields

f 11, N
<O< d3longogT€) .
- N

1
i > ziz] - M
el

1 N
2 : T M
1=1

2
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It now suffices to show thath/, — M2 < O(e). We have

I3 = Ml = 210X & X)0x 0 )7 - B [0 X)X @ X)7] 115 < 0 (arog 2 )|

2
<E[I(X © X)X ® X)L x0010s 2

=E [|’X\\§1{||x||gzﬂ(dlog ?Ns)}]

o0
< / t2Pr[|| X3 > t]dt
Q(dlog &)

<0(e),
by basic Gaussian concentration. O

We have now shown that spectral concentration holds whenomé dllow any subselection of the
points. To complete the proof of the theorem, we now needdacaacentration of low-degree polynomials
to show that this still holds when we allow ourselves to reenpwints.

Proof of Theorerh 4.17We will first prove a couple of key claims. First, we shall shibxat there cannot be
too manyi so thatp?(X;) is large:

Claim B.3. Fix 7,e > 0. LetN > Q (log(1/7)/e?). There is a universal constant (independent af) ¢
so that for allc > ¢/, we have that with probability — O(7),

L.

N |{i: PA(X;) > clogz(l/s)}‘ < 2.
Proof. Let U’L = 1{p2(Xi)chog2(1/€)}' Then,E[U,] = PrXNN(07[)[p2(X) > Clog2(1/5)] < O(E) The
result then follows from a Hoeffding bound gh > | U;. O

We now show that if we remove all points so th&{(X;) is too large, then this cannot change the
expectation by too much:

Claim B.4. Letc > 0 be sufficiently large. Fix,e > 0, and letN > Q (log(1/7)/?). Let4; = p*(X;) if
p*(X;) < clog?(1/e), and0 otherwise. Lety = Ex 0.1y [p*(X)]. Then

1 N
- Ai—Oé
v

Proof. Let X ~ A(0,1), and letA = p?(X) if p?(X) < clog®1/e, and0 otherwise. LetA be distributed
asD. ThenA; ~ D for all i. In particular, eachd; is a bounded random variable. Hence, by Hoeffding’s
inequality, by our choice aoiV, we have

1 N
P
Ni:l

< O(c-elog?1/e) .

<0(e),
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wherea’ = E4.p[p?(A)]. It thus suffices to show théw’ — a| < O(c - elog® 1/¢). We have

/ _ 2
‘Oé - Ot‘ - XN_/Q];:(O,I) |:p (‘X*)l{;n?(X)chog2 1/6}]

= / t2 Prp(X) > t]dt
Vclogl/e

g/ t2 exp(—Q(t))dt
Velogl/e
< O(c-elog?1/e) .

O

Let us now prove the theorem. We first condition on the evaaitftir all homogenous degree 2 polyno-
mialsp with ||p||2 = 1, we have

<0(e). (43)

1 N
LY ) 1
i=1

We observe that every= M € S corresponds to a homogenous degree two polynagmig) = X7 M X,
and moreovelp||2 = 2||M||r. Then Lemma 7 asserts that by our choicé\gf(43) holds with probability
1 — O(1). Moreover, this implies that to show the theorem, it suffiteshow that for all homogenous
degree two polynomials with ||p||2 = 1, we have

< O(elog®(1/2))

N
Z w,-pz(X,-) —1
=1

forallw € Sy,
Moreover, letC be a(1/3)-net for the set of all homogenous degree 2 polynomials {iith = 1. Itis
well-known that we can takig| = 20(@) . Let us also condition on the event that forzalt C, we have

% |{i: pA(X;) > clogz(l/a)}‘ < 2¢, and (44)

1 m
NZA"_l

i=1

< O(elog?1/e) , (45)

whereA; is defined as in Claifin Bl4 depends @By claimgB.3 an@ Bl4, by our choice 8f, for any fixed
p, these hold with probability — O(7'), wherer’ = O(7/|C|), so that by a union bound this event occurs
with probability 1 — O().

Fix anyp € C. Let J* be the set oRe N indices with largestp?(X;) — 1), and letJ; = {i : p?(X;) >
clog®(1/¢)}. Observe thatl; C J*, by (@4). Moreover, by[(45), we have

2w - 1)

igJy

< O(elog*(1/¢)) . (46)

Fix anyI C [m] so that|7| = (1 — 2¢)N. Partition[N] \ I into two sets/* U .J~ whereJt ={i & I :
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p?(X;) > 1}, andJ~ = {i ¢ I : p*(X;) < 1}. We then have

TDSCOEDEST I SRCORREE D IGEIEE)
iel iefuJ+ eJ—
1 N
mZﬂX—Hﬂﬂzwmww
i=1 i€
B
<O0(e) + 7]
< O(e) . (47)

where the penultimate line follows froi (43) and sin€éX;) > 0 and hencep?(X;) — 1| < 1 for all
i € J~. Moreover, we have that

HZ 1—2€Nz

iel igJy

zwv@%Z@mwn

igT;
> —O(elog®1/e) ,

by {@8) and hence this along with {47) implies tlﬁﬁ S (PH(X5) — 1)‘ < O(elog?1/¢). Since this
holds for allI with || = (1 — 2¢) N, by convexity this implies that for alb € Sy ., we have

S !

el

< O(elog®1/e) .

Finally, by the usual net argument, this implies that fodaree 2 with ||p|l2 = 1, we have

S wo?

el

< O(elog?1/e) ,

which by the logic above, suffices to prove the theorem. O

C Deferred Proofs from Section®

Proof of Theoreri 518The first two properties follow directly froni (25). We now sth¢he third property.
Suppose this does not happen, that is, therejaieso that! = ¢(j) = ¢(j') so that|u; — p;||3 >
Q(dklog k/e). That means that by (P5) there is some sequence of clusters. , S; so thatS; N .S; 11 # @
for eachi, |S;| > 4eN for eachi, and moreover, there is¥; € S; so that||X; — u1||3 < O(dlog k/e)
and anX; € S; so that||X; — us||3 < O(dlogk/e). But by (25), we know that each; contains an
point X;» so that|| X;» — u,,||3 < O(dlog k/¢). In particular, by the triangle inequality, this means fifiat
ftr; — triss I3 < O(dlogk/e) foralli =1,...,t — 1, and we can set,, = ji; andy,, = 1.

Construct an auxiliary graph dnvertices, where we put an edge between nodemdr; ;. By the
above, there must be a path frgnto 5/ in this graph. Since this graph hasodes, there must be a path
of length at mos# from j to j'; moreover, by the above, we know that this implies that — Mj'||§ <
O(kdlogk/e).
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Finally, the fourth property follows from the same argumasithe proof of the third. O

Proof of Lemm&5l9tet C = SN wi(X; — p)(X; — )" — 1. Letw be the top eigenvector of

N
> wi(Xi = ) (X — )" =T = iy — p)(py — )"
=1 J€lk]

Observe that by (26), we have

N
Z wi(Xs — ) (Xi — )" = Z wi( X — ) (Xs — )"
=1 i€G
= we(I+Q) — f(k,7y,61)1
i (1 - E)(I + Q) - f(k777 51)‘[ 3
and so in particular

N

> wi(Xi - )X — )" = I+ Q) = —e(I+ Q) — f(k,v,01)I .
=1

Therefore, for any unit vectar € R?, we must have
N C
uT (Z wZ(XZ - /L)(XZ - /L)T - (I + Q)) u > —E’LLT(I + Q)UT - f(k777 51) > _ih(k7776) .
i=1

In particular, sinc#vT (Zf\;l wi(X; — ) (X — )T — (I + Q)> ’U‘ > ckh(k,~,d), we must have

N
ol (Z wi(X; — p)(X; — ,u)T - I+ Q)) v >0,

i=1

and hence

i=1

N
vt <Z wi( X — p)(X; — )" = (I + Q)) v = ckh(k,7,9) .

LetU = [v,uq,...,uq_1] be and x k matrix with orthonormal columns, where the columns span the
set of vector(p; — 1) = j € [k]} U{v}. We note the rank of this set is at mastiue to the definition of
.

Using the dual characterization of the Schattenkomrm, we have that

_ T T
1Clr, = XrenﬂgﬁkTr(X CX)>Tr(UTCU).
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Observe that since spgf) C spar{U), we have

1C]ln, = Tr (UTCU <UT <Z w;(X; X )T -+ Q)) U> + Q|
=Tr (UT(C—QU)+ >

JE[K]

k—1
=T(C - Qu+ Y ul(C-Qui+ >

i=1 JEK]
> ckh(k,y,6) — (k — D)sh(k,7,0) + > _ 7
JE[K]
C
5 k /77 + Z /73 )
JE[K]

as claimed.
O

Proof of Lemm&5.10By Fac4.2 and{27) we have)~, _ vt X; — pll < k'/25,. Now, by the triangle
inequality, we have

S wx

1€ER

> [|A]l2 -

Zwl i — ) — Wyt

i€eG

> Q([|A]l2)-
2

Using the fact that variance is nonnegative we have

T
ZZ—Z(Xi—u)(Xi—u)Ti <Z;U—Z(X¢—u)> <Z;U—Z(Xi—u)> :

el el i€l

2 2
ZQ<HAHQ> ZQ<HAHZ>,
Wy £

2

and therefore

D wi(Xi = p) (X — )"

el

On the other hand,

Y wil X — p)(Xi —

1eG

> wi(Xi — ) (X — )" — wyl

1eG

+wp < f(k,y,01) + wp.
2

2

where in the last inequality we have used 4.2 (26)célaltogether this implies that

0 (1) gm0 20 (12E)

X, -l -1
(Xi —n) 2 .

as claimed. O
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C.1 Proof of Theorem[5.12

Once more, lel\ = u — 1 and expand the formula fav/:
N N
S wYiY =T = wi(X;—p+ A) X —p+A) —

wi(X; — p)(X; I+sz i AT—I—AZwZ i ,u)T—l—AAT
i=1

Il
M=

.
Il
—

wZ(XZ — ,u)(XZ — ,u)T —I— AAT .

I
.MZ

s
I
—_

We start by proving completeness.
Claim C.1. Suppose thav = w*. Then|[M||7, <> ;075 + %2751)

Proof. w* are the weights that are uniform on the uncorrupted pointecaBsell < 2N, we have that
w* € Sy . Using [26), this implies that* € Cy( 4,5,)- (ey/log1/e).

Y wi (X —p)(Xi — )" — 1= AAT
i=1 T
N
<IN wi (X =) (X = )" =T =" eyl — ) — )" ||+ [ D il — ) — )|+ [1AAT
i=1 jelk] T, JEK] T,
< kf(k,y,01) + Y 75+ O(e* log 1 /e)
JElk]
ck:h k‘ ckh(k,v,6)
<> i+ .
JEK]
O

Claim C.2. Suppose thaw & Cepp(k,,5)- Then||M [z, > > ;cp 75 + M

Proof. We split into two cases. In the first cage) ||2 < Ckh(ﬁ)’%‘s)

. By Lemmd5.D, we have that

3ckh(k,~,9)
T _ > R )
1 N) I = Z fYJ + 4
T, Jjelk]

By the triangle inequality,

3ckh(k,, ckh( k: Y, 0

Ml = 3 5y + 2D yag s 37 4 B
JElk] i€[k]

as desired.
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In the other casg|A||2 > Ckh(fd% ). Recall thatQ) = > et @ (1
M as follows:

N
M= wi(X; — p)(X; — )" =T — AAT

= (Z wi( Xy — ) (Xi — )T — wyI — ng> +wyQ + Zwi(X

i€G i€l

Now taking the Schatten topnorm of M, we have

1€G eR
> lwgQ + Y wi(Xs — )X = )" | = | D] wi(Xi = ) (X = )" = wyl —wyQ
el T 1€G
> wgQ+ > wi(Xi —p)(Xi = )| = kf(k,7,01) —4e — | All3
1€ER T,
2 Z%"ldw) + ) S wi(X — ) (X — )T = kf(k,v,61)
JEK] ick Tk
A3
JElk]
ckh k ckh(k,~,4)
> Z v+ .
JEK]

— ) (1

(Z wi(X; — p)(Xi — )" — wyl — ng) +weQ + Y wil Xy — p)(Xi — )" — wyl — AAT

Ty,

—4e — || A3

— )T from (22). Write

— ) (Xs — )T —wpI — AAT

Ty,

— [[wel |2 — ||AAT],

(48)

The first inequality is the triangle inequality, the secoady [26) and Fadt 4.2, the third is because the
summed matrices are positive semidefinite, the fourthvi@lérom Lemma5.710, and the fifth holds for all

¢ sufficiently large.

By construction, we have thétw) > 0. It remains to show tha(w*) < 0.
ANT
-1
e LS — 1)
ieG Ty
= A)( AT T
e L —p+A)
i€ Ty
< ,G,Z —w)" = 1= (g — )y — )"
€@ JEkK]
11D (g =g —m)"|| 20 All2 ‘Z
JE[k] T, ieG
<Ef(Ry,00) + ) v+ 2620l Al + [|A]3

JE[K]
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Therefore,
Uw*) < kf(k,v,8) + > v+ 2626 Al + A3 —
JEK]

If A3 < FE20) then

2kd\/ch(k,~,d ck:h k7,
<>y + kh(k, 7y, 6) + 715 o ) _

JEK]

We wish to show that

2ké+/ch(k,,d ckh k,7,d)

V10 0
or equivalently, that

- ch(k,~,9)

_72\/ﬁ .

But this is true fore sufficiently large, as/h(k,~,d) > v/o. Therefore,

k,
Z% (c+5)kh( %5)—A§0,

5
JE[K]

where the second inequality holds sinte- Zje[k vj + M

On the other hand, consider whga ||3 > M By @E) we know that

=Y J+Q< ”2>

JEK]

Then we know N
(W) < kf kv, 8) + 26125 Alls + A2 — © <_” 5H2> ,

The first and third terms are immediately dommatede/HA'b) it remains to show that
A 2
k25| All; = O <|| 6H2> '

Or equivalentlyk'/?dc = O (||A|l2) . This follows since
IA]l2 > O(V/h(k,7,0)) > O(VES2) = O(k/?5¢)

Therefore in this case as wellw*) < 0, as desired.

D Deferred Proofs from Section 6
Proof of Lemm&6.22By Lemmd6.6 applied with’ := £3/2 /10d in place ofz, since we hav€(d* log(1/7) /%)

samples fromP, with probability at leasti — 7, the setS is such that for all affine functiong, it holds
|Prxe,s(L(X) > 0) — Prx.p(L(X) > 0)| < &’/d. We henceforth condition on this event.
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Let Cr be the event that all coordinates’intake their most common value. For a single coordiriate
the probability that it does not take its most common valuiy{p;, 1 — p;}, satisfies

min{p;, 1 —p;} = pi(1 — p;)/ max{p;, 1 — p;} < 2p;(1 — p;).

Thus, by a union bound, we have tHatp(Cr) > 3/5. Let #7(x) be the number of coordinates of
in 7" which do not have their most common value, and observe #é&t) is an affine function ofr.
Noting that forz € {0,1}¢, we have that — #r(z) > 0 if and only if Cr holds forz, it follows that
| Prg(Cr) — Prp[Cr]| < €'/d. Hence, we have thatrg(Cr) > 1/2.

For any affine functiorL(x), let

Lp(x) = L(z) — #r(z) - Jhax L(y).

Note that forz € {0, 1}¢, we have that.;-(z) > 0 if and only if L(z) > 0 andCr holds forx. Therefore,
we can write

Pr (L(X)>0)— Pr (L(X)>0)

‘ _ |Prxe,s(Lr(X) >0)  Prxop(Lr(X) > 0)‘
XeuS X~P

PrXeus(CT) PI‘XNP(CT)
_ |P1"X€u5(LT(X) > 0) PI“XNP(CT) — PI"XNP(LT(X) > 0) PrXeug(C'T)|
Prxe,s(Cr)Prx.p(Cr)

< (10/3) - ( Pr (Lr(X) > 0)- ( Pr (Cr) = Pr (Cr))

~ Pr(Cn( Pr (Lr(X) > 0) = Pr (Lr(X) > 0)))

< (10/3) - 2¢'/d < &%/% Jd? .

Pr
X~P

This completes the proof of Lemrha 6122. O

E Deferred Proofs from Section Y

Proof of Lemma 7l6Let Sp C S be the set of samples drawn frafhand S C S be the set of samples
drawn from@Q. Firstly, we note that by a Chernoff boundSp|/|S| — a| < O(e/d?) with probability
1 — 7/3. Assuming this holds, it follows thatSp| > (a/2)|S| > (¢'/6/2)|S| = Q(d*log(1/7)/£?).
Similarly, [Sg| > (1 —a)|S|/2 > Q(dlog(1/7)/e%). By Lemmd6.6 applied with’ := (¢?/4) - ¢ in place
of £, since we hav€((d* + d?log(7))/e?) samples, with probability — 7/3, the setSp is -good for P,
i.e., it satisfies that for all affine functions, | Prxe,s,(L(X) > 0) — Prx.p(L(X) > 0)| < &'/d. We
show that assuming is ’-good, it is(e, i) good for each < i < d.

Note thatPrx..p[X; = 1] = p; > candPrx..p[X; = 0] = 1 —p; > ¢. Since|Prx..p[X; =
1] — Prxe,s,[X: = 1]| < c®c/(4d), it follows thatPrx¢,s[X; = 1] > ¢/2. For any affine functior’,
defineL()(z) := L(x) — x;(max, |L(y)|) and LM (z) := L(z) — (1 — x;)(max, |L(y)|). Then, we have
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the following:

Pr (L(X)>0)— Pr (L(X)>0|X;=1)

XeuSp
| Prxe,s;, (L'(Xx) > 0) _ Prxop (L'(X) > 0)
Prye, s, (Xi >0) pi

< (2/¢%) (xePfsl (LY(X) > 0) p; — P (L'(X) > 0) ngsl (X; > O))

< (2/¢%) (m (XEI;S“ (Ll(X) > 0) —XPNrP (Ll(X) > 0)) — Xflrp (Ll(X) > 0) (XéPrS1 (X; >0) —pi>>
<2/ct-2/d<e/d.

Similarly, we obtain that

<eg/d.

Xg’ursl (L(X)>0)— XPNrH (L(X) > 0)

So, we have tha$p is (¢, i) good forP for all 1 < i < d with probability 1 — 7/3 . Similarly, Sq is (e, 7)
good for@ for all 1 < i < d with probability 1 — 7/3. Thus, we have thatSp|/|S| — a| < ¢/d?, Sp
is (¢,1) good for P and Sy is (e,4) good for@ for all 1 < i < d with probability 1 — 7. That is, S is
(e,4)-good forIl for all 1 < i < d with probability at least — 7. O

Proof of Lemm&7.19% et Sp C S be the set of samples drawn frafhand.Sg C S be the set of samples
drawn from@. Firstly, we note that by a Chernoff boundSp|/|S| — a| < O(g/d?) with probability at
leastl — 7/3. Assuming this holds|Sp| > (a/2)|S| > §|S| = Q(d*log(1/7)/e%). Similarly, |Sg| >
(1-)|S]/2 > Q(d* log(1/7)/<%).

By Lemmd6.6 applied with’ := ¢/6, since we havé)(d*log(1/7) /") samples, with probability at
leastl — 7/3, the setSp is e-good for P. Similarly, with probability at least — 7/3, the setSg, is e-good

for Q. Thus, with probabilityl — 7, we have that% — oz‘ < ¢ and thatSp and.Sg ares-good for P and

Q respectively. O

F Deferred Proofs from Section 8

Proof of Lemm&8l13By Fact4.8, the first property holds with probability at lehs- /3. After translating
by &, we note that (i) and (iv) follow immediately from Lemmias¥and 4.4 with probability — 7/3. It
remans to show that, conditioned on (i), (ii) holds with mbliity at leastl — 7/3.

To simplify some expressions, lét= ¢/(dlog(d/e7)) andR = C'\/dlog(|S|/T).

We need to show that, jf is the indicator function of any halfspace, with probapitit leastl — /4 it
holds

E SO0 - E [FO0]] <8

In fact, we will show that with probability at least— 7/8 we have

E [f(X)] < E [f(X)]+3,

u

as the other direction will hold with a similar probability.
In order to do this, we will demonstrate a finite collectiorf indicators of halfspaces so that for any
halfspace indicatof, there is &y € C so that
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e g> fonB(uY R), and

o Exclg(X)] < Ex~c[f(X)] +4/2.
We note that given such@ by an application of the Chernoff and union bounds, we hasedo long
as|S| > log(|C|)/6% it holds

E 9001 - E [g(X)]| <0/2

for all ¢ € C. This would imply that for allf in question, ifg € C is as guaranteed above, we have

xgs[f(X)] < xgs[g(X)]

< E [g(X)] +5/2

< E /0] +3.

N

where the first line above holds sinsés supported o3 (1Y, R).

It remains to construat. We claim that it suffices to take be the the set of indicators of halfspaces of
the formv - (z — u%) > T, wherew is taken from a/(C R)-cover of the unit sphere aridis a multiple of
§/C with |T| < 2R. By standard results, can be taken from a set of siz&é/R)? andT from a set of size
O(R/$), thus|C| = O(§/R)¥*1. Hence, condition (i) will be satisfied with appropriatétigh probability
so long agS| > dlog(6/R)/e?, which is sufficient for our purposes.

What remains to show is that ttiz described above is sufficient. Considgrthe indicator of the
halfspacew - (x — u“) > T for some unit vectow. If |T| > R, f is constant orB(u“, R), and replacing
T by sgn(T)R does not chang¢ on B(1“, R) and changes the expectation foby a negligible amount.
Therefore, we can assume tH@] < R. Letwv be a unit vector withjv — wl||s < (§/(CR)) andT’ €
[T—25/C, T —¢§/C] be amultiple o6 /C. We claim that thgy € C given by the halfspace- (x — %) > T"
suffices.

To verify the first property, note thatif - (z — &) > T, then

vz —p)=w-(x—p)+w-w)-(x—p >T—RG/(CR)>T.

For the second property, we note that the expectatighi®an error function of", while the expectation af
is an error function of”. Since the error function is Lipschitz, the differenc®isl'-7") = O(6/C) < §/2
for C sufficiently large. This completes the proof. O

Proof of Lemm& 8.15Note that an even polynomial has no degteierms. Thus, we may writg(z) =

Zi pi,ix? + Zi>j Di jTiZ; + Do- Taklng (Pg)m' = Dii and (PQ,)ZJ = (PQ,)]J = %pi,j’ forz > j, giVES that
p(x) = 27 Pyx + po. Taking P, = X1/2Pj¥1/2, we havep(x) = (X1/22)T Py(X~1/22) + po, for ad x d

symmetric matrixP, andpg € R.

Let P, = UTAU, whereU is orthogonal and is diagonal be an eigen-decomposition of the symmetric
matrix P,. Then,p(z) = (US~1/22)T P,(UX~1/2z). Let X ~ GandY = UX~Y/2X. Then,Y ~ N(0,1)
andp(X) = >, \;Y;2+po for independent Gaussias Thus,p(X) follows a generalizeg ?-distribution.

Thus, we have

E[p(X)] = E [Z NY2 4+ po

=po+ > Ai=po+te(Py),
5

and
Var[p(X)] = Var

DAY +po

=> A =|Prl2.
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Lemma F.1(cf. Lemma 1 from[[LMOO]) LetZ = . a;Y;?, whereY; are independent random variables
distributed as\V'(0, 1). Leta be the vector with coordinates. Then,

Pr(Z > 2|all2v + 2[|alloc ) < exp(—2) .

Pr (Z AN(YE-1)>2 [ A+ 2(max )\i)t) <et.

Noting thattr(Pg) = Zz )‘i'Zi )‘22 = HPQ”F andmax; \; = ”PQHQ < ”P2

We thus have:

, for p, = E[p(X)] we have:
Pr(p(X) — pp > 2||P2|[p(VE +1)) < et
Noting that2/a = 1+ a — (1 — \/a)? <1 +afor a > 0, we have
Pr(p(X) — iy > [|Pallp(3t + 1)) < e~ .
Applying this for —p(x) instead ofp(z) and putting these together, we get
Pr(Ip(X) — iyl > | Pal|p(3t +1)) < 27" .
Substitutingt = T/3|| P2 || r — 1/3, and2|| P2 ||% = Varxc(p(X)) gives:

Pr((p(X) — B _[p(X)]| > T) < 2¢1/3-20/8 Varxnalp

The final property is a consequence of the following antieemration inequality:

Theorem F.2([CWOT]). Letp : R? — R be a degreet polynomial. Then, fo&X ~ A/(0,I), we have

Pr(|p(X)| < ev/E[p(X)?] < O(de'?) .
This completes the proof. 0O

Proof of Lemma&8.16Note that we can reduce this to the case where 1. We can consider the multisét
of y with y = %~1/2z for the corresponding € S. Then,T is a set of independent samples fravi{0, 1)
and note that if it ige, 7)good forN (0, I), thenS'is (¢, 7)-good forG. Thus, we assume that = I.

By Facf4.8, the first property holds with probability at leas- /4.

Let Mg be the empirical second moment matrixsyii.e., thed xd matrix with (Mg); j = Exe,5[X; X;].
Then, by Lemm&4]3, with probability at ledst- /4, | Mg — ||y < £/4d%/2.

LetTs bed? x d*> matrix that is given by the canonical flattening of the engairfourth moment tensor
of S. Then, by(B.2, we have that with probability at least /4, || Ts — Myllz < /2, whereM, is the
flattened fourth moment tensor 6f = N0, I.

We claim that these bounds dig andT’s imply the the conditions about the expectation of even degre
2 polynomials. Using Lemm@8.1L5, we can writer) = z” Pya + po for a symmetric matrix?, € R4
andpy € R. Recall that we writePg c RY for the flattened out version d%. Then, in terms of these, we
can write

LE [p00] = po + tr(PT M)
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Lemmd8.I5b, gives thd x ¢ [p(X)] = po + tr(P). Thus, we have

| B p000] — B p(0]] = (B (Ms — )| < 1Byl — Tl
< /;fgg[p(X)]ﬁ ~d||Mg — I||2 (using Lemm&38.15)

<e [ E .

Again, in terms ofP, andp, we can write:

XIGE s[p(X)2] = p§ + 2potr(Py Ms) + Py Ts P

and

(E (0] = 9+ 2pote(Py) + B3TMAPS

We can take norms of the difference between these equagjmisgy

2 21| <« B 2 B .
| (E ()T = B X)) < 2poll P2l p [ Ms — Illp + [ P2l Ts — Mall2

We need to express the RHS in term&gf . [p(X)?] = Vary..q[p(X)]+Ex~c[p(X)]?. Using Lemm&8.15,
123 = Varx~a[p(X)]/2 < Ex~clp(X)?)/2 and|po| = [Ex~c[p(X)]+tr(P2)] < VEx~c[p(X)?]+
VA||P |l < Vd\/Ex~c[p(X)2]. Thus, we have

E (X)) = E [p(X)?| <20l Plpll Mg — I P2\ Ts — M.
IXeuS[p( )7l XNG[p( N < 2po|| P||p||Ms — 1| F + (| P27 Ts all2
< (2Vd|[Ms —I||p + | Ts — Mal2) E_[p(X)?]
< (22| Ms — ||z + | Ts — Mall2) E_[p(X)’]
e E [p(X)?].

X~G

IN

For the last property, we need a finite set of degr@@lynomials so that we can take a union bound.

Claim F.3. For any~ > 0, there exists a s&t of degree2 polynomials oriR? of size(v/dlog(N/7)(d? +
1))d2+2, such that for every degrepolynomialp(z) onR? such no coefficient gf(z) has absolute value
bigger thanl, except possibly for the constant term which has absolutes\at mosO(dlog(N/7)), there
is ag(x) € C such that for allz with ||z[|3 = O(dlog(N/7)), |p(z) — q(x)| < 7.

Proof. Note that any degre2polynomial onR? has at mosti? + 1 coefficients.

We takeC to be the set of polynomials with coefficients that are mlggmf~y /log(N/7)d(d? + 1) with
absolute value no bigger thanand constant term a multiple of log(N/7)d(d?+1) with absolute value no
bigger thanO(dlog(N/7)). Then,|C| < (v/dlog(N/7)(d? + 1)) +2. Now, givenp(z), we takey(z) € C
to be the polynomial whose coefficients are the corresponchefficients op(z) rounded towards zero to a
multiple of v/ log(N/7)d(d? + 1). WhenzT¥ =1z = O(dlog(N/7)), the absolute value of any monomial
of degree at mos2 is bounded from above blyz|%, < O(dlog(N/7)). Thus, the absolute value of the
error between corresponding termsp6f) andq(x) is at mosty/(d? + 1) and sojp(z) — q¢(z)| <. O

Let§ = /C(dlog(N/7))? for some sufficiently high constaat. We apply the above with = §2. Let
C’ be the set containing(z), ¢(x) — 52 andg(z)+62 for all ¢(z) € C. Then|C’| < poly((dlog(N/7))/)™.

By Chernoff and union bound faN > Q((dlog(d/s7))¢/e?), then with probability at least — /4,
for all ¢ € C’ that

Pr_(q(X) = 0)— Pr (q(X) = 0)| < £/2(dlog(N/7))? .

XeuS X~G
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We now ahow that if for all: € S we have thatr” ¥~z = O(dlog(N/7)), this implies the last property.

Note that if p(z) satifies the three claims then so dogs(xz) for any « > 0. Thus, we may as-
sume without loss of generality th&kr x.c p(z) = 1. Note that ifpy = 0 andz € S, then|p(z)| <
o' Poa < ||z]3]|Roll2 < O(dlog(N/7)) - | Pollr = O(dlog(N/7)), since by LemmaBAR||[|r =
Varx~.gp(x) = 1. Thus, if|py| > Q(dlog(N/7)) thenPrxc, s(p(X) > 0) is 0 or 1. In this case, the
claim for the minimum valuep,| can take and have this probabiltiyor 1 respectively is stronger. We
can therefore assume that| = O(dlog(N/7)). Since||P||r = 1/2, the absolute value of each other
coefficient is less thai.

Thus, there is a(z) € C with |p(x) —q(z)| < 62 for all z € S. Note that thig;(x) hasVar x .¢[q(x)] =
©(1) and thus, by anti-concentration bound&;x.c(|¢(X)> < §2) < O(6). Also, Prxcc[||X|2 >
Q(y/dlog(N/7)] < 7/N <. Hence, we have:

Pr (p(z) 2 0) > Pr (q(z) - 0% =0)

Xe€uS Xe€uS
¢(X)—86*>0)—C5§/2 (sinceq(z) — 6% € C')

Similarly Prxe,s(p(x) > 0) < Prx.q(p(z) > 0) + C4. Thus, we have

>0) < > 2
Lr(p(X) 2 0) < Pr (p(X) > 0) +¢/(dlog(N/7))?
which is stronger than the required bound.
By a union bound, all four of the assumptions we made that Witld probability at least — /4, hold
with probability at least — 7.
O
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