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AN INVOLUTION BASED LEFT IDEAL
IN THE HECKE ALGEBRA

G. LUSZTIG

ABSTRACT. We show that the Hecke algebra module carried by the involutions
in a Weyl group (defined by the author and Vogan) can be identified with a
left ideal in the Hecke algebra. An analogous result is proved for any Coxeter

group.

INTRODUCTION

0.1. Let W be a Coxeter group with set of simple reflections S and with length
function I : W — N. Let u be an indeterminate. Let $ be the Q(u)-vector space
with basis {T,,; w € W}. We regard §) as an associative Q(u)-algebra (with 1) with
multiplication defined by T, Ty = Ty if l(ww’) = I(w)+1(w'), (Ts+1)(Ts—u?) =
0if s € S. Let x: W — W (or w — w*) be an automorphism of W such that
S* =8, x2=1. Let I, = {w € W;w* = w~!} be the set of “twisted involutions”
of W. Let M be the Q(u)-vector space with basis {a,;w € I.}. Following [LV],
for any s € S we define a Q(u)-linear map Ts : M — M by

Tsty = Uty + (U~ Lag, if sw =ws* > w;

Tsayw = (u? —u — 1)ay, + (u? — w)ag, if sw =ws* < w;

Tsay = Qs if swW # ws™ > w;

Tsaw = (u? — 1)ay + ulags- if sw # ws* < w.
(For o,y in W such that y~'x € S or zy~! € S we write x < y or y > x instead of
I(z) =1l(y) —1.) According to [LV] and [L5], these linear maps define an $)-module
structure on M. Let §) be the vector space consisting of all formal (possibly infinite)

sums )y T where ¢, € Q(u). We can view §) as a subspace of §) in an obvious
way. The $-module structure on § (left multiplication) extends in an obvious way

to an $H-module structure on 5:3 We set
X= Y ulreh
zeW;x*=x

The following is the main result of this paper:

Theorem 0.2. (a) There exists a unique $-linear map p : M — $ such that
w(ay) = X. Moreover, p is an isomorphism of M onto the $-submodule ofj%
generated by X.

(b) Let z € L; we set paz) =, oy N2T, where NY € Q(u). For any x € W
we have N® € Z[u™"], hence we can define n® = N%|,~1_¢ € Z.
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(¢c) There is a unique surjective function m: W — L, such that forx € W, z € L,
we have n® =1 if z = w(x), n* =0 if z # n(x). (Note that (1) =1.)

This was conjectured in [L4] 3.4, 3.7] where it was verified for several W of low
rank. In the case where W is of type A4, and * = 1, part (a) of the theorem
was first proved by Hu and Zhang [HZ]. The proof of the theorem is given in
Section 1. In Section 2 we will discuss a special case of Theorem 0.2. Section 3 is
preparatory for Section 4. In Section 4 we discuss some applications of Theorem
0.2. For example, we show that if W is a Weyl group of type A, and if F is an
irreducible representation of §), then the action of X on F is through an operator
of rank 1; in particular, the image of this operator is a canonical line in FE. As
another application we show that if W is a Weyl group of classical type and FE is an
irreducible special representation of the asymptotic Hecke algebra attached to W
then E admits a basis such that any canonical basis element of that algebra acts
in this basis through a matrix with all entries in N.

A third application is a definition of a canonical G(F,)-stable subpace F’ of the
space of functions F on the flag manifold of a Chevalley group G(F,) over a finite
field F, with the following properties: if G = SL,,, then F’ contains exactly one
copy of each irreducible representation of G(F,) which appears in F; in general,
the dimension of F’ is a polynomial in ¢ with coefficients in N whose value at 1 is
the number of involutions in W. This polynomial is the sum of the fake degrees of
the various irreducible representations of the Hecke algebra (each one taken once).

1. PROOF OF THEOREM 0.2

1.1. The Z[u]-submodule of M with basis {a,;w € L.} is stable under the maps
Ts: M — M (s € S) hence is stable under the action of T, (x € W) since T, is a
composition of various Ts. Hence for x € W we can write uniquely

T.a1 = Z Lia,,

z€l,

where LY € Z[u].
1.2. Forx € W,z €1,, s € S we show:

(u? —u)L%, = u?L5® + (u? —u—1)L% if sz = z8* > 2,570 < m;
(u+1)L%, —ul? = u?L5® if s2 = 258" < 2,80 < x;

w?L?, o = u?LS" + (u? — 1)L2 if sz # 25* > 2,80 < x;
L% .. = u?L5® if sz # 28" < 2,50 < 13

ul® + (u? —u)L%, = L% if s2 = 258" > 2,810 > 15
(u+1)L%, + (u? —u— 1)L% = L% if sz = 25" < 2,52 > ;5
w?L?, . = L% if s2 # 28* > 2,80 > 5

L% .+ (u? —1)L% = L% if sz # 28" < 2,80 > 2.

SzS§

1.3. Forx € W, s € S we have TsT,a1 = ZZGI* LZTsa,. Note that TsTpa1 = Tszaq
if sz >z and TyTpa1 = u?Tspar + (u? — 1)Typay if sz < x. Thus,

Z LiTa, = Z L¥%a, if sz > =z,

zel, z€L,

Z LiTsa, = Z u?L%a, + Z (u* —1)L%a, if sz < =.
z€L, z€Il, z€I,
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Using the formulas for Tsa, in 0.1 we see that

Z LZ(ua, + (u+ 1)as,)

z€L;82=28*,82>2

+ Z LE((u? —u—1a, + (u* — u)as.)
z€l;s2=25*%,52<z

+ Z L‘zaszs* + Z Lg((u2 - 1)az + u2aszs*)
z€L,;s2#28%,82>2 z€L,;s2#28% 2<%

or, equivalently,

Z ulfa, + Z (u+1)L%,a,

z€L,;82=28*,82>2 z€l,;sz2=25*,52<2
2 T 2 T
+ E (v —u—1)Lia, + E (u* —u)L%,a,
z€L,;52=28*%,52<z z€L,;82=28%,82>2
T 2 T
+ E LY .a,+ E (u* —1)L3a,
z€L,;s2#28%,82<2 z€L;s2#28% 2<%
2rx
+ E u L, a,
z€L,;s2#28%,82>2
is equal to
sx :
E L¥%a, if sx >«
z€l,
or to

Z w Lia, + Z (u? —1)L%a, if sz < .

z€L, z€L,
We now take the coefficients of a, in the two sides of this equality. We obtain the
equalities in 1.2.

1.4. Let ~ : Z[u,u™'] — Z[u,u"!] be the ring involution such that u™ = (—u)~"
for any n € Z. We apply ~ to the equalities in 1.2 and multiply the resulting
equalities by u2. We obtain the following equalities:

(1+u)f” —fsz—i—( ~u +u+1) LD if sz = 28" > 2,50 < x;

(u —u)L —|—uL “if 52 = 28" < 2,50 <
LSZS =1 +(1—u) :ifsz;ézs*>z,sx<x;
2Lszs* =T if sz # zs* < z,50 < ;

—uL, + (1 +u)L., = u?L)" if sz = zs* > 2,52 > 1;
(u —u)L., * (—u2+u+ 1)L, =u?L." if sz = zs* < 2,51 > ;
Lszs* = u2L if sz 75 z28* > z,sT > w;

WLl .. + (1 — )L, = u?L)" if 52 # 28 < 2,82 > .

1.5. It is well known (see for example [L5]) that there is a unique function ¢ : I, —
N such that ¢(1) = 0 and such that for any z € I, and any s € S such that sz < z
we have ¢(z) = ¢(sz) + 1 if sz = zs* and ¢(z) = ¢(szs*) if sz # zs*. By induction
on I(z) we see that ¢(z) =1(z) mod 2 for any z € L.. Hence for z € I, we can set
e(z) = (=1)=)+2()/2 From the definitions we see that for any z € I, and any
s € S we have

(a) e(z) = —€(sz2) if sz = zs* and €(z) = —e(szs*) if sz # zs*.
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1.6. For x € W,z € I, we set
LY = (-1)!®e(2)L7.
With this notation the formulas in 1.4 can be rewitten as follows:

(1 —l—u)f/sz =I5 + (u? —u— 1)L7 if s2 = 25" > 2,50 < x;
( —u)L?, —ul? = L5 if sz = 28" < z,s0 < x;

L?ZS* = L5 4 (u® — 1)L7 if sz # 258" > 2,50 < x;
2L§zs* = [5% if 52 # 28" < 2,510 < x;

ul? + (1 +u)L¥, = u?L5" if sz = 28* > 2, 50 > 3

(u? —u) L%, + (u? —u—1)L% = u? L5 if sz = z8* < 2,52 > m;
LY. = u?L5® if sz~7é 28" > z, 8T > x;

w?L?, . + (u? — 1)L2 = u?L5® if s2 # 258" < 2,81 > 7.

1.7. Giving an $-linear map p: M — § is the same as giving a family of elements
Y, € $ (one for each z € L) such that for any z € L., s € S we have:

T.Y, =uY, + (u+ 1)Y, if sz = zs* > z;

T.Y, = (u? —u— 1Y, + (u? — )Y, if s2 = zs* < z;
T,Y, = Y 6 if sz 75 28" > Z;

T.Y, = (u? = 1)Y, + u?Y,, ¢ if 52 # 25" < 2.

Indeed, if u is given then the elements Y, = u(a,) satisfy the equations above.
Conversely, if the elements Y, are given as above then we can define a Q(u)-linear
map u: M — $ by w(ay) =Y, for all z € I,. This map will be compatible
with the action of T for any s € S hence it will be automatically $-linear. Setting
Y. =3 ,cw NIT. where N7 € Q(u) we see that giving an $-linear map p : M — 9
is the same as giving a family of elements {NZ; (z,z) € W x L.} in Q(u) such that
the following equations are satisfied for any z € L, s € S:

Y wew NITST, :erWuN T+ pew(u+1)NZT, if s2 = 25" > z;
Yowew NET T, = Ezew(u —u—1)N?IT, +erw(u —u)N“c T, if sz = zs* < z;

Yowew NETTy =3 cw N st* w if sz # 28* > z;
>owew NITT, =3 o (U2 )NIT + D ew UQNSZS*T if sz # zs* < 2.

(We then say that the family {N7; (z,2) € W x L.} is admissible.) Here we replace

ZNfTSTw: Z N2T,, + Z uAN?T,, + Z (u? —1)N®T,

xeW xeW;sx>x zeW;sz<z xeW;sx<z

= § N*T, + E w?N5*T, + § (u* = 1)NZT,
rzeW;sx<x zeWisz>x rzeW;szx<zx

= Y (NF4@-1)NHT,+ > uPNIT,.
zeW;sz<x zeW;sx>x

We see that the condition {N7; (z, z) € W x L.} is admissible is equivalent to the
following set of equations (with x € W,z € I,,s € 5):

(14+u)NZ, = N5 4+ (u? —u — 1)NZ if sz = 28" > 2z, sz < m;
(u? —u)NZ, —uNZ® = N5 if s2 = 28* < 2,870 < m;
NZ .. = N5 + (u? — 1)NZ if sz # 28* > 2,50 < x;

u?NZ . = NS‘” if s2 # 28" < z, 50 < x;

szs* T

uNZ? + (1 —|—u)N§Z = ulN5® if sz = 25* > 2,81 > 15
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(u? —u)NZ, + (u? —u—1)N¥ = u?N5® if s2 = 258" < 2,82 > 5
NZ .. = ulN5% if sz # 25* > 2,80 > 1;

szs*
u?NZ . + (u? — 1)NZ = u? N5 if sz # 2zs* < 2,52 > .

Sz

Comparing with the formulas in 1.6, we see that the family {L?; (z,z) € W x L.}
is admissible. Hence there is a unique $)-linear map p: M — $ such that for any
z € L, we have p(a.) = >,y L2T.. Since L = Sz2-u!@ (see [L6l 1.8]), we have
LF = 8y 0 (1) @) (=) 7@ = §, o) 50 that p(a;) = X (see 0.1). Thus the
existence part in 0.2(a) is established. The uniqueness part in 0.2(a) is obvious

since a; generates M as an $)-module. Since L* € Z[u] we see that L? € Z[u™]
and 0.2(b) is established.

1.8. The algebra $ and its module M can be specialized to u = 0. Then $) becomes
a Q-algebra £ with basis {T,,; w € W} and multiplication given by ', T, = L0

if l(ww') = l(w) +1(w"), (L, +1)T, =0if s € S; M becomes a Q-vector space M
with basis {a,,; w € L.} and with $)p-module structure given by

— o — * .
T.a, = ag, if sw =ws* > w;

— 3 * .
T.a, = Ggps if sW # ws* > w;

T.a, = —ay, if sw < w.

Here s € S,w € I.. We have the following result:

(a) There is a unique map W x I, — L., (z,w) — x ow such that T a, =
€xwlpow JOr any x € W,w € L,; here €, = £1 is a well-defined sign.
We argue by induction on I(z). If x = 1 we have T a,, = a,, so that 1low =
w, €1, = 1. Assume now that x # 1. Let s € S, ' € W be such that x = sz’ > 2/.
By the induction hypothesis we have T ,a, = *a, for some v’ € I.. Hence
T,a, = =xT,a, and this equals +a, for some u € I,. This proves (a).

We show:

(b) T,a; = (—1)!@e(x 0 1)a,,, for any x € W.
We argue by induction on I(z). If £ = 1 we have T a; = a; hence 101 =1 and
I(x) =0, €(lol) = €(1) = 1 and the result holds. Assume now that z # 1. Let s € S,
x’ € W be such that x = sz’ > 2’/. By the induction hypothesis we have T ,a; =
(-1)"®)e(w)a,, where w =2’ 0 1. We have T,a, = T T a, = (—1)"“e(w)T . a,,.
Now T,a,, = f(s,w)a,,, where f(s,w) =11if sw > w, f(s,w) = —1if sw <w. It

=sow

is enough to prove that (—1)!®e(zol) = (=1)"e(w) f(s,w). Since I(z) = I(2')+1

it is enough to prove that e(x o 1) = —e(w) f(s,w). We have z 01 = s o w hence
it is enough to prove that €(s o w) = —e(w)f(s,w) or that e(sw) = —e(w) if
sw = ws* > w, e(sws*) = —e(w) if sw # ws* > w. This is clear from the definition

of e. This proves (b).

We define 7 : W — I, by 7(z) = 2 o 1. We show:

(c) 7 is surjective.
Let w € I.. We show by induction on [(w) that w € 7#(W). If w = 1 we have
w = 7(1). Assume now that w # 1. We can find s € S such that sw < w. Assume
first that sw = ws*. Then by the induction hypothesis we have sw = x o1 for some
x € W hence T. T a, = +T a,,, = +a,; moreover, T T  equals T, (if sz > z) or

—Ss—T —Ss—=sw =w?

T, (if sx <x). Thusw=xz0lorw=szol.

—SsT
Assume next that sw # ws*. Then by the induction hypothesis we have sws* =
x o1l for some z € W hence T, T a, = £1,a,,, = £a,,; moreover, T T  equals

T, (if sz >z)or T, (if sx < x). Thus w=zo0lorw=szol. This proves (c).
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1.9. For x € W we have T, a; = > ¢ L7a, where L] = Lf|,—o € Z. Comparing
with 1.8(b) we see that L = (—1)!@)e(2) fz=zoland L7 =0if z# zol. It
follows that LZ|,-1_g =1if z =201 and L%|,~1_¢9 = 0 if 2 # z o 1. Thus 0.2(c)
holds.

1.10. We show that the map u: M — $ is injective. It is enough to show that the
elements {ji(a.); z € L.} are linearly independent. Assume that )y &.pu(a.) =0
where £, € Q(u) are zero for all but finitely many 2 and £, # 0 for some z € I,. We
can assume that &, € Z[u™!] for all z and &,|,-1_g # 0 for some z = z5. We have
Dol wew £.L*T, = 0 hence D el €.L% =0 for any = € W. Setting u~! = 0 we
deduce that )y &.|,-1—on7 = 0 for any = € W. By 0.2(c) this can be written as
$r(@)lu—1=0 = 0 for any x € W. By 1.8(c) we can find = € W such that 7(z) = 2.
For this « we have &,,|,~1—¢ = 0. This is a contradiction, Thus the injectivity of u
is proved. This completes the proof of Theorem 0.2.

1.11. In the case where W is of type A; with S = {s} we have u(a;) = v 1T, +1,
w(as) = (u—1)u=T,.
In the case where W is of type Ay with S = {s,t} and * = 1 we have:

plar) = u3Tos + u 2Ty + w2 Ths +u ' Ty + u™' T, + 1,
,U(as) = (u - 1)(u73T9ts + uiszt + uilfs);

,u(at) = (u - 1)(u73Tsts + Uiths + Uith),

plass) = (=) ((u™! +u™? = u™) Typs + 0™ Ty +u™Tys).

(See [L4}, 32, 3.3].)

1.12. For z € W,z € I, we set L® = (u — 1)**) )\ where ¢(z) is as in 1.5 and
A2 € Q(u). We show:

(a) \? € Z[u~"] and \Z = (—u?) @) +(1/2) W) =6() \z
From the definitions we have L! = 4, , hence L = 6, , and A\l = §, .. From the
formulas in 1.6 (with s € S) we deduce (assuming sz < x):

A =0T, —um NS if 52 = 28% < z;
A=\ 4+ (1 —u™2)AST if 52 = 28* > z;
N = u AN if sz # 28t > 2

A= NST 4 (1 —u )% if sz # 25* < 2.

From this (a) follows by induction on I(x).

1.13. In this subsection we give an application of the function € : I, — {£1} in 1.5.
Let E = Q(u) viewed as an $)-module in which T, (z € W) acts as multiplication
by (—1)"®) (sign representation of ). We define a Q(u)-linear map f : M — FE
by f(a,) = €(z). We claim that f is $-linear. It is enough to show that for any
w € I,,s € S we have:

—e(w) = ue(w) + (u + 1)e(sw) if sw = ws* > w;

—e(w) = (u? —u—Ve(w) + (u? — u)e(sw) if sw = ws* < w;

—e(w) = e(sws*) if sw # ws* > w;

—e(w) = (u? — 1)e(w) + ue(sws*) if sw # ws* < w.

This follows from 1.5(a).



178 G. LUSZTIG

2. THE BIREGULAR REPRESENTATION OF )

2.1. In this section we discuss the special case of Theorem 0.2 in which W in
0.1 is replaced by W2 = W x W, S is replaced by S%? = S x {1} U {1} x S and
x : W — W is replaced by x : W2 — W2, (z,y) — (y,z). In this case we have
L. = {(z,y) € W? 2y = 1}.

We use the notation 5’),5% in reference to W. Let 55(2),523(2) be the objects anal-
ogous to .6,.6 defined in terms of W2 instead of W. Thus H@ = § @ § with basis
{T\, ® Ty (w,w') € W?} which is the analogue for $() of the basis {T,;w € W}
of . We write T, (resp. T,,) instead of T, ® 1 (resp. 1 ® T,,). Then the basis
element T, ® T, is actually the product in 9@ of T, and T!, in either order.
In our case we have M = § with the basis {a,, ,-1 = Tw;w € W} viewed as an
$H®)-module in which the action of T, ® T, is T — T,T,T,~:. (We refer to this as
the biregular representation.) We can view $H?) as a subspace of $® in an obvious
way. The $®-module structure on $) (left multiplication) extends in an obvious
way to a $(?)-module structure on $®@ . The following is a restatement of Theorem
0.2 in our case.

Corollary 2.2. (a) There exists a unique 9P linear map p = H — @ (where
9,9 are viewed as $H -modules as above) such that (1) = Y wew w2 T, ®

Ty, € 5%(2). Moreover, p is an isomorphism of $) onto the @ _submodule of 5:3(2)
generated by u(1).

(b) Let z € W. We set u(1%) = 3_, yew= N2V T @ T, where N2V € Q(u). For
any (z,y) € W? we have N*Y € Z[u™'], hence we can define n®Y = N*Y|,—1_q €
Z.

(c) There is a unique surjective function ™ : W2 — W such that for (z,y) € W,
z € W we have n®Y = 1 if z = w(z,y), n®Y = 0 if z # w(z,y). (Note that
m(1,1)=1.)

In the remainder of this section we shall indicate a proof of a part of the corollary
which is somewhat different from that of Theorem 0.2.

2.3. Let 7 : § — Q(u) be the Q(u)-linear map such that 7(7,) = 0 if x # 1,
7(T1) = 1. For z,y € W we have 7(T,T,) = 0 if xy # 1, 7(T,T,) = v?@ if 2y = 1.
(See [L3, 10.4(a)].) It follows that for z,y in W we have

T,T, = Z (T, T, T, )u= 2T, .
zeW
Since T, — T,-1 defines an antiautomorphism of §) we have
Ty o = > T(TLT,T)u™ AT, = Y (T Ty Tor Ju™ T,
zeW zeW
hence
(a) T(ToT,T.) = 7(Ty1 Ty T
for any z,y,z in W. By [L3| 10.4(b)] we have 7(hh’) = 7(h’h) for any h,h’ in $.
In particular for z,y, z in W we have

(b) (T, 1T,T.) = 7(T,1.T,) = 7(T,T,T,).
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Lemma 2.4. (a) For x,y,z in W we set p,,, , = 7(T,T,T,)u=2"x)~2W), Doy =

T(T.T,T)u=2". We have pay. - € doy,.+u  Zlu™"], pl, . € d,, . +uZ[u] where
dey- € {0,1}, d),,, . € {0,£1}. Moreover, pi, , . = (—1)l(w)+l(y)+l(z)pz7y¢ hence
s = (—1)!@+HW+GR g,
(b) Let y,z be in W. There is exactly one x € W (denoted by y * z) such
that d;y . = 1 (or equivalently such that d),, . = +1). For all other x we have
dyy,. =d, y,» = 0.

We argue by induction on I(2). If z = 1 we have p, , , = 7(T.T,)u"?¥) =4, ,,
Doys = (T, T,)u=2®) =5, ,. Hence (a),(b) hold with y x z = y~1. (We have
8y gy = (=) @M, )

Assume now that [(z) > 1. We write z = s2/, s € S, I(2") =1(2) = 1. f ys >y
we have by the induction hypothesis

Pz,y,z = T(TxTyTst/)u_2l(z )—2(y) -2 = Pzx,ys,z’ S dz,ys,z’ + u—lz[u—lL
p;%z = T(TwTyTst/)ule(m) = p;7ys,zl S d;ws’z/ + uZ[ul
hence the result holds: we have dy y » = dyys o, d'v,y, 2 = d, o 0, yxz = (ys)*(s2).

(We use that (—1)!@H@H() = (—1)l@)+ilys)+(=) )
If ys < y we have by the induction hypothesis

Pxy,z = T(TxTyTstl)ule(z/)*Ql(y)*Q

= Prysz "+ Paytu” (U = 1) € dy gy +uT DluT,

plm,y,z = T(TzTyTst’)U_zl(m)
= p;’ys)z/’u,2 +p;7y’z/ (U2 — 1) € _d;:,y,z’ + ’U/Z[’U/]

hence the result holds: we have dy . = dy 2, dyp . = —d). 1, y* 2 =y*(s2).
(We use that
(—=1) @)+ +HGE) = (_1)l(w)+l(ys)+l(z’)7 (—1)H@)H@)+HE) = _(_1)l(w)+l(y)+l(z’)7

u2 —1=—(1-u"2).)

2.5. For a € W we show that

(a) T.X =T, . X.
We have
T.X = Y w2261, 1,1 T, € §2),
w,zeW
T, X =Y w261, T, T,-0)T, T, € HP.
w,ze€W

Making the change of variable (w, z) — (z,w) in the last sum we obtain
T, X =Y u 2O (T, T, )T T,
w,ze€W
It remains to show that
T(Ta—szTw—l) = T(TaTsz—l).

Indeed, by 2.3(a) the left-hand side is equal to 7(T,-1T,Ty,) and by 2.3(b) this is
equal to the right-hand side.
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2.6. We give an alternative proof of the existence of p in Corollary 2.2. For any
aeW weset X, =T,X = T’,lX € Y)(Q see 2.5(a). Thus, X; = X. We define a
Q(u)-linear map p : 5’)—)5’)(2) by T, — X, for all a € W. For h € $, r € W we
have pu(T.h) = Tp(h) (using the description X, =T, X) and u(hT,-1) = T} pu(h)
(using the description X, = T, X). It follows that u is $(®)-linear.

In our case m: W2 — W is given by 7(z,y) = (y * (z7 1), (y * (1))~ L.

2.7. In the case where W is of type A; with S = {s} we have:

wT) =T1 Ty +u 2Ty @ T,
wWT) =Ty @Ts +Ts Ty + (1 —u=2)Ty @ T.

3. '-EQUIVARIANT VECTOR BUNDLES ON I'

3.1. Let I" be a finite group. Let K1 (I") be the Grothendieck group of I'-equivariant
(complex) vector bundles on I" where I' acts on I" by conjugation. For z € T' let
I, = Zr(z) and let IrrT',;, be a set of representatives for the isomorphism classes of
irreducible representations of I';, over C. For any x € I" and any p € Irr[", there
is a unique (up to isomorphism) I'-equivariant vector bundle E, , on I' such that
the support of F, , is the conjugacy class of x and is such that the action of I',
on the fibre of E, , is isomorphic to p. Let I' be a set of representatives for the
conjugacy classes in I'. Let M(T") = {(x, p);z € L', p € IrrI'y }. The classes of E, ,
(with (x, p) € M(I")) form a Z-basis of Kp(T).
Following Kottwitz [Ko] we consider the element x € K1 (T') defined by

Z
= XY e,

(z,p)eM(T) sel;s?=x

where (1: p|z._(s)) denotes the multiplicity of the unit representation of Zr, (s).

Proposition 3.2. Define V = ayC where o : ' = T is g — g>. Note that V is a
T-equivariant vector bundle on T'. We have V = k in Kp(T').

Let I® = {(g,h) € T x I'; gh = hg}. For any T'-equivariant vector bundle V on
I' we define ¢y : I'® — C as follows: ¢y (g, h) is trace of the action of h on the
fibre of V at g. For example, if (z, p) € M(T'), we have

op, (g, h) = Ta|™" Z tr(aha™?, p).
a€laga—l=x

Note that V — ¢y induces an injective linear map from the vector space C® Kp(I")
into the vector spaces of functions I'® — C; see [L2]. Hence it suffices to show
that ¢y = ¢,. For (g,h) € T'® we have

oghy= Y L=y %(1:pms>m,p<g,h>

T
zel,pelrrl’, sel;s2=¢
R R i SR ST S e
z€l, pelrrT, sels2=x uel'; NIy a€liaga1=x

=S M Y > Tt Y HzeGrizaha T =u Y,

zel sels2=xu€l,Nly a€l;aga=l=x
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1 1 1

Setting s’ = a~sa,u’ = a"'ua, 2’ = a~'za we obtain

ow(g,h) = Z Z T, 712 € Gy; 2'hz'~t =71}
s'€T;s'2=g u/€l ;AT
= Z T, {7 € Gy; 2'h2’ ™' € Gy NGy}l
s'€l;s'2=¢g
Setting 5§ = 2’ ~1s'2’ we obtain
¢x(g,h) = |{3 €T3 = g,3h = h3}|.
From the definitions we have
ov(g,h) = {5 € ;5% = g,5h = h3}|.
The proposition is proved.

3.3. As in [L2 2.5], any (y,0) € M) defines a C-linear function
Xy,o : C® Kr(I') = C by the rule

Xu.o(U) = (dimo)™ > tr(y, U, )tr(v,0)
yeGy

for any I'-equivariant vector bundle. (This is in fact an algebra homomorphism for
the algebra structure defined in [L2] 2.2].) Moreover, if (z, p) € M(T'), then

_ Tyl

(a) X%U(Ew,p) - dim 0,{(Ia p)? (y’ 0*)}

where {,} is the nonabelian Fourier transform matrix of [LI] and o* € IrrT'y is
isomorphic to the dual of . We compute x, »(V) where V is as in 3.2 and ¢ has
Frobenius-Schur indicator 1. By the proof of 3.2 we have

Xy.o (V) = (dimo)™* Z tr(y, Vy)tr(y, o)

'Yery
Lyl
= (dimo)~! t ~ (dimo) S (32 o) = vl
(dim o) Z ] r(y,0) = (dimo) ~Z r(5%,0) Tmo
veTy,5€ly;52=y sely,

Combining this with (a) we see that

(b) > A{(@,p), (y,0)}mult. of B, , in V = 1.
(z,p)

4. SOME APPLICATIONS OF THEOREM 0.2

4.1. Let A be a finite dimensional split semisimple algebra over a field K. Let
ModA be the category of A-modules of finite dimension over K. For E’ € ModA
let AZ" be the sum of the simple two-sided ideals I of A such that IE’ # 0. For
E,E' in ModA let Ep = AP'E = > tettoma(pr,p) J (E'). We have the following
result.

(a) Let E € ModA and let X € A. We have a canonical K -linear isomorphism
a:XE 5 Homy(AX,E). Moreover, XE C Epx. We have AXA C AAX,
(Note that AX is a left ideal of A hence an object of ModA.) For e € XE we
define f. : AX — E by fe(aX) = ae,a € A; f, is well defined: if a,a’ € A satisty
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aX = a'X, then ae —a’'e = aXey — a’Xeg = 0 where e = Xeg,eg € E. Now e — f,
is a K-linear map o : XYE — Homu(AX, E) which is clearly injective. We have
dimg (XE) = dimg Hom4 (AX, E). (We can assume that A is a simple K-algebra
and F is a simple A-module. Thus we can assume that for some K-vector space
V of finite dimension we have A = End(V) and E =V is viewed as an A-module
in an obvious way. In this case the desired statement is easily verified.) It follows
that « is an isomorphism.

We prove the second statement of (a). For e € XYFE we have f.(X) = e. Since
fe € Homa(AX, E) we see that e € E4x, proving the second statement of (a).
Applying this to £ = A viewed as an object of ModA under left multiplication we
see that XA C A x. We now observe that A4y C A4Y. Hence XA C A4Y and
AXA C AAAY = AAY | This proves the third statement of (a).

In the remainder of this section we assume that W is a Weyl group and * = 1.

Theorem 4.2. Let M € Mod$H, X € $ be as in 0.1. Let E € Mod$). We have
canonically X E = Homg (M, E). Moreover, XE C Ey and $X$ C $™ (notation

of 4.1).

We apply 4.1 with K = Q(u), A =$ = $H, X = X and we use Theorem 0.2.
The theorem follows.

If E is a simple object of Mod$) then dimg Homg (M, E) is known from the
work of Kottwitz [Ko]; indeed, by [LV], the specialization of our M at u = 1
is (noncanonically) isomorphic to a W-module explicitly computed in [Ko]. In
particular, using the theorem we see that (a),(b) below hold.

(a) If W is of type A,, and E is a simple $-module then dimg(XE) = 1; in
particular, F contains a canonical line.

(b) If W is of type B, or D,, and E is a simple $)-module then dimg (X FE) is a
power of 2 if E is a special representation (see [L1]) and X E = 0 if E is a nonspecial
representation.

4.3. Let A= Z[u,u™'] C K. Let H be the A-subalgebra of § with basis {T,;w €
W}; H is the same as the A-algebra defined in [L3], 3.2] except that T,,, v of [L3] 3.2]
are the same as u~"(")T,,, u of this paper. (When we refer to [L3] we assume that
L=1lasin [L3| 15.1].)

Let J be the asymptotic Hecke algebra (over Z) with basis {t.; z € W} associated
to W see [L3, §18]. Let J = QR J, xJ = K®J; these are split semisimple algebras.

Let {cy;w € W} be the A-basis of H as in [L3| 5.2]. For z,y,z in W let
hay,. € Abe as in [L3, 13.1]. For z,y in W we write  ~ y if z,y are in the same
left cell. For z € W let a(z) € N be as in [L3] 13.6]. Let D C W be as in [L3], 14.1].
The K-linear map v : $ — gJ given by ¢, — ZdeD,zew;d~z*1 hgazts is a K-
algebra isomorphism (see [L3] 18.8]).

For any £ € ModJ we set k€ = K ® £ € Mod(xJ); let £, be the $-module
corresponding to & under ¢. Let M € Mod(J) be such that M, = M.

From 4.2 we deduce the following result.

Corollary 4.4. Let £ € ModJ. We have
dimg (P(X)(kE)) = dimg Homg (M, E,).
Moreover, Y(X)(kE) C (k&) M-
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4.5. For z,y,z in W we have
(a) hoy> = Yay--1u*?) + lower powers of u where v, , .-1 € N;
see [L3, 13.6]). For x € W we have u~'(")T,, = > yew SywCy where
(b) syw € u'Z[u™" for all y # w and Sy = 1.

Proposition 4.6. Let Z be a left cell of W and let a = a(h) for any h € Z. Let
€€ W be such that £~ € Z. We have

(X )te = Y ratate
zeZ

where r, = u® + ZKG n”ul and n; . € Z are zero for all but finitely many 1.

From the definitions we have

1P(X)t£ = Z w(uil(w)Tw)té = Z Sy,w1/)(0y)t£

weWw y,weW

= Z Sywhy,d tzte.
y,w,zeW,deD;a(d)=a(z)

By [L3| 14.2], in the last sum we can assume that z € Z and that d € Z. Hence

P(X)te = Z Sywhy,d tzte-
y,weW,zeZ,deDNZ

Using 4.5(a),(b), we see that

Y(X)te = Z Vy,d,-—1ut:te + lower powers of u.
yeEW,2€2,deDNZ

Using [L3} 14.2], we see that v, 4 ,-1 is 1if y = z and is 0 otherwise. Thus we have

Y(X)te = Z u®t,te + lower powers of u.
2€Z
The proposition is proved.

Corollary 4.7. Let Z, 7' be two left cells of W such that ZNZ'~' # (. We have
Yieznzit: €I

Let a = a(w) for any w € Z. Let d (resp. d') be the unique element of DN Z
(resp. DNZ"). From 4.2 we deduce (using 1) that ¥(X)ty € (xJ)xM = K@ (JM).
Using now 4.6 we deduce that Y, ,(u® + Y, , n;.u')t. € K @ (JM). It follows
that Y, t. € JM hence tg Yoaezts € JM. We now note that ¢y Yozt =

seznz—1 Lz The corollary is proved.

4.8. We now assume in addition that W is of type A,, B, or D,. Then, by
4.2(a),(b), the two-sided ideal JM of J is the sum of the simple two-sided ideals
corresponding to the various special representations of W. The dimension of this
sum is equal to the number of pairs of left cells Z, Z’ such that ZNZ'~! # (). Hence
in this case, from 4.7 we deduce:

(a) the elements Y. ¢y -1 t= for various Z,Z' as above form a Q-basis of JM.
It follows that for any two-sided cell ¢ of W and any left cell Z contained in ¢;

(b) the elements Y ;-1 t. (for various left cells Z' contained in c) form a
Q-basis of the unique left J-submodule of @ .., t. isomorphic to the special repre-
sentation of J associated to c.

z€Z
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4.9. For irreducible W of exceptional type, the elements described in 4.8(a) do
not span the Q-vector space JM. For example, if W is of type Ga, that is, a
dihedral group with generators s, s3 such that (s;s2)® = 1, then (a) provides only
6 elements while dim JM = 8. If we write 15 instead of ts,ss..., to1... instead of
lsys,... and tp instead of tunit element, then the following 8 elements form a Q-basis
of JM:

(a) tg,t1 + t12121, 121, L2 + 21212, L212, t12 + t1212, t21 + t2121, L121212-

This, together with 4.8(a), suggests that for any W, J™ admits a Q-basis consisting
of N-linear combinations of elements ¢,.

4.10. Let M4 be the A-submodule of M with basis {a,;w € I.}. Note that the $-
module structure on M restricts to an H-module structure on M 4. For any A € C*
we regard C as an A-module via u — A. We can then form My = C®4 M4, H) =
C ® 4 H and M) becomes a module over the C-algebra H,. Let X\ = 1® X € H,
where X is as in 0.1. Now the assignment a, — > L*T, in 1.7 defines an
H-linear map pa : M4 — H such that pa(a;) = X; by extension of scalars this
gives rise to an Hy-linear map uy : My — H) such that uy(a;) = Xx. Now, if
A # —1, the Hy-module M) is generated by ai; it follows that in this case the
image of py is the left ideal of Hy generated by X,. From Theorem 0.2 it follows
that there exists a finite subset Sy of C* such that —1 € Sy and such that:
(a) for A € C* — Sy, ux : My — H, X, is an isomorphism of H y-modules.

(Examples in small rank suggest that one can take Sy = {1,—1}.)

4.11. We now assume that X\ in 4.10 is such that A2 = ¢ where ¢ is a power of
a prime number. We write A = ,/q. Let G be a split semisimple algebraic group
defined over the finite field F, and let G(F,) be the (finite) group of F,-rational
points of G. Let B be the flag manifold of G and let B(F,) be the set of F,-rational
points of G. Let F be the vector space of functions B(F,) — C. For any B € B(F,)
let fg € F be the function defined by fg(B’) = \/al(w) for any B’ € B(F,) such
that (B, B’) are in relative position w € W. Let F’ be the C-subspace of F spanned
by the functions fp for various B € B(F,). Note that F has a natural linear action
of G(F;) whose commuting algebra can be identified with H 5. Then F’ is a
G(F,)-invariant space of F. Moreover, we have ' = X 5 F. For each two-sided
cell ¢ of W we denote by F. (resp. F.) the sum of all simple G(F,)-submodules
of F (resp. F') which belong to ¢ in the classification of [L1]. Note that F. is an
H,/z-submodule of F and that F; = X gzF.. We have the following result.

Proposition 4.12. Assume that \/q ¢ So. Let a’ = a(wow) where w is any element
of ¢ and wy is the longest element of W.

(a) We have dim(F)) = P.(q) where P, € N[t] (t an indeterminate) is of the form
o+ higher powers of t. Moreover, P.(1) is the number of involutions contained in
c.

(b) We have dim(F") = P(q) where P € N[t] is such that P(1) is the number of

involutions in W.

We prove (a). We can assume that W is irreducible. The simple H z-modules
which belong to ¢ can be indexed as in [L1] by a subset I of M(T") (see 3.1) for
a certain finite group I' associated to ¢; we write ¢; for the simple H gz-module
indexed by ¢ € I and p; for the corresponding simple G(F,)-module appearing
in F.
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We apply 4.1(a) with A =H 5, X = X 54, E = F.. We see that
dim(F;) = dim Homy, . (H 45X /5, Fe)-
Using 4.10(a) we deduce
(c) dim(F}) = dim Homy (M 7, F.) = > (€ : M ) dim p;
iel

where (¢; : M, /) is the multiplicity of €; in M 5. As explained in the remarks after
Theorem 0.2, the multiplicity (e; : M 5) can be obtained from [Ko]; namely,

if [I| =2, then (e;: M ) =1 fori € I;

if [I| # 2, and i = (v, p) € I, then (¢; : M s5) is the multiplicity of E, , in & (see
3.1) or equivalently, the multiplicity of E, , in V (see 3.2).

Thus, if |[I| = 2 we have

dim(F)) = Z dim p;;
iel
if |I] # 2 we have
(d) dim(F)) = Y (mult. of B, , in V)dimp(,, ).
(z,p)€l
Let d(e;) € NJ[t] be the fake degree of ¢;. If |I| = 2 then by [LI] we have
Yierdimp; =37, 0(e;). If[I] # 2 then by [L1] we have dim p; = >,/ {4, }d(eir)
where {4,4'} is as in 3.3. Introducing this in (d) we obtain
dim(F.) = Z (mult. of E, , in V) Z {(z,p), (y,0)}d(ey.0)-

(z,p)erl (y,0)€l
Using now 3.3(b) we obtain
(e) dim(F) = > d(ey.).

(y,0)el
Here we have used the following two properties which are easily checked in each
case.
(mult. of B, ,in V) #0 = (x,p) € I.

If (y,o) € I, then the Frobenius-Schur indicator of o equals 1.

We see that (e) holds both when |I| # 2 and when |I| = 2. Now the first assertion
of (a) follows immediately from (e); the second assertion of (a) also follows from
(a) using the fact that d(ey,s)[q=1 = dim(ey,s) and that 3 dim(ey ) is equal
to the number of involutions in ¢; see [Ge].

Clearly, (b) is a consequence of (a). The proposition is proved.

y,0)€l

4.13. The proof of 4.12 shows that dim(F") is equal to the sum of the fake degrees
d(e) of the various irreducible representations € of H s (each one taken once).
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