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Abstract
This paper considers recovering L-dimensional vectors w, and x1,x9,...,xyx from their
circular convolutions y,, = w*x x,, n=1,2,3,..., N. The vector w is assumed to be S-sparse

in a known basis that is spread out in the Fourier domain, and each input x,, is a member of a
known K-dimensional random subspace.

We prove that whenever K + Slog? S < L/log*(LN), the problem can be solved effectively
by using only the nuclear-norm minimization as the convex relaxation, as long as the inputs are
sufficiently diverse and obey N > log?(LN). By “diverse inputs”, we mean that the x,’s belong
to different, generic subspaces. To our knowledge, this is the first theoretical result on blind
deconvolution where the subspace to which w belongs is not fixed, but needs to be determined.

We discuss the result in the context of multipath channel estimation in wireless commu-
nications. Both the fading coefficients, and the delays in the channel impulse response w are
unknown. The encoder codes the K-dimensional message vectors randomly and then transmits
coded messages x,’s over a fixed channel one after the other. The decoder then discovers all of
the messages and the channel response when the number of samples taken for each received mes-
sage are roughly greater than (K + Slog? S)log*(LN), and the number of messages is roughly
at least log?(LN).

1 Introduction

This paper addresses the problem of recovering a vector w from its circular convolutions individually
with a series of unknown vectors {®,}, := ®1,®2,...,xy. Consider a linear, time-invariant (LTT)
system, characterized by some unknown impulse response w. The system is driven by a series of
inputs {x,, }, and one wants to identify the system by observing only the outputs, which in this case
are the convolutions of the inputs with the system impulse response. This problem is referred to as
the blind system identification: jointly discover the inputs, and the system impulse response from
the outputs, and is one of the core problems in the field of system theory and signal processing.

*Ali Ahmed is currently with the Information Technology University, Lahore, Pakistan. He was associated until
recently with the Department of Mathematics, MIT, Cambridge, MA. Laurent Demanet is with the Department
of Mathematics, MIT, Cambridge, MA. Email for the corresponding author: alikhan@mit.edu. Both authors are
sponsored by AFOSR grants FA9550-12-1-0328 and FA9550-15-1-0078. LD is also funded by NSF, ONR, and Total
SA. We thank Augustin Cosse for interesting discussions. Some preliminary results in this direction were presented
in an earlier conference publication, namely, A convex approach to blind deconvolution with diverse inputs, in Proc.
IEEE CAMSAP, Cancun, December 2015. (©This work has been submitted to the IEEE Transactions on Information
Theory for possible publication. Copyright may be transferred without notice, after which this version may no longer
be accessible.
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When w is expected to be sparse, the problem can be recast in a now standard fashion as the
recovery of a simultaneously sparse and rank-1 matrix. We relax this formulation by dropping the
sparsity contraint and using nuclear-norm minimization.

We then leverage results in the well understood area of low-rank recovery from underdetermined
systems of equations to give the conditions on the unknown impulse response, and inputs under
which they can be deconvolved exactly.

Roughly, the results say the input vectors xi,xs2,...,xN, each of which lives in some known
“generic” K-dimensional subspace of RY, and a vector w € R” that is “incoherent” in the Fourier
domain, and is only assumed to be S-sparse is some known basis, are separable with high prob-
ability provided K + S ~ L, up to log factors, and with appropriate coherences appearing in the
constants.

More precisely, we state the problem as follows. Assume that each of the input @, lives in a known
K-dimensional subspace of RZ, i.e.,

z,=Cym,, n=123....N (1)

for some L x K basis matrix C),, with K < L, whose columns span the subspace in which x,, resides.
Moreover, the vector w is only assumed to be S-sparse in an L X L basis matrix B, i.e.,

w = Bh, such that |hljp < S. (2)

(It can be convenient to think of B as the identity upon first reading.) Given the basis matrices
B and C,,, all we need to know are the expansion coefficients m,,, and h to discover the inputs
x,, for each n, and w. The structural assumptions on w are much weaker than on x,, in that we
only need w to be sparse in some known basis, whereas each x,, resides in a generic and known
subspace.

We observe the circular convolutions:
Yp=wW*xy, =123 ..., N. (3)

An entry in the length-L observation vector y,, for each n € {1,2,3,..., N} is

L
ynll] =Y w[l]aznl — £ + 1 mod L], (¢,n)€{1,2,3,...,L} x {1,2,3,...,N},
=1

where modulo L is what makes the convolution circular. Given no information about the inputs x,,
and the impulse response w, it is clear that both of these quantities cannot be uniquely identified
from the observations .

We want to put this result in perspective from the outset by comparing it with a related result
in [2], where a single (N = 1) input blind deconvolution problem is analyzed. Mathematically, the
main result in [2] shows that in a single input deconvolution problem, the vectors @, and w can
be recovered from the circular convolution y = w * & when x lives in a known generic subspace as
above, however, unlike above the incoherent vector w also lives in a known subspace. In this paper,
we do not have a known subspace assumption on w, which makes it a significant improvement over
the results in |2] and has concrete implications in important applications as will be explained in

Section [I4]
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1.1 Notations

We use upper, and lower case bold letters for matrices and vectors, respectively. Scalars are
represented by upper, and lower case, non-bold letters. The notation 2* () denotes a row vector
formed by taking the transpose with (without) conjugation of a column vector . By &, we mean a
column vector obtained from @ by conjugating each entry. Linear operators are represented using
script letters. We repeatedly use the notation k ~x n to indicate that the index k takes value in
the range {(n — 1)K +1,...,nK} for some scalar K. We use [N] to denote the set {1,2,3,...,N}.
The notation I'x denotes K x K identity matrix for a scalar K. For a set Q C [L], I xq denotes an
L x || submatrix of an L x L identity obtained by selecting columns indexed by the set Q. Also
we use D, to represent a KN x KN matrix Ix ® e,e; with ones along the diagonal at locations
k ~k n and zeros elsewhere, where {e,}, denote standard N-dimensional basis vectors, and ®
is the conventional Kronecker product. We write vec(A) for the vector formed by stacking the
columns of a matrix A. Given two matrices A, and B, we denote by A X B, the rank-1 matrix:
[vec(A)][vec(B)]*. Similarly, P : CEXM — CEXM for some L, and M takes an L x M matrix X
to Itxol;, o X. We will use L ~ a — b to show that a variable L varies between scalar a, and b.
Lastly, the operator E refers to the expectation operator, and P represents the probability measure.

1.2 Lifting and convex relaxation

In this section, we recast the blind system identification from diverse inputs as a simultaneously
sparse, and rank-1 matrix recovery problem, and set up a semidefinite program (SDP) to solve it.
Begin with defining F', the L x L discrete Fourier transform (DFT) matrix,

Flw, ] = }Leﬂﬂ(wl)(“)/{ (@, 0) € [I] x [L], (4)

and let f; denote the /th row of F'. In the Fourier domain, the convolutions in are
Un = VLW O &, or §ull] = VL{fo,w){fo,xn), (¢,n) € [L] x [N],

where w = Fw, &, = Fx,, and ® denotes the Hadamard product. Using the fact that x, =
C,m,, and w = Bh, we obtain

gn[g] = \/E<B*f€7h><c;;.f€7mn> = <b€7h><mnacﬁ,n>7 (57 n) € [L] X [N]a

where the last equality follows by substituting by = B* fy, ¢,,, = VLC: f;, and using the fact that
(x,y) = (y,x)*. This can be equivalently expressed as

nll] = (becy ,, hmy,) = (bepp ., hm™),  (¢,n) € [L] x [N], (5)

where with matrices as its arguments, the notation (-,-) denotes the usual trace inner product,
m = [mi,m3, ..., my|*, and ¢y, denotes a length KN vector of zeros except the ¢;, in the
position indexed by k ~g n, i.e.,

d)ﬂ,n =Cin ® en, (gy n) € [L] X [N] (6)
with e, denoting the standard N-dimensional basis vectors. It is clear that the measurements
are non-linear in h € RY and m € REYN but are linear in their outer product Xq = hm*.
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Since the expansion coefficients h are S-sparse, this shows that the inverse problem in (3|) can
be thought of as the question of recovering hm*; a rank-1 matrix with S-sparse columns, from
its linear measurements obtained by trace inner products against known measurement matrices

Arn =bedpy .

Define a linear map A : REXEN _ CLN a5
AX) o = {{beepp ., X) | (£,m) € [L] x [N]} (7)

The number of unknowns in X are LK N and there are only LN linear measurements available. This
means that the linear map A is severely underdetermined except in the trivial case when K = 1. In
all other cases when K > 1, infinitely many candidate solutions satisfy the measurements constraint
owing to the null space of A.

Of course, we can take advantage of the fact that the unknown matrix will always be simultaneously
sparse, and rank-1 and hence the inherent dimension is much smaller. Information theoretically
speaking, the number of unknowns is only ~ Slog L + KN, and if we can effectively solve for the
simultaneously, sparse and rank-1 matrices then inverting the system of equations for x,’s, and w
might be possible for a suitable linear map A when LN 2 Slog L + KN. If it were possible, a
single unknown input (N = 1) under certain structural assumptions would suffice to identify the
system completely.

However, it is only known how to individually relax the low-rank and sparse structures [7,9,/10,

14,|24], namely using nuclear and ¢; norms, but it remains an open question to efficiently relax

those structures simultaneouslyﬂ Instead, if we ignore the sparsity altogether and only cater to the

rank-1 structure, the problem remains in principle solvable because the inherent number L+ KN of

unknowns in this case become smaller than the number LN of observations as soon as the number
L

N of inputs exceeds ;=5 > 1. Therefore, the main idea of this paper is to use multiple inputs,

which allow us to forego the use of a sparsity penalty in the relaxed program.

Before we formulate the optimization program, it is worth mentioning that the recovery of the
rank-1 matrix Xy only guarantees the recovery of h and m to within a global scaling factor «, i.e.,
we can only recover h = ah, and m = a~'m, which is not of much concern in practice.

The inverse problem in can be cast into a rank-1 matrix recovery problem from linear measure-
ments as follows:

find X
subject to  gn[l] = (beehj ., X), (€,n) € [L] X [N]
rank(X) = 1.

The optimization program is non convex and in general NP hard due to the combinatorial rank
constraint. Owing to the vast literature [7,/13}/1524] on solving optimization programs of the above

1The most natural choice of combining the nuclear and ¢; norms to constitute a convex penalty for simultaneously
sparse and low-rank is known to be suboptimal [22]. In fact, for the special case of rank-1, and sparse matrices, no
effective convex relaxation exists |1]. Thus, even if the low-rank and sparse structures can be individually handled
with effective convex relaxations, no obvious convex penalty is known for the simultaneously spase, and low-rank
structure.
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form, it is well known that a good convex relaxation is
X := argmin || X|. (8)
x
subject to  gu[l] = (beepy,,, X), (¢,n) € [L] x [N,

where the nuclear norm || X ||, is the sum of the singular values of X. The system identification
problem is successfully solved if we can guarantee that the minimizer to the above convex program
equals hm*. Low-rank recovery from under determined linear map has been of interest lately in
several areas of science and engineering, and a growing literature [7}15,23.24] has been concerned
with finding the properties of the linear map A under which we can expect to obtain the true
solution after solving the above optimization program.

1.3 Main results

In this section, we state the main result claiming that the optimization program in can recover
the sparse, and rank-1 matrix hm* almost always when the inputs «;’s reside in relatively dense
“generic” K dimensional subspaces of R”, and that w € R’ satisfies the nominal conditions of
S-sparsity in some known basis, and “incoherence” in the Fourier domain. Before stating our main
theorem, we define the terms “generic” and “incoherence” concretely below. Recall that w = Bh.

The incoherence of the basis B = FB introduced in is quantified using a coherence parameter

lumax’

:u?nax =L HB”gov (9)

where || - || is the entrywise uniform norm. Using the fact that B is an L x L orthonormal matrix,
it is easy to see that 1 < p2, < L. A simple example of a matrix that achieves minimum p2,,
would be the DFT matrix.

The incoherence of w in the Fourier domain is measured by u3,

2 e LBBIE BRI BRI
(A TN A Y

n,n’

where each ratio is a measure of diffusion in the Fourier domain. The spirit of the definition is
[P=20]ES
[
The other terms involve quantities h’n’p and h! . that are defined in the sequel (they are random
perturbations of h), and are only present for technical reasons. Notice that the first term is small,

O(1), when w is diffuse in the frequency domain, and can otherwise be as large as L.

mainly captured by the first term, L - — scaled peak value of w in the Fourier domain.

To keep our results as general as possible, we introduce an extra incoherence parameter p% that
quantifies the distribution of energy among the inputs {m, },, and is defined as

> [
p5 := N - max , (10)
nom|3

which is bounded as 1 < p3 < N. The coherence pg achieves the lower bound when the energy is
equally distributed among the inputs, and the upper bound is attained when all of the energy is
localized in one of the inputs, and the rest of them are all zero.
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As mentioned earlier, we want each of the inputs to reside in some “generic” K-dimensional sub-
space, which we realize by choosing C,,’s to be iid Gaussian matrices, i.e.,

Cn[l, k] ~ Normal(0, 1) V(¢,n,k) € [L] x [N] x [K]. (11)

A “generic” K-dimensional subspace refers to most of the K-dimensional subspaces in the entire
continuum of K-dimensional subspaces of RY, however, one must also be mindful that such generic
subspaces may not arise naturally in applications, and may have to be introduced by design as will
be demonstrated in a stylized channel-estimation application in Section [1.4}

Ultimately, we are working with the rows ¢ ,’s of the matrix VLFC,, as defined in . As the
columns of C,, are real and F' is an orthonormal matrix, the columns of F'C),, are also Gaussian
vectors with a conjugate symmetry. Hence, the rows ¢, are distributed asﬂ

o {Normal(O,I) ¢=1,(L/2) +1, n€[N] 12)

Normal(0,2-1/2I) + jNormal(0,2-/2I) ¢=2,...,(L/2), n € [N]
Con=Cr—t+2n, {=(L/2)+2,...,L, n€[N].

Note that the vectors ¢y ,,’s are independently instantiated for every n € [N]. On the other hand,
the vectors ¢, are no longer independent for every ¢ € [L], rather the independence is retained
only for ¢ € {1,2,...,L/2+ 1}. However, the c;,,’s are still uncorrelated for V¢ € [L]; a fact which
is crucial in the analysis to follow later. We are now ready to state the main result.

Theorem 1. Suppose the bases {C,})\_, are constructed as in , and the coherences p2,., 13,
and p¢ of the basis matriz B, and the expansion coefficients h, and {mn}ﬁf:l are as defined above.
Furthermore, to ease the notation, set

ar = log(Klog(LN)), and a3z =log(Slog(LN)).

Then for a fived 3 > 4, there exists a constant Cy = O(B), such that if

2 2 2
max(pso K, Sazlog®S) < ——m5——
(oo K, a5z l0g™S) Chan log?(LN)

and N > Cppgon log(LN),

then Xo = h(mj, mj,...,m}) is the unique solution to with probability at least 1—O((LN)*~5),
and we can recover N inputs {.ﬂrzn}nj\/:1 and w (within a scalar multiple) from N convolutions
{yn =w * ﬂ?n}f:]:y

The result above crudely says that in an L dimensional space, an incoherent vector, S-sparse
in some known basis, can be separated successfully almost always from N vectors (with equal
energy distribution) lying in known random subspaces of dimension K whenever K + Slog?§ <
L/log*(LN), and N > log?(LN).

1.4 Application: Blind channel estimation using random codes

A stylized application of the blind system identification directly arises in multipath channel estima-
tion in wireless communications. The problem is illustrated in Figure [Il A sequence of length-K

2The construction in is explicitly for even L but can be easily adapted to the case when L is odd.
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messages myi,Ms, ..., my are coded using taller L x K coding matrices C1,Cj,...,Cy, respec-
tively. The coded messages x, = Cp,m,, n € 1,2,3,..., N are then transmitted one after the
other over an unknown multipath channel, characterized by a sparse impulse response w € RL.
The transmitted message x,, arrives at the receiver through multiple paths. Each path introduces
its own delay and fading. All the delayed and scaled copies of @, overlap in the free space com-
munication medium. The received signal is modeled as the convolution of x, with w. This action
is repeated with same delay and fading coefficients for every x,. In other words, we are assuming
here that the channel’s impulse response is more or less fixed over the duration of the transmission
of these N coded messages, which justifies the use of a fixed impulse response w in each of the
convolutions. The task of the decoder is to discover both the impulse response and the messages
by observing their convolutions y, = w * x,, n = 1,2,3,..., N, and using the knowledge of the
coding matrices.

Our main result in Theorem [1| took w as a vector that is sparse in some incoherent basis B. In the
application discussed in the last paragraph, we can simply take the basis B to be the standard basis;
perfectly incoherent. The location of each non-zero entry in w depicts the delay in the arrival time
of a copy of coded message at the receiver from a certain path and the value of the entry known
as the fading coefficient incorporates the attenuation and the phase change encountered in that
path. The coherence parameter ,u% is roughly just the peak value of the normalized frequency in
the spectrum of the channel response. For this particular application, we can assume that p% ~1
as the transmitter energy is equally distributed among the message signals. Our results prove
that if each of the message is coded using a random coding matrix, and the channel response has
approximately a flat spectrum, then we can recover the messages and the channel response jointly
almost always by solving , whenever the length K of the messages, the sparsity S of the channel
impulse response w, and the codeword length L obey K +Slog? S < L / log? (LN), and the number
N of messages that convolve with the same instantiation of the channel roughly exceed log? (LN).

Our results here can be thought of as an extension to the blind deconvolution result that appeared
in [2], where we only have a one-time look at the unknown channel — we observe only a single
convolution of the impulse response with a randomly coded message. Consequently, only fading
coefficients could be resolved in [2] and not the delays in the impulse response w of the channel. In
other words, one needs to know the subspace or support of w in advance. In general, both fading
coefficient, and delays are equally important pieces of information to decipher the received message
in wireless communications. In this paper, we take advantage of several looks at the same channel
as it remains fixed during the transmission of N messages. This enables us to estimate both the
fading coefficients and the unknown delays at the same time. In general, we do not assume that
the vector w lives in a known subspace as was the case in [2].

1.5 Related work

In a nutshell, and to our knowledge, this paper is the first in the literature to theoretically deal
with an impulse response that belongs to a low-dimensional subspace that is not fixed ahead of
time but needs to be discovered.

The lifting strategy to linearize the bilinear blind deconvolution problem was proposed in [2],
and it was rigorously shown that two convolved vectors in RY can be separated blindly if their
K, and S dimensional subspaces are known and one of the subspace is generic and the other is
incoherent in the Fourier domain. It is further shown using the dual certificate approach in low-
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Figure 1: Blind channel estimation. Fach meassage m,, in the block {m,}, = {mi,ma,...,my} of
messages is coded with a corresponding tall coding matrix C,, and the block of coded messages {x,}, is
sequentially transmitted over an arbitrary unknown channel. This results in convolution of each of the coded
messages {x, }n with an unknown impulse response h. The decoder receives the convolutions {y,}, and it
discovers both the messages {m,,}, and the unknown channel h (within a global scalar).

rank matrix recovery literature [7,/15,23] that both the vectors can be deconvolved exactly when
(K 4+ S) < L/log® L. This paper extends the single input blind deconvolution result to multiple
diverse inputs, where we observe the convolutions of N vectors with known subspaces with a fixed
vector only known to be sparse in some known basis.

A natural question that arises is whether multiple (N > 1) inputs @,,’s are necessary in our problem
to identify w in . The answer is no in this specific case as even in the single input case N =1,
under the same random subspace assumption on x;, and replacing the nuclear norm in with the
standard ¢; norm (sum of absolute entries) will separate x1, and w, however, the sample complexity
L will be suboptimal, and of the order of SK to within log factors. In the general single input case;
under no random subspace assumption on @y, it is shown in [12] that w, and «; are not identifiable
from y = w * x;.

A related question, in a sense dual to that presented in the previous section, is multichannel
blind deconvolution. See Figure [2| In discrete time this problem can be modeled as follows. An
unknown noise source w € RY feeds N unknown multipath channels characterized by K-sparse

impulse responses x, € RY, n = 1,2,3,...,N. The receiver at each channel observes several
delayed copies of w overlapped with each other, which amounts to observing the convolutions
Yo = W* Ty, N =1,2,3,...,N. The noise w can be modeled as a Gaussian vector, and is well

dispersed in the frequency domain, i.e., the vector w is incoherent according to the definition
. The fading coefficients of the multipath channels are unknown, however, we assume that
the delays are known. This amounts to knowing the subspace of the channels and the unknown
impulse responses can be expressed as x, = C,m,, for every n € [N], where the columns of the
known L x K coding matrices are now the trivial basis vectors and m,, contain K unknown fading
coefficients in each channel. The indices (delays) of the non-zeros of every impulse response x,, can
be modeled as random, in which case the coding matrices are composed of the random subset of
the columns of the identity matrix. With the coding matrix known and random, the multichannel
blind deconvolution problem is in spirit the dual of the blind system identification from diverse
inputs presented in this paper, where the roles of the channel and the source signal are reversed.
However, the results in Theorem [l| are explicitly derived for dense Gaussian coding matrices and
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not for random sparse matrices. It is worth mentioning here that in many practical situations
the non zeros in the channel impulse response are concentrated in the top few indices making the
assumption of known subspaces (delays) plausible.

After [2], a series of results on blind deconvolution appeared under different sets of assumptions on
the inputs. For example, the result in [3] considers an image debluring problem, where the receiver
observes the N subsampled circular convolutions of an L-dimensional image x, modulated with
random binary waveforms, with an L-dimensional bandpass blur kernel h that lives in a known
K-dimensional subspace. Then it is possible to recover both the image and a incoherent blur kernel
using lifting and nuclear norm minimization, whenever N > log® Lloglog K, where N /L is also
the number of subsampling factor of each convolution. The result shows that it is possible to
deconvolve two unknown vectors by observing multiple convolutions—each time one of the vectors
is randomly modulated and is convolved with the other vector living in a known subspace. We are
also observing multiple convolutions but one of the vectors in the convolved pair is changing every
time and the subspace of the other is also unknown, this makes our result much broader.

Another relevant result is blind deconvolution plus demixing [20], where one observes sum of N
different convolved pairs of L-dimensional vectors lying in K, and S dimensional known subspaces;
one of which is generic and the other is incoherent in the Fourier domain. Each generic basis is
chosen independently of others. The blind deconvolution plus the demixing problem is again cast
as a rank-N matrix recovery problem. The algorithm is successful when N2(K + S) < L/log* L.

An important recent article from the same group settles the recovery guarantee for a regularized
gradient descent algorithm for blind deconvolution, in the single-input case and with the scaling
K+ 8 < L/log? L [19]. This result, however, makes the assumption of a fixed subspace for the
sparse impulse response. Note that gradient descent algorithms are expected to have much more
favorable runtimes than semidefinite programming, when their basin of attraction can be established
to be wide enough, as in |19].

The multichannel blind deconvolution was first modeled as a rank-1 recovery problem in [25] and the
experimental results show the successful joint recovery of Gaussian channel responses with known
support that are fed with a single Gaussian noise source. Other interesting works include [16}33],
where a least squares method is proposed. The approach is deterministic in the sense that the input
statistics are not assumed to be known though the channel subspaces are known. Some of the results
with various assumptions on input statistics can be found in [29]. Owing to the importance of the
blind deconvolution problem, an expansive literature is available and the discussion here cannot
possibly cover all the related material, however, an interested reader might start with the some
nice survey articles [18},21}28] and the references therein.

It is also worth mentioning here a related line of research in the phase recovery problem from
phaseless measurements [6,/11], which happen to be quadratic in the unknowns. As in bilinear
problems, it is also possible to lift the quadratic phase recovery problem to a higher dimensional
space, and solve for a positive-definite matrix with minimal rank that satisfies the measurement
constraints.
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Figure 2: Blind multichannel estimation. An unknown noise source w feeds N unknown multipath channels
characterized by sparse impulse responses {x1,®a,...,xN}. We observe the convolutions at the receivers
and the task is to recover the channel responses together with the noise signal. The problem can be thought
of as the dual to the blind channel estimation problem where the roles of channels and the source signals
are reversed: a fixed incoherent vector is now fed into all the channels. The channel impulse responses can
be reliably modeled with Bernoulli Gaussian distribution.

2 Numerical Simulations

As an alternative to the computationally expensive semidefinite program in , we rely on a
heuristic non-linear program:

H, M = argmin |H[2+ | M]3 (13)
H,M
subject to §ulf] = (begsi. HM"), (£,n) € [L] x [N],

which solves for matrices H € CE*E and M € CKEN*XE The semidefinite constraint in
is always satisfied under the substitution X = HM®*. The non-linear program was proposed
in [4], and the results therein showed that all the local minima of are the global minima of
(8) when R > rank(X), where X is the optimal solution of (8). Since in our case the optimal
solution hm* is rank-1, we solve with R = 2, and declare recovery when H , and M are rank
deficient. The best rank-1 approximation of HM?* constitutes the solution of . The non-linear
program considerably speeds up the simulations as instead of operating in the lifted space like
with LK N variables involved, it operates almost in the natural parameter space with much fewer
number 2(L + K N) of variables. We use an implementation of LBFGS available in [27] to solve
. An additional advantage of is that no suitable initialization is required. Comparatively,
the recently proposed gradient descent scheme [19] for bilinear problems not only requires to solve
a separate optimization program to initialize well but also the gradient updates involve additional
unnatural regularizer to control the incoherence.

We present phase transitions that validate the sample complexity results in Theorem [l The shade
in the phase transitions represents the probability of failure determined by counting the frequency of
failures in twenty five experiments for each pixel in the phase transitions. We classify the recovered
solution X as a failure if | X — hm*||p > 1071,
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In all of the phase transitions, we take w, and m to be Gaussian vectors. Observe that w is
constructed to be a dense vector with no sparse model. Recall that Theorem [1] restricts w to be
a sparse vector, however, our simulation results show successful recovery in a more general case of
dense w. This observation is in conformation with our belief that the sparsity assumption on w is
a result of merely a technical requirement due to the proof method. Very similar phase transitions
can be obtained under restrictive sparse model on w.

We will present two sets of phase transitions. Each set contains three phase transition diagrams; in
each diagram, we fix one of the variables L, K, and N, and vary the other two in small increments
and compute the probability of failure every time as outlined earlier in this section.

In the first set, we mimic the channel estimation problem discussed in Section [1.4], and shown in
Figure We take C),’s to be Gaussian matrices as in . Figure shows that for a fixed
N = 40, we are able to recover all of the inputs x,’s, and w as soon as L > 10K. The phase
diagrams in Figure and mainly show that the performance of the algorithm become
roughly oblivious to the number N of inputs as soon as IV > 10 for the particular range of K, and
L considered in the phase transition diagrams.

In the second set shown in Figure[d we simulate the blind channel estimation problem discussed in
Section [1.5] and shown in Figure [2l This set contains similar phase diagrams as in first set under
the same assumptions, the only difference is that the matrices C,,’s are now the random subsets
of the columns of identity. In other words, we take the support of x,’s to be random and known.
The results are almost exactly the same as in the first set.

3 Proof of Theorem [

We are observing the linear measurements as in of an unknown Xy = hm™* such that h is an
S-sparse vector. Define Q) := supp(h), where |Q2] = S. To show that the solution to the SDP in
equals X with high probability, we establish the existence of a valid dual certificate [7,[15]. The
proof of low-rank recovery using dual certificate method is a standard approach now and has been
employed in the literature [2,/15,23] many times before. Our construction of the dual certificate
uses the golfing scheme [15], but is unusually technical in that there is a probabilistic dependence
between the iterates, which in turn precludes the use of matrix concentration inequalities.

Let u € RY, and v € REN be arbitrary vectors, and h, and m be as defined earlier. Let T} be the
linear space of matrices with rank at most two defined as

T, :={X|X = ahv® + pum”, and o, € R},
and T5 be the space of matrices with rows supported on index set €2, and is defined as
Ty :={X | X e RE*EN X1 4] =0 for £ € Q1},
where O+ = [L]\Q. Then we have
71 NTy :={X|X = ahv* 4+ fum*,ug. =0, and «, 5 € R}.

Note that the matrix of interest X is a member of the space 77 NT5s. Let us now define the related
projection operators. We start by defining P that takes a matrix or a vector with L rows and sets
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Figure 3: Empirical success rate for the deconvolution of w and @1, xs,...,xy. Recall that x, = C,m,
for every n = 1,2,3,...,N. In these experiments, the vectors w, m, are Gaussian, and L x K matrices

C,,n =123, ...,N are also independent, and Gaussian. (a) Fix N = 40, and vary L ~ 200 — 2000,
K ~ 10 — 190. Successful reconstruction is obtained with probability one when L > 10K. (b) Fix L = 800,
and vary K ~ 5 — 150, N ~ 5 — 200. Successful reconstruction is obtained with probability one when
K < L/10, and N > 10. (c¢) Fix K = 40, and vary L ~ 50 — 800, N ~ 10 — 200. Successful reconstruction
occurs with probability one when L > 10K, and N > 10.

all the rows that are not indexed by the index set © C [L] to zero. Mathematically, we can define
the projection on the index set €2 as
P(X) :=ILxal] X (14)

where Iy «q denotes the submatrix of the L x L identity matrix with columns indexed by set €.
The orthogonal projector R onto 77 NT5 is then defined as

R(Z) := hh*Z + P(Zmm*) — hh* Zmm®*, (15)

and the projector R, onto the orthogonal complement 75 U TQJ- of Ty NT5 is then simply R, (Z) =
Z —R(Z). Note that in the definition of the projection above, we assume without loss of generality
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Figure 4: Empirical success rate for the deconvolution of w and x1, s, ...,z . In these experiments, the

vector w is Gaussian, and every x,, is a sparse vector with random support and its K non-zero entries are
Gaussian. (a) Fix N = 40, and vary L ~ 200 — 2000, K ~ 10 — 190. Successful reconstruction is obtained
with probability one when L > 10K. (b) Fix L = 800, and vary K ~ 5 — 150, N ~ 5 — 200. Successful
reconstruction is obtained with probability one when K < L/10, and N > 10. (c¢) Fix K = 40, and vary
L ~ 50 — 800, N ~ 10 — 200. Successful reconstruction occurs with probability one when L > 10K, and
N > 10.

that ||m|l2 = ||h||]2 = 1 as the optimality conditions, presented in Lemma (1| below, for the success
of nuclear norm minimization [§| only involve normalized h, and m.

The following lemma gives sufficient conditions on a dual certificate Y € Range(A*) to guarantee
that nuclear-norm minimization program in produces Xg = hm™* as the solution. The proof
of the lemma is almost exactly the same as in [7], the only difference is that now instead of just
working with a space of rank-2 matrices 77, we are dealing with the space T7 N T, of rank-2 and
row-sparse matrices. We repeat the proof here to show that all the details in |7] also work out for
the space T N Ts.
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Lemma 1 (Optimality Conditions). Let A be as defined in , and v > 0 be a positive number
such that || Al <7, and
V2| AR(Z)r > |R(Z)|r (16)

for all Z € Null(A). Then the matriz Xo = hm* is the unique minimizer of if there exists a
Y € Range(A*) such that

1

[hm™ —R(Y)|r < v IRU(Y) < (17)

1
5
Proof. Let X denote the solution to the optimization program in . This implies that HX Il <
| Xol|«. Given this, it is enough to show

1Xo + Z|l. > | Xoll., ¥Z € Null(4), Z £0,

where Z = X — X, to establish exact recovery, since the two conflicting requirements on X above
would directly mean that X = X, or Z = 0.

The sub-differential of nuclear norm at point X is (see [32] for details)

I Xoll« :=={hm*+ W R, (W)=W, and |W| < 1}.
Since by the definition of sub-differentials

1Xo + Z|l. — [ Xolle > (A, Z), for every A € 0 Xy,
we obtain

1 X0 + Z]« — | Xo[l« = (hm*, Z) + (RL(W), Z)
=(hm*-Y,Z)+ (W,R,(Z)), forevery Y € Range(A").

Using the fact that hm* € 71 N Ts, and also maximizing the inner product (W, R, (Z)) with
respect to ||[W/]| <1 gives us

X0 + Z|l« = [[Xoll« = (hm* = R(Y), R(Z)) = (R.(Y), R.(Z)) + [[R.(Z)]]+
> —[[hm” = R(Y)|r[[R(Z)[r = [R.(V)IRLZ)[« + [RL(Z)]l+-

Now the inequality ||AR(Z)||r > 27Y2|R(Z)|| for any Z € Null(A) implies that

0=[A2)|lr > |AR(Z)|r — |ARL(Z)]|r
> 27 2|R(2)|lr = [Ru(Z)|r-

The above inequality implies firstly that || Z||% < (292+1)||R.(Z)|/%, which in turn means R (Z) #
0 whenever Z # 0; secondly, |R(Z)|lr < v27|R.(Z)]||+. Using these results, the bound in the
earlier inequality gives

1X0 + Z|le — | Xoll. > (=[lhm* = ROY)|ev2y = [R. (V)| + 1) [R.(Z)]l

Now under the conditions in , the right hand side above is strictly positive, which means
| X0+ Z||« > || Xol|+; enough to exhibit the uniqueness. O
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The next lemma provides an upper bound + on the operator norm of the linear map A.

Lemma 2 (Operator norm of A). Let A be as defined in (7). For any 8> 1,

IA|l < +/BKlog(LN)

with probability at least 1 — (LN)~P+2,

Proof. The operator norm can be calculated by using the fact that (Ay, »,, Apn,) = 0, Vi #
ly € [L], or Vny # ny € [N]. This implies that ||A| = max,, |A¢n,|lr. We can write || Ay ,||% =
165l Penllz = Dk on cemlk]I?, where |cop[k]|* are chi-squared random variables with degree 2
when 2 < ¢ < L/2, and degree 1 when ¢ =1, or /= L/2+ 1. In both cases E |c;,[k]|* = 1, and

P{lconlk]® > u} <e ™
The maximum is taken over (L/2+ 1) -2- KN unique ¢y ,[k] and

P{max ook > u} < (L +2)KN o™ = Pmax|| gl > Ku} < (LN)?e™,
)Ty s

where the last inequality follows from the fact that K < L. Choose u = Slog(LN), which gives
|A|l < v := /BKlog(LN) with probability at least 1 — (LN)~/+2. O

In the following section, we focus on constructing a dual certificating using golfing scheme, which
is then shown to satisfy the uniqueness conditions in the lemma above.

3.1 Linear operators on golfing partition

To prove the uniqueness conditions in , we use a dual certificate Y constructed using a variation
of the golfing scheme [15]. To this end, we partition the index set [L] x [N] into P disjoint sets
I'y, T, ..., 'p defined as

Ty = {(,n) | (£,n) € {(Anp,n)}nta ) (18)

where A, ;, is a subset of [L], chosen uniformly at random for every n and p, such that |A, ,| = Q =
L/P, and for every n, A, NA, =0 for p # p’, and |, Ayp = [L]. The parameter Q is adjusted
through the proof, and we assume here without loss of generality that it is an integelﬂ In words,
the partition of the set {1,2,3,...,L} x {1,2,3,..., N} is obtained by dividing {1,2,3,..., L} into
P randomly chosen disjoint sets for a given n, and then we repeat this process independently for
every m to obtain a total of PN sets Ay 1,...,An1,A12,...,An,p. We then define I, as in .
For every n, the disjointness among the sets A, 1,An2,..., A, p is of critical importance as it
ensures that no dependence arises due to reuse of the same ¢, ,, in different partitioned sets. We
define a linear map A, : REXEN — CON that returns the measurements indexed by (£,n) € T'):

Ap(Z) = {(ben, Z) : (En) €T}, AA(Z) = Y (b, Z)begpy . (19)

(¢n)ery,

3We are assuming here that P is a factor of L; this can be achieved in the worst case by increasing the number
L of measurements in each convolution by no more than a factor 2, which only affects the measurements bounds in
Theorem [1| by a multiplicative constant.
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In tandem with this partitioning of the measurements, we also require to partition the L rows of
B into P sets of @) x L submatrices that behave roughly as an isometry on the sparse vectors.
Quantitatively, we want the rows bj of matrix B in each of the sets A,,;, to obey

(1—5)HZH§§£2 > Ibizl* < (1+0)]=I13 (20)

ZEAn,p

for all vectors z supported on the set Q such that [©2] < S. A reader familiar with compressive
sensing will readily recognize this as the restricted isometry property (RIP) [5] on the submatrices
of B. A result [26] from compressive sensing says that for each submatrix of rows by with coherence
2 ax> defined in (9) if the index set Ay, , is chosen uniformly at random, then there exists a constant
C such that for any 0 < 9 < 1, and 0 < e < 1,

log L log L
Q> Co 2, <SS§> log (S ;g )10g25

implies that the RIP in holds with probability exceeding 1 — e=<(%/ 9%, Given the partition
{Asp}np is chosen uniformly at random, the above result with § = 1/4, and e 2 = Blog(LN)
means that if

Q > CBpunaxS log?(LN) log(8S log(LN)) log? S, (21)

then

sup b2 < 22 H 13,
ﬂl<se§ AL

with probability at least 1 — O((LN)~?), for all z supported on (2 for a given A,, ,. A simple union
bound over all PN number of sets {A;, p}n p shows that

Q Q
max | sup bz < —> max Pbsb, P — —77 < = 22
s |Q<Sge§: |6} 4LH 2|3 na: Ze%;p ¢ i (22)
holds with probability at least 1 — (PN)O((LN)=?) > 1 — O((LN)*=#). In the rest of the article,

we take the results in as given.

Before constructing a dual certificate, we define some nomenclature. Let

Sn,p = Z (Pbg)('Pbg)*, and S?%,p = ILXQ (IEXQSmpILXQ)_l szQa (23)
EGAn,p

where Iy q is an L x || matrix containing the columns of an L x L identity matrix indexed by
set ). A direct conclusion of gives
(24)

max IS

boll < 35

In addition, set D,, = Ix ® e,e}. A linear operator Si is then defined by its action on an L x KN
matrix X as follows

Q
< =
Hnlf%DXHSmpH S

=> 8} ,XD,. (25)
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3.2 Coherence

With all the development above, we are now in position to precisely define the coherence parameter
ud that was first introduced in Section . The diffusion of the impulse response w is quantified
using the following definition

Bh|2 Q2 BS} h)?2 BS! .S, 1h|%
zz:L.maX{HlooQ. IBSLMIE, |, IBS,aSuin )

140 max X
Ipl3 " L2 e IRIE e 113

The quantities h;;n, and h;;n, from Sectio can be easily read off from this expression, and

from /5 norm equivalences resulting from (24)f'L The following lemma presents upper and lower
bounds on y3.

Lemma 3 (Range of ,u(%). Let u%, and pi2,. be as defined in , and @, respectively. Assume
that holds. Then

20
< pp < oM S.

2
max

w| ot

Proof. We assume without loss of generality that ||h||3 = 1. Since B is an orthonormal matrix, it
is easy to see that 1/L < ||Bh||3, < 1. As far as HBSithgo is concerned, an upper bound on it is

max HBS}%thgo = max max |b2§5’fb’ph|2 < max ||bg||%, max HS,IL’th%
P ¢ np ¢ n.p
16 L
2 S77
Q?

where the first inequality is Holder’s result; the second one follows from the definition of coherence
p2 .. in @, the equivalence of /1, and fo-norms, and the fact that the vector .S'?é,ph is S-sparse;
and the last one is the result of . A lower bound can be obtained by summing over ¢ € [L] as
follows:

1
< /j'?rlaxzs|"s7iz,ph”% < ?Mmax

16 L*
2 2 2

L - maxmax b; Sk h|* > %%XZE: |b; S}, ,hI* = max 1S5 phl3 > 35 07"
where the equality is due to the fact that B is an orthonormal matrix, and last inequality follows
from . In a similar manner, we can compute the upper and lower bounds on ]|BS£725n/71h||go,
and the result is

20 5 g

9 /’Lmax °

5 .
= <max || BS} , S, k|3 <
3 n,n’ ’ ’

Combining all these results, the claim in the lemma follows. O

The spirit of the incoherence is captured by the first term in the maximum; namely, || Bh||% , which
is small when w is diffuse in the frequency domain, and large otherwise. The other two terms are
mainly due to technical reasons in the proof presented later. It is a hard question to characterize
them exactly, but they are qualitatively expected to be of the same order as the first term because
the matrices, S, ,, and S,i@,p are random by construction and are not expected to make the vectors
S,iwh7 and S;QSnxylh more aligned with the rows of B than h was.

480 that g as defined here, and its illustration listed in the introduction, are equivalent to within an inconsequential
multiplicative factor.
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3.3 Construction of a dual certificate via golfing

We now iteratively build a dual certificate Y € Range(.A*) in P iterations with initial value Yy = 0
as follows

L
Y = éA’{Al(hm*) and Y, =Y, |+ AASH(hm" —R(Y,_1)) forp>2. (27)

Note that in (27), Y, € Range(A*) for every p. This approach to build the dual certificate was
first developed in [15]. Projecting both sides on T} N T results in

R(Yi) = FRA; A ()
R(Y,) = R(Yp 1) - RALASE (R(Y, 1) — hm*),  p>2.
Denoting
Wy =—-hm*, and W,:=R(Y,) —hm* forp>1 (28)
results in a recursion
W, = (gRA*{AlR — R) Wo, W, = (RAJA,SER — R)W,,_1 for p > 2, (29)

which in turn implies

Po
L
Wy, = — | [[(RALASIR — R) gRAIAIR — R| Wh. (30)
p=2

Running the iteration till p = P gives us our candidate for dual certificate Y := Yp. To
establish that Xy is the unique solution to (8), we need only show that |[Wp|lp < 1/4v and

|R.(Yp)| < 1/2 in light of (7).

The Frobenius norm of Wp is upper bounded by

P
L
IWele < | T]IRASA,SIR ~ R HQRA’{AlR—RH |Wollr.
p=2

The difference in the construction of iterates for p = 1, and p > 2 is mainly to avoid technical
difficulties that arise in the proofs later owing to the dependencies between Y, _; and A, for p > 2.
The dependencies stem from the fact that although for every p, the random set A,, ;, is independent
of A, ,, where n # n'. However, for every n, the sets A,, ,,, and A,, ,y are dependent by construction.
This directly implies that the sets I'y,...,I'p are dependent; therefore, Y,_1, and hence W),_; are
dependent on A, for p > 2. As is shown in detail in the proofs to follow that the introduction of
Sg for p > 2 is to avoid this dependence problem and it ensures that

E RA;APS}:E (Wp—l) = Wp—l 3

which is of critical importance in controlling some of the random quantities in the proofs to follow.
For p = 1, however, we do not introduce Sf as unlike W), for p > 1, the matrix W = hm* is fixed,
and there is no bias between (L/Q)RATA;(hm*), and hm*.
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A bound on the operator norm for the term with p = 1 above can be achieved by using a simple
triangle inequality followed by an application of Lemma [5 and [6] in Section [3.5 below, to obtain

RATAR — RH<HRA*A1R ERA*AlRHJrHERA*AlR RH

with probability at least 1 —2(LN)~5*! (the constant 2 upfront comes from the union bound), for
a parameter 8 > 2 that controls the choice of (), and N. Note that the expectation E is only w.r.t.
the random construction of ¢, in , and not w.r.t. to the randomness due to the sets A, .
The operator norm of the remaining terms (p > 2) in the expression can all be bounded using
Lemma [ in Section B.5] below to conclude that

E

[Wyllp < 277714/ %, for every p € {1,..., P}, (32)

holds with probability at least 1 — O(L~#*!). This means using the crude union bound that
[Whellr < 27P71,/Q/L holds with probability at least 1 — O(PL™A+1) > 1 — O(L=*2). Now
choosing P = (L/Q) = 0.5logy (48K log(LN)) is more than sufficient to imply that |[Wp|p <
(47)~!, where the value of v is dictated by Lemma This proves the first half of .

To prove the second half of , use the construction in (27)) to write

P
L
Ye = — éAfAl(hm*) +)AASH W, )
p=2

Since W), € Ty N Ty, for every p € {1,2,3,..., P}, this means
I P
R.(Yp) = -R. <QA’;A1(hm*) - hm*) -3 R, (A;Apsg(wp_l) - W,,_l) .
p=2

Taking the operator norm and a triangle inequality, followed by an application of the fact that
IR.|| <1, shows that

IR (Yp)| < ||| A5 A (hm)

5 -3 s 0w

Note that by adding and subtracting (L/Q) E A7 A;(hm*) in the first term and similarly adding

and subtracting E A7A,S i( W,,_1) from every term in the summation above, and subsequently using
the triangle 1nequahty, we obtain
E A7 A (hm™) —

L
IRL(YP)I < 0 [ A7 AL (hm?) — E A7 A (hm™) | + +

E
EP: (45483 Wy-1) = B4 A SE W, )| + [B A4, SEH W, 1) = Wy ]
p=2

Note that the expectation E is only w.r.t. the random construction of ¢y, in , and not w.r.t.
to the randomness due to the sets A,,,. Now each of the term on the right hand side above can
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be controlled using Corollary 2} and Lemma [I2] [I0] and [I1]in Section [3.5] below, respectively that
hold under the choices of @, and N that conform to Theorem [I| to give us the upper bound

IRL(YP)| <

which, using the union bound, holds with probability at least 1 — O((LN)~#*1).

Remark 1. Lemma to control || EA;APSE(Wp_l) — Wy_1|| relies on the uniform result in
for sparse vectors to overcome the statistical dependence between A,, and Wy,_i. Being able
to control this term is one of the main reasons of working with Ty N Ty instead of T1. Since
W,_1 € Ty N1y, the columns of Wy_1 are always S-sparse enabling us to employ the uniform
result. This technical requirement restricts our results to only S-sparse w. However, we think that
the proof technique may be improved to work for a completely dense vector w as is suggested by the
numerical experiments in Section[3.

We also need to show that holds. To that end, note that by Corollary [1|in Section below,
the linear map A is well-conditioned on 77 N T5, and hence, for Z € Null(.A), we have

IAR(Z)|E = (Z, RA*AR(2Z))|
> [(Z,(RA"AR — R)Z) + (Z,R(Z))]
> [R(2)]§ — IRAAR - RI[|R(Z)|%.

Corollary [1{ shows that [|[RA*AR — R|| < 1/8. Using this fact in the inequality above proves (|16)).

Finally, the choice of upper bounds on L and N in the statement of the theorem is the tightest
upper bound that conforms to all the lemmas and corollaries, and uses the fact that L/Q = P =
0.5logy (48K log(LN)) derived above. The nuclear norm minimization recovers the true solution
when all of the above conclusion hold true. The failure probability of each of the lemmas and
corollaries is less than or equal to (LN )*BH, and hence, using the union bound, the probability
that none of the above items fail is 1 — O((LN)~#+4).

This completes the proof of Theorem

3.4 Concentration Inequalities

Most of the lemmas below require an application of either the uniform version, or the Orlicz-norm
version of the matrix Bernstein inequality to control the operator norm of the sum of independent
random matrices. Before stating them, we give an overview of the Orlicz-norm results that are
used later in the exposition.

We begin by giving basic facts about subgaussian and subexponential random variables that are
used throughout the proofs. The proofs of these facts can be found in any standard source; see, for
example, [31].

The Orlicz norms of a scalar random X are defined as

: RN
| X ||, :=inf u>0:Eexp <2;, a>1

uOé
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The Orlicz-norm of a vector ||z||y,, and a matrix || Z]y, are then defined by setting X = ||z|2,
and X = || Z||, respectively, in the above definition. Therefore, we restrict our discussion below to
scalar random variables, and it can trivially extended to vectors and matrices using above mentioned
equivalence.

Some of the key facts relating the Orlicz norms of subgaussian and subexponential random variables
are as follows. A subgaussian random variable X can be characterized by the fact that its Orlicz-2
norm is always finite, i.e., [|X||y, < oo. Similarly, for a subexponential r.v., we have ||.X ||y, < oo.
A random variable X is subgaussian iff X? is subexponential. Furthermore,

X113, < 11Xy, < 21X 13, (33)

At some points in the proof, we are interested in bounding || X — E X||,. A coarse bound is
obtained by using the triangle inequality,

X = EXllya <Xy + 1E Xy,
followed by Jensen’s inequality, || E X ||y, < E || Xy, = [| X ||y, which further implies that

X = E Xy, <2 X[y, (34)

We also find it handy to have a generalized version of the above fact; namely, the product of two
subgaussian random variables X7, and X5 is subexponential, and

1X1Xally, < ClIX1 | Xollpas (35)
for some C > 0.

As we are working with Gaussian random variables mostly in the proofs, some of the useful identities
for a Gaussian vector g ~ Normal(0, I,,) are: For a fixed vector z, the random variable (g, z) is
also Gaussian, and hence, |{g, z)|?> must have a subexponential tail behavior, and it can be easily
verified that

P{l(g,2)" > A} < e VI

for every scalar A > 0. Moreover, the fs-norm of g is strongly concentrated about its mean, and
there exists C' > 0 such that
P{llgll3 > AM} < Ce™.

This tail behavior of a random variable completely defines its Orlicz-norm. Specifically, for a
subexponential random variable X,

P{X >u} <ae P = | X|ly, < (1+a)/B. (36)
This completes the required overview.

We now state the matrix Bernstein inequalities, which is heavily used in the proofs below.

Proposition 1 (Uniform Version [30], [17]). Let Z1,Zs, ..., Zg be #id random matrices with di-
mensions M x N that satisfy E(Z;) = 0. Suppose that ||Z,|| < U almost surely for some constant
U, and oll q =1,2,3,...,Q. Define the variance as

Q Q

oy =max{ (> (EZ,2))|, > (EZ:2,)| - (37)
q=1 q=1
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Then, there exists C > 0 such that , for all t > 0, with probability at least 1 —e™ ¢,

1Z1 + Zo+ - + Zg|| S max {UZ\/t Flog(M + N), U(t + log(M + N))} . (38)

The version of Bernstein listed below depends on the Orlicz norms || Z{[y,, @ > 1 of a matrix Z,
defined as

: Z|~
| Z ||y, = inf{u > 0: Eexp <Hul‘> <2}, a>1. (39)
Proposition 2 (Orlicz-norm Version [17]). Let Z1, Zs, ..., Zg be iid random matrices with dimen-

sions M x N that satisfy E(Z,;) = 0. Suppose that || Z,||y, < Uq for some constant U, > 0, and
q=1,2,3,...,Q. Define the variance 0% as in . Then, there exists C > 0 such that, for all
t > 0, with probability at least 1 — e ¢,

1 /QU?
\Z1+Zo+ -+ Zg| S max{az\/t—i-log(M—i—N),Ua loga (iﬁ) (t+log(M+N))}. (40)
z

3.5 Key lemmas

This section provides the important lemmas that constitute the main ingredients to establish the
uniqueness conditions , and for our construction of the dual certificate Y in the previous
section.

Conditioning on 77 N'T5

The results in this section concern the conditioning of the linear maps A, and A, when restricted
to the space 11 N T5.

Lemma 4. Let the coherences u2,,., #(2), and p(z) be as defined in @, , and , respectively.
Fiz B > 2. Choose the subsets T'y := {(Anp,n)}tn constructed as in Section so that, for
pe€{23,...,P},

’An,P‘ - Q Z Cﬁ(ugK + :urznaxs) logZ(LN)v

for some sufficiently large C > 0. Then the linear operators A,, and Sg defined in and ,
obey

1
* T _ < =
2I§npagxp HRApApSpR RH <5 (41)

with probability at least 1 — (P — 1)(LN)™# > 1 — (LN)=A+1,
Lemma 5. Let the coherences 2., 113, p2 be as in Lemma . Fiz 8 > 1. Choose A, 1 such that
[Anil = Q = CHUFK + jiaxS) (L/Q)/? log?(LN), (42)

for some sufficiently large C' > 0. Then the linear operator Ay defined in obeys

L./e (43)

RAAR - ERAAR| < /5

=
Q
with probability at least 1 — (LN)™P.
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Corollary 1 (Corollary of Lemma . Let the coherences ji2,,., ué, and p? be as in Lemma . Fix
8> 1. Assume that
L > CB(ug K + pinaxS) 1og>(LN),

for some sufficiently large C > 0. Then the linear operator A defined in obeys

1
IRATAR —R| < ¢

with probability at least 1 — (LN)™P.
Lemma 6. Let p2 . be as in Lemma . Fix 8> 2. Then there ezists a constant C' such that

|[An1| = Q = CBipaS(L/Q) log(LN)
implies that the linear operator A; defined in obeys

L 1 /0
—_E * _ < Iy =
HQ RALAR RH <\7
with probability at least 1 — (LN)~A+1,

Coherences of iterates

In this section, we define the coherences of the iterates W), in , and show that these coherences
can be bounded in terms of pg, and pg in , and , respectively. The coherences are defined,
among other variables, in terms of S}W in (23), and D,, := Ix ® eye};,. The partition {(Ay p, 1) }np
is as defined in Section and we assume the implications of restricted isometry property in (22))
as given. Moreover, we also take the results of Lemma [4 [f] and [] as true. The following results
are in order then.

Lemma 7. Defind]

2 ,_9 ‘ * of , 2
Py = Lngﬁ%{N Z b, S w,D,, , for every p € {1,2,3,..., P}. (44)

n' p+17Vp
CEN
Then
pp < 2_7’\/?,00 for every p € {1,2,3,..., P}. (45)
Lemma 8. Define
1/3 = Q—2N max [ max b}‘,Si, W,D,, 2] for every p € {1,2,3,..., P}. (46)
L~ 1<w/<N |vedy . nhptl TP 2|’ T

Fiz g > 1. Then there exists a constant C such that
Q > CB(HGK + paxS) log?(LN)
implies
vp < 2773 ugp0 for every p € {1,2,3,..., P} (47)
with probability at least 1 — (LN)™5.

®We use the index variables £, and n’ as £ and n are already reserved to index the set ', in the proofs of these

lemmas.
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Lemma 9. Define

2
2

Q? &
2. 2 : * ol 17,7
T L/g?j/(,p Hbe/sn/,pﬂ oD

] for every p € {1,2,3,..., P}. (48)

n'=

Let Q, and N be the same as in Lemmal[§ for sufficiently large C. Then
pp < 27P 20 for every p € {1,2,3,..., P} (49)

with probability at least 1 — (LN)™5.

Range of A*

Finally, the results in this section help us establish that the dual certificate Y mostly lies in 77 N 75,
that is, |[R.(Y)| < 1/2; one of the uniqueness conditions in (17). Let A,, S} and W, be as in
, , and , respectively. In addition, let the coherences p,, pp, and v, be as defined in

, , and , respectively. We shall take , , and as given. The following results

are in order then.

Lemma 10. Fiz B > 4. Then there exists a constant C such that
Q > CPusK max{(L/Q),log*(LN)}log(LN), and N > CBpj(L/Q)log(LN)
implies that
HA;APS;(Wp_l) - EA;APS;(Wp_l)H <277 forallpe {2,3,..., P}

holds with probability at least 1 — (LN)~A+4

Corollary 2 (Corollary of Lemma . Let Ay be as in , and coherences uZ, and p3 be as in
, and , respectively. Fiz > 1. Then there exist a constant C such that

Q > CPuiK max{(L/Q),log?(LN)}log(LN), and N > CBp3(L/Q)log(LN)

implies that
L
0 [ATAL(hm”) — E AT A (hm™)|| <

oo =

with probability exceeding 1 — (LN)™5.

Lemma 11. Assume further that the restricted isometry property in holds. Then
[ EA;A,,S},(WP_l) ~W,_1|| <27P7 for allp € {2,3,..., P}

with probability at least 1 — (LN)~8+1

Lemma 12. Let Ay, p2,., and pg be as in , @D, and , respectively. Fiz 8 > 1. Then
there exists a constant C such that

L > OBpgnaxS(L/Q)10g(LN), and N > CBpj(L/Q)log(LN)

implies that

Hg B ALA (hm?) — hm?|| <

1
8

with probability at least 1 — (LN)™P.
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4 Proofs of the Key Lemmas

This section provides the proofs of all the key lemmas laid out in Section All of the main
lemmas involve bounding the operator norm of a sum of independent random matrices with high
probability. The matrix Bernstein inequality is used repeatedly to compute such probability tail
bounds.

In the proof of the lemma below, the following calculations come in handy. Using the definition of
the projection R in , we can see that

R(bedy ) = (Rhbe) @y, + Pbe(mm ¢y )" — (Rh™by) (mm ¢yp)”

It also follows from the definition that PR = RP = R. Another quantity of interest is
||R(bg¢zn)|’% = (R(be9},,), bedpy ,,), which can be expanded as

HR(bEQSZn)Hi‘ = <h‘h’*be¢zn’ bé¢zn> + <be¢2nmm*v b€¢2n> - <hh*b€¢z,nmm*7 b€¢z,n>

= [ genll31FRIZ + |Pbel3lm" fenl® — BRI drnl3
< enl3Ibihl? + [Pl gl (50)
Moreover,
2
|R(SE et = (hh*SEbesi . SE b ) + (PSE b mm, S b )

— (hh* S} bugp; ;mm*, S} bedp )
_ 2b*Si h2 SI b 2 * 2_b*Si h2 * 2
- ||¢€,n||2| {°Fn,p | +H n,p f”Zym ¢€,TL | {Fn,p | |’I’TL ¢€7”‘2
< || penll7 S5 hl* + IS ,bell3lm denl*. (51)

We are now ready to move on to the proof of Lemma [4| given below.

4.1 Proof of Lemma [4]

Proof. The lemma concerns bounding the quantity HRA;APS;;R—RH for p > 2. Using the definition

of Ap, and Sli, in (19), and (25), respectively, we expand the quantity RA;ApSIER and evaluate its
expectation with the sets I',, fixed as follows

ERAASIR = > R |bbiSh, @ Fduadi,| R
(¢,n)ery,
— > R|bbiSh,® DR
(¢n)ery,

From the construction of the sets I';, in Section it is clear that (¢,n) € I'), means that for every
n, the index ¢ traverses the set A,, ,. This means we can split the summation over I',, into an outer

sum over n and an inner sum over £ € A,, ,. Moreover, by definition R = RP, and PSEW = S}L,p.
The following equality is now in order.

ERAASIR =30 S0 R |[PbubiPSh, @ I | R.
n leAny
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It is now easy to see by using the definition of S’%,p in Section that for p > 2,

> Pbb;PS,, =P,
ZeATL,p
which implies that E RA;APSZ%R = R. Given this, we only need to control the term HRA;.APSER—
R(E A;AP)SZ%RH. By definitions of A,, S;;, and R in Section we can write

RA;APS;R - Z R [bgb}S}w X ¢Z,n¢z,n:| R.
(4n)ery,

Note that the action of the linear map 2y, := R(bgb}fS}hp ® ¢rn;,,)R on an L x KN matrix

X is Zin(X) = R [bgb;ssi,p ® m,nqbzn} R(X) = (X, R(Shpbed,,))R(begpy,). Tt is clear from
this definition that Z,,, are rank-1 operators. Thus, we are asking the question of bounding the
operator norm of sum of independent operators Zy,. Subtracting the expectation, we get

R(ApAy ~BEAA)SIR = 3 R [bibiSh, @ (60ndi, — B bradi,)| R
(n)ery,

= Y Zin—EZin
(¢n)ery,

The operator norm of the sum can be controlled using Bernstein’s inequality. The variance O‘%; the
main ingredient to compute the Bernstein bound, is in this case

0% 1= max Z EZ020, — (BEZ0)(E Z,), Z E 2}, 200 — (EZ00)*(E Z0,0)
(¢n)ery, (£n)ely,
< max > EZinZi| || Y. EZi.Zm| ¢ (52)
(&n)€ely (¢n)ely

where the last inequality follows from the fact that for two positive semidefinite (PSD) matrices
A, and B, ||A — B|| < ||Al|, whenever A — B is a PSD matrix. The first term in the maximum
in the variance expression is simplified below. As mentioned earlier, the linear operator Z,,, can

be visualized as a rank-1 matrix R(bs¢; ,,) X R(S,ipbg(,bzn), and Zy ,(X) is just the product of the
rank-1 matrix above with the vectorized X, i.e.,

Z00(X) = |R(big;,) BR(S] ,bed,) | veo(X).
It is then easy to see that
ZinZf, = |R(S, pbedi ) |If - [R(bed] ) R R(begpy)] -

where
[R(bed,,) R R(beep,,)] = R [beb] @ b, ] R
Thus,
Y EZinZin|=| Y. EIRSE,bed,)IFR [beb] @ dundi,] R -
(¢n)ery, (¢,n)ery,
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We remind the reader that the expectation is only over ¢,, not over the randomness in the
construction of the partition I',,. Using the expansion in , the above quantity is upper bounded
by

S B (1enl3Ib;SE bl + 1S5 belim* $enl?) R [bibi @ dundi] R
(4n)ely,

< max IBSS 2 || D EllgunllsR [beb; @ dendin] R
¢,n)el’y

+ I%%X ”ng,prH% Z E ’m*(wbﬁ,n 2R [bsz ® ¢€,n¢z,n] R

(¢n)ery,
= max |BS} hll% | Y R[bd; @ E(|deall3endin)] R
(¢,n)ery,
16 2 SL * * 2 *
+ Humax@ Z R [bfbf ®E ‘m ¢€,n’ d)f,nd)f,n] R ) (53)

(¢n)elry,
where in the last equality, we made use of the linearity of Kronecker operator, and the bound

16 , SL

mae S, b3 < mae [PO3SEp13 < 3 i -

P

where we have in turn used the Cauchy Schwartz inequality; the fact that the non-zero rows and
columns of S}L,p are supported on the index set {2; and the last inequality is the result of @,
together with . It is then easy to verify that

E || ¢enll3bendin = (K +2) D,
and
B enl*Grndin = (Imnl3 + 2mpm;) D,
Applying this and the facts that R = RP, and |R|| < 1, the above expression simplifies to

S B2, < (K +2) (maXHBs,ﬁ,thgo) Y Pbb;P @D,
(em)ery " (m)ery

16 , SL

3z (malmal3) | S5 PobiP @ D,

(¢n)ery,

Using the definition of coherences in , and and the fact that ) Ix ® e,ey, = Ixy, and
that for an arbitrary matrix A, ||[A® I|| = ||A],

. K+2)L SL .
Z Z EZg’nZZ’n < (Mg(QQ) +M12naxp%Q2]V> 'm’r?,X Z Pb@bgp

n ey e, p
5 o K+2 20 S
< <4:UJ3 Q + ?M?ﬂaxp(z) QN> )
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where the last inequality follows from . The computation for the second term in the maximum
of variance expression follows a very similar route. In short,

> EZZia|=| Y. EIR®@;,)FR(bb;SE, @ ¢undi,)R
(¢,n)er’y ¢,n)el’y

K S
<3 <M%L + :U’r2naxp(2)L]V> - max > Pbb;PS},
eeAn,p

K S
<3 (18 + iy ) 54)
the last line is the result of the definition of S}w in . This completes the calculation of the
variance term.

The second ingredient in the Bernstein bound is the calculation of the Orlicz norms of the sum-
mands. From , it follows that

1Zen — E Zenllyy < 201 Z20nlly, - (55)
Since Zy,, is rank-1, its operator norm simplifies to
1Zenll = R (bedb7 ) £ R(ST, ooy ) I,

and it is also easy to show that ||E Z;,| = 1. Let us begin by showing that the random variable
R(beep; ,,)||F is subgaussian. For this it is enough to prove that HHR(b5¢Zn)HFH12/)2 < 00. Now
using , we have

ROt w7, < MR 0) s

S
< (RIS DBl + s 0, B )

K S
<C <:U’3L + M?naxpgm> : (56)

In a very similar manner, one shows that
HIR(S% et ) lpl7, < IIR(ST, pbedbf )5l
< (IBSE, I - MoealBlon + sy 1 m. 61 Pl
<C (u?)gf + uilaxp%;?\J :
Using , we now obtain
12

lon < CIIR(SE, et )1l - 1R (e ) 1w

L K S
< C@ <M(2)L + :U’r2naxp(2)L]V> .

Thus || 2, — E Z¢,| is a sub-exponential random variable; hence, a = 1 in ({40]), which gives

log <(Qi\72)U12> < Clog M, (57)

Z
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where M = p2 KN + p2,.p3S < C(LN), the last inequality being the result of p3 < L, u2,., < L,
and pg < N, and that L > S, K.

Plugging the upper bound on the variance in , and in , we have by using t = S log(LN)
that

IRASALSIR — R <

s S
C max {\/ B <u%g + M?naxpﬁcm) log(LN), <uﬁg + ufnaxpﬁcm) log*(LN )} (58)

with probability at least 1 — (LN)™”. The result in the statement of the lemma follows by choosing
@, and N as in the statement of the lemma for a sufficiently large constant C. O

4.2 Proof of Lemma [5

Proof. Lemma | considers bounding the quantity HRA;ApS;ﬁR — R|| for p > 2. The proof of this

corollary is very similar to the proof of Lemma @, and basically follows by replacing A, with A,

and S;; with (L/Q)P. Therefore, we lay out the steps very briefly. Start by expressing the quantity

of interest as a sum of independent random linear maps

* * L >k * k

—R(ATA —EATA)R = Q Z R (bebg ® ((Iﬁz,nqbgm —E ¢g7n¢£7n)) R,
(E,n)el“l

QO =~

Define Z;, = (L/Q)R (bgbz‘ ® P, n) R. Since the linear maps 2y, can be thought of as
symmetric matrices

ZZ,n = R(bfq’)zn) X R(bZd)Zn)a

this means ZZ nZin = Z&nZZn. Therefore, for the variance it suffices to compute

D ZinZw| =g | 2 IR(Gei)IER [bebi @ bendin] R -
(L.n)el’ (L.n)el’
Using , and a calculation that goes along the same lines as before, and employing , we can

compute the upper bound on the variance

L? - S
0% < = [3Kth||go + 3012 > <max\|mnug)] ‘max| S PP
Q " " KEAn,l
2
Ho 2 S o 1]
<3 |K—=+ max PO a7 | *
[ Q MmN
The Orlicz norm turns out to be || 2y, —E Z¢ [y, < 2(|Z2enlly, < C(L/Q)|| ||R(be¢27,n)||%”wu which
from is

K S
1200 —E Zpnlly, <C (M%Q + uilaxngN> :

This shows that Zy ,, are sub-exponential, and thus using a = 1 in the definition of U; in Proposition
one obtains

N 2
log <Q 2U1 ) < Clog (UGEN + pi2aypS) < Clog(LN).
0z
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With this, we have all the ingredients to compute the deviation bound. Apply Bernstein inequality
in Proposition [2 and choose t = (8 — 1) log(LN) to obtain

gHRA’{AlR _BERAIAR|
K s K s
< C'max {\/ 8 (M?)Q + u?naxf%QN> log(LN), B (u%Q - u?naX/%QN) log?(LN )} (59)

with probability at least 1 —(LN)~#. The choice of Q, and N in for a sufficiently large constant
C' in there guarantees that the right hand side is smaller than %\/% . O

4.3 Proof of Corollary

Proof. The proof is exactly same as in Lemma [5| except now instead of using A; that is defined
over a the subset I'y C [L] x [N], we instead use a linear operator A defined over the entire set
I':={(¢,n) € [L] x [N]} of measurements. This means, we only need to replace A; with A, defined
in (7)), and Q@ = |Ap 1| with L = |I'|. In addition, note that E.A*A = Z, where T is an identity
operator, i.e., Z(X) = X for a matrix X. Making these changes in the proof of Lemma [5| one
obtains the result claimed in the statement of the corollary. O

4.4 Proof of Lemma

Proof. Note that by using the definition of A; in (19), we have

REAIAIR — Z R (b@b; X Ed’é,nd)z,n) R
(¢n)ely

=>"R| D> bbj®D, | R#R.

éGAn’l

The operator norm of the quantity of interest can then be simplified using the definition of S, 1 in
Section and the facts that R = PR = RP, and RPR = R as follows

E

L
QREA{AJ@—RH: ZéR > bbjoD, | R-R

KEAnyl

— Zgn > Pbb;PeD,|R-R
n

EeAn,l
L L
génnu > Pbgb;fPQ@Dn—%P |y7z||§am§x > Pbgb}‘?—%P . (60)
n EEAnJ ZGAnJ

We can apply the uniform result in to bound the last quantity above, but really a weaker
nonuniform result from the compressive sensing literature [8] suffices, and also results in an overall
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tighter bound on @ than a simple application of the uniform result in (21) would give. The non-
uniform result says that there exists a constant C', such that for any 0 < e < 1, and 0 < § < 1,
whenever

PinaxS
Q>C 2 max{log L,log(1/4)},

then
N Q Q)
_x < _®
E Pb,b, P P
ZEAn’l

with probability at least 1 — d. Specifically, taking ¢ = 1/8,/Q/L, § = (LN)~? says that taking

Q > CBimaxS(L/Q)log(LN),

is enough to guarantee that

. Q 1 Q 3/2
‘l)b b ’]) —_ P < — -
2 Pbib; L —8<L>

ZEATLJ

with probability at least 1 — (LN)~?. Now a union bound over N sets in the partition {A, 1},
means that

o Qoll 1 (@)
mTELl.X Z ,Pbgbe,P— fp S g f
ZeAn,l

with probability at least 1 — N(LN)™# > 1 — (LN)'=5.

Plugging this result in proves the lemma. O

4.5 Proof of Lemma [T]

Proof. As a direct implication of the restricted isometry property in (22)), and later using (24]), one
obtains
x 5Q 20 L
> 608, , WyDw 3 < 7118, Wy D3 < Y
@’EAnlﬂp

W, D [

From the definition of W), in , and Cauchy Schwartz inequality, we have

p
L
WDy |7 < [T IRASASIR — R||2] [HQRA’{AlR ~-R
k=2

2
] max | Wo D .

Using (1)), and (41)), we can verify that
p]% < 4_”%Nn}f}x |WoD,||%, for each p € {1,2,3,...,P}.
Finally, from the definition of p3, and that Wy = —hm*, we can conclude that
IWoDy [} = [|R]3m* Do |13 = [lmu |3 < p5/N,

which, if plugged back in the above bound on pg, completes the proof of the lemma. O
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4.6 Proof of Lemma

Proof. Our exposition is different for p € {2,3,..., P}, and p = 1 owing to the difference in the

iterative construction of the dual certificate for these choice of p. We start by considering 1/3 for
p € {2,3,..., P}. The following lemma provides an upper bound on |/bj, SfL, o1 WpDy |3 that is in
turn used to bound 1/;.

Lemma 13. Let

Q iy
I i= C RIS, bl | s 1078, W1 Dol
+ Cp? ﬁHmn'H% max max ||bjSt W, 1D,|3 (61)
maXQ n lehnp mp TP ’
and

b;Si, W, 1D,

2 PR L o o, 4 25 2
Ap =C T|bf’sn’7p+1h" +1umaxp06227N||mn’”2 [énAaX

G
n'.p 2 '
Let W, S}l,p be as defined in , and ; and assume that the restricted isometry property in
holds. Fix 3 > 1. Then there exists a constant C such that

165}, . W,Dy||3 < Cmax {2 1og(LN), 8°A21og*(LN)}, for every p € {2,3,...,P}. (63)

",p+1

with probability at least 1 — (LN)™5.

Lemma |8 is established in Section Using , it is clear that the upper bound on yg in (46|

can be obtained by evaluating the maximum of the quantities II,, and A, over ¢ € A,/ 11, and
n’ € [N].
Putting this together with , , and directly implies that

K S L
<C (M%Q + sznaxngN> V§_1Q27N’

max max Hf,
n’ Ve n!,p+1

and
K S? L
4 4 4 2
< C (:U'OQQ + pOMmaXQ2N2> Vp—l QQN

Choosing @, and N as in Lemma [§] results in

max max AZQ)
n’ Ve n! p+1

l/z < iug_l for each p € {2,3,..., P} (64)
with probability at least 1 — (LN)~5.
For the remaining case of p =1,
2 2
vi=2N max L/gﬁ?z bZ/Sfl,’leDn/ 2] ,
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and using the definition of W7 in

2
v? = = N max [ max

\ L
b Sk, {

g RAA (i) — hm*} D,

2
n/ i EA /.2 2]
L . .
éERAlAl(hm ):| Dn/

2

Q?
< 2---Nmax | max +
L n’

e n',2

L
b S}, [QRAfAl(hm*) -

2

2
QQ—N max | max
L n’ Z/EAn/’Q

L
b;, S, [
=n! 2 Q

The following corollary provides a bound on the first term in the sum above.

Corollary 3 (Corollary of Lemma . Let

ERATA; (hm”™) — hm*} D,

2] . (65)

2

I3 —CQK\be,Si,Qh\Q [max max b} = PWO H%}
Q
L
+ Cu?naxéHmang [mgxelénffl 1bg QPWoDan] ,  (66)
and
A2:=C M%—K]b* h? + pd S M3 ) | max max b Lpw,D i (67)
T L v n’2 /’LmaxpOQQN my 2 7?’ EEAanJ @Q 0 )
Let Q be as in Lemma[13 Let
Szl’n/ = bz/Sn/ 2 éRAlAl(hm )— EéRAlAl(hm ) Dn/, (68)

Assume that the restricted isometry property in holds. Fixz 8 > 1. Then there exists a constant
C' such that
8¢ |3 < Cmax {811} log(LN), 8°ATlog*(LN)}

with probability at least 1 — (LN)™#

The proof of this corollary is provided in Section [f]
It is easy to see using the definitions , and that

K S L
rr}la}x elrenAa% } Hl <C Q + Mmaxpo ON ,U()PO Q:N’
and K g I
4 4 4
s g 1= © (1 + bt ) st g

Using these calculations, the first term in can be bounded by applying Corollary and choosing
Q as in Lemma [47] for a large enough constant C' to achieve

HEPb- (69)

e

Q2
NV max | o llsellz| <

As for the second term in the sum in , the lemma below provides an upper bound.
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Lemma 14. Define
Tgf’n/ = bé,S’n/ 2 a ERA1A1(hm ) —hm Dn/, (70)
and assume that holds. Then
2 e L? 2 2
e llz < §||be' wohl3 + 2 gp max 16755, 5Sn1hl3 ) 713 (71)
Proof. The proof of this lemma is provided in Section O

As for the second term in , we appeal to Lemma and directly obtain after evaluating the
maximum over ' € A,y 9, and n’ € [N] in , and using the definition of coherences u%, and pg,

that
2

Q
= N max eé“AanH’"f’vn/”% < 6.5u305- (72)

Plugging , and in shows that 11 < 4ugpg. Combining this fact with completes
the proof of the lemma. O

4.7 Proof of Lemma

Proof. We first consider the case for p € {2,3,..., P}. Using Lemma we have a bound on the
quantity HbE,San D,, H2 for p > 2 in terms of A2 and l'[2 in (62), and (61)), respectively. A
corresponding bound on ,up above is then

2
M;% < Cimax{z LénAax H

n’

Blog(LN), Z [@/max AZQ7

GAn/ p

32 log4(LN)} : (73)

Using the definitions of the coherences 1/5, and :“1% of the iterates W, in , and ; the definition
of the coherence i of h in (26); and the fact that Y, , [[m,||3 = 1, one can verify from ([62)), and

that

< C (/’LOMp lKQg Nmax p— 1Q3N

E max H
e, 'p
TL

and

K 52 L
<C <H3Qg + p’fnaxpécgg]\m> M?}—l@‘

Z max A2
e, ’

n’

Plugging back in (73), and choosing @ and N as in Lemma [§] for a large enough C' is sufficient to
guarantee that

1
“1% <46 <u§1 + NV 1) for each p € {2,3,..., P}. (74)
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for arbitrarily small number § that lies between zero and one. Bounding M;QD iteratively using the
above relation gives uz <P L3+ (25/N)v2_y, p € {2,3,..., P}, and now using (47)), and the fact
that p3 < N, we have

Vp—1»

,u?) < 6P 2 2647 P32, for each p € {2,3,..., P}. (75)
All that remains now is to bound 2, which from is

2
,LL2 = 7Q max ?
= Z, VEA , 2|
- ,

Using the definition of W7 in followed by an application of a simple identity (a+b)? < 2(a?+b?),
we have

bj, S}, ,W1Dyy

2

+
2

L
[QRA*{Al(hm*) -

2|65 S, [

St WiD,y )

<2

* L * *
bf’SfL”Q —_ ER.Al.Al (hm ):| D

Q

ER.AT.Al(hm*) - hm*] Dn/

I 2

Q

2

An application of Corollary [3] gives

Q2
max
L e, 2

2

L
b Sk, [

o RAIA () - L ERA’;Al(hm*)} D,y

Q

2

Q2

< CT Z:l max < 3 z/IenAajf ] 112 log(LN), B* e/IenAajf ] A%log*(LN) s . (76)
n'= ’ ’

Using the fact that Wy = hm*, it is easy to see that

2
& Z ax m<c (KQ [max max |bZ/.S'i,2h|2

EA/2 n' VeEA

SL )
b;h|’
+ Minax 0 mgXllmnHz> {mgxéglgfll ch ]

where we have used the fact that the fact that Y, [m,/ |3 = 1. By definitions (26), and (10)), we
have the upper bound

Q? s o s
- Z w?ﬁﬂﬂ <Clmg+ Hinasxh P8 A ON
n'=1

In a similar manner, one can show that

Q2 K S2 .1
Z ax A <C Mg@ + uﬁiax@péﬁug :

EA/2

Now with the choice of @@, and N in the statement of lemma for some suitably large constant, one
can show that

Q2
—_— max
L oy E’GAHQQ

by S, [gRA;Al(hm*) - gquAl(hm*)] D,
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where the last inequality follows from pg < N. For the remaining term, using Lemma and taking
summation over n’ followed by maximum over ¢ € A,/ on both sides, and using the definition

(26)), we obtain
2 9
2] < (2u3 +2M3> = 6.5,

Q2
T2 | e
n

Plugging back returns p3 < 14u2. Combining this with for a small enough d means that we
can bound

L
bg/Si/ 2 [

Q ER.A{.Al(hm*) - hm*] Dn/

,ug <47PT2,2 for each p € {1,2,3,..., P}.

This completes the proof.

4.8 Proof of Lemma [10]

Proof. The proof concerns bounding deviation of A;ApSg(Wp_l) from its mean, and we resort to

the matrix Bernstein inequality to control it. By definition of A,, and S;; in Section E, we have

A ASEWpo1) = > (bebj S, ® brndi,)(Wyo1) = Y bibj St Wy 190005 .

(Ln)ery, (£n)ely

and its expected value is

E A7 A,SH = > bbiSL Wy 1 Edundi, = > bb;S, W, 1D, (77)

(¢n)ery, (¢,n)ely,

Given this, the quantity of interest can now be expressed as the sum

A A SEHWy1) ~ BEAASI W) = > (bubiSh, W10, - bgb;;sg,pwpflpn)
(¢,n)ery,
of mean zero, independent random matrices

Ly, = bgbZSEL’pr—ld)E,nd)Zn - bgb;S£7pr—1Dn-

An application of the matrix Bernstein inequality in Proposition 2] requires us to compute a bound
on the variance 0'2Z. To this end

IN

S BZZen| < | S B (i S, Wy 160ndi ) (bebiSE, Wy 1dendi,)
(¢,n)ely (Ln)ery,

= Z E|bZS}L,pr71¢€,n|2¢£,n¢zn 5

(Ln)ery,

where again the first inequality is the result of the fact that |A — BJ|| < ||A| when A, B, and
A — B are PSD. An application of Lemma [I5] shows that

E by Sy, W) < 3|[b; 57, ,Wy—1Dn 3D,
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and taking the summation through returns

Z E |b>lfs7iz,pwp*1¢€7n|2¢Z7n¢zn < 3 Z Hb)gsgz,pwp*anHgDn)
(£n)ely, (4n)ery,

and thus the operator norm produces the variance

> EZ.z;,| <3| > [b;St, W, 1Dnl3D,
(Ln)ery, (Ln)eTy,

=3max Y [bjS} , W,-1Dnl3 < 305,
LEAR p

L
QiN’ (78)

where the last line follows from the definition of p?, in . In a similar manner, we can compute
Z E nynZZn S Z Z E (béb;S’riL,pr_1¢£7n¢zn) (bﬁbZS}L,pWP—1¢f7n¢Zn) )
(ezn)erp n ZEAn,p
where the first inequality follows for exact same reasoning as before. The summand simplifies to
beb; E (6] S}, , W16l [ b.0131
and once the expectation is moved inside, we obtain
E (b7 S}, Wy 100nl*$e.nll3 = 3K6}Sn,, Wy—1Dnll3,
and using the orthogonality of {b,}¢, the operator norm simplifies to
Z EZinZ;,| <3K - 11%1[)%xnglffp Z HbZSfL’pranHg‘ Z bb;
(¢,n)ely, n LeNR
KL
< 3#;2;—1@3 (79)

which follows by the definition of the coherence ,uf, in . As per , the maximum of , and
is the variance

KL L

The fact that Z,,, are sub-exponential can be proven by showing that maxy , | Z |4, < co. First,
note that

1Zenllon = b6 S;Wi—160051 97, — beb; SW—1 Dy, < 21[bebf S5, W 100,005 11, -
Second, the operator norm of the matrix under consideration is

H bsz STIL,;D Wp—l (z)é,n ¢Zn

| = [1bell2ll @0 ll2167 ST, Wi-1¢06.0].
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It is well-known that ]sziprp_l(,bgM is a subgaussian random variable for an arbitrary matrix

W1 with [[b; %, W, 100nllu, < ClIb; Sk Wy 1Dnlls < Cvp1\/LJQPN. Also || |2 is sub-
gaussian with ||[|@¢.n|2]ly, < VK. This implies U, in Proposition [2] is

o I
Ui g | [1alol67S5, W10

KL

< max LglAaX (IIbESi,pr—lcbe,nszH\|¢e,n|lllwz>] < Cv-1y | ey

n,p

which means

2
log ((QN)Ul) < Clog M, where M :=
g

v |KQN
2 M§—1KN+P,23—1Q.
Applying the coherence bounds in , , and , we have
M < C(psQ + ngKN) < CLN,
where the last inequality follows from the fact that pg <N, u% < L,and L > K. Combining all the

ingredients gives us the final result and choosing ¢ = (5 — 1) log(LN) in the Bernstein inequality
shows that

[ AASHWy1) — EALALSS (W)l <
KL L B2v2 | KLlog(LN)
C max \/ﬁ <M12”1Q2 + p7271QN> log(LN), \/ p N (82)

holds with probability at least 1 — (LN)~#. Using the union bound, it follows from Lemma |§|,
and [8) that at least one of the coherence bounds in , , and fails with probability at
most (P — 1)3(LN)~". This means that all of the coherence bounds hold with probability at least
1—(P—1)3(LN)=# > 1— (LN)~P*3. Plugging the coherence bounds in (82), and choosing @, and
N as in Lemma [10] for appropriately large constant C' ensures that

||A;APS£(WP_1) - EA;ApSg(Wp_l)H < 27771 foreach p € {2,3,...,P}

holds with probability at least 1 — (LN )_B+3 . Using union bound for P — 1 choices of p, we can
show that the above conclusion holds for all p € {2,3,..., P} with probability at least 1 — (P —
)(LN)=#+3 > 1 — (LN)=#+4, O

4.9 Proof of Corollary

Proof. The proof follows essentially from the proof of Lemma [10| by taking p = 1, and afterwards
taking Si: = (L/Q)P, or equivalently, Si,l = (L/Q)P. The final bound is obtained by making the
above changes in , and is

A7 AL(L/Q)P(hm*) — EATAL(L/Q)P(hm™)| <

KL L 22K Llog*(LN)
2 0
C max \/B (,uOQ2 + ngN) log(LN), \/ ZN (83)
for some constant C' that may differ from the one in (82]). Choosing @), and N as in Corollary [2| for
a large enough C proves the corollary. O
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4.10 Proof of Lemma [11]

Proof. Begin by noting that it is clear from that for a fixed I',,, we have
E A A,SH(Wyo1) # Wy,

and if one takes the random construction of I',, into account, the dependence between I'1, I, ..., I'p_1,
and I', that in turn means that W),_; is dependent on I',. This means there is no simple way to
write this quantity as a sum of independent random matrices and apply the matrix Bernstein in-
equality to control the size as before. Fortunately, we can work a uniform bound using restricted
isometry property that works for all matrices W),_1, and thus overcome the issues of intricate de-
pendencies between W,_1 and I',. By the equivalence between operator, and Frobenius norm, we
have

|| EA;APS;%(Wp—l) - "Vp—ln2 < || EA;APSI{(Wp—l) - Wp—1||12?
= P [EA4Sh W, 1)~ W, Hi + [P [EAASHW, )] Hi (84)

where the projection operator P is defined in , and P, is the orthogonal complement. Note
that

P EAAS W, )] =D | S PobiPSE, | Wy1D,.

n eeAn,p

Using the definition of S’Ez,p in ([23), it is clear that

> Pbb;PS},| =P,
feAn,p

which implies, using the fact that PW,_1 = W,_, P [E A;APSE(Wp_l)} = W,,_1. This means
reduces to

| B A ASH (Wy1) = Wy |2 < || P [E A5 ASEW, )] Hi

As far as the second term in the above expression is concerned, using ([77)), one obtains

2 2 2
> PbbSL W, aDy|| = | > bbiSi W, 1D,| —| Y. Pbb;S} W, 1D,
(£,n)ely F (¢n)elry, F (¢n)ery, F

= > 16i8E, Wyor D3 — [ Wil
(¢,n)ely,

The last equality follows from the fact that {b,}, are orthonormal vectors, W,_; D,, is orthogonal
to W,_1 D,y for n # n’ and by the definition of Sfib,p in . The matrix W),_; is dependent on
the sets Ay 1,Ap2,..., A, p—1 that are in turn dependent on A, ;, by construction. However, we
can avoid this dependence issue here as the result in is uniform in nature in the sense that it
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holds for all S-sparse vectors. Employing this result on every column of W,_; € €}, we obtain

* * Q
D biS, Wy Dulf =3 > IbiSL,Wo-rDalld < 37 > 1181, Wo-1 Dall
(¢,n)ely n Lelnp
5Q 20 L
< 7 max|S] HZZHWP 1D, [If < 5 ollWr- 1

which holds with probability at least 1 — (LN)~?. This implies using the calculation above that

2

. 20 L

Z PngngEL’pr—an S ——=—1 HWP_1||%
9 Q

(¢n)ely

Now the decay rate of ||Wp||r in the statement of the lemma is sufficient to guarantee that
| EA;APS;E(Wpfl) Wyl < 27P !

for every p € {2,3,..., P}. Using the union bound as before, the statement can be extended to all
p € {2,3,..., P} with probability at least 1 — (LN)~A+1, O

4.11 Proof of Lemma [12]

Proof. Using the definition of A, and after evaluating the expectation, it is easy to see that

EAjA (hm*) = Y bibjhm*D
(é n)ely

From Section we know that I't = {(Ay,1,n)}n, where the sets |A;, 1| = Q for every n, and are
chosen umformly at random. Define a set Ty := {(A,, 1,n)},, where A, ; for each n are independent
Bernoulli sets defined as

Apy:={le[L]]| b, =1},

where 07, is an independently chosen Bernoulli number for every ¢, and n that takes value one
with probability @/L. Since the probability of failure the event

QZ > bbjhm D, — hm*| <e

n KEAH 1

for some number € > 0 is a nonincreasing function of @ = |A, 1| for every n; this follows by
the orthogonality of {b;},, and by the fact that increasing |A, 1| only increases the range of the
projector . A beby, and hence the distance in the operator norm above can either decrease or
stay the same. It now follows using Lemma 2.3 in [9] that the probability of failure of the event
above is less than or equal to twice the probability of failure of the event

L
= Y bbhm D, — hm*|| <« (85)
(ﬁ,n)ef‘l
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Therefore, in the rest of the proof it suffices to only consider the event above where the index sets
are {Ap 1}n. Using the definition of the Bernoulli sets A,, ; defined above, we can write

> > bbihm Dy =) pnbibjhm Dy,
n ZEAn,l Ln

where on the right hand side the summation is over all £ € [L]. Note that
L

e

> Senbibjhm* Dy = > bibjhm* D, = hm”,

where we have used the fact that Edy, = %

A simple application of matrix Bernstein is now enough to show that the event in holds for the
desired e with high probability. To this end, the calculation for the variance is laid out as follows.
Denote the centered random matrices

L
Zy, = <Q5Mbgbzhm*Dn - bgb}fhm*Dn> .

The matrices Zy,, are independent not only for £ € A, ; but for every n as the set A, ; is chosen
independently for each n. The variance 0'2Z is as before the maximum of the operator norms of two
quantities; firstly,

X L?
ZEzg,nZg,n g@ ZE(sznyb;h\Qumnugb@bz

In Ln
< £1~nax|b*h|2 D lmalis| || beb;
= Q i I nii2 09y
n V4

where the second last inequality follows from the fact that Eég n = %, and the last inequality is
obtained by applying the definitions in , and ; secondly,

5 S
S Mmax@v

L2
Y EZi, Zun|| <

52 || 22 Bt ulbihP oy 3D,mm D,

4n

In
L Lp?
<= b h|* <= —o.

where we have used the facts that {bs}, is a complete orthonormal basis, and that the operator
norm of a block diagonal matrix with nth block being m,m}, is upper bounded by max;, ||m.,||3.
The last inequality is the result of . Thus, the variance O'2Z being the maximum of the operator
norm of the two results above is bounded by

max [[my |3 <
n

Z D, mm*D,,

0% < o + 2 g
R Q N
The last ingredient required to apply the Bernstein inequality in Proposition [1] is then
L
Q

L . L S
< 2 g a1y 1bihl) - max [l < 25 - ey 7 -0

80.nbebyhm* D,, — bib;hm* D,

Lo ey
< 2%’%}(@ lbeb; hm™ D, ||

Z p—

max 1 Zenll max
1

VN’
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With all the ingredients in place, an application of the uniform version of the Bernstein bound with
t=(8—1)log(LN) tells us that

I(L/Q) E AT A1 (hm™) — hm™|| <

S L 1 I S
max {\/(M%naxQ + 0 ~P(2)N> Blog(LN),2 <MmaxP0Q\/;> Blog(LN)} .

The right hand side can be driven to the desired small number by choosing N > Cp3(L/Q)log(LN),
and L > CBu,.S(L/Q)log(LN) for an appropriately large constant C. The probability that the
above inequlaity holds is 1 — (LN)™? and follows by plugging in the choice t = (8 — 1)log(LN) in
Proposition [I] O

5 Supporting Lemmas

This section proves Lemma [I3] Corollary [3} and Lemmas

5.1 Proof of Lemma [13

Proof. We start with the proof of Lemmathat concerns bounding the quantityﬁ b} Si, o1 WpDns 13

for p > 2. Let q* := b}, S ! W,D,,. The quantity can be expanded using the definition of W,

n/,p+1
for p > 2 in
a" =i Sk, 1 [RAASHWy1) = Wyt | Dy

= by Sk i [RAASH W, 1) - REAASHW, 1)| Dy,

where the second equality follows from a previously shown fact that ERA;Apsg(Wpfl) = Wp_1.
Thus q is just a zero-mean random vector that can be expanded further as a sum of zero-mean,
independent random vectors using the definition of map A;A, in as follows

= Y st [R (bgb;:s;pwp_m,n(pzn) R (bgb;fSi,pr_l Em,nﬁn)} D, (86)
(¢,n)ery,

From here on, we use the matrix Bernstein inequality to find the range in which the #5-norm of the
random vector g lies with high probability. Let us define random vectors

2 = bk R (b Sk, W1 60087,) Do

then by Proposition [2] it suffices to compute the following upper bound on the variance

o <max{ || > Ezenzi,|.| Y. Ellzeall| p <| Y. Elzea
(£,n)ely (£n)ely, (,m)eTy,

3-

5The use of £', and n’ as index variables is to avoid conflict with £, and n that are reserved to index the set I', in
the proof below.
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Note that the vectors z,, can be rewritten as a scalar times a vector as follows

20, = b} S, Wy 1005 b8 R (beg],) Do,

and using , the vector part above can be expanded as

bZ’Sn’ ,p+1 (be¢zn)Dn’ = (b;h) (bf’Sn’ ,p+1 )(bz,nDn/ + (¢€n )(bf’sn’ p-‘,—le)m*D !
- (bé ) (¢Zn )(bf/sn p+1h)m*Dn/7

and its the fo-norm can then easily be shown to be upper bounded as

63S% R (bihi,) D /H%
< 3|b;h[*[b;: S, p+1h\2 (670D Dy r.0) + 3187 ;I S}, 1 bl [ |13
+ 3|bj )% (@], m[*|b} S, p+1h|2”mn’H2
< 3|b;hP|bjSY, 4 b (6], Do Do) + 61¢57,,m (b7 SE, 1 bel*[[m |3,

where the last line follows from the fact that |bjk|? < 1. For a standard Gaussian vector g, it can
easily be verified that E (|g*z|*|g*y|?) < 3||=||3||y||3. Using this fact, one has

E |} ,m[*[b; S}, W10 < 3| 31167 S5, W1 Dn 3,

and

N
Z [max E (¢}, Dy D}y ) |sz£,pr_1¢£7”\2] <3K [eénAaX \|b;‘sj§,,pwp_1pn,||§ :
n/,p

LeARp

Note the change of index variable from n to n’ on the right hand side. Moreover, using
> 65}, bil < Hbef ol < HPbefH 1S3, 443,
€A,

where the inclusion of the projection operator P, defined in , on the vector by is due to the

fact that the rows of matrix S}L,p are supported on (). Furthermore, using definitions in @D, and
, we can finally bound the above result as

20 S
Z ’bé’ n’ p-‘,—le’Q — /“1’121’1aX
eeAn,p 9 Q

Putting the above identities together with

N 5Q
S a3 =lmi3=1  and Y (bihf < 22 jnj3 = 2
n=1 LeAn p

one directly obtains

Z Z Z |z€n”2<4 K|bf/ n/,p+1 | LEHXM,( HbZSi/,IJWP—an’H%]
(67’"‘)61—‘1’ n= 1£€Anp ne,p

S *
U [ e 1678, Wi D3] o= 15 (87
n,p
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The only ingredient left to apply the Bernstein bound in Proposition [2] is the Orlicz norm of the
summands z;,. To this end, the 12 norm of the vector b}, Si’p +1R(bg¢zn)Dn/ can be evaluated as
follows

165,52, R(bedf ) Do sy < 15RIIBESE, L Bllldenllus + 20100F nmmllus b7 8%, elllmmn 2.

Since ¢y, are Gaussian vectors, the discussion on the Orlicz-norms in Section tells us that
167 |y < Cllmall2, and [l |y, < CV K. This means

67 1R (B ) Dol < € (VEIbihI - [67SE, 1Bl + [m0all2]67 S bl )

< C (VEIB;RI3 Sk 1kl + [POell2[65Sh L2 [mlla i 2)

where we have used the fact that ||bz‘,SfL,7prg||2 = ”b*,PSfL,’pHPbgHg < ||Pbg\|2||bzf,5£,7p+1||2.

Again as ¢, is a Gaussian vector, the Orlicz norm of its inner product with a fixed vector
b;Sh W, 1 is

Using these facts, we can show that random summands in are sub-exponential vectors by
computing their ¥1-norm and showing that it is bounded. Note that

b; Sk Wy 100,

Sc]
P2

b; Sk ,W,_1D,

) .

by St [R (bgb’g S§L7pr,1¢g,n¢Zn) R (bgb}f St W, | E ¢e7n¢z,n)} Dy,

by S R (bgbz sgypwp,lcbg,nqbz:n) D,,

1

<2

)
1

where the inequality follows by using the identity in . Now note that

mpx o |66 1R (bibi Lo Wi i) Do,
< o (o180 R (00078, Wo a0t ) |
n,p

and the change of indices from n to n’ is justified as ¢y, [k'] is zero when k' ¢ {(K—1)n/+1,... , 0 K}.
Now using the result in , we can write

|63 i R (bebi ST Wor bt )| < ||biS R (000 | [[07S%, W
< (VK663 S), il + [Polal167SE ol 3) (|75, W1 D) -
Setting o = 1 in Proposition [2, one obtains the upper bound U
2
2 _ 2 LT 2 2 9 O 2|1p* @t 2
Ui —mgxffefffp“zé,n”wl §C<L’bw‘5’n/,p+1h’ +NmaxpomHmn’Hz”bzfsnf,pHHQ
biSt, W, 1D
Zé&i{ipH 1Py p VY p—1Hn/ )
<0 (MK st R 2 bist, W, Dy | =2 (s
= T’ ¢ n/ p+1 | +Mmaxp06227NHmn/”2 éenﬁ}fp CPq p Y p— 1| T B (88)
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where the last inequality follows from plugging in the bound for ||bj, Si/ ol |2 calculated earlier in
the proof of this lemma. The logarithmic factor in the Bernstein bound can be crudely bounded
as follows

2
z

log (@]:)Uf) < C'log(LN)

for some constant C, which follows from the fact that U? < |T',|02. This completes all the ingredi-
ents to apply the Bernstein bound with ¢t = Blog(LN) to obtain

16} 8%, WyDy|3 < C max {BI12log(LN), 32A2log! (LN},

n/,p+1

which holds with probability at least 1 — (LN)~”. This completes the proof of the lemma. O

5.2 Proof of Corollary

Proof. Note that from , we can equivalently write
Sé’ ;= bél n',2 [RA*Al L/Q ( *) — ERATAl(L/Q)P(hm*)] DTL"

using the fact that hm* € Q. In comparison, Lemma [13| was concerned with bounding the ¢, norm

of the term

bZ/S

bt [RAASHW, 1) = ERAGASHW,,-1)| Dy

All we need to do over here is to replace Sy 11, Ap, Sg, and Wy,_q with S,/ 2, A1, (L/Q)P, and
hm* and repeat the same argument as in the proof of Lemma This leads to the bound on the
¢2 norm of sy, in the statement of the corollary in terms of 112, and A? defined in , and ,
respectively. Compared to Lemma 13| the H?,, and Af, are replaced in the result by I17, and A2,

respectively. The quantities I1? and A? are just Hg, and Ag evaluated at p = 1, and afterwards Si,l
therein replaced by (L/Q)P. O

5.3 Proof of Lemma [14]

Proof. Using the definition , and the triangle inequality, we have

bjyS!, ;R EAfAi (hm*) D,y

+ 116755y g Dy 2, (89)
2

|5
where using the definition of S, ; defined in Section we have

175 ll2 <

L L
Gt S RE AL (him) D,y = b3S}, ZR(Sn,lhm*Dw] oo
L * ol * * * 2 * * 2
ébe,sn,72 > (h*S,1h) hm* Dy, + Spahm*|my|5 — (R*Sp1h) hm*||m, |5 | Dy <
L., 5Q) 3Q,
ébz,sjﬁ,72 o hm’ ZD + max S, 1hm’ ZHmnH%—Ehm Zumnugl D,
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where the second last equality results from the definition of R in , and from that directly

imply that
3Q _ . 5Q
< < =
Yy

for the choice of @ in the lemma. Since Y, |[m,||3 = 1, and Y., D, = Ixn, the result above
simplifies to

L L
g St yREAj Ay (hm*) D,y < ébg,sfl, )

Finally, the operator norm of the above quantity returns

[QQLhm* + max Snylhm*] D,,.

bel n QREA*Al(hm )

1 L
< *b*/Si/ h —_ b*/Si/ Sn h n’ .
£ | = (GoStahl + 5 6588001 )

Using , we obtain

2

3 L
Il < (310383 oh + 5 max 8,801 ) o
and squaring both sides results in

9 . .
Irewll3 < (Qrb@SﬁghP 2@ maxrbZ/Si/,gsn,th) Jrmea 13

This completes the proof. O

Lemma 15. Let ¢y, be as in defined in , and X be a fixed matrixz. Then
E[(X, beoj ) [ $enin < 3|6, X Dy 3Dy,
Proof. Note that

E ((X,behi )| Peni) = E (16; X Pr.nl* brnbi )

2

= E Z {b;fXQ&g,n}[k?] ¢Z,n¢z,n

k~gn

= |bj X D, ||3D,, + 2b; X X*b;D,, < 3||b; X D,,||3D,.
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