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UNIPOTENT ALMOST CHARACTERS
OF SIMPLE p-ADIC GROUPS

G. LuszTiG
To Gérard Laumon, on his 60th birthday.

INTRODUCTION

0.1. Let GG be a simple adjoint algebraic group defined and split over the finite
field F,. Let Ko = F,((¢)), K = F,((¢)). We are interested in the characters of
the standard representations (in the sense of Langlands) of G(Kj) corresponding
to the (irreducible) unipotent representations ([L6]) of G(Kj), restricted to the set
G(Kp)rse = G(K)rse NG(Kg) where G(K),s. is the intersection of the set G(K),
of regular semisimple elements in G(K') with the set G(K ). of compact elements in
G(K) (that is, elements which normalize some Iwahori subgroup of G(K)); we call
these restrictions the unipotent characters of G(Ky). We hope that the unipotent
characters (or some small linear combination of them) have a geometric meaning in
the same way as the characters of (irreducible) unipotent representations of G(F)
can be expressed in terms of character sheaves on G. Thus we are seeking some
geometric objects on G(K). on which the Frobenius map acts and from which the
unipotent characters can be recovered.

In this paper we define a collection of class functions on G(Kjy).s. which we
call unipotent almost characters. (These class functions can conceivably take the
value oo at some points but we conjecture that the set of such points is empty;
in the rest of this introduction we assume that this conjecture holds.) We expect
that the unipotent almost characters are in the same relation with the unipotent
characters as the objects with the same names associated to G(F,). In particular
we expect that the unipotent characters generate same subspace of the vector space
of class functions on Vy as the unipotent almost characters. (A refinement of this
is stated as a conjecture in 3.11(a).) Moreover we expect that each unipotent
almost character can be expressed as a linear combination of a small number of
unipotent characters, just like for G(F,).

Our definition of unipotent almost characters is similar to one of the two defini-
tions of the analogous functions for G(F,) (which was in terms of character sheaves
on G(F,)). They are associated to some new geometric objects on G(K ). which
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2 G. LUSZTIG

can be thought of as character sheaves on G(K). (or rather, cohomology sheaves
of character sheaves) and are defined even when k is replaced by any algebraically
closed field such as C (in which case G(K) becomes G(C((¢)).)

The definition of these new geometric objects combines three ingredients:

(i) A generalization of the construction [L8] of an affine Weyl group action on
the homology of the variety of Iwahori subgroups (see [KL]) of G(K) containing a
given element of G(K)..

(ii) A construction of co-standard representations of an affine Weyl group in
the framework of the generalized Springer correspondence [L3].

(iii) A matching of the affine Weyl groups appearing in (i) and (ii).

Now (i) (which is discussed in §3) is based on some preliminaries on unipotent
character sheaves on disconnected groups given in §1. It uses geometry (such as
perverse sheaves) arising from G(K). On the other hand, (ii) (which is discussed
in §2) is a variant of the geometric construction of representations of graded affine
Hecke algebras given in [L4].

It should be pointed out that the notion of co-standard module which appears
in (ii) is not intrinsic to the affine Weyl group, but it is associated to an affine Weyl
group viewed as the limit as ¢ — 1 of an affine Hecke algebras with possibly unequal
parameters ¢™¢. While the irreducible representations of the affine Weyl group
in (ii) have an elementary definition (in terms of representations of finite Weyl
groups), our definition of the co-standard representations is in terms of geometry
(such as perverse sheaves) arising from the group of type dual to that of G.

Since the affine Weyl groups in (i) and (ii) appear in totally different worlds
(one from G, the other from the dual group of G) the fact that they match is a
miracle (which has already been exploited in [L6]).

After these new geometric objects are defined, the unipotent almost characters
are defined in terms of them by taking traces of the Frobenius map.

In §4 we give some supporting evidence, based mostly on [KmL2], for the con-
jectures in this paper.

We expect that a similar picture exists with unipotent representations replaced
by representations of depth zero. In §5 we discuss a possible generalization to
p-adic groups in unequal characteristic.

0.2. Notation. If I' is a group then Zr is the centre of I'. If H is a subgroup of
I, then NpH is the normalizer of H in I'. If g € I" then Zp(g) is the centralizer of
g in I'. We denote by Irrl" a set of representatives for the isomorphism classes of
irreducible finite dimensional representations of I" (over C). We fix an algebraically
closed field k and a prime number [ invertible in k. Let Q; be an algebraic closure
of the field of [-adic numbers. For an algebraic variety X over k let D(X) be the
bounded derived category of constructible Q; sheaves on X. By ”local system”
on X we usually mean a Q;-local system. (An exception is in §2 where varieties
and local systems are over C.) If £ is a local system on X and ¢ € N we set
H_;(X,€) = (H(X,EM); generally, ()T denotes the dual of a vector space or of
a local system. If x € X, £, denotes the stalk of £ at . If H is a linear algebraic
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group over k, let H? be the identity component of H. If H acts on X let Dy (X)
be the corresponding equivariant derived category.

For a finite set S let |S| be the cardinal of S.

In §3 we assume that Q;, C are identified as fields.

1. PRELIMINARIES ON CHARACTER SHEAVES ON DISCONNECTED GROUPS

1.1. Let G be an affine algebraic group over k such that G is reductive. For
any subgroup H of G we write N H instead of NgH. The set of subgroups of G°
containing a fixed Borel subgroup of G° is of the form {B;;J C I} (I is a finite
indexing set) where for J C I,J" C I we have B; C By if and only if J C J'. In
particular By is a Borel subgroup. Let W be a (finite) indexing set for the set of
(By, By) double cosets in G. For w € W let O,, be the corresponding double coset.
Let W' = {w € W;0, € G°} and let = = {w € W;0,, C NBy}. If i € I then
Byiy — By = Oy, for a well defined w € W’; we set w = s;. There is a unique group
structure on W such that the following holds: if w,w’ € W are such that 0,0,
is of the form O, for some w” € W then ww' = w”; if i € I then s? = 1. Now
W' is the subgroup of W generated by {s;;¢ € I}; it is a Coxeter group on these
generators. Also = is a subgroup of W such that W = EW’ = W'E, ZEnW' = {1}.
If ¢ € Eand i € I then ;&7 = s¢(;) for a unique £(i) € I; moreover  : i — &(7)
is an action of Z on I. For J C I, let W; be the subgroup of W’ generated by
{s;;i € J} and let Z; = =N Ny Wy; let wy be the longest element of the finite
Coxeter group Wjy. For J C I'let J = I —J and let /W (resp. “W’) be the
set of all w € Ny W (resp. w € Ny W) such that w has minimal length in its
W j-coset; this is a subgroup of Ny W (resp. Ny Wy).

For € € = we set ¢G = Uwew¢Oy. Note that G = ngegéG is the decomposition
of GG into connected components.

1.2. For J C I, By is a parabolic subgroup of G° and NB; = |_|€€EJ£NBJ where
for ¢ € 25, ENBy := NB;N¢G is a single Bj-coset. Let U; be the unipotent
radical of B; (a normal subgroup of NBj). Let NB;y = NB;/U;, By = B;/Uy,
and let p; : NB; — NBj be the obvious homomorphism. For any ¢ € Z; let
ENB; = p J(fN Bj). Now NBj is a connected reductive group over k whose
connected components are N B for various & € Z;; the identity component is
Bj. For £ € 2 let ¢ 25, = Z5; N Zxp5;(g) where g is any element of NBj.

1.3. We consider a triple (J,w, A) where J C I, w € Z; and A is a unipotent
cuspidal character sheaf (see [L9, X,44.4]) on the connected component “ N B of
NBj. By [L9, VI1,30.2] there is a well defined subvariety & C “NB; and a local
system S on G such that for some integer n > 1 invertible in k, the following hold:

S is a single orbit of MZ%—J x Bj acting on “NBj by (z,2) : g — x2"gx ™

§ is ireducible and equivariant for this action; A|lg = S[dim 6], Al.x5;_¢ = 0.
(We have used that A is clean (see [L9, X], [L10] and its references). Let ¢l(&) be
the closure of G in “NB;.
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Let ZW’ be the fixed point set of the automorphism of W’ induced by Ad(w) :
W' — W'. If L is a Levi subgroup of By then LW’ can be identified with
[:={y€ NgoL;y(NLNNB;)y ' = NLNNB;}/L. We can view & as a subset
of NLNNB;}/L. From the classification of unipotent cuspidal character sheaves
[L9, X] we see that if y € NgoL represents an element of I" then Ad(y) preserves
G and S. Let

X ={(g,xBy) € “G x GO/BJ;x_lgx € ”NBJ,pJ(a:_lgx) € G}.

Let Y be the set of all ¢ € “G such that for some x € G° we have 2 1gx €
“NBy,psj(r~1lgx) € cl(&). Let ¢ : X — Y be the first projection. We define
a local system S on X by S(Q,mBJ) = 8, (z-142); this is well defined by the Bj-
equivariance of S. Using [L9, 1,5.7], [L9, I1,7.10(a)] we see that the vector space
E := End(¢)S) has a canonical direct sum decomposition into lines E,, indexed
by the elements w € I' hence by the elements w & %W’ . Moreover in the algebra
structure of E we have E,E, = E,, for w,w’ € LW’. In particular all nonzero
elements in E,, are units in E.

1.4. Let c be the two-sided cell of W associated in [L9, X,44.18] to the unipotent
character sheaf A on “NBj;. Let ¢’ be the two-sided cell of W’ that contains c.
Consider the bijection j in [L9, X,44.21(h)] from the set of unipotent character
sheaves on “ N B with associated two-sided cell ¢ to the set of unipotent character
sheaves of “G with associated two-sided cell ¢’. (The assumptions of loc.cit. are
satisfied by the classification of unipotent character sheaves.) From the definition
we see that j(A) appears with multiplicity 1 in the semisimple perverse sheaf
S [dim X] on Y. Now E acts naturally on the one-dimensional vector space
V := Hom(j(A), S[dim X]). For w € W', since the nonzero elements of E,,
are units in E, we see that precisely one element b,, € E,, acts on V as identity.
Clearly we have by,by, = by for w,w’ € LZW’. Hence the basis (b,,) of E identifies
the algebra E with the group algebra Q, [lW’ ]. Thus we have

(a) Endp g (4:S) = Qi[ZW).

2. CO-STANDARD REPRESENTATIONS OF
CERTAIN (EXTENDED) AFFINE WEYL GROUPS

2.1. Let G be a connected, almost simple, simply connected algebraic group over
C. We fix a maximal torus T of G with Lie algebra t. Let R C t be the set of roots.
Let a; € R (i € [0,n]) be such that (a;);ep,n) form a set of simple roots for R and
o is the negative of the corresponding highest root. For i € [0,n] let h; € t be the
coroot corresponding to «;. There are unique integers n; > 0 (i € [0, n]) such that
Zie[o,n] n;a; =0, ng = 1. Let V be a C-vector space with basis {b;;7 € [0,n]|} and
let {b%;i € [0,n]} be the dual basis of V. The canonical pairing V x VI — C is
denoted by z, 2z’ — z(z'). We imbed tinto VT by y — Zie[o,n] a;(y)bl; we identify
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t with its image, the subspace {>_;c( , cibi;ci € C, 32, nic; = 0}. In particular
we regard h; as a vector in V1. For any y € t, i € [0,n] we have b;(y) = a;(y). Let

t'={> eabjic;e€C) ne; =1} C V.

1€[0,n]

For ¢ € [0,n] we define s, : V. — V by s;(z) = v — x(h;)b; and its contragredient
s; + VI — VT by s;(2') = 2’ — bi(2')h;. Let W be the subgroup of GL(V) or
GL(VT) generated by {s;;i € [0,n]} (an affine Weyl group). Note that t,t' are
W-stable subsets of VT. For any J C [0,n] we set J = [0,n] — J.

For any S C [0,n], S # 0 let

Cs={2' etha' = Zcib; with ¢; € C,¢; >0 Vie S}.
1€S

Here, for a complex number ¢ = a + by/—1 with a, b real, we write ¢ > 0 whenever
a>0ora=0,b>0. The sets Cg are disjoint. For any J & [0,n] let W be
the subgroup of W generated by {s;;i € J} (a finite Coxeter group whose longest
element is denoted by wo) Let W be the set of all w € Nw W such that w has
minimal length in its W -coset; this is a subgroup of Ny W .

For any J G [0,n] let R; (resp. RJ) be the set of @ € R which are Z-linear
(resp. N-linear) combinations of {a;;7 € J} and let G; be the subgroup of G
generated by T and by the root subgroups of G corresponding to the roots in Ry;
note that G; is a connected reductive subgroup of G with maximal torus 7" and
root system Rj;. Let 3; be the Lie algebra of the centre of G;. Let V; be the
subspace of V' spanned by {b;;7 € J}. Let V} be the subspace of V1 spanned by

{bl;i € J}. We have 35 = tn V}. Let 3, =t'n V}L, an affine hypersurface in 3.

2.2. Let 3¢ be the set of all pairs (¢, §) where ¢ is a conjugacy class in G and §
is an irreducible G-equivariant local system on ¢ (up to isomorphism). We have a
partition

39 = uxEHom(Zg,C*)Bg,X

where 3¢, is the set of all (¢,§) € 3g such that the character by which Zg acts
on any stalk of § in the G-equivariant structure of § is .

2.3. We fix a triple (J,C,&) where J G [0,n], C is a unipotent conjugacy class
of G; and £ is an irreducible cuspidal G j-equivariant local system on C. From
the classification of cuspidal local systems [L3] we see that J has the following
property: )

(a) if |J| > 2 then for any k € J we have s := wi *wy = ww{“* € 'W.
From [L6, 1.15] we see that the following holds.

(b) If |J| > 2 then W is a Coxeter group (an irreducible affine Weyl group)
on generators sy, (k € J).
On the other hand, if |.J| = 1 we have /W = {1}.
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2.4. We preserve the setup of 2.3. Assume that |.J| > 2. Then each generator
s, of /W leaves stable the subspace V; of V hence also its annihilator V} in V1.
Hence /W acts on V}. This action leaves stable the subset 31 of V} and also the
subspace 3 of V} where it acts through a finite quotient W; C GL(3.).

Let £ be the set of all z € 3 such that the translation z — z+x of 3} coincides
with the automorphism z + w(z) of 3} for some w € TW . Then £’ is a subgroup
of 37 such that C® L' = 3;. Let L = {z € 33;1’([7) C Z}. Clearly Wj acts
naturally on £, £. Hence we can form the semidirect product

Wj;=L-W;

(with £ normal). Let
T =C*® L' = Hom(L, C*).

For any ¢ € T we denote by W; , the stabilizer of ¢ in Wj (for the action on T)
and we form the semidirect product ijt = L-Wj, (with £ normal); this is a
subgroup of finite index of Wj.

Let exps : 37 — 7T (that is C® L’ — C* ® L) be the homomorphism induced
by the exponential C — C*. By [L7, 9.2(b)] we can find k; € J so that the
following holds.

(a) Letpy : 35 — T be the composition of the map x — x—(1/ng,)b}, , 35 — s
with the map © + expr(2myv/—1z), 35 — T. Then =’ — py(z') is a bijection
between Dy = Ugc j.s29Cs and a set of representatives for the Wj-orbits in T .
(In the case where J = () we take kg = 0.) By Mackey’s theorem, Irer is in
natural bijection with the set of pairs (¢, p) where ¢ runs over a set of representatives
for the Wj-orbits on Hom(L,C*) = T and p € IrtW;,;. Using (a) this can be
viewed as a bijection

(b) II‘I‘WJ < {(d,p);de€ Dy,pe Irer,PJ(d)}'

From [L6, 3.8,3.9] we deduce:

(c) Ifd € Cg (with S C J, S # () then the subgroup (jW)g_J of "W generated
by {sk; k € S — J} maps isomorphically to Wj’p/J(d) under the canonical homo-
morphism Tw — Wj.

Now the natural action of (/W) g_y on L (restriction of the TW-action) is the
same as the action of Wj (4 in (c) on L. Using this action we can form the

semidirect product WJ’S_J =L (?W)g_; (with £ normal); this is a subgroup of
finite index of W; (using the inclusion ("W)g_, C W; coming from (c)).
Hence (b) can be viewed as a bijection

(d) II'I'WJ <~ uSCJ;S#@{(d’ p))d € OS,,O S II'I'(jW)S_J}
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which associates to (d, p) (with d € Cg) the irreducible representation

W5 -
(¢) Ind” — ([ps(d)] ©p)
J,S—J
where p is the irreducible representation of W 7.§—y Which equals p on (j W)s_,
and on which £ acts as identity; [ps(d)] is the one dimensional representation of
W; 5_; which equals p;(d) on L (recall that p;(d) € Hom(£, C*)) and on which

(TW)g_, acts trivially.

2.5. We preserve the setup of 2.3. Assume that |J| = 1. In this case we set
W; = {1} and (“W)g = {1}. Then a bijection as in 2.4(d) continues to hold
(both sides have exactly one element; the only S in the union is S = J and the
corresponding Cg has exactly one element.)

2.6. Putting together the bijections 2.4(e) (see also 2.5) for various (J,C, &) as in
2.3 (with £ defined up to isomorphism) we obtain identifications

Uere.e) Wy = Uge.g) Uscisso {(d:p)id € Cs, p € ir(TW)g_ )
(2) = Usciom)szo Uaecs Ui e)acstr("W)s_ .

We can identify (/W)s_; in an obvious way with the group °~7/(Ws) of all w €
Ny, (Wg_ ;) which have minimal length in their Wg_ ;-coset.

By the generalized Springer correspondence [L3, §6,589] applied to the connected
reductive group Gg we have for any S C [0,n], S # 0 an identification of

Uere.eyrcsr("W)g_y =Ugeeyrcsr® 7 (We)

with the set Ag consisting of all pairs (¢, F) where ¢ is a unipotent class of Gg
and F is an irreducible Gg-equivariant local system on ¢ (up to isomorphism). We
shall denote by Ag ;. ¢ the subset of Ag corresponding to a fixed (J,C,E) under
the previous identification.

Introducing this into (a) we obtain an identification

(b) '—'(J,c,e)Ifer = Usc[o,n);5%0 Udecs Ag-

Applying 2.4(a) with J = @) (so that 7 = T') we see that py : t* — T defines a
bijection between Ugc(o,n);540Cs and a set of representatives for the Weyl group
orbits in T'. Note also that if d € C's with S C [0,n], S # 0 then Zg(py(d)) = Gs.
Hence associating to S,d as in (b) and to (¢, F) € Ag the pair (¢, ') where ¢ is
the conjugacy class in G containing pg(d)c and F' is the irreducible G-equivariant
local system on ¢ whose restriction to py(d)c = ¢ is F, gives a bijection between
the right hand side of (b) and 3¢g (see 2.2). Now (b) becomes a bijection

(C) |_|(J7C7S)Irer < 3g.
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2.7. Let (J,C,&) be as in 2.3. Let E € TrrW;. We write E = FE. 3 where
(¢c,§) € 3g corresponds to £ under 2.6(c). We also write E' = E54¢7 where
ScJ,8#0,deCsand (¢, F) € Az jc ¢ (see 2.4) are such that E corresponds
to S,d, ¢, F under 2.6(b). ]
We write E in the form E = Indg"j ~ ([ps(d)] ® p) as in 2.4(a). Recall that p
J,S—J

is an irreducible representation of (Y1) Gy = §—J (Wg) and p is the irreducible

representation of Wj, g_; which equals p on (YW)s_; and on which £ acts as
identity.

Our next objective is to define a W 7.5—y-module p (of finite dimension) which
contains p as a ijg_t]—submodule.

Let P be the parabolic subgroup of Gg which has G; as a Levi subgroup and
contains the root subgroups corresponding to roots in Rg; let Up be the unipotent
radical of P. Let g € ¢, let % = Zg, (g)/ng (9) and let 7 be the irreducible
representation of 2 corresponding to the local system F on c. Let

X ={zP € Gs/P;x gz € CUp}.
By [L3, 1.2(b)], we have dim X < e/2 where
e=dimGg —dimG; — dimc + dimC.

Let € be the local system on X such that ém p is the stalk of £ at the C-component
of x7lgx € CUp. By [L3, §9] for any i > 0 there is a natural degree preserving
action of S_J(Wg) on H*(X,E) = @0 H!(X, ) which commutes with the obvious
action of 2. (By [L4, 8.6] we have H:(X,&) = 0 unless i is even.) Moreover, the
induced (jW)g_J—action on Homgy (1, HS(X, £)) is the same as p. In particular,
we have dim X = e/2. Let S = @,>0S2, be the symmetric algebra of 3TJ with its
grading in which the elements of 33 have degree 2. We can identify S with the
total Gg-equivariant cohomology algebra H§ (X, Qq) of X (for the natural action
of Gg) by arguing as in [L4, 4.2]: after choosing gy € C and setting M = Zg, (go),
we have

Hg (X, Q) = Hp(CUp) = Hp(C) = H,(C) = Hy(point) = Hy, (point) = S.

Sy
(We use that MO is ZgJ times a unipotent group; P,G; act by conjugation.)
Now we have an obvious algebra homomorphism Hg (X, Qi) — H; (X, Q) (see
[L4, 1.4(g)]) or equivalently S — H*(X,Q;). Note also that H®(X,€) is natu-
rally an H*(X, Q;)-module (via the cup product) hence via the previous algebra
homomorphism, H? (X, &) is naturally an S-module. This module structure com-
bines with the (VW) s_ s-module structure on H?(X, &) to give a module structure
on H*(X,E) over S ® Ql[(jW)g_J] which is regarded as a Q-algebra in which
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(z @w)(z' @ w') = (zw(z)) @ (ww') for z,2’ € S and w,w’ € (jW)g_J (we use
the action of (W)s_; on S coming from its natural action on 53, restriction of

the W-action); this follows by specialization from [L4, 8.13]. In the S-module
structure on H? (X, ) we have

(a) Sor HU(X, EN) € HIP (X, ET)

for any ¢ > 0. Let S be the completion of S at the maximal ideal ®,~¢Sa,.
Since H)(X,E) = 0 unless i < e (we use that dim X < e/2) it follows that
S.42H? (X, EY) = 0; hence the S-module structure on Hg (X, ET) extends to an S-
module structure which combines with the (1) s s-module structure on H? (X, )
to give a module structure on H®(X,ET) over S® Ql[(JW)S ;] which is regarded
as a Qq-algebra in the same way as S®Ql[(‘]W)S 5]. Now WJ 5oy = =L (JW)S_J
can be regarded as a subgroup of the group of units of the algebra S®Q; [(JW)S_J]
(for x € Low € (j)Wg_J we view z as an element of 3TJ C S and we associate to
Tw € E-(jW)g_J the element (1+z+22/2!4+23/3!+.. . )@w ofS®Ql[(jW)g_J]).
Hence the S® Q;[(YW)4_,]-module structure on H2 (X, £ restricts to a ijg_J—
module structure on H? (X, EN.

We set p = Homg (7, H? (X, EM). Note that ‘the 2 action on H*(X,EY) com-
mutes with the W ; 7.5—y-module structure hence p inherits a W ; 7.§—-module struc-
ture from that on H*(X,£1). From (a) we see that for any a € Z, ®;.i>a H (X, ET)
is a WJS s-submodule of H*(X,&"). In particular, HS(X,ET) is a ijg_&]—
submodule of H®(X,ET). (We use that dim X < e/2.) It follows that for any
a € Z,

52(1 := Homy (7, @i;izaHé(X: (c:'T>)

isa ijg_t]—submodule of p. Note that 526 =pasa ijg_t]—module. Moreover for
any a < e, the WJ’S_J—module ﬁZa/ﬁZQ_l is a direct sum of ijg_t]—modules on

which £ acts trivially and (j W)g_; acts by an irreducible representation which
corresponds under the generalized Springer correspondence to a pair (¢, F') €
Ag jc.e With ¢ Ccl(c’) — ¢’ where cl(c’) is the closure of ¢’. We now set

E=mmdf’  (p(d)] @),

J,5—J

For any a € Z we set

Boo=1d  (p)(d)] ® fsy)-

J,S—J

Note that E is a WJ module of finite dimension and that ... C E>a C E>a 1 C.
are WJ submodules of E such that E>0 = E E>e+1 = O Moreover, E>e = E as
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a Wj—module and for any a < e, the Wj—module EZQ/EZQ_l is a direct sum of
irreducible representations of W; of the form ES%<"F where (¢/, F') € As jce
with ¢ C cl(d) — .

We say that £ = Ec7g is the co-standard Wj—module associated to £ = F
with (¢, §) € 3¢g.

3. THE MAIN CONSTRUCTION

3.1. Let K = k((¢)) where € is an indeterminate. Let G be a simple adjoint
algebraic group over k. Let G = G(K). Then the parahoric subgroups of G are
well defined. For any subgroup H of G we write N H instead of Ng H. The set of
parahoric subgroups of G containing a fixed Iwahori subgroup of G is of the form
{P5;J ST} (Lis a finite indexing set) where for J G I, J' S T we have Py C Py if
and only if J C J'. In particular P is an Iwahori subgroup.

Let W be an indexing set for the set of (P, Py) double cosets in G. For w € W
let O,, be the corresponding double coset. Let Q = {w € W;0,, C NPy}.

If i € T then Py — Py = Oy for a well defined w € W; we set w = s;. We
regard W as a group as in [L6, 1.10]; let W’ be the subgroup of W generated by
{si;i € I}. Note that W’ is normal in W,  is a finite abelian subgroup of W
such that W = QW' = W'Q, QON'W’' = {1}. Also W’ together with {s;;i € I}
is a Coxeter group (an irreducible affine Weyl group). If £ € Q and ¢ € I then
£s;671 = S¢(;) for a unique £(i) € I; moreover & : i — &(i) is an action of 2 on L.

For J C I, let W3 be the subgroup of W’ generated by {s;;i € J} and let
Q3 =N NwWjy. ForJ ; Ilet wg be the longest element of the finite Coxeter
group Wj.

For J ; Ilet J = I—J and let YW be the set of all w € NwWj such
’ghat w has minimal length in its Wj-coset; this is a subgroup of NwWjy. Let
IW =MW AW’ . For JCJ GIlet V' (Wy)=TWnWjy.

Let G, be the set of elements of G which normalize some Iwahori subgroup.
Let G,s. be the set of regular semisimple elements in G.. For £ € ) we set
$G = Upeew Ou, SG. = *GNGy, $Gige = *GNGyge. Note that G = Ugeq®G is
the decomposition of G into left (or right) ' G-cosets and each ¢G is stable under
G-conjugacy.

For J ; I, Py is a parahoric subgroup of G and NPy = |_|£€QJ€NPJ where
for £ € Qy, ENPy := NPy N¢G is a single Py-coset. Now Py has a prounipotent
radical Uy (a normal subgroup of NPy). Let NPy = NP;/U;, Py = Py/Us
and let py : NPy — NPj be the obvious homomorphism. For any ¢ € Q3 we
set SNPy = p;(*NPj). Now NPj is naturally a reductive group over k whose
connected components are ¢ NPj for various & € j; the identity component is
Pj. For £ € Qy let

¢25, = 25, N Zxp,(9)

where ¢ is any element of ¢ N Pj.
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Let B be the set of Iwahori subgroups of G. For any &£ € Q let X = {(g, B) €
£G.xB;gBg~! = B}. We show that on ¢ X there is a notion of I-adic constructible
sheaf. For simplicity we assume that £ = 1. We have 'X = {(g,B) € 1G. x B; g €
B}. For any B € Blet B= By D By D By D ... be the Moy-Prasad filtration
of B; note that each B, is a normal subgroup of B, B/B,, is an algebraic group
over k and B = li{inB/Bn. For any n > 1 let X,, = {(¢9,B) € X;9 € B— B,}.

For any m > n > 1 let X, = {(9Bm,B);B € B,gB,, € (B — B,,)/Bn}.
(Note that B — B,, is stable under left and right translation by B,,.) We define
Tmn * Xn — Xmn by (g, B) = (9Bm, B) and m;,, . : Xy oy — B by (9B, B) = B.
Note that the fibre of m;, , at B € B is the algebraic variety (B — B,,)/B,, over k
(an open subvariety of B/B,,,). Now B is an inductive limit of projective varieties
over k; taking inverse images of these projective (sub)varieties of B under 7, ,
we obtain algebraic varieties over k of which X, , is the inductive limit. Hence
on each X, , we have a well defined notion of l-adic constructible sheaf. By
definition, an [-adic constructible sheaf on &), is the inverse image of an [-adic
constructible sheaf on &), , under 7, , for some m such that m > n. Now an
l-adic constructible sheaf on X is a collection of [-adic constructible sheaves F,,
on X, for various n > 1 such that for any n < n’ the restriction of F,, to X, is
Fn. (Note that Xy C Xy C ... and & = Up>14),.)

3.2. Let U be the set of all triples (J,w, A) where J runs over a set of representa-
tives for the Q-orbits of proper subsets of I, w € €23 and A is a unipotent cuspidal
character sheaf (defined up to isomorphism) on the connected component “ N Py
of WJ .

We now fix (J,w, A) € Y. By [L9, VI,30.2] there is a well defined subvariety
& C “NPjy and a local system S on & such that for some integer n > 1 invertible
in k, the following hold:

S is a single orbit of (prJ)O x Py acting on “NPj by (z,7) : g+ z2"gr™1;

§ is ireducible and equivariant for this action; A|lg = S[dim &}, Al.x5,_¢ = 0.
Let cl(&) be the closure of & in “N Pj.

Let IW = {w € "W, www™! = w}, W' = {w € "W/ www™! = w}. For
JC¥ CIwithwJ)=J,let IL(Wy) = {we I T (Wy);www™t = w}.

Now N Pj acts by conjugation on “ NPj. This action preserves &; moreover S
admits a N Pj-equivariant structure. (This can be seen from the classification of
triples (J,w, A) as above which is the same as that of the ”arithmetic diagrams”
in [L6, §7].) We assume that such an equivariant structure has been chosen. For
any ¢ € Qg and any o € & the vector spaces {S.,,-1;z € *NPj} are canonically
isomorphic to each other (by the Pj-equivariance of S) hence they can be identified
with a single vector space denoted by S§; the vector spaces S§ for various o € &
form the stalks of a local system 8¢ on &. The N Pj-equivariant structure on S
provides an isomorphism of local systems S — S¢ on &.

3.3. We preserve the setup of 3.2. Let g € “G,.. Let J’ ;Cé I be such that J C J’,
w € Qy. We can find (and we fix) an increasing sequence Gy C Gy C ... of
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subsets of G (depending on J’) such that U.>1G. = G, G.Py = G, and G./Py
is a projective variety in G/ Py for each e > 1. Let ¢ > 1. We have a commutative
diagram of algebraic varieties with cartesian squares

My ge —2— My ¢ BoxX —1 X
| d o d
My ge —— My, «“— E.xY —15 Y
where
X = {(xPy,2Uy) € Py /Py x NPy /Uy ;2 22 € NPy, py(x~'22) € &};

Y is the set of all 2Uy, € NPy /Uy such that for some 2Py € Py /Py, we have
xt2x € NPy, p3(z~1z22) € cl(B);

MJ/’E is the set of all pairs (z Py, y(zUyx~!)) where 2Py € G./Py, y(zUyx~1) €
(xNPyz1)/(zUyx~1) are such that py(z~tyx) € &;

My . is the set of all pairs (zPy/, y(zUy 1)) where x Py € G./Py, y(zUyz~1) €
(xNPyx™1)/(zUy 1) are such that for some v € Py, we have y € zoNPyjv~tx ™!
and py(v iz lyzv) € cl(&);

MJ/’g’e = {(.TPJ,y(.CCUJ/.CC_l)) - MJ/,e;g - xNPJx_l,g_ly - .CCUJ/.CC_I};
]\4,]/’9’e = {(.’EPJ/,y(.CCUJ/.CC_l)) c MJ/,e;g c xNPJ/x_l,g_ly c .’EUJ/.’L‘_I};
E, = {hUJ/ S G/UJ/;hPJ/ € Ge/PJ/};
4,7 are the obvious imbeddings; ¢, § are the obvious projections:
u(hUy:, zUy) = (hPy:, (hzh™ 1) (hUgp h™1)),
w(hUy:, xPy, 2Uy) = (ha Py, (hzh™ ') (haUypxz~'h™1));
p(zPy, 2Uy) = 2Uy, p' (a Py, y(zUy ™)) = (¢ Py, y(zUypx ")),
p//(xPJa y(.’L‘UJ/(L‘_l)) = (mPJ’a y(IZJUJ/IZJ_l)).

All the maps in the diagram are compatible with the natural actions of Py where
the action of Py on the four spaces on the left is trivial. Moreover, @ and u are
principal Py/-bundles. Let

Xy ={zPy € G./Py;a" gz € NPy,ps(z~'gz) € &}.

We define a local system S on Xg,e by requiring that S’mpJ = Spy(@-1gx) We
define a local system S on X by requiring that S(pr’ZUJ,) = Spy(z-122)- We define
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a local system S on M‘]/’e by requiring that S(IPJ’y(IUJ,x—l)) = Spy(z-1yx)- Note
that S .S, S are well defined by the P J-equivariance of S.
We have an isomorphism X, . — My 4. given by 2Py + (zPy, g(zUyz™1)),

under which these two varieties are identified; then the local system j*S on M. J.g.e
becomes S. We have ¢*S = @*S hence ¢*pS = u*(p{S). The functors

D5 (V) L Dp (Ee x V) & D(My o) L D(My )
induce algebra homomorphisms

EHdD;J/ T (1S) — End”D;J/(Eex?)(q*p!S) — EndD(MJ/’e)(p{S)

— EndD(MJ/,g,e) (pflj*S)

of which the second one is an isomorphism since u is a principal Pj-bundle.

Taking the composition of the first homomorphism with the inverse of the second

one and with the third one and identifying Endp_ 1) (1S) = Endppy(pS) as
J/

in [L5, 1.16(a)] we obtain an algebra homomorphism

/7% )

(a) Ende(y) (pl«§> — EndD(Mlegye)(p! J

For any i > 0, H/(X,.0,S) = H:(My g.,7*S) = H:(Mjys 4.0, p'7*S) is naturally
a module over the algebra Endp(a,, e)(f;j*S) hence, via (a), a module over

the algebra Endp(f/)(p!S). By 1.4(a), this last algebra may be canonically iden-
tified with the group algebra QZ[J/;J(WJ/)]. Hence HZ;(Xg,e,‘SA') is naturally a
J'-J (Wjs)-module. Passing to the dual space we see that H_i(Xg,e,‘SA') is natu-
rally a 2=J(Wy, )-module. Let

X, = {zPy € G/Py;x ‘gz € NPy,py(z ' gz) € G}.

Now X, is the union of the increasing sequence of algebraic varieties X, 1 C X2 C
... (the inclusions are imbeddings of algebraic varieties). Hence the notion of local
system on X, is well defined. We shall denote again by S the local system on X,
whose restriction to X, . (for any e > 1) is the local system denoted earlier by S.
The imbeddings above induce for any ¢ > 0 linear maps

A

H_i(XgJ,S) — H_i(XgQ,S) — H_i(Xg’g,S) — ...

which are compatible with the J/;J(WJ/)—module structures. The direct limit of
this system of linear maps is denoted by H_;(X,,S); it is a vector space inde-
pendent of the choice of the sequence G; C Go C ... and it carries a natural
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J'-J

(Wj3/)-module structure. Moreover, if g € G, this vector space is 0 for i
large enough (depending on g) since

(b) dim X, . is bounded as e — co;
a result closely related to (b) appears in [KL], at least when J = (), but the general
case can be reduced to the case where J = ().

We have a partition X, = |_|§€Q£Xg where

ng = {2Py € *G/Py; 2 'gx € NPy, py(z~1gx) € G}

Then for i > 0, H_i(xXg,S) is defined in the same way as H_i(Xg,S) and we
have canonically H_;(X,,S) = ®ecoH_i(¢X,,S).

3.4. We preserve the setup of 3.2. From the classification of unipotent cuspidal
character sheaves we see that J has the following property:

(a) for any w-orbit K (for the Q-action on 1) such that K G J, we have sk =
wyV¥wd = wiwi"E € B(W; k).

From [L6, 1.15] we see that the following holds.

(b) If J is a single w-orbit then TW’ = {1}

(c) If J contains at least two w-orbits then TW' is a Cozeter group (an irre-
ducible affine Weyl group) on generators sk (one for each w-orbit K in J).

Let g € “G. and let ¢ > 0. We show:

(d) There is a unique W’ -module structure on H_(X,,S) (see 3.3) such that
for any w-orbit K in J with K # J, sk acts as in the B(W s k )-module structure
3.3 on H_;(X,,S).

If J is a single w-orbit, there is nothing to prove. Hence we can assume that
J contains at least two w-orbits. It is enough to show that if K # K’ are dis-
tinct w-orbits in J and sksks has finite order m in IW’ then the operators
sk, sk’ € Aut(H_;(X,,S)) defined by the (W, k )-module structure and by the
K'(W juk')-module structure satisfy (sxsk:)™ = 1 as operators in Aut(H_;(Xy, 3S)).
Since m < oo we see that KUK’ & J. Hence the KUK (W jukuk’ )-module struc-
ture on H_;(X,,S) is defined as in 3.3. From the definitions we see that this mod-
ule structure restricts to the ¥(Wj i )-module structure and to the E/(WJUK/)—
module structure considered earlier. Hence it is enough to note that (sxsk/)™ =1
as operators in Aut(H_;(X, S’)) in the KU—K(WJuKuK/)—mOdUIQ structure. This
proves (d).

3.5. We preserve the setup of 3.4. Let { € 5. We define 70 : X, — X, by
Py — xh™' Py where h € Og; this is well defined and independent of the choice
of h. The inverse image of the local system S on X, is the local system S¢ defined
in terms of S¢ (see 3.2) in the same way as S is defined in terms of S. Using the
isomorphism & — &¢ in 3.2, we can identify S¢ and S. We see that T¢ induces for
any i > 0 an isomorphism 7¢ . : H_;(X,,S) = H_;(X,,S). The operators ¢ .
for various £ € 23 define a {2y-module structure on H_i(Xg,S). Combining this
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with the ZW’-module structure on H_;(X,y, S) (see 3.4) we obtain a TW-module
structure on H_;(X,,S). (Note that IW is the semidirect product ;- TW’ with
JW’ normal.)

From the definitions we see that for any ¢ € Q, H_;(°X,, S)isa IW'-submodule
of H_;(X,,S) and that the IW-module H_;(X,,S) is induced by the IW’-module
H_;('X,,S).

3.6. We preserve the setup of 3.5. We now state: )

(a) Conjecture. For any g € “G. and any i > 0, the IW-module H_;(X,,S)
18 finitely generated.
If in addition, g € “G,s. and g is elliptic then X is an ordinary algebraic variety
(in the case where J = 0 this follows from [KL, Cor.3.2]) hence dim H_;(X,,S) <
oo and (a) holds. More generally, for any g € “G,.s. let A, be the subgroup of G
consisting of all x(€) where = runs over the one parameter subgroups K* — G with
image contained in the centralizer of g. Now A, acts on X, by left multiplication
and one can show that

(b) H_i(Xg,S) is finitely generated as a Qi[A4]-module.
(In the case where J = {) this follows from [KL, Prop.3.1(d)].)

After a first version of this paper was posted, Zhiwei Yun pointed out to me
that from [Y] one can deduce that (a) is a consequence of (b), at least if J = 0),
g € “G s is topologically unipotent and the characteristic of K is large enough.

3.7. We preserve the setup of 3.5. Let Q31 (resp. €j2) be the kernel (resp.
image) of the homomorphism f : Q5 — Aut(ZW’), £ — [w — Ewé~. We can
form the semidirect product 3 2-TW’ using the action of Qj 2 on W’ defined by
f. From the classification of arithmetic diagrams in [L6, §7] we see that we have

(1) QJJ == {1},9.]72 == QJ, or

(11) Q‘]’l = QJ,Q‘]’Q = {1}, or

(i) Q.1 = Qg0 = Z/2Z, Qy = (Z/2Z) & (Z/27).
(Case (iii) occurs only in the case 7.44 and 7.45 in [L6, §7] with G of type D,,, n
even, n > 4. In this case Q3 ; = {1,w}.) We define an isomorphism Q31 x Q32 —
Qj as follows. In case (i) or (ii) this is the obvious isomorphism. In case (iii) the
isomorphism restricted to 23 ; is the obvious imbedding, while the image of the
nontrivial element of {23 5 is the unique element v € €25 such that the permutation
i — (1) of I has at least two fixed points. Using this isomorphism, the group
IW = Q) - IW’ becomes the direct product of groups 25 1 X (Qy2- AW ). Hence
the algebra QZ[JW] becomes the algebra Q;[Q.1]®@ Q22 Iw’ |. Now the group
algebra Q;[€23 1] is canonically isomorphic to the direct sum of copies of the algebra
Q; (indexed by the characters Q31 — Q}). Hence

(a) the algebra QZ[JW] is canonically isomorphic to the direct sum of copies of
the algebra Qi[Qy 2 - TW'] (indexed by the characters Q31 — Qf)

3.8. Let G be a connected simply connected almost simple group over C of type
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dual to that of G. We have a natural bijection
(a) ¢ : Q = Hom(Zg, C").

For any w € Q we set 3 = 35 ,(.), see 2.2.

Let ¢ = (¢, §) € 3g. Now ( corresponds under 2.6(c) to a quadruple (J,C, &, E)
with E = E; € TrrW; (notation of 2.7). By [L6, 6.3], [L6,57] to the triple (J,C, )
corresponds a triple (J,w A) € U so that w satisfies ( € 3* and Qj 5 - IW’ is
identified with the group WJ Thus E: and EC (see 2.7) become representations
of one specific copy of Q.2 W] in the direct sum of algebras in 3.7(a); hence
they can be viewed as representations of Ql[iW] on which the other copies of
Ql[Q 32 Iw’ ] in the direct sum in 3.7(a) act as zero. These representations of
Ql[—W] are denoted by E. and E L. We now define for any g € “G¢ and any ¢ > 0
a Q-vector space o

AS" = Homyy, (H_i(X,,8), E,)

(we regard H_i(Xg,S) as a W-module as in 3.5). Note that for any fixed ¢ €
“Grses
(b) Ag?i is zero for all but finitely many 1.
(This follows from 3.3(b).)
Now let g € “G, and let h € G. Define v}, : X, = Xpgh-t by ©Py — hxPj.
If S is the local system on X}, defined in the same way as S on X, then
viS" = S. Hence vy, induces for any 7 > 0 an isomorphism [v,] : H_Z(XQ,S)
H_Z‘(thhfl,sl). From the definitions we see that [v] is compatible with the

JW-module structures. Hence its inverse induces a linear isomorphism
AT AGE
for any (¢ € é Thus the collection of vector spaces Ag?i (with ¢ € “G,) has a
natural G—equivariant structure.
We conjecture:
(e) for fixed ( and i, there exists an l-adic constructible sheaf F on “X (see
3.1) such that the stalk of F at (g, B) € “X 1is the vector space Ag?i.
This conjecture implies the inequality
(f) dimAg?i < oo for any g € “Ge.
This would also follow from Conjecture 3.6(a).

3.9. Until the end of 3.12 we assume that k is an algebraic closure of the finite
field F,. Let Ko = F,((¢)), a subfield of K. Let F' : G — G be the bijective
homomorphism induced by the map x — 7 of k into itself so that the fixed point
set GT' is equal to G(Kj) for a split Ko-form of our group.

Let w € Q and let ( = (¢,§) € 3¥. Our next objective is to associate to
¢ a function t¢ : “GE. — QU {co}. (Here “GL,, := “G,;. N GF.) Define

rsc

(J,w, A) € U in terms of ¢ as in 3.8. Define &, S in terms of A as in 3.2. We have
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F(Py) = Py and F induces a morphism of algebraic groups NP3y — NPj denoted
again by F; this is the Frobenius map for an F,-rational structure on NPj such
that every connected component of N Pj is defined over F,. We have necessarily
F(8) = G and there exists an isomorphism 1 : F*S = S of local systems over
S. We shall assume (as we may) that for any o € & and any m > 1 such that
F™(0) = o, the eigenvalues of F™ on S, are roots of 1; moreover if J = ) so that
S = Q; we shall take 1) = 1.

For any g € “G. let X, be as in 3.3. We have F(g) € “G, and we define
¢: Xy — Xp(g) by Py — F(z)Py. Let S’ be the local system on X p(g) defined

in the same way as S on X, see 3.3. Then 1 induces an isomorphism S (;5*3/.
Hence for any ¢ > 0 there is an induced isomorphism

(a) H_i(Xg,g§> i)H_i(XF(g),S/).

From the definitions we see that this isomorphism is compatible with the JW-
module structures. Now (a) induces for any g € “G, and any ¢ > 0 an isomorphism
Py : A%) — AS' If F(g) = g then tr (1, - A5 — AST) is well defined (assuming
that 3.8(f) holds); we denote it by t¢.i(g).

Assuming now that g = F(g) € “Gs, we set te(g) =Y ,50(—1)"t¢;i(g). Thus
g — t;(g) is a well defined function on “GZ,, with values in Q, except that
at points g where 3.8(f) fails for some i we set t¢(g) = oo. The function t :
“GE, — QU{oo} is constant on each G¥-conjugacy class in “GL, . (this follows
from the compatibility of ¢ above with the G-equivariant structure on AGY), In
the remainder of this section we assume that 3.8(f) holds so that t¢ : “GL,, — Q.
We shall also regard t¢ as a function G, — Qq, equal to zero on GL,, — “GL, .
(We set GE,, = G,,. N GF.) The functions te on GE, (for ¢ € 3%, w € Q
variable) are said to be the unipotent almost characters of G¥. They are defined
up to multiplication by a root of 1. Let V" be the subspace of the vector space of

class functions GI,, — Q; generated by the unipotent almost characters of GI'.

3.10. Let U be the set of isomorphism classes of unipotent representations of G¥'
(see [L6, 0.3]). Recall that [L6, 6.5] gives a bijection

(a) 3t eu

with 3! as in 3.8. Now for ¢ € 3! the irreducible G¥'-module R corresponding
to ¢ under (a) is canonically the quotient of a G¥-module ]A%C which is standard
in the sense of Langlands and which has finite length with all composition factors
being again unipotent representations. Hence RC has a well defined character (in
the sense of Harish-Chandra) whose restriction to GZ,, is denoted by ¢.. We call
the class functions ¢ : GL,, — Q (for ¢ € 3') the unipotent characters of G,
Let V' be the subspace of the vector space of class functions GZ, . — Q; generated

rsc
by the unipotent characters.
(a) Conjecture. We have V' =V,
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3.11. We now formulate a refinement of conjecture 3.10(a). We fix w € Q and
let ¢ be a unipotent class of G. Let £3“ be the set of all (¢, F) € 3“ such that the
unipotent part of any element of ¢ lies in c.

Let V|, . be the subspace of the vector space of class functions “GI, — Q
generated by the restrictions ¢¢ := ¢¢logr  (for various ¢ € €31). Let V. . be

the subspace of the vector space of class functions “GE, — Q; generated by the

rsc
unipotent almost characters t¢ (for various ¢ € £3%).

(a) Conjgecture. We have VL,,E = Vg,g'

3.12. Let us now replace the Frobenius map F' : G — G by another Frobenius
map F’' : G — G such that the fixed point set G " is an inner form of the split
form of G over Ky. Then the analogue of I for G is well defined (it is in bijection
with 3¢ for some ¢ € € which depends on F’, see [L6]). The unipotent almost
characters on G are again defined by taking trace of F’ instead of I’ on the

same geometric objects which were used for Gf'. We expect that the analogues of
3.10(a) and 3.11(a) continue to hold.

4. EXAMPLES

4.1. In this section we preserve the notation of §3. Let O = k[¢]], O* = O —ek][[€]].
Let v : K* — Z be the group homomorphism such that v(e") = n for n € Z and
v(0*) = 0. We set v(0) = oo.

4.2. Let G, be the set of compact very regular elements in G (see [KmL2]).
We have Gy C 'Gige. Let g € Geyr. We show that 3.6(a) holds for this g. If
(J,w, A) € U is such that J # 0, w = 1 then X, = (). Now assume that

(a) (J,w, A) € YV is such that J =0, w =1 (hence A is Q; up to a shift).
From [KmL2, 2.2] we see that

(b) H_i(Xy, Qi) =0 if i >0, Hy(X,, Qi) is a vector space with basis 8 and the
module structure over TW = W is such that W permutes B simply transitively.
In particular, 3.6(a) holds for this g.

Now let ¢ € 3! be such that the corresponding triple (J,w, A) (see 3.8) is as
in (a). Using (b) we see that if g € Gy, then Ag?i = 0 if 4 > 0; moreover any
b € B (see (b)) defines an isomorphism of vector spaces Ag;o = EC which carries

any element of A5 (viewed as a linear map Hy(X,, Q;) — Eg) to the image of b
under this linear map.

From this we see that if we are in the setup of 3.9 and ¢ is in addition fixed
by F' (so that g corresponds as in [KmL2] to an element of finite order w € W/’
defined up to conjugacy) then

(c) te(g) = tr(w, Ey).
4.3. Now assume that G = PGLy and
(a) g € G is represented by (‘Z Z) where a,b,d € 1 + €O, ¢ € € + €20.
Let ¢ € 3%. Then the corresponding triple (J,w, A) (see 3.8) is as in 4.2(a). In this
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case we have H_;(X,,Q;) = 0ifi > 0 and Hy(X,, Q) is a vector space with basis

{by,b} and the module structure over W = W is such that W' acts trivially
and any element in W — W' interchanges by, bo. It follows that Ag?i =0ifz>0

and Ag;o is isomorphic to the space of W'-invariant elements in Eg.

4.4. Now assume that G = PGL4y and

(b) g € G is represented by (136 126).

Let ¢ € 3'. Then the corresponding triple (J,w, A) (see 3.8) is as in 4.2(a). In this
case Ho(1X,, Q) is one-dimensional and has trivial action of W’. For i > 0,4 # 2
we have H_;(*X,,Q;) = 0. Now H_»('X,, Q) has basis {b,;n € Z} and the
simple reflection s1, so of W’ acts as follows.

Sibp, = —b, if n =179 mod 2, s;b, =by,+byr—1+bpt1ifn=7+1 mod 2.

We see that bg,b; generate the W'-module H_5(*X,, Q;). In particular, 3.6(a)
holds for our g.

It follows that AS* =0 if i > 0,7 # 2, AS" is isomorphic to the space of W'-
invariant elements in EC and Ag?Q is isomorphic to the space of sequences (2, )nez
with z,, € EC satisfying

SiTp = —Ty if n=1 mod 2, s;z, =y +Tp_1+Tpr1 if n=74+1 mod 2;
here s;(7 = 1,2) are the simple reflections of W'.

We now assume that ¢ = ({1}, C). In this case EC has a basis {z, '} such that
the action of s; is as follows:

s;g=—xfori=1,2 s12' =2’ +x, sea’ =2'.

Thus the sign representation of W’ is a submodule and the unit representation
of W’ is a quotient module. We see that Ag?i = 0 for all i # 2. Moreover Agiz
can be identified (via (z,) — (un), z, = u,x) with the vector space of sequences
(Un)nez with u, € C satisfying —u,, = u, + tup—1 + up41 for n € Z. This is a
two-dimensional vector space: if ug,u; are given then the other wu,, are uniquely
determined. Thus dim Ag;z = 2. From these computations we see also that if we
are in the setup of 3.9 then

tc(g) = 2q.

Since the value of the Steinberg character of G at g is 2¢ — 1 (see [KmL1]) we
see that ¢%(g) = 2q (note that 2g = (2g — 1) + 1 where the last 1 comes from the
unit representation) so that qb% (9) = tc(g). (We expect that this equality holds for
any g € 'GE

T'SC')

Note that in the arguments above, our choice of a co-standard module plays
a key role; if we replace it by one in which the unit representation of W’ is a
submodule and the sign representation of W’ is a quotient module, the arguments

above would collapse.

4.5. In this subsection we assume that G = PGLg and w € () is not 1; we shall
prove that 3.11(a) holds in this case. Let G = GLy(K) and let 7 : G — G be the
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obvious homomorphism. We set

G' = {(ZS) € G;v(ad — be) = even}, G* = {(ZZ) € G;v(ad — be) = odd},

I' = {<th> € G;v(a) = v(d) = m,v(b) > m,v(c) > m for some m € Z},

I? = {(Z Z) ;v(a) =v(d)+1=m+1,v(b) > m+1,v(c) > m+1 for some m € Z}.
Then G = G'UG?, I' ¢ G!, I? ¢ G? and 7(I') is an Iwahori subgroup
of G hence we can assume that Py = w([1). We have NPy = 7w([; U I3) and
“NPy = m(l3). Let B be the image under 7 of the group of upper triangular
matrices in G. We show:

(a) If g € “G normalizes some Twahori subgroup then g is not contained in any
G-conjugate of B; in particular we have g € Gg..

We can assume that g € 7(I?) that is g = 7(g), where § = (:Z i) and d € O,

a€ O be O, ce O. Assume that g is contained in a G-conjugate of B; then the
eigenvalues \, \’ of g are contained in K. We have A+ X = e(b+c), AN = e2bc—ead
hence (A—X)2 = (A+X)2—4AN = €2(b+c)? —4e%be—ead so that v(A—N)?) =1
contradicting the inclusion A — X" € K. This proves (a).

We show:

(b) If ge I?, §’ € I, h € G satisfy § = h™'gh then h e I'.

We can assume that
~ (e d ~r _ m (e d
g_(eaeb>’ g =¢ (ea/eb/)’

where a,d,a’,d" are in O* and b, ¢, V', ¢’ are in O. We have det(g) = det(g’) where
v(det(g)) = 1, v(det(g’)) = 2m + 1. Hence m = 0. Since g, g’ are conjugate we

have b+c=0+¢, ad —ebc = d'd —eb'c. Let r = (é (C/a_,/ci/a). We have r € T,

rg = g'r. Thus § = (hr)~'ghr. If we can prove that hr € I' it would follow that
h € I'. Thus we are reduced to the case where §’ = §. We write
h= (%)
with z,y, z,u € K, v(xu —yz) € 2Z. From hg = gh we have aye = dz, xd + ybe =
cye + du hence z = eya/d, u = x + ey(b — ¢)/d. Thus det(h) = 22 + exy(b —
c)/d — ey?a/d. If x =0 then y # 0 and det h = —ey?a/d, so that v(deth) is odd,
contradicting h € G'. Thus = # 0 so that M := v(z) < oo. If v(y) < M then
v(2?) = 2M, v(exy(b—c)/d) < M +1+v(y) < 2M, v(ey?a/d) = 2v(y) +1 < 2M.
We see that v(deth) = 2v(y) + 1 is odd, contradicting h € G'. Thus we have
v(y) > M. We have v(z) = M, v(y) > M, v(eya/d) > M +1, v(z+ey(b—c)/d) =
v(z) = M. Thus h € I'. This proves (b).
We now show:
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(c) Let g € “G? be such that g normalizes some Iwahori subgroup. Then the
set {vrPy € G/Py;x gz € “N Py} consists of two points.

An equivalent statement is as follows. Let ¢ € G2 be such that some G-conjugate
of g is in I2. Then the set {zI' € G/I';z ' gz € I?} consists of two points.

We can assume that g € I2. Then our set contains at least two points, I' and
I2. If € G, 7 'ga € I? then by (b) we have z € I' so that 2I' = I'. If 2 € G2,
2~ 1gx € I? then, choosing s € I2, we have (zs) " 'g(zs) € I?, s € G hence using
again (b) we have xs € I' so that xI' = I%. This proves (c).

For g as in (c) the set X, in 3.3 (with J necessarily empty) has exactly two
elements. Hence 3.6(a) holds in this case; hence 3.8(f) also holds.

Assume that we are in the setup of 3.9. If ¢ = (¢,§) € 3! is such that ¢ is a
semisimple class of G then R( in 3.10 is induced from a character of BNG; using
(a) we see that ¢¢ is identically zero on “GE . If ¢ = (¢,F) € 3! is such that ¢

rsc*
is the regular unipotent class of G (so that § = Q;) then R( in 3.10 is the unit
representation of G''; it follows that ¢¢ is identically 1 on “G/... If ¢ = (¢, §) € 3"
is such that ¢ is —1 times the regular unipotent class of G (so that § = Q;) then
RC in 3.10 is the one dimensional representation of G which is trivial on 'G¥
and on which elements in “GF¥" acts as —1; it follows that ¢¢ is identically —1 on
“GE . We see that V. . in 3.111s 0 if ¢ = {1} and is the vector space spanned
by the constant function 1 if ¢ is the regular unipotent class of G.
If ( = (¢,§) € 3“ then ¢ is the regular unipotent class of G times 1 or —1 and
§ is a cuspidal local system on ¢. The corresponding (J,w, A) € U satisfies J = (),
we have W = Q:[©?] and E< is a one dimensional representation of 2. Using (c)
we see that for any g € °G,.. we have Ag;o =Q, Ag?i =01if 7 > 0. It also follows
that t¢ is a constant (equal to a root of 1) on “GY, .. We see that V[ , in 3.11 is
0 if ¢ = {1} and is the vector space spanned by the constant function 1 if ¢ is the
regular unipotent class of G. Thus 3.11(a) holds in this case.

4.6. We return to the general case. In this subsection we take w = 1 and ¢ to
be the regular unipotent class in G. We show that 3.11(a) suggests a geometric
property of G. Now if ¢ € €3! then QSé is identically 1; hence V7 . is spanned by
Assuming 3.11(a), we deduce that if ( = (¢, C)
This suggests that for any g € 'G5 we

the constant function 1 on 'GL..

then t¢ is a constant function on 'GZ, .
have
(a) AS" =0 4fi >0 and A50 = Q.
In this case A% is defined in terms of a triple as in 4.2(a). Hence (a) implies:
(b) for any g € 1G5, the space of W-coinvariants in H_;(X,4, Q) is 0 if i > 0
and is one dimensional if i = 0.
Note that in the setup of 4.4 this follows directly from the results in 4.4.

4.7. Assume that we are in the setup of 3.9. Let ¢ be a unipotent class in G.
Let u € ¢ and let I' be a maximal reductive subgroup of Zg(u). Let M(I") be the
set consisting of all pairs (z,0) where x € T" is semisimple and is defined up to
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[-conjugacy and o € IrrZr(x)/Zr(z)°. Let M(T)! be the set of all (z,0) € M(T)
such that the restriction of o to Zg is trivial. We have a bijection

() €31 & M(D)';
to (¢, §) € <3! corresponds to (x,0) € M(T)! if ux € ¢ and Zg(uz)/Zg(ux)? =
Zr(x)/Zr(x)° acts on the stalk §,, through a representation isomorphic to o. For
(z,0) € M(T)! we write t, ., Rmm ¢z, instead of t¢, RC: qb% (see 3.9, 3.10, 3.11)
where ¢ € ¢3! corresponds as above to (z, ).

We expect that if (z,0) € M(I')! is such that Zr(z)/Zg is connected (so that
o =1) then

(b) tz.0 = ¢2,6 up to a root of 1.
In general, we expect that the functions t, », ¢, » on lesc are related by a version
of the nonabelian Fourier transform [L1]. To illustrate this we consider the case
where G is of type By or G2 and c is the subregular unipotent class in G. We
can identify I' = C*- < r >, I' = S3 if G is of type Bs, G2 respectively. Here
< r > is a group of order 2 with generator r acting on C* by z ++ z~! and S is
the symmetric group in three letters. We expect that for any (x,0) € M(T')! the
identities (c)-(d) hold (up to multiplication by a root of 1) for the functions t, .,
b0 on 'GE, .

(C) tr,a = ¢m,a
if G is of type By and z € T'°, 22 # 1 (this is a special case of (b));

(d) t1,1 = (P11 + Pr1 + P1,e + Pre)/2,

tr,l - <¢1,1 + ¢r,1 - ¢1,e - ¢T,6)/27

tl,e == (¢1,1 - ¢r,1 + ¢1,6 - ¢r,e)/27

tr,e - <¢1,1 - ¢r,1 — ¢1,e + ¢T,6)/27
if G is of type B and e is the nontrivial character of T'/T?;

(e) to,o = Z(x/,g/)eM(r){(% o), (', 0")}dur o
if G is of type G2 (here {(x, 0), (¢’,0’)} is the nonabelian Fourier transform matrix
[L1]). Note that in the setup of (d) we have

(f) —11 =911, 91, = P16,

t_11=%t11,t1c=1t1.
Clearly, if (c)-(e) hold, then 3.11(a) holds in our case. Now we can check that
(c)-(e) hold after restriction to GI . = G, NGT', using 4.2(c), the known results
about the character of unipotent representations of reductive groups over F, and
the results of [KmL2|. (See in particular [KmL2, 5.3].) This provides additional
support for 3.11(a).

5. AFFINE FLAG MANIFOLDS IN UNEQUAL CHARACTERISTIC

5.1. Let k be an algebraic closure of the finite field F; (of characteristic p), let O
be the ring of Witt vectors over k and let K be the quotient field of O. Let G be
the group of K-rational points of a K-split, simple adjoint algebraic group defined
over K. Then the parahoric subgroups of G are defined. We define Py C G
(JST)asin 3.1,
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It is likely that the definitions, results and conjectures in §3 extend to the
present G. One of the ingredients for such an extension is the definition of a
structure of inductive limit of projective varieties over k for G/Py. This is what
we will try to achieve in this section, using as a model the construction of the affine
Grassmannian given in [L2, §11]. But in the present case it seems to be necessary
to enlarge the category of projective varieties over k by declaring that the inverse
of a Frobenius map is a morphism; the inductive limit above will be taken in this
enlarged category. (The case where G is of type A has been previously considered
in [Zh]. I thank X. Zhu for pointing out this reference.)

Let g be the Lie algebra (over K) of G with bracket [,] and with Killing form
(,). Let N = dim g. We shall assume that p is such that the Killing form of the Lie
algebra of a simple adjoint group over k of the same type as G is nondegenerate.
For any O-lattice L in g we set L* = {x € g;(x, Lg) C O}; this is again an O-
lattice in g. We can find an O-lattice Lo in g such that [Lg, Lo] C Ly, L(ﬁ) = L
and {g € G;Ad(g)Lo = Lo} = Py, for some Jy C I such that |Jo| = |I| — 1.

Let X be the set of all O-lattices L in g such that L = L and [L,L] C L. As
in [L2, §11] we have a bijection G/Pjy, — X, gPj3, +— Ad(g)Lo. For any n € N
let X, ={L € X;p"LoCLCp"Lp}.

Let V,, = p~"Lo/p"Lg, V! = p~"Lo/p*"Lgy. Note that V,, is a free O/p*"O-
module of rank N and V! is a free O /p3"O-module of rank N. Since p?" Ly C p" Ly,
we have an obvious map m, : V] — V,,.

There is a well defined symmetric O-bilinear pairing (7,7), : V, x V,, —
p~2"O/O induced by the restriction of the Killing form to p~"Lg. There is a
well defined alternating O-trilinear map (?,7,?), : V! x V! x V! — p=3"0/O
induced by the map p™" Lo x p™"Lo X p~"Lo — p~3"0, z,y,2 — ([z, 9], 2).

For any torsion O-module Z we write d(Z) = ky + ko + - -+ + k, where Z is
isomorphic to ®F_,O/p* O.

Let E be the set of O-lattices L C g such that p"Lo C L C p~ "Ly and Lf = L.
Let E’ be the set of O-submodules Z of V,, such that d(Z) = nN and (Z, Z),, = 0.
We show

(a) L — L/p™Lg is a bijection E — E'.

Let L € E. We have d(L/p"Lg) = d((p™Lo)*/L¥) = d(p~"Lo/L). Hence

2d(L/p"Lo) = d(L/p"Lo) +d(p~"Lo/L) = d(p~"Lo/p" Lo) = 2nN

so that d(L/p"Lo) = nN. It is clear that (L/p" Lo, L/p™ L), = 0. Thus the map
in (a) is well defined.

Now let Z € E’. Let L be the inverse image of Z under the obvious map
p~ "Ly — V,,. Note that L is an O-lattice in g and we have clearly (L, L) C O so
that L C L¥. Since p"Lo C L C p~"Lo we have (p~"Lo)* C L* C (p"Lo)* hence
p"Lo C L* € p~"Ly. We have L/p"Ly = Z and

nN = d(L/p"Lo) = d((p"Lo)*/L¥) = d(p~" Lo/ L¥)
= d(p "Lo/p"Lo) — d(L*/p"Lg) = 2nN — d(L*/p™ Ly).
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Thus nN = d(L*/p"Lo) = d(L*/L)+d(L/p"Lo) = d(L*/L)+nN so that d(L*/L) =
0 and L! = L. We see that L € E. The two maps E — E’, E' — E defined above
are clearly inverse to each other. Thus (a) holds.

Let E} be the set of all Z € E’ such that, setting Z; = 7, 1(Z) (an O-submodule
of V)) we have (Z1, Z1,Z1)n = 0. We show:

(b) L — L/p™Lyg is a bijection X,, — E}.

Let L € X,,. Weset Z = L/p"Lg. By (a) we have Z € E’. Then Z; := 7, (Z) =
L/p*" Ly clearly satisfies (Z1, Z1,Z1), = 0. Thus Z € E|. Conversely, let Z € E}.
Let L be the inverse image of Z under the obvious map p~ "Ly — V,,. By (a) we
have L € E. Let Z; = L/p®"Lg. Let x,y € L. Since Z € E' for any z € L we have
([z,y],2) € O. Hence [z,y] € LF. Since L* = L it follows that [x,y] € L. Thus
[L,L] C L so that L € X,,. The result follows from (a).

Let Y, be the set of all O-submodules Z of V,, such that d(Z) = nN. Let
Y, be the set of all O-submodules Z; of V) such that d(Z;) = 2nN. Note that
Z w 771(Z) defines a map v : Y,, — Y. In [Zh], X. Zhu shows that Y,,, Y, have
natural structures of projective varieties over k.

Let Y, = {Z € Yu;(Z,2)n = 0}, Y, = {Z1 € Y}};(Z1, %1, Z1)n = 0}. From
the definitions, Y,, is a closed subvarlety of Y, Y’ is a closed subvariety of Y, and
themapv:Y, =Y. Zw— 7, Z)is a morphlsm of algebraic varieties. Hence
X! =v=1(Y/)NY,, is a closed subvariety of ¥;,. We can reformulate (b) as follows:

(c) L+ L/p"Ly is a bijection X, — X/.

It follows that X,, has a natural structure of projective variety over k. Note that
Xo C X1 C X3 C ... and the inclusions are imbeddings of projective varieties (in
the enlarged category above). Hence X = U,>¢X,, is naturally an inductive limit
of projective varieties over k.

5.2. For each n € N, X,, carries a vector bundle whose fibre at L is L/pL viewed
as a Lie algebra over k in which there is a well defined notion of Borel subalgebra.
We can then form the set X,, of pairs (L,b) where L € X,, and b is a Borel
subalgebra of L/pL. This is a projective variety over k which fibres over X,
and each fibre is an (ordinary) flag manifold of some L/pL. We have naturally
Xy C X1 C X5 C ... and the inclusions are 1mbedd1ngs of projective varieties (in
the enlarged category above). Hence X = Un>0X is naturally an inductive limit
of projective varieties over k. Note that X is the set of pairs (L,b) where L € X
and b is a Borel subalgebra of L/pL. Let by be a Borel subalgebra of Lg/pLy.
Then gPy — (Ad(g)Lo, Ad(g)bo) is a bijection G/Py = X. We see that G /Py is
naturally an inductive limit of projective varieties over k.
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