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We show that the upper bound of the classical QCD axion window can be significantly relaxed for
low-scale inflation. If the Gibbons-Hawking temperature during inflation is lower than the QCD scale, the
initial QCD axion misalignment angle follows the Bunch-Davies distribution. The distribution is peaked at
the strong CP conserving minimum if there is no other light degree of freedom contributing to the strong
CP phase. As a result, the axion overproduction problem is significantly relaxed even for an axion decay
constant larger than 10'> GeV. We also provide concrete hilltop inflation models where the Hubble
parameter during inflation is comparable to or much smaller than the QCD scale, with successful reheating
taking place via perturbative decays or dissipation processes.

DOI: 10.1103/PhysRevD.98.015042

I. INTRODUCTION

The QCD axion is a pseudo Nambu-Goldstone boson
associated with the spontaneous breakdown of a global
Peccei-Quinn symmetry [1-3]. Interestingly, the QCD axion
not only solves the strong CP problem, but also explains dark
matter as it is copiously produced by the initial misalignment
mechanism in the early Universe [4-6].

The axion is massless at high temperatures, but it acquires
a mass from nonperturbative effects of QCD at low energy,
solving the strong CP problem. In the early Universe,
therefore, there is no reason for the QCD axion to sit exactly
atthe CP conserving minimum, and itis usually assumed that
the initial position, a,,/ f, is of order of unity, where f', is the
axion decay constant. Then, the QCD axion starts to oscillate
about the CP conserving minimum around the QCD phase
transition, and the coherently oscillating axion becomes dark
matter. See e.g., [7-11] for recent reviews.

The so-called classical axion window is given by

4x10% GeV < f, < 10" GeV, (1)

where the upper bound is due to the axion abundance
described above [4-6], and the lower is due to the neutrino
burst duration of SN1987A [12-14]. Therefore, if the axion
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decay constant is of order the GUT scale or string scale,
fa~10'"17 GeV, the axion abundance exceeds the
observed dark matter abundance unless the initial position
a./f, is fine-tuned to be much smaller than unity.

There are several ways to relax the upper bound of the
classical axion window. For instance, the axion abundance
can be diluted by the late-time entropy production after the
QCD phase transition [5,15-18]. A small value of the initial
misalignment angle may be selected in the multiverse based
on the anthropic principle [19-21]. Alternatively, the axion
can acquire a time-dependent mass through the Witten
effect, if it is coupled to hidden monopoles [22,23]. If the
effect is sizable, the axion follows the time-dependent
minimum adiabatically, and no particle production takes
place at the time of the QCD phase transition, suppressing
the final abundance. Also, if there is a resonant mixing with
axionlike particles, the axion abundance can be suppressed
by the mass ratio [24—26]. More recently, it was pointed out
that, if the axion has a large coupling to massless hidden
photons, the axion energy density is dissipated to hidden
photons through tachyonic resonance, and the abundance
can be suppressed by O(100) [27] (see also Ref. [28]).

In this paper we propose another simple way to relax the
upper bound of the axion window. We show that, if the
Hubble parameter during inflation is comparable to or
lower than the QCD scale, the axion already acquires a
nonzero mass during inflation, and the distribution of its
initial position follows the Bunch-Davies distribution [29].
The distribution is peaked at the CP conserving minimum
if there is no other light degree of freedom contributing to

Published by the American Physical Society
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the strong CP phase. In other words, the typical initial
misalignment angle is actually given by a function of the
Hubble parameter during inflation. As a result, the upper
bound of the axion window can be significantly relaxed for
such a low-scale inflation. We also provide concrete low-
scale inflation models where successful reheating takes
place via perturbative decays or dissipation processes.

II. BUNCH-DAVIES DISTRIBUTION

In this section we briefly review the Bunch-Davis
distribution of a light scalar field ¢ during a de Sitter
universe or eternal inflation with the Hubble parameter
H,,;. The action is given by

= (e

For simplicity we assume that the potential for the scalar is
given by

, 09 0¢
ax” oxY

V@) @

m2
V() =g+ Vi, ()
where V|, is the positive energy density leading to an
exponential expansion of the Universe, and m,,(> 0) is the
mass of the scalar. Note that ¢ is not the inflaton. Here we
neglect the time dependence of V), which would decrease
slowly in the case of the usual slow-roll inflation. The
Hubble parameter is given by

| Vo
Hyi=,—> 4
inf 3 Mf)]? ( )

where M, ~2.4 x 10'® GeV is the reduced Planck mass.
We assume that the scalar mass is lighter than the Hubble
parameter,

nmg < Hinf' (5)

We express the scalar field as ¢(x, t) = 5¢p(X, 1) + ¢y (1),
and expand the space-dependent part in the Fourier
expansion as

sih(x. 1) = / (‘;ﬂ'; 5 ()™ + 65 (1), (6)

where k = |k|, and e and o], will be later identified with the
annihilation and creation operators, respectively. By solving
the classical equation of motion for ¢, one can see that ¢,
exponentially approaches zero as inflation ends

2

m

—N- 5
Hatgp (1), (7)

Po(ty) = e

where N is the e-folding number for inflation, and #; and 7,
are the initial and final cosmic time during inflation.
Assuming Nm¢ /3Hz: > 1, ¢o(t;) asymptotes to zero.
On the other hand, as we will see below, the quantum
fluctuation 6¢) will be accumulated during inflation, which
will dominate over ¢,. Therefore we will simply drop the
zero mode by setting ¢, = 0 in the following analysis.
The equation of motion for 6¢; reads

56, + 3HoGy + {m,ﬁ <k> }&;’w,{ (8)

where a(t) = agen' is the scale factor. It is convenient to
use the conformal time defined by

tdt 1
= —=—-—+0C, 9
1 / a(t) aH + ®)
where C is a constant. We take hereafter C = 0 so that
—00 asft— —
n— { . (10)
0 ast — oo

The equation of motion can be rewritten as
9 mé) 1 ]
+ 1= ( — | —=| X, =0,
|: 4 H12nf (ki’])z ¢
(1)

where we have defined X; = (—5)~3/25¢,. Using the
Hankel function, one can express the solution as

1 d&’X,
k* dn?

1 1dX,

knk dn

Xy o H,! (~kn) (12)
with v = % ’/’ . Then the mode function is given by
mf
7
5= Hug 2B (). (13)

Here we have adopted the normalization so that it matches
with the flat-space time result in the subhorizon limit,
kn — —oo. Since the scalar mass is much smaller than the
Hubble parameter, one arrives at

2m?

¢
k >3H?Hf (14)

( )Hinf

2

P = 5% (o

243

on superhorizon scales, keeping only the leading order
of m;, 2 H .

At the subhorizon scales, the scalar field can be
quantized in a usual way. Well inside the Hubble horizon,
one can neglect the effect of the gravity and quantize the
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scalar field as in the flat spacetime based on the canonical
quantization conditions. They are equivalent to imposing
the following conditions on the annihilation/creation
operators:

[ak’ak’] = 07 (15)
[, o] = 63 (k — k). (16)

Then, one can define the Bunch-Davies vacuum by
a|0) =0 for any k with (0|0) =1 [29]. At the end of
inflation (¢ = 1), the fluctuations of the scalar field on
scales of order the horizon obey a Gaussian distribution,
with a variance (¢*(¢;)) given by

a(ty)Hue Pk
(1)) = / )P
3H4 i

-5
~ (@lenf) . (17)

The integration is over the modes that exited the horizon
during the period of inflation, from time ¢, [when
k/a(t;) = Hiy] to t; [when k/a(t;) = Hyy]. The final
approximation is justified by the assumption that

2m
Ap\2 2m
(VT — e - " V)i 0y
a(tf) 3H inf

an assumption that we also made in discussing the behavior
of ¢(t). This approximation is equivalent to setting the
lower limit of integration in Eq. (17) to zero.

If we focus on the dynamics of the scalar field after the
horizon exit of the CMB scales, the typical initial value of ¢

is given by
[ 3 H?
Di X Prms = 8 —nf | (19)
mg,

If we allow the initial field value to be fine-tuned, with a
probability of 10%, 1%, or 0.1%, then ¢; would be
bounded by |¢;| < €@, With

0.126 (10% tuning)
e~4¢ 0.0125 (1% tuning) . (20)
0.00125 (0.1% tuning)

In summary, if the inflation lasts sufficiently long, the
distribution of the light scalar field is given by a function of
the Hubble parameter during inflation and its mass. Even if

the mass is lighter than the Hubble parameter, the scalar
field knows where the potential minimum is in a probabi-
listic way. This will be essential when we apply this result
to the QCD axion in the next section.

III. THE QCD AXION ABUNDANCE

Now let us turn to the QCD axion abundance in a very
low-scale inflation. We identify the scalar field ¢ in the
previous section with the QCD axion, a. If the amplitude of
a is (much) smaller than zf,, the previous argument holds
without any change.

The strong gauge coupling becomes large and perturbative
QCD breaks down at the QCD scale, Agep. The QCD axion
acquires a nonzero mass from nonperturbative effects of
QCD, and its mass is related to the topological susceptibility

x(T) as

m(T) = "]@ .

The temperature dependence of y(7) was estimated by
several groups using lattice QCD [30-35], and the axion
mass is parametrized as

(21)

Vo (TQCD> T2 Tocp

fd T

mg(T) =~ . (22)

5.7 % 10°6 (“’fﬂ) eV TS Toen

where the exponent is given by n ~ 4.08 [33], and we adopt
Toep = 153 MeV and g, =~ (75.6 MeV)*.

The QCD axion starts to oscillate around the minimum
when its mass becomes comparable to the Hubble param-
eter H. The axion abundance is given by [36]

9 2
Q,h 035(0001>

fu 1.17
3x10"7 GeV

)"54 f.23x 107 Gev

L <3x10"7 GeV
. (23)

)
3x10"7 GeV

where the initial misalignment angle is defined by
0.=a,/f, For 6, =1, one finds that f, should be less
than about 10'> GeV to avoid the overabundance of the
axion dark matter, Q,h% < 0.12 [37]. This is nothing but the
upper bound of the ordinary axion window (1). In deriving
this upper bound, Hj,s > Aqcp is implicitly assumed.

If Hips < Ageps on the other hand, the axion acquires its
mass during inflation.! If the inflation lasted sufficiently

'When H inf ~ Aqcp, the axion mass is expected to be modified
from Eq. (22) due to the difference between the de Sitter and flat
space. However, this does not change the following argument
significantly.
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long (as in the case of eternal inflation), the distribution of
the axion field value follows the Bunch-Davies distribution.
Thus, the initial misalignment angle is bounded by

2
10, S ey)—s— Tt (24)
- 87* fama(Tinf)

H inf
2r

where

Tins =

(25)

is the Gibbons-Hawking temperature during the inflation
[38], and we have included the fine-tuning parameter, €. It
implies that, if H;, is much smaller than Agcp, 6, becomes
much smaller than O(1),

H.
6,] <0.0034¢( —nf
015 6(10 MeV

2
> for Tine < Toep- (26)

Thus, the axion abundance is suppressed in the low-scale
inflation, which relaxes the upper bound on the axion
window.

Note that we have assumed in the above argument that
the strong CP phase during inflation is same as in the
current vacuum. This is not an unreasonable assumption
because all the particles heavier than H;,; can be integrated
out. In particular, the Higgs or the other heavy moduli are
stabilized at their minima during inflation. However, if
there is another light axionlike particle coupled to gluons,
or if the inflaton itself is coupled to gluons, such an
assumption does not necessarily hold.

We have numerically solved the equation of motion for
the QCD axion field to estimate the axion abundance as a
function of the Hubble parameter during inflation. Our
result is shown in Fig. 1. The regions above the lines are
excluded because the axion is overproduced for the fine-
tuning parameter, € = 1, 0.126, 0.0125, and 0.00125 from
left to right. The vertical lines correspond to the upper
bounds of the ordinary axion window for 6, = 1, 0.1, 0.01,
and 0.001 from left to right. One can see that even f, ~
10'® GeV is allowed and the QCD axion can explain dark
matter or a fraction of dark matter for low-scale inflation
with Hi,y < O(1) MeV without any fine-tuning of initial
angle.2 This is the main result of this paper.

Before closing this section, let us comment on the
constraint of isocurvature perturbation. The quantum fluc-
tuation of @ would lead to an isocurvature purturbation. The
isocurvature power spectrum Pg is constrained to be [42]

Pg < Phound ~ 8.8 x 10711, (27)

*Note that 6x1073eV <m, <107 "eV, ie., 6 x 107 GeV<
fa S 10' GeV, is disfavored by null observations of the black
hole superradiance effect [39-41].

10f ¢
— 1 3
>
[}
©
= 01
T
0.01¢
PP T
fa [GeV]
FIG. 1. The relaxed QCD axion window as a function of the

inflation scale. Numerical results are shown by symbols for the
fine-tuning parameter, ¢ = 1, 0.126, 0.0125, and 0.00125 from
left to right. The vertical lines correspond to the upper bounds of
the ordinary axion window for 6, = 1, 0.1, 0.01, and 0.001 from
left to right. The region above each line is excluded because the
axion abundance exceeds the observed dark matter abundance.

at the pivot scale k, = 0.05 Mpc~!. This sets an upper
bound on the inflation scale as Hi,; < O(107) GeV for
f. = 10" GeV. (See Ref. [43] for the anharmonic effect
on the isocurvature perturbation.) Since the Hubble param-
eter of our interest is of order the QCD scale or lower, the
isocurvature bound is satisfied.

IV. LOW-SCALE INFLATION WITH H;y¢ S Agcp

Here we provide concrete low-scale inflation models
with Hi,r < Agep- In such low-scale inflation models, care
must be taken to achieve successful reheating. In particular,
if the reheating temperature is lower than the weak scale,
then baryogenesis becomes difficult, although not impos-
sible. Also, if one introduces relatively strong couplings of
the inflaton to the standard model particles for successful
reheating, they may spoil the flatness of the inflaton potential.

We consider a hilltop inflation model with a polynomial
potential, where the inflaton ¢ respects a Z, symmetry,
following Ref. [44]. The potential has the following form:

y) (p2m

2 2n
M oo K @ 2
2mM2m—4’

2 ¥ T (28)

Vint (ﬁ”) =V,

where M is a cutoff scale, and m and n are integers
satisfying m > n. For simplicity, let us take m, ~ 0, and we
will return to the case of my # 0 later. The last term
stabilizes the inflaton at

K\ T
@ = Pmin = </_1> M. (29)

The vanishingly small cosmological constant in the present
vacuum implies

015042-4
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m—n\ [(K"\ s
= — ) M

_ (’” - ”) Kt M2, (30)

2mn

The inflation occurs in the vicinity of the origin where
the inflaton potential is very flat. Inflation ends when one of
the slow roll parameters n= M2 VI ./ Vine, becomes equal
to (minus) unity,” where the pnme denotes the derivative

with respect to ¢. Solving # = —1, one obtains
—_ m-n 1 ﬁ = _ﬁ 1
P = QPend = 2mn 2n— 1 (pminMpl ’ (3 )

where we used the fact that in these models, @.,q < M.
The e-folding number is calculated as

N /(pend d 3H2 V0M2n_4 1
o . v V:nf KM§12(" - 1) (pz(”_])
2n—1
~ L 32
5o (32)

Here and in what follows the subscript * denotes the value
evaluated at horizon exit of the CMB scales; in the second
equality we have assumed q)% D« (per(ld ]>; N, is the
e-folding number during the slow-roll from the field value
@5 t0 @qq (Notice that N, is smaller than N in Sec. II).

The spectral index is given by

-1\ 1
~142n, ~1-— —. 33
R G =0 F )

When n = 2 the inflation model is reduced to the quartic
hilltop inflation. In this case the spectral index is known to
be too small to be consistent with Planck data for N, < 40
[42].* The spectral index can be increased by including
e.g., a small Z, breaking linear term [45], or a Coleman-
Weinberg potential [46,47]. As emphasized in Ref. [45],
such corrections to the inflaton potential slightly changes
the inflaton dynamics in such a way that the inflaton field
value at the horizon exit of the CMB scale becomes closer
to the origin where |, is smaller. To this end, the inflaton
mass term m is not so effective, because it not only
changes the inflaton dynamics, but also contributes to # in
the wrong direction, and these two effects are more or less
canceled. In any case, one can easily increase the spectral
index to give a better fit to the Planck data, and the
inclusion of these effects do not alter the following argu-
ment on the reheating.

The slow-roll parameter 7 should not be confused with the
conformal time in Sec. IL

“The typical value of N, is about 40 for the low-scale inflation
with Hinf ~ AQCD'

The CMB normalization condition is given by [42,48]

V3

inf
127 (V;nf)zMgl

~22x 107, (34)
P=@«

As = AR ~

This fixes k as

1 2= 2mn \ =
~ 2. 1077
ex260107 () 7 (02

_2n(n-2) 2(n—2)
% @Pmin n=1 % -l , (35)
M M

which is reduced to

k~5x 1071 <:]O) (36)

*

for n = 2, independent of ¢,;, and M.
Finally the Hubble parameter during inflation and the
inflaton mass at the potential minimum are given by

n\ 7 1 =)
~ 2. 10~
2910 ()™ (50 2 )

n 1
(p . n—1
% min , 37
(Mpl> ( )
g02(}1—1)
2y Y — _ min
=V ((pmm) - 2(m n)KMZ(n— 2)
n-=2 L
~ 2.6 1077 (I M= ) N E (i )7y
g <4<<n—1>zv*>2"1 My)

(38)

Notice that both Hj,¢ and m,, depend only on ¢,;,. We show
Hye and m,, as a function of ¢y, in the cases of (n,m) =
(2,3) and (2,4) in Figs. 2 and 3, respectively. One can see that
Hiye = O(1-100) MeV and m, = O(10°-10°) GeV are
realized for ¢, = O(101'-10'2) GeV.’

Characteristically for low-scale inflation models, the
value of the slow-roll parameter e=3M2(Vi/Vin)%,
and hence the tensor/scalar ratio r, are extremely small.
In particular

H12nf H.f 2
it 106 ( Zn
872M2, A7, >8> 10 M,

H. 2
~ 1.0 x 1073 (ﬁ) , (39)

which leads immediately to

>The cutoff scale M is of order M, for A = O(1) with m = 3.
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0.1+
0.05F

0.01}
0.005f

Hine [GeV]

0.001}
51074 1
1x10"

5x10'"! 1x10?  2x10"

$Pmin [GGV]

2x10'"!

FIG. 2. The Hubble parameter during inflation as a function of
the inflaton field value at potential minimum. The blue solid and
orange dashed lines correspond to the cases with (n,m) = (2,3)
and (2,4), respectively. The e-folding number is taken to be
N, =40.

2x10° |
1108}
S
v 5
O 5x107}
5
g
2x10° |
1><105 VA 1 1 1 1
1x10" 2x10"! 5x10'" 1x10" 2x10"
$Pmin [GQV}
FIG. 3. The inflaton mass as a function of the inflaton field

value at a potential minimum. The blue solid and orange dashed
lines correspond to the cases with (n,m) = (2,3) and (2,4),
respectively. The e-folding number is taken to be N, = 40.

H.\2 Ho\2
re16e~92x 107 2 ) ~ 1.6 x 1072 inf_ )"
My 1 GeV

(40)

For successful reheating we introduce right-handed
neutrinos vg; which couple to the inflaton with®

3
YNi .

g —— QUG Up;- 41

— \/qu Ri¥R ( )

Then the inflaton decay rate to a pair of right-handed
neutrinos is given by

r,~y Wi, (42)

®The inflaton can be identified with the B-L Higgs field. See
Refs. [47,49,50] for detailed studies of such inflation model.

where the summation is taken over those neutrinos kine-
matically accessible by the inflaton decay. Let us define the
reheating temperature, 7, as the temperature at the time
tehear When the radiation and the inflaton densities are
equal. The evolution of the inflaton and radiation can be
described by the Boltzmann equations,

dpy _

dt - _3Hp(/7 - F(pp(p’ (43)
dp,
Cllot = _4Hpr + F(/;p(p’ (44)

with the Hubble parameter given by

[pr+p
H= 0 ¢ (45)
pl

where p,, and p, are the energy densities of the inflaton and
the thermal plasma, respectively. Here we assume that the
coherently oscillating inflaton behaves as matter, and the
produced right-handed neutrinos immediately decay into
the Higgs bosons and leptons.7 By solving the above
equations numerically, we have found that for I', < H,
the radiation energy density at = frepeq is 0.168 - 3M TG,
which corresponds to a reheating temperature

i 106.75\ i
Ty ~0.64 (2—)‘ /ML, ~ 10 Tev< )4

T g* g*

1 eff\ 1/2
% YN mlll 2 NR , (46)
1077 ) \5 x 10° GeV 2

where we have assumed yy; = yy for the kinematically
allowed neutrinos. Notice that the right-handed neutrinos
are almost massless during inflation due to the Z, sym-
metry. The right-handed neutrino acquires a mass in the
present Universe as

YNi @Pmin
= V2yni@min =~ 70 TeV .
My = V2YNiPmin © (10—7> <5 x 101 GeV)

(47)

90

In this case, the perturbative decay is kinematically allowed
and the reheating temperature can be higher than the
electroweak scale. This implies that we could have suc-
cessful baryogenesis via (nonthermal) resonant leptogen-
esis with NS > 2 [54-60] or electroweak baryogenesis.
Notice that the inflaton potential receives a radiative
correction through the neutrino Yukawa interactions,

4
OVinp = %4)4 log ¢, which is negligible compared to the
tree-level quartic coupling in the case of n = 2. However,

"This assumption is valid around the time of H ~ I, for the
neutrino Yukawa couplings inferred by the seesaw mechanism
[51-53] with the light neutrino mass ~0.05 eV.

015042-6



QCD AXION WINDOW AND LOW-SCALE INFLATION

PHYS. REV. D 98, 015042 (2018)

one can introduce a heavier right-handed neutrino that does
not contribute to the decay of the inflaton, but its large
Yukawa coupling generates a Coleman-Weinberg potential
that increases the spectral index to be consistent with
observation [47].

So far, we have discussed low-scale inflation where the
reheating proceeds via perturbative decay. When the
inflaton couples to standard-model particles strongly
enough, the inflaton may dissipate its energy efficiently
through scattering with the ambient thermal plasma. This
leads to a rather high reheating temperature even for a
relatively low inflation scale. In particular, Daido and two
of the present authors (FT and WY) recently studied an
inflation model where an axionlike particle plays the role of
both the inflaton and dark matter [61,62]. In this scenario,
the reheating proceeds through thermal scatterings with
photons and weak gauge bosons, and the inflation scale is
extremely low, H;; = 0(0.01-1) eV. For such an
extremely low-scale inflation, the QCD axion abundance
is negligible.

V. DISCUSSION AND CONCLUSIONS

So far, we have shown that the QCD axion window can
be enlarged with low-scale inflation. As a matter of fact, the
abundance of axionlike particles can be similarly sup-
pressed. In contrast to the QCD axion, their masses are
usually assumed to be independent of time, which makes it
much easier to suppress their abundances. In particular, it
would be interesting to study cosmology with many light
axionlike fields that follow the Bunch-Davies distribution.

In the low-scale model studied above, the inflaton
potential respects the Z, symmetry, and so the origin is
the symmetry-enhanced point. Therefore, under reasonable
assumptions, the inflaton naturally sits at the origin before
the last inflation starts. This is the case e.g., if the inflaton

acquires a Hubble-induced mass through its coupling to the
Ricci curvature during an era of power-law inflation that
might precede the final inflation.

We have shown that the upper bound on the axion
window can be significantly relaxed in low-scale inflation
with the Hubble parameter smaller than the QCD scale.
This is because, if the low-scale inflation lasted long
enough, the axion initial misalignment angle follows the
Bunch-Davies distribution peaked at the strong CP
conserving minimum. As a result, the axion overproduc-
tion problem 1is significantly relaxed. We have also
provided a concrete low-scale inflation model with suc-
cessful reheating, where the QCD axion explains dark
matter and the baryon asymmetry can be generated via
resonant leptogenesis.
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Note added.—While preparing this paper, we found
Ref. [63] which overlaps with the present work.
Compared to Ref. [63], we focused more on building a
concrete QCD-scale inflation model with successful reheat-
ing and pointed out that the absence of any other light
scalars (including the inflaton) contributing to the strong
CP phase is crucial for the present mechanism to work.
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