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CHAPTER 1

INTRODUCTION

We model a computer communication network as a graph, where nodes
correspond to computers and arcs correspond to communication links con-
necting them. The computers (nodes) are engaged in sending messages to
each other. A message goes from its origin to its destination via inter-
mediate nodes. Every intermediate node must have a rule to decide upon
the next node the message will be forwarded to, on its way to the desti-
nation. A set of such rules, for every node and destination will be
called a routing strategy.

Due to physical limitations such as, finite link transmission
capacity, processing time at each node, etc., a message arriving at an
intermediate node is queued up with other messages waiting for trans-
mission on a link leading to its next intermediate node. The time a
message spends in the network, which is the time elapsed since it entered
the network at its origin until it is received at its destination, is
the delay the message undergoes. The problem of finding a routing strategy
to minimize average delay per message, given the network parameters and
the network input statistics, is called the routing problem. When the
network input statistics are fixed in time, the problem is called the
static routing problem. The static routing problem can be formulated,
under various assumptions, as a nonlinear multicommodity flow problem.

In [1], Gallager proposed a distributed algorithm to solve the
nonlinear multicommodity flow problem. The algorithm is distributed

in the sense that computation is divided equally among all nodes in



.,

the network, and every node computes the value of its own routing vari-
ables. In view of the fact that the algorithm can be operated "on-line",
it is also suitable for solving the gquasi-static routing problem, in which
the network input statistics change "slowly" in time, thereby causing

the minimizing routing strategy to vary. Generally, one can assume that
if the algorithm converges fast enough, it will be able to "track" the
statistical variation of the process, and keep the routing close to opti-
mal at all times.

Gallager's algorithm uses only first derivative information, and
in a distributed operation context cannot utilize a line search of the
type common in nonlinear progr;mming algorithms. As a result, it suffers
from the usual drawback of most optimization algorithms without a line
search; namely, convergence is guaranteed only for a sufficiently small,
but otherwise unknown, stepsize. Computational results for Gallager's
algorithm reported by Poulos [5] suggest that the range of appropriate
stepsizes varies significantly with the traffic input data, and indicate
slow convergence. Gallager gives a convergence proof that relies heavily
on an anti-zigzaging device which is embedded in the definition of block-
ing [[1], equ.(15)] and is an integral part of the algorithm.

In [2] Bertsekas, following [l], proposes a class of algorithms
which can utilize second derivatives. This class of algorithms is moti-
vated by the Goldstein-Levitin-Polyak method ([3], [4] from nonlinear
programming. It is shown there that Gallager's algorithm belongs to this
class. Bertsekas guggests a member of this class which can be implemented

in a distributed manner.



Incorporation of second derivatives may result in automatic step-
size scaling, good direction choice, and superlinear convergence rate.
Yet, the particular algorithm, suggested by Bertsekas, neglects cross term
second derivatives, and therefore is not guaranteed to have these nice
features. Nevertheless computational results reported in Bertsekas, Gafni
and Vastola [6] are encouraging. An appropriate stepsize was found, under
which rather fast convergence was achieved for most of the networks, with
various levels of traffic input data, that were tested. Pathological
cases, where Bertsekas' algorithm behaves poorly still exist.

Bertsekas proves convergence of his general class of algorithms,
but under the restrictive assumption that all network inputs are positive.
The class of algorithms of [2] can be operated either in a "one-at-a-time"
mode, whereby the routing strategies for various destinations are updated
cyclically one after the other; or in an "all-at-once"” mode where the
routing strategies for all destinations are updated simultaneously. The
convergence proof of [2] addresses only the case of the "all-at-once"
mode.

This work can be considered a sequel to [1] and [2]. In the second
chapter we familiarize the reader with the content of [1] and [2]. In
the third chapter we give a convergence proof for the general class of
algorithms of [2] which bypasses the need for the restrictive assumption
on the network input mentioned earlier. It also bypasses the need for
the antizigzaging device used in [1]. This is significant in that ex-
tension of the antizigzaging device of [1] within the context of the
class of algorithms of [2] introduces complications and requires additional
computation overhead. Simultaneously, convergence is proved for the "one-

at-a-time" and the "all-at-once" modes mentioned above.
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CHAPTER 2

BACKGROUND

2.1 Problem Formulation:

A common statement of the static routing problem as a nonlinear multi-
commodity flow problem is the following:

We are given a network consisting of N nodes denoted by 1,2,..., N
and L directed links. We denote (i,%), the link from node i to node 2.
We assume that the network is connected in the sense that for any two
nodes m,n there is a directed path from m to n. The set of links is also

denoted by L. Consider the following problem:

(MFP) minimize Z Dy gfil(j)

(i, eL
subject to:
E %&U)- E ﬂmfﬂ =riﬁ) ¥yi=11,..., Nj=1,...,Ni#]
Leo(i) me I(i)

£(3) >0 ¥(i,%) eL 3

1,..., N

M

tt
o

[

fjg(j) =0 ¥ (3,2) 1,..., N

where fiﬁ(j) is the flow in link (i,%) destined for node j, 0(i) and I(i)
are sets of nodes % for which (i,%) € L and (%,i) € L, respectively, and
for i # j ri(j) is a known traffic input at node i destined for j. The

standing assumptions throughout are:

a) ri(j) >0 ¥i=1,..., N J=1,..., N i#]7]

b) The functions Di are defined on some domain [0, cil)' where

L

ci% is either a positive scalar or +». Furthermore, Diﬁ is
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convex, everywhere continuous, twice continuously differentiable
with positive first and second derivative in the relative in-

terior of its domain, and satisfies

b (1) DiR(O) >0 ¥ (i,2) € L where prime denotes first

derivative.

b(2) 1lim
£ 8C0

(£,

Dil 12) =+

The formulation above, which will be called the f-space formulation,

is not suitable for distributed algorithmic operation, since the control
variables fil(j)' (i) eL j=1,..., N are not determined by a single
node, but rather are the result of cumulative decisions of several nodes.
An equivalent formulation where every control variable is determined by

a single node, uses the transformation:

£, 3)

(2.1) b (3) = ¥ 1,5 such that D, £,(3) >0

fiSL(j) 2e€0(i)
Denote by ¢ the vector [¢ll(l), ¢12(1),..., ¢1N(l), ¢2l(l),..., ¢NN(N)]T

where T denotes transposition. Let @ be the set of vectors ¢ whose entries

¢ik(j) 1 < i,k,j< N satisfy the following conditions:

a) 'i)ik

W
b) kz;cbik(j)=1 ¥i=1,..., N i=1,..., N i# 3

(3) >0, ¢,.() =0 ¥ (i,k) gLorifi=]

¢) For each j, there is a subset of L, consisting of links (i,%)

such that ¢i£(j) > 0, that forms a directed network in which

every node has a directed path to j.
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It is shown in [1] that for every ¢ € & the set of equations:

N
(2.2) ti(j) = ri(j) + tl(j)¢2i(j) ¥i=1l..., N j=1,..., N
=1

has a unique solution for ti(j) which is nonnegative continuously differ-

entiable as a function of ri(j), ¢ik(j) 1<i,k, j <N, and satisfies:

N 3t (3)
(2.3) ti(J) = mrl(j) i=1,...N j=1,..., N i # j
2=1
at, (3)
where EZZTET-depends only on ¢ik(j) 1<i, < N (i.e.,for fixed ¢ € 9,

ti(j) is a linear function of rg(j) 1 <2 <N).

Moreover, e-rery fi (3) 1 <4i,3j, k <N which is feasible for the

k
(MFP) satisfies

(2.4) £, ) =t (36,00, () 1<4i,3,k<N

]

for some (possibly many) ¢ € & where ri [ri(l), ri(2),..., ri(N)]T

r = [rT T
= ll r2l

ceor rdT and £ () (9, 1) 1< i, § <N solve (2.2) for the
corresponding ¢ and r. Conversely, for every ¢ € & the link flows deter-
mined by (2.4) are feasible for the (MFP).

By virtue of the discussion above, (MFP) can be reformulated as

) N
(FP)*  minimize D_(6, 1) = Z D, Z :fil(j) (4, 1)
(i, e L i=3j

subject to ¢ € @

and this version of the problem will be called the ¢ - space formulation.

i#73



2.2 Optimality Conditions

N
Let fik(¢,r) = E fik(j)(¢,r). We have
j=1
(2.4) 'a?l—(—j—)—— = E Dik(fik(d)zr)) . W 1<i, <N
(ik)em * o, .
i#3
(2.5) acb (J) = Z Dik(fik(q)’r)) —55';-(—]7—1 <i,k,J <N,
(i,k) €L * C
i#73
It it shown in [1] that
BD (¢,r) BDT(¢,r)
i#73
BDT(d)'r) BDT((blr)
(2.7) N ti(J)(¢,r) Dik(fik(¢,r)) + T3z ) 1<i,k,3J 2N
ik k
iA3

Moreover, (2.4) is the unigque solution of (2.6) and both (2.4) and (2.5)

are continuously differentiable in ¢ and r. We will use the notation

BDT(¢,r) oD, (¢, 1)
Gik(¢,r) = E&k(fik(¢'r)) + _E%ZTET— . The gquantity —521737- will be

called the "node i marginal delay with respect to destination j"; and the
quantity 3ik(j)(¢,r) will be called the "link (i,k) marginal delay with
respect to destination j". Equation (2.6) asserts that a node marginal
delay is a convex sum of the marginal delays of its outgoing links with

respect to the same destination.
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It is shown in [1] that a sufficient condition for optimality of

N
a routing ¢ is:

BDT(a,r) A _
W = Gik(j)((b,r) if ¢ik(3) >0

-
{

=1l,..., N

(2.8) N

L}
it
[
-

BDT((blr)

namely, that the marginal delay of every node for any given destination
attains the minimum over all possible convex sums of the marginal delays,

of its outgoing links, with respect to the same destination.

2.3 A Class of Algorithms:

The class of algorithms suggested in [2] is defined by:

k+1 —k
¢, (3) = ¢, () i#73

-k -
where ¢i(j) is the solution to the problem

. s . k 1 . k..
minimize 61(3)(¢ ,T) (¢i(j) - ¢i(3))

k
(2.9) Lt )00 K mk X
+ 5-. E— (¢i(j) - ¢i(j))'Mi(j)(¢i(j)-¢i(j))
. . . . . k )
subject to ¢i(j) >0 E ¢il(j) =1, ¢il(]) = 0¥ 2L €B(i,d )P
2
where

N T . . S ) .
61(3)(¢,r) = [Sil(J) (¢'r)’612(3)(¢’r)""’6iN(j)(¢'*)]

o . . . LT
¢i(3) = [Qil(J), ¢i2(3)...-. @iN(J)]



Q-
and o > 0 is some scalar. The matrix Mi(j) is symmetric and satisfies

(2.10) MS(3) = {m];g},

My, 917 < v M, v, )

for all vi(j) in the subspace {vi(j)‘ E Viﬁéj) = 0, Vil(j) =0
Le B(i,d7) ()

Y SN .
¥ 2 € B(i,$ ) (3)}, where A, A are some positive scalars and || || repre-
sents the Eucledian norm. The set of indices B(i,&i)(j) is specified

by the following definitions:

Definition 2.1: A node n is said to be downstream to m with respect

to j, if there exists a path (m,k) (k,%) ... (s,n) such that ¢ (3) > O,

bep () > 0renis b (3) > 0.

Definition 2.2: A node m is said to be upstream to n with respect to

j, if n is downstream to m with respect to j.

Definition 2.3: An element ¢ € ® is said to be loop free with respect

to j if there do not exist two nodes m,n which are downstream to each

other with respect to j.

Definition 2.4: Por any $ € ¢, i = 1,..., Nand j = 1,..., N,the set

B(i,®$) (j) referred to as the set of blocked nodes for ¢ at i with

respect to j, is the set of all % such that (i,%) € L or (i,%) €L
9D, (¢,x) 3D, (¢, 1)

0 < .
ari(j) -_ arz(j)

¢i2(j) = 0 and either , or there exists a link
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(m,n) referred to as an improper link such that m = £ or m is downstream

SDT(cb,r) BDT(tb,r)
to % with respect to j and we have ¢mn(j) > 0, and 57 (5) < 57 05)
m n
Consider the mappings:
. NN xN . N . . . .
Ai(]):cbeR —>¢>i(3) € R i=1,...,N3=1,...,N i#3
Ai(i): ¢eRNXNXN->oeRN i=1,...,N

defined by Ai(j) (¢k) = 6};(:}) Ai(i) (¢k') = 0. The algorithm which generates

k+ . .
¢ . given (bk can be implemented in two modes. The "all-at-once" mode of

implementation of the algorithm corresponds to:

T T T
F o @, oY @, L e T

1.y _ LT k. T,y K, T, iy T
F @) = @O ), a6 @@, .y G) @GN

k+1 k ,
and will be denoted as ¢ ~ = A(d ); while the "one-at-a-time” mode
corresponds to

T T T T T

k - = )
6 o W, & @b, Y @, @), & anlT

K, .\ _ T . T,. T ..,,T
o (3) = [q)l(:])r ¢2(])1---: ¢N(3)] r

k+1
¢ (m) is defined above and m = (kmod N) + 1.

The sets B(i,cbk) (3) 1 <1i, J <N are introduced in order to ensure
that the sequence {cbk} generated by the algorithm consists of loopfree
elements. This in turn is essential in order to make (2.9) suitable
for distributed implementation, and to facilitate the computation
of the quantities needed in it. The distributed implementation of

the algorithm is essentially the same as the one of Gallager and the
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reader is referred to [l] for details. The presence of the sets B(i,@k)(j),

however, introduces difficulties in proving convergence. Gallager de-

fines B(i,¢k)(j) in a somewhat different manner, introducing what can

be considered as an antizigzaging device. Generalization of this device

to (2.9) is possible but at the expense of making the distributed

implementation of (2.9) cumbersome and computationally more expensive.

It is shown in [2, proposition 1] that if @k € & and @k is loop free,

k+1 k+N

k+1. |, k
then ¢ is loopfree and ¢ is optimal if and only if ¢k = ¢ = = ¢

2.4 Gallager's Algorithm (without an antizigzaging device):

k
Gallager's algorithm corresponds to a diagonal Mi(j), where the
elements on the diagonal are 1 except for one element moa which is
14

zero, and n satisfies
. . . ook
8, (N <8, (N ¥,k gB(EE)E).

The last equation makes ﬁi(j) discontinuous in ¢, which inturn makes
the algorithm discontinuous in ¢. The discontinuity of the algorithm
is a major difficulty in proving convergence. It is trivial to check
that (2.9) with the above substitution for Mt(j) satisfies equation
(12) of [1]. 2an "Almost" fixedlﬂt(j) 1<1i, j <N, k=1,2,... 1is
very attractive since it reduces the information-transfer and compu-
tation needed for distributed implementation of (2.9), yet is makes

the algorithm somewhat inefficient.

2.5 Bertsekas' Algorithm:

The particular algorithm proposed by Bertsekas corresponds to

k
a diagonalbdi(j) where the element Mmoo is an upper bound to
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2, .k
BDT(¢ ')

”n k
PigEip (02N + 5,

4+ which can be computed in a manner which is

consistent with the distributed implementation suggested by Gallager.

Bertsekas' algorithm is continuous in 6.
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CHAPTER 3

CONVERGENCE PROOF

3.1 Introduction

The proof consists of three parts. The first establishes the descent
properties of the algorithm. The second examines some aspects of the
limiting behaviour of the algorithm as the number of iterations tends
to infinity. In the third part all the properties of the algorithm,
shown in the second part are combined together to form the convergence
proof. The proof is given for the "all-at-once™ mode. The proof of
the "one-at-a~-time"™ mode involves minor modifications and these are
sketched subsequently.

Before we proceed, we change slightly the form of the sufficient

conditions for optimality:

Lemma l: For ¢ € @, let Si(¢,r)(j)‘be the length of a shortest path
from i to destination j, where the length of each link (i,%) € L is
taken to be Diﬁ(fil(¢'r))‘ A sufficient condition for optimality of
¢ is

BDT(¢,r)

(3.1) _—W:Si«b'r)(j) ¥i=1,...,N J=1,...,N

Proof: We just have to show that (3.1) implies (2.8). Substituting

(3.1) in (2.6) we get

(3.2) 50,8 (3) =) B (3) (B (Fy (6,1 + S (6,0 (D]
k
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On the other hand by definition of shortest path and Bellman's equation:

(3.3) Si(fb,r) 3) = m;'-n{DJ{k (fik (@,r)) + s (¢,x) 3} .

Equations (3.2), (3.3) and the conditions of ¢ imply that

]

s, (6,7) (§) = DY (£, (6,2)) + 5, (4,0 () ¥k, ¢.() >0

ik
(3.4)

Si(¢,r) (3

A

D k(fik(dJ,r)) + 5, (6,2) (3) ¥k, qbik(j) = 0.

Substituting (3.1), again, in (3.4) we get (2.8). 0.E.D

Lemma 2: Let Si(¢,r) (3) be defined as in lemma 1. There holds

8DT(¢II)

(3.5) —_—
. Bri(])

1si(cb,r)(j) vy¢$¢ed, r,i=1,...,N j=1,..., N.

Although, lemma 2 is true as stated, we will prove it only for ¢ € 3,

where %= {¢|¢ € & ¢ is loopfreel}.

Proof: Fix the destination j. For every ¢ € ? the directed network

induced by ¢ik(j) >01<4i, k<N (i.e., the network obtained from the
‘ériginal by eliminating all links (i,k) with ¢ik(j) = 0), is an acyclic
directed network and every node has a directed path to the destination.

In reference to this network define

(3.6) Sk ={ie N!i is at most k hops from the destination} .

Since ¢ € ® C ® we have that
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(3.7) Sy = {5}

and (3.5) holds for i = j with equality.

We now prove that if (3.5) holds for all i € S,Q then it holds for

all i € SQ+1'

Let 1 € Sl+1l52 where ! denotes set subtraction. We have

aD_(¢,xr)
3D (¢,x) T
E ¢ (J) D! o (b,0)) + —— | =
(3.8) Br &) [ :.k Brk(J) ]

BDT(¢,r)
Z ¢ik(3) Dik(fik((b'r)) + "a—-r;-(—J—)——
kel ..., NN 7

| v

§.4 () [DI, (£, (6,7)) + 5, (6,1) ()]

ke{l,...,N}('\Sg

> min (D3 (5 (0,0)) + (60,1 (] = 5, (4,1) (3)

¢ik(3) >0

The second equality follows from the fact that ¢ € @, and the third
relation follows from our hypothesis.

since $ € &, s__ . = {1,...,5) and s, |s ¢ for all k > N, the

N-1 k-1 "

induction will be complete after N steps. Relations (3.7) and (3.8)

establish (3.5).
0.E.D.

3.2 Descent Properties of the Algorithm:

We establish the descent property of the algorithm, by upper bounding

the objective function along a straight line connecting the current point
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with the next. In our case one can either consider a straight line in the
f-space, which is natural to the f-space formulation or a straight line

in the ¢-space, which is natural to the ¢-space formulation. A straight
line in one formulation maps into a curve in the other. The nature of

the algorithm [cf. (2.9)] calls for the ¢-space formulation. Unfortunately
we were not able to obtain the needed result using the ¢-formulation.
Gallager uses the f-space formulation to appropriately upper bound the
cbjective function ([1l] appendix C, lemmas 1-4). We use a similar argu-
ment to prove the result we need for our case.

We state the desired proposition and present the proof in Appendix A.

Proposition 1l: ILet ¢k+l = A($k) and let DO € (0,®) be some real number, and

assume that

°ed, p’n <o .
Then there exists a scalar o € (0,1] ‘(depending on N, DO, A and A) such
that for every & € (0,0] used in (2.9) we have
. . k 2 k+1,. k,..n2
(3.9 0@ hm - @ <Y e @07 BT - o

i,]

where p is some positive constant which depends on &, D_, A, A and N.

OI

3.3 The Limiting Behaviour of the Algorithm:

If we use a value of o such that (3.9) holds, the segquence
[ee]

{Dp (Ak(¢o),r)} , where Ak(¢) =
T k=1

Ak-l(A(¢)), is a nonincreasing segquence.
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Our assumption on the functions Diz implies that DT is bounded from below.

As a result we have

(3.10) Lin £ () @,0° - [5G - f @l =0 wi=1,.., 0w

k3o . J=1,..., Ni#]j
Lemma 3: For all a such that (3.9) holds we have

(3.11) lin |£,,(3) 5, 0) - £, @S] =0 ¥ @, er 3=1,...,8

Proof: Subtracting equation (2.2) that corresponds to ri(j} and ¢k from

the one which corresponds to ri(j) and ¢k+l one gets (see [1] (c23)):
£, 3 0 e ) @0 =t ) @0 -5, G 0,01 - 65T
2
£, () (05,0 @5TH ) - oF N .
L

The equation above is in the standard form of (2.2), and using (2.3) one

gets

k+1
ot, () (¢ T, 1) k+1
.\ k41 _ .3 B i t_(3) (¢ (3)
(3.12) ti(J)(qJ ;) ti(j)(d) ,T) -E Brz(j) §n: nf
2

k.

As mentioned earlier, since ¢O € ® we have that ¢k ed x = 0,1,... and

3t (3) (¢°F, )
therefore 0 < e (3) i_l. Moreover, according to the definition
- [
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Taking the limit as k + ® on both sides of (3.15) and using (3.10) we

get (3.11).

Q.E.D.
Lemma 4: For all o such that (3.9) holds we have
Xk

(3.16)  lim (B, (3) - &5 ()1 =0 f=1,000, N 5=1,..., N i#]3

K—)-OO
where

<K, .. _ . . k . k+1

B G) = mzx {8, )] 2 e o), 95, > 0

k. . . k . . ke e

A () =min {8, () (¢$7,2)| L € 0(i), &€ B, )}

-1 ,Q.. 1

k
Proof: We have that ¢i+l(j) solves problem (2.9). By the necessary
condition for optimality for (2.9) we obtain

£, (3) (%,

4 k+1 k T
ok ) L in ot
(3.17) [Si(J)(¢ ;) + 5 . Mi(J)(Cbi (3) ¢i(3))]
. k+1 .
(¢i(3) - ¢i (3)) >0

for all ¢i(j) which are feasible for problem (2.9).

Let £ and &_be such that
N L

Gii- (¢ ,x)(3) = Ai(J)

5 X sy o AR s

If 4 = £ we have Z?(j) = éi(j). Assume L # %, we define ¢;(j) to

be
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(
K+l . . T
¢i2 (3) - € if 2 =2
* oo _ ) k+1 . _
¢$§l(j) otherwise .
\ i

k
where € > 0 is small enough so that ¢i%;(j) -~ € > 0. By definition of
X . . (e k+1,.
Ai (j) such an € exists and by feasibility of ¢i (3) we have that
¢;(j) is also feasible.

Plugging ¢I(j) in (3.17) in place of ¢i(j) we get
<=k, . k,. 1 . } .
(.18 EG) - AUDE < S0 G) - pe

where M?z(j) and Mizij) are the £ and 2 elements of the vector

N k. kK
M?(j)ti(j)(¢k,r) . (¢i+l(j) - ¢i(j))‘ All elements of Mz(j) are uni-
formly bounded from above by A and by (3.10) every element of

k+1

k
ti(j)(tbk',r)(cbi 3) - ¢i(j)) goes to zero as kK tends to infinity.

Therefore,

k. x,. 20 N k+1,. .
0 < B (3 - A <T@ ,:c);lcbijl @ - &, 0l

and this equation also holds if £ = %. Equation (3.10) implies that
the R.H.S. tends to zero as k tends to infinity and therefore

(3.19)  lim (B G) - 8551 =0

ko0

Q.E.D.

Iemma 5: Let & be such that (3.9) holds. Then there exists a set of

indices K such that the subsequences {¢2} z= {A2(¢0)} ~ and
2ekK L ex
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k k
of B(i, ¢ ) (j) the directed network induced by ¢i2(j) > 0 and ¢§;%j) >0

¥ (i,2) € L is loopfree and therefore

k+1
Bti(j)(¢ , T)
Brz(j)

O

. k . _
(3) = ¢,,(3)) =0
Upper bounding (3.12) we get

., K+l .\, K . k k+1 ., k .
(3.13) 5@ @ -t @@ ] < e G DD Jot o - e @l
L

nFi
s . R 25 ok
Writing down the expression for Ifil(])(¢ ,r) - fil(j)(¢ ,r)] one gets
k+1 k k+1 k+1 . ...k k .
(3.14) £, (0 1) = £, 0,0 ] = £, (D@ T,0¢,,7 () =t,6) 0, 1)¢(3)]
k+1 k k+1. . k k+1 ., k .
= [, (07,0 - £ (@5 rNG, () + £ G 6,0 B, () =65, (]
< e N - G 0N n ]+ [ 0 650 0TG- of, ()]

izn:tn(j)wk,r) -;i¢izl(j) = 4pe Q1]

where in the first inequality we used the triangle inequality and the fact
o] 5-¢i2(j) <1, and in the second we used (3.13) and the fact that

tn(j) > 0. Squaring (3.14) and using successively the Cauchy-Swartz

inequality we get
(3.15) (£, ) 6 hn -2 ) 6507 < Ok ) 65D D J6E ) - ()2
: ig s ’ ig ' —nnj ’ Q'n,Q,‘J ng "l
k2 k+1 . k. 2
2 (N-1) ';tn(j)(fb ) (;N)n% (3) = o, (]

k k+1 k
< oDy e 60l o - ¢ @
n
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2-1
and {¢ } ~ coverge. Moreover we have that
LeK

(3.20) £,,03) (4,7) = figcj)<5,r) ¥ (i,2) €L j=1,..., N
(3.21) s, 3,0 (3) = si(é,r)cj) i=1,..., 8 3$=1,..., N
where
¢ = lim ¢Q, ® = lim ¢2'1
9+0 g0
ek 2eK

Proof: It is established ([1], [2]) that {ék} belongs to a compact set

A

and therefore has a convergent subsequence {¢i}iek, where K is some set
of indices. The subsequence {@i-l}iek also belongs to a compact set
and has a convergent subsequence {¢2-1}£éz, where E is some set of
indices and E(: 2. The segquence {¢2}2€E converges since it is a sub-
sequence of a convergent sequence. Equation (3.I1) and the last ob-

servation implies (3.20). Equation (3.21) follows now since the

shortest distance is flow dependent only.

k-i k
: > > t ;
Corollary: Let {¢ }keK and {¢ }keK be two convergent
subsequences of {A?(¢o)}:;o which converge to ¢ ana $ respectively,
and i is some positive integer. Then equation (3.20) and (3.21) hold

for the corresponding $ and 5.

Proof:
e, @) -2, "] < g, 00050 -2, o] 4L,

.y o k-it+l oy o k=i
g, @ T - £ (60|
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Take the limit on both sides of the equation above and use (3.11).

Q.E.D.

3.4 Convergence Proof:

We use "two dimensional induction" to show that the limit point
of any convergent subsequence of {¢k}:=0, satisfies the sufficient
conditions for optimality (3.1). Lemma 6 that follows represents a
step of the induction proof and is the cornerstone of the proof. We

use repeatedly the fact that if some property 1 holds for all k, k > kl

and some property 2 holds for all k, k > k., then both hold for all k,

2

k > max (kl' k2). In what follows we will express this by writing "If

1 holds for all k large enough and 2 holds for all k large enough, then

both hold for all k large enough".

k-1
1~

L%
xek ~ ¢ and

ILemma 6: Let o be such that (3.9) holds and let {¢

165

A~ k 0 o0

xek + ¢ be two convergent subsequences of {A (¢ )}k=0'
Let S(,r) (3) = {s;(§, 1) (I |vie n}. Iet 5;(3),..., s,(3), p <N

be the distinct elements of the set S($,r)(j) and assume without loss

of generality that 0 = Sl(j) < Sz(j) <...< Sp(j). Denote
() ={ifs; 00 () <s N}, m=1,..., p.

Assume that for some integer g we have:

a)

BDT(Cb,r) _ aDT((blr)

(3.22) : = :
8ri(3) Bri(j)

= si(¢,r)(j) ¥ ie Iq(j): i=1,..., N

b) For all k large enough, k € K, and for any j, if ¢§;l(j) >0
sp_ (6°71,0) 3DT(¢k_l.r)
: > = . Then
9r_(3) or (3)

and m € Iq(j) then
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a') BDT($,r)

(3.23) = Si(¢,r)(j) ¥ iée€ Iq+l(j), j=1,...,N

3ri(3)
b') For all k large enough, k € K, and for any j, if ¢§n(j) >0

aDT(¢k,r) BDT(¢k,r)
>
3z_(3) 5T_(3)

and €I i
m q+l(3) then

: : : A :
Proof: Let i € Iq+l(3)]Iq(3), 0, = {2](:,2) €1} ana

(3.24) 2,03 = {2|Diz‘fiz‘5'r’) + s2($,r>(j> = si($.r><j>. seo} .
By the definition of shortest distance we have
(3.25) si<$,r>(j) < Dy (£, (0,2)) + szcé,r) ¥ 1e oi|zi<j) j=1,...,N.

Using lemma 2

BDT(¢,r)

(3.26) 8, (6,71 (3) < Dyp (£, @m0 + Sg(0,0) < DYy (£, (0)) + g3

§,,3 @ ¥2reo L) m=1,...,N§.
By the assumption Diz(f) >0 ¥f and the fact i € Iq+l(j){Iq(j), we have
(3.27) Ki(J)(: Iq(]) j=1,...,8 .

Therefore by using hypothesis a) we have

. 3 3D,,($, 1) ~ ~
(3.28) 612(3) {¢,xr) = Diﬂ(fiz((b'r)) + —Tr—g—("i—)—— = Dig(fil(d),r)) + Sl(d)'r) (3)
= si<$,r)(j) ¥ 2e R, () j=1,..., N .

The cardinality of Oi is less then N, i.e,is finite, and therefore there

exists € > 0 such that

(3.29) 5iw(j)(¢.r) -e>8 (DY voe 012,39, e () J=1,...x
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k—l}

~

Since Siﬂ,(J) (b,r) is continuous in ¢ and {¢ xek

is a convergent

sequence, we get that for all k large enough, k € E

. k~1 k-1 £ . . .
(3.30) 8, (D)6 ) > 8 (¢ ,r) +35 Vweo L (3, 1er, (3), i=1,...
BDT(¢.r)
Also W y 1 <1i,j <N, is continuous in ¢ and therefore by lemma
i

2, (3.28) and hypothesis a), for all k large enough, k € K

SN GRS S S S )
n > -
Bri (3) 3r2(3)

¥ e 'Q'i(j)’ j=11,..., N

which together with hypothesis b) and the definition of B(¢,i)(j) implies

that for all k large enough, k € [4
. k"l o . ’ .
(3.31) 2,0 M B(p ",1) () =g j=1,..., N .

Lemma 4 combined with (3.30) and (3.31) implies that for all k large

enough k € K

(3.32) ¢§w(j) =0 ¥ e oiizi(j), j=1,...,N
and taking the limit
(3.33) . () =0 voeo, |2 (), j=1,...,N
Using (3.33), lemma 5 and hypothesis a) we have
30, (8, x) Z“ [ A 3D, (8, x)
m = - ¢i£(j) Dik(fik(ﬁbr)) +W}

]

) ) 30, (§,7) 1
Z (biﬂ,(]) D:!Lk(fik(d'"r)) + mj =

Q,eli(j)

N.
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Z R [ R 3Dy, 6,0 |
= ¢i2(3) Dik(fik(¢’r)) + —525737——' =
2e L, (3) B

-J

i . 3D, (6,r) |
- 3..(3) [pr (£ (r)) 4 ———— | =
if ik ik 5r, (3)

-

]

5, (8,7) (3) = 5, (3,1) (3)

This together with part a) of the hypothesis establishes a')}.

3D_(©% ,1)

ori(j)

o) =3

To see b'), notice that by continuity of in ¢ and the

preceding equation we have that for all k large enough, k € K

BDT(¢k,r) BDT(¢k,r)

(3.34) : > :
Bri(j) 8rz(j)

¥ %€ Ri(j), i=1,...,N,

Equations (3.34) and (3.32) hold for all i € Iq+1(j)/1q(j). They also
hold for all i € Iq(j), since the preceding analysis can be carried
out for any i € Im(j)/Im_l(j), m < g+l, by using only part of the
hypothesis. Therefore equations (3.34) and (3.32) hold for every
. s o .
ie Iq+l(j) 3 1,..,N and b') follows.
Q.E.D.

By now we have developed all the machinery for the convergence

proof. We will simply make repeated application of lemma 6 for the

proper sequences.

Theorem 1: Let d be such that (3.9) holds. Then every limit point

k,, 0,y . .
of {A (¢ )}k=0 is optimal for the (MFP).
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k <]
Proof: The sequence {a (cbo)} belongs to a compact set and therefore

there exists a convergent subsequence {¢> }kG K > $ The sequence

k"l A A ~
{67 7} has a convergent subsequence {qb l}kek - ¢l' ch K. The
1
sequence {Cb z}ke ,Kl has a convergence subsequence {¢k-2}

kef<

. A A A
ke R, P20 KCK
Proceeding this way we get a convergent subsequence

kekN > Oyt KNe1 € Koo -

-1

{ ¢k"N+l}

We have KN—lC RN-Z C vl K. and

k—N+l}k€R > 6 L v {d)k-l}

{4 >3, {05 s 3
- N kekN_l 119 ke K _, ¢

By the corollary to lemma 5 the shortest route distances which

A

correspond to $ ¢N_2,...,¢ are the same. As a result, in what follows,

N-1'

when we mention the set Iq(j) we need not specify the limit point (/ﬁi to

which it corresponds.

~

Let K in lemma 6 be kn-l' For each destination j, j is the only

element in Il(j) and therefore the assumptions of lemma 6 hold for

I,(3) and the pairs of sequences ({d) }keK ,{gb }keE)’

k-1 k-2 k=N+2 k-N+1
(to NI Gt SO PR (ts Ve r 19 }kCIZ)‘

Applying lemma 6 for g=1, we obtain that the hypothesis of lemma 6

k-l}kck> e

keK> Proceeding this way we obtain that the

holds for g = 2 and the pairs of sequences <{¢ }kCK ’ {d)

({ ¢k-—N+3}k€K’

hypothesis of lemma 6 holds for g = N-1 and the pair <{¢k}kek’ {(bk‘l}keK)

{¢k-N+2}

Applying lemma 6 again we obtain that part a') of lemma 6 holds for

- q = N-1,1i,e equation (3.23) holds for IN(j) j=1,...,N. Since every
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node in the network belongs to IN(j) j=1,...,N (3.1) is satisfied for

¢ = @, and by lemma 1 § is optimal for the (MFD).

Q.E.D.
Theorem 1 combined with Lemma 6 implies the following corollary:
Corollary l: Let O be such that (3.9) holds and let {Ak(¢o)}kek be a

convergent sequence. Then there exists a subsequence {¢2}2€z , LcK
such that for every link (m,n) and destination there exists some k such that
for allk >k, ke l, j=1,...,N, cpfﬂm(j) > 0 implies that

9D, (6%, 7) 3D, (4",
>
or_(3) or_(3)
m n

Corollary 2:° For every link (m,n) and destination j there exists some k

such that for allk >k, j =1,..., N, ¢§n(j) > 0 implies

30 (65, 1) 3D_ (6%, z)
T > T
Brm(J) Brn(:;)

and hence no improper links appear in the

algorithm for all k sufficiently large.

Proof: The counter assertion is that for some j there exists an in-
2

finite subsequence {¢ }2 e L such that, for all 2 € L, ¢2 has an

improper link with respect to j. Extract a convergent subsequence

{6™}

mel ’ TcLl. According to the preceding corollary, the sequence
m n ~ ~ ——

{0 }mer-has a subsequence {¢ }neL , LC L and for n large enough,

nel, ¢n does not have an improper link. Since n € [cTcl we

have got a contradiction to the assertion.
Q.E.D.

Corollary 2 implies that for k large enough no improper links

exist in the network. The set B(¢k,r)(j) includes also nodes n such that
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30 (£5,2) 8D (65, 1)
p B Pl
Bri(j) - Brn(j)

éin(j) = 0, . Using a similar argument, to the
one which was used to prove lemma 4, one can show that for all k large
enough these constraints are not binding. Together, corollary 2 and
the observation above, implies that for all k large enough the con-
straints corresponding to blocked nodes are not active and can be
dropped all together. Without these constraints (2.9) is exactly the

Goldstein-levitin-Polyak method, and all the rate of convergence results

for this method apply.

3.5 The "one-at—-a-time" Mode of Implementation:

The proof of the "one-at-a-time" mode of implementation is almost
the same as the preceeding proof. Let's just sketch the general lines

along which the proof evolves:

1. Notice that all lemmas hold for the "one-at-a-time"
mode, where only some proportionality constants change.
{Actually they become smaller, which allows ¢ to be

larger).

k N .
2. Extract a convergent subsequence {¢ }keﬁ -+ ¢. Fix

RN

destination j and consider the sequence l skeﬁ

By definition of the"one-at-a-time" node we have that

N . k.. . . . .
¢ (3) = 6°(3) where 6(3) = 16, (N7, 6, (N, ..o N7
and |4 ] denotes the maximzl integer which is less then q.

|- 5 + sl

Take a convergent subsequence of l¢ SkeK to be
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L,
{¢ J}Q'jEKj + ¢*, We have ¢*(3j) = @(j) and

fik(j)(¢*,r) = fik(j)(¢,r),(iqk) eL j=1,...,N
by slight modification of (3.20). Therefore, if ¢*
satisfy the optimality conditions with respect to

A

destination j so is ¢.

3. Prove optimality of ¢* with respect to destination j

o . (1 %l | Bt

by considering the pairs of sequences (i¢ ‘z e K ,(¢ ;...$,
IN(N-1)

(( & -N 2 -N-1 o) & -N(N=-1)) ¢, -N(N-1)-1

i N { *x | k k | |

“¢ ‘..‘r ld) 5._.3"“'“(1) “..ld) 5...3'
Zk—N~P

Apply lemma 6, and use (3.20) and the fact that ¢ ) =

lk-N(P-l)-l

0] (3) for all integers ©p, to create new pairs and

so forth.

4. Repeat steps 2 and 3 for every destination to show that $

is optimal with respect to all destinations.

Alternatively, one can modify lemma 6 and Theorem 1 and use (N-1)N

subsequences.
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APPENDIX A

Proof of Proposition 1:

As mentioned, this appendix follows similar arguments as appendix

C of [1l]. We establish the proof through a sequence of four lemmas.

Lemma Al:

BDT @4 ,x)

(al) E Dik(fik@,r)) . fik(d),r) =Z rk(j) —_3?];(_37-
i,k i,k

Proof: By (2.2) and (2.4) we have

fik(Cb'r . 8) = fik((brr) ° 8 ¥ B >0

and therefore

DL(8,r + B) = ) Dy 1£, (6,7) 8]
i,k

Differentiate (A2) with respect to B at B = 1 to get
BDT(¢;I‘) . S(rk(j) 8) D k(fik(d),r)) 3(fik(<b:r)°8)

3z, (3) 58 =Z 5F.. (9,1) 3B
k.3 = ik ik

oxr

B0, (¢, 1)
Z er(]) = ZDik(fik(d)rr)) . fik(¢:l’.')

X, k i,k
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Lemma A2:

i

@) 3 e @ @hn e oo - it e - ol 2

i,3

Pzti(j)ﬂbk,r) 65 @) - a5 P £ 1,0 N, S=1,0e N iP5

ij
where p is some positive scalar.
Proof: Define ¢* as follows:

) or () = min(o® (), 657130

k k+1 *
5y o . O . oy o . *
Denote t, (j) = £, (3) 4 ,x), t,(3) = £, (3) (" 7,r) and t, (3) = &, (3) (¢*,1)
where t;(j) is mathematically well defined since ¢* is loopfree by

definition of B(i,¢k)(j). We have that
(a5) t¥(3) =) t¥(He%. (3) + r, (3) = t*(')(¢k (3) + ¢*,(3) - ¢k (3)) + r, (3)
i %3 %5 i IASERAS TR 24 21 i3
A L
Subtracting (AS) from (2.2) one gets

. . . . . . k,. .
(36) () - £1G) =) (6, () - (A (5) ¥ G B0FG) - 83, (3.
L L

Equation (A6) has the general structure of (2.2) and therefore by (2.3)
we get

Bti(j) X
(a7) ti(J) - t;(j) =§ W -Z. t}t((bkl(j) - Qb]:,Q,(J))
2 k
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at, (3)
. k
Since ¢ is loopfree we have 0 E—Qr ) <1, and by definition of ¢*
2
at. (3)

k .
and loopfree of ¢, one gets 5;3737 (¢§£(j) - ¢;Z(j)) = 0. Therefore
L

. . . k ,. .
(a8) ti(:x) - ti(J) _<_Z t]’;(J) E (¢kz(3) - d);;g(:s))
k#i [)

Since 1 > E (¢§2(j) - ¢;2(j)) > 0 we can write

2
(29) £, (3) W5 (3) - o0, () < * (3 E k(3 N
;) - 19 (3) = 0., (3) _Z te(3) ) (6, (3) = ¢, (3))
2 2

k#1

. k .
+ELE) Y (8T - 81,09
2

. k .. . . .
i§ :t;;m -anzm -4 ()) i= 1N =1,
n 2

since 0"*1(3) > ¢*(3), ¢°(3) > ¢*(3) and t (3)(¢,x) > O we have that

Y > (s T3 > £ (4
ti(J) __ti(]) and ti(J) __ti(j), and as a result

— o X . . 2 k . .
(a10) z T e G) zﬁ:wig(;)w;ﬁjnhzt;(;) '(Zd)i%(j) L%, (30)
i %

i

1 . kK . . 2 1 . . .
> O e 6@ - 41,07 2 £ 2N Q @ 0) - 43,000
L L

i

where the second inequality follows from the Cauchy-Shwartz inequality

and the last follows from (A9). Since (Al0) holds for n=1l,...,N we

get
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: . k. . 2 1 2,. . N
@iy Y EEE () (D65 - 41,,090)) 3_?2%(3)(2@;@(3) - 63y 1)
i L n 2

1

By the Cauchy-Shwartz inequality

k
a2y B - epa P 2 3 E o3t -, 01)? - %(z 1, @) - 83,00
L

(a13) (Z((bii{g(j) - ¢i*2(j))) «(Z[qs];;l(;) - ¢F (3)!)
2

It follows that

k+1
i

p|~

st o) - eel? .

(a14) £, e, G - o P 2 'E (3) -, (3)(Z<¢ (3) = 0%, HN)?

z:t (:)(E<¢n£(a)-¢* on)? —%Zt @ [ 3 - oo P
i

where the first inequality follows by (Al2), the second by (All) and the

third by (Al3). Summing (Ald) over all j we get (A2).

Lemma A3:

\ k K+l k _
(a15) E VDik(fik(¢ b)) (£, (077, 1) £,.,07,0) =
ik

Z :t.(j)(¢k+l,r) -8, (3650 @G - ehen
1 1 1
13
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Proof:

@16) Y £, H @0 -5 9 eS0T G - oo -

k
D, (¢, x)
Z :t G 60 8, @ eS8 - ) -
i3 i
k k
3D, (47, r) 3D, (¢~ ,x)
_ .y o kL , k T _ E oy ook T ¢
= E £, ,r)[Dik(fik(fb 1T)) + 5= Gy | t. (3) (67, ) 5. (3
. . k . i
l,k,j i,]
k
oD (¢, )
_ k+1 . k 25 | . T
-Zfik(cb ,T) - Dy (£, (65,00) + Z (e 9 @D - 5 (60 e
i,k k,3 , *
k
oD_ (o ,x)
RS T _ k+1 L k _
- e @ e W—-Zfikw o) - Dy e 05,0)
ilj i,k
BD Gb , )
Z . k+1 k .k
rk(]) Br &) E (f ) - fik(¢ ,T)) . Dik(¢ ,x)
k,3
where the last equality follows from (Al).
Q.E.D.

We have by now all the machinery we need to prove proposition 1.

. A k+1 k _ E A
Define fik = Xfik(¢ ,r) + (1 - k)fik(¢ ), DT(X) = Dik(fik)

ik
and U = max {D;k(fik(¢,r))|DT(¢) i_DT(¢O)} . Then using (a.15)
(i,k)eL
$ed

we obtain for some A* € [0,1]
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k+1 k
(A.17) Dp (¢ ~,x) = DL(97,x) = Dy (1) = (0) =
& (\) &o_(\)
I + L T ] -
T T aa 2 2 B =
A= ax A
A
A as
B k 3f + 2 : " ik
= E:D (E, 072 - 55 lheo Lt (f )K ar
" i,k
i,k
_ . k k+1 _ k
= z A CH (fb r)(f (¢ ,T) fik(¢ ,T))

i,k

p" k+1 _ k 2
Z (f ) (£, 60 - £, 65,0)
i,k

S RN E LAC NCE RO CHIEE I
i3

k+1
+ E g - (fik(dJ ,r) -

i,k

k 2
flk(tb X))

Using the necessary condition for optimality in (2.9) we obtain

k
t,. (NG ,x)
. k k.. k+1 . k ...T7, k. .
[Si(J)(Cb /) + 3 . Mi(j)(d)i (3) - ¢i(j)] (Cbi(J)

and therefore

T k+1

5, @0 oG - oo <

£, (3) ", 2)
S S (¢li<+l

. k,..,T . k+1,. k,.
3 (3) - ¢i(3)) Mi(J)(fbi (3) - <bi(3)

[A

k+1

<- %t @@ - o5 o .

k+1 .
-6, (@) >0

<
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We use last equation and (A2) to upper bound the next to last term in
(Al17). We upper bound the last term of (Al7) using a slight modification

of (3.15). As a result we obtain

@8 o 6 - p 0 < 5 L3 e 70 o] of o - oo P

T N3
i3

4 2,. k k+1,. k,.. 112

sont D25 e 0o - ofo P -
1,3
2. k k+1,. k,. 2

= ( _.5;- -§+ UN4)Zti(j)(¢ ) o6 - 4s @)l

N i,3

Take o € (0, &], a < é in (Al8) and proposition 1 follows.
NU
Q.E.D.
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