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I. Introduction

This technical memorandum presents a variety of recent results
related to the design of observer-based compensators for linear constant
systems, having dimension s < n-m, the number of states less the number
of outputs. In the next section, the case s > max (n-m)xr/m, v-1) is
considered, énd a method for decoupling the constraint equation of the
' observer is presented; this provides an extension and correction of
Rothschild's results. This condition on s is not necessary and suf-
ficient, however, and an appropriate modification of Miller's results
is presented in the Addendum. ‘The condition is directly-related to
some requirements stated by Seragi, for the frequency-domain design
of pole-placement compensators, and this relation is explored in
Section 1V,

One approach to the solution of necessary conditions for quadratic-
cost optimal compensators involves symbolic solution of certain Lyapunov
equations., The applicability of Kronecher-product representations for
the discrete and continuous—timg version of such equations to various
compensation problems is shqwn in Sections V and VI. Some worked examples
are given in Section VII, using the symbolic-inversion capabilities of
the MACSYMA.

We note that-these results are of a preliminary nature, and may be
subject to further refinemént. In particular, the questions of existehce

and uniqueness remain to be resolved.
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ection II,

The below=minimal order asymptotic reconstructor of r linear functions of state

x. (Rothschild's result extended and corrected).

Plant: X = Ax + Bu, x(0) = x (1)

y = Cx, rank (C) = m < n (2)

u = Fx, rank (F) = r < n (3)
Asymptotic z =Dz + Ey + Gu (4) [s-order Luenberger observer, s<n-m
Compensator: | z - Tx asymptotically (Miller's notation]

In fact,

z = Tx + exp (Dt) (z(0)-Tx(0)) (5)

For this equation to be true, Luenberger worked out the following
constraint, hereafter referred to as the Luenberger condition, on
D and E,

TA - DT = EC (6) G =TB (6a)

(It has a unique solution for T when A and D have no eigenvalues
in common. When they do, solution also exists, although not
uniqué,l An estimate of u is constructed using y and z as follows
; = Hy + Mz (7

~

and we require u -+ u asymptotically. Putting (2) and (5) into

(7), we obtain

u = HCx + MTx + M exp (DT) (z(0)=-Tx(0))
= Fx + M exp (DT) (z(0)-Tx(0)) (8)

if HC + MT = F (9)

When (9) is satisfied, u does approach u asymptotically and we

refer to (9) as the asymptotic condition.




Below-min. order vs Min. order compensator

~

As long as we are only concerned with u -+ u, our job is to fix F and

determine D (has to be strickly stable), E, T, H and M in (4) and (7) so thét
(6) and (9) are satisfied. G in (4) is fixed by (6a). One sequence of steps
(pesign #1) to accomplish this is to fix D (hence pole placement of the open=-loop

compensator) and E so that (D,E) is a controllable pair and solve (6) for T.

A solution always e#ists because (6) has as many linear equations as there are
elements in T. When T is non-unique, pick one sol. arbitrarily, put it in (9)
and solve for H and M. Equation (9) has rn linear equations in rm elements ini
H and rs elements in M. A necessary condition for Eg. (9) to have a solution

is that there are at least as many unknowns as there are equations.

rm + ¥s > rn

or s > n-m v (10) .
Alas, we only design a min. order asymptotic compensator of order at

least n-m, The following sequence of steps (Design #2) , however, will permit
us to design a compensator with

s > max (Eiﬂ r, v=1) 8y ‘ - (1)

where V is the observability index of (A,C) and r is the dimension of the

_ control vector u. Since the observability index is bounded by
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2V < n-mtl (12)

We will show in the following that Y has a max. at n-m and hence a below-min.
order compensator is possible. Y can take on either arguments in (11) depend-

ing on which is bigger.

¢ n~m

- when Y = V=1 (i.e. V=1 —;r-r)

- Y= val <npem , by (12)

- when Y = 221 » (ioes R > v-1
m m

- when m > r, < n-m
- when m < r, impossible because if this is true, Y > n-m which con-

tradicts the assumption that
n-m n n=-m
B2 s > - D - - ST mem— b 2
Y r v=1 1l y (12)

N ——T N
( o

contradiction when m < r

=}

The below-min, ordervéompensator design sequence (Design #2) is as foilows.
Fix D and M so that (D,M) is an observable pair. Solve (6) and (9) simultae
neously for H, E. and T. We indeed have a price to pay to go below-min. ordef'
. because whgreas design #1 solves (6) and (9) successively, we now have to do
it simultaneously.r Luqkily, Rothschild and Jameson have devised a method (to
be described 1aterj £hat decouples the requirement of simultaneity. So far;
we have not shown hh&ifixing D and M as opposed to fixing D and E will allow
us to go below minf order. The answer lies in the number of elements in D and
E. More specificall&,‘(G) and (9) have sn and rn linear equations and H, E

and T have rn, sm and sn elements respectively. A necessary condition for




sol, to H, E. and T to exist is there are at least as many unknowns as there

are linear equations.‘

i.ec rm + sm + sn > sn + rn

or 8§ > =m—— 1 (13)

This is the first arqument in (11). The other argument comes from the
sufficient condition for existencerof solution, is tied up with the rank of
the coefficient matfix of the sn + rn equations, is related to the decoupling
of simultaneity mentioned before the observability of (D,M) and will be dis-
cussed in due course. Now, compare the necassarf conditions (13) and (10).
When r<m, it is obvious that design #2 may go below min. order., When r°>m,
however, the sufficiéht conditioﬁ reflected in the 2nd argument in (11l) places
n-m as an upper bound to y as we have seen and again implies design #2 may
go below min., order. This is not quite fair because we have not mentioned the
sufficient condition for sol. in design #l. Just as the sufficient condition
for design #2 is rélated to the observability of (D,M), the sufficient condition
for design #1 has_to dé with the controllability of (D,E). But this is a red
‘herring because if s > n-m is necessary for design #l1, the sufficient condition
can only push min. s up and not down, otherwise the necessary COndition,is
violated (and we do not have a solution).

We wiil now shoﬁ how the design to min. a quadratic performance index
using a min. order Luenberger observer as solved by Miller, etc. really uses

the philosophy of design #l. We emphasize "philosophy" because design by min.
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cost and by pole placement are related but not, naturally, the same. Their
relation is discussed in the next section.

It is not difficult to show that, as Newmann 1970 has done, D = TAM,
E = TAH are necessary and sufficient for the Luenberger condition (6) to be
satisfied when s = n-m. (When s > n-m,-they are only sufficient; when
s < n-m, they are neither necessary nor sufficient.) Hence D and E are fixed
in relation to M and 'H. The cost minimization proceeds to consider M, H and T

free except that (9) (in a slightly modified form) has to be satisfied. This

C

is exactly the philosophy of design #l1. 1In fact, [H M] = [T

]-1. We mentioned
previously that design #1 requires (D, E) to be a controllable péir. That
(TAM, TAH) is controllable requires (A, C) to be observable. Observability of

(A, C) is a necessary condition for a Luenberéer observer to exist. Since B

does not affect observability, set it to zero temporarily in the following

demonstration:

; = AXx
(14)
y = Cx ’ (A, C) observable

v -
For s = DM, [:L ] = (C' T') 1 is non-sing. Apply the non-singular trans-
forhation
x. H'
1}= x . . : {15)
- '
x2 M

(;:) -1 = (C' T') o (16)
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to (14) and we get

- YA tame oy

g-é (f_l) - (H ACT  HTAT )(fl) (17
x, M'Aac'  m'aT' [\,
v = c(c'rY)

From Lemma 2 of Luenberger 1971 (IEEE Trans., Dec.), (A,C) observable %?
(Azz, Alz) observable. Since observability is not altered, (M'AT', H'AT')
is observable 6§(TmM, TAH) is controllable. -

That D = TAM is strictly stable requires 20 = E[(xO-E(xo))(xo-E(xo))']> 0

and (A,C) observable. This is proved in Lemma 5 in Miller, 1972.

*

A corollary is as follows. In designing a below min. order observer

that min, a performance index (extension of Miller's result to s < n-m) by
+ + + +

assuming D= TAF M, E = TAF H, F = left inverse of F, i,e, F F = I, so as
to satisfy (6) identically and proceed to opt. wrt M, H and T under constraint
(9) is bound to end in failure because it uses the design #1 philosophy which
requires s > n-m, the implication is we have more freedom by using a lower

order compensation, an apparent contradiction.

Pole-placemant and minimum cost designs

The designs #1 and #2 in the last section are pole-placement designs. In
this section, we will show their relation to min. cost design. The bridge be-~

tween the two is in thé cost separation lemma which is proved in Newmann 1969

*
See addendum following; a modification of this procedure will in fact work.




which is valid for any s > 1. The cost separation lemma assumes the separation
-~ SN M ~

theorem to hold so that u = (u=Fx for s > n-m) is used to replace u = Fx, F

is the optimal gain when x is completely accessible. The lemma is as follows,

The cost separation lemma

8 2 n-m version

For a plant
x = Ax + Bu
y =Cx,. rank (C) =m<n
 and an observer
z = Dz + Ey + Gu
TA - DT = EC, G = TB, (18)
so that u is estimated by |
a = Fx
- (19)
X = Hy + Mz,
the optimal D, E, H, M and T that minimize a quad. perf. index

-

3= [, (x'ox + uw'Rwat

is obtained by solving the optimization part

) e
min AT = min (z(0) - Tx(0)) P
M,T M,T

22 (z(0) - Tx(0)) (20)

where P22 satisfies the Lyaponov equation




D'P22 +'P220 = = M'F'RFM (21)

{The minimization is wrt M, T only because with D = TAM, only M and T are

involved in the cost and the constraint) and the constraint part (for H)
HC + MT = I : - ' (22)

The optimum E will be given by TAH.

s < n-m version

(19) is replaced by
o= m Hy + Mz o (23)
(21) is replaced by

DR, + .Pzzb- = =M'RM | (24)
(22) is replaced by

HC + MT = F | | (25)

»:D and E are no longer given by TAM and TAH respectively, so (20) is replaced by

‘min AT = min (2(0) - Tx(0)) P,,(2(0) - Tx(0)) (26)
D,M,T - D,M,T
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It is not hard to see that the s < n-m version can be extended to the s > n-m
version but not vice=versa., (Put F = I in (25), (21) and (19) will aequate
(19,, (21), (22) to (23), (24) and (25) respectively. Furthermore set D, E
. to. TAM, TAH). From here on, we ﬁean the s < n-m version when we refer to the
cost separation theorem.
* * *

The relation of the min. cost desigﬁ to the pole-placement design is
simply the aadition'of the optimization part (26) subjected to (24); and
while D is free (by definition of pole-placement), so is M so long as (D,M)
_is observable, in the pole-placement design, they are to be optimized in the
min, cost désign--or_one can say (D,M) ié fixed by design and optimization
respectively. In (26), we are very general and include. T iﬁ the minimization,

Actually, the optimal T can be solved from (18) and (25) together with the
optimal H and E once D and M are fixed at their optimal values. In this

light, we see (24) and (26) really use the design #2 philosophy and hence

below~-min. order compensator is possible.

Rothschild-Jameson's method to decouple (18) and (25) into 2 matrix equations,

one involving T,'the other involving only H and E

That T appeais in both (18) and (35) provides a coupling betweén the two
which requires their simultaneous solution. A decoupling that provides for
sequential solution is not only more attractive computationally, but also
provides the condition'for existence of solution for H and E, which former-
ly appear in 2 difféiéht matrix equations,

For ease of exposition, we will first consider the single-input case,




r = 1, The multiple-input case is a straightforward extension.

r= l: Since H, M & F are row vectors now, denote them by g?, g? & 5?.
(18) and (25) will become
TA - DT = EC ‘ (26)
e + wlr = £ , (27)
The characteristic polynomial of the compensator is
det (AI-D) = 2% + dlxs’l 4eeabd =0 (28)
A
Define c0 = 0 '\
CleEC=TA-DTby (26)
c, £ pea + bc, = 2 - p’r bY,C, & (26) -
c, 2 nea’ + bc, = > - by C, & (26) (29
c, 8paalt™t wpc,  =mit-oplr , s>i>2 ,
i i-1 - - v
Multiply each Ci by ds-i and sum we obtain
s s s .
s-1 _ S=1 :
P maa" = ] 4. c o+ 1=z=o a,D° T | (30)

. i=0 i=0

where do = 1., From the Cayley~Hamilton theorem, D satisfies its own character-

istic equation,
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g gei
! a,0° " =, (31)
j=0 * '

so (30) reduces to

1 (32)

C . +...+ 4
s-

1%s-1 s-1 &1

Expanding the right-hand side according to definitions of Ci's, we have

1 1 2

+ (0% + a, 3

(a2 + a.AS” J

. S=
1 +0.o"" dSI) = ECA

+ (D + dlx)ECAs' D + dZI)ECAS"

=l L anps2 4.+ ds | DEC (33)

+..Q
+ (D 1 -

Multiplying (33) on the left by E? and using (27), we have

hTc(AS +:a a5t 4. .+ a1) + 5T A 4 6T mea® 2 4., 4 sT mC
— 1 s =1 _ -2 -
- £ (% 4 aa®t a_1) (34)

where Ei is just a short hand notation that represents the ith column of the S

matrix defined by

(s-1) o(s=2)

(D +4,D teeet d__,I)m)

L NN
es o

LN N ]
]

(0" +d;I)m

L N N ]

(35)
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Now the terxm that postmiltiplies T in (33) is the characteristic equation of D
‘in A, i.e. with D replaced by A in (31). Under the assumption that A and D

do not have any common eigenvalues, this term will never be zero. Furthermore,
Gantmacher (1960) shows that under the above assumption, (26) has a unique
solution for T. This implies (33) has a unique solution and hence (a5 + dlAs-l'
+tovot dsI) has an inverse. Therefore, when A and D do not have any common
eigenvalues, we can ﬁrite (33) as
2 + s=1 + s=-2

esst (D d,D” " +e.e+ d__, I)EC]

r= g% + D+ a, D ECA®” L

1

x A% + a2 +...+ dsI]-l (36)

1
(345 and (36) are the two decoupled matrix equations that can be proved (see
below) to be equi#aient to the two coupled equations (26) and (27). So instead
of solving (26) and (27) simultaneously in T, h? and E, we only have to soive
(34) &n E? and-E and using the E thus obtained to get T directly from (36).
Proof That (26) and (27) =) (34) and (36) is true is by construction. To show
that (34) & (36) => (27), we note that the value of (5?—2?&) obtained from (34)
must equal g? multipiied by T. Indeed this is true when T‘is éiven by (36),
after we consider the definition of s

2
To show that (36) =)(26), we first show (33) =>(26) . Postmultiply (33) by A

and equation (35).

and subtract from the product (33) postmultiplied by D.
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A5 4 aa®? 4 d A - pr(a® + 4 a%"

8
™A™ + d 2 1

1
= EcaA® + >§b+-dlx)scas'1 + }gf + d;¥L+ a,1) Bca®"

3 2 .\ s=3 s-1 s=2
+ (\& + dl\, + d2k+ d,I)ECA™ © 4.0+ ( + 4, +eeot d__ I)ECA

- &ms-l _ (/&2 . é&)m)\s_z _ '&3 . dl’&g . dg?)ECAS':i

+daAa + oo+ d I)
S s

e g=2
-fC'O’ (& + d& ',"ooc'.' ds_zD) ECA

-(o + a,p*" +...+ a__ D) EC (37)

After noting the cancellations of the up-arrows with the down-arrows, the RHS

of (37) is

8 3 25=-1 , ..3-2 s=-3
EC(A' + dla + dzA; ot d3A +eeot ds-l”

1

=@+ ap"" 4.+ 4 DEC | | (38)

1
Add and subtract Ecds',to each of the two terms above, to get

.8 s-1 §=2 s=-3 A :
EC(A + dla + dsA R 3 d3A +eoot ds-IA + dsI) | zéis

- (D + dln"l 4eeet d__ D+ d_I)EC *,Pégs | (39)
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‘Noting (31), the 2nd term of (39) is zero. Equating the LHS of (37) to the
RHS of (39) and noting that A®A = AA®, etc.,
1 -

8 S-
+oo."’ dsI)A - DT(A + dlA + d2A

TA(A® + dlns‘l + d8A°‘2

*eeet d 1) = ec(a® + a.a®% 1 4+ a.a5?

1 2 +¢'o 0+ dsI) ) ’ (40)

The assumption that (a2 + dlAs—l + dzns-z i

+eeet a1
‘ Since the same assumption proves (33)@(35). (35)7 (26).

exists proves (33)=>(26).

Now let us examine the condition under which (34) has a solution to l'xT and

E. If we denote the s rows of E by _e_'f, _e_';,..., _e_:, the transpose of (34) can be

writ@en as

ot . dia?s-l Fouut géx)cT§.+ (slla?s-l + sleTs-z oot s, DCe

+ (s#iawg-l 4-3225?5-2 +ooot 8291)0?22 +eue

+ (SSIAT3‘1 + s;zATé.é toout sssnc?gs -l 4 dlATs-l Yot d D) (4D)

To write (41) as a '_set‘of linear simultaneous equations A.x = b, where x is

bt 1
the' unknown vector (.thg;‘ lg'zr l... I'_c_:)'r, we have to define a matrix sm x sm

. matrix P:




8117m  %21Tm o %s1Tm
P = sT XI = s, .1 s, . I . s I (42)
m 12"m 22’m *°*° s2™m
SlsIm SZSIm ceo SssIm
- —

By multiplying out (43), it is not difficult to see that (41) can be written as

A
W
: ~ — (s+1)m— ] i s s-1
(-] ge=1 . -
T T T . T d.1 e
nf wc A ol ic | Sn Bl U ang
W—/ m . —————
' A : P : 5
\\Mﬂm = .A. dsIm ES
~~‘-----...._.,,._._ s b - k
. = A]\~___—// X (43)

A necessary and sufficient condition for (43) to have a solution in x is

rank (Al) = rank (Al . P—l) (44)

or, stated in terms of vector space language, the columns of Al span P—l' Since

bl is complicated function of £, our following analysis considers 31 a8 a general

_ irector, i.e., its eleménts can take any finite values. If 9_1 is a general vectol,

a necessary and sufficient condition for (43) to have a solutior;|r is

However, this solution may not be unique. See addendum., In general, some

parameters of h, E will be undetermined, and hence the following conditions
are somewhat too conservative.
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rank (Al) ‘= on (44a)

(See C. T. Chen, Introduction to Linear Syst. Theory, p. 31, Thm., 2-4)

To determine the rank of Al' we first have to determine the rank of s
defined in (35). By definition, the observability matrix of (b, m®) is

o A [

Dm.

D"_r‘r_n_ | (45)

cee

o
|3

.
.
.
.
.
)
2

which has rank s iff" (D,ET) is observable. By elementary column operations on |

o e we can obtain S. E.g., the 2nd block of S is obtained by the sum of the
D,m :
1st block of & and d, times its 2nd block.

D,_an

4

. rank (8) = rank (& ) £ (46)

D,m
Further more, u = s iff (D,m’) is observable. From the definition in (42), we

can write
rank (P) = merank(S) - ny ' (47)

The observability index of ¥A,C) is defined as the least integer v such

that

\’-l .‘A . Y
rank (A cT AT cT ... :cT) =n ’ (48)
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We see that s > v-1 is necessary and sufficient that A has rank n.
Assume s > v-1 and (D,ET) is observable., From (47) and the definition

of B in (43), rank (B) = (s+l)m. Hence g_l exists. Since A, = A B, rank

1

(Al) = rank (A) = n, by (48) and s > v-1. Together with (44a), we have just

proved the sufficiency part of Theorem 1.

Theorem 1 An asymptotic estimate for a single input plant exists if

(D,x_n_T) is observable and s > v-1. Given (D,t_g_T) is observable and s > v-1, the
. : n-m .- n-m ,

corresponding necessary condition is s > s Since - is always a lower

bound to v=1, the . sufficient conditions are also necessary.

Proof necessary condition. For Al = A B, it is necessary that rank (Al) < min

(rank (A), rank (B)) for (43) to have a solution. Given (D,_rp.T) is observable,

rank (B) = (s+l)m. Given s > v-1, rank (A) = n. rank (Al) < min(n, (s+1)m).
But rank (Al) = n, since the sufficient conditions are satisfied, . n < min
(n,(s+l)m). Consider two cases: 1l. n < (s+l)m 2. n > (s+l)m.

l. min(n,(s+l)m) = n necessary condition is satisfied.

2, min(n, (s+l)m) = (é-!-l)m. For the necessary condition to be true, n < (s+l)m
which contradicts the assumption of 2. .’. 2. can never satisfy the necessary

condition.

n-=m

Rearrange the assumption of 1. s > - This will ensure that the necessary

~ condition is satisfied. o

For a given s, an observable pair (D,g\_T) can always be found. We can even
say that for a given s and D (fixed by pole-placement), an gx_T can always be
found such that (D,ET) is observable. (Convert D to observable canonieal form,

then set _an to (O,eee, O, 1).)
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When (D,g?) is unobservable, rank (& T) < s, rank (S) < s, rank (P) < sm,
D,m

rank (B) < m+sm, rank (Al) < min (n, mism) and a solution to (43) is not guarante~
ed even when s Z.Eim'because if there are less than n independent equations in

(43), the column space in A. may not span the vector b.. Rothschild has a

1 1
necessary condition that guarantees a solution to (43) when (D,E?) is unobservable,

It is s > max (v-1, E.‘.‘rai“_' ;I;-) . This appears incorrect due to an error of

reasoning in his two-line derivation.

Extension to multiple-input case, r > 1

There is no conceptual difficulty in extending Theorem 1 to apply to a

multiple-input plant. We only have to deal with a bigger A, matrix, now called

1l
Az'(also a bigger x and Ei)'
We start by decoupling the two matrix equations
TA - DT = EC (54)
HC + MM = F (55)

We will still keep (28), (29), (30), (31), (32), (33), (36), (37), (38), (39),
and (40) which are independent of r. Multiplying (33) on the left by M and
using (55), we have

1 1l 1 2

uc(aS + ala?‘ +oeat d ) +S ecAS™' + s°rcaS”

2 4...+ sEC

= F(AS + dlAs'l *ooot A1) (56)

where Si are compoenent blocks of s::




2 s-1 8=2
= | @ +aonn | 0 +ap"+andl] 0 +ap’ s+ a DM

(57)

To examine the condition under which (56) has a solution to H and E, denote the

r rows of H, the s fcws of E and the r rows of F by EJT' EzT,.... ErT; EJT'
R T T T T .
Sy reeer 8y and 51 ¢ 52 Y £r « PFurthermore, as a short-hand, define

¥ = A% + dlas'l +oeeot dsx (58)

Using a property of the Knonecker product that AXB = Y can be written as

(A(:)BT)x = y where ¥ and y are the rows of X and Y stringed out in a column

vector, we can write (56) as

h
, -1
1 ®(c oh N RN @5 hHT 4+ 2@ @asHT ...
h
—f
8 o T 3 : T 2
+s (®C1{ < =1 ®I) £, (59)
‘ Zg :
£
-x

which can be written in the form A2 x = b as follows: Using the definition of
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a Knonecker product, we can write (59) as

T™ 7T
v [ ¥C . 0 hy /Y 911 812 see®1g) &
nr ~ 22 + nr ! 5] +] e
‘o 21 22 °°° 2s =2
0 Ic . . . . .
, \‘ h o/ \ * . . °
N ’ - erl er2 6rs s
; nr : D
ms
T
¥, 0 £
= nr ' *
. 5 (60)
0 £t :
£
—
nr
where eij is an n x m matrix given by
s=1 G2
0. =(8'. A" +s2 AT +...+s85 nct
ij ij ij ij
k . k
and sij = jj~-th element of S .
™ o1 1 oo ToT
We can factor out (A~ C . A C™ . ees o C7) from eij:
Om
S . S"’l . .
T T T T T 1l
L J * L] s
n:[ [A C 'Y A C soe0e o C ] ij Im = Bij (61)
82 I
& (s+l)m _-w*mw*mmu> ij m
sS. 1




-23-

Noting that €° CT can also be factored, we get

m
S . B-]. . .
T cT At Tt Yl =3 T (62)
dZIm
aiI
sm
Define
<)
S . S"l ° °
nl T 8T AT Tt ch (63)
m
‘ - T
stm] 8 & [ (64)
1l™m
a
ZIm
a1
s m
and
m 0
. / g m
A [st 1
(s+1)m Xij = [%ij m i=1,2,000, 1 (65)
: s 1
iy *m §=1,2,00e, s
S
S%5 n

(60) can be written as




— r(s+l)m. D
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\ fpeTm oy feeemsm oy [ -h—l‘l
[ O \ A l 211 212 z13 le h
nr [’l - A o
| . _ 1L L1 !y
. . .21 .22.23 2|’ h
X O,m,. L ',,/ L A\ ]‘ zrl ‘zrz z:::3J er_» 5
A | B
=a, o =1, -‘f—z
=R 9—5 |
L 4
.
- b f
SRR
o -,.T : |
+ 3 £,

"~ which is ¥n equations in (r+s)m unknowns. A necessary condition that (66) has
a solugion is rank (Az-) = rn.* Equation (66) is essentially Equation (43) r
times over stacked one ';:aver another, For example, if we neglect the interveh-
ing zero blocks, the first row of A4 has ﬁhe same structure as B in (43). It
is not hard to convince oneself that if (D,M) is observable, sr has rank s and

A L.

A4 has rank (s+r)m, the row dimension of 4 One way to see this is by partion-

ing A and ):ij'

A Xl
" (T:') 7 byt 2
ij

*
. .-Again, this is not sufficient for uniqueness. See addendum.
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Rearrance the rows of A4 so that Al and zij are grouped to the top rows and

A2 and Zijz are grouped in the lower rows.

PR R
A 11 12 1s
~ L‘ Zl zl Zl
= . o e e
Ml o 8y 21 22 2s m
| | 1o . v
Zrl Zrz cee rs
A 2 2 21 A
2 Ly Lz e Ly
A z 2 Z 2 2
2'; 21 29 *e° 2s rsm
‘A : : :
— 2 )‘:2 -iz 22
, rl r2 °*°*° rs J
—— P N T
f 4
m ‘ sm
P . ey
I ’ 0
m , “ym x sm
| o (67)
Az, 0
T
Az’ R(Sr ) x I
0 “a, | _

where R(srT) is srT after row rearrangement, viz.,




-
— -1 = 1 1 1 1
r|M 1 4 52 S11 S12 813 +e- By
T M(D + d.I) I - N IS | 1 1 1
S = ) 1 o Sa1 S22 Sp3 eev Sy
M(D" + dl'D + d21) sr S . . . M|
. ' . 1.1 1 1
. . rl Srz sr3 cee 8o
ot v ap®?eea | vV [ S° 2 g2 g2 &2
- - 11 °12 713 °°° Cis
2 2 2 2
, 21 S22 Sp3 vcr Spe
s \ i
1 ] Y . . . g
2 2 2 2 |
Srl sr2 sr3 see srsi
; s s ) s s 5
511 S12 S13 vt Sig
g s s s s
. . . . %
S S S S
l?rl Sr2 Sr3 b Srfj
(68)

R(SrT) picks out cérrespondinq rows from each block of SrT and groups :them into

blocks so that the &lements of each column in a block have identical subscripts.




a linear transformation of &D M’ the same being true for R(srT) of srT, rank
. [

(n(s:)) = rank (S!_T) = g iff (D,M) is observable. Iff this is true, rank
(R(sr'r).®1m) = ms_:.. 'We have just shown that 1‘;4 and hence A4 has rank (s+r)m
iff (b.m is observable. Recall the proof of Theorem 1 assumes a general RHS
for Equaﬁion (43):.\‘ We will also assume a general RHS for Equation (66). In
this case, a solution to (66) exists iff rank (Az) = nr. To determine the rank
of Az, we need the following lemma (C. T. Chen, page 33, Theorem 2-6).

vt_;_q_n. For A'z‘ = A3A4,

rank (Aé): = rank (A, =d (71)

d is the dimension of the intersection of R(A4) . the range space of A 4’ and

vl‘(ls). the null space of A,.

Theorem 2 An asymptotic estimate for a multiple output plant exists

if (pD,M) is observable, s Z.' v=1 and s and d satisfy (s+r)m~d = nr, Given the

sufficient conditions are satisfied, the corresponding necessary condition is

nem
S b JE-
- - t‘

Proof: sufficient condition Given (D,ﬁ) 'is observable, we have just proved
'tm (A‘) = (s+r)m.. Given s > v=1, we know that rank (Az) = nr, A sufficient
condition for solutio_ﬁ to (66) to exist is rand -(Az) = nr, But by (71), rank
(lé)’ - ‘tank (Ad, -'d'- (s+r)m - d. Equating the two, (s+r)m - 4@ = nr. The
condition s > v-l is required explicitly when r = 1. In that case, A 4 (called

(s+l)m

B in (43)) spans all of E and d = dim (N(A;)) = n = rank (a,), (3, is
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called A in (43)) = n-n = O where s > v-1 ensures rank (A3) = n. When r=1,
n=m n-m

(s+r)m -~ d = nr becomes (s+l)m = n or s = e fs=— is a sufficient

condition, s > _n_;_‘g is certainly also sufficient, i.e. adding dimension to the

estimator can never hurt us. Since 9—"‘:‘-’3 is always a lower bound to v-1,

8 > v=l1 can replace (s+r)m - 4 = nr when r = 1, i.e. s > v-1 can replace

s = %’2 . Hence, the sufficient condition of Theorem 2 when r = 1 reduces to

that of Theorem 1.

" Necessary condition. The necessary condition for (66) to have a solution is

rank (Az) < min (rank (A3), rank (A4)).

Given (D,M) is obs;erv,able, rank (A4) = (s+r)m. Given s > v-1, rank (A3) = nr,
Consider two cases: 1l. nr < (s+r)m |

2, nr > (s+r)m
1. min (nr, (s+r)m) = nr. Since A, has nr independent équations because the
sufficient conditions are satisfied, the necessary condition is always satisfied.
2, min (nr, (s+r)m) = (s+r)m. For the necessary condition to be true, rank
(Az) £ (s+r)m, But rgnk (Az) = nr because the sufficient conditions are satisfied.
nr < (s+r)m contradicts the assumption of case 2. Hence 2 cam never-satisfy thé

necessary condition. -

-m r
Rearrange the assumption of case 1, s > nm
(s+r)m = 4 = nr ﬁ s = -‘}};‘M . Since adding dimension to the estimator can
~ - {n=-m) r+d) . . .
never hurt us, s > ———— might be needed when (n-m)r+d is not an exact multiple

of m. Also, d > 0 and s > (n-m‘)nr-t-d_ o

cas N !
renders the necessary condition s > -
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redundant. Hence, the necessary and sufficient conditions for an asymptotic
estimate to a multiple output plant to exist are (D,M) observable and s

8 _>. max (Q—:E‘_)“.‘_";tg-'

\’-l) .
Before we continue this line of thought further, let us see what is the
lower bound to s when we use Theorem 1 (r=1l) r times, each for one control

input. The way to do so is shown as follows.

_i = Ax + Bu

‘a = (bllbzl,..|br) (72)
b |

u= Yy . uy, i=1,..., r are scalar inputs.,
Yy

X®=AX + b u, +bou, +...+ b_u (73)

171 2°2 r

Each bou, will be considered individually as if it is the only control. A

dynamic system

t; § 2 = D33 By + Gy (74)
fo
- ~ ul
will be constructed so that if u =f .~ | >+ Fx asymptotically is desired,
b
u

e
a]
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&hié ptobiem was solved in deriving Theorem 1. The result is

iy
m,
-1
m.T(D + 4 i I)
T A -3 i 1
S = T i i
i m (D, + d,’D, +4d,’1)
T o £l v a iDtl 2 4.4 at
L. —i 1 i-1

where dji, s I W ti are given by

t, PR
det ( I-D,) = AT+ d, A

iT

If we denote the ti rows of E; by e, e

1

Ei can be solvéd from

~

1, the Luenberger condition (See (26)) and the constraint (See (27))

(75)

(76)

(77)

(78)

’ Ei and the rows of




——— (t+Um S I
. . A |
t . .t : : 0 T ¢
n 1IATicT: Ta=l T ey lom
ba iy
: 2 ' m
i
dt.Im
1
£
N\
t t .
=Tt gt T, Lain g (79)
. 1 ti -1

and as long as A and Di have no eigenvalues in common, '1‘i is given by

ti-1 i ti-2 ti-1 i ti-2
T, = B + (Di +d,"I)E.CA + et (Di +4,"p, teeo
i Y1 iti-l i-1
+ 4 I)E.C] (A "'+ 4,"A +ee.t+ 4 I (80)
t i 1 t,
i-1 i
The necessary and sufficient condition for (79) to have a solution is (Di' EiT)

.observable and ti > max (Eig, v=1) = v-1 since Bﬁﬂ is always a lower bound to
Vel, But for i =1, 2,..., x, Eiﬂ and v-1 do not change. Hence, ti==t 2
max.(ﬂiﬂ, V=1) = v=l, i,e., the subscript i of t can be removed. After the
above is done for :‘ﬁimes, each for a different i, we can combine the results
as follows.

By stacking, (75) for i = 1,2,..., r can be written as - !




j N : ¢
D.* 0 i E
1 S |
‘ « ‘ \ i ,
A - ¥ { Yo g 5 .
A D, T, =B, (81)
- }‘ - ' .
0 .D . :
ry T ¢« \ E
. / X ’ b o
tym . . W N — ———
T D T E

where we have defined T, D and E as the corresponding augmentations. By
oy ' 3 .

" [

stacking, (76)

T S

for i = 1,2,..., r can be written as

+

T T / ) T
ol 2 n 0 Yy [h
b.zT FlzT % '1‘2 1 £2T
: C+ 0 BN n T g : } B A (82)
3 hd —_— 5 . i .
T T_ | T
h, ./ r; £
N ~———TN T ~— ——
H M T F

where we have defined H and M. Similarly, (74) can be written in totality as

\ N 2
t $/zl D_l 0 \ /,/zl E, 'rlbl . uy
% | = P2 c % by Byl gl TP Uy
. . / o D ( s i : o T_b :
z E z E X u
A N ) r r r
s = rt¢ % D : E G u
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-
...“\-.:.

% constrqctinqguWﬁxf fi 3 sepagerlyﬁlye 1n§pe@ nage accomplished u +  Fx,

WS peeT

Aas the ahpve three eqyatlons shaw. Since t >.

I W LA HE NI —

y=1 for each subsystem, s = rt

> ;(v-l)”whigh is the 1ower bound to s we, soqght. Depending on whether

EEs = 10 SRS

iﬂ:ﬂ%ﬁgﬁ ogjg(y- ).3 gf—J% 1s amalle;,awe w1ll useLTbeorem 2 or, Theorem lr

ggmes ln o;der to mlnxmize Se. ‘In case. of a tle, the computatlonal szmp11c1ty

u S N ,s’

) by Asriciiid R

% tne 1atter wl;l tlg the balance.'rx S

-t

.. oSom, sinple mathematics, helrs bs, sge;when Theorem 2 or Theorem 1.applied r

t«&ix?fs is pseful. - Olilt,‘;pbiegti‘lecoﬁm sron,s_islexing the. below minimum=order observer

é%&ég& a%ﬁgexan,estimator of liner functions of x, with dimension € n-m. From

f ATt

“(n=m) r+d
Theogsm 2, gf;;QQSE;TET.‘

v-l, tpe %ﬁg 1s .a lower boung to. the dimens;on4s of

%ﬁgﬂhglgq mlnimum prder estlmator. But thlS lower bound cannot be 1ess than

n=m if r ?%g! The same applies to Theorem 1 applied r times. Therefore,

»
-

while‘Thgorem 1 §r=1)rlooke attractive, ;ts exten51on ‘to. r > 1»lsiuse1ess when

4 @
n-m
r > m. Note that even Theoram 1 is useless when m = 1 because v-1 > ~E—-= n-m

and we might be beteer off«us;nq the Luenberger observer. Since Theorem 2

assumes r > 1, the above dlscussion = 1 <r <m has to be satisfied for Theorem

2 to be useful. There is a restrictlon on n too, namely n > 6. Thls is because
RN '.

the minimhm v an& m that‘satisfies 1 < r <m is r= 2, m = 3. Assuming d = 0,

W{”""L}sk B ”\

and using the notatlon [a] = the smalleet integer greater than or equal to a,

pﬁ!%?lﬂfy] [iﬂtzlgi < nem = nw3 iff n > 6.~ Most text—bookfproblems do not

have n > 6. An eXngieqéf a 2-D veh1c1e on a flexible (elevated) 2-D guideway,
the former “driven" by road roughness and wind gust dlsturbances ‘is studied

below: n =9, m= 4, r = 2, Conditions fbr d = 0 are derived. Simple mathematics
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shows n-m = 5, [E%E r] = 3, and for that particular problem, v = 3 (v=1)r = 4

These will be the dimension of the estimator for Luenberger observer, Theorem 2

and Theorem 1 applied r = 2 times respectively.

Let us study the nature of the intersection of N(A3) with R(A4). a =vdim

[N(A3)/1 R1A4)]. d = 0 when N(A3)_L_R(A4). But the row space of A;, R(A;), L

N(A,) by definition of null space. .% R(AJ) L 1 R(d)) or R(A;) C R(A,) when

d = 0, The maximum dimension of R(Aa) and R(A4) are nr and (s+r)m respectively.

Since nr £ (s+r)m is required by the necessary condition, this awcounts for the

direction of w— " apove,

We will study the component blocks of A3
when d = 0, Regall from (66) that
r(s+l)m
' ) r’- 0 . 2 7
nr A, = [1\\ ;P =@ c
o ~
Np— s’
r blocks
— ) o ‘3 Z Z' cee z
. S 11 12
r(s+1)m® A, = A : .
0 \\\ A E :21 .
r blocks

I3y given by (65) and (68).

and A, in

1s

rs

s

order to discover exactly

: LA ] : CT]

(84)
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For the first block row of A3, ( F‘!O ), to be in the column

n x(r-1)(s+l)m

space of A, R(A4), we only to have make sure rows of [’ are in the column

4
space of (Al le 212 cee le), the first row block of A, with the zero blocks

after A removed. For example, if [! = (1 1), the first block row of A, is

(L100). If A, is [A 0. le 212 , it is clear that (1 1 0 0) cannot lie

0O A
" Ly Loy 5
in the column space of’(om) . It is also clear that 221 and 222 of( ]J) and
A 21

(212)-may take any values without affecting the latter two's intersection with

L

(1 100) due to the double zeros. Hence, if [?= (1 1) lies in the column

' space of (Alzll 212 ), (1 1 00) will lie in the column space of A4.

By similar reasoning, we also require the second block row of A3,

’

{o] ) to lie in the column space of (AIZ21 222.:. ZZS)'

n x(s+l)m ‘rﬂl()n x(r=2) (s+1l)m

and so on to the rth block row of A3. Note that when taken together, these do

not mean the rows of [' lie in the column space of (A[le 212"'215 E 221 222...

25 2 °tc e vzrl ZrZ"' er ) will guarantee 51A3) E_R(A4). To determine if

d = 0, we cannot use this one "augmented" test, but must use the test R([?) C |
R(A 5211 Ziz...zis) r times, eachvfor a different i, and only when all r tests
are satisfied will we:know that d = 0. These tests will be used to determine the
conditions under which d = 0, in the 9-th order example below.

Specializing to ¥ = 1 may help to understand why Theorem 1 always works,

i.e. 4 £ 0, When s 2 v=-1, there are n independent rows of A3, each of which
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is a (s+l)m=vector. When (D,g?) is observable, A4 has (s+l1)m independent
columns, each of which is a (s+l)m=-vector. Hence, all of the columns of A4
span the whole E(s+1)m space. Hence the n independent rows of A3 (n 5_(s+1)m:$

at least as many independent equations as unknowns) must always be in R(A4)oﬂd £ 0.

Section III Example The vehicle is represented by a mass M and a moment of

inertia about c.q., IM. It is a "beam" with two magnets (wheels) near the ends.
The magnets are controlled by two current sources, each independent of the other.
(r = 2) The vehicle is subjected to wind gusts Fo acting vertically downwards
at c.g. and also to road roughness directly below the magnets. The guideway

on which the vehicle moves is a similar "beam" supported by springs and dashpots
at its ends, From the passenger's viewpoint, the c.g. of the vehicle is always

directly above the c.g. of the guideway when the vehicle is travelling forward

at V # 0. This is admittedly unrealistic but is possibly the best we can do . to
model thé up-and-doﬁn and the rotational motion of the quideway, unless we go

into distributed systems. The objective is to minimize mean. acceleration at

the frbnt and back of the vehicle (ie and ;8) while keeping the average separation

between the magnet and the road surface directly below minimum (x5 and x7). I.e.

minimize I = %- fT [§62_+ *82 + p(xs2 + x72)]dt as T + o, p is a weighting factor
° .

that'spécifies the tradeoff between acceleration and road separation.
A D
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Appropriately non-dimensionalized, and considering incremental quantities
only (i.e. instead of say Vyr consider Ay4 so that the dead-weight Mg, taken':

care of by (y4) nominal, will not have to be considered), Xy to Xq will

correspond to the physical variables Yyr §1' Yy §2, Yo 40 §3, y 2" §4, Fo.

Defining Ao = L/%, kl = (L/Ll)z, ¥ = M/m and neglecting the (small) angles F1

and Fz made with the vertical, the state equations are

plus

. ; i
ENEL 1 0 o0 *' 0 oj o o
wlebd | - - A i - j * A *PU(1=6A
x, o | =25(146 ) i 146X z 25(1 Gxo)l a, *H(146A ) | O ja *W(1-6 o)§ o
x, | |0 0 o o o} o o
«l+6A | w20(1=6r ) | =1=6A =2C A ) gk U{1-6r ) ! ‘q * A
X, 1 0,2(160)i16°12(1+60),i a¥ W(1-62 ) 05a31(1+60){0
x, |~ |0 -1 Lo o0 .o 1{ o i o
-a. * —-a_*(1- :
36 0 ? Q | 0 . 0 : a, (l+6kl) a, (1 6A1)§ 0
X, 0 0 0 -1 0 ol o i1
‘: z '
x ‘ . -a, *(1- -a_%* :
g 0 | 0 i .O . 0 a, (1 6A1) 0 |-a, (l+6)\1)S 0
, | | ot 4 S
Xy 0 0 (0 o 0 0} o o
- ~ b : L i H
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r
i 0 i 0 : rO ¢ «wind and road-roughness
a2 u(-l-GAO) a4 u(-1+6A0)% »0 § disturbance.
b . -
: ¢ | * = ) * =
0 ; 0 ? . 0 % E(yol) 0, F(yoz) 0
. . . | 1 S
. * - -] - . ' =
[ a, u( 1+6AO) oa, (-1 6Ao)£ + v?( : E(nz) 0
i ' S u2 . *E hd
{ - : E * =
g 0 0 : y012 (n2yol) ©
La * ? - ; g% ) =
iaz (1+6Al) E a, (1 6%1) QMMA E(nzyoz) 0
S T R Sl (i
i ; : l ® L]
| i \ M_Sf; E(.O ) (ygl(r) ygz(r))
i * - ! * | H *
!az (1 GAl) E a, (1+6A1) | 0 yoz(t)
| . i L
1 i s g - + ——
| 0 | 0 ] n, =Nl(ﬁ(t 1) §(t-1+ =
) §(t=1+ )1 6(t=1)

E(nz(t)nz(r)) = N, 8 (t-1)

(85)

Note that road-roughness velocity is modelled as white noise correlated perfect-

. L X . .
ly with a lag T the time required to traverse the separation of the magnets at

vehicle speed V. Wind-gusts are modelled as first order filtered white noise.

N, Nl and N2 defines the magnitude of these disturbances. In the above, the

magnets are assumed to satisfy the force-separation-current relations: F. =

+a,u, F

-a 2 - + . : * e : . d
1Yr1 2% 2 a3yr2 a,u, The asterik denotes a non-~dimensionalize

quantity, The measurements on board the vehicle are assumed to be yrl' y3, Yo

and y4. Accelerations'§3 and‘§4 can be easily measured and then integrated; Y1

and yr2 not so easily, oo m =4 and vy = Cx gives
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0000 1000 |0 \\
|
? \
0000 0100 |0
Cc= ‘ (86)
0000|0010 |0
|
0000 0001 |0

The problem is to design p, u, Ao' Al given N, N, N,, V so that I is minimized
and frequency response, transient response, and other "classical quantities"

are satisfactory. The Wiener filter is used so that I = I(p, U, Ao, Al) is
minimized and since we are in the frequency domain, can also examine how those
responses change with p, u, Ao, Al and even some ratio between the magnitudes

of the disturbances. Suppose this was done and p, U, ko, kl are fixed. We now
turn to the Kalman filter and its extensions to realize the Wiener filter. Theorem

2 will be used., With u = %7 ;= ,02, Ao =1 A, = .6, a,* = a_* = 13,3046, a.* =

2’ M1 1 3 2
a4* = 13,3046, N = ,1, A becomes

KR! 0 i 0 40 0}0 o!o ]

-4 | -,16| 2 § .08 f 26,6092 | 0| -13,3046! 00

1 i !
o o o i1 | o 0 go % olo
A= |2 .08 -4% -.16| -13.3046 0%526.6092 " olo
0o -1 ‘0 o 0 1 go 0,0
s L !

0 20 0 %o -53.2184 | 0 é26.6092 S0l
% o 0 0 2-1 0 0 %o ; 1§ 0
% o o %0 io 26.6092 | 0 %—53.2184 é oi -1
! 0 io 10 to 0 0 %o i o% .1
L

It was worked out that v = 3 for this combination of A and C. Since (D,M)
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observable is essential to Theorem 2 and we know that for any s, one can always

find such a pair. Without loss of generality, (D,M).can take on Luenberger's

*k
observable canonical form for multivariate systems. (See C. T. Chen, pp. 292-

295), We have worked out that [Eiﬂ r] = 3 > v=-1, Hence s = 3 is tried and as
the following shows, can work. For s = 3, the Luenberger canonical observation

form for D and M are

0 -4, b, \\ 0 1 0
D = 1 -d b - M=\0 o0 1 (87)

‘ . 2
where dl' dz, d_ satisfies (A" + d1A + dz)(l + d3) 0 and bl' bz, b3, together

3

with the di's, are to be determined. Our immediate objective, however, is to

see under what conditions 4 = 0, Using (87) in (68), we find that

z 0 1 0
s, = gko 0 1 | (88)
é 1 0 by
I W]
%'o blbs | "bz-bid3
; b, ~b_d, blb3-dld3+d32+d2
L i

From (64) and (65), we can construct the component blocks of A, in (66). The

4
result is

E X -
This requires a demonstration that the BMO observer-based compensator is

realization-invariant, however. For the MO case (s = n-m) see Blanvillain
and Johnson, Proc. CDC'76 (to appear).
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i, | o, |0, 0,
PSP EPYDETS B R B % (89)
a1, | 1, o, b1,
437, | 0, |pppoT, | bybiaT,
L i

-and

[1, ‘ % | %% \ %
9Ty | % | O Iy (20)
: |
(8125125511530 = | Ty | 04 | Byl (8;-d3)1,
!Ld314 & b1, | -byd.I, (b1b3-dld3+d32+d2)14J

Recall that R(/?) must lie in the column space of (89) and of (90) for 4 = O.

One way to guarantee this, without considering what /7 actually is, is to

make sure (89), (90) each spans the complete l6-dimensional space, 16 being

the dimension of a column vector of (89), (90). For (89) to span

316' one can show that b2-b1d3 # 0 is enough. (so that the second and the
fourth column blocks will be independent.) Siminarly, for (90) to span E16,

b3 # 0 is enough., Our immediate objective is achieved: bz-bld3 # 0 and b3 #0
are sufficient for d = 0 and hence s = 3 will be the minimum order realizable

- using Theorem 2, To bring the problem to a logical end, we turn to find the
optimum bi's and di's, subjected to the above constraints, such that AI, the
incremental cost due to incomplete state feedback, is minimized. The method
by Dakbe-Chen-Powell-Fletcher is one way to do this. Hence, through time-

domain results, the Wiener filter is realized. Due to cost separation, the

realization is a sequel to the optimal design of p, u, Ao’ ll.
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In fact, as far as determining the conditions under which 4 = 0 in the
above manner is concerned, the problem posed (vehicle on quideway) is relevant
only to the extent of specifying n, m, r and v. Forn > 6, 1 <r <m,

s = [E%E r] > v=1, construct D, M as in (87) with [%J partitions, each partition
except the one in the lowest right hand side has a dimension r, the last par-
tition has a dimension s—([%]-l)r. Using MACSYMA, we can generate (88) for all
combinations of n 2!6, 1 <r <m, Conditions for (89), (90), etc. to span the
whole E(S+1)m can then be generated and are appropriate to all problems with

the same n, m, r combinations. |
Section IV

In "An approach to dynamic compensator design for pole assignment", by
H, Seragi, Int. J. of Cont., 1975, Vol. 21, No. 6, pp. 955-966, a frequency
domaih result of Theorem 1 is given, in the context of pole assignment. A
summary of that paper is given below.

Seragi considered 1. r =1, n>1

2, m=1, 4>1

but did not give a result that is the counterpart of Theorem 2 where r > 1,

‘ L. n-m
m > 1, Seragi's l. can be split into three cases: s Z_—;;—
<

pole assignment is possible, for <, only (n+s)~-((s+l)m+s) = n-(s+l)m poles

. For >, complete

can be assigned or a11>(n+s) poles can be approximately assigned. In Theorem 1,

> is necessary for the asymptotic estimator to exist, < implies more independent

equations than unknowns.
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Single~input multi-output systems, r = 1, m > 1

x = AxX + bu

Cx

e
L]

c(s1-a) "t bu(s) = W(s) U(s)

- w(s)
F(s)

Y (s)

U(s)

w(s) = m s +eeet m

n n-
= +...
11 , F(s) s + dns + d1

m_s +eeot M
nm i Im

Let the feedback compensator be G(s) = 2§S; » order s.
N(s) = (4 (8), Ny(8), «eu, N_(8)), B(s) =% +a s 4.k a
] s=-1
Ni(s) = b ;S” +b__) ;S = 4ot by i=1,.00, m
T
I" +® ' ‘ﬂ . G,,E.s..;_
Q) “‘?{ W(s) i y o ~ij<s>yal
G(s)W(s)
u u
. Ugls) _ _Gls)W(s) ) Y(s) W(s) - w(s)A(s)

E:TET 1 + G(s)W(s) ' Uc(s),= 1 + G(S)W(s) F(s)A(s) + N(s)e+ w(s)
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Let H(s) = F(s)A(s) + N(s)e+ w(s) = characterist polynominal of the
{n+s) th ~ order closed-loop system
= F(s)A(s) + wl(S)Nl(s) +oaot wm(s)Nm(s)

H(s) contains s a 's and m(s+l) b,'s.

n+s
If the desired closed-loop poles are Al' Az,...ln+s, Hd(s) = .H (s—ki) =
nts . % n+s-1 - i=1
s + dn+ss +eeaot dl. Equating coefficients of H(s) and Hd(s), we have
Ec = f (91)

where E is an (n+s) x (s(m+l)+s) matrix and £ is an (n+s)=column vector and c

is the (s + m(s+l))=-column vector of the unknown parameters of the compensator.

T
i.e. c = [alpc.o' as' bolpo-.' bsl'...’ bom'o.., bsm]

If s 3_E§E and E does not have full rank, increase s until E has full rank.

Then solve for c, uniquely when s = Egﬂ, non-uniquely when s > Eiﬂ., In Theorem
l, s z_max(giﬁ, v=1) = v-1 is necessary and sufficient. We conjecture that E
will be full rank when s = v=1,

When s < Eiﬂ-and we can assume in genéral that E is full rank, E is now
p x (s(m+l)+s), p < n+s, we can only specify p closed-loop poles. If we éhoose
tq specify all (n+s) poles approximately, we will minimize llEc-ffIz, i.e.

c = (ETE)-lETf. The relevance of this result to Theorem 1 is as follows: if

s < Eﬁﬁ, we can build an "approximate" asymptotic estimator using the least-

swuare fit solution. Obviously, this applies to Theorem 2 too, when s < Eii-m-,r.
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Section V.

Explicit solution of the discrete version of Lyaponov Matrix Equation

ATPA =P = = 0

b4

A is an n x n system matrix, P is an n x n sym., matrix that we want
to solve for, O is an n x n sym. "cost" matrix. Define the n(n+l)/2 column

vectors composed of rows of the upper triangular P and Q; mathematically,

[ ;
p (Pyy Pyp Py3 = Py Poy Pog eee Poy Pag e P gyy P

' oe
g = (9, T2 Y3 o0 G Y22 T23 000 Y2 T3z L. % ne1)n Inn)

subscript d for discrete, (the continuous version defines q differently). We

show that the above matrix equation can be re-written as

(Ud- I)p=" qd

. + . .

Ud is an n(g 1) x n(n;l) matrix made up of elements of A and I is an 21312) x
+ ' '

Eig—il - identity matrix. Ud is to be constructed as follows.

Label the columns of Ud by 2 indices L and M and the rows of Ud by 2 indices 1J.

These labels are identical (in sequence) to the subscripts in the definition of

p and qd. For the columns where L = M, the entry is the single term aLI Ay re

For all other columns L # M, the entry is the 2-term a__ a + a a Simple,

LI “MJ MI “LJ°
isn't it?
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L =M M L#M
arr 3mg arr 4wy
+a._ a
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LM
11 12 13 cev o 22 23 ve. 33 . ‘nn
S-S T —
11la? |, .a a,.a a2 a,.a a,’ a? |
11 11721 11731 21 21731 731 nl |
2181 Y23 a3y |
20, L Ttz | ntn a o | T21%32 - s ool
0 & R 21%22| 3132 t “n1®n2
a {21712 0 T31%12 L o31%22 ; ;
13 I - B { . { E
S . . |
i b .a a..a Ca,.a a 2 | a2
22 |, 2 12722 12932 + 922932 732 I “n2 |
1912 | ; ‘
i + : . | ;
S i P P CTRafpt ’ s
23 ‘ ' : ! ;
33 |
: ; i
R _ - ; -
fa 2 blnaZn %1n?3n ;aZna3n ! r3n
“1n : 2
nn | -+ + i
! ’aZnaln 23n%1n i+a3na2n_ _ %hn

L 4

-1 .
e- P = —(Ud~I) T4 is unique (and the inverse exists) iff A is stable. This

is just the Lyaponov stability theorem for the rewritten version of the discrete

Lyaponov.

The way to see the construction of Ud is a straightforward although tedious

rewriting of ATPA in subscript notation. Since this matrix is syn., omly the

upper triangular part is used in constructing Ud' This is explained below.

Write P in row form and A in column form as follows
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_ {— , L -
P i i
=) i

P = ’ A = \9‘-1 1: 32\000 t"a’f\

2 |
» ! ! ).
. {

o |
En

. . L i

P (PA)i = gi :a—j 1 = l' esey N

A
S ATea =/ P21 %31 vt %\ [Ra3 By ees By
' \
812 332 333 °c- 3y || B3y B3

13 223 333 °°* 33 :

[ R X 1
te 0

%n 22n %3n °°* %mn KEnéi Bndy +-- B3, /

n
s i= l' seoyp Il

i .
j k=1 JSl,o-c'n

As noted above, we are only interested in j 3> i, the upper AATPA. There
n(n+l)

are — elements in this upper A A PA, ,We will take the ij-th element
of it ¥  to form the IJ-th row of U;. Note the translation from

element to row. This is true by construction. Now comes the difficult

part., How do we use Z a,; B, a, to construct the n(ntl) elements of the
k=1 ki -9 n ———
IJ-th row of Ud? You see why LM is labelled like the subscript of p? Be-~

: n
cause we only want the a e éﬂ of Z a; By a a in Ug and p, outside Ug
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Gl 12 13...22 23... PN /b, \
N \ f \
; ! | P12 |
' ;; =! Pi3
IJ % Ud P § P ! .13
u B
| { Por22
e SO | / \ o
\ 5 : ‘23 /
\ o/

Without too much ado about the details, the construction of putting

" " =
aLI aMJ + aMInaLJ for L # M and aLI Avg for L = M" just makes sure the

aki' Ej of . kzl aik By Ej are put in the right place in Ud so that
1J

IJ
v, b= kzl a,; By 24 where U, is to denote the IJ-th row of U,. Now,

it is not difficult to see the -I in (U~I)p is to account for -P in ATPA-P.

Similarly for .g. and its counterpart -Q in the matrix equation.
93

Uses of the explicit solution

One application is in the discrete version of T. Johnson's paper on
constrained configu:ation optimal compensator of order s to the linear
plant

x(i+1) = A x(i) +B u(d) , x(0) = x_

y(i) = cx(i) , rank (C) = m n

©e®®o

S=-Compensator r 2(i+l) = P 2(i) + Ny(i) , 2z(0) = LR
Lu(i) = G y(i) + H zZ(i)

Cost (3 = § xT(i+1) Ox(i+l) + u (i) Ru(i)
L i=0

parameters -F‘é G H) R
- (N P

to be opt.
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Put (2) in(4)and then in(D),

x(i+1) = A x(i) + BGC x(i) + H z(i) {6)
Put (@ in (3),

z(i+l) = P z(i) + NC x(i) (7

Put (Q s (D together

(s (e D) @
A6 D6 AEDE D)
| T

Put (1) in (5},

3 = iz (Ax(i) + Bu(i))” Q(Ax(i) + Bu(i)) + uw (DRu(i) (9
=0 o

Put (2) in @ and then in @ and expand and neglecting the i,
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J (x'AT + xC G BT + z'H'BT) O (Ax + BGCx + BHz)

<
]

+ (x"'c'r(;T + zTHT)R (GCXx + Hz)

!
- °z° (x(i)) T ((A + BGC)T 0 (A + BGC) + (GC)T RGCi
1 o ——— s . - e .,“-m?..____

2(4) u'BTQ (A + BGC) + HYRGC |

(A + BGC)T OBH + (GC)T RH ) (x(i) )

»HT(BTQB + R H z(1)

ALY )T é(x(i)) |
120\ 2(1) 2(i) (10)

From Kalman and Bertram, 1960: "Cont. System Anay. and Design Via

e

the second method of Lyaponov, II Discrete Time Syst.", Trans. ASME

June, 1960, p. 394-400, 10 can be written as

X0\ T . /x(0) . N
J = o] p = tr [PW] {11,
~\ z(0) '2(0) -

where P satisfies

T

Ay A A ’S P x(0) x(0)
TPA-P= -=Qandw -A-( )( ) @

z(0) z(0)
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~ -~ ~

where A is defined in CE}'). The matrices A, P and Q are (m+s) x (n+s).

Let n+s8 = qa,

-~ ~ ~ ~ ~ -~

Define ;' = (pll Pyg see Py, Pyy Ppy ee pau)
whom Wy 2w, eee 2wy W, 2Wog eee W)
a' = Ay Gy e Gy Ty T3 -ee Tae!

. (ADis g = w'p 13

~

and  (12)is (Ud—I); = -gq (19

Differentiate Ll@ wrt Fij

aud -~ V a“ a‘
57, P*r* WU -0 55— = - 3
i3 ij ij
~ U - -
op -(U, = I) 1 ( d 3
.. = p + )
arij d aFij arij
1 [ %Y 1 3q
ij ij
2N
where we have used: 14
. ]
Similarly, with z = (zol Z 5 eee zos)
a n, . Py PS .
_Lzol 0 since Ud # Ud(zo) and q # q(zo) C@

< Differentiating J wrt F 13; becomes

ij, {\




.—2:1—- -a—v_:. ;; + w' ..9-2-—

aFij ,3Pij aFij
= w' op w # w(F,.)
oF, . ' ij
ij
- ! a yn-lao. 29 B
= w'(U-T) L,Fij (U-1"" q aFij] QZ)

on using @9. Q.:D = 0 for necessary conditions for opt wrt Fij

Differentiating J wrt z | ,Q\B!) becomes
oi’ N7

oJ w' * 32
9z = oz p o+ w 9z
oi oi oi
] ~
= g: P , due to 16
oi

- - a—:# (ud-x)"l q , due to@ (@

QB} = 0 for necessary condition for opt wrt z_,

Without too much modification, we can change 1 to
x(i+l) = A x(i) + Bu(i) + Gv(i) (12)
where v(i) is white or coloured noise disturbance.
In IEEE Trans. on Auto Control, April 1975, Kurtaran considers a plant

@and measurenment

$(i) = Cx(i) +Hw(i) | 20
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where w(i) is white noise and proceeds to design a "suboptimal" (with the

possibility of y(i) feedforward) compensator of the form (3and @)

w(i)

E[C“w(wn'wuq =V, V>0

The augmented system is

RO RO P o e A R

-F
where A is as in(@l
With 7 2 E(x(8)' 0 x(i) + u(i)' Ru(i)), i + = (?%}
which is different fromi@% Kurtaran shows that if
x(1)
E [( ) (v* (1) w‘(i)):] = 0
z(1i)
X\ Y e e e e e e x(d)
J = E[( ) (O+C"F' RFC) ( )
z(i) z(i)
B2 € ¥ N At B
'+( ) H' F* RFH ( )] , i»® 4 ,{23}
w(i) wiyd e '




wneneéa(j °)¢" ‘,ia(R 0)1’ ,§=(° -*i)i“‘

Y s 0o o s 0 o s
n s r s -
i beywta g o 1
n s r s

with J) & E [("““) (x* (1) z' (1)) ], the steady state ) is

z(1)
a 9z
*"'-)Ht
J] = W-BFC) ] (A-BFC)' + (G-BFH V(G-BFH "G =(5 0) n
0o o0 ts

ety
@0 A v
Writing 23 in terms of z &V,
Lz/s“) J = t# ((Q+5' F' RFC))] + tr (H' F';FH;)
W N, s’
a R

_ C'G'RGC C' GRH
Q-

) is different from 0 in because
H* RGC H'*'RH

(32 is aifferent from(5L

Using the technique previously developed, we can write 24

| X _ - a..‘.u
2 ] =Ala+T  [cf A"PA-P=-0Q
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-] —
as o = -(Ud - I) v

Similarly, (’25‘) is

@ J = q'o+vr

a7 _ _oq =, 0 T _or
3F F.. ° YU w0 YOS,
ij ij ij ij
— v, -
= - __le - -] — = - -1 d - -] -
3F . . (Ud I) v + q (Ud I) —-——-BF.. (Ud I) v
ij 1]
-~ -' -
+ v a:r 28
ij
i};} = 0 for necessary condition for opt. wrt Fij'
9J d per ~—|
0z = °z .4(q o+ vrh (g§>
oi oi

0 since none of the terms in{ ) are functions of z .
This is agreeable since J in(éi)is:steady-state performance and should be

~ independent of Z e

Summary of Results

The explicit solution of A'PR - P = - Q is shown to be useful in

(;) the "transient" pfoblem (an opt. z is required)

x(i+l) = A x(i) + B u(i), x(0) = x
y (i) = C x(1i)
z(itl) = P z(i) + N y(i), z(0) = z

u(i) = G y(i) + H z(i)
Y x(i+1)' © x(i+l) + u(i) R u(i)
i=0

J
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(g} the "steady=-state" problem (any z, will be optimal)
x(i+l) = Ax(i) + Bu(i) + Gv(i), x(0) = x.
y(i) = Cx(i) + Hw(i)

J = B[x(1)*' Q x(i) + u(i)' Ru(i)], i

L

This contains as special case where H = 0. (If G =0, so will J and .
any stable system is optimall)
(g? As if life is not complicated enough, the "hybrid case". (an optimal
z required)
x(i+l) = A x(i) + B u(i) + G v(i), x(0) = %
y (i) = C x(i) + H w(i)
(N=-1
J = E( } x'(i+l) O x(i+l) + u'(i) Ru(i)

i=0
This contains as special cases where either G = 0 or H £ 0 or both

"

G =0and H £ 0. When both G £ 0, H 20, 3 is the finite-horizon
counterpart of 1 and G, H, P, N will not be constant but functions

of i. Furthermore, the non-steady-state equation.

(§§> . P(i+l) = A'P(i)A + Q

is to replace P = A'PA + (). Whereas the latter is rewritten as
D) (U, -Dp = -gq

@can be rewitten similarly as

G{)' p(i+l) = Ud(p(i) +q

The finite~horizon formulation is conceptually and technically not
too different from the infinite-horizon formulatian. The difference
is one of tediums: - the former has to find optimal G, H, P and N for
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Three more cases can be listed, each corresponds to the previous
three with x(0) = x_ ramdom.
the "transient" problem, random X
Replace J by E(J) and X by E(xo) and xoxo' by E(xoxo') and
xozo‘ by E(xozo') = E(xo)zo' '
the "steady-state" problem, random xo
No change is needed, random x does not affect s.s. result.
the "hybrid cése", random xo
Replace X xoxo', xozo' by E(xo), E(xoxo') and E(xo)zo' respect~
ively.

When an optimal zo is required, it can be shown that zo* = zo*(xo) or

zo*(E(xo)) in the random xo case, When xo is unknown and one does not want

to assign an E(xo) and an E(xoxo'), one can modify the cost to

(é) minimum maximum
T
X P(0) X
Min M, M = max = max —
x X "X X
(e} o "o o "o
(b minimum maximum relative to optimal
xo P(O)x0
min L, L = max ‘ = max
X, opt x, P opt(0)xo

P opt is solution of the mat. Ricatti's Equation for optimal
regulator,
y =X
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@) minimum an upper bound of L, call it B
(d\) average ratio

T
xo P(0) xo

J
Jl = ave - = ave
x X 'x x X x
© o o o o o

M o= lmax (P(0)), Amax (*) = maximum eigenvalue

. -1
L = A (popt (0) Pl0))

max
n n
82 = |lp@ || = ] xiz(p(on = 1 pijz
i=1 i,3=1
)
J, = tr (pP(0)) = p
1 = M

A%l these four criteria give a solution independent of X e At present, the
use of M and L is limited to e.g. second order plant because they involve
finding the maximium ejgenvalue of P(0) which is known only in terms olf the
parameter matricgs G, H, P and N, Symbolic manipulatioh is required to
find the eigenvalues of P(0). What is @re difficult is to find the maximum

eigenvalue when the eigenvalues are expressed symbolically. ‘Then, minimum

: oA G,H,P,N
me (G' H' P' N)é max(a' e ) = 0
F
ij
In view of the aboved}ifficulty, Bz is used. Dpabke 1970 (IEEE AC-15, pp. 120~
n
122) shows that B2 = z pjj which can be easily implemented by the
’ Coi,g=l n
Dabke-Chen- Shieh method. So can J, = tr (P(O)) = ) Piy which was first

i=1
used by Kleinman & Athans 1968, More explicitly, it can be shown that
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8’ = p' S p, p defined at the beginning of this section and S is an

212%!242 diagonal matrix with diagonal elements 1 or 2 so that pi. get

( J
weighted by 1 and pij' i1 # j get weighted by 2.

2
‘ 3B = ap' 1 _—a&. =
c L. a7, P FrPSg— =0
ij i

J ij

Similar, we can show that

J1 = ={(S - 2I)p, I is an | Ei%illiz identity matrix
9J
4 1 a
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Section VI

Extension of C. F. Chen and L. S. Shieh, "A Note on Expanding PA + ATP ='—Q",

IEEE Trans. Auto Cont., AC-13, pp. 122-123, Feb. 1968.

In the above reference, an algorithm was developed to expand the
Lyaponov Equation into a (n(n+1)/2)2 matrix equation which can be solved by
matrix inversion. In the present extension, an algorithm for accomplishing

the above symbollically is developed. For the incomplete state-feedback

problem, a Lyaponov Equation P(A-BFC) + (A-BFC)'P = -Q-C'F'RFC = -0 is in~
volved in which F is to be optimized. .This necessitates a symbolic

expansion.,

The algorithm expands PA + ATP = =0 into Up = ~ %-q. IfA isn xn,

p and q are n(n+l) /2 dimensional vectors defined as

T
P (Pyyr Pyar Pyge ees Pyy Poor Poge eses Pyrs Paar eees Phe1,n-1’ Ppn’

' T
R R N PO PP PEORTITIC. MU SYUIRTITL. SRR

and U is an (n(n+l)/2)2 non-singular matrix that is a function of aij' the
elements of A. U will be non-singular if A is stable. The algorithm has to

do with writing U in terms of aij'

(E) Label the rows and columns of U by the subscripts of the elements of p.

E.g. for a 3 x 3 system, the p vector is (p11 )T. The

‘P13 P13 Pyy Py3 Pay
row and column labels of U will be




T 12 13 22 23 33
11"

i

12

13

23

33

b e e e R . P e e RS o~

R I N R S eg o e
TR AN S1 S S A ST S ER S

. vf‘i\g‘irewl e

Each alemen&,p& U is.referred to-by . the quadruple: (rcu,lqhel, ¢column label).

e

(:) genergtaydiaqonal 1. - Element (ii; :idi). = ayy RPN

Cirei tae et w2 Blement(ify 43) =cags +agg, & #3

A'diadonst ‘éTement with 1 term is“a smqiétorr, ‘2 'tarms ‘4 dublet.’ See Figure 2.

5y

(:jm' Agéﬂét#?e abQVe-diagonal elemeﬁtsq

o Each element above the dlagonal has 2 “pzojections” onto the dlagonal,

a horizoutal and a vertxcal.

eluin on S oeni e
G ETCES R NI TN

E.q., element (12 23) p:q)gqts ontqhthg 2

S

iagonal elements (12. 12) and (23 23) whlch are all +a,, and a,, + a,,

respectively. Four cases can be distinguished.

LA <j?}mamwheﬁxﬁhé~zﬁﬁfﬁjéééibhs*a:%“hlﬁbletons, set the element to O.

E.q., ‘Projection ‘of element (11,22) -are 'an and azé' .. Element (11,22) = O,
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1 12 13 22 23 33
11 ’ |
11

12

13 :
a1t & prod.

22 : a22 \L

23 a, ., +ta

33

Figure 2

(2) When the "a" subscripts of the 2 projections do not intersect,

set the element to 0. E.g., Projections of element (13,22) are a11+a33

and a22' Since 2 does not "intersect" 1 and 3, element (13,22) = 0.

C§> When the 2 projections are singleton and a dublet, the element
takes the "a" subscripts of the dublet and the 2 subscripts of the entry
are in .decreasing @rder. E.g. projections of element (11,12) are a11 and
a1 + a,,e Element (11,12) = as, -

® When the 2 projections are 2 dublets, the element has "a" sub-
scripts of the unequal subgcripts of the 2 dublets and the 2 subscripts of

the element are in decreasing order. E.g. the projections of element (12,13)

are a_, +a,_.. and a,, + a_._. Element (12,13) = a

11 22 11 33 32°

() Generate the below-diagonal elements.

Each element below the diagonal has "a" subscripts in reversed order

12
because the corresponding entry above the diagonal is element (12,22) = a

~ of the corresponding entry above the diagonal. E.g. element (22,12) = a

21°




-65=

That's all for the algorithm. It is less complicated than it looks.
If the computer takes symbolic inputs and gives symbolic output, this algorithm

is not difficult to program.,

Agglication

'In the Dakbe method originally developed for output fé€edback, one needs

to find -5-1;3—‘-1- . This is possible only when U is explicitly written as
, 13 _ A
functions of F i3 as the above algorithm provides. The following is a re-

minder of the context in which the problem arises.

Ax + Bu

Ko
]

y =0Cx

=.Pz + Ny

u ile«sz

. L .
J = fb (x'Ox + u'Ru)dt

Find P = = (G H

)vsuch that J is minimized.
N P

. x
After some substitutions, J = tr(Y P) where Y -( ° ) (x") z")) and P
z
(o]

satisfies P(A-BFC) + (A-BFC)'P = Q-C'F'RFC. lety = (yll' 2y12, 2y13,...,

) T
2¥1ne Y220 Wageecee Wopr Yageeeer ¥ 1qr Vi)

FON = yTp. The‘_necessary conditions for a minimized J is

—-E—-, = yT ——?-2 = (0, Using the above algorithm, the Lyaponov equation

Fyy Fy5
can be written as Up = - -;q. Differentiating wrt Fij' gu p+U —2,2—- =
1 i %13 13
-1 9
2 JF

ij
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s U (3l ¢ F . sincer =-3UT g,
ij ij ij
3 _ _1 -1, 3g _ 3u -1

3F. 3V (p - V@
ij ij ij

The necessary conditions are then

yTu"l( oy U-lq_ ag) = 0.
oF oF
ij 1)

When n is small, these conditions (non-linear) can be set up and solved

for optimal F,.,. When n is big, u'l is not easy. The Powell-Eletcher

ij

numerical solution will be useful,
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Section VII

Some worked examples, using MACSYMA

El Examgle 1

Output Feedback. 2 x 2 example from Kurtaran and Sidar.. Transformed so

-1 0 1 (1 2
thatc= (0 1), a= (2 9) ,8=(}),c=n,v=(; 7).
_ (3 =2 _ (-1 -f .
K = (1.32811 .15323), Q = (_2 2) F = f, A-BFC (1 _2f_2) . Using
the algorithm just developed, U = /-1 1 0 ’
-f «2f=3 1 )
3 0 0 o 0 =-f -2f=2
- = (-1 -20)
£ 0 ~1 -2
3 5
Q+C'F’RFC"(3 ~2 2):q=(2:§f2 "g‘%‘ =(°)'
-2 2+3f 6f
1 4 3 2
y = ( 4 ) « The necessary condition is 216 £ + 936 £~ + 1257 £
4

+ 468 £ - 102 = 0, Of the 4 solutions, 2 are real, 2 are complex; only

f = ,1502733 gives a stable overall system. The optimal J = ,90408136.

The resultant closed-loop poles are at =1.128179376 and =-2.172367223. This
agrees with Kurtaran and Sidar who used a method involving Lagrange multipliers.
_We have avoided using the latter by solving the constraints explicitly, help=-

ed by the algorithm,

Jl Example 2

Johnson Compensator, 2 x 2 example from Blanvillain. Transformed so that

.C’(O Im):A"(“l l)oB=<O)'C=(0 1):Y= (1 2)'
1 -1 1 2 5




K

(-1

"l)l 0

-

B3~

Using the algorithm, we find

S ©O © O =

5 -1 g
-1 l) Fo= (11
1 0 o]
g-2 n

h p-1 ¢

1 g-1

0 h

0] 0 0]

This turns out to be too big for MACSYMA to invert.

are assumed.

gains free.

e}

R

[

Proceeding,

0O 0 0 0 0 O U _
0100 00 Y
0O 0 0 0 0 O

0O 0 01 0 O

0O 0 0 01 O

0 0 0 0 0 O |

5§ 1 o]

b, Ba , g
-2 g g ! dh
0

{
1+q2 ; 29
2
h® | 0

- L3

o O O O ©

]

N Lyw'

e - e

O © O » O O

O O O O © O

c O O o

NN
=Y )
IO

r

A - BFC

T B8 O O O ©

]

-1
1

Sop==3and n

S = O O O O

= O O O O O

0 O O © O O

1 0
g~-1l h
n 0
4

This involves fixing the compensator but leaves the feedback
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yT = (14050 0), assuming zoz; = (O, The necessary conditions are

rather long polynomials in g and h., Of the 8 pairs of solutions, only

(g,h) = (~1,2464551, ~.83837253) produces a stable composit system. The
optimal cost is l2.1696497. Blainvillain, using a minimum order Luenberger
observer kdim = 1) found the optimal cost is 12.071. The discrepancy is due
to our fixing p = «3 and n = 4, Had we used‘p = -1,>n = 4, the optimal
compensator found by Blainvillain, the opt. (g,h) = (-1.41421363, -.35355337)
and the opt. cost is 12.,071068. This is a numerical "proof" that Johnson's
compensator = Luenberger observer when the both have the same dimension. Rom

proved this rigorously in his dissertation.

Details of Example 2.
5 -1 0
Q + C'F'RFC = 2
-] 1+g gh
0 gh h2

When p = <1 and n = 4, the 2 necessary conditions are

'1024h° - 256g°h? - 512gn? + 1536n% o 38491

_80
3g”

+

1088¢°n> - 1088h> - 208g°h® + 1024g°h?

1200g2h% - 480gh? + 1024h2 - 48g°h + 296g°h

504g°h - 132g°h + 1024gh - 672h - 4¢° + 28g°

3

+ 25692 - 336g + 144 =0

57g4»4 28qg
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2 256gh? - 512n% + 3849%n3 - 11529n> + 768h

+ 2089°h° - 800g°n? + 784gh® - 32n° + 48¢’n

2 3

- 2169°h + 1849°h + 304¢h - 384h + 4g°

- 20g? + ¢ + 142¢% - 2649 + 144 = 0.

Solving these polynomials is not as difficult as setting them up which
requires U"1 symbolically. With 4 symbols in U, this already overloads
MACSYMA, and yet this is just a small (n=2, s=1) problem! Using the

Fletcher-Powell algorithmg symbolic matrix inversion is not necessary.
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Relevance
Degree
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vol. 17, No. 2, pp. 397-404.

1 H. Seraji, "An approach to dynamic compensator design for pole
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contains frequency domain results of the 30-odd pages of write-
up included. However, does not consider the general case of
r>1land m> 1,

1 R. K. Cavin, C. Thisayakorn, and J. W. Howze, "On the Design of
Observers with Spec¢ified Eigenvalues", IEEE Trans., Aug. 1975,
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Addendum to Section II:

The results of Section IXI, though revealing, are not necessary and suf-
ficient. This is because the stated condition; of Theorems 1 and 2
guarantee a solution of (43) and (66), respectively, but not a unique
solution., This means, in effect, that s may still be further reduced, us-
ing up the additional degrees of freedom. As a result of the cost sepa-

ration lemma we have that the compensation problem is equivalent to

Min AT = tr[pT ] T'] (1)
subject to TA -« DT = EC (2)
HC + MT = F (3)
D'P + PD = -M'RM (4)
where D: s x s A: nxn F: rxn
P: s xs E: s xm
T: s xn H: r xm
C:mxn M: r xs

In comparing Design Methods #l1 and #2 introduced in Section II, it is
instructive to compare the numbers of free parameters. For #2, the number

of free parameters is the number of elements of D and M (sz+rs) plus the
number of free parameters in H and E, which is less the number of equations

in (66) or [(r+s)m-nr] > 0 by Theorem 2 the number of elements of H and E. So
the total number of free parameters is [(r+s) (m+s)-nr]. Method #1 leaves T,

M, and H free, which accounts for [r(m+s)+ns] parameters. It would appear
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that the method which leaves more free parameters admits the possibility

of achieving a lower minimum. We ask, then if

s(m+s) - rn $ ns (eliminating common terms)
Consider the example of n = 10, m = r = 3, for which s = 7 satisfies

the conditions of Theorem 2 (with equality); we then find
(#2) 40 < 70 (#1)

So that method #1 has more free parameters. For more than a few inputs,
similar conclusions can be derived in more general situations. Generally,
the trick in solving (1l)-(4) is to satisfy as much of (2)-(4) as possible
without eliminating too many degrees of freedom. Method #1 can in fact
be applied to the BMO design problem, and the essentials are as follows:
Let
1‘
D = TAF M (FF = 1I) (5)

E = TAF H (6)

which imply that (2) is satisfied. Then (4) becomes

M'F13A'T'P + PTAFTM = M'RM (7)
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P = M'PM; P: r x r, symmetric (8)

so that (7) becomes

F 'A'T'M'P + PMTAF = «R - {9)
Thus (1)-(4) is replaced by (1), (3) and (9), with T, M, H to be found.

Notice that this problem only involves the product

S = MT (t x n) (10)
so that (3) and (9) are replaced by

F = HC + S (11):
F 'A'S'P + PSAF = =R (12)

But now any S,F may be uniquely written as

- - ' =
s s1 C + 52 with szc 0 (13)

. v -
F = Fl C + F2 with cm 0 (14)

So that (1l1l) implies the two conditions

H+ S = F (15)

S = F (so s, is fixed!) (16)

2

S = S C+F ' (17)




-'76=

Using this back in the original problem, we have the far simpler para-

meterization of the problem:

= 5 tg 1 ' ot '
m;.n AS tr(p(s,c J c's;' +sC] F,'+F, ] c's;'+F, ] F,"]
1
(18)
subject to
+ ] ] "" L v 5 - + 1.
(F''A'F," + F 'A'C'S ')P + P (S,CAF' + FAF) = -R (19)

with sl: r x m of a very elegant dimension! Obviously, (19) is a type
of projection of (4) which takes into account the control and observation
properties of the original problem. Eq. (18) and (19) contain the essence
of the BMO compensation problem; more complete results will be reported

in a future publication,




