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Abstract

Classifying the irreducible unitary representations of a real reductive group is equivalent to the
algebraic problem of classifying the Harish-Chandra modules admitting a positive definite invariant
Hermitian form. Finding a formula for the signature of the Shapovalov form is a related problem
which may be a necessary first step in such a classification.

A Verma module may admit an invariant Hermitian form, which is unique up to multiplication
by a real scalar when it exists. Suitably normalized, it is known as the Shapovalov form. The
collection of highest weights decomposes under the affine Weyl group action into alcoves. The sig-
nature of the Shapovalov form for an irreducible Verma module depends only on the alcove in which
the highest weight lies. We develop a formula for this signature, depending on the combinatorial
structure of the affine Weyl group.
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Chapter 1

Introduction

1.1 Unitarizability and invariant Hermitian forms

Classically, the fundamental concept of Fourier analysis was that an essentially arbitrary function
could be expanded as a linear combination of exponentials. The more recent development of ideas
in group theory has illuminated the dependence of results in Fourier analysis on group-theoretic
concepts, resulting in the movement from Euclidean spaces to the more general setting of locally
compact groups. Results such as the Peter-Weyl Theorem give us a means of decomposing function
spaces of a compact group G into an orthogonal direct sum of subspaces expressed in terms of
characters of irreducible unitary representations of G. Equipped with this decomposition and
knowledge of these simpler subspaces, one can reformulate problems in analysis in more tractable
settings. Quantum mechanics is another source of problems connected to unitary representations.
Because of its implications for many different areas of mathematics and physics, the study of unitary
representations has been an active area of research.

The irreducible unitary representations of an abelian group are one dimensional (characters).
In the case of a locally compact abelian group, Pontrjagin showed that the unitary dual (the set
of equivalence classes of irreducible unitary representations) éu, furnished with pointwise multipli-
cation of characters as the product, has the structure of a locally compact abelian group. In this
situation, the unitary dual has the additional property that its unitary dual is G.

Investigation of the non-abelian case began with the study of compact groups. In the 1920s,

Weyl described the irreducible unitary representations of a compact, connected Lie group. For a
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locally compact group, (for example, a real or complex reductive group), the problem of describing
the unitary dual remains unsolved, with the exception of some special cases.

In the interests of classifying the irreducible unitary representations, we wish to study a broader
family of representations: those which admit an invariant Hermitian form. Unitarity of a represen-
tation amounts to the existence of a positive definite invariant Hermitian form on the underlying
vector space, hence our objective will be, in particular, to investigate the signatures of invariant

Hermitian forms and to understand how positivity can fail.

1.2 Historical background

Let G be a real reductive Lie group and K be a maximal compact subgroup of G. Let gg and &,
be the corresponding Lie algebras, and let g and € be their complexifications. A Harish-Chandra

module M is a complex vector space which is:

a) a (g, K)-module:
M has compatible actions by g and K, and every m € M lies in a finite-dimensional K-

invariant subspace

b) admissible:
the i-isotypic subspace of M is finite-dimensional for every irreducible unitary representation

t of K
c) finitely generated over U(g).

To an admissible representation (7, V') of G, we associate in a natural way a Harish-Chandra module
Vi _finite, Known as the Harish-Chandra module of V. We define Vi _gpite, the set of K-finite vectors,
to be the set of vectors which lie in a finite dimensional K-invariant subspace of V.

For irreducible unitary representations, infinitesimal equivalence (the Harish-Chandra modules
are isomorphic) implies unitary equivalence. Furthermore, for any irreducible Harish-Chandra
module M with a positive definite invariant Hermitian form, one can construct an irreducible
unitary representation (m,V’) so that M is the Harish-Chandra module of V. (See [11].) It follows
that classifying the irreducible unitary representations of G is equivalent to the algebraic problem

of classifying the Harish-Chandra modules admitting a positive definite invariant Hermitian form.
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Verma modules may admit an invariant Hermitian form, which is unique up to multiplication
by a real scalar when it exists. Suitably normalized, this Hermitian form is called the Shapovalov
form. Finding a formula for the signature of the Shapovalov form is a related problem which may
be a necessary first step in classifying the Harish-Chandra modules admitting a positive definite
invariant Hermitian form. The Shapovalov form on M (\) exists for A in a subspace of h*, where b is
a maximally compact Cartan subalgebra. This will be discussed further in Chapter 2. Previously,
Nolan Wallach computed the signature of the Shapovalov form for a region corresponding roughly
to the intersection of that subspace with the negative Weyl chamber. In the following, we will
describe its implications for unitarizability of (g, K)-modules.

In lectures at the Institute for Advanced Studies in 1978, Zuckerman introduced an algebraic
method of constructing all admissible (g, K )-modules using homological algebra machinery known
as cohomological induction. (See [8].)

Let L be a #-stable Levi subgroup of G with corresponding complexified Lie algebra [, and let
q = [ @ u be a parabolic subalgebra of g. Observe that representations of [ can be extended to
representations of q by allowing u to act trivially.

Let C(g, ) be the category of (g, £)-modules. Consider the induction functor
. ag,Ine
ind$1(Z) = U(g) @u(q) 2

from C(q,[N¢) to C(g,IN¢). The induction functor, when applied to Z = Cy ® V' where X € z([)*
and V is an ([, L N K)-module, produces what are known as generalized Verma modules. When
applied to Z = C, in the special case where our parabolic subalgebra is a Borel subalgebra, it
produces the Verma module of highest weight A.

Let the functor I' : C(g,[N€) — C(g, ) be such that T'(V) is the set of ¢-finite vectors of V.
The functor I" is covariant and left exact. As C(g,[ N €) has enough injectives, we can form the
Zuckerman functors: IV = the ;' derived functor of T'.

By composing the induction functor with the Zuckerman functors I'V : C(g, [N €) — C(g, £), we
obtain cohomological induction functors which take ([, [N #)-modules to (g, £)-modules.

In [2], Enright and Wallach show for admissible V' € C(g, N ¢) and m equal to the dimension
of the compact part of u that IV (V") ~ (T 2m_j(V))h, where the superscript h denotes Hermitian
dual . In particular, if V admits a non-degenerate invariant Hermitian form so that V" ~ V| then

(V) ~ (I'"™(V))". Thus I"(V) also admits a non-degenerate invariant Hermitian form.
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Subsequently in [13], Wallach lifts information concerning the signature of the invariant Hermi-
tian form on V' € C([,[N#) to the invariant Hermitian form (known as the Shapovalov form, which
we will describe further in the following section) on the generalized Verma module indﬁ;{ﬂﬁ(c A®V).
Finally, he lifts that information, using knowledge of the isomorphism I'"(X) ~ (I'""(X))", to the
form on the cohomologically induced (g, )-module I'" <ind§:{2§(@ A® V)) He concludes that if the
form on V is positive definite and A lies in a particular region bounded by hyperplanes, which we
shall call the Wallach region, then the (g, )-module produced is also unitarizable.

In this thesis, we will extend the formula for the signature of the Shapovalov form beyond the

Wallach region. We will compute the signature of the Shapovalov form on all irreducible Verma

modules which admit an invariant Hermitian form.
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Chapter 2

An introduction to the Shapovalov

form

We will use the following notation:
e go denotes a real semisimple Lie algebra
e  is a Cartan involution of gg
e go = £y @ po is the Cartan decomposition corresponding to 6
e hp =1y P ag is a 0 stable Cartan subalgebra and corresponding Cartan decomposition

We drop the subscript 0 to denote complexification. We let B(-,-) denote the Killing form, which
is a symmetric, invariant, non-degenerate bilinear form on g. We let (-,-) denote the symmetric

bilinear form on h* induced by B.

Definition 2.1. A Hermitian form (-,-) on a g-module V is invariant if it satisfies
(Xv,w) + (v, Xw) =0

for every X € g and every v,w € V, where X denotes the complex conjugate of X with respect to

the real form gg.

We wish to define the Hermitian dual of a representation of g. In order to do so, we first define

the conjugate representation:
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Definition 2.2. Given a representation (7,V), we define the conjugate representation (7, V)
as follows: the vector space V is the same vector space as V., but with the following definition of
multiplication by a complex scalar: z-v = Z - v where by - and -~ we mean scalar multiplication in V
and V', respectively. We define 7(X) = n(X) for all X € g, where conjugation is with respect to

the real form gg.

Observe that every weight pu of V under 7 gives rise to a weight i of V under 7, where

j(H) = p(H) for every H € b.

Definition 2.3. The Hermitian dual of the representation (w,V) is (7", V"), the conjugate

representation of the contragredient representation of (w, V).

If V' is the direct sum of weight spaces V), for u € I, then V" is the direct product of weight

spaces Vfﬂ for p e 1.

Theorem 2.4. An irreducible representation (w, V') admits a non-degenerate invariant Hermitian

form if and only if (7, V) is isomorphic to a subrepresentation of its Hermitian dual.

Definition 2.5. In the case where (w, V') is the Verma module M (\) with generator vy, the Shapo-

valov form, which we will denote by (-, ), is the invariant Hermitian form for which (vy,vy), = 1.

According to the previous theorem, in order to determine when the Shapovalov form exists, we
wish to determine when a Verma module embeds in its Hermitian dual.

Pick some positive system of roots A*(g,h) and let b be the corresponding Borel subalgebra
and n its nilradical. The production functor is defined by prog(V) = Homg(U(g), V), where V is
a b-module. We have indj(V)" ~ prog(Vh) (Lemma 5.13, [12]). We conclude that the Hermitian
dual of the Verma module M(X) = U(g) ®y ) Cr = indg(C,) is prog((C};\) = Homg(U(g),C_5).
Now Homg(U(g),C_5) has the same weights as U(g) Qgor C_5. We conclude from universality
properties of Verma modules that the Verma module U(g) @jor C_5 embeds into the Hermitian
dual of M()). From this, we conclude that M ()\) admits an invariant Hermitian form if —\ = X
and AT(g,h) = A (g, h). Observe that we must have bNb = h. In the following, we will determine
for which b and A these conditions are satisfied.

Assume that b is f-stable. For a #-stable Cartan subalgebra by of go with Cartan decomposition

ho = to @ ag, a root a € A(g, bh) is imaginary valued on ty and real valued on ag. A root « is
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imaginary if it vanishes on ag and real if it vanishes on t5. If a has support on both ty and ay,
then it is complex.

We define fa by (fa)(H) = a(0~1H) for every H € b. If X, € gq, then
[H,0X,]) =007 H, X,)) = a(0 H)0X, = (6a)(H)0X,.

Therefore if « is a root, then fa is a root. We have 0g, = gga.-

We define & by a(H) = a(H) for every H € h. As - is involutive and [X,Y] = [X, Y], arguing

as for 6, we conclude that & is a root if « is a root. Also, go = ga. Note that @ = « if and only if
« is real, and & = —« if and only if « is imaginary.

In fact, fa and & are related by 6o = —@ as «a is imaginary valued on {3 and real valued on ay.

Since fa = « for imaginary «, therefore 0g, = g, and so we have g, = go NED go N P. As go
is one-dimensional, therefore g, = go N € or go = go Np. We call an imaginary root a compact if
go C € and noncompact if g, C p.

We define By(+,-) = —B(-,6-). As B is symmetric and invariant and 6 is an involutive automor-
phism of g, By is symmetric. Since £ and p are the eigenspaces corresponding to the eigenvalues 1
and —1 of 0, respectively, we conclude that ¢ and p are orthogonal with respect to B. The decompo-
sition h = t® a is both direct and orthogonal, hence h* = t* @ a* is an orthogonal decomposition of
h* with respect to the non-degenerate symmetric bilinear form induced by B. For every a € h*, we
let @ = a¢ + a4 be the decomposition of a under this direct sum. Note that a|¢ = o, ala = aqla,
and a¢ and aq4 are orthogonal.

A Cartan subalgebra h is maximally compact or fundamental if the compact part has
largest possible dimension. In this case, there are no real roots, whence every root has non-trivial
restriction to t (see Proposition 6.70 of [7]). Suppose h is maximally compact. If X, € g, where «
is complex, then fa = oy — aq and « have the same restriction to t. The vectors X, + 60X, € € and
Xo — 0X, € p both have t-weight a¢. If @ € A(%,t) arises from the imaginary root 8 € A(g,h),
then 3 is the only root restricting to . If « arises from a complex root G, then 8 and 63 are the
only roots restricting to c. We may think of A(g,b) as A(¢,t) U A(p, t), where A(€, t) and A(p,t)
overlap in the part coming from complex roots. Therefore we may think of the compact roots as

A(%,t) and the noncompact roots as A(p,t).

Claim 2.6. We have At(g,h) = A~ (g,h) for some appropriate choice of AT (g,b) if and only if
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every a € A(g,h) has non-trivial restriction to t (i.e. b is mazimally compact).

Proof. =: This direction is clear as we cannot have & = «, and so none of the roots are real.

<: Conversely, if h is maximally compact, then t is a Cartan subalgebra of . We know that
¢ is a reductive Lie subalgebra and every a € A(%,t) is the restriction of some § € A(g,h) to t.
Choose a positive system AT (£ t) for A(€t) defined by some regular element rp € t*. We can
arrange for re to be regular with respect to the root system A(g,h) also as every o € A(g, h) has
non-zero restriction to t. We define A™(g, ) to be the positive system of A(g, h) corresponding to
re. Since (a,7¢) = (ali, r¢), we conclude that A1 (g, h) is compatible with AT (€ t): if « € AT (g,b)

and al € A(tt), then al¢ € AT(Et). Furthermore, as @ = —ayq + a4, we see that we have

At(g,h) = A" (g,h). O

Remark 2.7. We may also write the condition At(g,h) = A~ (g,h) as 0AT (g, h) = At (g, ).

We may satisfy the final condition by selecting A to be imaginary—that is, it takes imaginary

values on tg @ ag. In conclusion,

Proposition 2.8. Let b = h @ n be a Borel subalgebra of g. If h = b N b, b is mazimally compact,
A is imaginary, and the positive system AT (g,b) corresponding to b is 0-stable, then the Verma

module M(X) = U(g) Qs Cx admits an invariant Hermitian form.

In this case, how does one construct the Shapovalov form?

For X € g, let X* = —X and extend the map X — X* to an involutive antiautomorphism of
U(g) by 1* =1 and (zy)* = y*a* for every x,y € U(g). We have U(g) = U(h) @ (U(g)n+n°?U(g))
from the triangular decomposition of U(g). Let p be the projection of U(g) onto U(h) under this
direct sum.

For z,y € U(g), by invariance, (zvy,yvy), = (y*zvy, vy), . Since n acts on vy by zero, therefore
(U(g)nvx,va)y, = 0. As any element of U(g)vy is a sum of vectors of weight no more than A,
it follows that any element of n°?U(g)v, is a sum of vectors of weight strictly less than A. By

invariance, (n°?U(g)vy,vy), = 0. We conclude that

{zox, yoa)y = Py z)or, va)y = Mp(y"e)) (vx, o0y = Alp(y @)

We see from this construction that an invariant Hermitian form on a Verma module is unique up

to multiplication by a real scalar.
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Let v and w be vectors of weight A — p and A — v, respectively. Since

(Hv,w)y = = (v, Hw),
| |

(A = )(H) (v, w) —(A=p)(H) (v, w)y = A+V)(H) (v,w)y,

we conclude that (v,w), = 0if p # —v = Ov. The Shapovalov form pairs the A — u weight
space with the A — 6u weight space. Since the dimension of each weight space of M(A) is finite,
therefore by restricting our attention to each weight space and the weight space to which it is paired
individually, we may discuss the signature and the determinant of the Shapovalov form. For the

purpose of such a discussion, we study the classical Shapovalov form.

There is a unique involutive automorphism o of g such that

where the X;,Y;, H; are the canonical generators of g. It induces an involutive automorphism of

U(g), which we will also denote by 0. We know that

plo(x)) =p(z)  VoeU(g)

(see [6]). The classical Shapovalov form, which we denote by (-,-)g, is defined by

(zoa,yva)s = Ap(o(x)y))  Va,y € U(g).

It is symmetric, bilinear, and (M (X)a—p, M(A)xa—y)s =0 if u # v.
A theorem of Shapovalov states that the determinant of the classical Shapovalov form on the

A — p weight space is

H ﬁ (A+p,a”) - n)P(M*na)

aEAT(gh) n=1
up to multiplication by a scalar. Here, P denotes Kostant’s partition function.

Comparing the formulas

(zox,yuady = Alp(y*z))  and  (zux,yva)s = Ap(o(2)y)) = A(p(a(y)z)),



we see that when 1 is imaginary, the determinant of a matrix representing (-, -), on the A — u weight
space differs from the classical formula above by the determinant of a change of basis matrix. When
p is complex so that the A — p and A — §p weight spaces are paired, we see that the form (-,-), on
M(X)a—p + M(X)x—g, can be represented by a matrix of the form

A—pu 0 A
A—0u At 0

where A and A differ from matrices representing the classical Shapovalov form on the A —
and \ — p weight spaces, respectively, by multiplication by change of basis matrices. Thus the

determinant of this matrix, up to a multiplication by a scalar, is

(0.9}
IT TI(O+eaY)—n)" " (At pa¥) —n)"0m),
a€AT(g,h) n=1
Unfortunately, when the subspace under consideration has dimension greater than one, a formula

for the determinant is insufficient for the purposes of computing the signature.

The radical of the Shapovalov form is the unique maximal submodule of M()\), hence the
form is non-degenerate precisely for the irreducible Verma modules. The Shapovalov determinant
formula indicates precisely where the Shapovalov form is degenerate, and consequently where M ()
is reducible: on the affine hyperplanes H, ,, := {\ + p| (A + p,a") = n} where « is a positive root
and n is a positive integer. We conclude that in any connected set of purely imaginary A avoiding
these reducibility hyperplanes, as the Shapovalov form never becomes degenerate, the signature

corresponding to some fixed p remains constant.

The largest of such regions, which we name the Wallach region, is the intersection of the
negative open half spaces
< M H) Az,
a€cll
with ib}, where & is the highest coroot, II the set of simple roots corresponding to our choice of

A% and Hy = {A+p|(A+p,8Y) < n}.

In [13], Wallach shows for fixed p imaginary that the diagonal entries in a matrix associated

to the Shapovalov form (-, ), e and the A 4 t£ — u weight space have higher degree in ¢ than the
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off-diagonal entries. Thus, choosing A and £ appropriately so that A + t£ lies in the Wallach region
for all £ > 0, an asymptotic argument which examines the signs of the diagonal entries for large ¢

yields a formula for the signature of the Shapovalov form within the entire Wallach region.

Definition 2.9. Denote the signature of the Shapovalov form on the A — u and A — (—ji) weight
space(s) of M(X) by (p({w, —ii}),q({p, —fi})). The signature character of (-,-), is

p—Q

cheMN) = Y (p({m —p}) — a({p, —0})) e}

{Mv_ﬂ}CAj
where Af denotes the positive root lattice.
Here we make the observation that if u € A} is complex, then the Shapovalov form pairs the

two distinct weight spaces M (A)x—, and M (\)y_(_z) so that a matrix representing the Shapovalov

form on these two weight spaces is of the form

0A
At 10
. . A, . . . U1 .
The matrix is Hermitian, and so it is diagonalizable with real eigenvalues. Suppose is an
V2

eigenvector of the matrix of eigenvalue r. Now

0| A U1 Avy U1
= =T
At 10 Vg Aty U2
0A 1 —Avg (41
= = —7T s
f_lt 0 —V9 fltvl —V2

giving us an eigenvector of eigenvalue —r. We conclude if p is complex, then p({u, —i}) and

q({u, —p}) are equal. Thus we may write the signature character as

chsM(A\) = Y (p(p) —q(p)) X .

pent
4 imaginary
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Theorem 2.10. (Wallach,[13]) The signature character of M(X) for X+ p in the Wallach region

18
)

H (1 — e_a) H (1 + e_a) ‘

aEAT(p,t) aEAT(Et)

chsM(\) =

This is a rewording of a special case of Lemma 2.3 of [13]. Here, in translating from the language
of section 2 of [13] to our language, we choose H to correspond to ire. Then g =b, [ =h, u =n,

Uy = @ O, Ui = @ Oa, Auy) = A(p, t), and A(ug) = A(,t). The system of positive
aEAT(p,t) aEAT (k)
roots ®T for ([NE,t) is empty, and therefore the Weyl group Wing is trivial, pjne = 0, and Diqe = 1.

We choose V' to be the trivial representation. Therefore Dinechgs(V) = 1.

Here, we make the observation that the formula for the signature character makes sense due
to our results concerning pairings of non-imaginary weight spaces and our characterization of the
roots corresponding to a maximally compact Cartan subalgebra.

Our goal is to extend Wallach’s result (Theorem 2.10) to all irreducible Verma modules which
carry an invariant Hermitian form. The strategy is as follows:

Suppose A+ p lies in the hyperplane H, ,, where o is a positive root and n is a positive integer,
but for all other positive roots 3, (A + p,3Y) is not an integer. Then for non-zero ¢ and for non-
zero t in a neighbourhood of 0, (-, ), has radical {0}. Since (-,), has radical isomorphic to
the irreducible Verma module M (X — na), the signature must change by plus or minus twice the

signature of (-, -) across Hy . (This will be discussed more rigorously in Chapter 3.)

A—na

Roughly, by taking a suitable path from A to the Wallach region and keeping track of changes
as we cross reducibility hyperplanes, we arrive at an expression for the signature of (-, -), in terms
of the signature in the Wallach region.

We shall describe this more concretely in Chapter 4.
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Chapter 3

The Jantzen filtration

Given a finite-dimensional complex vector space E and an analytic family (-, -), of Hermitian forms
defined on E for t € (—6,0) so that (-,-), is non-degenerate for ¢t # 0 and degenerate for t = 0, we

define the Jantzen filtration of E as follows:
E=EyDE; D---DEy={0}

where e € E, for n > 0 if there exists an analytic function f. : (—e,e) — E for some € > 0 such

that

1. fe(0)=¢e
2. (fe(t),€'), vanishes to order at least n at ¢t = 0 for any €’ € E.

For e, e’ € E,, define

(e,e")" = %gl(l]tin (fe(®), fer (1)),

which is independent of choice of f. and f.,. We have the following results (see section 3 of [12]):

Theorem 3.1. (Vogan, [12]) The form (-,-)" on E, is Hermitian with radical E, 1, and therefore
it induces a non-degenerate Hermitian form on E,/E,+1, which we also denote (-,-)". Let (pn,qn)

be the signature of (-,-)", (p,q) be the signature of (-,-), for t € (0,8), and (p',q") be the signature
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of (-,-); fort € (=6,0). Then

p =10+ - Y n

n odd n odd
¢ = d+> - > n
n odd n odd

For the remainder of the chapter, let \; : (—e,e) — ib§ be an analytic map satisfying the

following conditions:
1. For some positive root v and positive integer n, A\g € Hq p-
2. X\ € Hg,y, for 8 # a,0a,a + 0o and m an integer.

3. For t # 0, A\ is imaginary (so the Shapovalov form exists) but does not lie in any reducibility

hyperplanes.

We may view M()\;) as realized on a fixed vector space V for every t in (—e,¢) via
M) = U(9) Quepy Crr = Un?) ® Cy,. From now on, we will identify V' with U(n”) and
the —p weight space of U(n°) with the A\ — 1 weight space of M (\;) without further comment.
Since (zvy,, yva,)y, = Me(p(y*z)) for x,y € U(g), therefore (-,-), is an analytic family of Hermitian

forms on V. The Jantzen filtration of V is
V=WoViD>---D>Vy={0}

where Vj is defined as E; was, with the additional stipulation that f. take values in a fixed finite-
dimensional subspace of V. As before, we define a Hermitian form (-,-) on V; with radical Vj 1.
We remark that the chain of subspaces is indeed finite as each Vj is invariant under g and M (\g)
has finite length.

As we have an h-invariant orthogonal decomposition of V' into finite dimensional subspaces with
respect to the Shapovalov form, we may view (-, -) A, @s a collection of analytic families of Hermitian
forms on each finite dimensional weight space (or pair of weight spaces) of V. From orthogonality,
we may further conclude that for e € M(A;)x,—,, we may take fo to have values in M (\¢)x,—p-
Therefore the Jantzen filtration of V' gives us Jantzen filtrations of each finite dimensional subspace

in our orthogonal decomposition of V', and Theorem 3.1 holds for each of these subspaces. For u
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imaginary, let (p(1), ¢()) be the signature of (-,-),, on M(A)y,—, for t € (0,¢) and (p'(1),q' (1))

be the signature for ¢ € (—¢,0). Let (p;(u), ¢j(1) be the signature of (-,-)? on the —u weight space
of V;/Vjq1. Then

p =0+ pi- D g

7 odd 7 odd
¢ = dED G=) p
7 odd j odd

as before.

In determining the Jantzen filtration of V' corresponding to (-, -) A,» @-invariance of the different
levels of the filtration establish strong restrictions on the possible values of the V;. We have two

cases:

Case 1: « is imaginary and H, , is the only reducibility hyperplane containing A.
By our choice of Ay, M(Ag) has only one non-trivial submodule: M (Ao —na). Its multiplicity
must be one as M (A — na) is a free U(n°?)-module by choice of A (see Theorem 7.6.6 of [1]).

Therefore our Jantzen filtration must be
M(Xo) D M(Ag—na) D--- D M(A —na) =Vy D {0}

According to the Shapovalov determinant formula, up to multiplication by a scalar, the

determinant of the form (-, -), on the \; — na weight space is
[T II +pp)—mPremd.
m=1BeA*(g,h)

The only factor which is zero when ¢t = 0 is the factor corresponding to § = o and m = n.
Since P(0) = 1, as we go from ¢ > 0 to ¢ < 0, the determinant changes sign. Therefore
N must be odd and (py,qn) or (¢n,pn) must be the signature of the Shapovalov form on

M (Ao — na). Thus:

Proposition 3.2. In the setup of this chapter, suppose « is imaginary. If t1 € (0,¢) and
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to € (—¢,0), then

chsM(N,) = eM1 M2 ch M(\y,) £ 2¢hs M (N, — na).

Case 2: « is complex (so )¢ is contained in both Hy p, Hpq n, and also in Hygq,2n if @+ 0 is a
root).

We know that M(X\g — na) is a submodule of M(\g) when (\g + p,a¥) = n. As )¢ and

p are imaginary, therefore (Ao + p, —@") = —(Xo +p, V) = (Ao +p,a¥) = 7 = n. Hence
M (Xo — n(—a)) must also be a submodule of M ()\).

Key to describing the Jantzen filtration in this case is the usage of results of Bernstein,
Gelfand, and Gelfand, described in [1]. Let J(\) denote the unique largest submodule of
M(A) and L(\) = M(X)/J(XA) the corresponding simple quotient.

Proposition 3.3. (Proposition 7.6.1, [1]) The Verma module M(X) has a Jordan-Hélder
series and every simple subquotient of M (M) is isomorphic to L(u) for some u belonging to

W-A+p)NA+p—AF)—p.

Beware that the notation in [1] includes a shift by p.

Theorem 3.4. (Theorem 7.6.6, [1]) For u, X € h*,
dim Hom(M (u), M(X)) < 1.

Theorem 3.5. (Bernstein-Gelfand-Gelfand, Theorem 7.6.23 of [1]) For A\, u € b*,

M(p) Cc M(\) — Jaq, -+, € AT(g, ) such that

Atp =50 (A+p) 2 = Say Sar(A+p) = p+p.

The above conditions are equivalent to

pw+p€eW(A+p)and p < A

in the case where g is type Ay (see remark 7.8.10, [1]).
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If & and —a = fa are orthogonal: We have (Ao — na + p, (0a)Y) = (Ao + p, (0a)¥) = n.
By symmetry and our discussion above, we have the following containment of Verma

modules:
M(Xo)

/ AN
M(Xg — na) M(Xo —nba) -

AN /
MMy —n(a+ 6a))

The radical of the Shapovalov form on M ()g) is the unique largest proper submodule
of M(Xo), and so the radical of (:,-), is {M (Ao — na), M (Ao — nfa)}, the submodule
generated by M (Ao — na) and M (Ao — nfa). It is also equal to Vi, the first level of our

Jantzen filtration. We have an invariant Hermitian form (-,-)! on V4.

Let vxn,—na and vx,—nga be generators of M(Ag — na) and M (A9 — nfa), respectively.
Recall that if v and w are vectors of weight u and v, respectively, then <v,w>1 =0 if
v # —[i due to invariance. Observe that for any monomials z,y € U(n°) of weights

and —p — na — na respectively,
<33U>\0—nmyUA0—na>1 = (y*mmo_na,mo_m>1 =0
as y*z has weight n(a — &) = n(a + fa) > 0 and vy,_pq is singular. Hence
(M (Xo — nar), M(Ag — na))t = 0.

Similarly,
(M (Ng — nba), M (Ao — nfa))' =0,

whence M (Ao — n(a+ 0a)) C M (Ao —na) N M (Ao — nba) is contained in the radical of
(-,-)!. The Jantzen filtration must be

M(Xo) D {M(Ao—na),M(N —nba)} D D{M(N —na), M(Ag — nba)} = Vi

D MM —n(la+6a)) DD M —n(a+0a)) =Vy D {0}
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If o

for some M and N.

Whether M is even or odd, the contribution py; — qas to the signature character from
the M™ level of the filtration is zero as M(\g — na) \ M (Ao — nfa) is paired with
M(Xo —nba) \ M (Ao — na).

Up to multiplication by a scalar, the determinant of a matrix representing (-, -) A, On the

At — n(a + Oa) weight space of M()\;) is

H H (()‘t + p, ﬁ\/) _ m)P(n(a+9a)—mIB)'

m=1BeA*(g,h)

The only factors which are zero when ¢t = 0 are those corresponding to the pairs (a,n)
and (fa,n). Observe that P(na) = P(nfa) as 6 is a bijection from AT (g, b) to itself.
Combined with the fact that (A; + p, ") = (A + p, (Ba)¥), we see that the determinant
does not change as t changes from positive to negative. In other words, N must be even.

‘We have:

Proposition 3.6. In the setup of this chapter, suppose o is complex and o and 8o are

orthogonal. Then for t; € (0,¢) and ty € (—¢,0),

chsM(\g,) = eM1 ™2 . chy M (\y,).

and —a = fa are not orthogonal: Now a and —a = 6a have the same length. If «
and fa are not orthogonal, then either (o, (da)¥) = £1 or (Ao, V) = %1, whence either
a+ fa or a — Oa is a root. Observe that o and fa have the same height as 6 applied
to an expression for a as a sum of indecomposable roots gives an expression for fa as
a sum of indecomposable roots (we will see such an argument again in Chapter 6). We
conclude that o — fa cannot be a root. Thus a + fa must be a root and « and O«
generate a subroot system of type As. As above, (Ao + p, (0a)Y) = (Ao + p,a¥) = n,
which implies (Ao + p, (@ + 0a)¥) = (Ao + p, ") + (Mo + p, ()¥) = 2n. It follows that
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M(Xo — 2n(a + Oar)) is a submodule of M(Ag). From

(Mo —na+ p, (6a)Y) =2n (Ao — na —2nfa + p, ) = 2n

(Ao —na+p,(a+0a)’)=n (Ao — na —2nfa + p, (0a)") = 0

and from symmetry between o and f«, we observe the following containment of Verma

modules:
M(Xo)
/ AN
M (XN — na) M(Xo — nba)
N /
M (XN — na) N M (Ao — nfa)
/ AN
M(Xg — na — 2nfa) M (Ao — 2na — nba)
AN /

M(Xo —2n(a + 6a))

By choice of A\;, our remarks at the beginning of Case 2, and arguments similar to those

of the above subcase, our Jantzen filtration must be

M(Xo) D {M(Ao—na),M(N —nba)} D--- D {M(A —na), M(Ao —nba)} = Vi,
D MM —na)N M\ —nba) = {M (N — na — 2nba), M (Ng — 2na — nba)}
D - D{M((A\o —na—2nba), M(Ag — 2na —nba)} = Vi,

D MM —2n(a+6a)) DD M —2n(a+0a)) = Vy, D {0}

As in the previous subcase, the Ni' and Ni! levels of the Jantzen filtration give no

contribution to the change in signature character across Hy .

We study the determinant of (-,-), on the A\; — 2n(a + 0a) weight space of M(\;):

H H (At + p, 5\/) — m)P(Qn(aJrOa)fmﬁ).
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The pairs (8, m) for which the corresponding factor is zero at ¢t = 0 are (a,n), (o, n),
and (a + 0a,2n). Again, as (A + p, ) = (A + p, 0a), P(na + 2nba) = P(2na + nfa),
and P(0) = 1, N3 must be odd. We have the following;:

Proposition 3.7. In the setup of this chapter, suppose « is complex and o and O« are

not orthogonal so that a+ 0« is an imaginary root. Then fort; € (0,e) and ty € (—¢,0),
cheM(\y,) = eM1 ™2 ch M(\y,) + 2chs M (N, — n(a + 0a)).

Remark 3.8. This agrees with Proposition 3.2.
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Chapter 4

A preliminary formula for the

signature character

In this and the subsequent chapter, we will assume that b is a compact Cartan subalgebra—that is,

h =tand a =0. Then all roots are imaginary.
Definition 4.1. According to Theorem 2.10, there are constants ¢, for pu € A so that
R(\) == Z cue
peAT
is the signature character of the Shapovalov form (-,-)y when X + p lies in the Wallach region.

Consider Ag = {A+p|(A+p,a¥)<0Vaell, (A+p,a’) > —1}, which we call the funda-
mental alcove. Reflections through the walls of the fundamental alcove generate the affine Weyl
group, W,. The action of the affine Weyl group defines alcoves which have walls of the form H, .
(See [4].) Note that the signature of the Shapovalov form does not change within each of these

alcoves.

Definition 4.2. For an alcove A, there are constants cﬁ for u € A} such that

RA(\) == Z cﬁe)‘_“
peAT

is the signature character of the Shapovalov form (-,-), when A+ p lies in the alcove A.
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Lemma 4.3. If wAg and w'Aq are adjacent alcoves separated by the hyperplane Hy p, then
R®0(\) = RY40(\) + 2e(wAg, w' Ag) R0~ (X — nav) (4.1)

where e(wAg, w'Ag) is zero if Hy p is not a reducibility hyperplane and plus or minus one otherwise.
Proof. This is just Proposition 3.2. O
Remark 4.4. Calculating € is difficult and will be the subject of the following chapter.

Remark 4.5. Observe that e(wAg,w' Ag) = —e(w' Ag, wAy).

Recall that the reflections through the walls of Ag generate W,. These reflections are denoted by
54,0 for each simple root o and sz _;. If we omit s5 _;, we generate the Weyl group W as a subgroup
of W,. These generators are compatible with reflection through the walls of the fundamental Weyl

chamber €, which we choose to be the Weyl chamber which contains Ay: €y = ﬂ H @0 Observe
acll
that for each s € W, sAq lies in the Wallach region so that R¥40 = R.

We will define two maps - and ~ from the affine Weyl group to the Weyl group as follows:
If w = ts where s is an element of the Weyl group and t is translation by an element of the root
lattice, then w = s. We let w be such that wAg lies in the Weyl chamber wj. Observe that - is a

group homomorphism while ~ is not. Furthermore, 55, = so. Observe that we can rewrite (4.1) as

RYA0(\) = RYA(X) + 2e(wAg, w' Ag) RP0%n®40 (5. 150, )

= RYM0(\) 4 2e(wAg, w' Ag) R 40 (55 50 n ). (4.2)

For w in the affine Weyl group, let wAy = Cy = C; =3 - - ¢y = wAp be a (not necessarily

reduced) path from wAy to wAy. Applying (4.2) ¢ times, we obtain
~ e —
RN = R™0(N) + ) e(Cjo1,Cj)2R (Tjr5)

=1

)4
= R\ +2)_e(Cj1,Cj) R (T5r;)).
j=1

Observe that a path from 75C; to 7Cy is 7;C} REAZY 75Cj41 RIERE LR i 7;Cp. Applying
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induction on path length, we arrive at the following;:

Theorem 4.6. Recall R: A — Z cue/\f“ which was defined to agree with the signature character
pEAT
of the Shapovalov form in the Wallach region and R“A0 : X — Z clf‘fAOe)‘_’“‘ which was defined to
peAT
agree with the signature character of the Shapovalov form within the alcove wAy.

Let wAg=Cy >0y 2 ... 5 Cy = wAp be a (not necessarily reduced) path from wAgy to wAy.

Then
RwAo N = Z E(I)2|I|RW"'WQAO (rilriQ T T Ty ‘TZ‘1>\)
I={i1<<ip}C{1,....0}
_ Z €(I)2|I|R(m”'ﬁrikrik71“'ril)\)

I={i1<--<ip}c{1,...,.0}
where (0) =1 and e(I) = e(Ci, -1, C4,)e(Ti; Cig—1,T;Ciy ) - - - €(Tiy + i Cip—1,Tiy * * *Tip_; Ci)-

We will determine (C, C”) using the principle that in a closed loop, the changes introduced by
crossing reducibility hyperplanes must sum to zero. We know R by Wallach’s work (Theorem 2.10).
Theorem 4.6 will therefore give an explicit formula for the signature character of the Shapovalov
form on M(\), where A + p lies in wAgy. This solves the problem of calculating the signature for

all irreducible Verma modules which admit an invariant Hermitian form.
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Chapter 5

Calculating ¢

The strategy for computing ¢ is as follows:

e We show that for a fixed hyperplane H, ,, the value of € for crossing from H Of n to Hy

depends only on the Weyl chamber to which the point of crossing belongs.

e We consider rank 2 root systems of types Ao and Bs, generated by simple roots a; and ag,
and calculate the values of € by calculating changes that occur at the Weyl chamber walls.
It is trivial to show by considering appropriate weight vectors in the Verma module that e
for a hyperplane corresponding to a simple root is constant and does not depend on Weyl
chambers in any way. However, we prove this in a manner that does not depend on simplicity
of the a;. We assume that our root system is not of type G in the following, as G2 is not a

proper subroot system of any simple root system.

e For an arbitrary positive root v in a generic irreducible root system which is not type Ga, we
develop a formula for € inductively by replacing the a; from the previous step with appropriate
roots. Key in the induction is the independence of our rank 2 arguments from the simplicity

of the «;.
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5.1 Dependence on Weyl chambers

We begin by refining Theorem 4.6: if we take an arbitrary Cy, the formula becomes

RwAO ()‘) = Z 8(1)2|I‘RWMWCZ (m ’ 'ﬂr’ikrik—l T 7,1’1/\) :
I:{i1<~-~<ik}c{1,...,£}

If we choose in particular Cp = C, we have

RO\ = > e(M2MRETRC (T T, o M) (5.1.1)

I={i1<---<ig}
c{1,...0}

Proposition 5.1.1. Suppose « is a positive root and n € Z+ and suppose H,, ,, separates adjacent
alcoves wAqg and w' Ay, with wAo C Hf,, and w'Ag C H ,,. The value of e(w,w’) depends only on
H,pn and on w.

Proof. We begin by proving the proposition in the special case where wAg = C; and w'Ag = Ciy1

as described in the following figure:

Type Az Type Bs
C:{CQ,...,C5} 62{007"-707}
T4 T's
T3 T3
T2 T4 C3 C’4
Cs Cs Cy Cs
)
Cy Cy Hal+a2,2m+n T'e
C Cs
n ¢ C "o ¢ C
0 5 0 7
Halym Ha1+a2,m+n
r1 T
Tg T3
Hag,n HOéLm HaQ,n Ha1+2a2,m+n

Figure 5-1: Classical rank 2 systems

As we may cover any hyperplane with overlapping translates of C, it suffices to show that

e(Cy, Civ1) +e(Ciygs2,Civi4e72) = 0 for i = 0,1,...,£ — 1 in these rank 2 cases. To show this, we
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need the following result:

Claim 5.1.2. Let C = {C;}i=o,..r—1 be a set of alcoves that lie in the interior of some Weyl chamber

and suppose the reflections {r;};j=1.. r preserve C. If w,v € W, are generated by the r; then

Proof. =: By simple transitivity of the action of W, on the alcoves, w'w = v 'v if and only if
wlwC = v~ for any alcove C. Choose in particular C' = C;. The alcoves w 'wC; and 7~ 1vC;
belong to the same Weyl chamber as they are the same alcove. As the r;’s preserve C which lies
in the interior of some Weyl chamber, wC; and vC; belong to the same Weyl chamber s&, say.
Therefore the Weyl chamber containing w'wC; = v~ 'wC; may be expressed both as w!'s€ and

as 0 's@. It follows that w—! = ™!, whence w = v. The other direction is trivial. ]

We return to proving €(Cj, Cit) + €(Cite/2, Civi4e/2) = 0 for i = 0,1,...,£ — 1 in our rank 2
cases.

For I = {i; < --- < iy}, we define wy = r;,r;,_, ---7i,. We rewrite (5.1.1) as

ST ollle(nR™T % (wrtwA) =0 (5.1.2)
0£IC{1,....0}
Our rank 2 cases satisfy the conditions for Claim 5.1.2. Using Claim 5.1.2 and the partial ordering

on A, we obtain

> 2l =0 (5.1.3)

0AIC{1,...,6}
1

wrT Twr=p
for every p € A.
Suppose ¢ = maj. The subsets I of length less than three for which wr w; = may are

I ={1},{1+¢/2}. By considering equation (5.1.3) modulo 8, we obtain
e(Co,C1) +&(Cyy2, Crra41) = 0,

which gives the desired result for Hy, . The same proof can be used for the other hyperplanes.

(Note that this proof works for type G2 also.)
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To extend the proof of this proposition to the general case where A(g,h) is any irreducible
root system other than G2, we consider an arbitrary positive root a. There exists some positive 3
distinct from « such that («, 3) # 0. Then « and 3 generate a rank 2 root subsystem of type As
or By. Consider two-dimensional affine planes of the form P = span{a, 8} + po. We may choose
o to lie in the intersection of the hyperplanes H, , and Hg,,. The intersection of H,, and Hg,,

with P looks like Figure 5-1, with the possible inclusion of additional affine hyperplanes.

Consider roots § that do not belong to the subsystem generated by « and 5. If § is orthogonal
to a and to 3, then P C Hs, if (110,6") = k, and PN Hyj, = () otherwise. We restrict our attention
for now to the case where P has trivial intersection with reducibility hyperplanes corresponding to
roots orthogonal to o and to 8. For a root ¢ for which (6, a) # 0 or (6, 3) # 0, Hs, intersects P in
a line. Whenever we have an intersection of reducibility hyperplanes in a point ug in P that does
not lie in any Weyl chamber wall, we may take the alcoves C; and the reflections r; to correspond
to a circular path in P around pg of suitably small radius, and we take C D {C;} to be the set of
alcoves containing pg in their boundaries, so that r; preserves C. Then, the conditions of Lemma
5.1.1 are satisfied, so we may argue as before and conclude that the signs corresponding to alcoves

in the circular path agree with the proposition.

In the following diagrams, solid lines correspond to roots in the subsystem generated by « and

(; dotted lines correspond to various 4.

Tg s

T3 | | 7'4
| |
I I
I I
‘ |

,,,,,, Lo U S — -

I
! Cs| Cy
I I

ry Gy Cs
: : "6
I I
:Cl Ha CG:
| Co | C7\

,,,,,, N

! |
I I
I I

T 1 1 T

rs

s

Figure 5-2: Some examples
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We partition a given Weyl chamber into regions by hyperplanes H;, for positive integers k£ and
positive roots § orthogonal to « and to 8. We conclude from our discussion above that for any
pair of adjacent alcoves wAg and w’Ay belonging to a given region, the value of e(wAg, w'Ap) is
the same, whenever the alcoves are separated by Hy p, wAg C H, ;[ n, and w'Ag C H, an

To obtain our result for the entire Weyl chamber, consider a reducibil-

ity hyperplane Hsj, for which ¢ is orthogonal to both o and 3. Take 14 in "2

the intersection of Hsj with H, , such that 1 lies in the Weyl chamber Cy ) }?2
under consideration and (vg,7") is not an integer for roots v not equal o U q"’éf’g’
to plus or minus « or 0. Then, taking a circular path in span{«,d} + g C, C,
around vy of suitably small radius, we may argue as above to conclude " Hon

that the value for ¢ corresponding to crossing H, y in the region bounded
by Hsr—1 and Hsy, is the same as the value for e corresponding to crossing H,, in the region

bounded by H57k and H57k+1.
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5.2 Calculating ¢ for the rank 2 case

Proposition 5.2.1. Using the setup as defined in figure 5-1:

Type As:

Weyl chamber walls in C | Equations
Ha, o e(Cy,C3) +¢(C5,C6) =0

£(C1,C9) +e(Cy, C5) + 26(Co, C3)e(73C4,73C5) = 0
Ha, 0 e(Co,C1) +€(Cs,Cq) =0

e(C1,C) +€(Cy, Cs) 4 2¢(Co, C1)e(71C1,71C2) =0
Heytas,0 e(Co,C1) +€(Cs,Cq) =0

e(Cq,C3) +¢(C5,Cp) =0

Type Bs:

Weyl chamber walls in C | Equations
Ha, o e(Ca,C3) +€(C6,C7) =0

e(Cs,C4) +€(C7,Cp) =0

£(C1,C2) +¢&(Cs, Cp) + 26(Cs3, C4)e(72Cs,72Cr) = 0
He, 0 e(Co, C1) +€(Cy,C5) =0

£(C1,C5) +¢(C5,C6) =0

e(Cy,C3) +¢(Cs, Cr) 4 2e(Co, Ch)e(71C1,71C2) =0
Haytas,0 e(Co, C1) +e(Cy,C5) =0

e(C3,C4) +e(Cr,Cp) =0

£(Cy, C3) + (Cs, C7) 4 22(C3, Cy)e(71C6,72C7) = 0
He\ 42000 e(Co,C1) +e(Cy,C5) =0

e(Cs,C4) +€(C7,Ch) =0

e(Ch,C9) +e(C5,Cq) + 2¢(Co, C)e(71C1,71C2) =0

Proof. We begin with the following observation: for a given equation in the table, either all or
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none of the corresponding hyperplanes are reducibility hyperplanes. We only need to prove each
equation in the case where all € are non-zero.
In order to prove this proposition, first, we need to discuss some results concerning the Weyl

group. For s € W, we have the following definitions (see 1.6 of [4]):

A(s) = ATnsi(-A)

n(s) = #A(s)

The product s = s;, - -+ s;, € W, where s;; = Sa, and the «;; are simple roots, is a reduced expres-
sion for s if k is minimal. The length of s is defined to be £(s) = k. We have £(s) = n(s) = £(s7!)
(see Lemma 10.3 A of [3]). We note that A(s) = {s7'(—a)|a € AT and s7!(—a) > 0}. We may

rewrite this as A(s) = {a € AT |sa < 0}. Also, if s = s;, - - s;, is a reduced expression for s € W,

k

then
A(S_l) = {ailasilaiQa sy St Sik,laik} (521)

(see the proof of Corollary 1.7 of [4]).

Claim 5.2.2. Recall that we defined the fundamental Weyl chamber €y so that —p € €. Let s € W

and o € AT, If the o hyperplanes are positive in s€, then
#{B € AT | B hyperplanes are positive in s€y} > #{3 € A" |3 hyperplanes are positive in s,5€q}.
Proof. Note that as

{B € AT | B hyperplanes positive in s€y} = {8¢€ AT|(8,s(—p)) >0}
= {Be€ AT |s718 < 0} by invariance of Killing form

= A(s7!) by definition,

we only need to show that £(s~!) = £(s) > l(s4s) = £(s™'s,) if the hypotheses for s and « are
satisfied. By (5.2.1), we may assume that a = s;, ---s;;_,;; for some j € {1,...,k}. Then
Sa = 8iy***8i;_18i;Si;_, *8i; by Proposition 1.2 of [4]. Therefore sos = s, - ©Si;_1Sijn " Sig

whence £(s) > l(s45). O
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Type As: In the following diagram, we label the alcove wCy with w € W, and with T,, = w™

where T}, is translation by —u: T),(A) = A — p.

C:{Co,...

T2

r

Hal,m

) 05}
TsTg =TTy = 1171’3
Tma1+(m+n)a2
Cy
" =Ty
Ch
Tmal
Co
1
To
Hag,n

rs

9 =Ty

T(m+n)(a1 +a2)

Cs

T1iT2 = T2T3 = T'371

Cy

T(m+n)a1 +nas

Cs

s =Tg

Tnag

Te

Figure 5-3: Type As

T4

s

Ha1 +ag,m+n

1

w,

If m = 0: The translations corresponding to alcoves are symmetric about the affine hyper-

plane Hq, pm:

T,

T(m+n) (a1+a2)

maq+(m—+n)as

TO = Tma1

== Tnag

42
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Since we are interested in what happens when we cross reducibility hyperplanes, we may
assume that n = m+n > 0. As Cp and s, ,mCo = sq,Co are adjacent alcoves separated
by a Weyl chamber wall (which is not a reducibility hyperplane), therefore w;Cj and

W1~ ‘54, Co are adjacent alcoves separated by a Weyl chamber wall, whence
R”LTI_ICO — Rm_lsalco

1 1

As Wi wr =Wy 'wy = wy = wy or wy = Sq, Wy, we conclude that (5.1.3) still holds.
We consider that equation, for various values of u, and the subsets I which correspond

to w:

i = 0: As the translation is trivial, at least one of the hyperplanes associated with (1)

is non-positive if I is non-empty, whence (1) = 0 if I is non-empty.

p = nag: Subsets I corresponding to nag are: {3}, {6}, and subsets of size at least 3.
Subsets I corresponding to may + (m + n)ag are: {2,3},{2,6},{5,6} (these cor-
respond to r3r2); {1,2},{1,5},{4,5} (these correspond to ra71); {4,3} (this corre-
sponds to r173); and subsets of size at least 4.

When we have the hyperplane H, , where o and n are positive separating adjacent

alcoves wAg and w’ Ay, recall that
RUA0(\) = R0 (\) 4 2e(w Ao, w' Ag) R ™™ (SamSan)).-

If w’ Ay lies in the interior of the Weyl chamber s€, then s,w’Ag lies in s,5¢y. By
our claim, the number of positive roots with corresponding hyperplanes positive in
s& is greater than the number for s,5&y. As two of the three hyperplanes of C are
positive in the case where m = 0 and n > 0, we cannot have three or more positive
hyperplanes corresponding to £(I). As the number of hyperplanes corresponding to
e(I) is |I|, we conclude that (1) =0 if |I]| > 3.

If 1 or 4 belongs to I, then £(I) = 0. This is because ws, W™ = Syak, and
because 71 and r4 correspond to reflection through H,, o, which is not a reducibility
hyperplane.

The affine reflections corresponding to I = {2,3} are ry and TarsT2, which cor-
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respond to the hyperplanes Hy, +aq,m+n and Hsa1+a2 (az);n = Hay,—n, respectively.
As the second hyperplane is not a reducibility hyperplane, therefore ({2,3}) = 0.
Similarly, e({2,6}) = ¢({5,6}) = 0.
Thus (5.1.3) for u = nay gives us:

8(02, 03) + 6(05, Co) = 0.

We will provide less detail in subsequent cases. The arguments are similar. It is

helpful to refer to Figure 5.2.

= (m+mn)(a; + az): Again, if |I| > 3, then (1) = 0. We have:

I Corresponding w; | Corresponding w7 wy
{2}, {5} r2 Timtn)(ar1+az)

{2,4} T2 Tim+n)ar+nas
{1,3},{1,6},{4,6} | r3r

{3,5} rar3

As before, if I contains 1 or 4, then £(I) = 0. The hyperplanes corresponding to
{3,5} are Hy, n, and Hy, m4n, which are reducibility hyperplanes. We conclude from
(5.1.3) that

E(Cl, Cg) + 6(04, 05) + 25(02, 03)8(ﬁ04,77305) =0.

If n = 0: Symmetry with the case m = 0 gives:

E(Co, Cl) + 6(03, 04) =0 and
6(05, 04) + E(CQ, Cl) + 2€(C4, C3)5(ﬁ02,ﬁ01) =0
<~ 5(017 02) + <3—<C’47 05) + 26(007 Cl)g(ﬁChﬁCZ) =0

If m+n =0: As we are interested in what happens when we cross reducibility hyperplanes,

we may assume that m and n are non-zero. Without loss of generality, assume m > 0
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and n < 0.

For any I corresponding to To, T(mm+n)(a1+a2)> Imars OF Timay+(min)ass L) = 0 if T
is non-empty as the translation is by a non-positive amount so that at least one of
the associated hyperplanes must be non-positive. Since C contains only one positive

hyperplane, by Claim 5.2.2, ¢(I) = 0 whenever || > 2. From (5.1.2), we conclude that
6(02, 03) + 8(05, Co) =0.
Symmetrically, if m > 0 and n < 0,

E(C(), 01) + 6(03, 04) =0.

Type Bs: We label the diagram as we did for type As:

C:{C(),...,C7}
T4 Ts
T3
T2 =T¢ T(2m+n)a1+2(m+n)o<2
rry = Tr3r;
T(2m+n)(a1+a2) = ToTy = T4T2
rs = T
o1 = T'3T2
= T3 = T C! C
473 172 3 4 T(m+n)(a1+2a2)
CQ C’5
Tma1+(2m+n)a2
T2
Te
Ha1+a2,2m+n
C Cs
" =7Ts5 172 = I'aT3
=T3ry = T4
C10 C’? T(m-l—n)oq—f—nozg
Tma1
T4y =T8
1 Ty
Tna2
A1 r7
Ts
Hal,m Hamn Ha1+2a2,Tn+n
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If m = 0: We may assume n > 0. Since Cy and sq,,,»Co are adjacent alcoves separated by
a Weyl chamber wall, as before, (5.1.3) holds. We examine this equation for different
values of u:
= 0: As before, (1) = 0 for non-empty I.

1 = nag: For now, restrict our attention to I of size less than three. We have:

1 Corresponding w; | Corresponding w7 'wy
{4}7 {8} T4 Tnaz
{L 2}3 {17 6}a {5a 6} ror1 Tma1+(2m+n)o<2

{273}7 {277}7 {677} r3r
{374}7 {37 8}, {77 8} 473
{4a 5} rra

Note that 7or373 and 737473 correspond to Hal,_(m+n) and H, 4+a,,—n, respectively,
and therefore (1) = 0 for I corresponding to r3re and r47r3. As r1 and r5 corre-
spond to reflection through a Weyl chamber wall, £(I) = 0 for I containing 1 or 5.

Therefore, if we take (5.1.3) modulo 8, we obtain

8(03, C4) + 8(07, C()) =0.

w=(2m+n)(a1 + az): If |I| > 4, then ¢(I) = 0 by Claim 5.2.2. Consider I of size less

than four:
I Corresponding w; | Corresponding w7 lwy
{2}, {6} T2 T(2m+n)(a1+a2)
I = {il <9 < ig} TisTisTip = T2
{2,5} 172 Tim+n)ai+nas
{37 6} rars
{4, 7} 374

{1, 4}, {1, 8}, {5, 8} T47T1
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Observe that 737273 corresponds to H, _(2m+n), and so e(I) = 0 for I corresponding

to rors. Meanwhile, r4 and 747374 correspond to H,, , and Hq, ym+n, respectively.

We conclude that £({4,7}) # 0.

If I contains 1 or 5, then (/) = 0. The only subsets I = {i1 < i2 < i3} which

do not contain 1 or 5 for which ro = ri,ri,r;, are: I = {3,4,6},{4,6,8}. (Note

that computations may be done using the relations listed in the diagram.) As noted

previously, 737473 corresponds to Hq, tas,—n, and so €({3,4,6}) = 0. Note that

TATETRT6T4 = TaT4T4 = Say,—n @S T and rg correspond to roots that are orthogonal

to each other and ryq = rg. Therefore, £({4,6,8}) = 0.

Thus (5.1.3) gives

6(01, CQ) + 6(05, 06) + 26(03, C4)E(ﬁCG,HC7) =0.

uw= (m+n)(ag + 2az): Consider I of size less than three:

1

I Corresponding wy | Corresponding w;~wy
{3}7 {7} T3 T(m+n)(a1+20<2)

{17 3}7 {17 7}7 {5a 7}7 {37 5} 3T, 173 T(Qm—&-n)og—i—?(m—i—n)ag
{274}a {238}7{&8}3{47 6} T4T2,T4T2

If I contains 1 or 5, then ¢(I) = 0. For each of I = {2,4},{2,8},{6,8}, and {4, 6},

e(I) # 0 as o and ry4 correspond to reducibility hyperplanes, and since the roots

corresponding to ry and 74 are orthogonal. Note that there is an even number of

such I. Thus, (5.1.3) taken modulo 8 gives

£(Ca,C3) +¢(Cq,C7) = 0.

If n = 0: Since Cp and sq, ,Co are adjacent alcoves separated by a Weyl chamber wall, as

before, (5.1.3) holds.
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p = mai: Consider I of size less than three:

I Corresponding wy | Corresponding wr twy
{1},.{5} |n Tnes

{2,5} r1ir2 Timtn)ar+nas

{3,6} rors

4or8€l|rary,rar

Since 727173 and 737273 correspond t0 Hy, +2a5,—m and Hy, _ (2 4n) Tespectively and

since e(I) = 0 for I containing 4 or 8, therefore taking (5.1.3) modulo 8, we obtain
E(Co,cl) +€(C4,C5) =0. (5.2.2)

= (2m +n)(a1 + az): Consider I of size less than three:

1 Corresponding w; | Corresponding w7~ tw;
{2}, {6} 72 T(am-+n)(a1+as)

{17 3}7 {]—7 7}7 {57 7}7 {37 5} rr3,r3ri T(2m+n)a1+2(m+n)a2
4dor8el raT4, 7472

Recall that (1) = 0 for I containing 4 or 8.
As the roots which correspond to r1 and r3 are orthogonal and since the correspond-
ing hyperplanes are reducibility hyperplanes, therefore £(I) # 0 for each of the four

I corresponding to r173 and rsry. Thus, if we take (5.1.3) modulo 8, we obtain

£(C1,C2) +¢(Cs5,Cq) = 0.

w=(m+mn)(a; +2az): By Claim 5.2.2, we only need to consider I of size less than
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four:

1 Corresponding w; | Corresponding w7 !w;y
{31A{7} T3 Tim-+n)(ar+2a2)

I ={i1 <ig <is} |ririyri, =13

{1,2},{1,6},{5,6} | rar1 Trnai+(2m+n)as
{2,3},{2,7},{6,7} | r372

4dor8el 4T3, 7174

As Tar37y corresponds to Hy, _(p4y), therefore (1) = 0 for I corresponding to 7372.
Note that 717277 corresponds to Ha, 2mm+n, Which is a reducibility hyperplane. From
(5.2.2), e({1,6})+e({5,6})=0.

As before, if 4 or 8 € I, then £(I) = 0.

The only possible subsets I = {i; < ia < i3} which do not contain 4 or 8 for
which 7 ri,mi, = r3 are I = {2,5,6} and {1,3,5}. Orthogonality arguments give
£({1,3,5}) = 0. As o173 corresponds to Hy,42a,,—m, therefore e({2,5,6}) = 0.
From (5.1.3), we conclude that

E(CQ, Cg) + E(Cﬁ, 07) + 25(00, C1)€(ﬁ01,ﬁ02) =0.

If 2m +n = 0: We may assume that m and n are non-zero.

If m > 0,n < 0: For non-positive p and for non-empty I corresponding to T}, €(I) = 0.
Therefore, for I corresponding to 7o, T(2min)(ai+as)r Lnoss Lmtn)ai+2(min)ass
Timtn)(ar+2as)s a0 T in)ar4naqs €(I) = 0if I is non-empty. Thus equation (5.1.2)
reduces to

S 2R (X —may) =0

0#ICA1,..., £}
W‘lezmal

As C only contains one positive hyperplane, Hy, m, we conclude that (1) = 0 for

|I| > 2. Furthermore, for any I in the above sum for which (1) # 0, w7~ 1Cj lies in
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the Wallach region. From this, we conclude that
£(Cop, C1) +€(Cy,C5) = 0.

If m < 0,n > 0: All (1) are zero for non-empty I corresponding to To, T{2m-yn)(a1+as):

Tnays and T, 4 (2mn)as- Thus, we may rewrite (5.1.2) as

S MR- )+ Y 2RO (N~ p) =0
0#IC{1,...,0} 0#£JC{1,...,0}
wr lwr=m wywy=pso

where (11 = nag and pg = (m + n)(ay + 2az). Consider the first sum.
As C contains two positive hyperplanes, for I of size greater than two, £(I) = 0.

Restricting our attention to |I| < 2, we get:

I Corresponding w; | Corresponding w7~ tw;
{4}7 {8} T4 Tnaz

rir3, r3r T(2m+n)a1 +2(m+n)az
20r6 €1 | rory,rary

If I contains 2 or 6, then £(I) = 0, as 72 corresponds to reflection through a Weyl
chamber wall.

As the hyperplane corresponding to r; is not a reducibility hyperplane and since
the roots corresponding to r; and r3 are orthogonal, therefore e(I) = 0 for I corre-
sponding to r1r3 and r3ry.

As nag is strictly smaller than (m 4+ n)(a1 + 2as) = (m 4+ n)ag + nay in the partial

ordering on A, by our arguments above,

6(03, 04) + 8(07, Co) =0

and in fact, each summation must be zero.

Now we consider the second sum. Again, we restrict our attention to I of size no
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more than two:

1 Corresponding w; | Corresponding w7 !w;y
{31A{7} T3 Tim-+n)(ar+2a2)
2or6el T1T2, 7273 T(m+n)ai+nas

{4,7} r3ry

{1,4},{1,8},{5,8} | ram1

The reflection 71 corresponds to the hyperplane H,, , which is not a reducibility
hyperplane. We conclude that (1) = 0 for I corresponding to r47.

As r4 corresponds to Hg, , and as 747374 corresponds to Hy, m4n, both of which
are reducibility hyperplanes, therefore ({4, 7}) # 0.

Recall that if I contains 2 or 6, then () = 0.

Combining our results, and observing that w7 'C lies in the Wallach region for

I ={3},{7}, and {4, 7}, because our second sum must equal zero, we obtain
5(02, C3) + E(Cﬁ, 07) + 25(03, C4)€(ﬁC6,ﬁC7) =0.

If m 4+ n =0: We may assume that m and n are non-zero. We consider the following two

cases:

If m <0,n > 0: For I corresponding t0 1o, T{m1n)(a1+2a2)s Lmars L(2m+n)ay+2(m+n)azs
T om+n)(a1+as)s A To, 4 2mtn)ass (1) = 0 if I is non-empty. Arguing as in the

case 2m +n = 0 with m > 0 and n < 0, we get

S ol =0

0#£IC{1,...,L}
Wi Twr=naos

SO 6(03, C4) + 8(07, C()) = 0.
If m > 0,n < 0: All £(I) are zero for non-empty I corresponding to Tp, Timtn)(a14+2a2)>
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Thays and T(4n)a, +nas- Thus, we may rewrite (5.1.2) as

ST dlleRTT O+ > 2V (RO (N — ) =0

PAIC{1,...,6} 0£JC{1,...,0}
wr lwr=m wywy=po

where p; = may and pe = (2m + n)(a; + az2). Consider the first sum and the I of

size no more than two in that summation (as C contains two positive hyperplanes):

I Corresponding wy | Corresponding w; twy

{1}, {5} 1 Ty

dor 7€l |rirs,r3rg Tomtn)ar+2(m+n)as
714, 7472

Arguing as for the first sum in the case where 2m +n = 0, m < 0, and n > 0,
we conclude that e(I) = 0 for I corresponding to 7173, rary, rors, and rqry. We
conclude that

E(C(), Cl) + 8(04, 05) =0 (5.2.3)

and as before, each summation must equal zero.
Now we consider the second sum. Again, we restrict our attention to I of size no

more than two:

1 Corresponding w; | Corresponding w7 'wy
{2}, {6} 2 T 2m+n)(a1+as)
{1,2},{1,6},{5,6} | roam T o +(2m+n)as
dor7€l 7372, 7473

{4,5} riry4

As 1y corresponds to a negative hyperplane, therefore €({4,5}) = 0.
If I contains 3 or 7, then (/) = 0.

The reflections r1 and 7ire77 correspond to the hyperplanes He, m and Ha, 2m4n,
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respectively, which are reducibility hyperplanes. By (5.2.3), £({1,6})+¢({5,6}) = 0.
Combining our results and observing that w; 'C lies in the Wallach region for

I ={2},{6}, and {1, 2}, because our second sum must equal zero, we obtain

£(C1, C2) 4 £(Cs, Cg) 4 26(Co, C1)e(T1C1,71C2) = 0.

This ends the proof of the proposition. O

Remark 5.2.3. Observe that our computations show that when crossing a hyperplane corresponding
to a1 or as, the value of € does not depend on the Weyl chamber containing the point of crossing.

Furthermore, none of our arguments referred to simplicity of the «;.
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5.3 Using induction to obtain the general case

Definition 5.3.1. Fiz a hyperplane Hyn and s € W. We let e(H, n,s) be the value of any
e(wAp,w'Ag), where Hy N separates the adjacent alcoves wAy and w'Ay, wAy C HjN and

w'Agy C H y, and wAg C s€y (and hence w' Ay C s€y). By Proposition 5.1.1, this is well-defined.

We begin by computing ¢ for a simple root «a.

Lemma 5.3.2. Let §, be —1 if a is noncompact, and 1 if it is compact. If o is simple and n is

positive, then e(Hap,s) = 0.

«

Proof. Choose a standard triple X, € ga, Yo € g-a, and H, = [X,,Ys] € b satisfying
w(Hy) = (p, ) ¥V € h*. We have the relations

[Ho, Xo] = 2X,, [Hy, Yo] = —2Y,, [(Xa,Ys] = Hy,

a(Hy) = (a,a") = 2.
Taking complex conjugates, multiplying by —1, and using anti-commutativity,

[_E[O”XO‘] = _2X0“ [_Ho“ 04] = 2Ya’ [YOHXOC] = —H,,

a(H,) = (a,a") = 2.

If o is imaginary, then X, € g_ and Y, € g,. Also, —H, = H,. The above relations give
(Yo, Xo, —Hy) = (cXq,c 1Y, Hy) for some non-zero scalar c. B(X, X) is positive for non-zero
X € p and negative for non-zero X € £. By Lemma 2.18a) of [7], if « is compact, then ¢ < 0 and if

« is noncompact, then ¢ > 0. We may arrange for ¢ to be +1. We have:

Y, = 60 Xa-

The A — na weight space of M(\) is one-dimensional and spanned by the vector Y 'vy. We
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know that

<Y£UA,Y$U/\>>\ = 53<U>nXch?U)\>z\

= Spn!(vx, Ho(Ho — 1)+ (Ha — (n — 1))va),

from sly theory. As A(H,) — j is positive for j < n —1and A € H,,, N H;n_l,
j=n-—1 and)\EHoj’nﬁHJr

an—1°

e(Ham,s) =0p. O

negative for

while it is positive for j =n—1 and A € H, CJ{ n, We conclude that

Lemma 5.3.3. Let v be a positive non-simple root. There exists some simple root o such that

(v,) > 0 and sqy > 0.
Proof. The first statement follows from Lemma 10.2A of [3] and the second from Lemma 10.2B. [

Proposition 5.3.4. Let v be a positive non-simple root. Let o and 3 = sq7y be the roots provided

by Lemma 5.3.3. If o,y do not generate a type Gy root system, then:

If Iyl = laf:
(i ) —0Ne(Hpn, Sas) if a and 3 hyperplanes are positive on s
€ ’Y7N7 s) =
6Ne(Hp n,5a8)  otherwise.

If 2 f? = |af?:

(H ) —555(H5,N, 5q8) if o and o+ 20 = sga hyperplanes are positive on s

€ 77N7 s) =
6Ne(Hp N, sa8)  otherwise.
If |y = 2]af?:
e(Hg,N,Sa5) if o and o+ B = sga hyperplanes are positive on s
€(H77N7 3) =

—e(Hg N, 5q5) otherwise.

Proof. Consider a two-dimensional slice P = span{«,~} + po through s€,, where yg lies in the
intersection of H, y and H, j for some integer k, and (p0,6") is not an integer for any root ¢ that
does not lie in the root subsystem generated by o and . We are in the leftmost situation of Figure

5-2. If we take a suitably small circular path around pg in P, due to Remark 5.2.3, the proof of
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Proposition 5.2.1 still applies with « and ~ corresponding to a suitable choice of the roots in the
root system generated by a; and «g. Further, our observation in Remark 5.2.3 still holds, so that
for a and some root ¢ in our root system generated by a and « corresponding to the «;, the values
for € for the hyperplanes H,, j, and Hs ) do not change as we cross Weyl chamber walls along a path

restricted to P.

Case || = |a|: First, we examine the rank 2 case using the setup of Figure 5-1 when m = 0. Our

equation from Proposition 5.2.1 gives:

- 4 + - -+ o+ -
e(C1,C2) 4+ e(Cy,Cs) +  2e(Cy,C3)e(73Cy,73C5) = 0

Ha1+a2,m+n Ha1+a2,m+n Haz,n Hal,ern
$a2
C:{Co,...,05}
Saytas SaySasSay Say
$a1$a2

<

Y

Sy SazSan

Say Sai+as

Hozl,o HO(1+O¢2,0

Sas

Hag,(]

Figure 5-4: Type As: calculating € for Hy, o, N
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g(Hal‘i’aQ,N? Sag Sal) = _g(HalJrOéz,Nv SalsaQSOél) = E(Haz,Nv San SOéQSOél)E(Hal,Nv Sal)

by Lemma 5.3.2 = 52’15(Ha27N, Say SasSay)-

Proposition 5.2.1 indicates that e(Hq, +a,,n5, s) changes sign as we cross the hyperplane H,, ,

(H 5 ) 5N] (H ) ) 5N] (H ) )
€ o142 N}SQ]SQQ (6% € CX;N?SQJSO{ZSCM] 6] £ a2 N?SQQSQ]SQZ .

Writing o > 0 on s&€, to mean that a hyperplanes are positive on s€,, we have

52]16(Ha27]v,8al$) if a1 < 0,9 >0 on sC,,
€(Hay+as,N58) = —52[15(Ha2,N, s) ifag >0,a2 >0 on sC,,

6 e(Hag,N, Say8) if a1 > 0,02 <0 on s€,.

Note that a; +ag hyperplanes are positive on s€, if and only if ag = s,, (a1 +a2) hyperplanes

are positive on sq,5€,. By Remark 5.2.3, we may rewrite the previous equation as:

N .
—05,6(Hay Ny 50,8)  if a1, a0 >0 on s&,,
e(Hay+as,N 8) = N )
00 E(Hay, Ny 5a,8)  otherwise.

In the case where || = |«/, the root subsystem generated by « and 7 is type Ag as (v, «) # 0.
We assign a3 + ag = v and a; = «, without loss of generality. The first formula in the

Proposition now follows from our initial remarks in the proof of this Proposition.

Case |a|? = 2|y|?: Again, we consider the rank 2 case using the setup of Figure 5-1. The roots
~ and « generate a root system of type By and they must correspond to a; + ag and ag,

respectively. Our equation from Proposition 5.2.1 for m = 0 gives:

-+ + - -+ o+ -
e(Cq,Cy) + €(C5,Cp) +  2e(Cs,Cy)e(T2Cs,72C7) = 0.

Ha1+o¢2,2m+n Ha1+o¢2,2m+n Hag,n Hal,m+n
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As e = 41, letting n = N, we can rewrite this equation as

5(H011+042,Na5a280¢15042) = *5(Ha1+042,1\775041504230418042)
= g(Ha27N750&1304250115042)5(1{011,1\77Sazsal)

= 60 e(Hay N, SarSazSarSas) by Lemma 5.3.2.

Socg Sa1
San+2az
C={Cy,...,C7} S Sas Sar Sas
SaySazSay C’3 C’4
Co Cs
Cy Cs
Cyl C
Sa1 Sas 0 7
SasSa; Sas
San+as
Saq+as
Ha1+a2,0
Say SasSay
1 Sos
Sal 3a1+2a2
HO&LO Ha270 Say Ha1+2a2,0

Figure 5-5: Type By: calculating e for Hy, 1a,, N
Proposition 5.2.1 indicates that e(Hq, +a,,N, 8) changes sign as we cross the hyperplanes Hy, o
and Hu, 424,,0, 5O we also have

N
5(Ha1+a2,N7 Sa1Saz) = _5(Ha1+a2,Na Sa1SazSa;) = 5a1€(H012,N7 SaySazSa Say)-
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Combining these equations and noting that a; + as hyperplanes are positive on s€, if and

only if ag = sq, (a1 + a2) hyperplanes are positive on s, s€,, we have

—62715(]{@27]\/, Say8) if ag > 0,01 + 209 > 0 on s€,
E(Hoél-i-az,N’ S) =
6 e(Hug N, 50,8)  if ag <0 or ag 4 209 < 0 on sq, 5.

As before, the second equation of the Proposition now follows from our initial remarks.

Case |y|? = 2|a|?: Again, we consider the rank 2 case using the setup of Figure 5-1. The roots
~ and « generate a root system of type Bs and they must correspond to a; + 2as and as,

respectively. Our equation from Proposition 5.2.1 for n = 0 gives:

-+ + - -+ o+ -
e(Cq,C3) + e(Cs,Cr) + 2¢(Co, Ch)e(1C1,71C2) = 0.

Ha1+2a2,m+n Ha1+a2,m+n Hal,m Ha2,2m+n
Socz Sal
Sa1+2a2 C= {007 SRR C?}
Sa1SasSa;Sas
SarSazSon [N\ Cy
Cy Cs
C Cs
CO 7
Sa1Sas SazSaiSas
Sai+as
Sai+as
Haﬁ-ag,ﬂ
Sy SasSay
1 Sas
Sal Soc1+2042
Ha, Hobo o Sas Hoy 42000

Figure 5-6: Type Bs: calculating ¢ for Hy, 24, N
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As e = 41, letting m = N, we can rewrite this equation as

E(Ha1+2a2,N’ SaiSazSay Saz) = *S(Ha1+2a2,N’ Say 8a25a1)
= 5(H011,N3 Sar1SazSay )5(H042,2N7 Sazsm)

= &(Hp, Ny Sa1SasSa;) by Lemma 5.3.2.

Proposition 5.2.1 indicates that e€(Hgq,+2q,,n,) changes sign as we cross the hyperplanes

H, 0 and Hy,4a,,0, SO we also have

g(Ha1+2O¢27N7 Sas sal) - _E(Ha1+2a27N7 San Sa130é2) = _5(H01,N7 Say Sz Sal)'

Combining these equations and noting that a1 + 2as hyperplanes are positive on s&, if and

only if a1 = sq, (a1 + 2a2) hyperplanes are positive on s,,5&,, we have

e(Hay,N»SasS) if ag > 0,01 + as > 0 on sC,,
€(Hayt+as,N58) =
—e(Hay N, Sans) ifag <0or o) +az <0 on s€,.

As before, the third equation of the Proposition now follows from our initial remarks.

Lemma 5.3.5. For a positive root o and 8 = s;, - - - si, & where ht(s;; - - - 55, ) > ht(s;,,, -~ 55,)

orj=1,...,k, 8;; -+ 84 1S a reduced expression.
) » vy 1 k

Proof. Assume, by contradiction, that s;, - - s;, is not reduced. By the deletion condition (see [4],
Theorem 1.7), there are indices j; < jo such that s;, ---s;, = s, - - s{jl --~5{],2 -+ 8;,. It suffices to
consider the case where j; = 1 and jo = k. Again, from the deletion condition, o, = si, -+ 84, _, .-
Now (i, 3) = (Sig =+ * Sip_y Qig» Siy ** * Sipy @) = (Siy =+ * Sip_y Qi Sig - - - Sipy_, @) = (., ). Since apply-
ing s;, to § decreases the height while applying s;, to « increases the height, therefore (a;,, 5) > 0

while (o, , @) < 0, which gives us a contradiction. O

Theorem 5.3.6. Let v be a positive root, and let v = s;, - - - 8;,_, o, be such that ht(si]. S, 0G,)
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decreases as j increases. Let w, = s;; -+ s;,. If v hyperplanes are positive on s€,, then

N t >
S(Hy o, s) = 1y N#{noncompact a <l |2}

(1)

(— 1)#{ﬁ€A(w :[Bl=h| and B,spvEA(s™1)}
x (= 1)#{66A(w b):187=2]y|? and B,~sps,BEA(s™)}

( 1)#{56A ):2|8|2=|7|? and neither B nor —sgsyB belong to A(s~ )}
Proof. Note that s;, ---s;,_, must be reduced, by Lemma 5.3.5. Combined with the fact that
¥ = Si; - Si_, a6, > 0, we deduce that s;, ---s;,_,si, must also be reduced by Lemma 1.6 of [4].
By (5.2.1), A(w;l) = {0, i, Qigy ooy Siy - Sip_, Qi

Let wj = (84, -+ si;) ts € Wand v; = (85, -+ si;) "ty for j =0,1,...,k — 1. Note that
wo = s and g = 7. Also, w; = s;;w;j—1 and v; = s;,7;-1. Observe that v is positive on s&p if and
only if v; is positive on w;€y. As ht(v;) > ht(v;+1), therefore (v;, aj;,,) > 0. Thus by Proposition
5.3.4,

If |ij| = ‘O‘ij+1|:
=68 e(Hy, nywig1) if oy, >0and 41 > 0 on w;€,
5(H%_7N,wj) = N J+1 .
5aij+16(H’Yj+17N7wj+1) otherwise.

If 2[5 % = Jovi, |

N . : . . . —_ . .
(H ) = _5a¢j+1€(H’Yj+17N7w]+1) if oy, 0, + 27401 = Sy, @5, > 0 on w; o,
7]\N7 .7 -

N .
504ij+15(H7j+11N’ wjy1)  otherwise.

If h’j‘Q = 2’aij+l‘2:

e(Hyvowipn) i oy >0 and agy + 9541 = Sy;5, 0654, > 0 on w; &,
6(H'Y]r]\/v’ w]) = .
—&(Hy;,, N,wjt1) otherwise.

We make the following observations:
1. As the Weyl group preserves length, |v;| = |v]|.

2. As the Killing form is invariant under the action of the Weyl group, therefore «;, , and
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Yit1 = (i ~~sij+1)_1'y hyperplanes are positive on w;€y = (s;, - - - sij)_lst’lo if and only if

Siy v 8i; Q. and iy - 8i;8i; 8 0 8iy 7y are positive on s€.

3. The reflection corresponding to s;, - - - s; SeTHINI CICT R

5 Sij41 805 " Siy

4. Using Proposition 1.2 of [4], since yj41 = (si, - - 8i;8i,,,) 7, therefore
Syjp1 = Sijyr t S SySiy t Sijyg-
5. From our previous observation, we may conclude that
Siy * Sij Sy Qij g = —(83y -+ Si;SijpqSi; " “ 831 )5y (Siy -+ sijozijﬂ).

From these observations, & — 1 applications of our equations above and an application of Lemma

5.3.2 give the desired result. O
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Chapter 6

Extending to non-compact §

According to our results from Chapter 3, in some sense, the only reducibility hyperplanes we should
worry about in computing the signature character are those corresponding to imaginary roots.

Let A;(g,bh) be the imaginary roots in A(g,h). We observe that it satisfies the axioms of a
root system, hence it is a semisimple subroot system of A(g,h). Let A (g,h) be the intersection
of A;(g,h) with AT (g,h). Observe that if we replace W, and W with the affine Weyl group and
Weyl group corresponding to A;(g, ) in our arguments in Chapters 4 and 5, our arguments carry
through to the non-compact Cartan subalgebra case. The remaining difficulty is to determine the
set of simple roots corresponding to A;r (g,b) and to calculate € for hyperplanes corresponding to
those simple roots (recall d,).

We begin with the observation that as 6A™(g,h) = AT (g, h), if there are complex roots, then
0 is a non-trivial automorphism of the corresponding Dynkin diagram. The only Dynkin diagrams
which have a non-trivial automorphism are those of types A,, D,, and Eg. The vertices of the
Dynkin diagram fixed by 6 correspond to the imaginary simple roots, and the others to the complex
simple roots.

Let II; = {o € IT | v is imaginary} and II¢ = {o € IT| v is complex}.
Proposition 6.1. The set of simple roots corresponding to A?(g, h) is
' :=1L U {o' | o € TIc}

where o' is defined to be o+ iy, + -+ - o, + O if the segment of the Dynkin diagram from « to O
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is (@) = (i) = -+ = () = (0).

Proof. 1t is clear that o € Il; is indecomposable as a sum of positive imaginary roots.

Note that o, «;,, ..., a4, ,0ca all have the same length. Since 6 flips the segment of the Dynkin
diagram (o) — (a4 ) — -+ — (a4, ) — (fa), therefore Oy, = v, ,_,. From knowledge of type A,
root systems, we see that a’ cannot be decomposed into the sum of two positive imaginary roots.

Listing the roots in root systems of types A,, D,, and Eg and possible 6, we see that we have

found all the roots in A;(g, h) which are indecomposable. O

Now we compute ¢ for H,: ,, where a € IIc. We assume A to be imaginary and (A+p, (o)) = n.

We may assume that g is type A,,, @ = aq, and the Dynkin diagram is (a1) — (ag) —- -+ — ()
sothat o = a1 +as+ -+ + ayy,.

Recall the definition of X,,,Ys;, and Hy; from Lemma 5.3.2. The definition is unique up to
multiplication of X,, by ¢ and Y, by ¢! for some non-zero scalar c¢. In the case where aj is
complex, complex conjugation preserves go; + g—a; + 800; + 9-00;- We have g, = g_go; and

8-a; = 90a;- We may choose ¢ so that

_ _ o om+1
—Yo, = Xoo, and — Yoo, = Xa, when j # —
In order to compute €, we use concepts introduced in [9]. Let g1, - ,gm € g be linearly
independent. In [9], the authors give meaning to some monomials
gl gy, (6.1)

where the v; are complex numbers by associating them with appropriate elements of the universal

enveloping algebra. Let J, = {1 < j < mli; = u} and let v* = > . ; ;. In the case where

1, ...,7YN are non-negative integers, by using appropriate commutation relations, we have
o0 1 .
gl = Y Pigalgn o gm)g] g I (6.2)
jla"'7j’7n:0

for some elements P}, ;. (91,-..,9m) of U(lg,g]) C U(g). The Pj, ;. (91,---,9m) are polynomial

in the v;, and thus we may extend the Pj, ;.. to all possible v; and not just non-negative integral

V-
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Definition 6.2. If the following conditions are satisfied:
1. All v* are mon-negative integers.

2. If ju > ", then P}, ;. (g1,...,9m) =0

then the monomial (6.1) is said to make sense. If the monomial makes sense, then the right side

of equation (6.2) is an element of U(g) and we may say that (6.1) is equal to it.

Given w = s;, ---s;, € W and A € h*, we define Ao, A\1,...,Axy € h* by:
Aj+p=si;si (A4 p).

As sgu — g is a multiple of 3 for any 3, 1 € h*, we may define the scalars ; for 1 < j < N so
that \; — A1 = V-

Definition 6.3. Using the notation defined above and letting Y; =Yy, we define
F(w; )\) — }/i;’YN .. }/;I’Yll
Lemma 6.4. (Malikov-Feigin-Fuks,[9]) If F(w; \) makes sense, then F(w; A)vy is a singular vector

of the Verma module M ().

Theorem 6.5. (Malikov-Feigin-Fuks,[9]) If (A + p,a") = n where « is a positive Toot and n is a
positive integer, then F(sq; \) makes sense and F(sq; A)vy is a singular vector of the Verma module

M(X) of weight A — na.

Remark 6.6. Here, we must make the observation that for a complex semisimple Lie algebra viewed

as a Kac-Moody algebra, all roots are real roots.

We return to the setup where o = a1 + - - + . We define

6 = (O+pa))

c—c = (A+poy)
Cm-1—Cm—2 = (A+p,om )

n—cm1 = (A+pan).



If we use s152- - Sp - - - 5251 as a reduced expression for s, then

F(Sai; )\) — YITL—C1 )/Zn—cz .. Y”:{imfl YTLYCWHI . }/202 Yfl.

m m*m—1

If we use $ySm—1---51---Sm—15m as a reduced expression for s,: instead, we get

F(Sai; )\) _ Ynnl—(n—cm_l)YnT;:gn—Cm—Q) . Y2"_(”—Cl)}/'1n}/2nfc1 . Yn—Cm—zyrz—cm_l

m—1

_ Cm—11VCm—2 clynyn—ci N—Cm—-2v nNn—cm—1
= Yt Y Y e Y Y

Lemma 6.7. In our setup above,

F(s182+Sm 52513 A) = F(SmSm—1-""S1""* Sm—1Sm; A).

Proof. We prove this by induction on m. If m = 1, this is clear. If m = 2:

J

()

; J J
e
J
— }/261 YlnYQn_Cl

by Proposition 2.2 (2) of [9]. Now assume m > 2. Let X = s1(A+p)—pand o/ = as+az+---+am,.
Then

o = (O+pal)

c3—ca = (A+p,az)
Cm-1—Cm—2 = (A+p,om )

n—cm1 = (A+pan).



Note that (X + p, (&’)¥) = n. Applying our induction hypothesis for m — 1 to o’ and v/,

F(sq,y) = YY) ..y imtynyom . Y8 Y,?

m m*m—1

_ Cm—1V\v Cm—2 c2vy Ny n—Ce2 N—Cm—-2ynNn—cm—1
- Ymm Ym—l Yv?) Y21/3 ”'Ym—l Ym e

Thus, using our knowledge of type A,

F(sp - 8m---s1;\) = YY) .. .y”:im—lynycm—l S YSRY

m m~m—1

_ N—ClvCm—1\yCm—2 c2vy Ny nN—cCce N—Cm—-2y,N—Cm—11vC1
= Y Yt VY Y e Y Y Y

m

_ Cm—1Vvm—2 c2 n—ciynycCl n—cg N—Cm—-2vN—Cm—1
- Ymm Ym—l Y3 (Yl Y2 Yl )YB Y -1 Ym "

m
_ Co— Cm—2 c1ynyn—ci N—Cm—-2vy N—Cm—
= Y, YT Y Y, s Y, Y

m—1

= F(SmSm—1-""51"""Sm—15m; ).
O

We wish to compute (F(sui3A))*F(sqi3A). Recall that —Y; = Xpq1-; and n — ¢p—j = ¢;.
Using our second expression for F'(s,i;A) for the left factor and our first expression for the right
factor in our setting where we have complex simple roots, we see that the element of the universal
enveloping algebra obtained is equal to the element obtained in the case where all of the «; are
imaginary and compact for j # mTH, Qmt1 is left unchanged, and we use the first expression for
F (843 A) for both factors. As (aj,a’) = (aj, a1 4+ ) =0 for 2 < j < m—1, it does no harm
to assume that for each of those j, (A + p, a}/) = A+ p, a,\gﬂfj) is a small positive number, so
that (A + p,a1) and (A + p, ;) are positive.

Take A so that A\g = A\. We have shown that (F(sq,++am; M) F(Say++am; At) in the case

where a1 + -+ + = o is equal t0 F(Say+-tam; M) F(Say+-+am; At) in the case where the a;

for j # mT‘H are chosen to be imaginary and compact instead and am+:1 is untouched. Letting e be
2

the value of e(Hu,+-4amn, S) Where all of the ¢, even am+1, are imaginary and compact and all
2

of the a; hyperplanes through s&g are positive,

€ if m is even,

n

0 min € if m is odd.
2
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Calculating e using Proposition 5.3.4, we obtain the following:

Proposition 6.8. For a € ll¢ for which the segment from a to Oa in the Dynkin digram has m

vertices,
(-)m1t=—-1 if m is even,
E(Hozi,n) = m—1 sn n . .
(=D)™60 0 =00, if m is odd.
mi1 mi1

Remark 6.9. Here, we observe that we could have arrived at the above answer using Theorem

5.3.6 without adjusting X so that (A + p, oz}/) > 0 for all j as follows:

1. Set vy = a1 +az+ -+ am, and choose s so that A+ p € s€y. Since v = 5152+ Sp—1C0m,
A(w;t) = {ar, 00 + ag,...,010 + - + ap}. Note that 5o, 1.0,y = Qjp1 + - + @y and

A+ p, (jp1+ -+ am))=A+p, (a1 + -+ am—y)Y) by O-invariance of (-,-).
2 SsayqayY =01ty

3. Thus B € A(w;l) such that |B| = || and B,spy € A(s™Y) occur in pairs ay + -+ + aj and
ai + -+ am—j, except for the rool ay + -+ + a9 which is paired with itself in the case

where m is even. In this case,

n
(A+p,(a1+---+am/2)V):§>o.

We remark here that 8 cannot equal .

4. Use the formula from Theorem 5.5.6.

Now g, = C[X1,[Xo, [ [Xim_1, Xm]]---]] is f-stable as o’ is imaginary. We have

01X1, [Xo, [ [Xm—1, Xm] |- ]] = [0X1,0[Xo, [ [Xn—1, Xm] |-+ ]]

= [9X1, [0X2, [ . [eXm—lanmH o H :

As 0o = amq1—5, we may arrange for 0X; = X, if j # mTH, and 0Xmi1 = dq,,, Xmi1.
2 — 2

Using the Jacobi identity, induction on m, and type A,, commutation relations, we may show that

X, [Xone1, [ [ X2, X111 1] = (D)™ 1 X0, [ Xoy [ [ XKoo 1, X |-+

68



It follows that

— [ X1, [ X2, [+ [Xm—1, Xin] ]+ ]] if m is even,

9[X17[X2,[[Xm71,Xm]]]]: 5a [Xl,[XQ,[[Xm—lmeHH if m is Odd,

+1

2

whence:

Lemma 6.10. Let o and m be as defined in the previous Proposition. o is compact if m is odd

and am+1 18 compact, and noncompact otherwise.
2

Theorem 6.11. Let o € Il¢.

-1 if & is noncompact and m is even,
e(Hyin) =19 (—1)" if o' is noncompact and m is odd,
1 if m is compact.

We may adjust Theorem 5.3.6 to obtain an analogous formula for the non-compact Cartan
setting. Note that in the case where o' is noncompact and m is even, none of the roots in A(g, h)
are imaginary and the simple roots corresponding to Af(g, h) are orthogonal to one another. In
this case, € is always —1. In the remaining cases, Theorem 5.3.6 holds if we replace the ambient

root system AT (g, h) with Af(g,h).

69



70



Chapter 7

Historical context

In this chapter, we will expand on the historical context of the problem solved in this dissertation.
Let ¢ = [ & u be a #-stable parabolic subalgebra of g and h C [ be a Cartan subalgebra. Let L

1
be the normalizer of q in G. We define p(u) to be 3 Z a. We make these definitions in the

ac€A(u,bh)
context of our setup from previous chapters.

Recall the definition of the production functor, prof : C(I,LN K) — C(g, L N K):
progV = Homg(U(9), V') Lrk —finite-
We define Z' : C(I, LN K) — C(g, K) by
RV = Fiprog(V ® A*Py).

In [11], Vogan conjectured:

Conjecture 7.1. For an irreducible, unitarizable (I, LN K)-module V' with infinitesimal character
Aeb®, if
Re(a, A — p(u)) >0 Vo € A(u, h)

and if m =dimunég,
then Z™V is also unitarizable.

In [12], Vogan gave a proof of this conjecture, the fundamental idea of which was to couple the
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theory of minimal K-types with knowledge of a large family of well understood unitary representa-
tions which were studied by Harish-Chandra: the tempered unitary representations. The following
will describe some work leading up to and inspired by this result.

Important to the study of unitarizability is a duality theorem for cohomological induction
functors. In his 1978 IAS lectures, Zuckerman proved what was equivalent to the following duality

theorem for the right derived functors I' and '™~

Theorem 7.2. For 0 <i < 2m, X — I''X and X — (I?"~(X")" are naturally equivalent on

the subcategory of admissible (€, 1N €)-modules.

In [2], Enright and Wallach show that since the forgetful functor is additive, covariant, exact,
takes injectives to injectives, and commutes with I', one can prove the following (stronger) duality

theorem (see Theorem 4.3 in [2]):

Theorem 7.3. If X is in fact an admissible (g,€ N [) — module, then the €-module isomorphism
MFX ~ (T FXM)",
where .F denotes the forgetful functor, induces a g-module isomorphism T'X ~ (T2m—i(X"))",

We will discuss the implementation of the £-module isomorphism.

For every v € ¢ with corresponding representation F., there is a positive definite £-invariant
Hermitian form (-, ->7 on Fy and its dual pairing on FJ. The pairing of "X with I'?™(X") uses
the natural isomorphism

X ~ @Hi(e,m X ®F)®F,
vek
as -modules, where the action on the right is on the last term.
We may pair H' (£, €N X ® F7) with H>™ i en X' ® F) by pairing spaces C" and C?m—1

in the cochain complexes using the identification
CH (X ® F;) = Homen((A/(E/EN 1), X @ ) ~ [N'(¢/enD)]" ® X © F.

Using (-, ), a Hermitian pairing between A*(£/€N[) and A2™~¢(¢/€N 1) defined in section 1 of [13],
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we define a E-invariant pairing of C*(£, €N X ® F7y) and Cr=ieen X @ F¥) by

(W1 v ffwr @V @ f5) = (wi,wa) (v,0) (1, f5),,- (7.1)

The standard proof of Poincaré duality shows that this gives us a ¢-invariant pairing at the level
of cohomology. We obtain a £-invariant pairing of T*(X) and I'*™~%(X") from the tensor product
pairing of H(€, €N X ® Fy)® Fy and H>m=ig e X @ FY)® F,, which induces the g-invariant
pairing of the duality theorem of Enright and Wallach.

In the case where X has an invariant Hermitian form and ¢ = m, this implies that there is a
g-invariant isomorphism I'"X ~ (I X)", and so I X has a g-invariant Hermitian form.

Define . : C(I, LN K) — C(g, K) by
L'V =T'ind}(V @ A*Pu).

Since ind§(V)" ~ prof(V"), if V is an (I, L N K)-module, then (L*V)" ~ Z?"(V"). When
studying #'V where V admits an invariant Hermitian form, we are essentially looking at the
duality theorem in the case where X has an invariant Hermitian form and is the generalized Verma
module indg(V).

The general outline of the proof of Conjecture 7.1 in [12] is as follows:

e Any representation which admits an invariant Hermitian form may be obtained from a tem-
pered unitary representation via analytic continuation through representations admitting in-

variant Hermitian forms.

e Jantzen filtration arguments lead us to conclude that for a (g, K)-module of finite length
admitting a non-degenerate invariant Hermitian form (-, -), there exists some finite collection

of tempered irreducible (g, K')-modules Z1, ..., Z, of formal K-character ©(Z;) and integers

p P
such that the signature of (-, ) is er@(Zi), ZTJ_ +06(Z;)
i=1 j=1

+ + - -
Ty see s T T aees Ty

e The tempered characters in this expression for the signature in the case where the (g, K)-
module is ZV must have lowest K-types in the bottom layer of ZV. It follows that unita-

rizability of ZV is equivalent to the form being definite on the bottom layer.
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e Using the ideas of Enright and Wallach (including the construction (7.1) of the invariant Her-
mitian pairing) described above, one may compare the signatures of the invariant Hermitian

forms for V and ZV on the bottom layer of K-types.

Wallach gives an alternate proof to Vogan’s conjecture in [13] that does not use the complicated

machinery of K-types and tempered unitary representations.

For A € 3(I) and V' an admissible, finitely generated ([, L N K)-module, Wallach defines C) to
be the one-dimensional [-module corresponding to A and V), to be C) ® V', which may be extended
to a g-module by allowing u to act trivially. M(q,A,V) denotes the generalized Verma module

U(g) ® V. From irreducible V' which admits an [-invariant Hermitian form (-, -), one constructs

U(a)
an invariant Hermitian form on M (q, A, V') analogous to the Shapovalov form that we constructed.

Wallach defines (V) A, ()) to be well placed if for some & € (3(I) N €)* that is purely imaginary
valued on 3(I) N €y, (&, a) <0 for € A(u,t) and M(q, A+ t&, V) is irreducible for all ¢ > 0. (Here,

we note the connection between the definitions of well placed and Wallach region.)

In the case that (V, A, ()) is well placed,
chs (M (q, A +1€,V)) = e'chs(M(q, A, V).

As discussed previously in Chapter 2, an asymptotic argument as t goes to infinity gives us a
formula for the signature character of M(q, A, V,()) in terms of the signature character of (V,()).
A similar argument gives us a formula for the character of the generalized Verma module in terms

of the character of V.

As in Vogan’s proof, the construction (7.1) of an invariant Hermitian form on I'"X is an

instrumental component in discussing unitarizability. From the construction, it is clear that
chs(T'X ®@T?™'X) =0 (7.2)

for i # m, whence
chsI" X = ch I X. (7.3)

Furthermore, the signature character of I X can be expressed in terms of signatures of the forms
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on the H™ (g, ¢ X ® F) and in terms of characters chF,:

chI™X =) "sgn(H™(g,t X ® FY)) chF, (7.4)
yet
where sgn(Y') is p — ¢ if (p, ¢) is the signature on Y.

For X = M(q,,V,()), Wallach uses the above equation to calculate the coefficient of chF, in
(=1)™chsI™(M(q, A, V,())) in the case where (V) A, ()) is well placed and () is positive definite .
He then calculates the coefficient of chF in Z?E)(—l)ich T(M(g,\,V,())). The first expression
obtained involves chsM(q, A, V, ()) while the second involves chM (q, A, V, ()). Manipulating these
expressions using the formulas calculated using asymptotic arguments mentioned above, he shows

that the two expressions are in fact equal. It follows that
2m ' '
(=1)"eh D™ (M (g, A, V() = Y (=1)'ch T (M(a, A, V; ().

=0

Since T*M (q, A, V) = 0 for i # m and (V, A, {)) well placed, therefore
chs ™ (M(q, A,V ())) = ch ™ (M (4, A, V. ())),

whence I'" (M (g, A\, V, ())) is unitarizable or zero.
Wallach shows that for (V,()) satisfying the conditions of Conjecture 7.1, with necessary ad-
justments to accommodate usage of indf instead of prog, (V,0,()) is well placed. It follows that

["™indgV is unitarizable, proving the conjecture.
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Chapter 8

Conclusion

As discussed in the introduction, the motivation behind the problem solved in this thesis is the
utilization of a formula for the Shapovalov form on an arbitrary irreducible Verma module when it
exists in the study of unitarizability of cohomologically induced modules. It is our hope that the
techniques used in this thesis involving reducibility hyperplanes may be combined with Wallach’s
work described in the previous chapter to arrive at an answer to the unitarizability question.

In order to extend the approach of this thesis, we must begin by determining when generalized
Verma modules are irreducible. This is an open problem in the most general case. However, we
are interested in the case where we are inducing from principal series representations, which could
potentially be treated by ideas in [10].

Once we understand reducibility, we may develop formulas analogous to those found in this
thesis for chsM(q, A, V, () and for chM (q, A, V,()) when (V, A, ()) is not necessarily well placed.

We observe that many formulas such as (7.2), (7.3), and (7.4) still hold outside of the Wal-
lach region. Once we have formulas for chsM (g, A, V,()) and for chM(q, A\, V,()), we expect the
computations in comparing the signature character of the cohomologically induced module to its
character to be analogous to those in [13].

I owe Professor Etingof many thanks for bringing the paper [9] to my attention. Although
his original suggestion was to use formulas for singular vectors to calculate ¢, the suggestion was
abandoned due to the complexity of computing projections p(z*x). Nevertheless, the singular
vector formulas were useful in handling the non-compact Cartan case in Chapter 6. It may be

worthwhile to attempt to draw connections between expressions for singular vectors zv), the value
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of A(p(z*z)), and the formulas obtained for e, with the goal of determining if shorter more direct
proofs for the formulas exist. This in turn may lead to alternate expressions for the sign ¢ which

would be more convenient for the computations described above.
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