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ABSTRACT

Many material properties depend on grain and phase boundary morphology. Equi-
librium boundary and particle morphologies are determined by their interactions

through interfacial free energy. Currently, the determination of boundary and par-

ticle morphology is, for most materials systems, experimentally difficult.

This thesis demonstrates that geometric constructions from capillarity theory for
anisotropic interfaces cannot predict boundary and particle morphology, even in
systems with uniform temperature, pressure, and chemical potentials. In this thesis,
numerical methods are developed and implemented for calculations of anisotropic
particles of fixed volumes attached to one or more interfaces that are also subject
to specified constraints.

Some boundary properties can be found experimentally, such as: the crystallo-
graphic misorientation across the boundary, the fixed average unit normal to the
boundary, the Wulff shapelf’) of the boundary, and the partici®’ within each

grain or phase abutting the boundary. These properties become model parame-
ters in addition to the associated with each interface. This thesis also presents
methods of generating algebraic expressions for interfacial free energy densities,
y"(f), that producen’ for a given symmetry.

Calculated examples show that equilibrium configurations are formed from por-
tions of the boundary and particl®’s and do not contain orientations absent
from the respectivé//s. Under the constraint that the pressure difference across



a boundary is zero, the boundary will develop a constant weighted mean curva-
ture y) of zero. Generally, a boundary is nonplanar in the neighborhood of an
attached particle—even when anisotropic interfacial free energies do not produce
faceting—and maintainskg, = 0 while the boundary particles maintain a nonzero
Ky. This is consistent with independent observations of Pb—rich particles at grain
boundaries in dilute Pb—Al alloys.

Predicted particle/boundary morphologies give a trade-off between boundary and
particle interface—a particle replaces some boundary but also produces boundary
area through local distortions. This result has several implications. The transition
to perfect wetting requires a larger boundary energy density. The steady-state het-
erogeneous nucleation rate is increased when facets appear on the nucleus, but the
increase is diminished if the boundary distorts.

A corollary result presented in this thesis, that particles can induce rotations or ser-
ration through torgques, has implications in microstructural stability and illustrates
avenues for future research.
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Title: Lord Foundation Professor of Materials Science & Engineering

Thesis co-Supervisor: Samuel M. Allen
Title: POSCO Professor of Physical Metallurgy
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Chapter 1

Research Summary

In two dimensions R?), the equilibrium shape of a fixed area attached to a
boundary separating two grains or phases (denttexhdC,) at constant temper-
ature, pressure, and chemical potential for each species can be determined, exactly,
by a geometric construction when the following four properties are known: the
boundary energy per unit length, the boundary orientation, and the oriented Wulff
shape of the fixed area on both sides of the boundary dnd 1%, Wulff shapes
oriented with respect to the embedding crysi@lsandC,, respectively).

In three dimensionsR®), the determination of the equilibrium shape of a fixed
volume is difficult when the boundary is not constrained to remain planar: trun-
cated portions ofty and ", meet the boundary along a triple line that may depart
from the original (particle-free) boundary if the boundary, or at least one of the
Wulff shapes, is anisotropic. For small particle volumes, elastic strains are negligi-
ble. In the absence of other such external influences, the equilibrium configuration
follows a minimization in the total interfacial free energy, and the degree of Wulff
shape truncation is proportional to the net removal of boundary energy.

Because particles attached to boundaries frequently influence the mechanical,
chemical, and electrical properties of a polycrystalline material, a principal ques-
tion is: What is the energy-minimizing geometry for a boundary partickR®m

This thesis provides numerical methods for determining the equilibrium con-
figuration of a boundary particle. The methods apply to particles and boundaries
of any interfacial free energy density. The methods can be extended to particles
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attached to an intersection of distinct boundar&g,(grain or heterophase edges
and corners), and the calculated results can be used to predict, or interpret, mi-
crostructures that can be observed through transmission electron microscopy.

The thesis is divided into four parts. Padefines interfacial free energy and
presents known particle shape constructions that approximate the observed particle
shapes. It further defines the central problem addressed by the thesis and shows that
the solution is applicable to general questions coupling anisotropy and boundary
particles.

Part Il gives the methods of calculating the equilibrium structure of anisotropic
particles attached to isotropic boundariesRitideveloped for this work. Specif-
ically, it demonstrates how anisotropic interfacial free energy density functions,
y(f), can be combined with Rodrigues rotation matrices and the energy minimiza-
tion methods of th&urface Evolveto calculate particles of fixed volume attached
to boundaries characterized by a known free energy dengj}y & fixed crystal-
lographic misorientationRs) that map<C, into coincidence witlC;, and a fixed
averageboundary orientatiomig"?) that separate®; from C,.

Part 111 provides basic examples that show the utility of the methods. The ex-
amples calculate configurations that could appear in a microstructure that results
from minimizations in interfacial free energy. Part Il discusses three of these ex-
amples, outlined below, in detail.

Example one (Ch. 9) considers the heterogeneous nucleation of a particle at
an isotropic boundary. Crystallographic misorientation is fixed, and the nucleation
barrier for an anisotropic boundary particle relative to an isotropic one of specified
dihedral angle is calculated as a function®, M5, ys, andi3’®. Numerical
approximations to the exact configuration show that the simplifying geometrical
assumption of Lee and Aaronson, which uses catenoid surfaces to approximate
the boundary distortion resulting from particle anisotropy, is fairly accurate. This
thesis adds five degrees of complexity to the original work of Lee and Aaronson,
and the resulting calculations show the nucleation barrier to depend more strongly
on particle Wulff shape angs thanf3’d whenRy, is fixed.

Example two (Ch. 10) considers the effect of an anisotropic boundary energy
(ys(fg)) that derives from the Read Shockley model for low angle grain boundaries
in crystals with primitive cubic structures. This example shows that sadropic
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particles may induce boundary distortion, and that particular heterogeneous nucle-
ation sites (boundary orientations) may be more favorable when the boundary is
anisotropic.

Example three (Ch. 11.2.2) considers two classes of torque driven by changes
to boundary particle configuration that reduce the total interfacial free energy. For
this exampleys is isotropic infig andRge. The first class of torque acts on the
boundary and shows that a reduction in interfacial free energy may accompany
boundary rotation wheRo is fixed—in other words, the particle may rotate the
boundary to produce a geometry of lower free energy. The second class of torque
acts on one grain for a fixeﬁg"g—here, the particle may rotate a grain. A general
torque would consist of components tending to rotate the boundary as well as the
grain. To focus on the effect of boundary particle anisotropy, general torques and
constraints imposed by neighboring grains are not considered.

Part IV summarizes the contributions of this thesis and the results from the
three examples detailed in Part Ill. Part IV also outlines steps for modifications
to the model developed in Part Il and lists further applications of the model to
problems related to microstructure.

17



Chapter 2

Interfacial Free Energy,
Boundaries, and Interfaces

2.1 Interfacial Free Energy

Results from this thesis apply to equilibrium at constant temperature, pressure,
and chemical potential of each species. It is assumed that equilibrium is achieved
when interfacial free energy is minimized. Interfacial free energy is that part of
a system’s free energy in excess of the contributions from the bulk phases that
abut to form an interface [1, 2, 3]. Interfaces can be treated as mathematically
sharp, composed of differential elements of area, and joining bulk phases that are
completely homogeneous. The interfacial free energy dengiig, an intensive
quantity giving the free energy per unit area of interface.

Interfacial free energy is often dependent on the unit normal to the interface,
which is called therientationof the interface in this thesis. Common experimen-
tal methods of determining relative interfacial free energy values for interfaces in
solids include measurements of: (1) dihedral angles at junctions of three or more
interfaces separating bulk grains or phases [4, 5, 6, 7]; (2) the equilibrium shapes of
small particles [8, 9, 10], voids, or bubbles [11]; (3) zero-creep techniques in thin
foils and fine wires [12]; and (4) the energy released during grain growth [12, 13].
There are other methods, but they are difficult to apply with precision and are
therefore not used extensively [13].

18



2.2 Equilibrium of Bulk Interfaces: Boundaries

In this work, bulk interfaces—interfaces of fixed average unit normal separating
two phases or grains that are infinite in extent—are distinguished from interfaces
bounding particles. For clarity, bulk interfaces are collectively cdiledndaries
while interfaceis reserved for particle surface.

Consider a system at constant p, and il containing boundaries, where
is the temperaturep is the pressure, andis a vector representing the chemical
potential of each species [14]. For this system, equilibrium is determined by the
minimization of

/VB(ﬁB)dA (2.1)

whereyg(Ng) is the boundary free energy density as a function of the unit nor-
mal to the boundaryjg; dAis an infinitesimal area; and the integral is taken over
all boundaries. (Note that the subscripis used to address both phase and grain
boundaries, but the subscri@B is used when grain boundaries are discussed ex-
plicitly.)

There are many physical examples of systems containing only isotropic bound-
aries [15, page 107-109] with direct applicationserg, block copolymers [16]
and ternary oil water systems [17, 18]. For isotropic boundaries, equilibrium re-
quires that boundary area be a minimum [19, 20].

Material systems are often observed [21, 22, 23] to henieotropicbound-
aries. For these caseg,(fig) must remain in the integrand of Eq. (2.1), and equi-
librium occurs when the boundaries assume a geometry that minimizes the sum of
the area of all boundary orientations, each weighted by its interfacial free energy
density [14, 24, 25, 26].
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2.3 Equilibrium of Interface Bounding Finite Volumes:
Interfaces

For a particle interface, equilibrium is determined by a minimization of

/y(ﬁ)dA—Ap/dV 2.2)

where the first integral is taken over all particle interface and boundary, the second
integral is taken over the particle volume, afsg, the change in pressure across
the interface, is the Lagrange multiplier for the volume constraint.

There are many examples of fixed volumes with an isotropic interface [15, page
109-123]. For isotropic interfaces, equilibrium occurs when the interfacial area of
a fixed volume is minimized, giving an equilibriufyp for a given volume ang.

The Young-Laplace equation [1, 27, 28] relafigs to the mean curvature of an
interface,

oA
Ap:yK:yw (2.3)

wherey is the free energy density ards the mean curvature of the interface [29].
The second equality introduces a definitionko&s the change in aredA, that
occurs when the interface is moved along its normal to sweep out a vaM{i28)].

Mean curvature is an important geometrical property, appearing as a parameter in,
e.g, studies of grain growth [4] and models of periodic structures [30] applicable
to the coarsening of intermediate-stage sintering microstructures [31, 32, 33].

For anisotropicparticle interfaces, stable equilibria occur when the total en-
ergy of the interface bounding the fixed volume is minimized. For these cases,
an anisotropic analogue to mean curvature applies [29]. Anisotropic equilibrium
particle shapes can be obtained through constructions reviewed in Ch. 4.1.2.
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Chapter 3

Particle Shapes in Materials

3.1 Observations

Particles fully embedded within one phase and particles attached to boundaries
are frequently observed microstructural features. The Wulff construction, sum-
marized in Ch. 4.1.2, gives the equilibrium shape—the Wulff shape—of an iso-
lated particle. Wulff shapes of single crystalline particles embedded within a solid
phase have been observed in a number of material systems [10, 34, 35, 36, 37],
and observations of equilibrated negative crystals (voids or bubbles containing
a fluid) [11, 38, 39, 40, 41] are known to produce central inversions to a Wulff
shape [25, 42].

The Winterbottom and Summertop constructions (Ch. 4.2.1-4.2.2) apply, re-
spectively, to particles attached to a single boundary and those attached to the
intersection of multiple boundaries. In these constructions, boundaries are non-
deformable, and particle volume lies completely to one side of each boundary to
which it is attached. (This thesis defines boundariesarsdeformabléf bound-
ary orientation,fig, remains everywhere unchanged. Otherwise, a boundary is
deformable and the average boundary orientatiﬁ@‘fg, is fixed through a global
constraint while local orientation8g, are unconstrained.) Winterbottom and Sum-
mertop shapes have been studied most extensively for particles attached to flat, in-
ert substrates [43, 44, 45, 46] but also appear at non-deformable interfaces within
materials when particle size is small relative to the extent of the non-deformable
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interface [47, 48].

The double Winterbottom construction for non-deformable boundaries
(Ch. 4.2.3) applies to cases for which a fraction of the particle volume lies to one
side of a boundary and the remaining fraction lies to the other side of the boundary.
Generally, this construction predicts the lenticular shape of fixed dihedral angle that
is often observed for an isotropic particle attached to a flat boundary. A number of
oxide particles in Si [49] and Pb particles in Al [50] attached to twin boundaries
are examples of anisotropic particle shapes that are similar to those predicted by
the construction.

There many observations [22, 47, 49, 50, 51, 52] of boundary particles that
produce local variations in boundary orientation, forcing the boundary to “pucker”
and reducing the net boundary energy replaced. However, for these cases, there
is presently no construction giving the equilibrium shape of the particles and the
boundaries to which they are attached.

3.2 Equilibrium Shape for Predictions of Microstructure

The Wulff shape is an equilibrium shape that is useful, for instance, for prob-
lems in the isothermal nucleation of a new phase in a supersaturated system. From
W, the homogeneous nucleation rate at a constant chemical driving force can be
predicted [53, 54]. Likewise, equilibrium shapes derived freth(e.g, Winter-
bottom shapes) allow predictions for heterogeneous nucleation at non-deformable
substrates [55], at boundaries [56, 57, 58, 59], and at boundary junctions [60].

The WuIff shape is analogous to a phase diagram [14], indicating which ori-
entations of interface are unstable to reorientation [24]. When the unit normal to
an interface is not fixed, an unstable orientation will, in the absence of external
forces, rotate into a neighboring orientation that appeargbto reduce its inter-
facial free energy. When an interface must maintain a fixed average orientation (as
for the boundaries considered in this thesis), an unstable interface will break up to
form a corrugated shape containing neighboring Wulff shape orientations (of inter-
face) in proportions given by the convex interfacial free energy plot that is defined
in Ch. 7 and can be derived from the Wulff shape [24, 25, 61].

A phase diagram shows that only certain phases can coexist at equilibrium.
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Similarly, W shows that edges and corners formed by particular sets of orientations
are not expected at equilibrium [14, 25, 42]. The the length of a facet appearing
on the Wulff shape can be related to the length of a facet on an observed particle
shape to determine the weighted mean curvature of a facet [29]. The weighted
mean curvature is useful for thermodynamic models [3] and for kinetic models of
shape changes in systems that do [62] and do not [63, 64, 65] conserve volume.
Weighted mean curvature is defined in Ch. 5.4.1.

Many properties of polycrystalline and polyphase materials are controlled by
boundaries. Boundaries can affect a material’s corrosion resistance, electrical con-
ductivity, yield strength and fracture toughness. In addition, they can facilitate
the relaxation of lattice strains [37] and decrease the activation energy for phase
transitions [66, 67]. Because boundary particles are often used as a means for con-
trolling boundary morphology [68, 69, 70, 71], accurate predictions of equilibrium
boundary particle configurations are necessary for grain boundary engineering that
derives from the introduction of small particles.
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Chapter 4

Particle Shape Constructions

4.1 The Wulff Shape

4.1.1 Definitions

The Wulff shape minimizes the interfacial free energy of a fixed volume in equi-
librium with its surroundings at constamtandji (Ch. 2.3). Definitions regarding
W are introduced here:

1. TheW derived fromy(f) forms a convex set [25],
W={%ecR3¥|%-A < y@)} (4.1)

wheref is taken over all possible orientations on a unit sphere.

2. Orientations, that appear or#// are equilibrium orientationsand have
relatively low energy and/or are necessary to enclose the fixed volume.

3. W are invariant tchomotheities—an equilibrium shape does not change if
the length, which is in units ofefNERGY/AREA], is multiplied by the same
constant in each dimension [72, page 319].

4. W that are polygons iRR? and polyhedra ifR® arecrystalline shapef25].

Figure 4.1 shows four methods of obtaining the Wulff shape from a known
y(f). These methods are briefly described in Ch. 4.1.2.
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(d)

Figure 4.1: Two-dimensional projections of geometric constructionsmgf
adapted from W.C. Carter: (a) the Wulff construction, givingas the inner enve-
lope of perpendicular planes; (b) Herring’s method, showing the orientations that
appear o/ to fall between tangential points of neighboring spheres that pass
through they(f)—origin and lie inside thg(n)—plot; (c) Frank’s method, showing

W orientations to fall between planes that are tangential to, but do not extend to
the interior of, an invertegl(f)—plot; and (d) the Cahn-Hoffman capillarity vector,

which traces?’ as well as the unstable portions that appear WEGTI@ is multi-
valued. Constructions (b)—(d) indicate (1) which orientations are unstable and (2)
the orientations (and the proportions of them) that an unstable orientation will dis-
sociate into when the average orientatiof’s, is fixed. The constructiondo not
specify the exact shape of such a dissociaf&é

4.1.2 Methods of Construction

The WuIff construction [8], given by example in Fig. 4.1, extra®ts from
a polar plot ofy(n) by drawing, for each orientation, a plane perpendicular to
n a distancey(n) alongn from the origin of the plot (Fig. 4.1(a)). Each such
plane eliminates a half-space fromt, and the inner envelope of all planes defines
the W for the y(A) that is plotted. The Wulff construction has been shown to
produce the shape giving a global minimum in interfacial free energy [73, 74] that
is unigue [75].

The Wulff shape can be obtained through other geometric constructions, such
as Herring’s method of tangent spheres [24] (Fig. 4.1(b)) and Frank’s method of
inversion [76] (Fig. 4.1(c)). Herring’s method is reconsidered for interfaces that do
not bound a fixed voluma.€., boundaries) in Ch. 7 and in Ch. 10.

This work uses the Cahn-Hoffman capillarity vect_f)r[,77, 78] (Fig. 4.1(d)),
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to describe equilibrium orientations.
Important features cﬁ include:

1. Itis equivalent the gradient of a homogeneous extension of interfacial free
energy with respect to the area vector,

€ = Ox (Av()) = Oz (V(A)) (4.2)

where
A=A = (A Ao As) Oz = (3%, %, %)

and Ay(f) = y(A) becausey(f) is homogeneous degree one (HD1)An
meaning that multiplyingl by a number), multiplies the entire function by
that number raised to the first powﬁ?‘,.

2. It is analogous to the gradient of other intrinsic thermodynamic quantities.
For example, it is analogous to the chemical potential, and a common tan-
gent construction applied to unstable orientations predicts corrugated struc-
tures [14].

3. Ittracesw .

4. It recovers the relative free energies of equilibrium orientatig(iy, = £-f
— s

5. Its divergence with respect fois the weighted mean curvatureki/
£ [29], which is discussed in Ch. 5.4.1.

For a fixed volume attached to a boundary joining two homogeneous phases
or grains {.e., a heterophase boundary or grain boundary), the shape minimizing
Eq. (2.2) is modified because two particle interfaces replace a portion of the bound-
ary. The modifications t@¥ depend on the properties of the replaced boundary.
Known modified? constructions are described in Ch. 4.2.
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4.2 Particles Attached to Boundaries:
Truncated Wulff Shapes

4.2.1 Winterbottom Construction:
Particle to One Side of a Non-Deformable Boundary

The Winterbottom shapg] minimizes the total interfacial free energy for a
configuration where a fixed volume (henceforth, a particle) locates to one side of a
non-deformable, flat boundary.

The Winterbottom construction was derived [9] to explain observations [44]
of faceted noble metal particles on substrates. The utility of the construction is
apparent on considering the questions prior to [43, 79, 80] and applications follow-
ing [45, 48] its development.

Grain C;

Grain C;

Figure 4.2: The isotropic Winterbottom shape is a spherical cap that results when
the origin of the spheré1’ in C; is displaced from the boundary plane defined by
fg by Ay, alongig. In this case, the boundary energy is relatively small, giving
Ay; > 0 andd > 90°.
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Consider an isotropic particle iR3. When the particle is not attached to a
boundary, its equilibrium shape is a sphere [81]. When the particle attaches to
a boundary joiningz; andC, to form a Winterbottom shape, the first integral in
Eq. (2.2), when applied to all particle interfaces and limited to boundary where
changes occur, becomes

JV)EA= (v, - Vo) Aa +YerAc, (43

for particle volume that locates @;. In Eq. (4.3),Yc, is the free energy density
describing the (flat) particle interface that abOtsyg describes the boundarg

is the replaced boundary area, aggAc, describes the total energy of the particle
interface that abut€;. The Winterbottom shape in this case is a spherical cap
characterized by the contact angdethat satisfies Young’s equation,

Y8 = Yc, + Y, €09 6) (4.4)

for a surface tension balance along the boundary-particle triple line in the plane
of the boundary. Young’s equation is a reduced form of the more general tension
balance that considers components normal to the boundary plane and requires that,
for three interfaces described iy, y», andys,

Yy Y2 ¥
Sin(ezg) - sin(631) B Sin(elz) (4'5)
where;; is the smallest angle between interfacasd j.
Grain C1
Ay, < 0
Grain Cz

Figure 4.3: The isotropic Winterbottom shape for a particle of the same area (vol-
ume inR3) as in Fig. 4.2 but with\yy; < 0 and8 < 90°.
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The two-dimensional projections in Fig. 4.2 demonstrate that the spherical cap
given by Egs. (4.3)—(4.5) can be obtained graphically by placiné—tbeigin of the
sphericali that has a radius of magnitugg and describes the particle embedded
in C; (taking the center of the sphere as the Wulff point) on a plane representing
the boundary position and displacing the sphere by the differance: (Y, — Vs)
along a boundary normal that is oriented fr@nto C;. The portion of the sphere
that remains to th€; side of the boundary after the displacement is a spherical cap
with a contact angle dd—the isotropic Winterbottom shape.

Grain Cz

Grain Cy

(a) (b)

Figure 4.4: The Winterbottom construction is a modification of the Wulff construc-
tion, replacing the half-space of orientations that do not appear (due the removal
of boundary energy) with an interface that has an effective energy dehgity

The Winterbottom shape can be considered as (a) a truncation of the portion of the
shape that lies above the boundary after a translatiakypflong g or (b) the
addition (to the Wulff construction) of a plane perpendiculafigoat a distance

Ay; along—Ag.
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The cap in Fig. 4.2 results for a relatively small boundary free endygy 0)
and thus has a contact angle ®f> 90°. The particle spreads to replace more
boundary energy for the same particle voluméwsis reduced. When the bound-
ary energy is sufficiently high thdty; < 0, as in Fig. 4.3, the cap takes a shape for
which 8 < 90°.

Figure 4.4(a) shows the Winterbottom construction for an anisotropic shape.
Figure 4.4(b) shows that the Winterbottom construction is equivalent to drawing
a plane perpendicular tefng (whenfig points fromC, to C; and the particle is
located inC;) at a distance dly; and eliminating the portion oft/ that lies beyond
(to theC; side of) this plane. The Winterbottom shape is thus a truncated Wulff
shape.

1B — N0y _

Ty
N

0

ey /

\ e

cos (8) = TB=C _
e

(@) (b) (©)

flat j

boundary

Figure 4.5: Winterbottom shapes of fixed volume for: (a) an isotropic particle, (b)
a particle for which the Wulff shape is a cube and the boundary is parallel to a cube
facet, and (c) the same cubi€ where particle facets are inclined to the boundary.

In each case, the relative interfacial free energies give an effective dihedral angle
of 90°—i.e,, (Y8 —Yc,)/Yc, = 1. Interfaces of the anisotropic shapes are slightly
rounded because they result frgf) that have shallow minima producing a range

of neighboring stable orientations.
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Winterbottom shapes for anisotropic particles can be constructed ¥fitluke-
scribing the particle embedded @ (Fig. 4.4) is known in addition tdy; and
fig. The calculated examples in Fig. 4.5 give complete shapBs o emphasize
that, for the anisotropic case, the orientation of the particle relative to the boundary
must also be known-e-g, different Winterbottom shapes, and different changes
in the total interfacial energy, occur for cubi€’ with facets parallel to the bound-
ary and cubel’ with facets inclined to the boundary, a result with implications in
the nucleation of thin films [43, 55]. The anisotropic particle shapes in the figure
have interface with slight curvature. This curvature occurs becausgihesed
to describe the shapes have shallow minima as in Fig. 4.1 that produce a small
neighborhood of stable orientations.

4.2.2 Summertop Construction:
Particle to One Side of Non-Deformable Boundaries

The Summertop shap@2] is a modified Winterbottom shape that gives the
equilibrium form of a particle located to one side of two or more flat boundaries
intersecting along a line (to make an edge) or at a point (corner).

Such shapes were initially considered for orthogonal corners in a study of the
growth mechanisms of LiF evaporated on NaCl substrates [43], but the solution
appeared later and was extended to general corners [82]. The analysis has since
proven useful to problems in sintering [83] and surface lithography [84].

31



Figure 4.6: The Summertop shape of a cube in a corner defined by orthogonal
planes of equal energy densyy = 0.6yc,, whereyc, is the energy density of each
particle facet.
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Like the Winterbottom construction, the Summertop construction discards por-
tions of the Wulff shape. In this case, a half-space is discarded for every substrate
(flat boundary) the particle contacts. For example, Fig. 4.6 shows the shape of a
particle attached to a corner of three orthogonal boundaries of equal energy. Such a
shape might be observed in the valley of a hill-and-valley structure used to describe
faceted boundaries. When boundaries have sufficiently large energy, the Summer-
top shape can be non-convex to allow a particle to increase the total boundary
energy replaced [48, 82].

4.2.3 Double Winterbottom Construction:
Non-Deformable Boundaries

Generally, when a particle attaches to boundary to eliminate boundary energy,
particle volume locates to both sides of the replaced boundary. C.A. Johnson [85]
suggested a simple method to determine the equilibrium shapes of particles with
volume penetrating through a flat boundary. This suggestion was realized with two-
dimensional constructions of single crystal particles attached to flat twin bound-
aries using Cahn-Hoffman capillarity vector [78]. The construction has since been
used to interpret observations of octahedral [49] and truncated octahedral parti-
cles [47] at flat twin boundaries as well as the nucleation of lenticular particles at
general flat boundaries [86].

The double Winterbottom construction is briefly described here, and a peda-
gogical example appears in Ch. 5.3.1. Let the boundaryGgiandC,, as before.

If M4 is the Wulff shape of the particle embeddeddpn and W5 is that inCy,

then the equilibrium shape is described by the union of (the portigafemain-

ing in C; after a displacement of a fraction the boundary energy toWayand

(the portion of A, remaining inC, after a displacement of the remaining fraction
of the boundary energy towafd;). That is, the equilibrium shape is the union
of two Winterbottom-type shapes. This double Winterbottom construction can be
extended to boundary junctions that join non-deformable boundaries.
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4.2.4 Double Winterbottom Construction:
Deformable Boundaries

A double Winterbottom construction that allows the boundary to deform in
the vicinity of a boundary particle was developed [56] to consider the nucleation
of third-phase particles at isotropic boundariesRfh The construction fixed the
endpoints of the boundary, giving, for some cases, boundaries forced to curve to
meet thelV intersections producing a boundary particle shape.

A non-uniformly curved isotropic boundary R? gives gradients in chemical
potential and is therefore an unstable structure. However, numerical calculations
of particles attached to deformable isotropic boundarieR3irbased on théR?
construction applied to specific cases that give non-uniformly curved boundaries
in R? [57] indicate the complexity ofquilibriumconfigurations irR3 for particles
which are anisotropic.

4.3 Summary

Geometric constructions for the equilibrium shapes of particles embedded with-
in a single phase and particles located to one side of one or more non-deformable
boundaries have been developed prior to this thesis. The existing construction [56]
in R? for particles attached to deformable boundaries typically gives insufficient
information regarding an equilibrium configuration R¥. Because one cannot
generally predict changes to boundary shapBRirthat occur on particle attach-
ment, finding the equilibrium configuration for a boundary particle is generally
non-trivial [87], and a study involving boundary particle shape must rely on a nu-
merical method.
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Part Il

Determination of the Equilibrium
Shapes of Particles Attached to
Deformable Boundaries
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Chapter 5

Compromise in Shape due to
Geometric Constraints

5.1 Geometric Description of Interfaces Between
Crystalline Phases

A crystalline interface has eight degrees of freedom. Five degrees of freedom
are macroscopic: three specify the misorientation between the crystal axes of the
grains meeting at the boundary, and two specify the orientation of the unit normal
to the boundary [88]. Here, it is assumed that the three microscopic translational
degrees of freedom are eliminated by an automatic relaxation of the relative grain
positions.

Figure 5.1 illustrates the geometry of a planar boundary separating two grains
C; andC,. For this example, the crystal axes of gr@inare chosen as the reference
axes. Boundary orientation is given by the boundary unit normal defined relative
to the reference axes and requires the specification two geometric variables. The
boundary orientation in the figureiig = <0, %, %> To simplify the notation for
unit normals, common denominators will be eliminated. For example, the bound-
ary orientation in the figure will be referred to g = (012, and the reader can

find fAg with the knowledge that, as a unit vectpng|| = 1.
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Crystal Axes

\

Reference
Crystal Axes

Figure 5.1: Definitions oRe andfg for a planar boundary separating two crystals
C; andC,. The crystal axes df; are taken as the reference axes.
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The crystal axes of grai@, are related to the reference axes by a rotation
about an axifigo1 = (001) (specification of two variables) by an angle®f(one
variable). The crystallographic misorientation that results is given as a vector that
has a magnitude of the misorientation angle and is oriented along the rotation axis.
In Fig. 5.1,Re = ®(001).

Often, severaRq can be used to describe the same crystallographic misorien-
tation. The standard convention is to use the description with the smallest value of
@. In this work, however, alﬁq, refer to misorientations about tki@01) direction
of C;.

5.2 Assumptions

The Wulff shape minimizes the interfacial free energy of a fixed volume. As a
result, particles with other shape- or size- dependent free energies can have equi-
librium shapes different fron¥/. For instance, there are examples that assign
energies to edges and corners [89, 90, 91] and determine equilibrium shapes that,
for small particle volumes, deviate from the particléd. Generally, an observed
particle shape is dependent on interfacial chemistry [92], disruptions to its internal
structure [47, 93], and kinetic limitations to atomic rearrangements [48].

This thesis presents calculations and geometric constructions that neglect the
above complications to determine the effects of interfaces that are arranged to form
a morphology predicted from the isothermal minimization of interfacial free energy
for a fixed (homogeneous) volume attached to a boundary characteriZgd,by
ﬁg"g, andyg(fhg). The calculations and geometric constructions take the following
simplifying assumptions:

1. Aninterface can be treated as a continuum to avoid the need to deal directly
with the its atomic structure.

2. Particles remove/contribute only interfacial energy so that there is no contri-
bution from,e.g, elastic energy.

3. Particles have no internal defects such as grain boundaries that depend on
particle shape.

4. Interfacial free energy densities are fixed at a given temperature.
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5. There are no limitations to the full relaxation of boundary particle configu-
rations.

5.3 Straight Boundaries in Two Dimensions

5.3.1 Pedagogical Example

The pedagogical examples in this section demonstrate the construction of par-
ticle shapes attached to deformable boundari&iriThe first example, illustrated
in Fig. 5.2, is for an isotropic particle attached to a phase boundary. The second,
illustrated in Fig. 5.4, is for an anisotropic particle attached to a grain boundary.
The construction differs from that developed previously [56] in that the boundary
is allowed to relax to an equilibrium morphology.

N

L. R

Reference 10

Crystal Axes fip
() —@ys— @

Figure 5.2: The boundary particle constructiorRf for an isotropic particle at-
tached to a phase boundary. Firgt; and W5 are defined relative t6;. Second,

W, and M5 are both drawn irRY from a common reference. Thirdy is dis-

placed towardC,, and 5 is displaced toware;. Fourth, the intersection of the
displaced shapes (defined here as the union of the displaced halves truncated by the
boundary) is the equilibrium shape, and straight boundary line is attached where
the two shapes meet.
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Figure 5.3: (a) The balance of surface tensions is equivalent to (b) a dosed
triangle at intersections of interface.
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Consider the phase boundary in Fig. 5.2, and take the crystal axes ofjgrain
as the reference axes. Let the Wulff shape of a particle embed@dm7; and
that inC, be W5. Although #, and M, have the samshape they are of different
size because the free energy density of particle interface is different on each side
of the boundary—in the examplg;, = 1.5y, .

Each/ is traced by a set of—vectors. Here, the origin chosen for t_fre
vectors tracing &/ is called the Wulff center of thai¥/ and marked with a black
circle. In Fig. 5.2, the twaol/s are circles, and the Wulff centers are taken to
coincide with the centers of the of the circles.

The general construction of a boundary particle shajiimvolves four steps,
which are numbered in Fig. 5.2 and described in the following:

1. Determine the Wulff shapes as they are oriented in g@irandC..

2. Translate the Wulff centers of each shape to an arbitrary poRY,imhich
is defined as the space taking directions as crystallographic but length as a
free energy density.

3. Displacen} and . from the origin bygg, the capillarity vector for the
replaced boundary+e., for fig oriented fromC, to C;, move W, along
—fAg and W} alongfg until the distance between themHi%BH

4. Attach boundary line of unit normak to the intersection points of the dis-
placed# and Wh.

For particles embedded R?, the Wulff shape of the boundary is irrelevant be-
cause the boundary is assumed to be infinite in extent (Ch. 5.2). That is, boundary
curvature is eliminated as a consequence of equilibrium, meaning that boundaries
maintain a fixedhg and are therefore described by a single boundary free energy
density.
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Figure 5.4: The boundary particle constructiorRfifor an anisotropic particle at
a grain boundary. The construction is analogous to that in Fig. 5.2. In this case, the
Ws are squares related By = 45°, and the orientation of the boundary relative

to Cy is ig = (01).
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For the construction, the boundary and particle interfacial free energy must
be taken from a common reference RY, where units of distance are irEN-
ERGY/LENGTH] for particles inR? and [ENERGY/AREA] for particles inR3. If
Wy and W' denote the displaced Wulff shapes, the intersectignn %%’ de-
fines the boundary particle shape. Note that the term “intersection” is used here to
describe the union of the displaced halves truncated by the boundary. When the
boundary energy is less than the sum of the two particle interfacial free energies,
partial wetting occurs. Otherwise, the case is one of perfect wetting.

The interface of a boundary particle consists of two portions: one that abuts
grain C; and another that abuts gra3. Triple points connect the boundary to
the particle where particle interface in grdda meets particle interface in grain
C,. Figure 5.3 shows that a balance of surface tensions at a triple point, which is
required for the equilibrium shape of an isotropic particle attached to an isotropic
boundary, is equivalent to the closure of ﬁa&riangle defined by the three inter-
faces that join at the triple point.

Figure 5.4 demonstrates the construction of an anisotropic grain boundary par-
ticle. In this case, the Wulff shapes are the same size and shape but have different
orientations relative to the reference axes. The #/care related througRo—

Wy and M5 (and graingC; andCy) have the same orientation when grépis
rotated by—R¢, which is simply a magnitude (the angl® in R2. Following the
general construction outlined above and demonstrated for the isotropic case, the
anisotropic boundary particle shape is given as the intersection betweém;the
and M displaced b)EGB. When multiple triple points are possible, the equilib-
rium (minimum energy) boundary particle shape is that which gives the smallest
volume inRY because

VVYOAE
whereVY is theRY volume andAE is the change in the total interfacial free energy

(Appendix D).

5.3.2 Boundary Particle Shape and Boundary Energy

The relative displacement of the orientéds meeting at a boundary described
by ﬁB (step three of the construction in Ch. 5.3.1) accounts for the changes to
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particle shape due to the removal of boundary energy per unit length of boundary.
This step distributes area along the boundary to balance the (energy reduction on
removing a portion of the boundary) with the (energy created on changing particle
shape). Figure 5.5 illustrates the dependence of the shape of a boundary patrticle of
fixed area on boundary energy with an isotropic and an anisotropic example.

RY RY
- @) * i
G ~ 0- | 4 = f ses~0
/o nas |
Eapte \, J—‘_ —._ //:\7? £aB
fGB\ = - [gGB

]

(a) (b)

Figure 5.5: The effect ofs on boundary particle geometry. In tf columns,

W' Ny is shaded and similar to the boundary particle shapes of constant area
in R?. Asyg is increased: (a) an isotropic boundary particle becomes and increas-
ingly flat lens, and (b) an anisotropic boundary particle can pass through sharp tran-
sitions in shape when an edge is eliminated and retain the same shape for relative
boundary energies above some threshold—in the large boundary energy (bottom)
example of (b), it is not possible to determine the relative boundary energy from
the construction.
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For a fixedfg andRq, boundary energy controls the size of tHéintersection
in RY. Larger boundary energies redutid’ N 7%’ because more energy is avail-
able to create particle interface per unit volume of particle. Whgrand 1% are
isotropic (Fig. 5.5(a)), the equilibrium shape changes from a circle in the limit of
zero boundary energy to a lens of vanishing thicknesg;a®pproaches the sum
of the interfacial free energy densities describing e@¢h Thus, the equilibrium
shape of an isotropic boundary particle indicates the magnitugerefative to the
particle interfacial free energy densitiesGnandC..

In contrast, it is not always possible to determine the relative boundary energy
from observations of an anisotropic particle shape. While the dihedral angle of the
isotropic particle in Fig. 5.5(a) approaches zero as boundary energy is increased,
the intersections of squar®’ shown in Figs. 5.4 and 5.5(b) give particle shapes
that change with increasing for yg < y§"sh°ld The thresholdy"eshold is defined
as the lower bound of producing a constant shape:es for yg > y§"eshold the
shape does not change @&’ N M4’ is reduced. Consequently, the condition for
perfect wetting, which occurs when the particle completely replaces the boundary
with two new interfaces, does not generally coincide with a limiting shape of zero
dihedral angle.

TheR? construction, illustrated in Fig. 5.4 and 5.5(b) for anisotropic particles,
allows the shape of the boundary to relax. The boundaries in Fig. 5.5, for instance,
are everywhere straight. Chapters 6.2—6.4 implement this construction numerically
for particles attached to general boundaries embeddgd.in

5.4 Ruffled Boundaries in Three Dimensions

A boundary particle irR? divides a boundary into independent segments. Each
segment attaches to the particle at a triple point. Generally, the requirements of
particle shape result in non-colinear boundaries at equilibrium (Fig. 5.5(b)).
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@) (b) (©)

Figure 5.6: The intersectiorty’ N MY, between two similar octahedral Wulff
shapes wherét} is misoriented fromi; about the(001) direction ofC; by: (a)
15°, (b) 30, and (c) 45. The boundary must attach to complex intersection line,

which is highlighted in the figure.
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In R3, the boundary is contiguous around an attached particle, and it is not
always possible for the boundary to be everywhere flat at equilibrium. Cylinders
with non-circular curved cross-sections and prisms are physical examples of ob-
jects that produce non-planar boundaries—the cross-sections of such objects have
been observed to twist liquid menisci that joined to them [94]. Anisotropic particles
formed by the abutment oft} to M5 can likewise require a deformable boundary
to contort around the particle. For example, Fig. 5.6 shows the triple line that a
boundary must attach to for particles with shapes formed by two displaced octa-
hedral ”. Equilibrium (for isotropic boundaries) is satisfied when the attached
boundary has a constant mean curvature of zero.

A distorted, or “ruffled”, boundary of average unit nornfidl® will have more
area than its projection onto a plane definecmgﬁ?. For boundary patrticle stability,
the energy created by ruffling must be less than or equal to that removed by the
attached patrticle. Because an anisotropic boundary particle typically creates, as
well as removes, boundary, the displacement of particle Wulff shapes é@ﬁ?\g
(step three in Ch. 5.3.1) is typically less than the magnitude of the boundary free
energy because the displacement must account for any additional boundary energy
created.

The shapes of the deformable boundary and the boundary particle are interde-
pendent. The displacement in the construction giving an equilibrium configuration
relies on a minimization of the the total interfacial free energy. Because one does
not generally know the amount of boundary energy created when a particle at-
taches to a boundary, one does not generally know the equilibrium displacement
a priori. Consequently, there is no known geometric construction giving an equi-
librium boundary particle configuration iR3. The absence of a known solution
was recently recognized in a study [87] using statistical mechanics for particles in
four-phase systems.

5.4.1 Calculated Examples
General Case of Ruffled Boundaries

Calculations in this thesis minimize the total interfacial free energy for a fixed
volume of particle attached to a boundary in a system of con3tam; and[i.
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Typical results show that, under conditions of partial wetting, anisotropic boundary
particles produce ruffles in planar boundaries. All calculations take the crystal axes
of the grain or phase label€ as the reference axes.

Figure 5.7 shows results of two calculations yielding ruffled boundaries and
one yielding a flat boundary. The flat boundary shown in Fig. 5.7(c) is discussed
in Ch. 5.4.1. The result in Fig. 5.7(a) incorporates a puretdfst grain bound-
ary, whereRe = 45°(001) and Ags = (001). The Wulff shape of the particle
is an octahedron described by an interfacial free energy densigs pfand the
free energy of the isotropic grain boundary is less than that of the particle facets,
Yo = 0.75y111. (Throughout this thesis, the general notatygg describes inter-
face of orientatior{hkl) reported relative to the local embedding grain.) Pure twist
boundary configurations are discussed further in Ch. 11.2.1.

Y100
7111

B

Grain Cy

IAl(wg = ﬁ110
ﬁavg = IA1001
Grain Cy Phase C;
Grain/Phase C, Phase C,

(@) (b) (c)

Figure 5.7: Numerical results for boundary particles attached to an isotropic bound-
ary of energyys in R3: (a) a particle for which#// is an octahedron attached to a
pure 45 twist grain boundary, whengs = 0.75y111, andyi1; describes the interfa-

cial free energy of the particle facets; (b) a particle for whi¢his a cube irC; and

a sphere itC,, where 115yg = 0.75y;1090 andyg = 0.5y, with y10g andy describing

the interfacial free energy densities of th00} and {111} particle orientations,
respectively; (c) a particle attached to a phase boundary for whicks an octa-
hedron andit} is a cube, with 115yg = 0.75y100 andyioo/y111 = 1.15. Boundary
ruffling is apparent in (a) and (b) and depends on the boundary particle shape as
well as the relative boundary free energy density. The boundary in (c) remains flat.
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Figure 5.7(b) is the result of a calculation for a particle whBrgeis a cube and
Wh is a sphere. This thesis does not refagtwhen particle interfacial free energy
is isotropic in one grain ang is isotropic infig andRe. The boundary normal in
Fig. 5.7(b) isfig = (110, 1.15ygs = 0.75y100, andycg = 0.5y, wherey;po andy
are the free energy densities of the equilibrium (cube) particle interfaCe amd
the isotropic (spherical cap) interfaCe, respectively.

The configuration in Fig. 5.7(b) could represent a particle attached to a phase
or grain boundary: the Wulff shape of a particle (or its volum&W may differ in
different phases; on the other hand, single crystal grain boundary patrticles are fre-
quently observed to form facets in one grain but an isotropic cap in the other [10].
The Wulff shape is a function of the misorientation between the crystal axes of a
crystalline particle and the crystal axes of an embedding grain. If possible, a crys-
talline particle will align to form thel that, relative to thel’ forming at other
particle-grain misorientations, produces the least interfacial free energy. Generally,
a single crystalline grain boundary particle can align to form this minifain
one grain only, leaving the interface in the second grain to form a portiorief a
dependent on the particle-grain misorientation in that grain. Experimentally, this
second? is often found to be approximately spherical.

Special Case of a Flat Boundary

Figure 5.7(c) shows the equilibrium configuration of a phase boundary particle.
For this case#/ is an octahedron described by facetsygfi, and "% is a cube
described by facets gfioo, whereyioo/y111 = 1.15, andyg = 0.75y111, giving the
same interfacial free energy relationship as in Figs. 5.7(a)—(b). In Fig. 5.7(c), the
boundary orientation idg = (110), andRq = 45°(001).

Fig. 5.7(c) is an example of an anisotropic particle shape that does not ruffle
an isotropic boundary. In this case, one facéufis parallel to the boundary, and
because the interfacial free energy densities describib@rientations are larger
than those describing} orientationsice., yioo > Y111), the particle reduces energy
by creating only one orientation @#% and keeping the boundary flat.
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Conditions for Equilibrium

Figure 5.7 shows approximations to equilibrium. The boundaries have a con-
stant mean curvatur&) of approximately zero, meaning that displacing any ele-
ment of boundary normal to itself to sweep out a volubegives no change in
area. That is, there is no driving force for boundary motion because&A/dV
is zero. Likewise, the boundary particles have constant weighted mean curvatures,
meaning that displacing a particle facet normal to itself gives a change in interfa-
cial free energy that is independent of which facet is displaced. There is, therefore,
no driving force to change shape becakge- &( [ ydA)/dV is a constant for each
particle facet [29].

Because the boundaries in Figs. 5.7(a) and (b) are ruffled miniknal @)
surfaces and particles contain a limited number of facets, each having a fixed ori-
entation, particle facet-boundary dihedral angles vary with position. This result
supports that of King [95], which shows that, at equilibrium, an isotropic interface
can join to an anisotropic interface over a range of dihedral angles.
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Chapter 6

Methods of Calculation

6.1 The Isotropic-Anisotropic Continuum: A Numerical
Trick

It is difficult to calculate equilibrium shapes of fixed volume described by aniso-
tropic interfacial free energies because interface may locally reorient to reduce
interfacial free energy and, in this way, produce shapes that are metastable be-
cause they are non-convex. For example, consider the metastable shapes shown in
Fig. 6.1. In each case, non-convex features—steps and kinks—are apparent.
Each shape in Fig. 6.1 was calculated by minimizing interfacial free energy for
a fixed volume. Figure 6.1(a) was calculated by applying an interfacial free energy
density with equivalent minima i§111} orientations to a cube, which is a shape
that is often used as input to an energy minimization because it is simple to gener-
ate. Figure 6.1(b) was calculated by applying the sgfnhgto a sphere, which can
be calculated from a given input shape by minimizing area for the volume. Fig-
ure 6.1(c) was calculated by applying the say(f® to an isotropic lens attached
to a 15 twist boundary.
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(@) (b) (©)

Figure 6.1: Examples of metastable shapes that result when anisotropy is applied
directly to a starting configuration. Shapes generated by the application of an in-
terfacial free energy densigffi) with equivalent minima i{111} orientations to
(a) a cube, (b) a sphere, and (c) an isotropic lens attached totavisbboundary.
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To avoid metastable equilibria, anisotropy was gradually introduced into a
boundary particle configuration. That is, a continuous set of interfacial free energy
functions parameterized by the depth of specified minima was applied to particle
interface. This numerical trick allowed the particle to gradually increase the area
of those orientations appearing on the final anisotropic shape and thereby avoid
forming non-convexities.

An example using the trick is given in Fig. 6.3 for the calculation of an octa-
hedron from they(f) that produced the metastable shapes in Fig. 6.1. Figure 6.3
shows the shape of the particle for different depflys, p, of the interfacial free en-
ergy minima, wherdyg_p = y(7/5P"¢'9 _y, 1, describes minima of interfacial free
energy density of111 produced from an isotropic reference density(@f/sP"e™9.

(a) (b) () (d)

Figure 6.2: A continuous set gf) that gradually increased the depth of minima

in {111} orientations was applied to create an octahedron. The minima are of
() Ays—p = 0, (b) Ays_p = 0.2y( W9, (c) Ays_p = 0.47y(W "9, and (d)
Ay —p = 0.33y(W/=Phers,
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The set of interfacial free energy functions applied to particle interface param-
eterize a continuous family of shapes connecting an isotréipi an anisotropic
one. The symmetric difference between two shapes,

W(op) A W(ai_1) (6.1)

is a method of measuring how similar they are. Equation (6.1) is the union of
the portion of W (a;) that lies outside ofi(a;_1) with the portion of W (a;_1)

that lies outside ofiW(q;). It is equivalent to evaluating the distance between two
surfaces in a volume integral,

W) s wa) = [[\/(1(ha)- 1@ ))PdA (62

wheref (A, a) is the equation of the surface ®f (a), dAis a differential of surface

area, and the integral is taken over the surfaces of the two shapes. In Egs. (6.1)—
(6.2), a; anda;j_; are successive values af which was used to contrdlyg_p

during a calculation.

The set represented by Eq. (6.1) decreases as the shapes converge and gives a
null set when the shapes are identical [96]. For calculations approximating con-
tinuum linking an isotropic solution to a faceted one, decremerts(increments
to the depth of a minimum) were reduced at least three times during a given mini-
mization to visibly reduce the symmetric difference between calculated shapes.

The numerical trick introduced above has been applied elsewhere [89] to pro-
duce faceted equilibria, and it was used forRfl boundary particle calculations
in this thesis. A description of the method applying a formulationyf@r) that
produces with cubic symmetry is given in Ch. 6.3.2. Results fiif of general
symmetry, presented in Ch. 7, differ from the description for cubic shapes only in
they(f) that is applied.

6.2 TheSurface EvolveBackground

The Surface Evolvef97], or Evolver, is a program that, among other things,
numerically finds the energy-minimizing shapes of surfaces under various con-
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straints. A tool for problems involving material interfaces [9Bj;olveris used
in this thesis to calculate the equilibrium configurations of anisotropic particles of
fixed volume attached to deformable boundarieRine.g, the results in Fig. 5.7.

Evolverrepresents a surface as a finite set of points (vertices) connected with
edges to form flat triangular elements. Surfaces are modeled as mathematically
sharp entities, and a discretized surface approximates a continuum as the num-
ber of vertices is increased. The default surface energy density is isotropic and
equal to unity, meaning that the energy of each element is equivalent to its area.
Calculations as in this study necessitate distinct methods for applying anisotropic
interfacial free energies.

As outlined in [97],Evolvertriangulates a user-defined approximation to the
geometry of interest. Any element of the triangular mesh can be refined during an
“evolution”. An evolution can be deterministice-g, using the gradient descent
method for energy minimization, the equilibrium form of a surface is determined
by displacing each vertex from isurrent position by a vector proportional to
the force (negative of the gradient in total energy) at the vertex position. Vertices
subject to particular constraints are displaced while attempting to satisfy those con-
straints. For example, the calculations in this work are for surfaces embedded in
RS3 subject to the constraints of fixed crystallographic misorientation, boundary
orientation, and particle volume. In practice, this means that the configurations
have degrees of freedom equal to (the total number of vertices multiplied by three
orthogonal translations) less (the number of vertices terminating the boundary far
from the patrticle) less (one for the volume constraint).

Evolverhas a number of advanced features and routines that are useful for
particular problems. Chapter 6.3 shows how crystallography is introduced for this
work by building on the basic description Bf’olverpresented here.

6.3 Using Energetic Constraints to Specify Geometry

6.3.1 Boundaries
Boundaries Maintain a Fixed Ag"

To determine equilibrium particle shapes attached to boundaries that can locally
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reorient, boundaries are constrained to maintain a prescribed average unit normal,
ﬁg"g. The implementation of this constraint is equivalent to the following: the
boundary particle is placed inside a cylinder that has an axis paralf%?’?pand

the boundary attaches to the cylinder walls with & 86ntact angle. There is a

global constraint preventing changesif$® but not displacements alomg".

Boundaries Appear Infinite in Extent

In this work, “infinite” boundaries are large enough that particle-induced ruf-
fling decays before reaching the boundary perimeter. Because boundaries are
isotropic, they are minimal surfaces at equilibrium, meaning that the mean curva-
ture is zero at very point on the boundary. For this reason, the Gaussian curvature,
K, which quantifies the “spread” of unit normal directions per unit area [72, page
215], is used as a local measure of boundary ruffling.

Appendix A demonstrates ho# was determined at a boundary point. Calcu-
lations of K show that boundary ruffling is largest in the immediate vicinity of the
particle—particularly at points where particle edges meet the triple junction—and
ruffling diminishes with radial distance (along the average boundary plane) from
the center of the particle.

Distance from the particle to a point on the boundary wigre 0 is found to
be dependent on particle shape, boundary orientation, and the vahieetdtive to
the particle interfacial free energy densities [99]. The decay distdndacreases
with both the volume of the particle andyk according to

1
2
AD (AE>
YGB
whereAE is the change in interfacial free energy that occurs when a voMin,
boundary particle is formed. In all cases considetgdy 0 atA < 3V1/3, and the

cylinder radius employed in the calculatioms= 8V/3, was more than adequate
to model “infinite” boundaries.
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6.3.2 Boundary Particles
Boundary Particles Enclose a Fixed Volume

If the volume of a particle is not fixed during an energy minimization under
conditions of partial wetting, the particle interface would shrink out of existence
to leave a system that contains only the boundary. Eq. (2.2) is minimized when
calculating a particle shape of fixed volume, d&blverascribes a pressure—the
Lagrange multiplier for the volume constraint—to the particle.

In the calculations, abutting grains exert no pressure along a boundary. Thus,
the pressure of the boundary particle is equivalent to the change in pressure across
particle interface. This change in pressure balances the surface divergencé of the
describing the patrticle [78], a quantity defined as the weighted mean curvature [3,
29]inCh.4.1.2and 5.4.1.

Anisotropic Interfacial Free Energies Maintain a Fixed Ro

Many material systems show second-phase particles to topotactically align in
an embedding grain [100]. This observation, discussed further in Ch. 8, is applied
here: boundary particle facets are used to specify the orientation of each crystal
abutting at a boundaryie., Re. For instance, a particle completely defined by
{111} facets will have{111} facets inC, parallel to the{111} planes ofC; and
{111} facets inC; parallel to the{111} planes ofC,. The misorientation between
the {111} facets inC; and those irC; is feq,. Consequently, in this Worl_éq, is
meaningless for boundary particles that are isotropic in one grain and attached to
boundaries that are isotropic in misorientation (Ch. 5.4).

By default,Evolvergives each elemem of a discretized interface an energy
of |Am|ly, where||Ay || is the area vector of elemekt andy is the unit interface
tension. The components of the area vectorare (Aj, Az, As) = ||A || (N1, N2, n3).
Anisotropic particles of fixed volume can be calculated by defining an orientation-
dependeny(f) to describe each element of particle interface. The total interfacial
free energy for a configuration is a summation over all elem§m$|A'M IlY(Am) =
SmY(Au).

The following HD1 function was used i&volverto form shapes of cubic
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symmetry,

Ay (WsS(ﬁ)—l—WpP(ﬁ))
Y(n) - (n%+n%+n§)3/2 yQ (63)
where
S(A) = n}+n3 +n3 (6.4)
P(ﬁ) = (n1n2)2+ (n3n2)2—|— (n3n1)2 (65)

wherews, wp, andQ are each non-negative. Equation (6.4) is a fourth order poly-
nomial that is applied in this thesis to create interfacial free energy mini0io}
and{111} orientations. As described below, the anisotropy factors used with
variablesws, wp, andQ to create anisotropic particle shapes.

Equation (6.3) allows the depth gfminima in{100} orientations to be spec-
ified independently from those ifiL11} orientations. Specification gminima
gives a result with cubic symmetryi-e., the (100) orientation will have the same
interfacial free energy density as that(601).

The anisotropy facton, is used to control the relative depthygfi)—minima
and thus parameterize the continuuny@f) connecting an isotropi@t’ to the de-
sired anisotropic result. The anisotropy factor takes valuesofiG< 1, producing
nearly crystalline shapes with facet free energieg@f3 for a = 0. All shapes
calculated in this thesis arearly crystalline becausa has been limited to pro-
ducey(f) with minima that are shallow to give a finite range of stable orientations.
To facilitate ensuing discussions, nearly crystalline shapes will be called faceted.

Examples of faceted shapes are shown in Figs. 6.2(d) and 6.4(d). For a fixed
volume described by Eq. (6.3), a sphere minimizes interfacial free energy when
2ws = Wp, a cube is the minimum energy shape when= 1/3 andws = 2, and
an octahedron is the minimum energy shape wige- 1 andws = 0. The rela-
tionship betweemvs, wp, equilibrium shape, and thgn) of orientations appearing
on the equilibrium shape is summarized in Table 6.3.2.

Calculations using Eq. 6.3 give minima {400} and {111} orientations. Al-
though calculations take ti® crystal axes as a referendd,00} and{111} refer
to local orientations (as mentioned above) so ¢hgt,a discussion o100} par-
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a=1 a=0
Ws | wp || shape energy density]| shape energy density

2 1 || sphere vaQ sphere vyaQ,
20 | 2 | sphere vQ cube Z
1 2a || sphere vaQ, octahedron %1

Table 6.1: Relationship betweews, wp, equilibrium shape, and thgn) of ori-
entations that appear on the equilibrium shape witlas described by Eg. (6.3).
VariablesQ are used to define relative free energies of appearing orientations—for
instance, a boundary particle shape that is a portion of a culg and a por-

tion of an octahedron i, could haveQ = 1.15 inC; andQ = 1 in C; to give
y100/Y111 = 1.15, wherey;oo describes the free energy of cube facets, aagdde-
scribes the free energy of octahedral facets. Hemefers toEvolvers default
surface tension.

ticle facets refers both to those abutti@gthat are parallel t4100} planes ofC;
andfacets abutting, that are parallel t§ 100} planes ofC;.

To illustrate the application of Eq. (6.3) for a shape containing §&00} and
{111} orientations, consider a phase boundary particle formed by portions of two
different /. Let the W in phaseC; be a cube described by an interface of energy
densityyioo, and the?’ in phaseC, be an octahedron described by an interface of
energy density111. To apply relative the interfacial free energies obtained from
observations of Pb single crystals in Al [10], againygjo = 1.15y111.

The energy-minimizing particle shape for this example is obtained by applying
Eq. (6.3) to each element of particle interface: Valuesvgandwp producing a
cube ata = 0 (Table 6.3.2) are used wit} = 1.15/(1+ 0.15a) for interface in
Ci, and values ofvs andwp producing a octahedron at= 0 are used witlQ = 1
for interface inC. Fora = 0, these values give minima gfAy) = 1.15y|Au||/3
for each element of interface witih= (100) = f1po in phaseCy, andy(AM) =
yl|Am||/3 for each element with = (111) = A111 in phaseC,. The unit normal
notation is defined in Ch. 5.1.
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e 1g1,Cy | ﬁq) =90% < 100 >|

. N010,C; 10010,C; 01,
n ~
001 ngp o
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FEvolver fig01,C, fig01,C,
Reference Frame ﬁ f .
010,C, 10 C 1001,C,
= Ny, i i
[Rg=15"<o01> " 100, C; 010 C2

| Ry = 90° < 100 >|

Figure 6.3: To determine the shape of a particle attached to a specified boundary,
boundary position was fixed relative Evolvers reference frame, the portion of

the particle inC; was rotated relative to that i@, to define the crystallographic
misorientation (relative t€,), and both portions of the particle were then rotated
relative to the boundary to define the average boundary orientation (relaGy to
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Because Eq. (6.3) produces shapes with equilibrium orientations defined rela-
tive to Evolvers reference frame, direct application of Eq. (6.3) gives boundaries
of zero misorientation-e.g, configurations where th€l00} orientations ofC;
andC; are parallel. Crystallographic misorientation was specified by rotating the
normal components;, np, nz for the energy density of each element (Eq. (6.3)) in
one phase (or grain) relative to those of the otheRby a Rodrigues rotation ma-
trix. The orientation of the two phases (or grains) relative to the boundary was then
specified by a second rotation of nhormal components—this time the rotation was
applied to the normal components of Eq. (6.3) describing interface in both phases
(or grains). Figure 6.3 uses a grain boundary particle formed bydthat are
identical truncated octahedra to demonstrate the successive rotations. Details are
given in Appendix B.

6.4 An Energy-Minimizing Sequence

6.4.1 Introducing Anisotropy into an
Isotropic Boundary Particle Shape

This thesis uses the following four steps to evolve the equilibrium shape of an
anisotropic boundary particle attached to an isotropic boundary:

1. ReplaceEvolvers default tension withyg for elements of boundary and
forms of Eq. (6.3) for elements of particle interface using {te, wp, Q }
combination that gives the desired set of relative interfacial free energies on
each side of the boundary.

2. Seta = 1 to create the shape of an isotropic boundary patrticle (a lens).

3. Decrementr in small steps, re-calculating the equilibrium shape after each
decrement, untiét = 0.

4. Repeat steps 2—3 for a total of three times, perturbing the surface between
the repeats.

Fig. 6.4 shows images taken during an evolution for a particle of truncated
octahedral/ attached to a pure 13wist isotropic grain boundary, whefi VE? =
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(001) with respect to grai;. The boundary tension is the same for all images,
0.75yeB = Y111, Wherey; 11 refers to the{111} facets that result fon = 0.

Fig. 6.4(a) shows the coarse approximation to the boundary particle shape (a
cube) given as input tevolver. Fig. 6.4(b) shows the lenticular boundary particle
of fixed volume calculated fax = 1 (dihedral angle, 2= 166"). Fig. 6.4(c) shows
thea = 0.7 shape, where the particle has not quite formed bfd8®} and{111}
orientations but still produces boundary ruffles where orientations sufficiently dis-
tanced on a unit sphered,, interfacial orientations that are not neighbors on a unit
sphere) meet at the boundary. Fig. 6.4(d) showsithed shape, where the particle
is faceted and the facet energy densities are given in Table 6.3.2.

nmn G
Grain C; '
nmn )
01,6
. LG,
Grain C: L — 1i910,C,
n010,G; 1100,
| Rg = 15° < 001 >
(@) (b) (c) (d)

Figure 6.4: A typical evolution ifcvolver, shown here for a truncated octahedron
attached to a pure 13wist boundary. Briefly: (a) the initial approximation to the
equilibrium boundary particle configuration; (b) the isotropic shape evolved from
(a); (c) the anisotropic shape resulting from= 0.7; (d) top, the anisotropic shape
ata = 0, and bottom, a “jiggled” shape that was used to test stability.
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A “jiggled” shape, defined in Ch. 6.4.4, is shown below the faceted form in
Fig. 6.4(d). Shapes calculated for successifaeighboring shapes) are addressed
in Ch. 6.4.3. Brief details of the calculation are given in Ch. 6.4.2.

6.4.2 Initial Iterations and Surface Operations

In this thesis, a “good” mesh is defined as one that does not produce configu-
rations that are “stuck” due to, for instance, regions of crowded vertices. A good
triangulated mesh is often formed of equiangular elements, and the input surface
(Fig. 6.4(a)) was constructed so that whrolvertriangulates the surface, a nearly
equiangular mesh results.

During calculations, a number @volver techniques were used to promote
mesh uniformity. Vertex spacing was checkedveytex averagingwhich weights
centroids of facets meeting at a vertex by facet area to give a new vertex position,
andequiangulationwhich takes the polygon defined by two adjacent elements and
switches the diagonal defined by the edge connecting them if a more equiangulated
configuration would result. In addition, maximum and minimum areas and edge
lengths were defined so asweed(delete) tiny triangles and edges in addition to
refining larger ones.

The dimensions of the patrticle in the input configuration were established to
satisfy the volume constraint (Ch. 6.3.2) to avoid necessary adjustments prior to an
energy minimization. The gradient descent method, briefly described in Ch. 6.2,
was used to calculate a lenticular particle (Fig. 6.4(b)) for each of the three times
a =1 in an evolution. The gradient descent method was used at these times be-
cause the = 1 solution is calculated from an input (Fig. 6.4(a)) or jiggled (bottom
of Fig. 6.4(d)) configuration that is far from equilibrium, and other minimization
methods, discussed in Ch. 6.4.3, are not suited to highly non-equilibrium states.

6.4.3 Convergence

Because the equilibrium configuration is generally not knaapriori, there
is currently no method to determine whether a configuration is converged. There
are examples [97] of catenoid surfaces that appear converged but are in fact slowly
approaching an energetic minimum, or even a saddle point in energy, that is several
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iterations away.

To speed the approach to a minimum, domjugate gradient methodas used
with a moderately refined mesh. Use of the method requires that the energy change
continuously during a minimization, and because the it can be ineffective when a
configuration is far from equilibrium, it was not used for input or jiggled config-
urations as in Fig. 6.4. The conjugate gradient method converges more quickly
because, rather than taking orthogonal steps along an energy surface (gradient de-
scent method), it takes steps that are “conjugate” to one anoth&vdiver, the
method builds a “history” vector that reduces the need to retrace steps along the
energy surface [97].

The conjugate gradient method was used for the calculation of configurations
with a < 1. Because changes to properties of a configuration may change the en-
ergy surface, previously traced directions may need to be retraced. For this reason,
the history vector was erased on eacHecrement by toggling the conjugate gra-
dient method off and then on again.

6.4.4 Stability

It is possible for arEvolvercalculation to produce a configuration that is only
in a local equilibrium. Generally, there is no guarantee that a global minimum is
calculated. “Jiggling” (Fig. 6.4) is akvolvertechnique that randomly displaces
non-fixed vertices by amounts no greater than a user-defined maximum (given as a
multiple of the mean edge length). Jiggling is useful for testing the relative stability
of a configuration because it perturbs the surface from its current state.

To be effective, the amplitude of the perturbations should remove a configura-
tion from its current equilibrium without changing the topology of (destroying) the
surface. For this work, edge length was made a monotonically increasing function
of distance from the particle, and a maximum of 5—-6% the mean edge length was
a sufficient amplitude. Configurations were converged, jiggled, and re-converged
three times to ensure th&volver produced the same equilibrium configuration
from random starting points. Jiggling a converged shape with smaller perturba-
tions (2-3% the mean edge length) was another method used to check the stability
of a configuration. An example is shown in Fig. 6.4(d). In this case, the energy
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of a jiggled shape was minimized without changingand the minimization re-
converged to the original anisotropic shape.

The Hessian the symmetric matrix of second derivatives of the energy, was
another useful tool for testing stability. When a configuration is not at a saddle
point and there are barriers to all energetic minima nearby, the Hessian is positive
definite. Because equilibrium requires that perturbations to an interface increase
the interfacial free energy under a given set of constraints, a Hessian that is not
positive definite indicates that equilibrium has not been attained because there is
no barrier to changes in configuration that decrease energy.

All positive eigenvalues indicate a positive definite Hessian. Eigenvalues that
become negative indicate the appearance of modes of instability. Eigenvalues were
therefore checked during an evolution to test the stability of a configuration.

The Hessian was also used in conjunction with the conjugate gradient method
to speed convergence. To decrease the error in an approximation to a real configu-
ration, interfaces were refined further in the final stages of an evolution. Because a
good triangular mesh was kept throughout an evolution, perturbations during Hes-
sian minimizations were restricted to lie normal to an interface at a vertex to reduce
unnecessary searches for reductions in energy.
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Chapter 7

Generalizations

The methods in Ch. 6.3 rely on algebraic expressiong(forthat have limited
utility because they can only produce anisotropic shapes with cubic symmetry can
be produced. This chapter gives a general method for definytg)ahat can be
used to describe @’ of any symmetry.

7.1 The Convex Surface Tension and its Relation to it$1/

Everyy(n) has a uniquel/, but a single?’ can be derived from an infinite
number ofy(n). Physical equilibria depend only oi/. This result follows from
the surface tension function that can be derived directly fidhby equating the
energy per unit projected area of any orientation that does not appeft with
the sum of the energy contributions of facets that join at a corner or edge which
can be combined to give the same average orientation.
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convex (W)

Nauyg

Figure 7.1: The convex surface tension construction byl 7/) from W by
intersecting spheres with thyéi) origin and points corresponding to the energy of
facets that meet along a corner. The outer envelope of the sphereg“§iV&§1/)

(top left), which is the lower bound of aj ) giving W (top right). For inter-

face described by*®™{( /), the energy density of an orientation absent fréwh
cannot be reduced by the local formtion of steps from adjacent equilibrium orien-
tations with dimensions equal to the projection of interfacial area onto the adjacent
W interface. Considering only interfacial free energies, one member of an infinite
set of stepped structures is shown in the figure for the fixed average orientation
indicated.
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This convex surface tension function (Fig. 7.1) puts the energy density of any
(non-appearing) orientation on a sphere that has one point at the origin and is tan-
gent toy(Nn) at any facet orientation, reproducing thengent Sphereonstruction
of Herring [24]. The minimal interfacial free energy density is thus defined for any
polyhedral?’ by the outer envelope of spheres sharingyiie origin and meeting
at cusps defined by the intersections of two (orthogonaiit@dges) or more (at
W facets) spheres.

The minimal surface energy densitycienvexn the sense that the energy of any
orientation cannot be further reduced by replacement with any other orientations
which, when combined, preserve the original orientation. Interfaces that attain
their convex energy with fixe@3’ as the only constraint will have no driving
force to change morphology. Fig. 7.1 shows one member of an infinite set of
stepped structures that are energetically equivalent to a boundﬁ@‘goflf the
average orientation constraint is relaxed, driving forces to rotate the interface into
minimum energy orientationgprques can exist. For interface enclosing a fixed
(isolated) volume, the Wulff shape results becauggives the smallest interfacial
free energy to volume ratio.

For demonstrations in this chapter, let the convex energy functions (represent-
ing the minimum energy density functions) be callée™®{ 7). Differenty(f)
that have the sam@! will be calledequivalentor in the equivalence clasg ‘W)
and denoteg(%/) ory” (A). All equivalenty(%) must lie outsidef°™e %) ex-
cept at facet orientations where they must coincide. It is necessary that&fy
have cusps at least as “sharp” as thos¢g' Ve /).

For numerical equilibrium calculations as in Ch. 6.2—6.4, any membettgka
equivalence class should give an identical result because the numerical method
automatically “convexifiesy(‘W)—for an interface that does not enclose a fixed
volume, the method creates aﬁ@’g from nearby orientations oft’ in proportions
that map the resultant energy to the convexified surface tenSR W)

~avg,
Ng

7.2 Algebraic Formulations for an Instance ofy(‘W)

To produce energetically favorable orientatiop¥,(f) are constructed from
functions that have minima at specifiéd The precise shape of\é("(ﬁ) depends
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on how the “distance” betwedhand an energy minimum orientation is quantified.
Generally, reconstructions of observed crystallinédo not require the detailed
knowledge of the shapes of plots of the interfacial free energy density. However,
exacty” (), or portions of them, are necessary fif that contain contiguous
orientations of interface and for changesitdwith an intensive variable.

The general method of forming ¥ (A) that takes distance from specified
minima as a parameter is given here:

1. Choose the orientations gt (i) minima.

2. Choose a metric to descrilygn), the distance between the orientations of
these minima and an arbitrary orientation.

3. Usex(fA) with y(‘WSP"e9 the isotropic surface tension that results in the
absence of minima, to definey¥ (A) that is HD1.

A yW(ﬁ) is formulated by considering, for every orientationthe distance
betweenfi and each minima weighted by the depth of the minima relative to an
isotropic reference of radiwg7//5°"®'9. When there is only one minimum, located
ati™ed the formulations can take the following form,

y(A,n) = Ay(wsP"erg [1 -n (M)} = Ay(WSPerg [1—nT ()]
(7.1)

wheren determines the depth of the minimum relativeytg/sP"®'9, andx(f) is
the distance (taken according to an as of yet unspecified metric) between a point
y(WSPher i on qu/sPheregndy( /sPhergpfixed variablestyax andtmi, are the maxi-
mum and minimum possibhe(f) values, givingT (f) = 1 whenf points directly
toward the minimum and (1) = 0 whenn points directly opposite the minimum.
Equation (7.1) is generally an approximation to a single-fa¢etnd the con-
vexified y” () is defined by the outer envelope of spheres passing through the
origin and adjacent minima. For the non-polyhedrélabove, one minimum gen-
erates a broad facet and a nearby continuous set of minima generates the smoothly
curved portion of /. Equation (7.1) is an approximation if tiy&n) do not match,
exactly, the set of minima producing the curved portiorvidf
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Wheny(f, n) contains multiple minima, the a factor that specifies the reduction
in energy must account for the proximity and depth of neighboring minima. In
this case, the single distance must be replaced with a summation over all minima
weighted by a factor that yields the desired reduction in energy for affjxed

V(A n) = Ay(WP"e (1— n_imﬂ(ﬁ)) (7.2)

wherem s the total number of minimay; shifts minimumi to the desired depth,
Ti(A) denoteS(tmax—ti(A))/(tmax— tmin), @andt;j(N) is the distance betweenand
the orientation of minimunn

For a set of symmetry-related minima-e-, minima of equal depth with iden-
tical arrangements of neighboring minimas—is a constant, and the following
example inR? demonstrates the utility of Eu. (7.2). Let Eq. 7.2 converge to the
equivalence class of a squat# with {10} facets (hn= 4) atn = 0 Lett;(A) for
this example be taken with the Euclidean metric, given as the length of the chord
connecting general poiny7/sP"®'91 to orientations oy 1SP"e"Y, For thef that
point along the g10} minima orientation,

—

y(A,n)

h—(10 = V(WA (7.3)

1—r]oo<1+ 2_2\@+ 2_2ﬁ+0>

The anisotropic limit defined as) = 1, can be specified wittw. (In terms of the
anisotropy factor in Ch. 6.1 and 6.4,= 1—a.) Equation (7.3) shows that if,
for instancef points toward thé€10) minimum, the interfacial free energy at that
minimum is not influenced by the minimum &t0) but is slightly influenced by
the (01) and(01) minima.

For two distinct minima occurring alonyy andf,, the expression relating,
to w; can be determined from

Ri2 = (n = fixed) (7.4)
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whereR; is the magnitude of(fi1, n) relative toy(f2, n). Solving foroy,

w1 [1—RyoTo(Ar)] + % [Ri2(1—02) — (1—0qy)]
[Ri2—T2(fn)]

Wy = (7.5)
Theq; andqgp are positive constants corresponding to the remainder of the summa-
tions iny(f1, n) andy(fz, n). This expression shows that it becomes increasingly
difficult (w» must be very large) to satisfy Eq. (7.4) both in tisetropic limit

(n = 0) and as the distance between the minimascéndf, approache®;». The
expression also shows that the valuagfreflects the effect of neighboring min-
ima. If y(A1,n) > y(f2, n), a smallerwy, is needed wheny is large because this
implies thatf; is close to very deep or several minima that redy(ée, n). Direct
control over multiple distinct sets of minima may require an iterative solution to a
set of equations resulting from Eq. (7.2) because adjusiirigr one set of minima
can affect the relative depth of all minima.

7.3 An Example: Straight-Line Distance Between
Points on the Unit Sphere

Consider two orientation8 andAf*¢d, wherei™ed denotes the orientation of
ay™(f) minimum. The distance between these orientations could be taken as, for
instance, the geodesic, chord, or a projection of the chord that connects them.

Not all measures of distance work correctly. Projections of chords along, for in-
stance, the diameter gf 7/sP"e"9 yield sphericali’—i.e., the set of that results
from taking the gradient ofrW(A) with respect toA is not useful for anisotropic
shapes because it always traces a sphere that is displaced-atdif§. The
measures of distance that do work do not generally give the exact same results—
although different quantifications gff) can produceg—minima of specified dep-
ths in specified orientations, the shape of the minima, and thus the number and
relative amounts of low energy orientations @, can differ.

Only results from using the chord distance will be shown here because calcu-
lations using the formulations developed with geodesics and angular distances are
more computationally intensive. Details of formulations using these other metrics
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are reported elsewhere [101].
When quantified as the magnitude of a choe) uses the Euclidean metric,
wherex () = ||i™e? —A||. Consider the following example R?. Thisx(f) gives

y"(A.n)=Aw[1-n(1-3%)]

u=./n+n3 (7.6)

— _2m
v_2u

for A™ed = (10). The corresponding is

eion=(5h (G- T Fa (G-0)F)

(7.7)

Equation (7.6) calculates a shapdlifiwith a single facet. Although with a
single facet connected by a point (an edgR® to a smoothly curved.g., rough)
portion of interface is artificial, it is used for the example because it is a useful test
case.
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R R3

(©) (d)

Figure 7.2: Plots ofy(‘W) andg(‘W) calculated using(f) defined as a chord
between an arbitrary orientation and orientationg @f’)—-minima: (a)y”” (A)—plot
with minima in(100), (111), [104], [101], [101], [101], [011], [011], [011], and[011]
directions, (b) the particlg?’ calculated from (a), (¢} (A)—plot with minima in
(110, [100, [100, [010, and[010] directions, (d) the particlgy’ calculated from

(c).
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Figure 7.2 illustrates the utility of thg(f) based on a chord for calculations
of W in R3. The figure gives two examples gt (f) that, when applied using
the Evolver methods in Ch. 6.1-6.4, calculaf¢’ with various symmetry. The
first example is given in Fig. 7.2(a)-(b) and shows a shape with facet$lify},
(100), (100), (010), and (010) orientations; the second is given in Fig. 7.2(c)-
(d) and shows a shape with facets {ih00}, {111}, and (101), (101), (101),
(101), (011, (011), (011), and (011) orientations. Both cases produce shapes
with 4/m2/m2/m point group symmetry.
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Part Ill

Calculated Results and Their
Implications
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Chapter 8

Boundary Particle Shapes in
Dilute Pb-Al Systems

This chapter is a motivation for Chs. 9-11, which give numerical results simi-
lar to boundary particle shapes observed through transmission electron microscopy
(TEM) in dilute lead-aluminum alloys [50, 100]. Consider the micrograph in
Fig. 8.1(a), which is a planar projection of a Pb boundary particle attached to an Al
grain boundary that rumples around the particle. Itis not clear that boundary distor-
tion is due entirely to the particle shape, but the numerical result in Fig. 8.1(b) that
approximates the configuration shows the particle to rumple the boundary. Nearly
all boundary particles in the Pb-Al system are observed as in the figure—single
crystals that are fully faceted to one side of the boundary but curved (rough) to the
other.
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_,Y(Wsphere)

— Y111

(@) (b)

Figure 8.1: (a) A TEM micrograph of a Pb grain boundary particle in Al. The
particle is a single crystal and forr{411} facets in the top grain and a spheri-
cal cap in the bottom grain. Thickness fringes mark variations to the inclination
of boundary and thus characterize the boundary distortji@uourtesy of Tamara
Radetic, NCEM, LBNL.Xb) A calculated particle that formgl11} facets inCy

and a spherical cap i@,. The relative interfacial free energies for the calculation
areyg = 0.5y(7Phe'9 andyg = 0.75y111. Both (a) and (b) show the boundary to
rumple around the particle.
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Boundary patrticle calculations apply to a number of material systems [47, 100,
102]. The Pb-Al system is particularly well-suited for comparison with equilibrium
calculations for the following reasons [100]:

1. Both Pb and Al have face-centered cubic crystal structures, and the Pb par-
ticles topotactically align so thgtl11} particle and matrix orientations are
parallel, giving nearly atomically smooth interfaces.

2. At room temperature, Al vacancies are sufficient in number and mobility
to give “strain-free” configurations for small Pb particles, despite the inco-
herency that results from a lattice parameter mismatet?@Po.

3. The system has been studied extensively and is well-characterized.

(@) " (b)

Figure 8.2: (a) The truncated octahedron calculated with Wulffman [103] that re-
sults for an aspect ratio of 15. The shape is oriented to show §i®0} and{111}

facet positions when viewed neaf®L0) axis. (b) Observations of Pb nanoparti-
cles embedded within a single grain of Al imaged alond#)) zone axis indicate
thatyioo/y111~ 1.15. (Courtesy of Lihua Zhang, NCEM, LBNL.)
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The Wulff shape of a single crystal of Pb embedded in Al is a truncated octa-
hedron, which has cubic symmetry and is defined by e{diitl} and six{100}
facets (Fig. 8.2(a)). Because the time necessary for reaching an equilibrium shape
increases rapidly with particle size [104], small (16-30 nm) particles are typi-
cally used for interfacial free energy measurements. The relative heterophase in-
terfacial free energies taken from Pb particles in Al with shapes attributed to a
minimum in interfacial free energy are reported [S50Vas/y111 ~ 1.15.

The Pb particle in Fig. 8.2(a) is imaged close t9140) axis. As shown in
Fig. 8.2(a), the perimeter of the faceted portion of the particle is then defined by
(100) facets (seen nearly edge-on) and edged d1) facets. (The particles are not
typically imaged directly along110 in order to diminish the influence of the Al
matrix [100].)

The following chapters demonstrate the influence of interfacial free energy and
geometry on heterogeneous nucleation, microstructural torques, and the spatial dis-
tribution of anisotropic boundary particles—results that can be compared directly
to Pb boundary particles in Al and boundary particles in other systems where a
minimization of interfacial free energy determines particle shapg, for small
particle volumes that produce little, if any, strain energy).
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Chapter 9

Equilibrium Configurations for
Heterogeneous Nucleation

9.1 Brief Review of Heterogeneous Nucleation

Simple models of homogeneous nucleation at conslatake the reduction
in chemical free energy accompanying the formation of a volume of new phase
as the only driving force and the creation of new interface as the only restraint.
The nucleation barrier that resultaG*, holds under the assumption that other
contributions to the energg,g, those from elastic strains, are negligible.

A probability factor exponentially dependent on the barrier, (expG* /KT),
governs the nucleation rate and the induction time for establishing steady-state nu-
cleation at small undercoolings [60]. Microstructural features such as grain size
and particle distribution, which influence the propertieg/( mechanical and elec-
trical) and thus performance of a material in applications, are often dependent on
the nucleation rate.

Generally,AG* is reduced through heterogeneous nucleation, which occurs
when nuclei remove free energy due to existing defects. For instance, the nucle-
ation barrier for an isotropic grain boundary particle (consisting of identical por-
tions of spheres) is a fractioi(8), of that for its homogeneous analogue (a sphere
embedded within a single grain) for an equivalent driving force and equivalent in-
terfacial free energies. The fraction i$6) = %(1— cosB)?(2 + cosh), which is
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dependent on the decrease in boundary energy relative to the increase in particle
interfacial energy through@ the dihedral angle.

Chapters 9.2-9.5 examine the effect of anisotropic interfacial free energy on
the heterogeneous nucleation barrier for particles attached to grain boundaries, het-
erophase interfaces, and interface junctions. Results in these sections hold for small
particles that nucleate incoherentlye(, particles that do not modify elastic energy)
when thermal fluctuations are negligible and boundary energy is isotropic in both
g andﬁz(p. These assumptions are, in most cases, not realistic, but they allow the
isolation of the effect of particle anisotropy on the nucleation barrier.

9.2 Effect of Particle Anisotropy on Nucleation Barriers

Many examples show the nucleation barrier to be influenced bghhpea
particle takes as well aghereit nucleates [53, 54]. TheRomogeneousucleation
barrier,AGy,qo, is minimized when a particle assumes its Wulff shape.

Members of continuous families oft’ can give differentAG},5,, and, as a
result, different nucleation kinetics. For example, a study [53] following observa-
tions [105] of zinc alloys showed the steady-state nucleation rate to increase by
a factor of~10 relative to an isotropic particle for ellipsoida of increasing
eccentricity. This study used the interfacial free energy density of the isotropic
particle as the maximum in the ellipsoidgh)—plots.

Figure 7 from [67] considers flat grain boundaries to show thah#teroge-
neousnucleation barrieldG/r, of an isotropic particle decreases from replacing
a grain boundary to a grain edge formed by three boundaries to a grain corner
formed by four boundaries, for identical grain boundary free energies that are not
large enough to produce perfect wetting. A portion of the plot is reproduced in
Fig. 9.1 for an isotropic grain boundary particle formed by portiongtP"¢"¢and
demonstrates that, for this particleG\c+ — AG{ oy asyee — 0 andAG et — 0
asycs — 2y(WSP"erg,
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cos (0) =

Figure 9.1: Reduction in the nucleation barrier for an isotropic particle at a flat
boundary relative to the nucleation barrier for the particle within a single grain
as the condition for perfect wetting is approachie, asyg/2y(WsP"e9 — 1,

after [67]
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It is instructive to rebuild Fig. 9.1 to consider the effect of anisotropy. Here,
the nucleation of a faceted boundary particle is compared to the homogeneous
nucleation of a sphere. To facilitate later discussions involving changes in shape
for a fixed boundary energy, a third axis is added to the plot to allow variations
in the Wulff shape of the particlg.€., the shape the particle would take if it were
removed from the boundary and located within a single grain).

Consider a particle that nucleates homogeneously in g@irendC, as a
parallelepiped with two square facetsy§R(#/P'P%) and four rectangular facets of
YRE(WPIPY)  whereySQ(m/PIPd) < \RE(quPlpd) - Examples of the shape are shown
in Fig. 9.2. The distance between the square facets is proportioge(te1/°'Pd),
and WPPd describes a family of shapes bounded by a cube and a square plate of
infinitesimal thickness.

e

'YSQ (Wplpd) _
,}/RC(WDIpd) -

(@) (b) ()

1 0.50 0.05

Figure 9.2: Variation irn/P'd for different values of > % > 0, calculated

with Wulffman [103]. The square (SQ) facets are magenta and the rectangular ones
(RC) are cyan. (aySQ(wPPd) = \RC(qyPlpd) produces a cube, (yFQ(wPPd) =
0.50yR¢(wPPd) produces a shape with four rectangular facets having dimensions
of sx 0.50s, and (c)ySQ(wPPd) = 0.05/RC(WPIPY) produces a shape with four
rectangular facets having dimensionssoef 0.05s.
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Figure 9.3: Heterogeneous nucleation barrier for a particle with a parallelepiped
with two square facets at a boundary relative to: (a) the homogeneous nucleation
of a sphere and (b) the heterogeneous nucleation of a lens (isotropic particle) at the
same boundary. In both cases, the isotropic interfacial free eneyy(ig1/PP9) =
0.7y(WsP"e9 " and the boundary acts as a mirror plane oriented parallel to the
square facets.

Attach this particle to a grain boundary oriented parallel to the low energy
square facets of/PPd. | et the boundary act as a mirror plane, so thatgten
boundaryparticle shape is a cube in the limitafg — 0 but a slab with one set of
parallel square facets for@ ycg < 2y>(WPPd). Fig. 9.3 shows two plots: one
givesAG}er for WPPY relative toAGy,o), for an isotropic particle (a sphere de-
scribed byw/sPhe®and nucleating in a single grain), and the other g€
for WPIPd relative toAG},c1 for an isotropic particle (a lens nucleating at the same
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boundary as the parallelepiped particle). In both plots, the isotropic interfacial free
energy density is @y(7/sPher§ = \RC(qyPlpd) The first plot is an anisotropic ana-
logue to the portion in Fig. 7 of [67] describing boundary replacement. The second
plot is of interest for this thesis.

BecauseAG* is dependent on the Wulff shape, it is a functionJof. This
is illustrated in Fig. 9.3(a), where variations &G}, (WPPY) /AGH, oy (WSPIET9
with ygg/2yS( WPPY) are shown for each member /P9, In the figure, the
homogeneous nucleation barrier for parallelepipeds relative to that of a sphere is
described alongcg = 0. The homogeneougds = 0) case has been studied [54]
for applications in nickel-aluminum and copper-cobalt alloys, although the nor-
malizations in those studies were reported relative to the homogeneous nucleation
barrier for a cube ofRC(WPPY) rather than a sphere. The heterogeneous nu-
cleation barrier for the a particle formed by portions of cubes is described along
ySQ(WPIPd) — \RC(quPIPd) - Other points on the surface in the plot correspond to
the heterogeneous nucleation of a parallelepiped relative to the homogeneous nu-
cleation of a sphere. In all casésG;,cr( WPPY) < AG} o (WP, meaning that
the faceted boundary particles nucleate more easily in this example.

It is convenient to consider normalizations to a heterogeneous nucleation ref-
erence to determine the effect @ on the reduction in the nucleation barrier at
a fixedygg. That s, it is convenient to considAG; z1( WPPY) /AG 1 (WSPerg
rather tham\G; 1 ( WPPY) /AG} o (WSPe9. Figure 9.3(b) uses this normaliza-
tion and thus differs from Fig. 9.3(a) in that the heterogeneous nucleation barrier at
a givenygg is normalized to the heterogeneous nucleation barrier of a sphere at that
Yee. The plot shows that the faceted boundary particles nucleate more easily than
the isotropic ones, the relative heterogeneous nucleation barrier is more strongly
dependent oSO WPIPd) ARC(qPIPd) thanygg for yeg < 1.76yS(WPPY). The
strong dependence off( WP occurs because the boundary is replaced with
two interfaces of>(WPPY), Heterogeneous normalizations relative to isotropic
boundary particles are applied again in the following sections.

9.3 Previous Work

Aaronson and Aaron [106] have shown that: (1) the heterogeneous nucleation
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barrier for boundary particles with equilibrium shapes that are spherical caps con-
taining one low energy facet that does not intersect the boundary is less than that
for those that are fully isotropic, and (2) the reduction in the barrier is invariant to
which orientation (that does not produce a facet-boundary intersection) the facet
takes. They concluded the same for particles with one set of parallel facets.

Their work followed detailed observations [51] of cellular precipitation for
boundary tin particles in lead and was one of the first attempts to quantify effects
of boundary particle anisotropy on nucleation. Later numerical investigations of
Lee and Aaronson [56, 57] concluded that, for these cases, the maximum reduc-
tion in the heterogeneous nucleation barrier occurs when facets do not intersect the
boundary.

The observations [51] indicated that, when facet-boundary intersections occur,
the boundary distorts to accommodate them. Lee and Aaronson [57] applied finite
difference methods to calculate boundary particle configurations, with patches of
catenoid (zero mean curvature) surface approximating the “Tu-Turnbull ‘pucker-
ing’ ” required for a critical nucleus with known orientei’s. For each case, the
boundary was assumed isotropidig.

Lee and Aaronson obtained their results by adapting configurations found to
minimize energy for boundary particles of fixed volume attached to a boundary
with fixed endpoints embedded R? [56] as input for calculations ifR3 [57].
Variational calculus was applied to the integral of the sum of (the change in chem-
ical free energy) and (the change in interfacial free energy) over a region bounded
by the closed curve defining the particle/boundary junction to find the energy-
minimizing particle shape. The additional boundary area required to accommodate
the particle shape was determined by minimizing an integral representing bound-
ary area with the equation of a catenoid over the region extending from the par-
ticle/boundary junction to the curve defining the locus of points where catenoid
surface met the original boundary plane tangentially. This outer curve was de-
fined so as to build the boundary with those catenoid surfaces adding the minimum
area [57].

The configurations calculated by Lee and Aaronson show that the heteroge-
neous nucleation barrier for a particle with a single fade®;{--( W' ~1a®Y) can
exceed that of an unfaceted nucleASf,+(WP'e'9) under identical conditions
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when the curved portions of the nuclei are, in each case, described by the same
isotropic interfacial free energy density.

In Ch. 9.4, an analysis using numerical methods developed in Ch. 6.1-6.4
that approximate an equilibrium solution by stepping through solutions for lesser
anisotropy (where the symmetric difference between solutions can be considered
negligible) agree that for cases where the difference between the interfacial free en-
ergy densities of the isotropic particle interface and the facet is small, the lenticular
particles have the smaller nucleation bardes; (WY > AG,c(WsPers,

Thus, results show that, although the interfacial free energy density of a facet ori-
entation may be less thanm/sPher§, faceting may be suppressed (lenticular parti-
cles form) if the necessary boundary distortion produces a relatively large amount
of boundary energy.

9.4 Extension of Previous Work

9.4.1 Nucleation Barrier Contour Maps

The results from this work plotted in Fig. 9.4 apply to the heterogeneous nu-
cleation of particles with a single facet at a boundary that is isotropiginThe
y—axis of the plot gives the ratl®Gue( WY /AGHEeT( WSP'e™Y that compares
the change in free energy on forming a volume of faceted nucleus relative to that
of an isotropic nucleus of fixed dihedral angle at the same boundary.
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Figure 9.4: Changes in free energy for the nucleation of a particle with a sin-
gle facet relative to a lens of dihedral anglg2 11532°. The facet free energy

is yF (Wl-facey — 0 Gy(p/sPhery wherey(7/5Phe'9 describes the isotropic curved
particle interface, and the boundary free energysis= 1.07y(%/5P"¢'9. The tra-
jectory of nucleation barriers is traced in the plot. Color is applied according to the
color bar shown at right to indicate the relative heterogeneous nucleation barrier.
Calculated configurations giving barriers of A, B, and C are shown below the plot.
The barrier decreases @ig - Ataced| — 1.
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The chemical driving forceAGy, and interfacial free energy densities retain
the same value between curves. Appendix C.1 shows that, dBens the same
for all shapes, the free energy ratio (§reaxis of the plot) is independent Aty
at the critical nucleus volume. The boundary and facet are describgg by
1.07y(wWsPher§ andyF (wi-acel) — 0,5y( WSPhe™y, respectively, meaning that the
change in free energy for forming a faceted particle is reported relative to that on
forming the lens of dihedral angl®2- 11532 that follows fromyg /y( #/sPhe™§ =
1.07. These relative interfacial values were used in Lee and Aaronsan’s study [57]
and are used here for a comparison with their results.

The curves in the figure are parameterized by the orientation oélative to
the particle facet orientationfces, Which is fixed at{001) with respect to th€;
crystal axes. The change in free energy with the nucleation of a faceted particle
varies withfig because, in general, the proportion of each type of interface created
is dependent on geometrical constraints imposed by the boundary orientation.

A particle nucleating afig must overcome a heterogeneous nucleation barrier
to grow. In Fig. 9.4,

AGEET(Wlffacet/ Wspher3 — AG*HET(Wlffacet) /AG*HET(WSpheri

which denotes the heterogeneous nucleation barrier of the faceted particle relative
to a lens with a dihedral angle of 1B2° is traced with an arrow. Barrier height
decreases with the smallest angle betw@gandn,cer. The trace shows that the
critical volume k—axis) decreases with relative barrier height. This is expected be-
cause critical volume scales with the interfacial free energy density (see Appendix
C.2) that describes the total change in interfacial free energy for the total change
in area. Here, this effective density accounts for changes to boundary shape and
increases with boundary rumpling for a fixggandy” (/1 -acet),
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Figure 9.5: Stereographic projections of the relative heterogeneous nucleation bar-
rier with g for the boundary particle in Fig. 9.4. (a) The center of the projection
corresponds to the configuration whetg || facet (configuration A in Fig. 9.4),

and the perimeter correspondsi® L fitacet (Configuration C). The projections use

the color bar in Fig. 9.4 to indicate the relative barrier at a giugn(b) For conve-
nience, the projection is given depth so that its height at any boundary orientation
is proportional tadAGy (W13 The facet orientation is fixed &facer= (001).

If a (001) particle facet forms when the sensefgfis reversed(hk0) is a mirror

plane.
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When all orientations necessary for constructing an equilibrium particle shape
are known and fixed relative to gray, the effect of boundary orientation on
barrier height can be mapped with a stereographic projection. The projections in
Fig. 9.5 use color and depth to indicate the relative barrier height. Unless stated
otherwise, stereographic projections that represent the value of a function parame-
terized by boundary orientation take e (001) orientation as the origin.

9.4.2 Particles with a Single Facet

For boundary particles with a single facet, the stereographic projection of the
relative heterogeneous nucleation barrier is symmetric about the originfiwhen
is fixed parallel to th€001) axis ofC;. This is demonstrated with the projection in
Fig. 9.5, wher@iacet= (001). The full plot is drawn to show the symmetry.

The stereographic projection in Fig. 9.5 is symmetric about the origin because
AG} e (W—facel) qysphers js 3 function of one variable—the angle betwégrand
Nracet The equator of the projection in Fig. 9.5 is defined by the locugarthog-
onal tofce, and the center correspondsitg parallel tofisacer. PoiNts between
the origin and perimeter correspond to boundary orientations bet(@&dn cor-
respond to boundary orientations betwg601) and the(hk0)—type orientations.
Barrier height increases as is rotated from the center to equator because facet-
boundary intersections: (1) reduce the amount of low energy facet that a boundary
particle contains, and (2) increase the amount of boundary ruffling. Meridians
(paths along the diameter) correspond to gradients in barrier height with respect to
Ng.

Figure 9.5 shows that the greatest reduction in the barrier occurs ighgn
Nraces SUPpPoOrting the results of [57]. The range of barrier heights calculated in
this thesis is approximately. 88 < AG;,c( W -facel/ qyspherg < 0,95, This range
is close to that of [57], which gave a minimum of (roughly?8 and a maximum
> 1 for this example.

9.4.3 Boundary Particles that are Faceted in One Grain

When the interfacial particle is completely faceted to one side of the boundary,
the projection is no longer symmetric about the origin but follows the point group
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symmetry of the faceted portion of the patrticle.

Figure 9.6: Stereographic projections of the nucleation barrier of a particle that is
faceted to one side of the a boundary relative to an unfaceted particle attached to
the same boundary. Points on the projections correspond to different inclinations
of Ag relative to the(001) direction of theC; crystal axes, wher@g || (001) at the
centers andig L (001) along the perimeters. Although only24 of each plot is
necessary, full plots are shown to reveal the 4—fold rotational symmetry @i}t
boundary orientations. The plots show that heterogeneous nucleat’mﬁ)ﬁfreis
smallest when particle interface is parallel to the boundary. The nucleation barrier
is lower for wIo¢t and W%t for all boundary orientations. In all three cases,

" "Vsphere sphere . ]
the barrier is greatly reduced from that of a fully lenticular particle.
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Examples shown in this section are faceted on one side of the boundary and
isotropic on the other. They are formed by the abutment of a polyhddtab
a wWsPheredisplaced as in Ch. 5.3-5.4 but by an amount determined numerically
that accounts for the boundary energy due to rumpling. The Wulff polyhedra in
the examples correspond to a cub€{9, an octahedron/°%), and a truncated
octahedron @™, giving stereographic projections of cubic symmetry. These
polyhedral’ were chosen because they are simple structures that are frequently
observed [11, 34, 36, 39, 44, 49, 50, 91, 105]. For each of the examples, the
polyhedral?/ are oriented so as to align one four-fold rotation axis W@@1). As
a result, the stereographic projections have four-fold rotational symmetry.

Distortions to the boundary can increase with the number of particle facets and
edges intersecting the boundary and are dependent on the geometry of the intersec-
tion. Nevertheless, shapes constructed using the polyhédrabove can reduce
the nucleation barrier relative to particles with a single facet. This is demonstrated
in Chs. 9.4.3-9.4.5, whes& (W'Y describing the single facet (of the single-
faceted particle) has the same valueyag describing the{111} orientations that
appear on/°t and WT°°. The reduction occurs because the complete replace-
ment of curved particle interface (described by the same congtait’he's) with
low energy facets to one side of the boundary gives a negative change in free energy
greater than the positive change accompanying boundary distortion.

Relative facet free energy densities were chosen syif@t 1.15y111, giving
the truncated octahedral particle an aspect ratio. 1B 10 predict the behavior of
boundary particles in dilute Pb—Al systems (Ch. 8). The valug @f5P"*'9 was
chosen to allow a comparison with results in Ch. 9.4.2, which applied the relative
interfacial free energy densities used by Lee and Aaronson [56]. Faceting does
not reduce the nucleation barrier relative to isotropic boundary particles described
by y(7/5Phe8 that are sufficiently low—ie., AGheT(W)/AGheT(WSPe9 < 1
only for isotropic boundary particles with dihedral angles 6f>2 26,, where
20, denotes a lower bound. The examples in this thesis give results for specific
y(WsPhe'§ and it is noted that reductions in interfacial free energy that accom-
pany faceting do not occur relative to those isotropic particles of dihedral angles
20 < 26,.

The projections in Fig. 9.5-9.6 show the relative barriefigf| (001 to vary
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(on average) as

* * T * b * 1—f

AGhEeT(Wapherd ~AGHeT( Wapherd < AGfiet(Waphard < AG{ier(Wapnara
where the subscript denotes ti shape inC, and the superscript denotes that
in C;. For all ig, the polyhedrat produceAG;,+(W/WPhe§ < 0.53. The
Weosere@Nd W boundary shapes give similar barrier reductions at an arbitrary
fig and are more easily nucleated than shapes with a single facet (Ch. 9.4.2) at all
boundary orientations. Conversely, single-faceted shapes are more easily nucleated
than WSiihe at orientations within an arc distance ©20° of the (001) boundary
orientation.

Boundary orientations giving extrema in the relative heterogeneous nucleation
barrier can differ for differeng?. Orientations giving the lowe#tGyer(Washerd
are nearly coincident with those that give the IargesﬂﬁpET(‘WS%’hbe‘ig, and vice-

i Toct A . Toct
versa. There is less of a dependencAGfier( Wypnerd ONMNe because: (IPWgia e

is effectively a combination oW/Sihe .and W3i.,. which give low energy config-
urations at different orientations, and (2) the truncated octahédrareates the

least total interfacial free energy for a fixed volume (Appendix E).

9.4.4 Boundary Particles that are Faceted in Two Grains

When a boundary particle is faceted on both sides of a boundary, the variation
in barrier height is again anisotropic fis. For this example, the boundary is a
grain boundarywith a fixed crystallographic misorientation & = 45°(001).
Hence, WS4¢is constructed by the abutment of two identig&*® misoriented
from one another by 45about(001).

Because the boundary is isotropicfig and joins 7/ with four-fold rotation
axes parallel to/001), this particularRe yields stereographic projections with
eight-fold rotation axes alon¢001), a result that is expected from rigorous ar-
guments in [107]. If this example were realized as a spherical grain of fixed
volume—Ilarge enough that the boundary is flat in the proximity of an attached
particle—embedded in another grain of the same phase, equivalent nucleation sites
would be separated liy/4 along any arc of boundary orientations a fixed distance
from (001). For instance, interfacial particles @t00) boundaries imaged along
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[100 are identical to those &110) imaged alond110).

AGTiRT(W)
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Figure 9.7: Due to the eight-fold rotational symmetry ab@@1) that results for

the fully faceted particles attached to pur€ #4ist boundaries, only 116 of the
projections are necessary. However, the full plots are shown to reveal the symme-
try. As before, reductions iAG},c are largest for particles derived frofy/ T

and %o,
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The lowest nucleation barrier for particles formedBifi®occurs at the pure
45 twist boundary figg || [001] or [001]) because, as discussed in Ch. 11.2.1,
wWeibetakes a Winterbottom shape. The twist boundary gives the largest nucleation
barrier for particles formed byt/8$t and M4t because these boundary particles
necessitate large boundary distortions and have larger (surface area)/(volume) ra-
tios at the twist boundary than at othiégs. For the WSSt and WS particles,
the nucleation barrier is minimized at boundaries of mixed character where one
octahedral face is approximately parallel to the boundagy (| (111)).

To illustrate the significance of these results, considél'. The reduction in
energy on nucleating$ atfigg || (111) could effectively stabiliz¢ 111} bound-
ary orientations: If all boundary orientations of the embedded spherical grain were
available as nucleation sites, the nuclei would accumulafé Bt} boundary ori-
entations and act as pinning centers limiting changes to boundary position and
orientation that could occur if one grain were to coarsen. If all boundary orienta-
tions of the spherical grain were uniformly decorated wit§$, {111} boundary
orientations would have a lower total interfacial free energy, suggesting that the
spherical grain would tend to increa§El1} boundary €.g, through grain bound-
ary diffusion) to achieve an octahedral “decorated” grain bound#ryThis idea
is further discussed in Ch. 11.2.2.

Each orientation on the stereographic projection maps to a particle that is com-
pletely defined with facet energy densities slightly greater thaydg (Ch. 9.4.1).
As a result AG} (W / WSPhe'9 at a given boundary orientation is reduced from
particles that are faceted within one grain only (Ch. 9.4.3), even though boundary
particles are faceted to both sides of the boundary may require greater bound-
ary rumpling. The maximum barrier for the fully faceted particles occurs for
AGer(Weibe/ qyspherg — 0,24 and the minimum foAG},gr( WSSt/ psphers —
0.07. The relative barrier heights are shown in Fig. 9.7.

9.4.5 Effect of Relative Interfacial Free Energies

Unfaceted shapes may nucleate more easily than faceted ones if the reduction in
energy on forming facets does not compensate for the increase in energy that occurs
when facets rumple the boundary. To illustrate, this section considers relative facet
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free energies that are larger than those in Ch. 9.4.1-9y4:14= 0.7y(wsPher§

for fixed y100/y111 = 1.15 andyg = 1.07y( WP"®'9. Hence, the difference between
the interfacial free energy of the isotropic particle interface and the lowest energy
facets Ays_p, is reduced.

The stereographic projection of relative barrier heights that results for the orig-
inal single-facet case at this larger facet energy density is shown in Fig. 9.8. As
in Ch. 9.4.2, the barrier increasesfaset- Ng — 0. An expected result from the
intersected”’ geometry (Ch. 5.3), faceting produces a constant barrier reduction
(i.e, no boundary-facet intersection) fpfitacet- Ng|| < cog12°).

AGHEr(W! et
AG‘HET [Wsph('r(‘J

TB 1(M}spb@nﬂ)

,} F‘(Wl— fm-et]

Figure 9.8: Results for a particle with a single facet (plotted as in Fig. 9.5) shows
that boundary distortion can inhibit the nucleation of faceted particles at boundary
orientations of 70 < cos *(fcet- fig) < 90° for larger facet free energy densi-
ties. The boundary particle configuration shown below the projection is metastable
relative to a lenticular shape pf%/sPhes,
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Calculated results indicate that, for this larger set of interfacial free energy
densities, faceting becomes an ineffective means of redd«®jig relative to the
isotropic (lenticular) shape foi WSP"®'9 at ||Aracer- Aig|| = cO70°). Hence, the
lenticular shapes are predicted to nucleate more easily for a range of orientations
extending to the equator of the stereographic projection. The range predicted here,
70° < cos (Aacer Aig) < 90 is slightly smaller than that from previous work [57],
which calculates a lower limit of 65 This discrepancy is due to an overestimation
of the increase in boundary area with the geometric approximation of [57, 60].

For the shapes that are faceted to one side (or both sides) of the boundary, re-
ducingAys_p increases both the values and spread in valuAGHE (7 / WSPhers
for a given polyhedralit. Because faceting becomes less favorabl@yasp is
reduced the calculated geometries tend to produce shapes that (1) have a smaller
(surface area)/(volume) ratio and (2) do not replace as much boundary, reducing
the total boundary rumpling by decreasing the triple junction line length. Lentic-
ular boundary particle shapes o 2 11532° are again preferred t@%cﬁhbeerefor
orientations neaf001}.
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Figure 9.9: As in Fig. 9.8, faceting produces less of a reductiahGh at larger
facet energy densities. In this case, however, the lenticular particles are not favored
over the shapes that are fully faceted in one grain at any boundary orientation.
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Figure 9.10: As in Fig. 9.9 but for fully faceted particles.
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The the spread iIAG},1 (W / WSPhe'§ values indicates the nucleation barrier's
dependence oiig and thus the spread in nuclei populations with boundary orienta-
tion. In this case, the largest spread occurs for particles formednitffe which
have a lowerAGj,c+ and will thus be more concentrated at orientations where
boundary particles derived from/°t and /™ are more difficult to nucleate.

Because boundary particles derived framf "¢ will be more concentrated at
particular boundary orientations, they may have a more significant impact on the
stability of a given boundary orientation than the particles contaifirid} facet
orientations, which give the smallest spread @y, (‘W /WSP"e'9 at all boundary
orientations and for botAyg_p. Here, it is speculated that if the aspect ratio of a
truncated octahedral partiche,oo/y111, were larger, changes to particle-mediated
boundary stability would be largest for particles formed by portion%@{;‘tf’ee but
relatively unchanged for those formed by portiong8f°$ because the size of the
{100} orientations would be reduced in proportion to the relative increaggn
for truncated octahedra.

9.4.6 Triple Junction Particles that are Faceted in One Grain

Calculated results are shown in Fig. 9.11 for the nucleation of a particle at a
triple junction joining isotropic boundaries. The particle is describeg By )
in grainCy andy(WsPh®'9 in the other two grains. The stereographic projection
gives the nucleation barrier of the faceted particle at the triple junction relative to
AG; er(WSPe9, which describes the nucleation barrier for a lenticular particle
with a dihedral angle of 1182 attached to the triple junction. The projection
is parameterized by the orientation of the grain embedding the polyhedral portion
of the particle relative to the average boundary orientations, which are fixed by a
global constraint.
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Figure 9.11: Stereographic projections of the heterogeneous nucleation barrier of
a particle that is attached to a triple junction joining three isotropic boundaries of
equivalent energy. The triple junction particle forms a portion of a cube in one
grain and portions of spheres in the other. Points on the projection correspond to
orientations of the normal to one of the particle facets. As shown, the nucleation of
an isotropic triple junction particle gf 74/5P"'9 is favored at larger facet energies.
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For this example, the fixed average boundary normals fix the average triple
junction line vector with respect to the crystal axes of a grain adjoi@ingvhich
is free to rotate. For simplicity, the orientations@fare limited toRe = ®(uv0),
constraining the rotation axis to lie in a single plane that coincides with the average
orientation of one boundary terminating gr&n The stereographic projection of
AGer(WSihe/ WP in Fig. 9.11 is thus a function of the orientation of one
cube facet normal. The relative interfacial free energies generating the pigtare
1.07y(WSPhe§ andyigp = 0.7y(WP''9 in Fig. 9.11(a) and1oo = 0.9y( W/SPhe'§
in Fig. 9.11(b). These values are similar to those used for boundary particles in
Chs. 9.4.3-9.4.5, artys_p was kept relatively small to avoid conditions of perfect
wetting.

The stereographic projections of barrier heights that results for the triple junc-
tion particles share the four-fold rotational symmetry of the attach&t®®. Fig-
ure 9.11(b) shows boundary orientations to produce anisotropic boundary particle
shapes giving D9 < AGjer( Wesined WP'®'§ < 1.36—shapes unfavorable to the
lenticular particle. Thus, if the grain embeddifij°“b¢ were free to rotate about
an axis in the plane defined by the (average) normal to one of its boundaries, with-
out disrupting other elements of the triple junction geometry, no rotations could
transform the triple junction into a site where this type of faceted nuclei would
form in preference to the isotropic boundary particle. However, for smaller facet
free energies (Fig. 9.11(a)), the isotropic boundary particles are less favorable to
the faceted shapes. In a real microstructure, triple junctions joining relatively high
energy boundaries separating grains for which the curved particle interface has a
free energy density comparable to the boundaries would thus be more likely to
yield faceted particle shapes. Both projections show the faceted nuclei to form
most readily at orientations for which a particle facet lies in the plane of one of the
boundaries forming the junction.

Heterogeneous nucleation for more complicated systengs, fully faceted
particles at triple junctions that define boundaries and grains that are free to any
possible rotation and the more simple case of a particle at a quadruple point for
which the only free variable is a set of grain boundary energies constrained to be
identical and isotropic, can be modeled by the methods of Chs. 6.2-6.4 but are
beyond the scope of this thesis.
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9.4.7 Summary of Results

1. Consistent with Neumann’s principle [108], variations in the relative hetero-
geneous nucleation barrier reflect the point group symmetry of the boundary
particle shape when the boundary is isotropic.

2. Boundary particle shapes containing portionsigfgiving smaller (inter-
facial free energy)/(volume) ratios tend to give smaller barrier heights for
identical facet free energy densities at smalles_p.

3. For a fixedﬁq), W andAyg_p tend to have a greater effect on the barrier
thanfg.

4. Boundary particle shapes derived from a given set of oriefteshow that
variations in the heterogeneous nucleation barrier wighincrease with a
reduction inAyg_p.

5. The reduction in the heterogeneous nucleation barrier occurs only relative to
those isotropic particles with dihedral angles greater ttgan 2

6. AsAyg_p is reduced, 8, increases, meaning that the faceting becomes a
less effective means of reducids;,z( W,/ WsPhers,

7. There are cases where faceting produces boundary particle configurations
for which AG},e (W /WSP'e™§ > 1. For those cases, the heterogeneous nu-
cleation of isotropic particles is more favorable.

9.5 Nucleation Rate

Nucleation rate is exponentially dependent&&* and therefore sensitive to
the interfacial free energy—and thus the shape—of a nucleating particle. The time-
independent (steady-state) nucleation rate for boundary particles is [109]

X = ZB*NHETexp<_AGi'ET> (9.1)
KT

whereZ is the Zeldovich non-equilibrium factor that accounts for the dissolution

of post-critical nucleiff* is the rate atoms attach to the critical nuclédigsT is the

number of boundary sites per unit volume, &Tdaccounts for the thermal energy

that disrupts the formation of critical nuclei.
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At fixed temperature anNyeT, all variables in Eq. (9.1) are shape dependent.
For small undercoolings, k3 < AG/,zr < 60KT, nucleation rate is controlled by
the nucleation barrier [60, 109\G;{,cr determines which nucleation configura-
tions occur with the greatest frequency, and the results of Ch. 9.4 can be used to
predict changes to a microstructure during nucleation.
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Figure 9.12: The stereographic projections showing relative values in the nucle-
ation rate that apply to the particles faceted to one side of a boundary calculated
in this section. As expected from the relatik&/,z; trends of Chs. 9.4.3-9.4.4

for each shape, the nucleation rate varies most fgtandyg for the particle con-
structed from portions o#/°UP¢. The plot mesh is applied to render cases of large
Jiet Visible.
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Figure 9.13: As in Fig. 9.12, but for smallAyz_p.
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To illustrate the effect of particle faceting on nucleation rate, it is convenient to
defineAG; e WSP"®'Y in terms ofkT. Following the example of [53] for homoge-
neous nucleatiol\G;,( WSP"®'9 is set to 6@T, the largest barrier that can occur

for T to be classified as a small undercooling [109] for lenticular shapes described
by y(WsPhers.

) Fier(W)/Jigr (WP
Shape
yi11/Y(WSPPY = 0.5 | yagg/y(WSP"e"§ = 0.7
p1-Tacet 107 —10® 101 -10°
Wephore 10t — 71014 10° — 1107
%/s%cr}ere 101 1010
‘M/sgohcére 1017 101
Wcube 1079~ 107 10°— 101
WSt 1072~ 107 1015~ 10%
ot 107 1055 10°

Table 9.1: Variations in heterogeneous nucleation rate for particles defingéd by
relative to an isotropic particle when the homogeneous nucleation barrier for the
isotropic particles is @0T. The relative nucleation rates depend strongly on the
boundary particle shape, are largest for shapes formed{@th} interface, and

decrease aAys_p decreases, whedyg_p = y( WP —yi11, yi0o = 1.15y111,
andyg = 1.07y(w/sPhers,
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Figure 9.14: As in Fig. 9.14 but for particles faceted to both sides of a boundary.
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Figure 9.15: As in Fig. 9.15 but for particles faceted to both sides of a boundary.
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Table 9.5 compares results from Ch. 9.4 forfglamong the particles shown
in Figs. 9.12-9.16. The results indicate that the nucleation rate is largest for par-
ticles whereAyg_p is larger (faceting is more favorable). The relative nucleation
rate, J;er( W/ WPhe9 is nearly uniform with boundary orientation for boundary
particle shapes formed from/°t and 7/, For boundary particles formed from
WEUPe the dependence dfir(W/WSP'® on fg is more pronounced, a result
expected from the more pronounced variatiol\@,-( W/ WSPhery for p/cube
shown in Chs. 9.4.3-9.4.5.

Consider a system in which lenticular particles described/(y’sP"¢'9 are
nucleating in addition ta/S42®and Wscp“hbeieboundary particles. If every cubic cen-
timeter of material nucleates one lenticular particle each sectjpel((/sPhe'y =
1 nucleugen? - 9), it also nucleates-10°°-10** boundary particles that are fully
faceted and-10'%-10'“ faceted boundary particles with spherical caps to one side
of the boundary. An observation of one of these lenticular particles would be ex-
ceedingly rare in such a case.

ReducingAys_p decreases the relative nucleation rates of the faceted patrticles.
For example, whefy 11 = 0.7y(‘WsPher§ 3= drops several orders of magnitude
for all anisotropic boundary particles. Decreasing_p has a larger impact on
particles derived fron//¢UP€ (Ch. 9.4.5) becausgioo > V111, the particles have
larger (surface area)/(volume) ratios, and the particles cause a greater boundary
distortion. For the example above, every cubic centimeter nucleaté¥— 10t°
boundary particles ot/gjie*and~10° — 10’ boundary particles ot¥5e for each
lenticular particle that nucleates. An observation of the lenticular particles would
still be rare. AsAyg_p is further reduced, however, the lenticular particles would
dominate during nucleation because the total interfacial free energy for a fixed
volume would be minimized by a lenticular shape, which gives a smaller (surface
area)/(volume) ratio than a particle with broad facets.

The effect of boundary orientation becomes more pronounced with an increase
in Ayg_p for particles with a single facet. This result is in contrast with particles
containing multiple facets. At the larg&ys_p, the relative nucleation rate for the
single-facet particles decreases frerh0® to ~10° on rotatingfis away from the
particle facet. On the other hand, at smallgg_p, the effect offig diminishes:
for yi11 = 0.7y(WSPher§ 3 (W /wsPhe'§ decreases from 107 to ~1071, and
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approximately 10 lenticular particles nucleate for every particle witb0d) facet
whenfigg L (001). However, at this smallekys p, ~10° Weine and~10° Wgine
particles nucleate for every lenticular particle, alig need not be controlled

by the lenticular particles when the probability of single facet boundary particle

nucleation is relatively low.
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Figure 9.16: The relative nucleation rate for a boundary particle as a functign of
andfg. Although only a curve extending frof®01) to, e.g, (100) is necessary,
one-eighth of the plot is shown. Orientations in the neighborhood of the perimeter
of the plot give relatively low nucleation rates for the smallgg_p.
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Results from this section show that the exponential dependence of nucleation
rate onAG;j,c reflects the details of particle faceting. Nucleation rate is a strong
function of both particle shape and the relative free energies of particle facets.
Boundary orientation becomes increasingly important at larger facet free energies
(smallerAys_p) because the energy created on boundary rumpling is absorbed by
the reduction in energy on forming broad facets of low energy. Whenp is
decreased, there is less of a driving force to produce particles with single facets at
orientations giving the greatest boundary distortions because, for larger facet free
energies, the shapes do not provide as much of an energy reduction as an isotropic
(lenticular) shape. However, under such conditions, lenticular particles of fixed
y(WSPe§ can become metastable to boundary particles that retain multiple low
energy facets.
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Chapter 10

Anisotropic Grain Boundary
Energies

Generally, grain boundary energy varies with the crystallographic misorienta-
tion across the boundariRg) and the orientation of the boundary plarfig)[13].
Specification of these variables at const@randi determines the set of shapes
a grain can take at equilibrium [26]. The following section briefly reviews the
Read Shockley dislocation model for grain boundary energy that applies when
d<5-10.

10.1 Brief Review of the Read Shockley Model for
Low Angle Grain Boundary Energies

The Read Shockley model represents low angle grain boundaries as arrays of
discrete, parallel, regularly-spaced dislocations. The model was introduced in a
work [110] that combines observations for low angle tilt boundaries with calcula-
tions taking idealized dislocation geometry and measured material parameters to
show its utility. Several studies have since demonstrated the model’s applicability
to a variety of low angle boundaries [111, 112].

The model gives the energy of a low angle tilt boundary for a primitive cubic
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crystal structure with a misorientatidty, = ®(001) as
yGB<ﬁGB) = EO(ﬁGB)CD[ D(ﬁGB) —In CD] (10.1)

wherefigg—dependent parametelgngg) and E,(Ngg) are, respectively, a con-
stant dependent on the dislocation core energy and a constant dependent on the
elastic properties of the material. Equation (10.1) models pure tilt boundaries as
arrays of edge dislocations, pure twist boundaries as arrays of screw dislocations,
and general boundaries as a combination of edge and screw dislocations.

Equation (10.1) is derived for strain energies calculated with linear isotropic
elasticity theory. Dislocation cores are regions where the displacement between
two atoms on adjacent sites (atomic deregistry) is too large for elasticity theory
to approximate the correct strains. Equation (10.1) is not applicable to high angle
boundaries® > 5— 10°) that would require ideally-spaced dislocations cores to
overlap because, in that case, linear elasticity does not apply.

10.2 Application of the Read-Shockley Model to
Create Anisotropic Grain Boundary Free Energies

Heet al.[113] modified the derivation of Eq. (10.1) to obtaiges(fics) appli-
cable to all low angle grain boundary orientations for primitive cubic crystal struc-
tures obeying isotropic elasticity. The modified form follows when the density of
each set of dislocations in the boundary is determined (with Frank’s formula [114])
for generafigg. The result,

. GK? . .
yGB(nGB) = m@[ L(nGB) — M(nGB) IndJ] (102)
is used to produce anisotropic grain boundary energies for this study.
In Eq. (10.2),v is Poisson’s ratioG is the shear modulus, aris the mag-

nitude of the Burger’s vector. For a primitive cubic crystal structbre, a(100),
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wherea is the lattice constant. The parameté§figg) andL(figg) are

M(fce) = a1 +az — vnébs(l/al +1/ap)
L(fics) = M(fice)(Do— 1) + N3, 181 + N3, ya0— (10.3)

alnag —asInay +vn5b,3 [(Inag)/a1+ (Inaz)/ay]

where

/2 2 /2 2
g7 g7 g7 g7 (10.4)

fice = (Ngb.1, Ngb2, Ngb3)

and the atomic deregistry of a dislocation core enters thr@ugh

b
Do=1-+1
o +n<2

o

) (10.5)

for a dislocation core radius ©§.

7<WGB) 001
100 010 .
WGB

(@) (b)

Figure 10.1: (a) A plot of the interfacial free energy density for a low aRgle=
5°(001) grain boundary derived from the Read Shockley model for a primitive
cubic crystal structure. The calculations were performed using the methods in
Ch. 6.1-subsec:MOCII-anisotropic with a derivation of étel.[113]. (b) Cusps

in (a) at(100)—type tilt orientations give facets at the pure tilt orientationgtg.
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Figure 10.1(a) plotyce(fics) for a Ro = 5°(001) low angle boundary using
the following parameters: = 1/3, G =40 GPap =1 nm,r, = .1 nm. (Parame-
ters characteristic to Pb or Sn from [110] give only slight changes tshibpeof
the plot but give values ofsg(figs) that scale withs.) The results in the figure are
consistent with those from Het al.[113]. There are four interfacial free energy
minima, and they are located @t00), (010), (100), and(010) on the great circle
of tilt boundary orientations. The variation &g(figs) along the tilt boundary
orientations is shown in Fig. 10.2(b). Tilt boundary orientations between the min-
ima lie on a sharp edge that points out of the plot—for thfege boundary energy
decreases sharply with an infinitesimal chang@dg that produces components
along the twist boundary.

Ve (hgp)
1
VB (ngp)
'l
e |
Twist Boundary .
Orientation 2
N\
‘/—\\ Tilt Boundary
2 Orientations
(@) (b)

Figure 10.2: The variation if( Wgg) with gg. (a) The energy density increases
from the twist to tilt boundaries along a great circle witl{1d0) zone axis (top)

and, after passing through a local maximum, decreases along a great circle with a
(100 zone axis. (b) The variation iy Wsg) along the great circle of tilt orienta-
tions (the zone axis in this case[@1], the twist boundary orientation).
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Figure 10.1(b) gives the shape of a fixed volumes-Wzg—calculated from
a modification toysg(figg) making it HD1 infgg. The equilibrium grain shape
replaces tilt boundary energy minima with facets that meet at corners in the plot.
Thus, the orientations that correspond to points along the outward edge of the
Yes(Ngg)—plot are replaced by a point olgg, indicating that these orientations
are absent from an equilibrium shape and are thus unstable to reorientation to form
components alonf01] and[001] whenA3y is fixed (the grain boundary 6 is
infinite in extent). The tilt boundary facets are separated from the twist boundaries
by smoothly curved interface.

Materials rarely form primitive cubic crystal structures. However, qualitative
results given by Eq. (10.2) are used to explain grain boundary roughening transi-
tions in Cu [115] and perovskites [116], and the equation is sufficient for studying
effects of grain boundary particles that replace anisotragi¢ngg) derived from
guantitative models. Extension of the Read Shockley model to other crystal struc-
tures is more complex because dislocation arrays that contribute to the boundary
energy can react to form lower energy structures [114].

10.3 Anisotropic Grain Boundaries and Anisotropic Par-
ticles

Results for particles attached to boundaries described by the maglélcs)
calculated in Fig. 10.1(a) are briefly described here. Although the model derives
from dislocation theory, it is a macroscopic representation of a grain boundary and
does not, therefore, give boundary particle shapes modified due to removal of in-
dividual dislocation line length. To allow comparisons with results in Ch. 9.4.4
for the heterogeneous nucleation of faceted particles at isotropic grain boundaries,
y111 = 0.5y( WSPMe'§ via0/y111 = 1.15, and the twist boundary energy density de-
rived from the Read Shockley model is equated to the isotropic boundary energy
used in Ch. 9.4.4ysg(foo1) = 1.07y( WP, wherefigg = fgo1 is @ pure twist
boundary.

Calculations show that boundaries of fixed average orientation witttge
in Fig. 10.1(b) will facet foriggs in the neighborhood of tilt boundary orienta-
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tions. This result is not surprising becaus#;g replaces tilt orientations with
broad{100} and {010} facets, and, for this reason, formation of these facets is
expected near the tilt boundaries [24].

(@) (b)

Figure 10.3: (a) Grain boundary facets and (b) anisotropic hills and valleys that

result with a4 poundary particle.
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Boundary faceting off of the tilt boundaries produgd$0} and {010} orien-
tations in proportions that conserd@y. Fig. 10.3(a) is an example wheids
has no components alod@10}, andi%s decomposes int(l00) facets and lower
energy orientations inclined toward the misorientation axis. Boundary faceting for
orientations on the asymmetric tilt boundaries can produce, in additi¢hGo}
and {010}, equal proportions of the limiting orientations defining theg;g edge
that lies at tilt boundary orientations and extends between facets. These limiting
orientations have components along the twist boundary orientations.

Figure 10.3(b) gives an example of a hill-and-valley structure fof116) tilt
orientation—this orientation gives the smallest increase in interfacial free energy
for the calculated boundary particles. The boundary facets become larger with
distance from the particle—this is due to the details of the calculation, which uses
a mesh size that increases with radial distance from the particle. The calculated
results are not intended to predict the exact boundary shape, and in calculations
that do not account for energies due to edges or corners, a single calculation gives
one in an infinite set of possible solutions.

A result of interest in applications where grain boundary sliding must be lim-
ited, particle attachment can induce boundary faceting. Calculations of the bound-
ary that appears in Fig. 10.3(a) show that it is flat in the absence of an attached
particle and re-converges to a plane when subject to perturbations allowing it to
sample the faceted orientations #fg. Distortions necessary to accommodate
the boundary particle shapé-e:, geometric constraints forcing the boundary to
locally reorient—produce low energy features allowedyg for fixed ﬁg"g that
are otherwise absent. These results provide energetic arguments supporting re-
ports [22, 117, 118] of precipitate-induced boundary faceting.
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Figure 10.4: (a) Relative heterogeneous nucleation barrier and (b) nucleation rate
for WCULehoundary particles attached to an isotropic grain boundary, Whgre

5°(001). The inset shows the boundary particle configuration @tl®) boundary
orientation.
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Figure 10.5: (a) Relative heterogeneous nucleation barrier and (b) nucleation rate
for WCibepoundary particles attached to the anisotropic boundary witifeg of

Fig. 10.1. The inset shows the boundary particle configuratior{5t@ boundary
orientation, andy(Ngit) = Y(A100)-
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Figure 10.4 plotsAGy 1 ( WEULe/ q1/SPherg and Jy,c(WS4Re/ w/sPhers for an
isotropic boundary oficg = 1.07y(%Ph®'§ and characterized by a low misori-
entationRe = 5°(001). The values are normalized relative to the heterogeneous
nucleation of an isotropic particle at the same boundary. The eight-fold rotational
symmetry of solutions that occurred in Ch. 9.4.4 is replaced with four-fold symme-
try becaus@ = 5° rather than 45 Results for the anisotropic boundary are plotted
in Fig. 10.5. In this case, values are normalized relative to the heterogeneous nu-
cleation of an isotropic particle at the anisotropic boundary. Four-fold symmetry
is present in the anisotropic case because the misorientation axis is parallel to the
four-fold rotational axes ofizg as well as thelcuPe that define the boundary
particle shapes.

For the isotropic boundary, & Bnisorientation abou001) produces configu-
rations of larger energy thaRe = 45°(001) (Ch. 9.4.4) for alligg except for the
twist and portions of the tilt boundaries. The negligible difference in free energy
produced at twist boundaries is discussed in Ch. 11.2.1. Those tilt boundaries that
yield a lower energy configuration féte = 5°(001) typically have <4 shapes
with fewer facets (than those giving a lower energyfay = 45°(00D).

Results indicate that the heterogeneous nucleation barrier at the anisotropic
boundary changes in a manner similar to the boundary free energy density shown in
Fig. 10.2(a). Boundary orientations that lie on a great circle with a zone axis paral-
lel to either &(100) or (010) symmetric tilt orientation offer the most favorable nu-
cleation sites when the distance from theWwist boundaries is fixed. Along these
great circles, the barrier increases from shallow minima at the twist boundaries to a
maximum and then decreases to a global minimum at the symmetric tilt boundaries.
The maximum is actually a saddle point in the heterogeneous nucleation barrier be-
cause the barrier increases to a maximumaddng the corresponding latitude. The
great circles connecting this (latitudinal) maximum to the twist and tilt orientations
have zone axes parallel {a.10} tilt orientations and give the locus of orientations
that, for a fixed distance from the twist boundaries, give the largest nucleation bar-
rier, with the barrier continuously increasing as the tilt boundary is approached.
The (110) tilt boundary thus gives the largest nucleation barrier F42e par-
ticles. However, the barrier is still reduced relative to that of isotropic particles
with dihedral angles larger thar®2 for T = AG},z1(WSP®'9 /60k, WCULE par-

cube
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ticles would occur by a factor of 10?1 more frequently than lenticular particles
defined byy(7/5Phe"9 at (110) anisotropic boundary orientations in a fixed volume
of material.

10.4 Anisotropic Grain Boundaries and Isotropic Parti-
cles: Unexpected Results

Isotropic boundary particles may induce boundary reorientation in cases where
the undecorated boundary remains flat. The smoothly curved particle shape allows
the particle-boundary triple line to choose a path allowing the boundary to locally
form low energy orientations that reduce the total interfacial free energy. This
result is surprising because isotropic boundary particles are typically regarded as
portions of spheres abutting at a flat boundary.

As an example, consider the orientation n€atl) in Fig. 10.6. When the
boundary is isotropic, it is distorted by &Y€ particle, forming a minimal sur-
face k = 0) that attaches to the triple line. When the boundary is anisotropic
and described by thétsg of Fig. 10.1(b), a4 particle distorts the boundary,

which forms a surface of zero constant weighted mean curvakyre- Q) with
broad facets parallel ta00).
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Figure 10.6: (a) AWCSUbe attached to an isotropic boundary, (oy€4Re attached

ube
to an anisotropic boundary, and (c) an isotropic particle attached to an anisotropic

boundary.
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When an isotropic particle attaches to the anisotropic boundary, the triple line
moves out of the plane defined b5 near orientations for which the broad bound-
ary facets formed arouna/S4¢ tracing an ellipse that is rotated a few degrees
about(110. The boundary is thus inclined to for(d00) orientations and neigh-
boring low energy interface. The total interfacial free energy of the lenticular parti-
cle attached to the same boundary but under the constraint that the boundary remain
planar is larger than that of the deformable boundary shown in Fig. 10.6(c). This re-
sult shows that the local geometry of interfaces forming the triple junction can vary
with position. As demonstrated by King [95], multiple equivalent geometries can

define an equilibrium triple junction joining anisotropic and isotropic interfaces.
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Chapter 11

Extensions

11.1 Utility of Calculations: Brief Examples

11.1.1 Coarsening and Anticoarsening Phenomena

Generally, a system that contains a fixed amount of particle volume can, for
YeB ~Yp (Wherep denotes particle interface), reduce its total interfacial free energy
by combining the volume in a single particle.

Consider the construction of an interfacial particle from square Wulff shapes
(called W54@€here) in Ch. 5.3.1. By comparing the changes in free energy cor-
responding to each configuration, Appendix G shows that interfacial free energy is
reduced when a single particle dissociates into two particles of equal volume if

Yog/Y( WY > 2¢/2

Previous work has labeled such dissociation phenomena “anticoarsening” [48].

A calculation of octahedral particles attached to pure twist boundariRg ef
12°(001)—representative of the oxide precipitates fabricated in Si to study bound-
ary particle shape and size [49]—shows that there are cases for which it is favor-
able for a singlen/2$t boundary particle to divide into a larger, perhaps unbounded,
number of equal volumes. If the additional boundary energy due to rumpling could
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be neglected, a construction as in Appendix G shows that
YoB/Y(Wagt) > 3.46

would give be the condition for anticoarsening.
Fig. 11.1 shows the particles calculated for this example. The calculated results
indicate that anticoarsening is expected for

YeB/Y( Wc?cctt) 2 3.8

which is consistent with the modification to the construction in Appendix G that
occurs for rumpled boundaries—because the amount of boundary energy removed
by a particle inR® is reduced when the boundary rumples, the displacement of
W for a given boundary is smaller than the bound_é@g, and larger boundary
energies are needed to give a reduction in energy on boundary particle formation.

== =

(@) (b)

Figure 11.1: (a) A2 attached to a pure 2wist boundary that has less energy
than (b) the combined energy of two identicafSS! that half the volume of the
single particle and are attached to the same boundary.
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11.1.2 Boundary Particle Faceting in One Grain:
Choice of Grain

The high resolution TEM image shown in Fig. 11.2(a) shows that, to remain a
single crystal, a boundary particle will facet in one grain and assume a spherical
cap in the other. The image shows neighborimgS< to facet on opposite sides of
the boundary. The boundary appears to change position from one side of the lower
particle in the figure to the other, suggesting boundary rumpling in the vicinity
of the second particle. These results are similar to observations of carbides at
serrated boundaries in austenitic steels, where neighboring carbides along the same
boundary will retain coherency with opposite grains to create a “zig-zag” faceting

pattern [22].

A

o I (Wsphor(*)

— 7111

(b)

Figure 11.2: (a) A high resolution TEM micrograph of two single crystal Pb parti-
cles attached to the same Al grain boundary. In each case, the particle is a spherical
cap in one grain and a truncated octahedron in the of@eurtesy of U. Dahmen,
NCEM, LBNL.) (b) Calculations ofWo5,.show that the energy is the same re-
gardless of which side each patrticle facets in when the boundary distortion caused

by each (for an isotropic boundary) do not overlap.
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Calculations show that, when attached to a boundary of g4 similarly
oriented non-interacting particles have the same interfacial free energy as particles
forming a zig-zag faceting pattern. Calculations in the next section show that par-
ticles, zig-zagged or not, can arrange to give lower energy configurations when
boundary distortion from one particle coincides with that of another so that the
total distortion is less than what would occur if the particles were widely spaced.

From Ch. 9.4.3, Ch. 11.2.1, and [55], it is speculated in this thesis that one of
the boundary particles in Fig. 11.2(a) is metastable relative to the other or that, if
Fig. 11.2(a) gives boundary distortion which was not induced by boundary parti-
cles, the observed alternation in particle faceting could result bedagsehanges
along the boundary. WheRy, is fixed, theW e boundary particle shape has one
degree of freedom at a givéig—to facet in grainC; or grainC,. In this case,
neighboring boundary particles could be attached to (locally) diffaigptalong
the same grain boundary. Because the facets of boundary particles are topotacti-
cally aligned with the matrix, faceting in graf at a general grain boundary will
produce a different shape (and thus total interfacial free energy) than faceting in
grainC,. Hence, the choice of which grain a fixed volume of particle will facet
in is, under equilibrium conditions, governed by a minimization in interfacial free
energy that is dependent @gag.

11.1.3 Spatial Arrangement of Boundary Particles

Boundary particles that distort a boundary can arrange so as to minimize the
distorted boundary area. Such a case could occur if the particles did not coarsen—
for instance, ifycg is much greater than the particle interface energy density as in
Ch.11.1.1.
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Figure 11.3: (Top) Neighboring/25t that are identical can lower interfacial free
energy by locating close to one another to eliminate the total boundary distortion.
(Bottom) A plot of the change in interfacial free energy per unit change in area
on the formation of the boundary particles shows a plateau at a displacement of
approximately BV1/3 whereV volume of each particle.
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Figure 11.3 gives an example showing energy to increase as particles relocate.
For the example, twat)S§! particles of equal size attached to a single boundary,
the particles are constrained to lie along a line parallél@® (defined relative to
C,1), and 075yse = V111. The lowest energy configuration calculated occurs when
the particles are close so that boundary distortions occurring between particles then
coincide to produce one distortion that contributes less interfacial free energy than
the two separated distortions.

TGB —

— Y111

6} V1/3

AE/AA
(AE/AA)

max

0.96

Figure 11.4: (Top) This system of neighboring particles formed from identical
weubecan lower its interfacial free energy by displacing the triple junction particle
from the boundary particle cluster. (Bottom) The change in interfacial free energy
per change in area for the formation of the boundary and triple junction particles
decreases to an approximately constant value when the triple junction particle is
displaced by approximately.®/1/3 for particles of the same volum¥,
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More pronounced energy changes occur for displacements of the triple junc-
tion particle that is shown in Fig. 11.4. This particle is situated between three
boundary particles, where each boundary forming the triple junction contributes
one boundary patrticle. For this example, all particles are formed from combina-
tions of WCUe and 075yge = 1.15y100. Initially the centers of the four particles
liein a{001} plane. Interfacial free energy decreases as the triple junction particle
is displaced from the other particles along the triple junction, which is oriented
along (001). In this case, energy decreases at small displacements and then in-
creases to a constant value when the triple junction particle is sufficiently removed
to have no interaction with the other particles. Larger changes in energy occur with
particle displacement because displacements alter rumpling due to four, rather than
two, particles.

Both examples reflect highly constrained minima. However, they show that,
in addition to selecting boundaries offering low energy configurations, boundary
particles can position so as to reduce the total boundary rumpling necessary.

11.2 Microstructural Torques

Second-phase particles can alter the geometric stability of grain boundaries and
thereby influence equilibrium grain shapes and the texture of a polycrystal. The
torque acting to rotate grains abutting a boundary of fixggl, typically observed
in the creation of recrystallization nuclei but also in the reduction in grain bound-
ary energy for columnar grains in thin films [119], is considered in Ch. 11.2.1.
The torque to rotate a boundary of fix&% was treated by Herring [120] and is
considered for boundaries decorated with particles in Ch. 11.2.2.

In both sections, changes to grain boundary shape are limited to the neighbor-
hood of a particle to avoid complications that would arise in real systems where
one grain is connected to a number of others through individual boundaries. This
assumption is realized with the embedded spherical grain construct of Ch. 9.4.4.
However, for locally planar boundary the embedded grain would necessarily be
much larger than a boundary particle, meaning that morphological changes de-
pendent on grain size(g, grain rotation accommodated by grain sliding) would
proceed more slowly at larger grain sizes [119].
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11.2.1 Grain Rotations

Grain rotation may reduce the total interfacial free energy by allowing boundary
particles to change shape. Whegg is fixed, a torque tending to alter particle
shape must also tend to alter grain misorientation.

An Example of Grain Rotation in R?

Itis instructive to consider the particle constructed in Ch. 5.3 before proceeding
to the numerical examples for particlesR3. Let boundary orientation be fixed
to Agg = (01), and letyss = Y10, Whereyyg is the free energy density of each
square patrticle facet. A change in particle shape can occur if Geaintates. In
this example, the rotation & produces a family of boundary particle shapes that
has four-fold rotational symmetry i for a ygp that is isotropic in®. (In R?,

Ro = ®.)

Figure 11.5 plots changes to the interfacial free energy per unit area of particle
as a function ofb. Each point on the plot gives the equilibrium configuration for
the ® defined by that point. All information is contained in Fig. 11.5(a), which
shows 8 of the possible misorientation angl®s The results are plotted in polar
coordinates in Fig. 11.5(b) for all misorientations to show the symmetry of solu-
tions.
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Figure 11.5: Grain rotations iR? driven by a reduction in the total interfacial
free energy. (a) Cartesian and (a) polar plots of changes to the interfacial free
energyAE, for a configuration divided by the area of the partidleThe boundary
jumps at® = 225°. Values of AE/A that appear in the figure are in terms of

Y10/ [LENGTH] for a unit area of particle.
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For this case, energetic minima occur when there is no misorientabien,
90°n, and maxima occur at the largest misorientatiohss: 90°(n+ 1/2) for any
integern. Thus, a torque will tend to rotate gra@ into a configuration of zero
misorientation whe® =£ 0, and the torque will increase és— (90+1/2)n.

Generally, interfacial free energy densities are anisotropiuitbecause some
@ provide a larger degree of lattice matching across a boundary than others, and a
zero misorientation would imply the absence of a grain boundary and thus of grain
boundary energy. However, this result does not suggest that a boundary patrticle
will increase grain size by eliminating an entire grain boundary through grain ro-
tation because it is based on an analysis that assyggas finite and independent
of @. In this exampleg = 0 produces a minimum because the it gives the smallest
change in line length for the fixed area of boundary particle.

Grain Rotations in R3

In R?, non-zerad produce pure tilt grain boundaries. The examples considered
in this section pertain to a case not possibl&fa—pure twist boundaries. Parti-
cles attached t9001) orientations of grain boundary are considered here. Twist
boundaries result from the rotation of one grain (in this d@geabout the unit
normal to the boundary. Féte = ®(001), misorientation angle is the only degree
of freedom.

7111

rAl(wg = IA1110
IAlavg = rA1001
Grain C; Phase C;

Grain/Phase C, Phase C,

Figure 11.6: Fully crystalline particles attached to pure twist grain boundaries.
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As in Ch. 9.4.4, this example considers grain bounda{ie w23, and
‘T/VTTC?CCtt particles foryigo/y111 = 1.15. Hereygg = 0.75y111. Equilibrium configura-
tions for 0< ® < 45° are given in Fig. 11.6. Becaufigg coincides with four-fold
rotation axes of eactt/, the configurations in the figure comprise the distinct set
of configurations.

Plotted with the configurations are changes to the total interfacial free energy
per unit volume of boundary particlAE (%) /V. This ratio is useful for consider-
ing the energy-minimizing shape for a fixed volume.

For W25 and WL, lowest-energy twist angles give are those that give the
least boundary distortion. Distortion amE(7/)/V increase continuously for
these shapes from a minimum @t= 0 to a maximum atb = 45°. In contrast,
for WCUe distortion andAE(W)/V are invariant tod. This invariance occurs

cube’
becauseyg is parallel to orientations o##/S42% meaning thatb # 0 can be ac-
commodated by pushing particle volume entirely to one side of the boundary to
give a smalledE (%) /V than would be produced by accommodating the misori-
entation by boundary distortions. In effect, determinatiorvg$ite reverts to a
Winterbottom construction for applications mg, MgO [121].

Similar to the results in Chs. 9.4.3-9.4 .4,
AE(W%Jcctt) < AE(Wc?c%t) < AE( ccuubbe

for all . Configurations of the greatest interfacial free energy are formed from
mcuubbee particles, which are completely described by the larger facet free energy
density §100) and tend to produce shapes with the most surface area. Truncated
octahedrali’ produce shapes that use a combinatiofildf0} and{111} orienta-

tions, reducing the total surface necessary to enclose a fixed volume and compen-
sating for the introduction of larger ener§$00} interface.

As demonstrated here fon42$t and WSS, boundary particles could affect
grain rotation. If grain rotation is inhibited, an energetic minimum can still be
reached—e.g, through the nucleation of a new grain at triple line between the
boundary and particle, keepirgg fixed. Observations that could indicate the ef-
fect of boundary particles on (de-)stabilizing a particdbainclude measurements
of dihedral angles between three grain boundaries or two free surfaces and a grain
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boundary [61] and statistical studies of the frequency of certain pure twist misori-
entations [121] and misorientations at genéga[6, 7].

11.2.2 Grain Boundary Rotations
An Example of Grain Boundary Rotation in R?

WhenRyg is fixed, a boundary particle will exert a torque on the boundary if
the free energy of the system can decrease with changasgin Consequently,
boundary particles may influen@é/sg.

Consider the example in Ch. 11.2.1, anddet 45°. Becauseygg for this
example is isotropic imgg, interfacial free energy is minimized f@® = 45°n,
wherefigg = (cos®, sin®). The largest interfacial free energy corresponds to a
nearly symmetric tilt boundary that occurs@t= 45°(1/2+ n). The shape does
not change continuously d@g;g passes through this maxima, where there is a bi-
furcation giving two solutions that differ only in which grain borders three particle
facets and which grain borders two.

The eight-fold symmetry of solutions given in Fig 11.7 is expected because,
as in Ch. 9.4.4, the boundary particles are formed friafmthat are misoriented
by 45 about an axis parallel to the four-fold axes of theé [107]. The results
plotted in Fig. 11.7(b) indicate changes to the interfacial free energy for a boundary
decorated with particles of fixed area. This plot is different fropf@ot describing
the boundary uniformly decorated with the particles, which would giE¢Al as
a function offig, whereAl is the change in line length. In this exampleg =
Y10, meaning thaAE /Al is a constant an@ig remains a circle when uniformly
decorated with particles.

For more general cases wheggs # yio, AE /Al will vary with g, and Wee
will be modified. For instance, the boundary particle that is produced in Fig. 11.7
when® = 22.5° replaces more boundary line length than the particle that forms at
© = 0°. If it were possible to retain the same particle shapes feisa> yi0, a plot
of AE/Al would have minima a® = 45°(1/2-+n), and, for deep cusps kE /Al
Wse would be octagonal. To study the effect of boundary particles on changes
to Mg, Anneals of a thin metal wire segmented by grain boundaries to form a
bamboo structure, used to study the effect of boundary orientatigggofor fixed
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Ro [13], could be used.

(@) (b)

Figure 11.7: Grain boundary rotationsR? driven by reductions in the total inter-
facial free energy. Both (a) and (b) are plotted as in Fig. 11.5. ValuAg pA that
appear in the figure are in termsyap/LENGTH for a unit area of particle.
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Although the polar plots in Figs. 11.7(b) and 11.5(b) give a relative measure
of changes in free energy under different geometric constraints, the plots give an
equivalent solution at four points. These four points coincide when the plots are
superimposed and one plot rotated about the origin By 4% this example, the
coincident points aré = 90°(n+1/2) and® = 45°n, and the solution minimizes
changes to the interfacial free energy when the reorientation of the boundary is
inhibited but gives a maximum when the reorientation of one grain is inhibited.
The boundary geometry providing a global minimum would involve calculations
over 0< @ <45 and 0< © < 45, and if the boundary free energy constraint,
YeB = Y10, could be replaced with realistic boundary energies, the results could be
directly compared to systems such as thin films witasel fgg.

Grain Boundary Rotations in R3

WhenRy is fixed, and for the set o## and interfacial free energies used in
Ch. 11.2.1, boundary orientations giving minima in the total interfacial energy for
a fixed volume are most often those that involve the least amount of boundary
distortion.

A grain boundary that can rotate at fix& has two degrees of freedom.

To determine the dependence/# (7)/V on fige, boundary configurations for
R = 45°(001) were calculated withigg Separated by T5arcs on a spherical
grid. (ThisRe corresponds to the highest energy configurations givermigt

and #42%tin Ch. 11.2.1. Those configurations are, in this chapter, allowed to relax
into energy minima accessible through boundary rotation.)

As expected from results in Ch. 9.4.4 and [107], an eight-fold rotation axis
along(001) relates boundary sites that give energetically equivalent boundary par-
ticle configurations. The @nmmpoint group symmetry that results is less than
that for the individual/, which has cubic symmetry and would indicate th&48
of the solutions are necessary, because configurations occurring at the two pure
twist boundary orientationsigg || (001)) differ from those at the tilt boundaries
(Nge || (hk0DY). In this case, all boundary orientations between the twist boundary
and two points separated by.82on the great circle of tilt boundaries must be con-
sidered, increasing the number of necessary calculations from considédiddgal
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1/32 of all boundary orientations.

The equilibrium boundary geometries for a fixeg andfgg are the same as
those in Ch. 9.4.4. Althougisg differs in this case, the results from Ch. 9.4.5
for fully faceted crystals apply to this chapter. Hence, configurations producing
energetic extrema for/SiPtend to produce extrema of the opposite sense/fi§'
and WS From results presented hef@/S4>®boundary particles tend to modify
Wsg to resemble the intersection of two octahedra misorientedoy-this is an
octagonal dipyramid—as in [107]. The anisotropy in configurational free energy
imposed byW2$ and WS, on the other hand, transfornisg into a shape
resembling an octagonal prism of height proportional to the total interfacial free
energy configurations of particles at the twist boundaries.

The results of this chapter imply that a balance of tensions, which shows that
isotropic boundaries meeting at a triple junction must be separated by dihedral an-
gles of 120, must be replaced with Herring's formula [120] (ofatriangle [77])
to account for particle-inducegkg anisotropy infigg. As shown by King [95],
grain boundary anisotropy could lead to transitions in properties at the triple junc-

tion, giving,e.g, measurable changes in segregation or junction mobility.
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Part IV

Conclusions and Future
Directions
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Chapter 12

Summary of Contributions

This work uses calculations that approximate equilibrium configurations at
fixed T, [, and particle volume to demonstrate the effect of crystallography on the
configurational stability of boundaries that contain boundary particles. The cal-
culations account for the average boundary orientatiig), (the crystallographic
misorientation across the boundaRg{), and the equilibrium particle interface and
boundary free energy densities. Equilibrium orientations are obtained from (1) the
Wulff shapes /) corresponding to the particle fully embedded within the each
grain or phase abutting at the boundary and (2) the Wulff shape of the boundary
(W8).

The state of knowledge prior to this work is summarized in ParThere,

known constructions are shown for free particles and particles attached to various
non-deformable boundaries that give configurations where a boundary remains un-
altered aside from a reduction in its total area. The applicability of a classic study
of deformable boundaries is addressed analyticallR3rand numerically inR3
to consider the effect of a one facet, and sets of parallel facets in a particle shape
otherwise described as the abutment of two equivalent spherical caps, is discussed.
Part Iconcludes that there is no known geometric construction for faceted bound-
ary particles inR? because one does not generally kreriori the equilibrium
form of the boundary generated by a convexifyed

The construction presented in Ch. 5.3 of Pafb R? is a extension of ideas
of C.A. Johnson [85] for twin boundaries that was later utilized by Hoffman and
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Cahn [77] and reformulated for general boundaries by Lee and Aaronson [56].
In Part Il, the construction is applied to general cases with the assumption of a
boundary that is infinite in extent.€., very small particles), and perfect wetting
and unique boundary displacement&ihare identified.

This thesis develops a numerical framework to determine the equilibrium con-
figuration for anisotropic boundary particles attached to general boundaries (Part Il
Chs. 6.1-6.4). The methods specify boundary characteRutis, and the Wulff
shape of the boundary#/®. In most calculations, a sphere was assigned as the
boundary Wulff shape to isolate the effect of particle anisotropy. Particle character
is specified by the set of particle Wulff shapes (with energy densities expressed
relative to7/B) belonging to the abutting grains or phases.

Surface Evolvers used to minimize the total interfacial free energy under as-
sumed isothermal conditions for a specified voluiRg, Ag, and set of . The
equilibrium configurations that result show faceting to alter boundary geometry
when the triple line has components paralleff. The methods can be extended
to systems imposing further geometric and energetic constraigtsparticles at-
tached to triple junctions (Ch. 9.4.6) and quadruple points, particles attached to
anisotropic boundaries (Ch. 10), and particles relaxing geometric constraints such
asfg. The methods can also be simplified to calculate unattached particle shapes
(W) and boundaries without particles (Ch. 7) as wellag, Winterbottom and
Summertop shapes (Ch. 3).

Part Il of this work applies the methods developed in Patb problems inte-
gral to microstructure. Results from Ch. 9—10 show that boundary geometry can
be used to control heterogeneous nucleation textures, and preferred nucleation sites
are strongly dependent on boundary and parti¢le

Boundary character has greater influence whes p is relatively small. As
Ays_p is decreased, particle faceting becomes less advantageous at those sites (de-
scribed byAg andRe) giving the largest boundary distortions. Whenis similar
to the facet free energy densities, large boundary distortions can suppress faceting,
and isotropic or partially isotropic boundary particles will then be more prevalent.
Whenys is large, particles may anticoarsen to maximize replaced boundary energy
and preferentially align to minimize boundary distortion (Ch. 11.1).

Chapter 11.2 shows that faceting can alter microstructural stability and bound-
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ary structure. In particular, whefis is fixed, grain boundary particles can exert

a torgue on grains abutting to form a boundary. When grain rotations are con-
strained, a boundary particle that can reduce its interfacial free energy by changing
grain misorientation could influence the orientation of recrystallizing grains that
nucleate at the particle interface or particle-boundary triple line. Similarly, when
Ro is fixed, boundary particles can exert a torque on the boundary to which they
are attached. In both torque examples, particles can affect microstructural changes.
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Chapter 13

Conclusions

1. A geometric construction can be used to determine the equilibrium boundary
particle shape ifR?2. Results from the construction indicate that geometric
constraints imposed by the particle can force the boundary to be noncolinear
across the particle and that the relative boundary free energy is not always
evident from the boundary particle shape.

2. Boundary particle shape iR® can be determined numerically when the
Wulff shape of the particle within each grain abutting the boundary, the Wulff
shape of the boundary, the crystallographic misorientation across the bound-
ary, and the inclination of the boundary are known.

3. At equilibrium, the triple line between the boundary and patrticle interfaces
is generally nonplanar and requires that the boundary rumple around the
particle. The boundary will attach to this triple line and assume a shape that
gives a constant weighted mean curvature of zero.

4. In R? andR3, the equilibrium configurations contain only those portions of
particle interface that appear on the particle Wulff shapes and those portions
of boundary that appear on the boundary Wulff shape.

5. Results irR® show that, although anisotropic boundary particles may cause
a boundary to rumple and reduce the boundary energy that would otherwise
be removed, the nucleation rate of the anisotropic particles will exceed that
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of isotropic particles with dihedral angles greater th@p. Hence, in cases
wherey( WSP"e™ s relatively large, there may be a high probability of mod-
ifications to boundary shape through boundary particle nucleation.

. When the boundary is anisotropic, boundaries with orientations near facets
on the boundaryi’ may facet in the absence of a boundary particle. The
boundaries remain faceted in the presence of a boundary particle, but the
details of the faceting are altered.

. Bothisotropic and anisotropic boundary particles may induce boundary facet-
ing.

. There are a number of ways that boundary particles may interact to reduce
interfacial free energy. For instance, particles may coarsen or anticoarsen
and spatially arrange to minimize boundary distortion. When there are con-
straints requiring the particle to adopt a spherical cap in one grain, the par-
ticle will place the spherical cap in the appropriate grain to produce the
energy-minimizing shape.

. Boundary particles can exert torques tending to rotate a grain or reorient a
grain boundary.
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Chapter 14

Directions for Future Research

14.1 Simplification of the Numerical Methods

Because patrticles that have a crystalline structure are frequently anisotropic,
realistic models utilize anisotropic interfacial free energy densities to account for
faceted geometries. Currently, the methods introduced in Rafrthis thesis—-e.,

HD1 functions of general(fi) producing the desire®’ and the rotation matrices
orienting the 7 with respect to the crystallographic reference frame—must be
formulated on a case-by-case basis.

It will be useful to develop an algorithm that integrates the methodsSnte
face Evolverto render a convenient model accessible to members of the general
science and mathematics community. The proposed model will take: (1) symme-
try and relative interfacial free energy densities of equilibrium interface to construct
the y*°"&{ 1¢/) that describe the equilibrium (a) particle shapes embedded within
each grain or phase and (b) boundary shape, and (2) the geometry the boundary
(ﬁg"g, Re). The model will be extended to account for boundary intersections
(e.g, triple junctions). A simplifiedEvolver scheme will facilitate research in a
number of other problems related to boundaries and boundary particles.
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14.2 Calculations for Real Systems

14.2.1 Observed Boundary Energies

Boundary free energy minima have been identified for several materials sys-
tems with fixedfg for particularRe about a given axis [121] and general bound-
ary geometries through through statistical analyses [5, 6, 7, 122] suggested by
Shewmon [123] that correlate boundary energy to (frequency of occurrénce)
Although observed boundary orientations generally result from facets of growth
shapes that have impinged and the inverse correlation is not exact, growth by ex-
tension normal to larger energy facets tends to occur more rapidly, thereby elimi-
nating these high energy orientations from a growing shape [61, 124]. In addition,
there are recent indications that boundary energy is proportional to the surface free
energy of impinging grain orientations [122].

Direct application of a statistical analysis of observations account®fgr,
the absence of boundary geometries predicted from simple boundary models but
inhibited due to repulsions between like charges in ionic crystals [121]. Chapter 10
applies the Read Shockley model for low angle grain boundary free energies to
calculate anisotropidtsg. Application of anisotropig/°™®{ "sg) derived from
observations of boundaries would enable another method of analysis/prediction of
boundary configurations for real systems.

14.2.2 Particles with Internal Interfaces

Analytic constructions for anisotropic particles with internal twin boundaries
have been considered for free particles of Au [93] and particles attached to bound-
aries [77, 85] in dilute Pb-Al [50] and Pb-Si [47] alloys. Re-entrant interfaces,
which give a particle shape that is non-convex, have been observed for both parti-
cle types and identified as equilibrium features [47, 93].

148



Figure 14.1: Bicrystalline particle of Pb in A{Courtesy of Lihua Zhang, NCEM,
LBNL.)
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In addition to the crystallographic misorientation across an internal boundary,
the equilibrium shapes of particles with internal boundaries could be calculated
with: (1) the average internal boundary orientation, (2) the equilibrium internal
boundary orientations and their relative interfacial free energy densities, and (3)
the relative amount of particle volume to each side of the internal boundary. Cal-
culations could give both free particles with internal boundaries and particles with
internal boundaries attached to external boundadasg picrystalline particles at
grain boundaries).

14.3 Calculations for Evolving Systems

14.3.1 Limiting Growth Shapes

Particle growth shapes in real systems frequently consist of equilibrium in-
terface in proportions determined by growth kinetics rather than minimization in
interfacial free energy. Shape changes governed by a growth veM(ity, that is
anisotropic in the orientation of particle interface give a limiting growth shape that
can be determined with the proper formulation/gfi) [124].

The boundary geometries calculated in this work assume that configurations
are allowed to equilibrate and are thus independent of growth velocity. By default,
shape calculations witBvolvertake mobility as isotropic during and evolution. It
is possible [97], however, to define an anisotropic mobility tensor that would give
the V(i) producing the limiting growth shape of a boundary particle. There are
examples [124] demonstrating the formulation\fi) for recrystallization in a
number of cubic materials systems.

14.3.2 Metastable Shapes

Metastable particle shapes with steps, kinks, and terraces are frequently ob-
served (Fig. 14.2). Particles in dilute Pb-Al alloys are sometimes found to be “ki-
netically limited” [125]. The nucleation of steps [126] and the evolution of stepped
structures [62] under volume-conserving motions have been studied to determine
whether a crystal (of constant volume) will be able to reach an equilibrium shape.
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Figure 14.2: Top: Metastable stepped structures of Pb ifCaurtesy of Lihua
Zhang, NCEM, LBN}; Bottom: Metastable U@structure formed by the intersec-
tion of one steppedl100} and four stepped111} facets [40].
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Metastable boundary particles can be introduced into structures calculated as in
Part Il with the aid of large perturbations or through surface energy minimizations
that do not employ the numerical trick discussed in Ch. 6.1 to gradually transform
an isotropic shape into an anisotropic one. Steps can be frozen in by reducing the

mesh size (increasing the number of vertices) so that the average distance between
vertices of the mesh is much smaller than the average height of the steps created.
The results could be used as a starting configurations of stepped particle shapes
attached to boundaries for calculations as in [62].

14.3.3 Boundary Pinning

Smith [4] demonstrated the effect of grain topology on microstructural evo-
lution, showing large grains with many sides to grow at the expense of smaller
grains. Grain growth is often limited (and can thus be controlled by) boundary
particles that remove boundary energy and are often approximated as immobile
spheres [68].

The effect of particle faceting on the drag force exerted by immobile particles
is a natural extension of this work. Calculations of the variation in this force with
boundary character for a given set of partiglécould be performed by constrain-
ing the boundary to have a non-zero constant mean curvataretd establish a
difference in pressure across the boundary).

There are a number of variations to this problem. For particles with shapes
evolving under surface diffusion that are large or attached to boundaries of high
curvature, particle shape changes, which scaleias® [104], might not occur
as the triple junction between the particle and boundary moves. Moreover, the
nucleation barrier for a facet step [126], as for precipitates in steel [70], can be so
large as to inhibit changes to particle shape. Hence, immobile anisotropic particles
may not form equilibrium?/ in the growing grain, an issue that does not arise
when considering spherical particles.

The drag force exerted by particles that do not change shape are expected to
be different from those that do. At small boundary velocities, immobile particles
could take a sequence of equilibrium shapes dependent on the instantaneous bound-
ary shape. Such cases might occur when many small particles intersect a large area
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fraction of the moving boundary, slowing grain growth.

A more difficult case, studied rigorously for isotropic pores in sintering sys-
tems [69] and for general systems [127], allows boundary particles to move with
the boundary but at a reduced velocity. This case is more difficult because particle
shape is typically metastable at a given point in time, and it is not presently clear
how to approximate the shape. Metastability drives the atom flux which reshapes
and repositions the particle as the boundary moves. The particle breaks away from
the boundary when the boundary mobility is greater than that of the particle [69].

It has been shown [127] that particle mobility is dependent on particle size,
and a distribution of particle mobilities controls limiting grain size. Hence, when
combined with results for heterogeneous nucleation textures, an analysis of the
variation in drag force with boundary character could be used to indicate what
character of boundaries in a given materials system would be desirabkdor,
retaining small grain sizes to achieve higher yield strength.

14.3.4 Ductile Fracture

The ideal strength of a material is rarely achieved due to structural inhomogeneities
such as dislocations, grain boundaries, and small particles. Fracture, which occurs
when a material breaks into one or more parts due to an applied load, typically
occurs at stresses dependent on the type, arrangement, and number of inhomo-
geneities as well as the geometry of the loading. Ductile fracture occurs when
there is measurable plastic deformation prior to the breakage [128].

Ductile fracture can result from the nucleation, growth, and coalescence of
voids at a particle. In such a case, detadlg)( onset) of the fracture are dependent
on the elastic properties of the particle as well as its shape [129]—for instance,
elongated carbide and sulfide particles in some steels can produce elongated voids
that coalesce to form sheets under a load [130, 131, 132, 133]. Void nucleation
tends to occur most easily at particles attached to grain and phase boundaries within
materials [134, 135]. However, when the boundary particles are faceted, the rela-
tionship between shape and void nucleation is not clear.

To analyze the effect of boundary particle anisotropy on void nucleation in
ductile fracture, fracture tests on specimens for which the shape of boundary par-
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ticles can be determined are necessary. Boundary particle shape is dependent on
boundary geometry as well as the equilibrium boundary and facet free energies.
Scanning electron microscopy (SEM) can be used to examine fracture surfaces fol-
lowing fracture tests to determine the initiation and progression of failure. When
the surfaces indicate that fracture began with the nucleation of voids at a grain
boundary patrticle, a characterization of that boundary’s geometey-the crys-
tallographic misorientation across and inclination of the boundary plane, obtained
with electron back-scattered diffraction and microsectioning [122, 136]—will be
necessary to reconstructing the particle shape.

The results will reveal the relationship between the initiation of fracture and the
precise boundary particle geometry. The relationship between fracture and slight
variations to aspecifictype of boundary particlee(g, particles attached to a pure
45° twist grain boundary with different inclinations of the boundary plane) is not
possible with the post-fracture boundary characterizations above. For this reason,
it will be useful to investigate methods of obtaining textured specimens with a
given type of boundary and/or methods of testing specimens (such as thin films
and wafer-bonded materials) for which the fabrication of bi- and tricrystals with
fixed misorientations is relatively simple.
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Appendix A

Obtaining Gaussian Curvature
from Surface EvolveResults

This appendix illustrates ho® was determined at a point on the boundary of an
equilibrium configuration calculated witBvolver. A quadric surface is fit to the
centroids of the elements forming the triangulated surface representing the bound-
ary. For each elemem, a local reference frame is defined. The origin of this
frame is taken as the centrdRito the element, and the-axis is taken parallel to
the unit normal to the element Bt

Surface curvature & is then obtained from the coefficierdsb, andc of the
explicit form of the resultant quadric surface

z(x,y) = a + by? + cxy (A1)

The coefficients are determined from the three exterior vertices(x;,Vi,z) of
the triangle elements sharing edges with These vertices provide a measure of
the local deviation of the surface from its tangent plan®,aand thereby give a
measure of the surface curvaturePat

Substitution of vertex positions into Eq. (A.1) gives three equations with three
unknowns. The unknowns can be determined through Cramer’s method &nd
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then

K = 4ab—c? (A.2)
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Appendix B

Rodrigues Rotation Matrices in
Surface Evolver

Consider the triangular elemeM of particle interface defined by the vertices
Vm,i = (Xw,i, Ym,i, 2w,i) taken relative to théevolver coordinate system. Edges
connecting vertices are specified by the vecfg@ =Vm,j —Vm,. Triangular ele-
mentM acts as the tangent plane to the surface at a point, converging to the surface
of interest as the area of the elemeky; = <TM_,”- xTM,ik) /2, shrinks to zero.

The unit normal to the element, pointing from the patrticle into the embedding
grain, is

fin = IM.,ij XIM,ik

[Tw,ij % Tl
The orientation of elemeni¥l relative to theEvolverreference frame is specified
by a 3x 3 Rodrigues rotation matrix,

cosP(1—r2)+r2  ryry(1—cosdP) +rzsin® rirz(1—cosd) —rpsind
Ro = | rirz(1—cosd) —rzsind cos®(1—r3)+rZ rorz(1—cosd) +rysind
rir3(1—cosd) +rpsin®  ror3(1—cosd) —rysind cosP(1—r3)+r3

and for conveniencdR is denotedd(rq,ro,r3).

Grain misorientation anglé was set in terms dEvolver'scoordinate system
by applying a rotation matrix of the foriRe to the unit normal components of the
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interfacial free energy function describing particle shape in one geagn,grain
G

Yo, (V) = Yo, (ﬁmﬁ> (B.1)

Boundary inclination was then accounted for by applying a second rotation matrix
Ro = O < t1,t,t3 > to the normal components of the interfacial energy functions
in both grain<C; andC; to incline the particle shape with respect to the boundary

Yer (1) = Veu (Rof ) ve, (") = Ve, (RoRoh )
(B.2)
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Appendix C

Heterogeneous Nucleation

C.1 Nucleation Barrier and Critical Volume

The nucleation barrier is related to the critical nucleus volwiiethrough

AG* = — (Vz> AGy (C.1)

whereAGy is the chemical driving force per unit volume.
Equation (C.1) can also be written [109]

e (A \yw
AG — (AG$>V (C.2)

whereV " is the volume of the Wulff shape.
It follows that, for a fixedAGy, reductions iMAG* are linearly related to those
in V*, or, equivalently, iV %

C.2 Critical Nucleus Size

For nucleation at an interface,

DG =AGyV + T Y(A))A; (C.3)
J
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where the first term on the right hand side is the chemical driving force and the
second term accounts for changes in interfacial free energy. Equation (C.3) can be
rewritten,

AG = AGyV +v2/3yz w(f) (C.4)
J

wherew(fij) is dimensionless and weights orientatipaccording to its contribu-
tion to AG.

The critical volume for a stable nucleus is determined by finding the stationary
point of the volume derivative of Eq. (C.4), giving

23 w(hj)\
Vie| ——2—- C5
< L 5)
For a particle embedded m-dimensions, the critical nucleus size is
(n—1)yy;w(hj\"
B =(— .
( AGs (C.6)

whereB* is ann-dimensional critical volume.

Critical volume is directly dependent on the change in interfacial free energy
brought about by the nucleus. For a fixed critical volugienucleation will favor
sites that minimize the necessary driving force

= <nE1> AGg = V(ZE;:')VSL") (€7)

C.3 Chemical Driving Force

Substituting Eq. (C.5) for volume in Eqg. (C.4) gives the heterogeneous nucleation
barrier,

A3 (3 w(h))®

AG = 270G2

(C.8)
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Lettingy(R) = yy ;w(fij), a constant driving forcAG, gives

NG,  (vi())®
AG; <v2<ﬁ>> (C9)

a ratio independent &G,
Results in Ch. 9-10 are found with

DGier(Wamd <y<w5hape) >3

NG ep(WSPher§ — \ y(7y/spherg (C.10)

wherey(Wiebs ) is the total change in interfacial free energy divided by the total

change in interfacial area that occurs on attaching a unit volume of particle to a
boundary of specified character. The anisotropic particle is describgd¥3§Pe 1

to one side of the boundary arid/s"aP¢2tg the other side of the boundary. The
isotropic heterogeneous reference is described/iiPhe®on both sides of the
boundary.
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Appendix D

Wulff Shape Volume

Solving Eq. (C.2) fo % gives

* 2
szjmf% (D.1)

Substituting Eq. (C.8) into the result gives

yw V(WA

= (D.2)

The volume of the Wulff shape iRY is thus proportional to the cube of the total
interfacial free energy of a fixed volume R?, or

vV 0 AE (D.3)

whereAE is taken to be the total interfacial free energy of a particle.
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Appendix E

Shape Table

Name Aspect RatioY || (unitless volume of 1
Atl%tgl Atlolt?l Atotal

cube 1/v/3=0.577 6 0 6
0.667 5.56 | 0.28 || 5.84
0.717 5.08 | 0.61 || 5.69

cuboctahedron 0.866 3.39 | 195 | 5.34
1 2.1 | 3.15| 5.25
1.155 1.19 | 4.12 || 5.31
1.245 0.82 | 457 || 5.39
15 0.18 | 5.44 || 5.62
octahedron V3=1732 0 | 572 | 572

Table E.1: Surface area of a cube, truncated cubes, a cuboctahedron, truncated
octahedra, and an octahedron of unit volume. The mininsunface aredafor a

unit volume occurs at an aspect ratid= y100/Y111, of 1, which corresponds to a
truncated octahedron.
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Appendix F

Read Shockley

To make Eq. (10.2) HD1 ifgg, L(Aigs) was modified

L(fAce) = M(AiGe)(Do—1) + 72 . ThooT2 NGp 181+ NGy p82) — (F1)
a 2 1 a. '
aln (Hﬁésn) azln (unesu> +V”gb3[ In (Hnesu> +3n (H Zsm
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Appendix G

Anticoarsening

1]

L.

Reference 110
Crystal Axes

fl()l/

Figure G.1: Interfacial particle construction fe¥s94@"¢that are similarly oriented
for simplicity. The construction gives the same shape for all boundary energies
(when non-appearing orientations are given values that approach infinity).
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Consider the grain boundary particleRA of fixed area constructed in Fig. G.1.
The wsa4@€ysed to construct the shape are similarly oriente@irandC, for
simplicity. Particle shape is independentygfs when orientations absent from
WsUarehave free energies: .

The particle is composed of four sides of equal lengttand the area of the
particle isA = s2. The change in interfacial free energy that occurs when the parti-
cle attaches to the grain boundary is

AE;=s (4y( gsauarg \[ZYGB) (G.1)

The total change in interfacial free energy for two such grain boundary particles,
each of side length/+/2 andA = §%/2, is

AE, = 2% (av(=ae=ry — v2yge (G.2)
At a relative boundary free energy of
YGB
Y( quuar% > 2\@

AE; < AE;, and anticoarsening is favorable.
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List of Symbols

A = Af: area vector
Cy, Cy: crystals 1 and 2 that abut at a boundary

D(fAge): parameter for Read—Shockley model dependent on the dislocation core
energy andigp

Do: parameter for Het al. extension of Read—Shockley model

Eo(Nge): parameter for Read—Shockley model dependent on the elastic constants
of a material

G: isotropic shear modulus

AG*(W): nucleation barrier [J] for shap@/ from a simple model using (1)
chemical driving force and (2) interfacial free energies

AGf,om: homogeneouAG*

AGfet: heterogeneouAG*

I = (F1,lo,...,T¢): surface excess vector focomponents

J*(W): nucleation rate [nuclest cn?] for shapew/

K: Gaussian curvature

L(Nge): parameter for Het al. extension of Read—Shockley model

A: radial distance from center of boundary particle to point on boundary where
K~0

M(fAgg): parameter for Het al. extension of Read—Shockley model

NyeT: number of heterogeneous nucleation sites per unite volume

Q: grand canonical potential
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P(f): part of HD1 function ofy(fi) used inEvolvercalculations
®: rotation angle for crystallographic misorientatis

Q: a constant used to specify the relative deptk(é) minima
Re: crystallographic misorientatiofRe = ®U

R?: two-dimensional space

R3: three-dimensional space

RY: interfacial free energy space

S(h): part of HD1 function ofy(fi) used inEvolvercalculations
T: temperature

T(A): a function that equates to 1 at the orientation of an interfacial free energy
density minmum and O at the antipode to a minmum orientation

V: volume
W: the Wulff shape of a material of fixed volume at constant temperature
Wshapre g 91 of shapesHAPE

Wenass 3 an equilibrium boundary shape formed by the intersectiomstare ¢

and Wshape 2that reflects the energy and geometry of the boundary

=(W/WsPher9: value of a functiorE for shape relative to the shape formed
by w/sPherecombinations

Z: Zeldovitch non—equilibrium factor

o anisotropy factor

ai, ap. parameters for Het al. extension of Read—Shockley model
b: magnitude of isotropic Burger’s vector

[3*: rate of atom attachment to a nucleus

x(n): the distance from the orientation of an interfacial free energy density mini-
mum

Ayg_p: difference between the interfacial free energy of the boundary and lowest-
energy facets
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y(A): interfacial free energy densifgNERGY/LENGTHY] as a function ofi; d is
the dimension of the interface

ye(Ng): yof a (grain or heterophase) boundary as a functioiigof
vee(fgg): Y of a grain boundary as a function bgg

y(Wshaps: y producingp/shape

Yy (Wshapy: y of orientationi on 1/shape

yeonvex qqshapg - convexy producingy/share

k: Boltzmann’s constant

K: mean curvature

Ky: weighted mean curvature

b= (W, ,...,1): a vector of length determined by the number of chemical
species in a system and with entries corresponding to the uniform chemical
potential of each species

A = (N1, N2, Nz): unit normal to an interface
Ag: unit normal to a (grain or heterophase) boundary
Agg: unit normal to a grain boundary

w;: variable used to specify the depth of the interfacial free energy density mini-
mum labeled

v: Poisson’s ratio

p: pressure

tmin, tmax the maximum and minimurg(f) values
8: contact angle or one—half the dihedral angle

U: rotation axis for crystallographic misorientatig
wp, Ws: weights forP(f) andS(A), respectively

X: vector of position

E: Cahn-Hoffman capillarity vector
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convergence, 54
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edge/corner energies, 29

elastic energy, 29, 71

embedded spherical grain, 85, 117
equilibrium orientations, 14

Gaussian curvaturex’, 47

homogeneous degree one, HD1, 16
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72
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interfacial free energy, 8
lead-aluminum system, 67
mean curvature, 10

Neumann’s principle, 93
nucleation barrieldG*, 71

single crystal boundary patrticles, 67
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triple junction particle, 91
Tu-Turnbull ‘puckering’, 78

unit normal notationf\, 27

weighted mean curvature, 16, 48
wetting
partial, 34, 39
perfect, 34, 36
Wulff center, 32
Waulff point, 19

Young'’s equation, 18
Young-Laplace equation, 10
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