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This paper discusses the problem of tracking a platform given
probabilistic information concerning its possible destinations. Using
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1. Introduction

An important problem in the design of current U.S. Navy systems is
the designs of an overall surveillance systems. This surveillance system
has two primary objectives: The first one is to keep track of all the ships
located in a given area and the second one is to maintain a record of all
the information related to these ships (status, nationality, possible
destination...). The information which is available to such a surveillance
system consistsg of a combination of the following data:

(1) the identification of the ship's class and its dynamics,

(ii) some information about the ship's origin, its destination and

its refueling stops,
(iii) sightings by other ships (submarines or surface ships), by
airplanes or by satellites,

(iv) some sonar information obtained from traéking sonar arrays.

A close look at the available data indicates that it can be divided
into two categories. Sightings by ships; airplanes, sonar or radar, and
the ship's origins provides information about the past of the ships trajectory,
whereas information about the ship's destination and refueling stops pro-
vide information about the future of the ship trajectory. In this paper,
we derive an algorithm which can be used to incorporate both categories of
information, in order to obtain an overall best estimate of the ship's
position. .

Our basic approach is to assume that the ship's dynamics are governed

by a state¥space model of a stochastic dynamical system, of the form
dx(t) = A(t) =x(t)dt + du(t) (1)

where U(t) is a Wiener process with covariance



min(t,s)
elu(r) u'(s)} = )' o(tyatr (2)
0 ,

Models of this form have been proposed by a number of authors
(singer [4], Singer and Behnke [5], Morgan [6]) for the modeling of
ship trajectories with and without autopilots, or in maneuvering
situations. The:detaileéd: modeling of ship to dynamics is not important
to the subsequent results; the reader is referred to [4] - [6] for further
discussions of these issues.

The model in (1) describes the ship: dynamics before any additional
information its destination is known. In the next sections, we describe
an algorithm which modifies (1) to obtain a new Markovian model which has
incorporated the predictive information concerning a single destination.
This algorithm uses the basic approéch of obtaining backwards Markovian
models, as in Verghese and Kailath [1]. Based on this new model, the
optimal estimate of ship position using past measurements can be obtained
from standard estimation algorithms such as Kalman filtering [15].

In Section 3, we extend the results of Section 2 to incorporate
probabilistic predictive information concerning multiple possible
destinations. The optimal estimate of ship position, based on past and
predictive information, is computed using a multiple ﬁodel approach [15].
Furthermore, a likelihood ratio method to identify the validity of the
intelligence information is presented, leading to an efficient imple-
mentation of the tracking algorithm using fixed-interval smoothing formulae
[121, [131, [18]. 1In Section 4, we discuss how this method can be adapted
for maneuver detection using the results of Willsky and Jones [3]. Section

5 contains an example which illustrates the basic algorithm.



2. Incorporation of Predictive Information

Assume that a state-space model of a ship trajectory is given by

equations (1) - (2) and the initial condition

x(0) ~ N(mo, HQ) (3)

where x(0) is independent of U(t) for all t in [0,T]. Assume that we
receive the additional predictive information that, at time T, the ship's
position will be observed probabilistically, in terms of a mean value

and an error, as

X ~ N(mT, HT) . (4)

Our goal is to obtain a new model . which already incorporates this
predictive information. Mathematically, we are interested in obtaining a

new degcription of the trajectories of the process, of the form
ax (£) = A(t) x(t)dt + av(t) (5)

x(0), = Wik, ) | (6)

such that x(0) is independent of U(t) for all t in [O;Tli and such that
the probability distribution induced by (5), (6) on the space of sample

paths cl{io,T1; Iin} is equal to the probability induced by (1), (2), (3),

conditioned on knowledge of the predictive information (4). The first step

in this process is to describe the predictive information as an observation.

Let

m =x_+ v (7)



where O N (O, HT) is independent of U(t) for t in [0,T]. Let (2,F,P)
be our basic probability space, where %, Vo and U(s), 0 < s < T are

defined. Define the two increasing sequences of 0-fields

F ; 7
N Ut v XO A% MT

where Ut = O{U(s), 0<s< t} is the sequence of O~-fields generated by
the Wiener process U(*), and where XO and MT are the O-fields generated

by % (0). and M- Since the noise U(*) is independent of x(0), the process

(U(t), Gt) is a martingale; that is;

E{u(s) - U(t)IGt} =0

for 0 < £t £ s < T. Hence, we can write (1), in integrated form, as
t t
x(t) = x(0) + j Ax (s)ds + J du (s) : (8)
0 0

where x(t) is a Markov process, the middle term is Gt predictable, and the
last term is a Gt martingale. A model satisfying this property is said
to be a Markovian model of x(*). Most filtering or estimation results have
been obtained for processes described by Markovian models.

Note that the process U(t) is not a martingale with respect to F

t

(indeed, U(t) and m, are correlated). Therefore, the problem of incorpor-

ating the information (4) in the model (1), (2) is essentially the one of con-
structing a Markovian model of x(¢) with respect to F ; i.e., with respect to all

t
the a priori information available, including predictive information.



To do so, we shall follow a method similar to the one used by
Verghese and Kailath [1] for the derivation of backwards Markovian models.
The first step is ﬁo construct a Doob-Meyer decomposition of U(t) with
respect to Ft’ i.e.,

t
Uw)=f E&whﬂﬁymﬁw) (9)
0

where
E{U(s) - 6(t)[Ft} =0for 0< t<s<T

The reader is referred to Meyer [7] and Wong [8] for a description of
the properties of such a decomposition. From (9) it is clear that to
. obtain the martingale 6(t), one needs only to compute the predictable

projection E{dU(t)[Ft}, where

ne>

du (t) U(t + dt) = U(t).

However, before doing so, it will be useful to decompose Ft as

Ft = Ut v XO vV X(t,T) (10)

where ¢ (+,*) denotes the transition matrix of A(*), and where

T
x(t,T) = x(t) - ¢(t,T)mT= —j ¢ (t,s)du(s) - ¢(t,T)VT . (11)
t

Let X(t,T) denote the 0-field generated by X(t,T). This o-field,

by construction, is independent from Gt = Ut vV X To justify the

0"

decomposition (10) note that

x(t) € Ut v XO (12)



and also observe that

X(t) v X(£,T) = X(t) V M (13)

(i.e., the knowledge of (x(t), X(t,T)) is equivalent to the knowledge of

(x(t),mT)).

We are now in a position to prove our main Theorem.

Theorem 1: Modified Model

Let TII(t,T) denote the solution of the equation

-d b
i m(t,T) = -Al ~TIA" +Q (14)

I(r, 7). =1 :

T

Then, the model

t
x (t) =x(0) +,J- Ax(s)ds
0

t
+ f Q(s) H—l(s,T) (d)(s,T)mT - x(s))ds
0

+ U(t) (15)

is a Markovian model of x(*) with respect to F
t

Brownian motion with intensity f O(s)ds.
0

£ where (ﬁ(t),Ft) is a

Proof: The independenée of Gy and x(t,T) gives
e{au(t) ]Ft} = e{au(t) [Gt} +E{ldu@®)|%(t,m} =rlav(t) [ (t,T)}

because Ut is a Gt martingale and X(t,T) is generated by X(t,T). Now,



du(t) and X(t,T) are Gaussian random variables, so that

elav(e) |%(t,m} = e{au(©)%' (¢,T)} E{%(tiT)i'(t,T)} -1 X(t,m . (16)
From (11), we get

E{du(t) %' (t,T)} = - Q(t)dt

E{%(t,7) %' (£,T)} = fg""¢(t,s)9(s)¢' (t,s)ds + ¢ (£, T 0" (t,T). (17)

Note that (17) is the solution of (14), so that
E{%(t,T) %"(t,T)} = M(t,T) .

Hence
E{dU(t)IFt} = oty T T(e,my (6 (¢, Timy, = x(£))at . (18)

Equation (18) represents the predictable part of the Doob-Meyer
decomposition of U(t) with respect to the 0-fields F . Since U(t) has
continuous sample paths, the quadratic variation of T(t) is the same as
the quadratic varijiation of U(t), so it is an Ft Wiener process with
covariance

min(t,s)

E{U(t) T(s)} = J o(T)drt .
0

Now, substituting (18), into the integrated form of (1) yields the

results of the theorem.



Remark:

The model (15) is the same as the backwards Markovian model obtained
by Verghese and Kailath [1] (also [9] , [10]1), However; the model (15)
is a forwards model. The martingale method that we have used here to
construct (15) is very general and applies also to a large class of problems
in the study of random fields (Willsky [111]).

The results of Theorem 1 provide us with a model which describes the
evolution of the sample paths of x(t) from an initial cendition x(0). In
order to properly specify the distribution of sample paths? we must provide
a description of the initial distribution for x(0). This initial distri-
bution will be the conditional probability of x(O)} given the prior

statistics
x(0) .~ N(mo,no)

and the posterior observation

From (11), we can transform this observation to

¢(_O,T)mT = x(0) - %(0,T) (19)

where X(0,T) is independent of x(0), with distribution
x(0,T) ~ N(0,TI(0,T))
Henee, the posteriori distribution of x(0), given MT’ is given by

x(0) ~ N(%_(0), T (0)), ‘ (20)
S S
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where

@ty o, 7t (21)

HS(O) 0

A -1 -1
xS(O) HS(O) (HO mo + II ~(0,T) ¢(O,T)mT) . (22)

This last expression corresponds to the two-filter Mayne-Fraser smoothing
formula [12], [13], obtained from the observations (3) and (4).

Based on these initial conditions: the correspondence between the model
in (1), (2) with initial condition (3) and predictive observation (4) and
the model in Theorem 1 can be precisely stated.

Theorem 2: Consider the Markovian model of Theorem 1; with initial
distribution (20). The probability measure defined on the sample paths

x(*) by this meodel is equal to the probability measure defined on the sample
paths x(*) by the model (1), (2) with initial condition (3)? conditioned on
the 0-field MT’ almost surely,

Proof;

Let Py be the distribution induced by (l)i and P, the distribution
induced by (15), By construction, both models yield continuous sample
paths with Gaussian statistics. Hence, it is sufficient to show that the

mean and covariance of x(¢) under both models is identical. By (20), we

know

EPl {x(0)[m ) = EP2{x(o)} = %,(0 a.s.
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A

B, (G(0) - 2_(0)) (x(0) - z_0))rm ) =

A N

E, {(x(0) - %_(0)) (x(0) - %_(0))"'}
2 S S

I_(0)
s

Furthermore,

t
B, {x(t) M} =g, {x0)[q}+E, { f Ax (s)ds|m_}
1 1 S

+ B {u(s) |}
1
t
= By {x(0)|m } + JaE, {x(s) |m }as
1 0 1
ft
-1 o
+ Q)T T (s,T) (d(s,T)M_ - {x(s) |M_}as
! My Epl T

because

Bp {U(0) M} =5, {5 {ﬁ(t)]xo,MT}IMT}
1 11
=0

which implies that, for all t,

EPl{X(t)IMT} = EE2{x(t)} a.s.

An identical argument using Ito's formula [14] establishes
Bp {£(x(t)) M } = Bp {£Gx(e)}
1 2

and

Ep {E(x(s))gx(t)) M} = Bp {fx(shHgxn}
1 2

for 0 < s, t < T, and for twice differentiable functions £, g. Hence, the

conditioned on MT and P_ agree,

1

finite dimensional distributions of P 5

proving the theorem.
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Example: The Pinned Case

Let HT = 0, and x(T) = m. 1In this case, the value of x(t) is fixed
and the model (15) has the property that II(T,T) = 0. Thus by denoting

§(t) = x(t) - ¢(t,T)m one gets
a5 (1) = A(t) - o) T(¢,T))8(t)at + ab(e)

-1 . .
where II “(t,T) *® as t - T. This means that as t > T the state x(t) is

steered stronger and stronger towards m and
§(t) > 0 almost surely as t ~ T.

This property is consistent with previous studies of the pinned Brownian
motion (cf. Breiman [141).

The main feature of the procedure that has been used here to obtain
the model (15) with initial conditions (20) - (22) is that it is~Bazg$ian.
This means that the model (1)-(2) has been assumed g_gg&g;i_for x(*).

The advantage of this procedure is that it can be used to incorporate
sequentially all the information available on the ship trajectory.

For example, suppose that additional predictive information concerning

possible refueling stops is available. That is, we are given
x(t,) ~ N{m,,T,} (23)
i il

with O < ti < T, for i=1,...,N .
By an analogous procedure to the construction in Theorem 1, we can

construct a Markovian model which incorporates the above preditive information.
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Now, assume that real time measurements
dy(t) = Cx(t)dt + av (t) (24)

are available, where the noises dAU(t) and dv(t) are independent. Then, based
on the Markovian model of Theorem l; the optimal estimate of x(t), given the
predictive information (23) and the real time observations (24), can be obtained
from a Kalman filter based on the Markovian ﬁodel (15) with observation (24).
'An alternative approach to obtaining a Markovian model of ship trajectories
which included destination information was derived in f2], in the context of
simple Brownian motion. In [2], a nonBayesian approach was used to incorporate
the predictive information. In the case that we are considering here, a simple

generalization of [2] would yield the model

% (t) At - o0 Te, T 0T e, mb e, ™\ [ x(t)
d E dt
*(T) 0 0 J \xm
au (t)
N (25)
0

where the initial conditions are given by

' Il
x(0) ,mO o 0]
~ N ,
T T
x(T) m, 0 T
and where U(*) is a Wiener process with covariance (2). The main aspect of

this model is that it is obtained by replacing M, by x(T) in (15) and by
setting II(T,T) = O in the differential equation for II(¢,T). To see how

this model differs from (15) we need only to note that its transition
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matrix is given by
b, (g,8) Y, (t,s)
Y(t,s) = (26)

0 I

T, )" (s, 81 *(s,T)

where wl(t,s)

v, (t,s) = $(t,T) - wl(t,s)¢(s,T) .

Then if m(t) and Il (t) denote respectively the mean and variance of x(t)

one has

m(t) = lPl(t,O)mO + wz(t,OImT

() =y, (£,00I 0y (£,0) + b, (&, 00, (¢,0)

t
+ Jowl(t,s)Q(s)wi(t,s)ds .

Thus, by noting that

Il
o

.(P2(OIO.) = 0, 1P2(T,0) =

|
L]

we see that x(0) ~ N(mO,HO) and x(T) ° N(mT,HT) exactly. By comparison

the initial conditions that were used for the Bayesian model (15) were
x(0) ~ N(QS(O), HS(O))

and ¢(O,T)mT. This means that

where ﬁs(o) is a linear combination of my

the information on the time of arrival of the ship was used to provide
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some information on its time of departure. Such a procedure makes sense:
if a ship crosses the Atlantic and arrives on a certain date, it should
leave at least one week before.

The previous comments illustrate the main advantages of Bayesian vs.
nonBayesian methods for the fusion of information

(i) Bayesian methods are sequential (any additional information
can be incorporated in the model)

(i1) no piece of information is overweighted with respect to another.

3. Predictive Information about Multiple Destinations

The results of Theorems 1 and 2 describe an approach for deriving
Markovian models which incorporate predictive information about a single
possible destination. Howewver, it is common that predictive information
consists of mulfiple " hypotheses concerning the possible destinations of
the object of interest; A typical iﬁtelligence report might read: "The
ship x will be heading for point A with 75% certainty; otherwiset it will
head for point B". In this section; we discuss a Bayesian estimation scheme
which will incorporate this information: together with some real-time
measurements, to obtain the optimal state estimate.

Figure 1 illustrates the case when there exist a number of possible

destinations for the ship characterized by
. ) o~ 1L < i< N.
H, x(tl) N(ml,Hl) 1<i<N

For each of the possible hypotheses Hi’ we can use the results of

Theorems 1 and 2 to obtain the Markovian models

dx(t) = (@, (t)x(t) + s.(£))at + U, (v) (27)
1 1 1
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where
A (t) = A - o(t) L, T(t,t.) (28)
'8 = 9 AT
-1
si(t) = Q(t) Hi (t,ti) cb(t,ti) m, (29)

where H(t,ti) is the solution of (14) with H(ti,ti) = Hi .
The model described by (27), (28), (29) is a Markovian model of

x(*), conditioned on the information mi (that is, Hi is true), represented

as
m., = x(t.) + v,
1 1 1

v, ~ N(0,II.)
i i

Suppose now that real time observations are available, to dis-
criminate the hypotheses Hi. Assume that these observations are given
by

1/

ay (6) = ¢ (Dx(vat + 72 (Dav(e) (30)

where V(t) is a standard Wiener process independent of U(t). The like-
lihood ratio based on the sequence of measurementsYt = {y(s), 0 < s < t}

is defined for each pair of hypotheses as

P(Hilyt) P (1)

L, . (t)

(8) = . (31)
ij P (H,) P (Hj lyt)

h P(H,) denotes th priori bability of H,.
where P( l) enotes e a priori probability o i

Thus, evaluation of the likelihood ratio between models can be ob-
tained from a Bayesian approach by evaluating the § p$éteriori probabilities
Pi(t) = P(Hith). These probabilities can be evaluated recursively using

Kalman filters (see [161], [17] for a derivation of these equations) as
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ax, (t) = (A, (£)X, () + s, (t))dt + Z.(t)CP(t)RPl(t).
i i i i i i

- (dy(t) = Ci(t)xi(t)dt) (32)
A N ~ _1
dp, (t) = P, (£) (C,(B)R, (t) - .Z. P.(E)C.{E)%,(£))'R ~(t).
i i i i =1 3 J J
N .
@y (t) - I, P.(t)C.(£)%. (t)dt) (33)
j=1 3 ] i

d ¥
EE-Zi(t) = Ai(t)Zi(t) + Zi(t)Ai(t) + 0(t)

-1
- Z.(B)CI(B)R " (B)C, (B)X, (v) (34)
1 1 1 1
where xi(t) and Zi(t) are the conditional estimate and convariance given
that Hi is true. The initial conditions are

A

%.(0) = %_.(0)
1

S1i
P.(0) = P(H.)
1 1
zi<o) = Hsi(o)

where ﬁsi(O) and Hsi(O) are given by (21) and (22). We can now state the
main result of this section:

Theorem 3: Denote the 0-field generated by the predictive information as X.
Then, the conditional density of x(t) given the information K, and the
observations y(s) over 0 < s < t, is given by

N
plx,t) = iél Pi(t) pi(x,t)
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where
pi(x,t) is a Gaussian density with mean %i(t) and variance Zi(t).

Proof: The proof follows directly from Bayes'! formula, as, for Borel

set A in ]Rn,
Prob{x(t) € A ] K, y(s), 0 < s < t} =

N
I Prob {x(t) € AlH,, y(s), 0 < s <t} .
i=1 1 - -

]
A

ct

-

Prob {Hi is trueIK, y(s), 0<

which establishes the theorem, using Theorems 1 and 2,

The equations (32) - (34) require the parallel processing of the ob-
servations dy (t) by N Kalman filters. By taking advantage of the structure
of the models in Section 2, one can obtain an algorithm where the obser-

vations are processed by a single Kalman filter. To do so, we denote the

model of the state process before incorporating predictive information as

dx(t) = A(t)x(t)dt + du(t). (35)

The hypothesis Hi corresponds to an added observation of the form
m, = x(t,) +v, , v, ~ N(,II). (36)
i i i i i
Hence the estimate %i(t) is given by

&, () = Blx(t) |y m]} .
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Consequently, %i(t) can be viewed as a smoothed estimate that can be

obtained by using the two filter procedure described by Mayne [121],

Fraser [13] and Wall, et al. [18] among others.  The forward filter processes

the information Yt as
dx(t) = A()R(E)dE + T(£)C' (£)R T (£) (dy (£) - C(£)&(t)at)

f—t T(t) = A(E)T(£) + S(£)A'(£) + O(t)

- T e (B)R () C)T (x)

%(0) = Mo %(0) = HO

where the matrices Ci(t) are assumed independent of i. Note that the

(37)

(38)

forward filter is the same for all hypotheses. The backward filter for

Hi is given by

4 - -

a‘g xi(t) = A(t)xi (t)

d S S S '

Ty Zi(t) = A(t)Zi(t) + Zi(t)A (ty - o(t)

with the terminal conditions

so that we can identify

X, (t) = ¢(t,t.)m, and I, (t) =1 (t,t,) .
1 1 1 1 1

(39)

(40)

(41)
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§£(t) and.fi(t) can be precomputed off line, since they require no processing

of measurements. The forward and backward estimates are combined to yield

2, (1) = S +E;l(t))_l(2_l(t)§(t) +_Z—§;l(t)§i(t)) (42)

where v, is assumed independent of the Wiener processes U(t) and V(t).

The equation (42) can be substituted in (33) to obtain a recursive
expression for Pi(t) driven by the observations dy(t) and the forward
filter estimateslﬁ(t). Hence, the likelihood ratio given by the equation
(31) can be obtained by processing the observations with a single Kalman
filter. This implementation has the advantage that the tracking filter
produces the same estimate X(t) whetherrthere are predictive hypotheses,
or not, until a specific hypothesis is accepted, whereupon a new single model

can be produced for the tracking algorithm.

4. Detection of Branching Times

In Sections 2 and 3 we have studied the problem of selecting a tracking
model for a trajectory, given some predictive information on the possible
destination. However these results were assuming a known origin, i.e., a
known branching time. In practice, this branching time is seldom known,
as ships are likely to change their mission or their destination while en
route. In this section, we develop similar hypothesis testing procedures
for processes where the branching times are not known. The basic approach
is motivated by previous work by Willsky and Jones [3] for detection of
jumps in linear systems using a generalized maximum likelihood technique.

Assume that the original trajectory is modeled by

HO:dx(t) = (Ao(t)x(t) + so(t))dt + B(t)du(t) (43)
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and that at an unknown time 6, the ship changes destination to one of
several locations described by Figure 2, yielding N possible models de-
scribed by equations (27), (28), (29).

We assume that the observations dy (t) have been stored over a time
interval [0,t], as well as the state estimate ﬁo(t). The problem con-
sists of identifying two parameters: the destination i and the switch time

8. We define the likelihood ratios for a given 0 as

a (v, |6, H))
dpﬂde,ﬁy

L, . (t;0) (44)
1]

For a given 0, (44) can be expressed as

P(Hi]e,Yt) P(Hjle)
P(Hile) P(Hj[e,yt)

Lij (t; 8)

where the conditional probabilities P(Hile) are specified a priori and
A
P(H,|8,Y) =P, (t;0) . (45)
1 t 1
Separate Yt into Ye and Y{[8,t] where
¥[0,tl=c{y(s), 8 <s <t}
Then, one can process¥zato get an initial distribution for x(6) as

P(x(e>lve> = N(%(0), Z,(0)). (46)

The statistics (46) can now be used as initial conditions in (32)-(34)

with the initial conditions

P, (6;0) = P(Hile)
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and the information ¥[6,t] to obtain Pi(t;e) 0 f_i < N. The likelihood

ratios can be obtained as in (31), so that

. t e
Lio(t;e) = eXp%- Je (C(S)ﬁi(S) - C(S)ﬁo(S))R_l(S)
(2dy (s) - C(s) (fii(s) + :’EO(S))dS) (47)

which can be implemented by processing the information Y[6,t] using only
one Kalman filter, as indicated in equations (37)-(42). Furthermore,
this filter is identical for all values of 0. This implies that the
estimates ﬁi(t) are independent of the branching time 6.

However, our evolution equations for the identification probabilities
Pi(t;G), as well as the likelhood ratio Lio(t;e), depend on the value of
the parameter 6. This suggests a generalized maximum likelihood identi-

fication method, where

L*¥(t;p) = Max L, (t;0) (48)
0 QE?EN i0
and
Ls(t) = Max L6(t;9). (49)
0<6<t

Other detection rules can be based on observation of the residuals. We
have exhibited a simple detection procedure which can be implemented

in an efficient manner. Note that the only reprocessing of information

is done when evaluating the likelihood ratios. Once a destination has been
identified, the new estimate of the state can be obtained from (42) without
reprocessing the observations. Furthermore, if the optimal selection of

models is independent of 6 over the range of interest, then the state
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estimate %(t) can be obtained independently of equation (49). Thus, our
implementation has the advantage that all the processing of information is done
by a single Kalman filter, and while the identification procedure is taking
place, this filter continues to produce state estimates which can be used

for decision purposes.

5. A Simple Example

Consider the following two-dimensional Markov process:

Xl(t) wl(t)

x2(t) w2(t)

where Wl' w2 are standard independent Brownian motions. Consider the
following predictive information:

At time t = 14, the state x(t) will be distributed as

+10 1 o0

Nt o,
+10 0 1/
with equal probability.

The situation is shown in Figure 3.

Assume that, real-time measurements are taken, according to the

equation
dzl(t) = xl(t)dt + dvl(t)
dzz(t) = x2(t)dt + dv2(t)

where v., v., W,, w, are all independent Brownian motions. In this

1 2 1 2

example, the equations (39), (40) decouple in each coordinate, yielding
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(xi(t), Yi(t)) = (Xi(l4), Yi(14))

15-t 0]
Ei(t) = for i = 1,2,3,4 .
0 15-t

Furthermore, the Riccati equation (38) decouples into two identical

equations of the form

--22 + 1

a
—a-EZ(t)
z(0) =0 .

Table 1 shows the evolution of the probabilities when the true
destination is (10,10), and the trajectory from the origin to (10,10),
is a straight line of constant speed, using a sample of random numbers.
The column & indicates the estimated position using no predictive informa-
tion. The column ﬁsis the optimal mean, using the predictive information
that all four estimations are equally likely. The actual random trajectory
is indicated under the column x.

Note the relatively quick identification of the destination, even
though the local properties of Brownian motion make the destination
difficult to identify. In addition, note the improvement in performance
of the filter with predictive information. Even though the average of
the apriori predictive information corresponded to no information at all,
the use of a recursive hypothesis estimation logic resulted in correct
a-posteriori identification which improved the estimator.

The results of Table 1 indicate how the predictive information is

useful when the actual mean trajectory is a straight line to the destination.
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Assume now that the actual model for the trajectory is

V2 1

xl(t) =" (t - sin ﬁ7-) + wl(t) (50)
V2 ., tm

xz(t) = (t + sin 170 + wz(t)

This trajectory is depicted in Figure 4.

Table 2 shows the resulting evolutions of the probabilities, the
sample path of the process, and the filtered estimates with and without
predictive information.

Although the identification of the correct destination occurs
promptly, the results in Table 2 suggest that incorporating the correct
predictive destination does not improve the performance of the estimator
as much as it did in Table 1. This is the result of the mismatch
between the linear models, incorporating predictive information, and the

nonlinear trajectories generated by (50).

6. Conclusions

This paper has shown how some information about the possible desti-
nations of a ship can be incorporated in the modeling of its trajectories.
These results are potentially useful for the tracking of multiple objects
(cf. [19]1, [20]). One possible approach is to generate multiple models
based on the likely associations of data and use a sequential evaluation
of these models as described in Section 3. In addition, when a region is
congested with traffic, the additional knowledge of the destination of
the various ships in the area is very valuable for the track reconstruc-
tion problem (one needs only to match the outgoing tracks with the ships’

destinations).
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Another appealing feature of the algorithms presented here is their
capacity to evaluate the validity of predictive information. 1In particular,
Sections 3 and 4 discuss algorithms where the predictive information is not
used in the tracking filter until a likelihood ratic test confirms its

validity.
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Time Ww. WW
.6 .03 .19
1.2 0] .88
1.8 0 .95
2.4 0 1
3.0 0 1
5.0 0 1
7.0 0 1
8.0 0 1

.12

.05

Table 2

-.38

1.17

+1.56

7.0

5.3

1.13

.65

5.4

x>

-.17

.28

.38

.73

.86

1.09

1.7

1.35

2,78

5,1
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Figure 1. Determination of the ship's destination from multiple hypotheses.
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Figure 2. The detection of maneuvers.
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Figure 3. Possible Destinations for Txaple 1
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Figure 4. Mean Ship trajectory for Table 2.




