b e S

S, INST. T

JUL 2 1945
L-temaff

NON-LINEAR LARGE DEFLECTION BOUNDARY VALUE PROBLEMS
OF RECTANGULAR PLATES

By
Chi-Teh Wang
B.S.M.E., National Chiao-Tung University, China
1940
M. Aero. E., Rensselaer Polytechnic Institute
1942
Se.M, (Applied Math.), Brown University

1943

Submitted in partial fulfillment of the
requirements for the degree of

DOCTOR OF SCIENCE
From the
Massachusetts Institute of Technology
1944 |

Si@atm Of Auﬂioro'--..--...........-........../.'...................

Depertment of Aeronsutical Mg:lnaering,‘ October 9, 1944

Signature of Professor

in Ch&!'ge of Research . . _--./7--v-v-‘--o-o',om"-'om'i'ﬂ'oaoocoooo/g... /

Signature of Chairman of Depertment )
Committee on Graduate Students

-m.ooi-v“r'v----'._/-.,_ﬂ_ -



Cambridge, Massachucetts
October 9, 1944

Professor George W. Sweti
Secretary of the TFaculty
Massachusetts Institute of Technology
Cambridge, Massachusetts
Dear Sir:

I hereby submit a thesis entitled, "Non-Linear
Large Deflection Boundary Value Problems of Rectangular
Plates", in partial fulfillment of the requirements for the
degree of Doctor of Science in the Department of Aeronauti-

cal Engineering.

Respectfully,

Chi-Teh Vang



TABLE OF CONTENTS

1 Acknowledgements

Abstract

Nomenclature

Chapter I. Introduction « « o o ¢ o « o + s o s s o o s o o o I-1-T-6

Chapter II. Review of Previous Work « « « « o o o o o o 'w o o II-1-TI-14
1. Introduction ¢« o o o & ¢« ¢ 4 ¢ ¢ s + ¢ o o o o o o o o o II-1-II-3
2. The Energy ThEOTT .+ « o o o o o o o o ¢ s « o« o o =« o o II-3-TI-4
3. The Finite Difference Solutions « « o « ¢ o ¢ o o ¢ & o II-4-TI-7
4e The Fourier Series Solutions + o o ¢ o ¢ 00 2 0 o o o JII-T-II-14

Chapter III. The Governing Differential Equations + « « ¢ o JIIT-1-III-18
1. Bending of Thin Sheet Plates .« ¢« ¢ « o o o o o o o ¢ o JIII-1-TII-5
2. Differential Equation of the Deflection Surface . . . . .III-5-IIT-9
3. Compatability EQuation e e e e e e e e e ; e s+ ¢ o «IIT-9-ITT-14
L. Summary of Eguations for the Deformation of Thin Plates .III;lS—III-lé
5. Non-Dimensional Form of The Equations . . + « o « ¢ & o JIII-16-TII-1&

- Chapter IV. Formulation of the Boundary Conditions . « + + . .IV=-1-IV-8

R

1. General Discussion of Boundary Conditions . . . +» « o « JIV-1-IV-3

2. Analyticzl Expressions of the Boundary Conditions . . . IV=4-IV-8
Chapter V. The Finite Differences Eguations of the

Boundary Value ProblemS « « o o« o 2 o o o s « o o o » o 2V=1-V-18

1. The Calculus of Finite DIfferenceS . « « o o o o o o o V=1-V=2
2. The Finite Differences Expression of Two-Dimensional

CoSeS8 & « e 4 o o 4 o s o ¢ o o o s s v o o s o s o s VU=3=V5
é 5 3. Conversion of the Governing Partial Differential

i . Equations into Finite Differences Eguationsg « ¢« o « » « V=-5-V-6




L+ Finite Differences Expressions of

Conditions « « « + &

ul 9,

the Boundsry

e s @ & 2 e v 3 * & b+ e e 2 *» e

5. The Boundsry Value Problem in Terms of Finite

Differences ExDressions = + v = o o o o o o o o o o

Chapter VI. The Method of

1. Outline of the Method

Successive Approximations . . . .

s = * s e 2 s 8 & 3 * w 2 * @

2. Crout's lethod for Solving Systems of Linesr HEcuailiens

3. Merivaetion of the Crout'!s Method o v ¢ « o o « o o o »

4. The Method of Success

1. The Finite Tifference
Deflection Theory . .

2. The Lzrge Deflections

3. The Large Deflections
Canphter VIII, The Relaxatio

1, The Method Explained

Biography

ive

® e ® & @ & 2 u

©
®
.
*
*
.
.
*

Problem, n=2 . . . ¢ o o + &
Problem, 073 .+ « o« o o o « +

nMethod ¢« & & & & & o o s 2 s« s

L » > * » L] @ > - ? * L 2 - * - *
Proiblens of Rectangular Plates. .

Problens of the

s » 8 =2 & ®» 5 3 B B3 » & s # * ¥ 2
Tareed ]
neiusions . » » » * » * ® » s 2 k4

V-7-Y-9

Vi-1-vI-18
VI-1-VI-3
VI-3-VI-2
VI-8-VI-11

VI-11-VT.18

VII-1-VII-23

YII-1-VIT-5
VII-5-VTI-15
YII-15-VII-32
VITE1-VITE12
VITL1-VITES

VITES-VITE2

VITI-12-VITI P

IX-1-TX-16

TY-7.TY-14

L2

R-1-P-2



Sl e

ACKNOWLEDGEMENTS

The author wishes to euzpress his indebtedness to Professor
J. S. Newell, who suggested the problem snd under whose super—
vision this thesis wes written. The author wes also very fortunate
to ﬁork this thesis under the frecuent counsel of Professor
Richard von Mises, of Harvard University. To both Professor
Newell and Professor von Mises the author is grateful for their
suggestions, enthusiastic encouragement4and patient guidance
throughout the investigation.

Thile working on this problem, the author has had the oppor-
tunity of discussing it with Professor R. V. Southwell, of Oxford
University, England, with Professor H. W. Fmmons and Dr. A. Vazsonyi
of Harvard University, and with Professor Eric Reissner, of M.I.T.
For all their inspiring discussions the author is extremely thankful.

Thanks are also extended to Professor Shatswell Obher and Mr.

R. W. Gras for lending references ané providing.the computing
facilities.

To Professor R, H. Smith, the author wishes to acknowledge his
kind interest and encouragement; and to Professor I. S. Sokolnikoff,
of tﬁe University of Wisconsin, Professor S. Timoshenko, of Stanforé
University, Professor W. Prager, of Brown Universitf, the author wishes

to express his appreciation for the ezrly training which they gave

him in the theory cof elasticity while o student in their courses =t

Brown University.



ABSTRACT

This thesis presents a theoretical anaiysis of an
initially flat, rectangular plate with large deflections under
eitner normal pressure or combined normel pressure and side
7 thrust. As small deflectiens of a flat plate are geverned by
a single linear equation, large deflectiens intreduce nenlinear
- terms inte the conditiens ef equilibrium and are geverned by twe
fourth-erder second-degrse partial differential equations.

These so-called von Xarman's equations are studied in this thesis
by the finite differences épproximati@n. The differences equa-
tions are selved by two methods, namely, the method ef successive
appreximatiens and the relaxation method. Neither of these
methods is new, but their applicatiens te non-linear problems
require new techniques.

The problem of a uniformly leaded sguare plate with
boundary conditions which approximate the riveted sheet-stringer
panels is solved by the method of successive approximations. The
theoretical center deflections show good agreement with the re-
cent experimental results obtained at Calofornia Institute of
Tgchnolegy when the deflections are of the order of the plate _
thickness. This perhaps suggests the range in which these ven
Karman's equztions are to be applied.

Other problems»of»thin plates with large deflections are

discussed from the point of view of an aeronautical engineer,



The boundary conditions which approximete the various cases are
- formulated and the methods for solving these problems are outlined.
Since the method presented in this thesis is genéral, it
may be applied to solve the bending and thercombined bending and
buckling problems with practically any boundary conditions, and
the results may be obtained to any degree of accuracy required.
Furthermore, the same method mey be applied to solve the membrane
theory of the plate which applies when the deflection is very

large in comparison with the thickness of the plate.
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NOMENCLATURE

length and width of the plate, respectively
thickness of the plate

coordinates of a point in the plate

horizontal displacements in directions x, y of
points in the middle surface; their non-
dimensional forms are ua/h?, va/h?, respectively
deflection of middle surface out of its initial
plane; its non-dimensional form is w/h

normal load on plate per unit area; its non-
dimensional form is pa4/Eh%

elastic constants, Young's modulus and Poisson's
ratio

Eh3/12(17uz), flexural rigidity of the plate

2 4 32

Ax?  9y?

A% AT
O xh dxROyR  Jyk

membrane stresses in middle surface; their non-
dimensional forms are Ox'a?/mn?, 0% 'a?/m2,
and f,gyaz/m@, respectively

extreme~-fiber bending and shearing stresses;
their non-dimensional forms are ¢y "a?/En?,

o*y"aZ/mZ, and 7 4'a?/Bn?, respectively



= membrane streins in middle surfece; their non-

dimensional forms are éx'az/hz, Gy'az/hz,, and

Y xy 'a? /R, respectively.

extreme-fiber bending and shearing strains;
_ -
their non-dimensional forms are €, 'a</h%,

€ y"az/hz, and ny"az/hz, respectively

stress function; its non-dimensional form is

F/En?

the difference of first, second, ...., and m-th
order, respechtively

the difference of first order in x and y directions,

respectively



CHAPTER I

INTRODUCTION

The classical theory of the bending of a thin elastic plate ex-
presses the relation between the transverse deflection of the middle sur-
face of the plate and the lateral loading of intensity p by the equation

Dvhw = P @)

3
here D = it is the flexural rigidity of the plate. It is known

that the theory is restricted in application, for on the one hand its
basic assumptions can be questioned unless the plate is thin, and on the
other hand it neglects an effect which must be appreciable when w has
values comparable with the thickness. This is the "membrane effect" of
curvature, whereby tension or compression in the middle surface tends %o
oppose or to reinforce p. The effect is negligible when w is very small,
provided that no stresses act initially in the plane of the middle surface;
but even so 1t operates when w is small because stretching the middle sur-
face 18 a necessary consequence of the transverse deflection. When the
deflection gets larger and larger, the "membrane effect" becomes more and
more prominent until for very large w the "membrane effect® 1s predominant
while the bending stiffness is comparatively negligible.(z)’ (5}, ()

As small transverse displacements of a flat elastic plate are
governed by a single linear equation, large displacements entail stretch-
ing of the middle surface and consequent tensions which, interacting with
the curvatures, introduce non-linear terms into the conditions of equili-
brium and so make those equations no longer independent.

(3)
The large-deflectlion theory of flat plates is due to A. Fﬁppl

(4)
and the second order terms were formulated by Th. von Kdrmdn in 1910.
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The amended (large-deflection) equations have been solwed, however, only
in a few cases(S)-(zl)a.nd then with considerable difficulty.

Essentially there are three problems concerning flat plates
with large deflections. They ares

1. The Bending Problems, where the flat plates are sub-
jected to lateral loading perpendicular to the plane
of the plates but to no side thrust which is applied
in the plane of the piates.

2. The Buckling Prqblems, where the plates are subject-
ed to side thrust applied in the plane of the plates,
but to no lateral loading.

3. The Combined Bending and Buckling Problems, where the
plates are subjected to both lateral loading and side
thrust.

In the case of metal airplanes, where weight is of primary
importance, the metal sheets used must be thin and the deflections of the
plates are usually large in comparison with their thickuness. To obtain
the design formulae or charts for proportioning such plates the large
deflection theory must be used.

‘The bending problem is important in the design of seaplanes.
Seaplanes are subjected to a severe impact during landing and take-off,
especially on rough water. The impact must be withstood first by the
botton; plating and then by a system of transverse and 1ongitudinal men-
bers, to which the bottom plating is atta;hed, before it is carriedl into
fhe body of the structure. The bottom should be strong enough not to
dish in or "washboard" i)emanent.ly under these impact pressures. Such
"washboarding“ is undesirable, both because of the increased friction
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between the float bottom and the water and because of the increased
aerodynamical drag in flight.

The bottom plating of seaplanes is, as a rule, subdivided into
a large number of nearly rectangular areas by the transverse and longi-
tudinal supporting ribs. Each of these areas will behave subtantially
like a rectangular plate unde;f normal pressure. Bending of rectangular
flat plates may therefore be used to study the "washboarding® of sea-
plane bottoms, provided the boundary conditions at the edges can be
formulated just as in the seaplane.

The buckling problem is important in determining the strength
of sheet-stringer panels I:l.n end-compression. The use of stiffened sheet
to carry compressive loads is increasingly popular in the box beams for
airplaﬁe wings and in other types of monocoqué construction.

Inasmuch as the sheets used é.s aircraft structural elements
are genarally quite thin, the buckling stresses of these sheet elements
are nec;ssarily low. The designer is therefore confronted with th_e prob-
lem of using sheet metal in the buckled or wave state, and of determining
the stress distribution and allowable stresses in such buckled plates.

The combined bending and buckling problem has become a problem
of importance with the increasing use of stressed-skin type wings and
the pressurized fuselage construction for high altitude flying. During
flying the wing is subjected to a pressure difference between the two
sides .which gives ther 1ift. The normal pressure acts directly on the‘
sheet covering and is then distributed to ribs and spars. At the éama
tizﬁe the sheet panels are also subjected to a side thrust dué to bending
of the wing. In an aii’plane of pressurized fuselage construction an at-
tempt is made to keep the pressure inside the cabin at a comfortable

level for the passengers, no matter how high the ship may be flying.
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Thus, there is a pressure differentlal across the fuselage skin with an
internal pressure higher than that outside. The fuselage skin is ususlly
subdivided into a number of rectangular curved panels by longitudinal
stringers and rings. These paneia are subjected to the pressure differ—-
ence and also side thrust resulting from bending of the fuselage. As
pointed out by Niles and Newellfszge strength of curved sheet-stringer
panels can be determined approximately from the flat sheet-stringer panels.
The problem is then essentially that of determining the strength of flat
plates under combined lateral loading and side thrust.

Levz(rzgz-g.a shown that the effective width of a square plate with
simply-supported edges decreases with the addition of lateral pressure,
and the reduction is appreciable for pa/En*> 2.25. Therefore, = penel
is unsafe in strength if the design is based upon side thrust only and
the study of combined loading is of great significance.

A great number of authorgzz)-(54)have studied the buckling
problems and considerable experimental work has been ecarried out. As a
result, design formulae are available and seem to be of good accuracy for
practical usage. The bending problems, however, have been studied only

(5)-(21) (55)7(56)( 62
by a few persons, and test resultis are too few to reach any
conclusion, The combined bending and buckling problem has been studied,
so far as the author knows, only in one casizl)and yet the results are
incomplete. .
| Among the solutions of the large deflection préblems of rectang-
ular plates under bending or combined bending and compression, Leﬁ's S0~

lutions are the only ones of the theoretically exact nature. However, his

‘solutions are limited to a few boundary conditions and the numerical re-

sults are tremendously laberious to carry out.
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The purpose of this thesis is to investigate whether it is
possible to develop & simpler and yet sufficiently accurate method to
solve the bending and the combined bending and buckling problems for
engineering uses. It is quite fortunate that the author has‘ been able
to develop such a method by means of the finite differences approxima-
tion.

Solving the partial differential equations by finite differences
equations is nothing new, However, to solve the resulting differences
equations is still a problem. In the case of linear differences equa-
tions, solutions by successive approximation are always convergeni(‘,585)md
the work is only tedious. Besides, one may apply Southwell's Relaxation
Method without too much difficulty. But, to solve the non-linear differ-
ences _equations » the successive approximation method cannot be always
applied because it does not always give a convergent solution. The Re-
laxation Method, since it is nothing but intelligent guessing, can be ap-
plied in a few cases and then with great difficultiaa.(la)

A study of the finite differences expressions of the large de-
flection theory reveals that although the successive approximation is

actually divergent, the mean of certain quantities of two consecutive

~cycles is convergent. The system of non-linear difference equations can

(62)
then be solved by successive approximation using Crout's method to solve

a system of linear simultaneous equations with rapid cénvergence.

A squere plate under uniform normal pressure with bounda:ry con-
ditions approximating the riveted sheet-stringer panel is studied by this
method as an illustration. Non-dluensional deflections and stresses are
given under wvarious normal pr-essures». The results are consistent with

(21) |
Levy's approximate mumerical solution for idesl simply-supported plates
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(17)
and Way's approximate solution for idesl clamped edges, and the center
(65)

deflections check closely with the test results by Head and Sechler
for pa4/Ehé4 ratio up to 120. The deviation above pa4/Fhé= 120 is prob-
ably due to the approximate assumptions used in the derivation of the
governing diffefential equations,

While the method is general, it may be applied to solve the
problems of rectengular plates of any length-width ratioc with verious
boundary conditions under either normal pressure or combined normal

pressure and side thrust.
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CHAPTER II

REVIEW OF PREVIOUS WORK

l. Introduction _
The large deflection theory of flat pletes is due to A FBpplSﬁ)
and the difficulty of solving non-linesr eguaticns has been noted by

(4)
Th. von Kdrmén. The earliest work to deal with these differentisl equa-

tions is perhaps by H. Henéi;’(é)who devised an approximate method to
solve the cases of circular and square plates when the deflection is very
large and then the bending stiffness is negligible. Following the same
procedure, Kaisgz)solved the case of a simply-supported plate with zero
edge compression under lateral loading. His theoretical results have
checked closely with those from his experiment.

In the case of circular plates with large deflections, because
of the radizl symmetry, the two governing partial differential equations
which contain the linear biharmonic differential operator and quadratic

terns in the second derivatives can be reduced to a pair of ordinary

non-linear differentizl equations, each of the second order. For both

(10)-(14)
the bending and buckling problems, "exact" solutions are available.
(8)
The bending problem has been solved approximately by Nadai

(9) (10)
and Timoshenko, and exactly by Way when the plate is under lateral pres-

sure and edge moment. Way presented his solution in terms of power

series for a rather lerge range of applied load.
(11)

The buckling problem has been solved by Federhofer and Friedrichs

12) (1 .
and Stoﬁerz (13) (34) Federhofer gave the solution for both simply-

supported and clamped edges, which yields accurate results up to N about

1.25, where N is the ratio of the pressure applied at the edge to the
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lowest eritical or Fuler'!s pressure at which the buckling just begins.
Friedrichs and Stoker gave a complete solution for the simﬁly;supported
circuler plate for N up to infinity. To cover this range they employ
three methods which are different, but which interlock. ZEach of the
three methods is suitable for a particular range of values of N; namely,
perturbatioﬁ methed for low N, power series method for intermediate N,
and the asymptotic solution for N approeching infinity.

There is no solution, however, for the case of circulsr plates
under combined lateral pressure and edge thrust.

The exact solution for a thin infinitely long rectangular

(15)
. strip with clamped or simply-supported edges was obtained by Boobnoff
' (16) (17) (18)
and the other cases were discussed by Prescott, Wey, Green and Southwell,
(19),(21) (20)
Levy, Levy and Greenman.

Prescott gives an approximate solution for the simplyhsupported
plate with no edge displacement. While Prescott's approximation is rather
rough, Way presented a better approximate solution by Ritz' Energy Method
for the clamped plates. Kaiséz)transformed the differentisl equations
into finite differences equations and solved them by the cut and trial
method. Green and Southwell extendéd the finite differences study into
finer divisions and solved the differences equations by a technique based
on relaxation method. :

(21) |

Levy gives a general solution fqr the simply-supported plates
and numerical solutions are given for the square and rectengular plates
with a width-span ratio of 3 to 1, under sonic combined lateral and side
loading conditions. Levy and Greenéiz);§§2)extended the solution for

simply-supported edges to clamped edges. However, their conditions are

limited to the case where the edge supports are assumed to clamp the

plate rigidly against rotetions and displacements normal to the edge, but
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to permit displacements parailel to the edge. They presented a numeri-
cal solution for square and rectengular plates with a width-span ratio of
3 to 1, under lateral pressure.

In short, the problem of rectangular pletes with large deflec-
tions has beer solved by three methods; namely, the energy method, the
finite difference equations method, and by means of Fourier series. They
are briefly outlined as follows:

2. The Energy Method

(17)
The method of attack used by Way is the Ritz Energy Method.

Expressions are assumed for the three displacements in the form of alge-
braic polynomials satisfying the boundary conditions, then by minimizing
the energy with respect to the coefficients, a system of simultaneous
equations is obtained to solve for these constants.

The energy expression for the plates with large deflection is

2 12
v =‘19(115%4El -qw + 6 [-uxz + uxwy?+ v3?+-vywy2
" Wy2 w2
+ %(WX" + Wyz) + 2//( (uxVy + vy z_x. + ux ._12 )

2 2
+ -l——gﬁ& (U.y + 211ny + vx + zu.nyWy + 2VxWny)]} dxdy...(z—l)

where u, and v, w are the dimensionless horizontal and vertical displace-
ments q = pa%/16Dh, and the subseripts indicate partial differentiation.
For u, v, and w, to satisfy the boundary conditions for clamped

edges, Way assumes (Figure II-1):

u= (l—xz)(/s2—52)X(boo+b02¥2+bzoxz+b22X2Y2)
v = (1-xR) (8 252y (cogtenzy +togonitennx?y?)
w = (1—x)2(/82—y2)2(a00 +a02y2 + azoxz) eescesscsccassese(2=2)

where /6 = b/ a
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Minimizing V with respect to ajj, bij and cjj, eleven simulte-

neous equations are obtained, corresponding to the eleven constants.

They are:
BV =0;3V = 0: aV =0 . (2"3)
200 dagp 2820
DV =0; DV =0; 9V =0; DV =0 (2-4)
Jbpo dbgp dbyg dbop
OV =0; 3V =0; 3V =0; 9V =0 - (2-5)
dcoo dco2 2¢20 0¢22

These equations are not linear in the constants. The first
three, Eq. (2-3), will contain terms of the third degree in the a's. " The
equations (2-4) and (2-5) are linear in the b's and c's and guadratic in
the a's. Way solved equations (2-4) and (2-5) for b's and ¢'s in terms
of a's and then substituted these expressions in Egs. (2-3). There then
are left three equations of third degree involving the a's alone. These
were solved by Way by successive approximations.

Way gives the numerical solutions for the cases /? =1, 1.5 and
2for/A=.3uptoq=2lO. |

Since he assumed the displacements by finite terms of algebraic
polynomials, the solution is essentially an approximate one. By compar-
ing with Boobnoff's exact solution for infinite plate, Way estimated that
thé error of his solution for /8 = 2 is about 10% on the conservative side.
3. The Finite Difference Solutions

(7
Kaiser writes the non-dimensionized KArman's equations in the

form of five expreséions, as follows:
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2 22w 2 - % %
v 8 ={f— —— = = =K
<Bx:a y) dx° d
v =8
, 2% 2% _ % Pw_ P Pw._ . (2-6)

dX0y 0x0y OxRIyR Iy oxR

1 24 = p —
vaPPG

Vim=M
and then transforms them into finite differences equations.

His procedure is to assume w's at all the points and then solve
for Sts, F's, M's and w's. If the calculated w's do not check with the
assumed ones, he assumes a new set of w's and repeats the process. In
doing so, the work is tedious and elaborate. In fact, if one does it
by successive approximation, the process is actually divergent as will
be pointed out later.

Kaiser solved the simply-supported squere plate with zero edge
compression under a uniform lateral pressure of pg4/Eh4 = 118,72, His
numerical solutions checked with his experimental results with good ac-
curacy.

| (18)

Southwell and Green solved four examples of the problem with
a technique based on the former's "Relaxation Method". The fundamental
requirements to work with the relaxation technique are a simple finite
differences pattern of the variables and a simple expression of the
boundary conditions.  In doing so, they expressed the differentisl equa-

tions in terms of the displacements u, v and w, which then gave simple

-boundary conditions. Instead of using "exmct" relaxation patterns they

worked with the patterns which are given by the linear terms of the dif-
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ferential ecuations, the non-linear terms being combined with the

tregidue" and making corrections from time to time.

ohr=gt 2 [ u2veyQu) vy @)

aaz{av+ﬂau+1 f+1/“€g_x) }+(1.. )?gngy<au+

Av+ OWOW
ax xay‘”

i} D [, 3w\ +/3m 2
<§u+av)+'ﬁﬁv2u+%'§§{(%) +%_§)}+

=M oW aW’ 2w=0

l+/u.3x
du +3v )+ 1 3 2 4, 32
2 (22 I s v e 2 M2x)7 (2}
P
lf/* Ay

It is readily seen that in order to obtain a simple expression
for boundary conditions, not only the number of the partial differential
equations is increased from two to three, but the form of their terms is
more complicated and the number of terms is increased. It is again te-
dious and very difficult to operate.

Equations (2-7), being conditions of equilibrium, could have
been derived by minimizing the total potential energy V, which is given
by the expression

L2 V=13 + I+ I3 seevveevrecnccecess(2-8)
he D

(2-7)



where Il' =

IS

If @t o
v 2 2 1 - 2
// (exx * Cyy * %exxeﬂf * _'215 exy) dx dy,

and IS=—°¢//wdxdy,

o bveing the lateral loading,

,
o) o’

The relaxation technique consists of assuming a set of answers

first and then changing them according to the relaxation pattern and

P

boundary conditions. In performing the opsration they found the process
} . ;
convergent. To obtain a more rapid convergence, they mulbtiplied the given

values of w by k, and substituted them into the energy exwvression to obtain

fak]

L v 2 4
- - = k Il + k 1s +0&§I5 Seseteassesnasanerseneuss (2-—9)
h D ' :
which was then minimized with respect to k, nemely, to put __Z = 0,
‘ k
to zive
21{: +4k31 -d Ir} = O B S 38800 F LA IBATE ARSI IREALN GBS (2_10)
1 2 .

FTrom the third order Eq. (8-10), k can be solved and would give a set of

w velues which are closer to the true valuaes,.

4, The Fourier Series Sclutions.

193,( 3 s
Levy( 19),(21) and Levy and Greenman( 20) obtained general solu-
tions of the rectangular plates under combined -bending and side thrust
with large deflections by means of Fourier Series. The approach of the

solution is outlined as follows, (Fig. II-2).

(a) Simply-supported rectangular plates.
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To satisfy the boundary conditions, w can be expressed by

the Fourier Series

od o0
- . ® . my
wa o >3 w, o osin o ";;"' sin n =%
z - i1 .
mzl,Z’O 1’131,5,5 e e s e s e esesss e (d-ll)

"y

‘ne normal pressure may be sxpressed as a rourier Series

o0 oo

> > i oy

Py »-'-‘ r=1,2,3 521,23 Pl" 5 sin I‘__a__. sin s -5-—‘.,....‘.0-..--.. (L"lZ)

To satisfy the compatability souation, P is found to be
J I. o

e

o= - Dy¥ - Py g Tx =
: X Y P S Bp,qeos p 008 a7 (2-13)
& 2 P:"()’l,z q=()’1,2
iihere py, p,, are constants equal to the averape membrane pressure in
the x~ and y- direction and where
= B (B, + B, +3,+ 3B, +B.+3B,+B, + 3B, +B,)
bs,q [o2 2+ 2 &]é 1 A T T T A B K
E pe Brg~ 2
a s}
poloamle 2 2
and B, = ch(p-k)(g-t) -k g-t PR
17 L £ [iet(p-iz)(a-t) (g-t) ,] (p=ic)(g-t)
k=1 %=1 ) .
if ~ g#0 and p#0. By =0 if q=0orp = 0.
T ! | 2 2
B, = kt(x+p)(g-t) +x - W, ,
? 1:Z=1 tgl[ Lerpdlart) (@78 e 6 ¥ (v s amt)
if q#C. B, = 0 if g = O.
YO
B, = (ktp) kt (g-%t) + (mp g-t)
i t-l ' ] T(erp),t €, (gmb)



r
% |
? LI=10 1
%
if g # O and o £ O, 2, =0, if o= Ooro =0, L%
|
p=1 oo , :
o= x X [uslome)(trq) + kz(ﬁ*'%)zjwp,t W omi (b i
k=1 %=1
if v # O, B, =0, 1ifp =0,
p=-1 oo )
E = 2 [kt(t*rq}(p-k) + k2 ]Wk heg) W(p-k}’t
“ k=1 t=1 a
if p # 0and g # O, Bg = 0, if p=0or gqg= 0,
)
2
By = 2:» 2 [hﬁt (k+p)(t+q) ‘kz(t+Q)_]Wk,t Wg+p, (t+q)
k=1 t=1 :
if q# 0.
o0 oo
B, = X 2 [kt(t+q)(1<+p) - kztzjwk,(t+q) W(k+p),
k=1 +t=1
if q# 0and p # O, B7=O/ifp=00rq=0.
£z
T == e - Ie 2(' 2
Jg T k=1l b1 [iterp)(57) = (orp)2(5+0)2] Wiy, & Wi (60a)
3 ‘ if q# 0 and p # O, Bg = 0,if p = O or g = O,
s 5 2,2
B o= 2 iz+p)(t+g) kt - (k+p)°t
“9 7 o1 to1 [( p)(t+a) kt (k+p) J W(k+p),(t+q) Wk,t. veens (2-14)
The equilibrium equation is satisfied if
bra =D (12 T w212 g ny 2T
Pr,s © ¥ Wr,s J - Px °Wn —
22 Y4 r,s y:
-9 hw s@ e

4 T S 2 W
P} - F ¥ (s-t) k- (r-k)t b/
p r-ic),{s=% k,t -
2.2 { ] (r=ic),(s=t)
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oo S 2
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¢ T Z [(sm8) 1+ tliorr)] O Ms=t) Mk,b ( wvnn. (2-15)
k=1 t=1 a ’ :
When the lateral ovresstre is «iven, Pp,s Can be determined. Zgua-

{

tion (2-15) repressuts & doubly of squations. In each of

.

the sguetions of the family, the coefficients b p, q may be replaced Ly their

<3

alues as civen by Zouatiorn {2-14), The resulting equations will involve
the known normel pressure coefficients p,. o, the cubes of the deflection
+

coefficients W and the averare membrane pressures in the x- and the y=

}4 SR
directions, p and p , respectively, 1 and p, can bhe determined from
x y B o2 J

the conditions that the olates are either subiected to known edge compres-
sions or known edge displacements., The number of +these equations 1is equal

to the number of urknowm deflaction coefficients, Vo, nt
?




Now, the procedure is with the known values of P, ¢ to assume
2

and solve the other coefficients by successive approximation, The

w
1,1
work in doing so, however, is tremendous and it is very esasy to meke mis-

takes. As in the case illustrated by Levy, for a relative simple case

or square plates if six»deflection coefficients are used, eacn equation
containg sixty third-order terms. And for each normal pressure applied
one has to solve these six sixty-term, third-order equations once by sue-

cessive approximation, The method is too laborious to be of practical
Y

(b) Clamped Rectangular Flates.

- Levy and Greenman solved the case of the clamped rectangular
plate by assuming that the edges are clamped rigidly against rotations

and displacements normal to the edge but are permitted to move freely

parallel o the edge.

The required edge moments mx and my are replaced by an auxiliary

pressurs distribution paﬁwgy) near the edges of the plate. The auxiliary

pressure can be expressed in terms of a Fourlier Series as follows,

SE, 41 My %
o - s S0
pa\x,“) ral 5,5 al r sin —3
o0
N s 4 . 8Ty

5=1,3,8-

Ixpress Mx and My by a Fourier Series, where kg and k, are coef-

ficients to be determined,

—-._-b-z-" ssll‘-‘-T er s e v sr sy (2‘16)
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o0
m:% P rlz-"fa kr Smf‘éﬁ}‘
. =Lly0, s
2 o0 as s s 0 s P eI rss s P e (2-17)
= b 2. STy '
WExs P oeTis,5 ., ks sIn—E

2 o0
p(y) =) £ X (vic_+ek,)sin %
Y v/ 1 s . ] r a
, r=1,3,5 .. x = 1,3,6 ,.
sin 5%31 (2-18)

Combining with the normal pressure p,, Eq. (2-12), we have

( r) = Z Z— si X - iy -
Pol%¥) = {75 . s 1,2,5 .. Pr,s SIRT o osin s £ el (2-19)
4" ' .
where pr,s =(?T°) (I‘Pks + Spkr) +pr,$ es e BsIs s BB EITRERIOEBEIEI RS (2_60)

Since the edge moments mx and my have been replaced by the
auxiliary pressure distribution pa (x,y), the general solution for the

o

imply=-supported rectangular plate (Zgs. 2-11 to 2-25) can be applied

(4]

4
to the clamped ones and the only thing one has to do is to determine
the values of kg and k,,. This is obtained by the condition of zero slope

]

at the edres of the plate.

Setting the slope perpendicular +to the edges x = 0, x = a,

v=0and y=1b, to zero gives

o

oo o0
B Eff) = 0= ;E: ZE: %?: Wy s1n.2gz
Ox/x = 0, x = a m=1,3,6 ,, n=1,3,8 ,. ?

< /7

i = miix
(a_v-q' = 3= > > L sin ——(2-21)
_V/Y 1 '

]
(]
-
el
]
-
)
=
it
I_J
-
[
‘.
[%1]
L]
.
=3
L]
]...._l
-
R
-
o
L]
»

Equations (2-21) are equivalent to the family of equations
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[$)]

= +5 + + LI IR
0= e ™M, o s

= 2-22)
O - 'W'Sll + 5 w + 5 W3.5 + saass (“‘ 22)

= + .1 + T teeee
O=wg 1 ¥ 3W5 5% 5 ¥ 5 |

Now the deflection coefficients L must be solved from the
femily of equation (2-15) for the linear term in terms of the cubic terms
and the pressure coéfficients Pr,s. The L thus obtained are now sub-
stituted into Equation (2-22), and for the pressure coefficients Pr,s»
are substituted their values by Equation (2-50). The resulting family

of equations contains linear terms of pk,. and pks and the c¢ubes of the

deflection functions w .
m,h

The method of obtaining the recuired values of the deflection

s Wl’s 3 s aes e '__{_)ks,
Eh h
Pk, ..... by successive approximations from the simultaneous equations,
The procedure is even more laborious than that for simply-
supported pletes, Two numerical solutions are given, namely, the bending
problem of a square plate and a rectangular plate with length-width ratio

of 18,
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CHAPTER III

THE GOVERNING DIF#ERENTIAL EQUATIONS

l. Bending of Thin Sheet Plates

A cylinder is called a plate if its height is small
compared with the linear dimensions of its cross-section. We
shall designate the height of the cylinder by h and shall call
it the thickness of the plate. The middle plane of the plate
will be taken to coincide with the gy—plane of the coordinate
system, and as a plane of elastic symmetry. After bending, the
points of‘the middle plane are displaced and lie on some surface
which we shall call the middle surface of the plate. The dis-
placements of the points of the middlie plane in the direction of
the z-axis will be denoted by w and will be termed deflection of
the points of the plate.

We consider the case where the deflections uare large
in comparison with the thickness but are at the same time small
enough to justify the following asgsumptions:

(1) Sections of the plate cut by planes normal to the
middle plane before deformation remain plane and normal to the
deformed middle surface.

(2) The normal stress o, perpendicular to the faces
of the plate is negligible in comparison to the other normal
stresses.

To investigate the state of strain in a bent plate we

suppose that the middle surface is actually deformed, with but
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slight extension of any linear element, so that it becones a
surface differing only slightly from one or other of the surfaces
which are applicabie upon the unstrained middle surface.

The first hyﬁothesis is equivalent to saying that
points originally on a normal to the undeformed middle surface
remain approximately on ‘a normal to this surface in its deformed
state. That is, the shear strains sz, and sz or du/fez +dwWHx
and 9v/3z +dw/Dy are negligible. This is based on the behavior
o.f beams subjected to pure bending. It is the consequence of this
hypothesis that the middle surface of the plate undergoes no ex-
tension, and hence is a neutral surface.

The second hypothesis disregards in effect the contri-
bution to the deflection of the compressive stress o, produced
by the loead p.

Since, for z = 0, u and v are zero, and by the first
assumption, the displacements for any point in the plate are given

by u = 2@u/3z) and v = z2(@8v/Q2). Again by the first assumption,

_l 2u W,
A TR riak
l,9v 2w
Y ==(Z— 4+ =" )=
yz 2(az 3y) ©
er
2u__23w
2z T 2x
ovV._ _ow
3z oy
therefére
_ -
u -zax
oW
vV=E-237

o
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These are the displacements at any point in the plate due to
bending alone, the effect due to the extension of the middle sur-
face being neglected.

But the coﬁxponants of the strain tensor are related to
the displacements u and v by the formulas €_ = 2u/9x,
GY = dv/9y, ny =1/2(9v/9x + Eu/'é y) so that by making use

of these relations we can write

2
€ =727
o x°
2w
€ =_ -
%W
Yo =~ 23337
By Hook's law, since G“Z = 0, we have
o, = /\(ex+ éy) +t2y €,
o= Aleg+ €y) +2ve (3-2)
Toy™ Vg
Substituting Eq. (1) into Eq. (2), we obtain
2 4w
o =—z/\v + 2 Ve )
x ( w4+ 2 ax2)
2°w
Ty = - z2(A U3 + 2y ) (3-3)
4 - .-
73
2
7 =22y 2%
d 9x9y

where A and M are elastie constants and v> is 2%/3 x> + 22/3 y2.
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Consider an element of the plate (fig. III-1) and take
the moment of the forces about the x-axis. Neglecting third
order terms, the equilibrium conditions require that

+h/2 20y /2 Txy .
xy
(a) 7~ _ dx h dy + z dy dx dz - %2 ~=x——dx dy dz = Q
Z o
v ~b/2 Y - ° X

Similarly, teke the moment of the forces about the
y-axis and set it egual to zero.

(5 ~ /—»h/z 20y /+h/2 T xy
b dxhdy + z dxdydz - z dxdydz =0
Xz w2 2%® /2 °V

By rearranging terms, we have

+h/2
S C

-h/2

(e)

+h/2 ( aa~x ,y)

hpe =
*2 [ n/2 o x y

Substituting Eq.(3-3) into*Eq.(c) s and integrating, we have

+h/2 3
-/ z2dz [/\-- vew + 22y op 2 W ]

n7- =
2 [z 373 dx2dy
3 ' '
2(h 3 ® 2
=—§(5) AsT v W+2Y-§‘-y\72w]

. 7~ B ] F.) 2
. . yz---—(/\+2V)a-3:'vw

h2 p) (3-4)

Ty =~ 12 (A+ 2V) 5= v

. 7yz dTxz _ n? 4 '
. >y ..+' 5 <5 (A+2v) v'w (3-5)

. The normal stresses distributed over the lateral sides

of the element can be reduced to couples, the magnitudes of which




|
|
|
|
|
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per unit length evidently must be egual to the externsl moments

My and My. In this way, we obtain

M, dy = O z dy dz
n/2 ¥

h/2 -
T - 3
dydx // v 7z dx dz

-h/2

Substituting expressioms for 0 and tT} and integrating, we have

h? e oW
Mx=--1§()\+2v.)(ax2 +V;3-y;

2 (3"6)

h 27w 2%

My=-—l—2-(/\+2v)(aya ax2)

2. Differential Equation of the Deflection Surface
Congider tﬁe equilibriﬁm of a Small.élément cut from
the plate by two pairs of planes parallel to the xz- and yz—co-
ordinate planes. (Fig. III-2). Let the magnitudes of the later-
al forces be S5y, Sy and note that Sxy'z Syx'
Projecting these forces on the x- and y-axes and as-
suming that there are no bodj forces or tangential forces acting

in those directions at the faces of the plate, we obtain the

following equations of equilibrium:

5 2

° x-l-\..._s‘xyzo

3}:‘ ay

Ss. 55 (3-7)
S
ARG A

aX a.y.
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In considering the projection eof the forces on the
z-axis, we must take into account the bending of the plate and
the resulting small angles between the forces Sy and Sy that act
on the opposite sides of the element. . As a result ef this bend-

ing the projection of the normal forces S; on the z-axis gives

(a) 5,4y SX
_ azw asx oW
= Sg¢ — ox dxﬁy 3% Ox dxdy

The last step was obtained by neglecting small quantities of
higher than the second erder.
Similarly the projection of the normal forces Sy on the

z—-axis gives

2% 35y dw
(v) Sy 3,7 &y + 3y Iy dxdy

Regarding the projection of the shearing forces Sxy en
the z-axis, we ebserve that the slepe of the deflection surface
in the y-direction on the tﬁo opposite sides of the element is

dw/oy and 2wRy + (32w/oxdy)dx. Hence the projection of the

shearing forces on the z-axis then can be written as

© 2w
SKY 3%y dxdy'+-1;39[ dx d
An analegous expre351on can be obteined fer the projection of the
shearlng forces Syx = Sxy on the z-axis. The final expression

for the projection of all the shearing ferces on the z-axis then

can be written as



An anélogous eicpression can be obtained for the projection
of the shearing forces Syx = Sxy on the z-axis. - The final
expression for the projection of all the shearing forces

on the z-axis then can be written as

2
2 o 2] )
(e) ZSxyaxg dx dy + —ésfg—;dxdy+3§3yq§-§dxd

Adding expressions (a), (b) and (¢) to the load
p dx dy acting on the element and equating the z-component of

forces to zero, we obtain the equation of equilibrium:

Py
(@) s 32w+asx 2'+S 32w Y 2w
x 9,2 9x 9x 'y ay t37 oy

aw aS ow
M e 6y+ 5']; 3x

7%z , 275z

+ha 3% +p=0

where sz and Tyz are the average values over the height h.

From egs. (3-7), we have

95 _ 2%y
oXx oy
28 oS

II1-7
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Substituting into equation (d), we have

A3z °ryz 2*w 2w 22w _
() h( oy T ox )+p+SX 347 +28xy3xay +Sy o2
Assume that the deflections are large in comparison

with the thickness but are at the same time small enough to
Justify the spplication of simplified formulas for curvatures

of & plate. Then by the condition resulted from pure bending,

we have
O97xz , 97 yz _ n? 4
ay+ 3% ° - 12 (A+2v) v w
2
- _ b 4.
——12 E2 V L
1-c
and eq. (e) becomes
3 2 2
h E 4 3w O w
(£) - ——, V' w+p+$8 +28S
12 1_7‘&2 b4 x2 Xy 0X0y
2
+ 8 gg =0
Y 9y

where E is the Young's Modulus and Vo is the Poisson's Ratio.

Introducing a stress function F defined by

S =h-‘—'—32F ; S =h_________32F 35 S =-—h32F
X 2 ? y 9.2 Xy Ixdy
S AN x
the resulting equilibrium equation is
S V"w+p+h—-~«-22F 2%, 27 %
12 17“2 ay2 33{2 Oxdy 9xdy
2 2
+h B.ZE o ¥ =0
= ay
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2 2 2 2 2
4 %F 2% 9% 3% ., ¢ %
or w = h/D h + + 5 - 2

v /D (o/ 2,7 2 952 947 o xdy ?xay)

(3-8)

Eh3
where D = — 5 and is called the flexural rigidity of a
12 (l—-/oL )

plate.

3. Compatability Equation.

Considering the strain in the middle surface of the

plete during bending, (Fig. III-3)

= = 2F
2 2
cos X = l-T = 1-1/2 (aw/ax)

Take ‘an element of length dx. After deformation, its length is

dx + 2 uPx dx
cos

as =

dx (1 + du/ox)
1-1/2 (va/ax)2

I

= gx [1 + dufox + 1/2 @W/“)X)QJ°

The x-component of the strain is therefore

€, =aPx +1/2 Pwox)? (2)
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Similarly the y-component of the strain is

€ = Py + 1/2 Pwhy)?

III-11

(b)

For the determination of shearing strain due to dis-

placenments w, we take two infinitely small linear elements

OA and OB in the x- and y-directions, as shown in the following

figure. Because of the displecements w, these elements come

to the positions 01 Al and 01 Bl. The difference between

the sngle 4,0,B,and #/2 is the shearing strain corresponding

to the displacemnts w, (Fig. II1I-4).
0.4, = [l + (aw/c)x)2 + (av/3x)2 ]1/2 dx
= [1 +1/2 (aw/ax)2 + 1/2 (Av/ax)zldx

The directional cosines of QlAl are

ax/o A = 1-1/2 Gwpx)® - 1/2 @v/x)? with x-axis

2vPx dx ~ Av/ox

0,A

with y—-axis
11

with z-axis

dw/ox dx = ow/ox

014
Similarly, the directional cosines of OlBl are
% with x-axis

1-1/2 @w/ay_)g - 1/2 (u/2y) with y-axis
dwRy with z-axis



N
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= cos &g coso(2 + cos/é’l c:c:s/é'2 + cos Yl cosi/z

~

F July +ouwlx +(dwlx)(dwey) (c)
The strain componentis are therefore

éx =ouPx + 1/2 (2 w,éx)2
€, =2vPy +1/2 (2wpy)® - (3-9)
ny = duPy + IvHx +(a w@x)('éw/ay)

By differentiating these expressions, it can be shown

D %x +32‘~‘y _'323/XY=(32W ) 2__..@31"._ @.EIL (3-10)
3y2 3,2 9 Xy dx0dy O 4R 3 42
Hook's Léw is
€ =VE (0, -pe0o)
€, =B (0 - o)) (d)
xxy = 1/G TXY
Noting that
: 2
K
o =8/h=1/n 5,2
o-y:sy/h=1/h g—z_g (e)
J
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Therefore,
~- 2? T
éx - 1/hE ( '/u' ) 2 )
€ =1/nE (32F 3°F (£)
¥ o2 /33 =)
¥
2
2(1 + O°F
Y= B sy
Substituting these expressions in Eq. (3-10), we obtain
4 2 2 .2
2% 2 2°F_ = E ( ) 2w O7w
o “9x B2 axay 2.2 972
2 2 2
= 2w 9w
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4o Summary of Equations for the Deformation of Thin Plates.

The fundamental equations governing the deformation
of thin plates developed in Sections 2 and 3 may be summerized

as follows: the partial differentisl equations ere:

2% , , o a%_E[( \ 9% 3%
D4 ax232 ax—ay/ axz ayz
‘BAW al*w aw 2F aw
‘ax4+23x28y2+ 34 -p/D-l-p/Day( 52
2 2
L2 A LD )

342 gyz‘aﬁ 35

where the medisn-fiber stresses sare

o-1x=..3_..2§__

oy = 2

iy = - 27T
o9x0y

and the median-fiber strains are

\2 2
€ix =1/8 (_a....f_’__ -2 F

ay2 M axz )
€|y _l/E( -/"( 32 )




The extreme-fiber bending and shearing stresses are:

2
" = . Eh o w 9w
x 2(L- 48 <92 +/"‘az)
o =- Eh -
y —_— +

2(1_/'.;2) (a 2 /Aa 2)
’rxy“=— Eh '32\1

2(14m) 9 Xy

5. Non-dimengional Form

of the Fquations.

Writing F!

3,
i

o' =

F
h?g

w/h

_E.ai

E ¥

= (a/n)?

x' = x/a
y' = y/a
€' =€(a/n)?

1II-16

where a is the smaller side of the rectanguler plate and h

is the thickness, we have the following differentisl equations:

bl"F' +2 24§ al’F' (82w' \ %w’ 2%
ER Ix'? 95”2 i y'4  ox Iy S xR oy
_a..lfﬂ_'._+2 ._a_i!f.'.__.+34w'=12(1-/f)pv

ax 3x:2 ayz 'ay'l* .

+ 1z (1‘/"@)[323"/331"2 2w px'®

%F Pwt I Pw? 2]
0 x?? _aylz I xWy' S x'Jy!

+
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Letting /af = 0.1, which is characteristic of
sluminum alloys, end drop the primes, we have the partial

differential equations in non-dimensional form as

QZT 3AF aLF — 32!__ 2 azw 32w
> +2 oW el (a ) "3.2 5.2 (3-12)
Ay S 4w dhy 2°F  %w
+ 2 + = 10.8 p + 10.8
ax4 . ax2ay2 ayl" P [ ayZ QXZ
2 2
L2 2%, 2% % ) (3-13)

52 ay2 dx9dy 2xoy

The medien~-fiber stresses in non-dimensional forms are

0 '= azF
X ay2
2
. O°F
9y' T o2 | (3-14)
$ = - ..a._-z-g—.—
T xy 2 xdy

and the median~-fiber strains are

'éi = 32F _/ABZF
b .x 3y2 ax2

2
2 F
_o% - /ui__
<y 0,2 o5° | (3-15)
°F
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; The extreme-fiber bending and shesring stresses
are
2 2
1 o w 9w
oy = - 2 52 TM o2 )
2(1-/4/« ) b's
- 1 2 2
: oh. = - - 2w D W .
| ¥ —2~ ( + ) (3-16)
} 2(1 /u.) ayz axz
| ™ n=_ 1 '82w

x5 2(Tpd) 2 x3y
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CHAPTER IV

FORMULATION OF BOUNDARY CONDITIONS

1. General Discussion of Boundary Conditions

| The gé%efning differential eqﬁationé as derived in
Chapter III are two two-dimensional fourth order simultaneous
partial differential equations. To obtain an unique solution,
in the case of rectangular plates, there must be four given
boundary conditions at each edge.

Before proceeding to the actual case, two theoretical
boundary conditions may be mentioned.

(1) Simply-supported plates, where the edges can ro-
tate freely about the supports and can move freely along the
supports._

(2) Clamped or built-in plates, where the edges are
clamped rigidly against rotation about the supports and at the
same time they are prevented from having any displacements
along the supports.

_ Actually, it is to be expected that nelther of these
Tconditions will be.fulfilled exactly in a structure.

Now let us proceed to the bending problem where the
bottom plating of a seaplane is to be studied. The behavior
of the sheet approximates that in an infinite sheet supported on
a homqgeneous eléstic network with rectangular fields of the same

rigidity as the supporting framework of the seaplane. -
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The displacement in the plane of the sheet and the
slope of the sheet relative to the plane of the network must be
zero from symmetry wherever the sheet passes over the center line
of each supporting beam.  Each rectangular field will therefore
behave as a rectangular plate clamped along its four edges on
supports that are rigid enough in the plane of the sheet to pre-
vent their displacement in that plane. At the same time these
supports must have a rigidity normal to the plane of the sheet
equal to that of the actual supports iﬁ the seaplane bottom.

The rigidity of the supports will 1ie somewhere between
the unattainable extremes of zero rigidity and infinite rigidity.
The extreme of infinite rigidity normal to.the plane of the sheet
is one that may be approximated in actual designs. It is pro-
bable that the stress distribution in such a fixed edge plate
will, in most cases, be less favorable than the stress distribu-
tion in the elastic-edge plate. The strength of plates ob-
tained from the theory will therefore be on the safe side if ap-
plied in seaplane design. Reference might be made in this con-
nection to a paper by Mesnager(és) in which it is shown that a
rectangular plate with elastic edges of certain flexibility will
be less highly stressed than a clamped-edge plate. It may also
be seen clearly by comparing the extreme fiber-stress calcula-

21
tions by Levy( ) and Way(lv)

for simply-supported plates and
élamped plates.
- However, the impact pressure on a flying boat bottom in

actual cases is not even approximately unifofm over a portion of
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the sheet covering several rectangular fields. Usually one rect-
angular panel of the bottom plating would resist a higher impact
pressure than the surrounding panels, and the sheet is supported
on beams of torsional stiffness insufficient to develop large
moments along the edges. The high bending stresses at the edges
characteristic of rigidly clamped plates would then be absent.

To approximate this condition the plate may be assumed to be sim-
ply supported so that it is free to rotate about the supports.-
At the same time the riveted joints prevent it from moving in the
plane of the plate along and perpendicular to the supports. Ac-
cording to the same considerations as in the case of rigidly
clamped edges, the result would be on the safe side. This case
has never been discussed before, and it seems to be of importance
to study such a problem.

For the combined bending and buckling problems the szme
considerations will be true. It is evident, however, that as
soon as the side thrust is applied, there are displacements per-
pendicular to the supported edges in the plane of the plate.
Gall(64) has found that a stiffener attached to a flat sheet car-
rying a compressive load contributed approximately the same elas-
tic support to the sheet as was required to give a simply-supported
edge. In combined bending and compression problems, therefore,
it seems also important to study the ideal simply-supported plates.

The an#lytical expressions for all these boundary con-

ditions are formulated in the following sections.
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2. Analvtical Expregsions oi the Boundary Conditions

(1) Simply Supported Zdge

If the edge y = 0 of the plute is simply supported, the
deflection w along this edge must be zero. At the sume time
this edge can rotate freely with respect to the x-axis; i.e., there
is no bending moment My along this edge. This kind of support

is represented in the following figure.

The analytical expressions of the boundary conditions
in this case are

(W).—g = O
o (4-1)

2 2
(7m55) =

Similarly, if the edge x = 0 of the vlate is simply supported, the

boundary conditions are

{(w) =0
x=0
(4-2)
2 2W
D W o ) -0

+
0 x? /Aa y?' x=0



Now since w = 0 along y = 0, 9w/ x and 9 3w/dx° must

be zero also. The boundary conditions can therefore be written

(W)y=0 =0

(4-1a)

=0
( By y=0
Similurly, for the edge x = O, we have

(W, =0

=0 (4-25)

_('3:3 o ,

?x" x=0

If the plate has idezl simply-supported edges, it must be

free to move along the supported edges in the plane of the plate.
This is equivalent to saying that the shearing stress along the
_edges in the plane of the plate is zero. Analytically, it is

. ('r'xy>y=-5=0

or
'32F )
a Xoy ‘y=0

(4-3)
One more boundary condition is required to solve the

plate problems uniquely, and this may be obtained by specifying

either the normal stresses or the displacements along the edges.
For a plate having zero edge compression, the normal

. stresses along the edges are zero. It is analytically expressed

as

|
()

( 0}7)x:o

I
(@]

(T3

or
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33
3y3 %=0 =0
(4=4)
%
(af) =0

It is shown in Section 3, Chapter III, that the strain

in the median plane is

3 _1 w2
=& o (30)

(4-5)
5 & 36)
y y 2 ay
and the displacement of the edges in the x-direction is
l/9wy)2 :
= €1 __ ax -
u —
/y[x 5 (32)) (4-52)
while the displacement of the edges in the y-direction is
v:/ (e, -5 (3] o (4-5)
x F 2 alY
The addition of side thrust may be expressed in terms
of the change in displacement of the edges.

. Expressing €x' and €§Q in terms of the stress function

F, we have



F 1 3w,z
axa'E(TB—;) Jax

(4-5c)

: ' oF 'azF 1,5 2
v:/x [axe" /Aayz'*g(sg) ]dy

(2) Clamped, or Built-in Edge.

If the edge of a plate is clamped, the deflection along
this edge is zero, and the tangent plane to the deflected middle
surface along this edge coincides with the initial position of
the middle plane of the plate. |

If the x-axis coincides with the clamped edge, the

.boundary conditions are

W : (4-6)
(57) =0

If the y-axis coincides with the clamped edge, the

boundary conditions are

' (W)X_—_o = 0
oW (4-7)
(S—JEx:o =0

If the edge 1s clamped rigidly against any displacement
'~ along its support, the strain in the median fibers must be zero

along that adge. The boundary conditions are therefore

(€ =©

(eX'A)y=O

e

0

Iv-7
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or 3x2 -/Layz =0 =0
o (4-8)
3°F BzF) o

(-ayz -/(.axg yzozo

The one additional condition required is again furn-

ished by specifying displacements of edges as in Eq.(4~5c).

(3) Riveted Panel with Normal Pressure Higher than the Surround-
ing Ones. '
As discussed in Section 1, the boundary conditions

which would approximate this case are:’

(0, = 0
2
(gw) =0
(4-9)
(3= /2;2 0

/[ayz" 'g‘(ai:)aldxzo

if y = 0 is one of the edges.

The first two expressions are those of simply-supported

edges, the third one gives the condition of zero strazin along the
supports, and the last one specifies that the displacément of the

edge is zero.

Iv-3
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CHAPTER V

THE FINITE DIFFERENCES EQUATIONS OF THE BOUNDARY VALUE PROBLEMS

1. The Calculus of Finite Differences

Brooks Tayloi' ’ .in-his boék "The Method of Increments"
(1715-1717), was the first to consider equations of finite dif-
ferences. They are used more and more frequently in recent
years as approximations to differential equations. In fact, the

- 6
very large deflection problem has been studied by Henky(5 )»(6)

and Kaiser(7) by using finite differences approximations.

Before we proceed to convert our partial differential
equations into finite differences expressions, some fundamental
concepts about the finite differences approximation may be men-
tioned.

Let us assume that a function f(x) of the variable x is
defined for equidistant vaelues of x. If x is one of the values
for which f£(x) is defined, £(x) is also defined for the values of
X + kAax, where Ax is the interval between two successive values
of x, and k is an integer. We denote the valué of the function
y = f(x) for x + kax, for the sake of simplicity, by writing y
with a Subscript:

f(x + kAx) =y (5-1)

Xtkaox

We now define the first difference or the difference

of the first order Ayx of y at the point X as the increments of

the value of y in going from x to x +Ax:
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A, =V ax ™ Yy (5-2)

It is seen that we have chogen erbitrarily the step in the direc~-
tion of increasing x‘; we could also define Ay, by the difference
I 7 Yx- ax®

Continuing this process, we call the increment of the
first difference in going from x to x +Ax the difference of
second order of y at x; i.e.,

Azyx = BYyrax ~ Py

= Vxtoax ~ xrax T ¥x (5-3)

In general, we define the difference of order n by

-1 -1
A = A v ax m AT vy (5-4)

If we choose A x equal to unity, then we write
yxi-nAx = yx—!—n

Using this notation, the sequence of differences becomes

A¥x = Vx4l ~ Ix

2 -
Ve = Vgep T Vxrl *

3. -
Ayx = V3 T Wtz ¥ W1 — x

. ® & & e * & e & e & ° 2 & v e = * e

=0

n r :
Anyx = Z (-1) rg(g - ! Yx+n-r (5-5)

In many physical problems only differences of even

order occur. In such cases it is more convenient to define the

Y
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differences.zizmyx in another way. We shall write
A%y, =¥, g - gt el - (5-6)

i.e., znayx is the increment of the first difference taken on the

right and left sides of the point x. In general
LA (yy) = A% (8772 7,) (5-7)

In this case a difference of order 2m repreéents a linear expres-

sion In Yeoms Fxemblr = = ¢ ¢ 2 Txr o ¢ ¢ 00 Ty 30 Yem

2. The Finite Differences Expression of Two-Dimensional Cases.

In replacing the partialrdifferentials by the finite

differences expressions, we have to consider the differences cor-

.responding to the changes of both the coordinates x and y. We

shall use the following notations for the first differences at a
point Amn with coordinates max and nay. The notation used in

designating adjacent points is shown in the following figure.
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TERTYRSE BY

L= 2> axc—]
f\m,nv-/
4y
i Ama,n|Amn A mvi, n
+ "’
Ay
1/ 'Am,n—l
174
/'_/'9, vV -7
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Ax "n-1,n = Yp,n T ¥p-1,ns
ax "m,n - "mwm,n T ¥m,n’
Ay "m,n-1 - "m,n ~ ¥m,n-1°
Aoy "myn T "pyntl T Vmyne

Having the first differences, we can form the three kinds of

second differences as follows:

2
w = A°w
Axx myn X mn ,
¥o+l,n = ¥m,n ("m,n - Wp.1,n)
= Yo+l,n = “"m,n ¥ ¥m-1,n
= A%y
AW wm,n y m’n
= wm,n+1 = Wm,n ("m,n - "m,n-l)
= ¥o,n+l ~ 2"m,n + ¥m,n-1
Pa

xy "m,n ¥ Ay "+l - Ay Mnyp
= Yol,n+l T Ym+l,n < (Vm,n+1 = %m,n)

“mt+l,n+l — ‘im+1,n = Wy,nt1 t “m,n (5-8)

And the three kinds of fourth differences which will be used

later on are:

A oex "o,n = Axlb ¥m,n

= Vman T L by 1t ¥n2,n
Ayyyy "m,n = AyA *m,n

=Wy ontp " Agnel t 6‘Wm,n = 4% n-1 t V-2
Axxyy wm,n = A;y wm_,n

= ¥m+l,n+1 ~ 2"m+l,n + “rl,n-1 = 21"m,n-l-l + Z*wm,n

~ ¥mn) t¥m-l,ndl - 2 g o tW g g (5-9)
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3. Conversion of the Governing Partial Differential Equations

.Z_[y'l.:o Finite Differenceé Egﬁations.

_Partial differentials may be approximated by finite

differences as follows:

ow AW ow Ayw
e = , -

2x ax 2y Ay

?

2 2
2w APw W A2V

I
I x? Ax2 ayz AyR

s

2%y w
=4y,

dxdy AxAy

JI’W A x‘l*w al*w Ayl’w

o ad | af  agh

2"w= Axyz w

(5-10)
x*Jy2  AxPayR '

By the above relations, our governing partial differ-

ential equations (3-12), (3-13) mey be replaced by the following

difference equations:

2
A:F + 2AW F + AYAF ;—/AJWw )2 _ AxW ezzw
Ax¢  axrayr Ayt \axasyl ax2 aye

4 . |
Aw At At
A AxRAyE AVt

= 10.8p

- TALPF APw  ALPF A 2w A_F A w
+ 10.8[‘-‘ y X+ X A > A . (5-11)
Ay? AOxa Ax® Ay® AxAy axAy



V-6

If we take Ax = Ay = AL, and use the relations (5-8),

(5-9), Egs.(5-11) may be written as

Fm+2,n - 8‘?1::-!—1,

- 8F

1,0

+ 20F - 8F + F ar
n m,n

m,n+2 - m,n+l
+ 2F

F

+E w1, n-1

_F

m,n-2 + m+l,n+l + m-1,n+l

- 2
B (wm+l,n+1. m+l,n T "m,n+l wm,n)

2w+ Wm—l,n) (w 2w +

- ('m+l,n— m,n m,n+l = “"m,n Wm,m—l) (5-12)

and

W2, ~ i Y 20y 0 = 8Wp 3 n F W on t W oni2 ~ 8y i
=8y n 1 Y2t M ne t g1 n1 1 ntl
M I |
= 10.8(L)% + 10,8 (Fy 1y = 2y o+ By )
(Wm-;-l,n -t "m—l,n) + (Fm+l,n '-”m;ﬁ + Fm—l,n)
(wm,n'+l -2y nt wrm,n—l) = 2(Fm+].,n+l - Fotd,n — Foynin * Fm,n)

(%t ,n+1 = ¥ml,n = Ym,n+l + ¥a,n) (5-13)

Egs. (5-12) and (5-13) may seem to be very complicated. 1In ac-
tualywriting out of these equations the following finite differ-

- ences patterns or so-called Relaxation Patterns are useful.
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L. Finite Differences Expressions of the Boundary Conditions

(1) Simply-Supported Edge.
The boundary conditions for the simply-supported edge
y = 0 are:

(w) g = ©
(Z)
=0
25" y=0
(%)
=0
Idx dy/[ y=0

and (2%r/2 x"“)y:o = 0 for plates with zero edge compression, or

9% I _ 19w 4y -
{[“'ﬂy w5 7(53) =

for plates with zero or known edge displacements.

Let n = 0 denote the edge points along y = 0. The
finite differences expressions of the boundary conditions are:

"m,o =0

U
o

B2 W, (5-14)

]

(AXVF)-m,o

and

(8,°F) =0 (5-18)

0

. for plates with zero edge compression and

k-1 ' 1 .2 |
> [ -usi-am ], =y (5-16)

m=0 L

where m = o, k represents points along the two edges x = 0 and

V-7
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X = a, and i 1s a point along any line y = constant along the
plate.
(2) Clamped Edge.

The boundary conditions for the clamped edge y = O are:

(57} 5]
GRS T2 gm0 = O

2F 9% 1rgw\e]
fy[ayz‘/‘ -5 (5% ==

Following the ssme notations, the finite differences

expressions are

(By W)y, =0 |
. o (5-17)
(AY F—/an F)m,°-0

k-1 | 1 2
2 Lajr o 3o, o], n

(3) Riveted Panel with Normal Pressure Higher Than The Surround-
ing Ones.

The boundary conditions which approximate this case are:

V-3
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(22}3‘_ azF)
dyz ~ I/ y=0

J°F 2%F 1w "']dx:o
[ﬁyg —/‘d.xa-f(}—f)

if y=0 is one of the edges.

Expressed in terms of finite differences, they are:

2 -
(Ay W)m,o =0
AZF-ud8’F) =0 (518

y Fox m,0
k-1

1 2
2p o - =

S ot - o -gag ], <o

5. The Boundary Value Problem in Terms of Finite Differences
Exbréééions. | | |

- Now the boundary value problem, which approximates the
riveted sheei-stringer panel subjected to uniform normel pressure
higher: than the surrounding ones, may be formulated in terms of
finite differences.

To start with a simpler case, the square flat plate
will be discussed, because the condition of symmetry requires -
oﬁly one-eighth of the plate to be studied.

The finite differences approximation of any differen-
tial equation requires that every point in the domain must satis-
fy the govgrning differential equati?ns. If the points to be

takeﬁ are infinite in number, the solution of the differences
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equations is the exact solution of the corresponding differential
equé,tions, and if the points to be taken are finite in number, the
solution will be approximate, and the degree of approximation will
increase as the number of points taken is reduced.

Bince the diagonals of a square plate are axes of sym—
metry, if the boundary conditions along the four sides are the
same, Wy 1 = W 4» and Gi,k = ék,i' The conditions fo;’ zero
edge displacements may be put iﬁto dﬁ'.fferent forms, as follows.

These conditions are:

(fx)o,i + (ix)g;,i Ut €:f:)m,i +70 4+ (Ex)k,i

_ l _ l k—l 2
=72 (B, = 5%;0 (Pp1,1 = ¥m,3)
(23-)1,0 + (fy)i,l + te + (zy)i’n + s + (fy)i’k
k-1 2 k-1 2

=1 == -
T2 % (AyW)'i,n 2 nz::O (Wi,n+l Wi,n)

Adding these two equations together and noting that LI
’

LT and ({x)i,k :'(iy)k,i’ we know that

o+ E)g o B +T); 4ot B +5), + e

x Y i,n
: - k-1 2
+ (zx + zy)i,k—l - Z__:O (wi’n““l ."' wi,n) A (5_19)

To obtain a better approximation, the left side of Eq.(5-19)

may be re-written te give
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1 _
Tt Es, o Ex gy 4+ Gty o
b (E T i1t 3t E D1
X y/i,k-1 " 2¥x y.l,.‘{
-1 2 '
=;n (wi,n+l - wi,n) (5-20)
Now, :
oy o°F JF  3%F J°F
+ = - + -
x ¥y Iya # 7x?  Ix? A Ay?
% . 3%
- (52 + )
7x 2y
= (¢*F) (1 - ) (5-21)
Note that here g° = 2°/9x® + g2/ Fy% «  Eq.(5-20) then
becomes ’
2 2 cos 2 .o 2
(¢ F)i,o + 2(Q F)i,l + + 2(y F)i,nf.“ “+2(7 F)i,k-l
s 2 k-1 2
* (0 = @) ;, 03 e = "3, n) (5-22)
This simplification is not necessury, but it will be
used in applying the Relaxation Method.
(DDn=1
Referring to Fig. V-3, points 1', 2! are fictitious
points outside the plate in order to give a better approximétion
fof the boundary conditions.
Using 4" = 0.1 or g= 0.316,228 for aluminun alloy,
the compatibility equation is
20F, - 32F, + 8F, + 4F; = K, (5-23)

where K = (w; - 2wy + w)® = (2w - 2w5)®.  Then the equilib-

rium equation is
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20 wo - 32w + 8wy + 4wt =p!+ 10.8 {2(2F1 - ZFO)

(2w - 2wy) - R(wy -~ 2w +wy)(Fp ~ 2F; + Fd)} (5-24)

where p!' = 12(1 - #2)(41)4 = .675p, since ad= 1/2.
The boundary conditions are:
() wy =0 wy =0
(o) wy' = 2wy +wy =0
(e) FOA— RFy + Fi' = u(2F, - 2F) =0
(Q) (4Fy - 47p) + (Fg + 2, + Pyt = 4F}) = §
where S; = (wy - wo)z /1=t = (wy - wo)z/.341886
Now the boundary value problem determines the values
of w uniquely, and the values of F with an addition of an unknown
constant. Since this constunt is irrelevant to the problem, we
may define it by letting F, = O.

Solving wy', wp'!, F;' from the boundary conditions, we

have
wy! = -¥y
wzi =-w; =0
Fl'- = -FO + 2(1 -/()Fl

Substitute these values into Egs. (5-23), (5-24) and (d), and the

resulting eguations are

16Fy ~ 26.520824F; = -3w02
16wy = p' + 43.2w5F, (5-25)
o s
~4Fy + 1.3675448, = — O
.341886

Note: The nine or ten significant figures used in these equations
result from the use of a computing machine having 10 columns. In
order to get satisfactory results in subsequent computations it is
convenient to retain a number of figures beyond those normally con-
sidered justifiable in view of the precision of the basic data.
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) n=2
| N Referring to Fig. V-4, points 3', A4', 5' are again fic-
titious points. The compatibility equations ‘arei
2_OFO - 32F) + 8F, + Z.FB = KO
-8Fy + 25F; - 16f, - 8F5 + €F, + Fy' = Ky (5-26)
2Fq - 16F; + 22F, + AFB - .'L6F4 + 2F5 + 2F4' = K.z
where Kg, K3, K; are equal to ['(A,wa)2 - szw Ayaw] at points
0, 1, 2 respectively.
The equilibrium conditions are:
20wy — 32wy + 8wy + 4wy = p' + 21.6 {(& 1 + A1)

(wy = wg) = ¥'(wy - 2wy + wg)}

-8wy + 25wy - léw, - 8w3 + 6w4 + w3' = p! + 10.8 (5-27)

{d‘l'(2w2 - 2w, ) + pl'(wo - 2wy + w3) - 271'.(1”4 - Wy - W + wl)}
+2wy - 16wy + 22w, + 4wy - 16w, + 2wy + 2w, ' = p' + 10.3

{( eyt + ﬁz')(‘”,(, - 2wy + W) - 2 Y.?.'(le - 2W4 + Wa)} |

2 2 '
where «!, [5', y' are Ay F, A.y F, AxyE‘ at the points indicated
by the subscripts respectively.
The conditions for zero edge displacements are:

2P - 3Fy + 4Fy - 25 + 26, + Fy1 =8

Fo - 5F, + 20, + Fg + F)} = 5,

(5-28)

- where S; = —3}52?55 {(wl - WO)Z + (WB - wl)a}

1 . 2 2
. S_2.= m.{(wa -wy) + (W[" - w?) }
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The boundury condilions :ire:
a) wo =0, w, =0, wo =0
( ) 3 ) ‘4 b 5
b) wy,! = 2w, +wy =0
()3 3 1

0

L "
WA 2m4

W5' - 2W5 + LA

+ Wy

0

I

(c) Fp - 2F3 + Fy' - /((2F4 - 2F3) =0

- L B - n -
Fp-2F, +7F, /u(F5 F, +F 0

4 R

F, - 25 + Pt =0

5

For the same reason as explained in the case of n = 1, let F5 = 0.

Solving of the boundary conditions equations gives

(a) Wyl = Wy
WA; = —wy
w5' =0

(e) Fg' = -F,

FA‘ = "'4+/L(F3 - 2F4) - Fy
Pyt =28, + p(2, - 2F3) - Fy
Combining Egs. (d) and (e) with Egs. (5-26), (5-27)
and (5-23), we have
208, - 320, + 8F, + 4F5 = K,

...8FO + ZA.FJ_ - 16F2 - 6.632456{'3 + 6‘632456}?4 — Kl

20 - 16y + 200, + 4.632456F5 - 13.264912F, = K, (5-29)

~2Fg = 4Py + AFp ~ J632456F5 + 2.632456F, = S,

Fo = 6F, + 2.216228F3 + 1675448, = 8,

and
[20 + 20,60 @)' + o' + ¥y")] wy - 32 + 2L.6(ag + )
Bo' +2¥")] wy + (8 + 21.6 Xy')wy = D! (5-30)
cont'd
next

page



~(8+10.8P,)wg +[ 2% + 21.6( @ + Pt + 7)) Wy end
- [16 + 21.6(&y1 + )'lf)] wy = p! | _ (5?;0)

2wy -[16 + 16;8( &' +'p2')] w, +[ 20 + 21.6 J
(@' + Bt + X3")] wy = p!

Here p!' = lé(l —-/«.-2) (at )4: = .0421375p, since Ad= 1/4.

Referring to Fig. V-5 and noting that 6', 7', &', o!
are fictitious points for reasons explained in thé case n = 1;
we have the compatibility ecuctions 2s follows:
20Fg - 3RF; + 8F, + AFB = Ky
-8Fgy + 25F; ~ l6f, - 8F3 + 6F4 + F(, =Ky
2FO-16F1+22FZ+AF3-16F4+25‘5+2F,7=K2
Fo - 8Fy + 4Fy + 20F3 - 16F, + 2F5 - 8F¢ + 4F, + Fgt = Ky (5-31)

3F1"8Fa-8F3+23F4—8F + 2F - 8Fy + 3Fg + P! =K,

5
_F, + 2F4 - :L(:F4 + 208 + 4F, - 16F8 + 2Fg + 2Fg' = Kg
where K,, K1, Kz, K;, K5 are equal to [( Axyw);3 - szwA;raw] at
points 0, 1, 2, 3, 4, ana 5 respectively. |
The equilibrium equations are:
20w — 32wy + 8wy + 4wy = p' + 21.6 {Ca,r + ByY)
(wy - wy) - }’O'(w‘o - 2w, + wz)} | |
: -8wg ¥ R5wy - 16w, - 8wg + 6w4

= p' + 10.8 {2“1'("‘72 - ﬁl)
+ Patlwg - 2wy +owg) -2 ¥y ' (my =w, - w3 ¥ WA)}

2wy - 16wy + 22wy + 4wy - 16w, + 2w; = p! + 10.8

. {( ay' + Pat) (wy - 2wy + Wz,) -2 72" (s - 2w, + W5)}
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wo - 8wy + 4wy + 2Ow3 - 16w4 + 2wy - 8Bug + hwng + owg!
= ' + 10.8 {43'(2w4 - 2W3)-F pB'(Wi - 2w3 + w6) -2 73'(w3 - W,

- wé + w7)}

Do - 52 - 2 -
3wy, - 8wy - 8wy + _3w, - 8w, + 2W6 - 8W7 + v + w

5 7
=p' + 10.8 {Gfi'(WB - 2w, + wﬁ) + ﬁ4'(wz - 2w, + W7) -2 er

(wy, - Wy = W+ Wa)}

Quy + 2wy - 16w4 + 20wg + Lwy - léwy + 2uig + 2wg!
= p! + 10.8 {( ag' + ﬁs'v)(wé' - 2W5 +wg) - 2 7f5'(w5 - 2wg + W‘C))}

2 2
where a', f3' and y' are a,r, Ay F, AVyF corregnonding to

S

2 4
the subscripts respectively, and p' = 12(1 - w )(84) D
.008,333,33p, since AL= 1/6.

The conditions for zero edge digplecements are:

il
w2
=

- 2Fy = 2Fy + 4Fp - 5Py + 4F, - 20g + 20, + By

t — - 4 - 2R y T -2
¥ P = 4Fp + 30y = 30, + 20 + Fp - 2F, + Fy .
iy b 2Fp - 2Fy - 2F, ~ 5P, £ Fg o+ 3+ Fo + Ty =S

+ Pt =5,

3

- k-1
2

2
where S = (w . =W s)
h L (s T T

The boundary conditions are:

(a) we =0, w,=0, wya=0, w., =0
6 7 8

(b) wg' - 2w + Wiy =0

| -
w,7 Ve + W4 0

1}

' — Ow ,
w8 2“8 + m5 0

H
C

Wol — 2w, + w
9 “"9 8

(5-32)

(5-33)



(e) fg = 21?6 + 1?6' - /((EF,? - 21?6) =0
14—21?,71-1?.7‘ - /((F8+F6——2F7) =0
Fp = 2Fy + Fgt - p(fy + Fpy = 20g) =0
Fy' = 2Fg + 85 =0

Solving the boundary conditions ecuations gives
=Y o 4 &

(d) ! = =g
w7f = —W4
wai = —w5
wg‘ =0

(e) F¢! = ~F'5 + 1.36T544F¢ + 6324568
F' = =F + 1.367544F; + J316220F + .316228F
Fol = —F5 + 1.367544F8 + .316228F7
F9i = -Fg
where we assume Fg = 0 for the szme rezson as explasined in the
case of n = 1.
Combinining, we have:
ROFy — 3RFy + 8Fy + 4F3 = Ky
- 8Fy + 25F; - l6r; - 8F3 + 6F4 + F6 =K,
2Fy - 16F, + 22F, + AFB - 16?4 + ZF, + 2F7 = Ky

5

Fo = BFy + LFy + 18F5 - 16F4 + 2F5 - 6.032456F +

4.632456F7 = K3

3F) - 8Fp - BFy + 22F, - 8F, + 2.316228F - 6.632456F, +
3.3162285 = K,

3 2 - P o
Ry + 2F4 16;4+J_}5 "

-2Fg - 2Fy + 4y - Gy + AP - SBIRL56F + 2.632456F, = 8y

+ 46324568, - 13.264912F8 = Kg



FO - LF, + BFB - 4,‘@“4 + 25‘5 + 1.316228F6 - .63245615'7

+ L.3162280 = S,

Fy + 2y = 2F3 = 2F; ~ 6y + Fg + 3.316228F, +
1.367,54484 = 8, (5-34)
and

[20 + 21.6( Ay' + fo' + 79')] wy - [32 + 21.6( a,'

Bt ] 08+ 216 7)1] wy + 4wy = p

-[a+ 10.863,'] Vig *+ [25 + 21.6(a t + Byt + "] W

[26 + 2160yt + 0] wa - [5+ 20,80 B + 27,)] w,

+

(6 + 21.6 71')w4 = p!

2wy - [16 + 10.3( @yt + B,1)] wy +[22 + 2l.6( @yt

+ P+ Y] W, + 4y - [16 + 20.8( &, + B + 4 ¥,1)] A

+ (2 + 21.6 72')W5 = p!
Wy ~ [ + 10.8/53'] wp o+ dwg + [19 + 21.6( g + By
+ 73')] W3 - [16 + 21.6(¢3' + YBI)] WA +2W5 = pl

3wy, - (8 + 10.8 /34')\:&'2 - (8 + 10.8 ¢\:4')w3 +[22 + 21.6

(cht + ﬁl;' + )Z')] v«4 - [8 + 10.8(054' + 27‘;)] W5 = p!

2wy + 2wy - [16 + 10.8( @t + A.1)] w, + [18 + 21.6
3 5 5 4

(d5‘ P+ Y] = p (5-35)



CHAPTER VI

THE METHOD OF SUCCESSIVE APPROXIMATIONS

l. Outline of the Method.

After we have expressed our boundary-value problems
in terms of finite differences equations, the problem now is
to solve the systems of non-linear simultaneous equations.

We have now two sets of simultaneous equations.
The first set consists of the compatability equations and the
equations specifying the conditions of zero edge displacements.
These equations contain linear terms of stress function F and

the second-order terms of deflection ratio w . They are of

the form

00 FO + o1 Fl + ceee t+ Son Fn = KO

Cipn Fn+Cin Fuoo+ sese + 4 F =K

10 *0 11 "1 In "n 1 (6-1)
and c'lO FO + C'll Fl + a0 + c'ln Fn = Sl

2 2 2
where K = (Axyw) -(4, w)(A y w) at points 0, 1, etc.

2 2

j/* Zi(£1X: ") m,i;

corresponding to the subscripts of K; Si =7

and Cops Coro cves c'lO’ c'y1, +++ are given constants.

The second set ié that of the equilibrium equations,
which contain the linear térms of the deflection ratio w with
coefficients which contain linear terms of F. They are of the

form
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(agg + oo ot'o + P'og S'o + P00 ¥'o) Yo + (ag

thgret!g + blgy glg + Doy ¥ig) Mt .een

S 1
+(aOn + bOn"UO + b'On,B'o + by, ylo)w n=F
® 9 &6 9 909 S U SO oo (6_2)

2
y xy

etc. corresponding to the subscripts of o', LS ! respect-
p

where «!' = llxz F, /3' =A, F, y'=A_ Fat points O, 1,

b

ively, &Ild a-oo, &Ol, e s 0y b Ol, L ] b'oo’ b’ol, s e b"oo,

00’
b'g15 +ee. etc. are given constants.

If we assume a set of values of W at each net point
and have the values of Kj and S; computed, Eq. (6-1) is a system
of linear simultaneous equations in F and can therefore be
solved exaétly by Cront's method(éuz) for solving systems of
linear equations. After the values of F have been computed from
Eg. (6-1), o¢', 15', y ' can be found without any difficulty.
Then Eq. (6—2) becomes ﬁnother system of linear simultaneous
equations and may be solved exactly by Cront's Method again.

If the values of w found from Eq. (6-2) check with those assumed,
we have the problem completely solved.

In most cases, however, the values of W will not check
‘with each other. Following the usual method of successive ap-
proximations, the computed w's will now replace the assumed ones
and the cycle of computations will be repeated. If the value
'of W at the end of the cycle still does not check with the one
assuméd in the beginning‘of the éycle, another cycle will be per-
formed. Iﬁ our problem, however, if we should follow the |

ordinary method, the results would be oscillatory divergent.
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Therefore, a special procedure must be devised if we want to make
the process convergent.

A close examination of these equations shows the values
of F depend directly upon the values of K's assumed and a plot
of the assumed K's and those computed at the end of each cycle
by the ordinary method of successive approximations reveals that
these values of K oscillate about their true values which is some-
where near the mean of two consecutive cycles. Now, if we use
the mean values of the K's from two consecutive cycles and repeat
the cycle, the process is convergent, and the rapidity of con-
vergence depends upon the accuracy of the assumed values of K.
We will discuss the method of assuming values of K to get better

approximation a little later.

2. Crout's Method for Solving Systems of Linear Equations.
To describe the method it is best to do so by an

illustrative example. Let the given system of equations be
specified by its given matrix, thus
% % % x, =
12,1719 27.3941 1.9827_ 7.3757 6.6355
8.1163  23.3385  9.8397 49474 6.1304
3.0706 13.5434  15.5973 7.5172 4.6921
3.0581 3.1510 6.9841 13.1984 2.5393
| (6-3)
therfirét_equation being'l2.l719 x; + 27.3941 x, + 1.9827 x, +

3

7.3757 = 6.6355. The solution requires the formation of one

%4
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matrix and a set of final results; thus we have an auxiliary
Datrix
! % % %, -
12.1719 2.2506 0.16289 0.60596  0.54515
8.1163 5.0720 1.6793 0.0057629 0.33632
3.0706 6.6527 3.9585 1.4193 0.19891

3.0581  -3.7316  12.7526  -6.7332  0.060806
(6-4)
and a final matrix
C x) = 0.15%2
x, = 0.14687
Xy = 0.11261
x, = 0.060806 (6-5)

The procedure for obtaining the auxiliary matrix from
the given matrix is contained in the following rules.
(1) The various numbers, or elements, are determined in the
following order: elements of first column, then elements of first
row to right of first colum; elements of second colurm below
first row, then elements of second row to right of second columm;
elements of third colurm below second row, then elements of third
row to right of third colum; end so on until all elements are
determined.
(2) The first column is identical with the first colum of the
given matrix. Each element of the first row except the first
is obtained by dividing the corresponding element of the given
matrix by-’ that first element.

(3) Each element on or below the principal diagonal is equal
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to the corresponding element of the given matrix minus the sum of
those products of elements in its row and corresponding elements
in its column (in the auxiliary matrix) which involve only previous
computed elements.
(4) Each element to the right of the principal diagonal is given
by a calculation which differs from rule (3) only in that there
is a final division by its diagonal element (in the auxiliary
matrix).

It might be mentioned here that a matrix is a rectangular
array of numbers, or elements. Those elements which have the same

row and column index form the principal diagonal which slopes down

to the right starting with the element in the upper left corner.

The diagonal element of any element to the right of the principal

diagonal is that element of this diagonal which lies in the same
row as the given element. The diagonal element of any element
below the prineipal diagonal is that element of this diagonal
which lies in the same colum as the given element.

The procedure for obtaining the one-columed final
metrix from the auxiliary matrix is containing in the following
rules.

(1) The elements are determined in the following order: last,
next to last, second from last, third from last, ete.

(2) The last element is equal to the corresponding element in

the last column of the auxiliary matrix.

(3) Each element is equal to the corresponding element of the
last colum of the auxiliary matrix minus the sum of those products

of elements in its row in the auxiliary matrix and corresponding
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elements in its colum in the final matrix which invelve only
previously computed elements.

Methematically, if we denote the given matrix, the
auxiliary matrix, and the final matrix by || Gijll, I}Aijl' R
and uFilll, respectively, the method is contained in the follow-

ing equations:

i-1
i % Z At
j-1
Aij = Gij - 2 Aik Akj ifi>]
_ i-1 co s .
TRE LTRSS AikAk,]] r,, Hi=<d
=1 11
n
and F.; = A, n+1- I;§j1 A P (6-6)
=i+l

where i, j denote the row and column, respectively, and any
whose lower limit exceeds its upper vanishes.

As examples we have the following typical calculations
made in obtaining (6-4), the letters R and C representing the
words "row" and "columm", respectively.

A13’ or R1C3: 0.16289 = 1.9827 -+ 12.1719
A

_2’

AAZ’ or R4C2: =3.7316

A25, or R2CS5:  0.33632 = (6.1304 - 8.1163 x 0.54515)= 5.0720

or R2C2:  5.0720 = 23.3385 - 8.1163 x 2.2506

and a typical calculation mede in obtaining (6-5) is

F,, or R2Cl: 0.14687 = 0.33632 - 1.6793 x 0.11261 - .0057629

21
x 060806
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Since a modern computing machine gives in one continuous opera-
tion a sum or difference of products with or without a final
division, we see that each element of the auxiliary and final
matrices is given by a single machine operation.

When the number of equations gets larger and larger,
the elements of the given and auxiliary matrices increase with the
sguare of the number of eguations. It would save much time if
one would write & "check colum" and make continuous check on
calculations. The "check column" may be written at the right
of the given matrix, each column being the sum of the elements
of the corresponding fow in the matrix. The column is now
treated in exactly the same manner as the last column of the given
matrix, the calculations being carried along with those for the
other columns, and the result being the addition of corresponding
fcheck colums" to the auxiliary metrix and the final matrix.

The check colums thus obtained for (6-3), (6~4), and (6-5) are,

respectively,
55.560 45646 1.1594
52.372 3.0214 and 1.1469
L4421 ? 2.6182 ? 1.1126
28.931 1.0608 1.0608 (6=7)

These columms provide checks at all stages of the
computation, because
(15« In the auxiliary matrix aﬁy element in the check colum is
equal to one plus the sum of the other elements in its row which
lie to the right of the principal diagonal,
(2) In the final matrix any element in the check column is equal

to one plus the sum of the other element in its row.
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For example, noting (6-4), (6-5), and (6-7), two of the checks
are

1+ 1.6793 + .0057629 + .33632 = 3.0214

1+ .11261 = 1,11261

These check columns are not necessary but they are

strongly recommended from the author's experience in working
with this method. The check columm for the final matrix may be
omitted, however, and the results may be checked by substituting
them in one of the given equations. The satisfaction of the

check guarantees the correctness of the solution.

3. Derivation of the Crout's lfethod.

Define an augmented matrix of a set of equations to be
one which contains the coefficients of the unknowns and an addi-
tional column composed of the right hand sides of the equations.

Now we want to determine the relations between Ai. and
Gij if the set of equations having the augmented matrix
G G

ll 12 L l,n+l

G‘zl G’22 csace G‘2’ n + l

eesvevsessses

Gnl an eseee Gn’ n + l (6"8)

And that having the augmented matrix



| 1 A12 Al3 AlA coee Aln Al, nt+l

0] 1 A23 A24 e A2n A2, n+l

0 0 1 A cees A n+l

34 3n

' (6-9)

0 0 0] 0 esse 1 A , ntl

have the same solution. Since the solution of the equations
corresponding to an augmented matrix is not altered if the rows
are multipiied by any numbers, or if to any row there is added a
linear combination of the other rows, the two sets of eguations
would have the same solution if the augmented matrix (6-9) can
be derived from the augmented matrix (6-8) by such combinations.
We see that this is true if
[i-th row of (6-9)] = l/Aii{‘ [ i-th row of (6-8)
- A, [ 1st row of (6—9)] - Ap [ 2nd row of (6-9)
= eeee = Ay, i-l [ (i-1) th row of (6-9)]

or more explicitly

i-1 : .
1
1= [g - kz__;l iy “kiJ IV
j"l 1
= {a,. - . . - A,.
° [GU kél faic fig T A Ay ’ (6-10)
’ 1

j_= l, 2’ 3, evss ey i - l

i-1 1

Bi; = [Gij - kél Ay Akj] WA

J=i+1,142, eceee, n+ 1.

Rearranging, we have
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i-1
A,. = - X A, .
ii ii =1 ik Akl
. j-1
| A,.=G,. - A, . j < i
ij ij iéa ik Akg’ J (6-11)

' i1 L
45 = [Gij - 151 A Akj]'z'ii“' » 371

which gives the rule for determining the elements in the auxiliary
matrix and is the exact form as Eq. (6-6).

Thig proves that if the'elements of an auxiliary
augmented matrix || Aij" are determined by the relations (6-11)
from a given augmented matrix [lGij" s the two sets of eguations
corresponding to these two matrices are exactly equivelent.

Now, consider another augmented matrix (6-12).

1 0 0 seccee 0 F,

il
0 1 0 LN NN O F
0 0 l seo0 e O F31 )

I ENFERREN R NNEENREREELXNENENNEN]

0 0 0 cssees 0 Fnl

The set of equatiohs corresponding to (6-12) are equivalent to
those of (6-9) if _
" [i-th row of (6-12)] = [i-th row of (6-9)]

- Ai, i+l [(i + 1)-th row of (6—12)1

-4 4 [ (1 + 2)-th row of (6-12)]

- eseee = Ai, i+n [(i + n)-th row of (6—12)]

or more explicitly,

. =Ai,n+l—Z A.. F

sesse (6“13)
i1 e ST S

F
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which is exactly the same rule for determining the final matrix
as given in Eq. (6-6).

This therefore proves that the equatiocns corresponding
to the final augmented matrix found before are exactly equivalent
to the equations corresponding to the given augmented matrix.

In other words, Fll’ Fl2’ cee Fln are the solutions of the given
set of equations.

We shall now see the check columms. If in a matrix
the last column is the sum of the other colummns, this fact
evidently remains true if a8 row be multiplied by a constant, or
if to any row be added a constent times another row. Since (6-9)
can be obtained from (6-8), and (6-12) from (6-9) by just such
operations, we see that if a check column is annexed to (6-8),
the corresponding columns obtained in the auxiliary matrix and the
final matrix are the sums of the colummns of (6-9) and (6-12),

respectively; and hence have the required properties.

4. The Method of Successive Approximations.

Let us exezmine a simple case first. Consider the
boundary-value problem with n = 1 under the normal pressure

p = 100. Eq. (5-25) can be easily reduced to the form

w = p! :

16 + 37.690,719 wq2

or W 03 + 424,507 W - 1.790,838 = O (6-14)

This third order algebraic equation can be easily solved by the

standard method, and the roots of this equation are
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w_ = 1.098,254, and (=e549,127 + 1.152,878 i). (6-15)
For our problem, we are only interested in the real root, because
the imaginary rcots do not have any physicai meaning.
Now let us try to solve Eq. (6-14) by the usual method
of successive approximations:

assume w_ = 1.200,000, “02 = 1.440,000,

[o]
w?e= 67.5 - -

°  To.znmh T 960,516
w02 = 922,591

If we assume wo2 = .922,591 for the second cycle, and the value
of woz found from the second.cycle as the assumed value for the
third cycle, and so on, we have the values of W02 found from
various cycles as follows:

1.767,4,16, .667,554, 2.689,324 ete.
respectively. We see these values are oscillatorily divergent.
A plot of these values against cycles shows that they oscillate
about the true value, 1.206,161, and the true value is approximately
the mean of the values from two consecutive cycles. (Fig. VI-1)

If we now teke wbz = 1/2 (1.440,000 + .922,591) = 1.181,296

88 the assumed value of w°2 for the second cycle, and the meean
of this value and the value found from the second cycle as the
assumed velue for the third cycle, etc., we have the values of

‘Bz found from verious cycles as follows:

cycles. 2 4 -3 4 5
W 02 assumed  1.181,296 1.212,550 1.204,658  1.206,524
w _* found 1.243,805 1.196,766 1.208,390 «204,526
[o]
6 7
1.206,075 1.206,182

1.206,289 . 1.206,131
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The process is convergent and w  converges to the real root of

Eg. (6-14). The value of w_ found at the end of the 7th cycle is
1.098,240, and is accurate to four figures at the end of 5th cycle,
where it is found to 1.098,010. The results are plotted against
cycles in Fig. (VI-2).

It is to be noted that K = - 3 w * in the case of
n=1. The method of successive approximations would converge
if we assume KO to be the mean values of two consecutive cycles.
It is found that this property is the same for n > 1. If we take
the mean of K's or S's found from two consecutive cycles, the
process is convergent; but is oscillatorily divergent if we follow
the usuael way of successive approximation.

It msy be pointed out here that for the special case
n =1, if we assume the mean of the values of Wo from two consecutive
¢ycles, the process is also convergent, and if we assume w°2 of
second cycle to be equal to the sum of .6 times the assumed value
for the first cycle and .4 times the value found from the first
cycle, and so on, the convergence is much more fapid (Fig. VI-3).
But it is not true for the cases with n > 1.

The rapidity of the convergence depends upon the accuracy
of the assumed values of K's and S's for the first trial. To
have a good approximation, the following procedure is found to be
valuable.

(1) Alﬁays start with less divisions (smaller n) to more
divisions and with smallér noimal pressure to larger ones.

Because when p is small, the values of W determined from the linear

small deflection theory would give a good approximation for the
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first trial, and the small deflection problem is very easy to
solve.

(2) For the case n = 1, we first start our computation
with a small p and use the value of .wd‘ determined from linear
small deTlection theory at the corresponding p as a first trial.

Then we can plot W o against p after we have found the first W
because we know that the w, "~ p curve for the large deflection would
become tangent to the wo ~ p curve for the small deflection curve
at the origin. | For a larger value of p, W can be now estimated
by extrapolation.

(3) For the cases n>1, we again start our computations
at a smell p. For n = 2, we can now assume Wolas found from the
cage n =1 asg a first trial. Ww 2 ¥ 3 are still difficult to assume.
We may use the values as found from the small deflection theory
as a first triel. It is found, however, that we could have
better results if we use the ratios (W 2/WQ) and (WB/W 0) as found
from the small deflection theory, and compute the values of s,
and W3 by multiplying these ratios by the assumed value of L
When t.he deflections have been assgumed at every net point, the
values of K and S can be computed. These are the values which
‘'may be used as a first trial. By successive apprc;ximation,
the true values of W's are then determined. The values of L
and (W nﬁ o)'s are now plotted against p to estimate the correspond-
‘ing values at a iarger P The values estimated by extrapolation
may 56 used as the trial-values éorresponding to that p. Thé
process repeats until the maximum p is reached. For n = 3, Wo
from n = 2 is used as a first trial, the other procedures are the

same.
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A sample calculation is given in the next chapter.




CHAPTER VII

THE METHOD CF SUCCESSIVE APPROXIMATIONS:
SAMPLE CALCULATICNS

1l. The Finite Differences Solutions of the Small Deflection

Theory.

‘Now let us study the small deflection theory of simply-
supported square plate first. The differential equation is
viw=p/p (7-1)
and the boundary conditions are

W = 0 along four edges
2w

552 =0alongx=# a/2 (7-2)
2 2w
2y =0 along y = + a/2

where a is the length of the sides (Fig. 7-1).
Non-dimensionizing Egs. (7-1) and (7-2) by letting
w!'=w/h, p'=7p a["/E h‘{*, x' =x/a, y'=y/b, where w',
p', x', ¥ ai‘e non-dimensional deflection, pressure and length,
respectively, and dropping the prime, we have our boundary value

problem as follows:

v¥w =12 (1 -«®) p
w=0atx=+1/2, y=4+1/2

—g—i‘"z =0atx=+1/2, (7-3)
X

Cla Oaty=+1/2
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Following the notations as used in Chapter V, the
finite differences equations for the problem become
Az*xw + 2A2xyw + Al*yw = p!

My=11/2, y=21/27°

(7-4)

2
(a°x w)x 0

=+1/2°

2 -

where p' = 12 (1 -/u.a) (A,Z‘)4 P
(1) n=1 (Fig. V=3)
The finite-—differences équation after combining with

the boundary conditions is

16 ¥, =p' - (7-5)
W, = .0625 p!
= .042,188 p (7-6)

for /ua = .1,
(2) n=2 (Fig. V-4)
After being combined with the boundary conditions,
the finite differences equations are:

20w0-32w +8W2=p'

1l
-8w0+24wl-16w2=pv (7-7)

- = J
+:2w0 16w1'+20w2 P

Use Crout's Method to solve these equations, and denote

the check column by C.C.  The given matrix is



"o "1 a2 =t c.C.
+20 =32 +3 +1 -3
-3 +24, -16 +1 +1
+ 2 -16 +20 +1 +7

The auxiliary matrix is

#20  -1.600,000  + .400,000 +.050,000
-8 +11.200,000 -1.142,857 +.125,000
+ 2 -12.800,000 +4.571,430 +.546,375
and the final matrix is
+1.031,250
+ .750,0600
+ .546,875
The solutions of Eq. (7-7) are therefore
W, = +1.031,250 p' = +.043,506 p
W, =+ .750,000 p' = +.031,641 p
W, =+ .546,875 p' = +.023,071 p
Where/u? is teken to be equal to O.1. For =

o= +.032,939 p.
(3) n=3 (Fig. V-5)
After being combined with the boundary
finite differences eqguations are:

20 w

o~ 32 wy * 8 w, + L Wy = p!
—8WO+25V11-—16WZ—SWB+6w4=pl
+2 Wy - 16 Wy + 22 W + A,WB - 16 w4 + 2 W

:p'

ViI-3

-.150,000
e 017, 357

+1.546,875

(7-8)

.3,
(7-9)

conditions, the

(7-10)

+ wg ~ 8 wq + 4 w2 + 19w, - 16 W, + 2 W_ = p!

4
- = 1
8 W5 P

5

3

1 3 4

o V. - 3 = p!
+2 W, + 2 Vs 16 " + 13 We = p

+3 w, -8 Wy = gV, + 22w
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+5.246,672
+4.597,633
+4.031,250
+2.735,207
+2.402,367
+1.439,164

The solutions of Eg. (7-10) are:

Wy = 5.246,672 pt = .043,722 p

w, = 4£.597,633 o' = .038,314 p

W, = 4.031,250 p' = 033,594 p

W, = 2,735,207 p' = .022,793 D (7-11)

W, = 2.402,367 p' = .020,020 p

wg = 1,439,164 p' = 011,993 p

if mu? is assumed to be 0.1. If .« is assumed to be .3, we have

wy = «044,,208 p (7-12)

Timoshenko gives the exsct value of w,. for simply-supported

0
square plate as (Ref. 1, p. 133):
Wy = 0443 p.

Therefcore the soiution by finite differences with n = 3 has an
error of 0.23%. It is seen to be sufficlently accurate for
engineering purposes.

The agreement of the finite differences approximstion
with the more exact results of Timoshenko is sufficiently close

to encourage one to apply the finite differences approximation to

the problems with large deflections.

2. The Large-Deflections Problem, n = 2.

After combining with the boundary conditions, the two

sets of finite differences equations are:

-5



20 F —32Fl+8F2+4F3=KO

-8 F. + 24 F, - 16 F, - 6.632,456 F3 + 6,632,456 F4 =

(]

0
+2 Fy - 16 F; + 20 F, + 4.632,456 Fy - 13.264,912 F, =K,

-2 FO. -4F +4F, - «632,456 F3 + 2.632,456 F4 =8

+Fy -6 F, + 2.316,228 Fy + 1.367,544 F, =85, (7-13)

and
(20 + 21.6 @] tplo ) g - [32 + 21.6 (wr, + plot? Y'O)]"’l

+ (8 + 21.6 Y'O) v, =p'

-(8 + 10.81811) WO + [24 + 21.6 (O('l +’B'l + Y'l)]wl ‘

- [26 + 21.6 (o) + y)lv, = o

2wy - [16 +10.8 (e, +'g'2)] w, o+ [20 +21.6 (', +P'2 + 3"2)1‘”&
=¥ | (7-14)

It is to be noted here that the left-hand side terms of

Eq. (7-13) do not change if we vary our assumed values of K and S.

Eq. (7-13) can be therefore solved uniquely in terms of K's and S's.

The given, auxiliary and final matrices are obtained by Crout's

Method as in Tables 7-1, 7-2 and 7-3 respectively. More

significant figures than required are used to ensure good results.

The solutions of Eq. (7-13) are as follows:

&)
Il

= ~.048,703 Ky - .265,696 K; -.225,111 K, -.304,114 S, -.309,525 S,
F, = -.111,203 K, -.307,363 K; -.235,527 K, —.262,447 S, -.223,692 S,
Fp =-.103,085 Xy -.311,962 K; -.221,052 K, -.162,880 S; -.317,642 S,
F, = -189,937 K, - .506,498 K - .316,561 K, —.253,249 §; -.126,624 8,

F

4 = = +09%,98 K - ..316,561 Ky ~.2‘69,0’77 K, - .063,312 8, - .221,593 S,

(7-15)
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Let us now give & numerical example of the computation.
Let p = 100
p!' = .042,1875p = 4.218,750
From the W~ p, Wl/WOfv Dy Wz/Wofv p curves
(Fig. 9-1, 7-2, 7-3 respectively), it is estimated that
Wy = 1.135
RETAN

WZ/WO = 5775

<7535

We have, therefore, for the first trial,

Y9 = 1.135
W, = .855,222
W, = .655,463

Write these values at the right corners below the corresponding
net points. Use the finite differences patterns as described
in Chapter V (Fig. 5-2), find o, /8 , ¥, (wn+l-w n) and then K
and S at the net points (Fig. 7-4). As an example, we have

oy =po = -2 (1.135,000 - .855,222) = - .559,556

)’O = 1.135,000 + .655,463 - 2 x .855,222 = + .030,019

K, = (.080,019)° - (-.559,556)° = - .306,700

Similarly, we fiad

=
]

= - .189,997

=
i

+ 221,966

8, = + 2.368,276

93]
1}

+ 1-373’368

From (7-15), we obtain the values of F's as follows:
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F0 = - 1.129,866
F) = - 977,802
F3 = - '689’444
F4 = = 424,723

These values are substituted in any one of Eq. (7-13)
to ensure correct computation and then asre recorded at the net
points as on Fig. 7-4. Similarly, we have the values of « ',
‘p', ¥' recorded below the corresponding values of F.

Now Eg. (7-14) can be written and the given matrix is

"o "1 2 o= p' c.C.

+34.122,771 -47.107,213 + 8.984,442 +4.218,750 + .218,750
+ 2.000,000 -19.408,458 +28.313,451 +4.218,750 +15.123,743

The check column can be written by the following relation:

c.C.
-4 + p!
+10.8 /6'1 + p!
6 + 21.6 Gx'z fjg'z) + p!

The sum of the elements in a row should be equal to the value of
the element of the same row in the  check columa. ' This procedure
pro#ides with a check for the correct substitution made in the
given matrix.
| The auxiliary and final matrices can now be computed
and are.as follows: |

+34.122,771 - 1.380,5213 + .263,2975 +.123,6344 + .006,4107
-12.269,024  +19.993,2990 -~ .858,4124 +.286,8773 + .428,4649
+ 2,000,000 -16.547,4154 +13.496,5082 +.6.48,1118  +1.648,1118



+1.117,078
+ .843,225
+ 048,112

The first epproximation gives therefore

W + 843,225

W, = + .648,112

A similar computetion as outlined above gives

Ko = - ,293,781
K1 = - ,184,115
K2 =+ ,214,841
Sl = +2.299,072
82 =.+1.339,974

As a second trial, assume

K, = 1/2
K, = 1/2
K, = 1/2
s, = 1/2
5, = 1/2

The results of the second trial are shown in Fig. 7-5.
Following the same procedure, the results of the third and fourth
trials are shown in Fig. 7-6, and 7-7 respectively.

responding assumed snd computed values of the fourth trial are

0 mn ® H®H A
N NN HOO

(-.30€,700 - .293,781)

(-.189,997 - .184,115)
(+.221,966 + .214,841) =

-.300,241
-.187,056

+.218,404

(+ 2.368,276 + 2.299,072) = +2.333,673

(+1.373,368 + 1.339,974)

assumed

-.300,446
-.187,407
+.218,738
+2.337,941
+1.360,090

= +1.356,671

computed

-.300,006
-.187,472
+.218,786
+2.338,531
+1.360,631

The cor-

Vii-14
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The first three figures check with each other, and the results

corrected to the third figure after the decimel points are

wy = 1.1269
Wy = 8502
w, = .6528

and this is our required result.

3. _The Large Deflections Probiem, n = 3.

When n is teken to be greater than 2, the same procedure
of computation as that in the case of n = 2 is still valid.

As an example, let us consider the case of n = 3, When the
square plate is subjected to a uniform pressure of p = 100.

After combining with the boundary conditions, we obtain
the two sets of differences equations (5-34) and (5-35) as given
in Chapter V. Eq. (5-34) can be solved in terms of K's and S's,
and the solutions are given in Table 7-4.

| From the Ww,~ p, wlﬁv o~ P wz/wo~p, w3ﬁe0~p,
WA/WO«:p, 'w5/w g~ P curves (Fig. 9-1 , Figs. 7-8 to 7-12), we

obtain the following values by extrapolatiocn:

W = 1.1247
wlﬁvO = ,8891
WM = 7932
WB/WO = 5516
w4ﬁlo = .5037
WMy = 3497

For a first trial, we assume:



Vi —/6

F/‘?. \///" 4

2o
Assumed :
= 2,.364.27€
Sh= 7P, PE8
N =2
Com/ou/ed:
S)= 2298072 Arrs) Approx.
2= SSP.974
~.780,/62 ] . 655,443 ~ 224,723 | O
Heflot. 197,759 | L= = - 255, 704
Y'=+. 069.284 Y= +. ¢55.4€3
Ro=w.2/9 8¢/
"Note: / —assumed
2 — compuwredS
»
(Azv)= 273 655
(AW)= 279778
~L /23,866 1. 135000 - 977892 .85 232 -, 60},444 )
o<’~.=/3’=+,304;/z_d K= f o= TS JSIE °’~'=+./.26,z)4 K= = I JS, LA
Y=+ 0835974 Y = 1. 0(90,0/} Ie'a +.995.280 ﬁ =—.’.37},J/6
K= -.306,700 V'=v.06708) YV =1v.,99759
K=~089 957
VL IALDL] . BRI RLS
al=/5=—..f4}:7og X = ~. 5EII72
Y= + 078, 7#o0 f =- 390224
Ko= —. 223 78/ IR S 2

K o= j549. 155
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oo
S/ = 294588/ ¢ = 00
S = ~AO6S 2
Nn =
Secona Apgprox.
=770.0/8 | . 652 907 ~2/9.4/8 | 0
N’:.ﬁ::-f_ AI'J',;Jf °‘=/6 == —,¢¢é2/}
Y=t . 08,878 | V= . 653 507
K=, 249 22
" RJ7./EE
AL GEY L /28 7/ = JE} 684 [ 8s/SPS —. 680 p58 O
a(’_-_-/g’—._—.t LIPS0 X =~ IR 292 Rt 4. T K= - 52,249
Y=+ 09488 V=+.079, 458 P=+.569.752 p=-.359557¢
f”-.fﬂﬂ,féé Y'=+.06807/ Y= +.,97 868

K= —-/98 047



O P

v/ — /8
/c/-9_ Vs - &
o\|o
S, = 12,274,706
P = /00
Sa =+ L ISP 43
=2
Third Approx.
— 772256 | . 6525592 - 420674 O
Xefmt ppE P23 | X =F == pIL280
Y'= +.0890%2 Y= +t.¢52 552
Ko=+.2/859%
t. R7E, L2
SAPIE2 4 226,978 P67 #AT 1. 543 524 -~ €82 2485 O

acfgﬁir #.300,324 o ==~ SART JOF X'= 4, 435 /80 X= - 527272
V=t 029992 V= +. 079290 p'=¢..}}a,3/<5 Ig=~.‘?)4‘x44
=299 637 V=4 066225 Y='-I}7.£72

K/ == SOy 268
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Fro. VU= 7

o\ o
S, = t2 338,53/
Sh =+ ~ P€0, 65/ P = 700
n =2
Fowur/h Approx.
= 77743 |. 652 E+S - AL #0580
X'=f= r 156,022 o= = = AIEALY
‘=t+.089,067 | VY= 1+ 652 0878
K =+.2,8 78&
!
+ 276 . 720
—1HETI] 1. /26,977 = P66.739 . I50257 -~ 8/, 558 O
N=f=r500//6 X=p = IILEP0 X'= 4. 25 /257 = = SRy
Y=+ 044,978 Y=+.07293// /01= *.7689.992 L= —.5928/8

0 =—.J00,008 Y’=+.o(d,/\f/ Y=+.797 409

K =—.,87 #72
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W, = 1,124,700
Wa o= 999,971
W2 = ,892,112
w3 = 620,385
w? = .566,511
w‘g = .393,308

Again write these values at the right corners below the correspond-
ing net points. With the values of &, 4, v, AX w ., a .V com-
puted, we have

-.0€1,945
-.052,063
-.024,18¢
-.023,043
+.001,252
+.106,245
+1.592,696
+1.282,338
+.548,700

mnwn =
W N WWL\W\AWNNH C)Pq
LT ¥ T S O T 1 I 1 B 1

By Table 74, the values of F's are found to be

-1.095,495
-1.028,996
- 950,911
- .868,159
762,520
~ .505,761
- 675,850
- .546,620
- .239,729

Vi b b e b

L T T T A 1 I O 1 O 1
i

&
e8] \;zjo\hj\.nh}-\ WO

Write the values of F's at the left corners below the correspond-

ing net points, and compute the values of ', /6’ ', a!nd r'.
Substituting the velues of o', /3 'y and ' into

Eq. (5-35) and noting that p' = 0.008,333,33 x p = 0.933,333,

we have the given matrix of the equations as in Table 7-5 and the

auxilisry metrix as in Table 7-6, and the soluticns of Eq. (5-35)

given by the final matrix are
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w = 1.123,384

o
w,= .993,956
W, = 891,465
Wy = .620,242
YT .5€5,591
W = +390,999

It night be pointed out here that the check column of the given
matrix may be cobtained by & direct substitution using the follow-
ing reletions:
C.C.
p!
-1+ p!
-2 + p'
2 x 10.8 p‘z"-i-p'
1 x 10.8 /?'5 + p!

6 + 21.6 (ar, + Y'é) + p!

Thie procedure would give a way of knowing the correct substitution
in the given matrix since the sum of the elements in any row

should be eqgual to the element of the same row in the check
column.

Find KO’ Kl’ K2’ K., KA’ K5, Sl’ SZ’ 83 from the computed
values of w's, Uge the mean values of the K's and S's first
assumed and those computed as the trial velues for the second
cycle and so on. At the end of the third trisl, we have the

agsumed and computed values as follows:
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L
VIR

Assumed

- .061,763
- 051,947
- 024,660
- .023,377
.001,614
106,177
+1.592,106
+1.281,378
+ 546,560

+ +

Computed

- 061,695
- 051,894
- 024,799
- 023,477
+ .0CL1,697
+ .106,204
+1.592,078
+1.281,814
+ 546,173

VII-30

These vslues check with each other to the fourth figures after

the decimal points.

accurate to the fourth figure after the decimal points, are

The results of varicus trials are shown in Fig. 7-12 to 7-15.

The deflecticns at the varicus net points,
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W, = .2995
w, = .83920

~
w., = L.6207
w4 = .5660
W5 = 3915
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CHAPTER VIII

THE RELAXATION METHOD

1. The Method Explained.

when a more accurate result 1s needed, the plate must be divi-

ded into a set of finer nets. .The number of simultaneous equations in-

creases as the number of nets is increased, and tﬁe'labor involved in

their solutlon increases rapidly. In avoiding the solution of simultan-
(59)(86)(61)

eous equations, an ingenious method has been developed by Southwell

which is named by its inventor as the "Relaxation Method",

In the computations by Relaxstion Method, as explained by
Southwell, "we replace exact differential equations by a finite-difference
epproximation, then seek values at the nodal points of a reguler net .."(60)
Although this method has been discussed in a hock form&gl)'and in a number
of papers by Southwell and his collaborators, it has never been explained.

at least so it seems to the aubhor, to a degree to meke it easily under-

stood.

zssentlally, the idea behind the treatment by the relaxation
method is just the same as that by the Cross's method of moment distri=-
bution in the case of bending of continuous beams, It seems, therefore,
most easily to explain the relaxation method by a comgarison with the
moment distribution method, singe the latter is well-accepted and is

familiar to most structural engineers.

Let us examine the redundant beam as shown in Fig, VIII-1,
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is zero, 4Ey the end-moments! &t A, 2, C, D, can he
found without difficulty, The result is shown in Fig, VIII-Z., ‘ere

. i
hWowever, is not satisfied, s

4

srocedure to balance these

The moment distribution methed now offers a

untalanced moments by 2 relaxation based on consistent deformations,

The analysis by the relaxation
essentially the same., The moments at 4,

houndary conditions and the

unbalanced moments at 3 and

'
o

are then di

based on consistent deformations, The difference lies in that the rela-
xatioh method offers more freedom in assuming the end moments and there-
fore could make the convergence of the operastions more rapid, On the

e

other hand, however, it becomes difficult to assume these values,

A .
As the m

m

thod of moment distributions asppliss only to redundant

relaxation method goes much further,

differential equations has brought the
v of engineering sciences into s new sra, because the boundary condi=-

tions are now no longer difficult to he described and to be satisfied.

As an exsmple, we may illustrate ths procedure by studying the

-3




ViiI-%.

: '
smell deflection theory of thin plates. Letting w = Y, where w and p
P i
are the nondimensional deflection and pressure, the equilitrium equation . 3

in terms of the finite difference is

Aiw+2Ax372W+Ay4W = 1...2 (1-/(-2)(Al)4: ess s e e T e (8-1)

To solve the problem, the domain to be investigated is drawn and the net

points chosen, Values of w are assumed to satisfy the boundary conditions
and are then written in adjacent to each point of the net, From these

values of w, the residuals § at points (m,n)
Qw? 20w -8 {Wm+l,n tWpeln Y Won o+ 1

“m,n-1 Yim+l, nt+l Wﬁ+l, n=-1

Yo+ (w
S mtZ2, n

+ w +
m=2, n men + 2 Wﬁ, p-z)

_1“ (1‘~/'L2)(AL)4 LI R N R I R I IR A A R I A IR I A N IO N AR ) (8_2)

are computed and recorded. The Q, thus computed, can be thought of as
an unbalanced force which must be removed from the system. Now, instead
of setting up a specific iteration process, it is merely observed that

if the deflection ut one voint (m,n) is altered, all others remaining

fixed, the residuals will change according to the pattern, Fig. V-2,
the "relaxation pattern"., Each change of w at any point effects a re-
distribution of the residuals, §, smonr the net point, and such changes

of w are desired as will move all the unbalanced forces to the boundary,

These "operation instructions" may appear to be very vague,
Indeed, they are vague. Their vagueness is a disadvantage of the method

but it is also the source of the great power of the method because it
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permits the computor to alter the procedure to attain more rapid ap-

proach to the final answer (of no residuals) without violating the
requii‘ements of a fixed routine. There is only one way to appreciate

fully the meaning of these remarks and that is to do a problem,

2., The Smali Deflection Problems of Rectanguler Plates.

The non-dimensional equilitrium equation of a thin plate in

“bending with small deflections is

m4 w = p I I R R R N T T (8-'3)

and the boundary conditions for a simply-supported plate are

vy =r2(2)

w=0 'along X =+

32 w
sz

B

M- o

0 along x = +

P € - 2

)
[+

2
%TW. -O along y = + b
J a
S3 = 0 al =+l 2" ang EZW must also be zero
ince w = aongx-:-z-,ﬁ 33;-2'
along those edges. Similarly, g:’w is zero along y = :%(:::}. These

properties enable one to write the boundary conditions as

_ R | . 1.0
w—Oalong:x-iE,v-+.z(E)

o —

2 2
2 . ¥ 1 _ 1/%
V.-W"" g_g + 2 w =OalOﬂgX=:‘_-§-: y":-:?-('g)....-.- (8-5)

- The differential equation can be written as
22 (V2 w) = p.
Letting %2w = ¥, we have our boundary-valued provlems as follows:

‘_Zzl‘ﬂ =D

M= 0 S.long the four edges 3490900030000 (8-6)
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and ' : Vzw M

]

%
Ll

The problems may now be solved in two steps, i.e., first Eq.
(8-6) and then Eqg. (8-7). This transformation greatly reduces the labor
required in applying the relaxation method, because the relaxation pat-
tern of the harmeonic or Laplacien type is much simpler than that of the

biharmonic type.

Let us first solve the boundary-valﬁed oroblem of Hq. (8-6) when
the plate is a square one, As an illustrative example, lset us study the
process with n = 4, From the previous results as found from the calcula=-,
tions with n = 3 (Chapter VII) the values of w at all fhe net points cen

be assumed, By Eq. (8-7),

b =

+
m,n Wﬁ+1, n W,

+ +
m=-l,n  "m,n + 1" "m,n -1 7% "p,n

The values of My, 8re then recorded at the right of the corresponding
net point, and the residuals

+ + M

Q = 17 +
i) mtl,n  “m-l,n

are computed and are recorded at the left of these net points. The re-

sults are shown in Fig. VIII-3 and VIII-4, 4s an exaemple, we have

R

4 wy - 4wb =4 x ,0406 - 4 x ,0437

-.0124

=wg *t w3t wg towy -~ 4w,

'S
i

= 0377 + ,0316 + ,0231 + ,0163 - 4 x ,02%5

i

- L0093

0 alOng_‘ vahe fouI‘ edges 2000000t sss e s et (8_7)

-4 w ceseses (8-8)

W - T - o - 4
A IR 14(1/2()6(3%3

e S Y A,

st




=4 x (-,0117) - 4x (0.0124) -.,002,617
= + ,000,163

Qq = Mo + Mz + g + U, - 4N, - 002,617

4 4
= =,0106 - ,008% - ,0078¢ - ,0084 - 4 x (=-.,0093) - 002,817
= + 001,-,:
. . = 19 2 (Af)% ; 2 2 1 = L
““here L002,617 = 12 (1 -/u ) ], » since & = 0.1 and Al‘- 7
he largest counter-balanced I occurs in the vicinity of

the greatest deviation of the assumed wvalues Trom the correct solution,
il

so changes are first made at This point, An examination of Fig., VIII-4

shows that the sreatest residual ocours at »noint 2., Since

Qp = 2My + 2, - - 002,817
a change of If, would change Qp by an amount equal to four times {-AME).

Mathematically

‘ﬁhere A denotes the amount of change, Adding -.0004 +o iy, while assuming
all the obther values of Il toremain unchanged, AG, = + ,0016 and Qg 1s now
equal to ~,000,837, If we use a nomenclature similar to that in the method
of momgnt distribution, this process can re called "balancing the unbalanced
Q". 4 symbol (Dbl) is put at the side of the value to indicate this is the

first balancine, Now, we ses that

Q = M, ¥ 2 + Mg - 4My - 002,617
and Qp = Mg + Mz * Mg + M, - 4K, - 002,617,



A ~hmnge of M, with all the other M's fixed wonld schange Q, and Q,

by the relations

i ,'1 =
Ay —
A%,
Mow by "relaxing

&
|

ag follows:

v

A MZ

g" the nets,

2 x (=0004) = ~,0008

-,0004

+ ,001,263 - .0008

+ ,001,463 - ,0004

+ ,000,463

L]

+ .,001,083

These operations may te called "carryinc-over" and be denoted bv (cl),

The whole process consists of 20 "balancins" and "carrying-over"
operations by similar calculations. The detail operations of +the computa-

tions are shown in Fig. VIII-4. 4after théd values of M's computed, the

residuals
! + + + 4
= W w w w -~ 4 -
Qm,n m+l,n m=-1,n m,n+l m,n=~1 m,n ﬂj4m,n

are computed and we may determine the values of w by a similar series
of calculations. The detail operstions are computations are shown in
fic, VITI=-3, The whole »rocess consists of eleven "balancing" and "car-

rying-over" operations,

The canter deflection ratio thms cobtained is



P
~f
“
i

4

for 4= 0.316,228. For 4= .3, we have

w, = 043790 x 4%— o

.0443 p

which checks exactly with the "exact" analytical solution.

are

For thin plates with clamped edges, the boundary conditions

w=0
'a_sza]_ongx=+i
ax ~ 2
O . 0 along y = + E
<} -2
p .

The relexation pattern of the biharmonic type must be used in this

case,

Although the pattern is more complicated, the.process is es-

sentially the seme,

LPter the essential idea of the relaxation method is graphed,

other problems may be solved by rather obvious sters., It may be noted

thet no guestion of convergence can occur in the general relaxation

process since no specific instructions are given, If, after some stepss;.

the residuals get worse the intelligent computor coes back and makes

changes in the opposite direction. These remarks, however, oversimplify

the problem somewhat because of two facts; the computor may become con-

fused

there

duals

as to whether or not the residuals are really better, and secondly
is always a question of whether or not a solution with zero resi-

exists.

T z
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3. The Large Deflection Problems of the Rectangular Plates,

. The solution of the genersal case of the large deflection problems
of the rectangular plates by the relexation method has been studied by
Green and Southwell(ls) and the method was outlined in Chapter II. They
worked with the three complicated equiiibrium equations in terms of n,

v, and w. The author has found, however, that it would be equally simple

to use the two much simpler equations in terms of the stress function,

"5

» and the deflection, w.

Qur governing differential equations are

vVér = X
T2 W = 1008 D+ 10.8 K trineeinerneronsesnnasassaaenaseas (8-10)
2
here k (2 Zw) bzw azw
W k = —— “3v T .
Axdy axZ 2y ’

o e 2
and - ¥' = '__355': % + FF W -3 ¥r aaw
dx2 342  Oy2 9x2 = 9x3Y X3y

These equations are non-linear, and therefore the "exact" re-
laxation pattern becomes rather complicated. Instead of using it, we
may use the relaxation pattern of the biharmonic type if the non-linear

terms are taken care of by making corrections from time to time.

The bourndary conditions for F are usually the source of trouble.
But it is always possible to solve the boundary values of F's in terms of
those of interior points. Here, the boundary values of F's are no longer

constants but they vary from time to time as the interior values change,
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The domain of the problem to be solved is first drewn, and the
. a
net points chosen and then/set of solutions of w and F guessed. K then

can be computed and the residuals
Q=dxtF 4+ 2 bay? P e AR -k

are computed at each point. By the relaxation process carried out exactly
as in the linear problems, the residuals @ are reduced somewhat., Before
bothering to eliminate the Q completely, use the values of F thus obtained

and the values of w assumed to compute k', On another sheet, values of
Qt = Ax* w + 28xy® w + Ay* w - 10.8 p - 10.8 k!

are computed at each point, By the relaxation process, the residual Q'

are -reduced somewhat, ¥ew values of k are computsd and hence corrected
values of the residuals attached to each net point. This process of re-
duction and correction is conbinued until sufficient accuracy has been

attained.

In the case of square plates with given edge displecements,
the biharmonic type compatability equation can be transformed into two

equations of the harmonic type; They are

v 2r = ¥

yir

T 0 9539950560080 02020900205938500¢90008000080%0Easss80 (8_11)

The condition of given sdge displacements

o)
3

+T1,i +~ +T "+.§.T = 8 s res000scasse (8-12)

(o]
-
fute
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gives the boundary values of T nd the conditlon of zsro shearing

m,i* &
stress along the sdges {when the plate is free to move alonz the edges)
or zero strain along the edges (when the plate is prevented from any

iisplacement along the edges) gives the boundary values of F,

If the edges of the plates are free to rotate about their
supports, the biharmonic type equilibrium equation can be transformed

into two equations of the harmonic type. They are

VE K = 10.8 p + 10.8 k'

VZ w = M 0 4008005008288 3886080000 LL0E0EsBEEB8sRRRREBRRTSESD (8-12)

and the boundary conditions are

T

Y = O along the edges

w = O along thé edges 28885009 P 32005080830 23A384e2B 0000803 (8-13)

The Qroblem,now is transformed into four equations of the
‘Poisson's type. The relaxation pat#ern is much simpler at the sacri-
fice of working with more equatidns. The process of applying the
relazation method, howev§r, is Just the same as that of the general

case as described before,
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CHAPTER IX

RESULTS AND CONCLUSIONS

1, Discussgion of the Results

The behding problem of & square plate under uniform
nermal pressure, with the edges prevented from displacements along
the supports but free to rotate about them, is studied by the
finite differences approximation. The differences equations are
solved by the method of successive approximation as described in
Chapter VI. The computation starts withn =1 te n = 3, in which
case the plate is divided into 36 square nets with 25 inner points.
The maxirmum nermal pressure calculated is paA/Eh4 = 250.

After the values of w and F have been determined (Chap-

ter VII), the stresses can be found by the folleowing relatiens:

2%F
oy =5 = e/a)" = pi/at)”

7y’ ;‘:‘;?E =4 v/al)" = w1/(al)”

wo 1 2 A2 1
=- = (ot +08)
20Dyl Y
1

oy = - 2(1_/“2)(42;— (/g + px )

where o' and g" are the membrane stress and the extreme fiber

bending stress respectively. The total stresses, 0°, are the
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sum of the membrane and bending stresses at the section, and are

maximum at the extreme fiber of the plate. They are

= i n
0"x O"X +o~x

i

! n
oy = oy t oy

Atmemmwefmemwmphm,u'ipummd=ﬁ,md

therefore we have

o= ot = w1/(al)? = g1/(al)t
o.xu = g0 x = [g

T 2(1om)(28)?  2(1oe) (aL)?

The deflectiens at varieus peints determined in the
casesn =1, n =2, and n = 3 are tabulated in Table IX-1 and
Table IX-2. The center deflectiens are plotted against the
normal pressuré ratio in Fig. IX-1l. The membrane stresses in
the center ef the plate and at the centers of the edges are tab-
ulated in Table IX-3 and are pleotted in Fig. IX-3. The bending
and total stresses are tabulated in Table IX-4 and are plotted
in Fig. IX-4.

A study ef the results shows that as n increases, the
center deflection and membrane stresses tend te:decrease, whereas
the bending stresses and the membrane stresses along the sides
tend to increase. The tetai extreme fiber total stresses at the
center of the plate, however, 8till tend to decrease as niincreases.

The maximum error in center deflectiens is 0.47% fer n=2
in camparison with n = 3 and the maximum error in center membrane

stresses is 0.44%, both on the conservative side. Both occurred
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at pa./",/Eh4 = 250. The error in the center bending stresses is
2% at pak/m® = 12.5 and is 0.83% at pa®/En% = 250, both on the
unsafe side. The error in the center extreme fiber stresses

is 1.6% at pa®/En% = 12.5 and 0.17% at pa”/En* = 250, both on the
séfe gide. The error in the membrane stresses at the center of
the sides is 12% for beth o .a.nd a’y' at paZ*/Ehl" = 12,5 and
8.9% for both 0.' and oy at pal’/Eh4.= 250, all on the unsafe
side. ’ |

Judging from the abeve results, the error for n = 3 in

cemparisen with n ='4 would be still smaller. | Since in eur case
only the center deflections and'stresses are to be investigated
and the errors are sufficieﬁtly small fer engineering purposes,
the case n = 3 is censidered to be satisfactery for the final

- results.

The center deflections obtained by Way£l7) Levy(l9)(21)
and Head ahd Sechler(65) are plotted in Fig. IX-2 to compare with
the present results. The center membrane, bending, and tetal
stresses are plotted in Fig. IX-5 to compare with the results by

evygm)(zl)

L It is seen from these results that the center de-

flections are in good agreement with C.I.T. test fesults up_te
paﬁ?ﬁhA = 120. The theoretical results seem to be teo low at
higﬁer pressures.- ’

It is interesting to note that the test fesults are
really for clamped edge plates. The clamping effect seems te be
only local, and at the center of the plate the plate behaves just
as though it were simply-supported, i.e. the plate is free to re-

tate about its edges. .
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From the peint of view of the engineer designing the
plate, the total stresses at the center of the edges are still
nuch iarger in the case of clamped edges than all the other cases,
hence a design based on those stresses would give a structure on
the conservative side.

The center deflections, however, would give an idea of
how much is the "washbearding" of a boat bottem while a seaplane

is taxiing er landing.

2. Conclusions

Wé‘éan draw the folleowing conclusions from this analysis:

(1) The large deflection problems of rectangular plates
can be solved apyroximately by the present method with any bound-
ary conditions and to any degree of accuracy required. - Though
it is etill difficult, the present method is nevertheleés simpler
than the previously used methods to give the same degree of ac-
curacy.

(2) For the case considered, the case n = 3 gives re-
sults of good accuracy and the results are consistent with the
existing theories.

(3) The. clamping effect of a clamped thin plate seems
to be only lecél. At the center, the plate behaves more like a
plate with simplyusuppérted edges, i.e. the &in plate is approx-
imately free to rotate about its edges.

(4) The test results saow.that at pal/En* > 175, all
the exisﬁing solutions of the differential equations give unsafe

results for center deflection for a square plate. This suggests




IX-5

that the differential equations may use some assumptions which
neglect some quantities that are large when the deflections are
large. |

(5) The present results of the center deflections and

menmbrane stresses give good agreement with the test results when

3. Suggestions for Further Research

Since the method pfesenﬁed here is general, it may be
applied to solve reqtangular plates of any length-width ratio with
various boundary conditions. The case solved in thig thesis is
only one of many in which aeronautical engineers are interested.
The other problems are as follows:

(1) Clamped rectangular plates. The solution by the
present methoed may serve as s goed check te the approximate re-
sults ebtained by Way.

(2) Simply;supported rectangular plates. Only two

. cases have been sclved by Levy. The present methed nay be used

to solve all the other cases.

(3) Rectangular plates with edges prevented from displace-
ments along the supports, but free to rotate about them. The
method gives good agreement in center deflections and membrane-
clamped plate in the case of a squasre plate. Other cases would
érobably yield similar agreeﬁent.

(4) Combined bending and buckling problems can also be
solved by this method and they are of interest to aercnautical

engineers for recasons discussed in Chapter I .
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(5) The membrane problems can also be solved by this

- method. There are two cases which are to be solved. One is

the rectangular plates with edges preveﬁted from any displacements

along the supports, and the other is rectangular plates with edges

which are free to move aleng the supports.



TABLE IX-1

CENTER DEFLECTIONS

_iiz S
n=1 n=2 n=3

0 0 0 0
12.5 .3888 4062 4055
25 5844 .6092 .6083
50 .8184 8474, .8460
75 .9757 | 1.0052 | 1.003L
100 1.0980 | 1.1260 | 1.1240
150 1.2888 1.3145 1.3104
200 | 14376 | 14616 | 1.4557
250 1.5623 | 1.5844 | 1.5770
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i TABLE IX-2

i DEFLECTIONS AT VARIOUS POINTS

(n = 2)
\ N
§ paéyThA Wo/h wy/h wa/h
0 0 0 0
12.5 4062 .2980 .2198
25 .6092 4508 3363
50 JBLTL - .6332 4791
75 1.0052 1555 . 5766
100 1.1269 .8502 6528
150 1.3145 .9966 J7713
200 vl.4616 1.1116 .8648
250 1.5844 1.2076 <9431




TABLE 1ZX-3

DEFLECTIONS AT VARIOUS POINTS

(n=3)
pa’/En’* | wy/h w,/h wo/h | Wy | w /b we/h
0 0 0 0 0 0
12.5 4055 .3564, 3136 | .2139 | .1890 | .1159
25 .6083 .5365 L4738 | 3249 | .2892 | 1822
50 8460 49 | 6650 | 4592 | 4131 | L2711
75 1.0031 .8905 7930 | .5500 | .4986 | .3370
100 1.1240 9995 8920 | L6207 | .5660 | .3915
150 1.3104 | 1.1677 | 1.0450 | .7305 | 6717 | .4804
200 1.4557 | 1.2988 | 1.1641 | .8164 | .7551 | .5531
250 1.5770 | 1.4081 | 1.2634 | .8880 | .8249 | .6149
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TABLE IX-4

' MEMBRANE STRESSES

1q2 tg? 122 192
I% & _ Tye ° Tx, © Oy, *
p a‘li- Eha ) Eha Ehz mlz
Eh4 n=2 n=3 ‘n=2 n=3 n=2 n=3
0 0 0 0 0 0 0

12.5| .6103 | .6089 | .3338 3795 | 1.055 | 1.200
25 | 138 | 1a3m | ez | .esm | 2.407 | 20m
50 | 2.695 2.683 | 1.484 1.661 | 4.693 | 5.254

75 3.806 | 3.792 | 2.096 | 2.341 | 6.628 | 7.401
100 | 4.802 | 4.785 | 2.643 | 2.943 | 8.357 | 9.305
150 | 6.566 | 6.542 | 3.613 | 4.001 |11.43 |12.65

200 8.136 | 8.103 4473 | 4929 | L4ad5 [ 15.59

250 | 9.575 | 9.533 | S5.264 | 5778 | 16.64 | 18.27

Note: Subscript o denotes the center of the plate.

Subscript ; denotes the center of the sides, x = + a/2.




TABLE IX-5

EXTREME FIBER BENﬁING AND TOTAL STRESSES

AT CENTER OF THE PLATE

Bending Stresses

Total Stresses

paZ’ o'a® o"a?
Eh—‘: ﬁxa En®
n=2 n=3 n=2 n=3
0 0 o 0 0
12.5 2.530 2.582 3.0 | 3.9
25 3.708 3.781 5.092 5.158
50 5,010 5.087 7.705 7.770
75 5.845 5.928 9.651 9.720
100 6.475 6.55, | 1l.277 | 11.339
150 7.439 7.513 | 14.005 | 14.055
200 8.191 8.261 | 16.327 | 16.364
250 8.817 8.891 | 18.392 | 18.424
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The author, Chi-Teh Wang, was born on May 6, 1918, in
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After graduation, he joined the staff of the sane
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