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Abstract

This thesis explores the wrinkling and sagging behavior of thin viscous Newtonian
sheets and filaments motivated by analogous scenarios in elasticity. These problems
involve dynamic free boundaries and geometric nonlinearities but use simple physics.
The first problem examined concerns an annular viscous sheet subjected to torsional
shearing which consequently develops spiral wrinkles. Examination of the behavior of
this system leads to a scaling of the Stokes equations for zero Reynolds number flow
resulting in a reduced order mathematical model for the evolution of the sheet that
includes the effects of gravity and surface tension. Linear stability analysis yields the
most unstable modes for wrinkling of the sheet and their associated growth rates at
onset which agree with experimental observations. In the limit of a narrow annular
gap, the problem reduces to that of a sheared rectilinear sheet. Interestingly, this
Couette problem shows instabilities even in the zero Reynolds number limit.

The second problem examined concerns the sagging of a horizontal viscida (fluid
filament) under the influence of gravity. Resistance of the viscida to bending controls
the initial phase of deformation, while resistance to stretching begins to play a prin-
cipal role in later stages. At very late times the process resembles droplet break-off
from two thin filaments.

Thesis Supervisor: L. Mahadevan
Title: Associate Professor of Mechanical Engineering
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Chapter 1

Introduction

Most of us typically associate buckling phenomena such as folding, wrinkling, and
coiling with solid media. It comes as no surprise then that such behavior has been
observed in elastic fluids. However, it has long been known that similar geometric
wonders can also be found in the world of Newtonian viscous fluids. One need look
no further than the kitchen to watch the beautifully regular ribbon folding of batter
pouring into a pan or honey coiling onto a piece of toast. For those less inclined to
culinary pursuits, many shampoos fold nicely when squeezed into the palm.

Instabilities associated with slender members such as thin films and filaments fall
under two main classifications. In the first, sinuous, also known as anti-symmetric,
folding, or buckling, the two opposite surfaces of the member move in unison following
the center line or center surface of the member. In the second, varicose, also known as
symmetric or pinch-and-swell, the resulting structure resembles a string of sausages
with alternating thinner and thicker regions, and the two opposite surfaces move in
mirror images of one another while the center line or center surface experiences no
displacement. Figure 1-1 illustrates an example of each type of instability. Surface
tension often drives the formation of varicose instabilities, and varicose instabilities
are therefore principally associated with fluids rather than solids. This thesis focuses
on the formation of sinuous type structures in viscous Newtonian fluids and the
interaction or competition between bending and stretching that gives rise to them.

Fluid buckling phenomena are not confined to the realm of novelties and have
drawn a considerable amount of scientific attention. In materials processing, many

Sinuous Varicose

Figure 1-1: Two modes of slender member instability
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of the processes involve highly viscous filaments, films, and sheets manipulated in a
wide variety of ways from spinning of fibers to manufacture of transparency films and
plastic bags. An understanding of the instabilities present in these configurations and
how to avoid or harness them is highly desirable. In geophysics, rock folding is often
explained using mechanisms of viscous folding on very long time scales. Much work
has been done on rock folding in two dimensions, but folding in three dimensions
has not been equally well explored [14]. The reduced dimension equations shown
here could help explain many of the rock folding phenomena exhibiting variations in
three dimensions. Additional applications exist in manufacturing processes involving
sheets and films of molten glass, metal, plastic, food etc. Of course, in these cases
the presence of phase change or temperature variation complicates matters because
viscosity may acquire spatial variation.

The existence in fluids of what are thought of as primarily elastic behaviors comes
as no surprise; in fact, one ought to expect it. James Clerk Maxwell [19 wrote,

What is required to alter the form of a soft solid is a sufficient force and
this, when applied, produces its effect at once. In the case of a viscous
fluid it is 'time' which is required, and if enough time is given, the very
smallest force will produce a sensible effect.

Following the ideas of Stokes, Lord Rayleigh, in The Theory of Sound, established a
formal analogy between the behaviors of a bulk elastic medium and a bulk Newtonian
viscous medium [29]. He demonstrated that the expression for the volumetric energy
dissipation rate in a fluid differs from the expression for the energy density in an elastic
solid only by a time derivative. The governing equations for the two media should,
thus, be of the same form with the exception of an additional time derivative in the
viscous medium (see Table 1.1). Though Lord Rayleigh's analogy concerned behavior

Static Elasticity Low Reynolds Number Flows
Displacement Velocity
Strain Strain Rate
Shear and Bulk Modulus Shear and Bulk Viscosity

Table 1.1: Stokes-Rayleigh Analogy

in the bulk, his results should extend to the slender geometries of thin films with little
modification. The primary difference between a bulk medium and a slender geometry
lies in the presence of free surfaces which introduce surface tension forces into the
problem. For high capillary number scenarios where viscous forces dominate surface
tension forces, the analogy should hold very closely. In the spirit of the analogy, this
thesis examines three viscous problems with close elastic analogs.

The first such problem is that of an annular sheet subjected to shearing in its
plane and the consequent evolution of spiral wrinkles in the sheet (Figure 1-2). If an
annular viscous film floating upon a relatively inviscid fluid is sheared by rotating the
inner cylinder of the annulus, at low shear rates, the film remains flat. However, when
the angular velocity of the inner cylinder is increased beyond a critical value, spiral

18



Figure 1-2: Sheared annular sheet

wrinkles develop in the film. The wavelength of these wrinkles is large compared
to the thickness of the film. The number of wrinkles depends on the geometry of
the annulus as does the angular velocity of the inner cylinder necessary to provoke
the wrinkling. In 1924, W.R. Dean explored elastic instabilities of a sheared annular
plate [11]. By formulating and analyzing the governing equations of the plate, Dean
calculated the shape assumed by the plate when subjected to shear forces on its
edges exceeding some critical buckling load. In doing so, he calculated the shear load
necessary to cause deformations with different azimuthal wavenumbers as a function
of the geometry of the annulus as characterized by the ratio of outer to inner radius.
As he argued, for a given geometry, the only important distortion of the plate is
the one that results under the minimum external loading. His results characterize
the dependence of the various possible plate distortions upon geometry and shear
loading.

Figure 1-3: Sheared rectilinear sheet

The second problem can be thought of as a limiting case of the first. Consider a
Couette geometry in which a thin film of finite width and infinite length is sheared by
the two width-wise bounding walls (Figure 1-3 shows one section of such a scenario).
This represents the limit of the annular case as the radius of the annulus approaches
infinity while the gap remains constant. The sheared sheet will develop wrinkles as
illustrated in the sketch. Southwell and Skan investigated the instabilities of a sheared
elastic strip in 1924 and calculated the conditions for and modes of deformation [28].
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Figure 1-4: Viscous catenary

The third problem is the viscous catenary. If a viscous filament (viscida) spans the
gap between two solid wall and sags under its own weight (Figure 1-4), it will form a
viscous catenary, the viscous analog of an elastic filament hanging freely from its two
endpoints. The original catenary problem concerned an inextensible chain hanging
from its two endpoints and was solved by Leibniz, Huygens, and Johann Bernoulli
in 1691 [20]. Love considered the elastic catenary problem including bending and
stretching stiffnesses of the filament [17].

1.1 Prior studies

1.1.1 General viscous buckling

Viscous (Newtonian) buckling has been studied in various contexts over the last half
century. In the early part of the twentieth century, geologists examined the possibility
of modeling certain behaviors of the earth's crust as elastic buckling phenomena
in work attributed to Smoluchowski [21]. By the late 1950s, geologists considered
that viscous buckling could present a better model. Typical viscosities of the rocks
involved in geological analysis range from about 1016 - 102 1Pa - s [6]. Biot examined
the two-dimensional folding of a viscous layer embedded in a less viscous medium and
subjected to layer-parallel compression. Biot utilized a similarity between elastic and
viscous governing equations to develop expressions for the critical load and wavelength
of the instability for a variety of combinations of types of media including viscous,
elastic, and viscoelastic. For a viscous fluid, he found that the critical load necessary
to excite the buckling is zero, the wavelength of buckling normalized by the layer
thickness is proportional to the cube root of the ratio of the layer viscosity to the
ambient viscosity, and the wavelength of buckling does not depend on the magnitude
of loading [4]. Biot's results would suggest that as the ambient viscosity becomes
negligible compared to the layer viscosity, the most unstable wavelength will grow
longer without bound. The system size would, of course, limit the wavelength, so
that in a two-dimensional case of layer-parallel compression of a viscous film on a
comparatively inviscid substrate, Biot's results predict buckling with a wavelength
equal to twice the system size. In 1963, Ramberg proposed that the appropriate
boundary condition for the interface between the layer and the ambient medium
should be a welded condition rather than the free-slip condition used by Biot, thus
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incorporating the effects of layer-parallel shear. The resulting model predicts shorter
wavelength folds than does Biot's model, but in the limit of comparatively vanishing
ambient viscosity, it also predicts a wavelength equal to twice the system span [21].
In 1959, Biot examined the effects of gravity producing a buoyant force in opposition
to buckling of a viscous layer floating atop a less viscous and more dense substrate
and subjected to layer-parallel compression. He found that the influence of gravity
produces a dependence of the buckling wavelength on the applied compressive stress
so that a finite wavelength exists for the maximally growing mode even as the viscosity
of the substrate tends to zero [5]. Ramberg and Stephansson, in 1964, also examined
the effects of gravity in this scenario. They found that gravity produces a non-zero
critical stress required to buckle the layer faster than the concomitant thickening
effect. At stresses below the critical threshold for buckling, layer thickening occurs
on a faster time scale than folding. Their results argued against Newtonian viscous
buckling as a mechanism for the formation of large crustal depressions [22]. In 1968,
Chapple analytically and computationally explored the effects of finite fold amplitude
on the buckling of a viscous layer and suggested that wavelength selection only occurs
at small amplitude after which the mode of buckling does not change. He then
explored the shape evolution of the finite amplitude folds [9]. Also in 1968, Sherwin
and Chapple performed experimental studies to verify Biot's folding theory. They
developed a modified theory for scenarios with small viscosity ratios where shortening
of the layer plays a key role in addition to folding [25]. Johnson and Fletcher's
1994 monograph on viscous buckling outlines a wide range of problems considered in
geology and geophysics [14].

In 1969, G.I. Taylor made a series of observations and comments on the buckling of
viscous filaments and sheets [30]. In the 1970s, Buckmaster, Nachman, and Ting ex-
plored the buckling of a viscida (a viscous filament) from a mathematical perspective
and looked at what effects might play important roles and how the various effects and
properties scaled [8] [7]. In 1988, Benjamin and Mullin attempted to explain some of
Taylor's experiments by examining short wavelength instabilities in the shearing of a
viscous sheet [3]. In 1987, Bejan published a review article on buckling flows focusing
primarily on instabilities where inertia plays an initiating role [2]. In 1996, Howell,
building on scaling arguments made by Buckmaster, Nachman, and Ting, developed
a series of equations describing the evolution of a buckling sheet of viscous Newtonian
fluid [12]. In the last few years, a number of particular viscous buckling phenomena
have been explained. In 1997, Tuck, Stokes, and Schwartz examined the slumping of
a viscous bridge similar to the catenary problem considered here. They considered
the very short time behavior of the bridge and used finite elements to study its sub-
sequent evolution. In 1998, Mahadevan, Samuel, and Ryu looked at the coiling of a
viscous filament impinging on a flat surface under the influence of gravity [18]. In
2000, Skorobogatiy and Mahadevan examined the analogous problem of the folding
of a viscous sheet impinging on a flat surface under the influence of gravity [27]. Also
in 2000, da Silveira, Chaieb, and Mahadevan investigated the wrinkling of a ruptured
viscous bubble collapsing under its own weight [26]. In 2000, Kumar and Graham
examined the behavior of a non-Newtonian fluid sheet drawn radially inwards and
wanted to understand the consequent crumpling of the sheet [15]. They make only
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Figure 1-5: Equivalence of shear to tension plus compression

very brief reference to the Newtonian case. In 2001, Ribe carried out a formal reduc-
tion to derive asymptotic equations for sheets of high curvature and analyzed film
blowing and a couple of other high curvature scenarios [24]. This brief history is by
no means comprehensive, but is merely intended to provide an idea of the evolution
and current interest in viscous buckling problems. The current study provides the
first quantitative explanation of a truly two-dimensional buckling problem in viscous
sheets.

1.1.2 Annular sheet buckling

G.I. Taylor, who presented Dean's 1924 paper and Biot's 1957 paper to the Royal
Society, first documented a wrinkling effect similar to Dean's in a viscous annular
sheet, though he made no reference to the elastic analogy or to Dean's or Biot's study
[30]. Taylor floated a layer of golden syrup a few centimeters thick on top of carbon
tetrachloride in a cylindrical container with a cylindrical stirring rod placed from
above into the center of the container. Taylor noted that when the stirring rod rotated
about its axis, spiral ripples appeared on the syrup's surface radiating outward from
the rotating rod. Taylor declared that this effect was most likely related to buckling
because the wrinkling initiated across lines of maximum compressive stresses (The
layer was subjected to pure shear, but pure shear is equivalent to a combination
of tension and compression at right angles to one another along a set of directions
rotated forty-five degrees relative to the direction of shearing as shown in Figure 1-
5.). He did not offer a quantitative explanation. In 1988, Benjamin and Mullin
further examined the instability observed by Taylor and quantitatively analyzed the
instability for the case of a rectangular geometry in which the shear strain rate is
uniform across the fluid sheet [3]. The effect observed by Taylor and examined by
Benjamin and Mullin concerned ripples with azimuthal wavelengths shorter than the
thickness of the sheet and thus differed from that explored by Dean. Dean examined
distortions with azimuthal wave lengths much longer than the thickness of the plate.
Also, Benjamin and Mullin ignored the effects of shear strain rate variation over the
annular gap width, thus effectively converting it into a rectilinear geometry. In 1999,
following a suggestion by L. Mahadevan, Chaieb and Carnascialli performed some
preliminary qualitative experiments depicted in Figure 1-6 that suggested that there
is indeed a long wavelength analog of the Dean problem for a thin viscous sheet.
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Figure 1-6: Viscous experiment analogous to Dean's: In the figure on the left, the
inner cylinder is rotating counter-clockwise at less than the critical angular velocity,
QC, so the surface is undisturbed. In the figure on the right, the inner cylinder is
rotating faster than the critical angular velocity, and the viscous layer wrinkles in
a very regular fashion. The fluid shown is a variety of polybutene with a viscosity
~ 140Pa - s; the diameter of the inner cylinder is - 10cm; the gap width is ~ 2cm;

and the rate of rotation is - 0.5rad/s.

This thesis concerns an experimental, analytical, and numerical investigation of this
instability and some related problems.
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Chapter 2

Equations of motion: a physical
derivation

This chapter describes the development of a series of reduced order equations describ-
ing the evolution of a thin sheet of an incompressible Newtonian fluid. The equations
are derived from the Stokes equations for highly viscous flow using a scaling sug-
gested by Buckmaster et al. [8] and partially following the method used by Howell
[12] to derive a similar set of equations without gravity or surface tension which are
accounted for in the model presented here. An abbreviated version of the derivation
is presented here; for the full derivation, please see Appendix A. Once developed,
the equations are physically interpreted and compared to the analogous F6ppl-von
KArmin equations from elasticity. Finally, I briefly explore the linear stability char-
acteristics of the evolution equations for a simple case in order to set the stage for
further discussion of more complicated scenarios in the chapters that follow.

2.1 Basic equations

Let us consider a thin sheet of an incompressible Newtonian fluid with a very large
viscosity floating atop a fluid of higher density and comparatively vanishingly small
viscosity and being sheared such that the Reynolds number, pUL << 1. The Stokes
equations describe the behavior of such a fluid (here in Cartesian coordinates):

VP = /LV 2 -, (2.1)

where P is the pressure, and U' is the velocity vector, (u, v, w). The continuity equation
ensures conservation of mass:

V -U0= 0. (2.2)

The top and bottom of the sheet must obey a kinematic surface condition,

D 1
Wlz=H±Ih D (H k h), (2.3)

2 Dt 2(23
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where H is the z-coordinate of the center surface of the sheet, and h is the thickness
of the sheet. The top and bottom surfaces must also satisfy a dynamic traction
condition. Tractions on the surfaces of the layer result from ambient pressure and
surface tension of the interfaces. The ambient pressure in the air above the fluid
sheet can, without loss of generality, be considered zero. The ambient pressure below
will be determined by hydrostatic pressure variations in the underlying fluid, P~ =
p-gH, where p- is the density of the underlying fluid and g is acceleration due to
gravity. Because of the extremely high viscosity ratio (in the cases considered here,
p/p~- ~ 10), viscous forces in the underlying fluid can be considered negligible. The
free surface condition can be expressed as

o . n = T, (2.4)

where a is the stress tensor,

o = -PF + P(V7T + VU), (2.5)

n' is the unit outward normal to the surface,

__#1 1 Y 7IT
S= [-(Hr hx), -(Hy t ) 1±T, (2.6)

T is the traction on the surface, and I is the isotropic tensor. The lateral edges of
the sheet satisfy a no-slip condition so that the velocity iZ matches the velocity of the
walls.

One could question whether or not inertial forces in the underlying fluid could
affect the viscous sheet. Characteristic inertial pressures in the underlying fluid scale
as p-U 2 . Characteristic stresses generated within the viscous sheet scale as PU/L.
Since the characteristic velocities in the two fluids are of the same order, their ratio is
a Reynolds number based on the underlying fluid's density and the sheet's viscosity,
Re = p-UL/p. For characteristic values of the parameters considered here (1 ~
102Pa -s, L ~ 10-2m, p- ~ 10 3kg/m 3 , U ~ 10- 2m/s), Re ~ 10-3, so inertial forces
in the underlying fluid should not play a role in the sheet's behavior. One could also
question whether capillary-gravity waves generated by the ripples could affect the
behavior of the sheet. If such a wave dissipates almost entirely over a length scale
much smaller than the wavelength of the ripples, it will have a negligible effect on the
behavior of the sheet. The quotient of the Reynolds number and the square-root of
the Froude number, Fr -- U2 /gL, provides a rough approximation of the attenuation
factor per wavelength travel [16]. For the characteristic values of the parameters
considered here, Re/V'T < 10-1, so the effects of capillary-gravity waves can safely
be neglected.
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2.2 Asymptotic scaling

Following Buckmaster, Nachman, and Ting[8], we can scale the variables in the equa-
tion in a manner consistent with buckling type motion to generate an equation wherein
all of the scaled variables are of the same order. The scaled variables are indicated
by hats, and the scaling utilizes a characteristic in-plane length-scale of the sheet, L,
a characteristic out-of-plane velocity, U, and a slenderness ratio, e, characterizing the
ratio of the thickness of the sheet to L, where e << 1. The variables scale as follows:

x = L, y =QL, z = -EL, P =PiCE,
= UeU, v = iEU, w w>U, t =t, (2.7)

H =HEL, h= heL.

This scaling should be contrasted with the scaling of lubrication theory typically
employed in a slender geometry. In lubrication theory, motion perpendicular to the
sheet is slower than motion in the plane of the sheet by an order of C. In buckling type
motion, for displacements of the order of the thickness of the sheet, motion within
the plane of the sheet is an order of E slower than motion perpendicular to the sheet.

Howell [12] demonstrated that by plugging these scaled variables into the gov-
erning equations and representing the scaled variables in perturbation series (e.g.
f- f() 0 + E2%(l) + E4 (2 ) ... ) the equations could be solved order by order to generate
a set of equations describing the evolution of the geometry of the sheet. This chap-
ter demonstrates that the final equations arrived at by Howell can be derived in a
more physically intuitive manner by solving the leading order equations and balancing
forces and moments in the sheet. Ribe [24] illustrates a similar physically motivated
derivation for one-dimensional, initially curved sheets.

2.3 Asymptotics

Since all variables now considered are scaled, the hat notation will be dropped for con-
venience. Employing the scaling in the governing equations and boundary conditions
and solving for the leading order values of the field variables leads to the following

(see Appendix A):
ht = 0, (2.8)

i.e. there is no varicose (symmetric) distortion of the sheet, and the thickness remains
constant everywhere. As a consequence,

w(x, y, t) = Ht, (2.9)

the fluid velocity perpendicular to the sheet everywhere follows the local center sur-
face. It immediately follows that

u = t + (H - z)Ht., (2.10)

V = U + (H - z)Hty, (2.11)
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where U and U are the depth-averaged in-plane velocities.

P = -2(u, + vy). (2.12)

2.4 Depth-averaged equilibrium

z

h - - -- --

X dx

dy

Figure 2-1: Unit fluid element

Now the leading order balances of forces and balances of moments on a small
element of the sheet (see Figure 2-1) relate the leading order quantities in a series of
reduced order governing equations for the evolution of the sheet:

TI, = 4(x + HxHtx)h + 2(Vy + HyHty)h (2.13)

T12 (Uy + Hy Hx )h + (Ux + HxHty)h (2.14)

T22 - 4(Ty + H y Hty)h + 2(;Ux + HxHtx)h (2.15)

aT1 I+ 0 =0 (2.16)
Ox ay

DT12 + =T22  0 (2.17)

GH F 7
HxxT 1 + 2HxyT1 2 + HyyT 22 - 32 + 2 2 H = 4(2.18)

where

G 3P gL 2  (2.19)

p 3 ,' (2.20)

and y:+ is the surface tension at the upper/lower interface. For the experiments
discussed in Chapter 3, characteristic values are G ~ 10-1 and F - 10-2 for p ~
103kg/m 3 , L - 10- 2m, p 10 2 Pa -s, U ~ 10-1 m/s, and (-/++-) ~ 10- 1 N/m. T 1 ,
T 22 , and T 12 refer to the depth-integrated normal stresses in the x and y directions

28



T* Resultant T

Figure 2-2: Out-of-plane load due to tension

and the depth-integrated shear stress respectively. The Laplacian and biharmonic
operators are strictly planar, V2 

_ + and V 4  - + 2 + - . (2.16)
ax2  9Y 2  &X4  0x2 0y 2  Oy 4

and (2.17) express force equilibrium in the x and y directions respectively, and (2.18)
expresses force equilibrium in the z-direction. In dimensional form,

T1 - 4p(Ux + HxHtx)h + 2[(Ut-Y + HyHty)h, (2.21)

T12= t (iy + Hy Htx) h + p(Ux + HxHty)h, (2.22)

T22 - 4/u(; + HyHty)h + 21i(iix + HxHtx)h, (2.23)

(2.16) and (2.17) remain unchanged, and

HxxTn1 + 2HxyT 2  HyyT 22 - pgH + (_Y+ + ±Y-)V2H = -ph3VpHt. (2.24)
3

To summarize, the first three terms on the left hand side of (2.18) (e.g. HxxT 1 )
represent contributions to out-of-plane motion from in-plane stresses as illustrated in
Figure 2-2. These terms provide both driving and mitigating forces for deformation;
the compressive stresses drive the buckling, while the tensile stresses oppose it. The
portions of these terms linear in H (e.g. 4axhHxx) represent stress contributions due
to gradients in the in-plane velocity field; the nonlinear portions (e.g. 4hHxHtxHxx)
represent the effects of stretching of the sheet. The right hand side expresses the
bending response (V 4Ht) with a resistance proportional to the rate of change of
curvature. The gravity term (GH) tends to damp out all wavelength deformations of
the sheet; however, its relative magnitude is larger for long wavelength modes. The
surface tension term ('V 2 H), which is proportional to the mean curvature of the
sheet, also acts to damp out all wavelength modes and most strongly affects those
with the highest curvature.

2.5 Elastic analogy

For comparison, let us examine the equation utilized by Dean to describe the out-of-
plane displacement of an elastic plate:

DV 4H- ayT IOH)-_a T22 T) -TTO = 0, (2.25)
ax ax ioy ay ax Oy 1y 0x
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where D is the torsional rigidity of the plate, and the variables from this thesis replace
Dean's equivalent variables. Timoshenko provides an expression for D [31],

D Eh 3
12(1- v 2 )'

(2.26)

where E is the Young's Modulus of the material, and v is the
the material. For comparison to the incompressible viscous case,
incompressible solid, v = 1/2. Also, let us replace the Young's
shear modulus of the elastic material [10],

Poisson's Ratio of
let us consider an
Modulus with the

E E
2(1 + ) 3

(2.27)

(2.16) and (2.17) apply to the plate as well [31] and can be used to simplify (2.25) to

1HxxT 11 + 2HxyT1 2 + HyyT 22 = --Gh 3 V4 H.
3

Dean does not present the in-plane equations and only reveals the linear terms in the
in-plane stresses. The full equations for the in-plane stresses in the elastic case are
given by the F6ppl-von Kirmain equations [17], presented here in the notation of this
thesis,

Ox

DT12

1x

0T 12+ =1 0
Dy

0T 22+ = 0
ay

(2.29)

(2.30)

(2.31)

(2.32)

where
1 1 2T, 2 4G(Ux + 2H )h + 2G(Uy + H )h

1 1
T12-= G(;Uy + -HyHx)h + G(Vx + -HxHy)h

1 212)h
T22= 4G(uy + H h+2G(Ux + 2H h.

In keeping with the Stokes-Rayleigh analogy, (2.28)-(2.30) are the
(2.16), (2.17), and (2.24).

(2.33)

exact equivalent of

2.6 Folding of a planar viscous sheet subjected to
layer-parallel compression

In order to understand the stability behavior of a viscous sheet in the presence of
gravity and surface tension, it is instructive to think about the planar case of a folding
sheet with no variation in the y-direction where the folding results from a constant
compressive force in the x-direction. Such a sheet obeys the following dimensionless
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Figure 2-3: Characteristic dispersion relations for folding of a viscous sheet subjected
to unidirectional compression, on the left for a stable sheet and on the right for an
unstable sheet. The axis scales are arbitrary.

evolution equation:
HxXXX = (r - C)Hx - GH, (2.34)

where C characterizes the magnitude of the compressive stresses in the sheet. If the
solution takes the form

H(x, t) = e"' cos kx, (2.35)

then
C- F k k (2.36)

A mode will grow if o > 0. For long enough waves (small k), gravity will always
overpower the compression and surface tension to damp the waves. For short enough
waves (large k), gravity does not affect the growth, and stability is strictly determined
by the relative strengths of compression and surface tension. For C < F, the system
is always stable because all modes are stable, but the decay rate approaches zero
as k increases without bound. For C > F, the system is unstable because there
are stable and unstable modes, and there is a maximally growing mode. At high
wave numbers, the growth rates decay like 1/k 2 for increasing k, and at low wave
numbers, the growth rates decay like -1/k 4 for decreasing k. As C approaches F
from above, the most unstable wavenumber increases without bound. However, since
the governing equations were derived under the assumption that the wavelength is
large compared to the thickness of the sheet, the previous conclusion is only valid
when the predicted wavenumber is smaller than 27r/h. The condition of marginal
stability occurs when one mode is neutrally stable and all others are stable. The
marginal stability conditions are degenerate in a respect because there is no set of
parameters for which only one finite wavenumber is neutrally stable and all others
are stable. Figure 2-3 shows the dispersion relation for the two cases. Increasing the
relative strength of gravity increases the wavenumber of the maximally growing mode
as does increasing the relative strength of surface tension.

In the absence of surface tension, this theory predicts that the most rapidly grow-
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ing mode will have a dimensional wavenumber of

k P h (2.37)

where P is the compressive stress in the sheet. This result matches exactly with
Biot's results [5].
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Chapter 3

Spiral wrinkling of a torsionally
sheared viscous film

Let us now consider an annular sheet of an incompressible Newtonian fluid with a very
large viscosity floating atop a fluid of higher density and comparatively vanishingly
small viscosity and being sheared by rotation of the inner cylinder of the annulus

(as illustrated in Figure 3-1) such that the Reynolds number of the flow around the
annulus is vanishingly small. This is the analog of the Dean problem with the addition
of gravitational and capillary forces (The case without gravity or surface tension is
considered in Appendix C.). Here, linear stability analysis is employed to explore the
susceptibility of the sheet to small perturbations from its planar form. In the real
world, infinitesimal perturbations are always present, so the small amplitude analysis
presented here will elucidate the stability behavior and early evolution of the sheet as
it diverges from its initially planar form. In particular, linear stability analysis will
reveal the minimum shear rate necessary to create an unstable state in the sheet as
well as the rate and mode of departure into a deformed shape.

z

h
H

Figure 3-1: Schematic of scenario: plan view on left and partial section on right.
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3.1 Linear stability

To examine the case of a sheared annular viscous sheet, let us write (2.16), (2.17),
and (2.18) in cylindrical polar coordinates (r, 0, z), where u and v now represent the
r and 0 components of the depth-averaged in-plane velocity respectively:

3 1 4 5 4 24 Urr + VrO + 2 7 UO + Ur - -VO - 2u + 4 HtrHrr + -HtrHr +r r r r r r
1 6 3 3 1
I HtrHOO - 6HtoHo + 3 HtHro + 4HtrrHr + Htr9 HO + HtOoHr =0,r 3r 2 r2 r (3.1)

3 4 1 5 1 1
Vrr + -UrO + -Voo + VT + -Un - -v + HtrH

r r r r r2 r 2

1 1 4
-HtOHer + 2 HtoHr + 3 HtoHoo +
r r r

1 3
-HtrrHO + -HtrOHr +r r

3
+ -HtrHrO +r
4
-HtooHo = 0,
0

H., 4u, + -vo
I r

Hro - ± Ho
r r(

+ Hr) 2ur+ VO

2 2
-HooH oHt + -H roHH
r r

2 2
+ -u + 4HrHtr + 2 HoHtO +

r r

2Vr±2U -++ 2HOHt] +

r r2 J
GH IV 2 H 1

o - + = -h2V4Ht,
3c 2 h 362h 3

where H is subject to clamped boundary conditions on the inner and outer cylinder
walls,

H(Ri, 0, t) = H(Ro, 0, t) = 0, OHar rR

OH

4 r=R,
= 0, (3.4)

and the in-plane velocities are subject to no-slip conditions at the walls,

u(Ri, 0, t) = u(R., 0, t) = 0, v(Ri, 0, t) = vi, v(Ro, 0, t) = Vo,

where the two cylinders of the annulus rotate relative to one another with an relative
angular velocity Q so that

V0  Vi

Ro 0 i
(3.6)

Linear stability analysis allows examination of the conditions under which the
sheet will deviate from its flat configuration. The equations of motion, linearized
about a base solution of H(r, 0, t) = 0 for small variations, become

3Ur +1 4 5 44Ur. + -VrO + gUOO + -Ur - -VO - -u = 0,
r r r r r

3 4 1 5 1
Vrr + UrO + VOO + Vr + -U v = 0,

r r r r r

(3.7)

(3.8)
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2 2 2 2V2 2Hrr Ur+-VO + Ul + (!H, - HO)-U -- +
. r r r r2 r r

H 1 4 4 - GH FV 2 H -
1 h2

Ho+ 1 H) [2ur +-v4 +- - +0 2  =-hV4 Hr. (3.9)
r2 r . r r . 3&2h 3E2h 3

(3.7) and (3.8) are decoupled from (3.9). Assuming radial symmetry, derivatives with
respect to 0 vanish, and the general solutions to (3.7) and (3.8) are

U = cir + -, (3.10)
r

V = c3r + C. (3.11)
r

The only u satisfying the radial no-slip conditions of (3.5) on the lateral edges of the
sheet is u(r, 0, t) = 0. The azimuthal velocities of the two boundaries determine the
constants c3 and c4. The motion controlled by c3 is a solid body rotation of the fluid
which has no effect in the inertia-free scenario considered here, so for simplicity and
without loss of generality, let us set c3 = 0 and examine azimuthal velocities of the
form v A $

QR 2R 2
A = - . (3.12)R-- R,*

Substituting these results into (3.9) yields

12 Ah (Ho GH FV 2 H 3V 4H(

03 rr 62 + 2 h (3.13)

subject to (3.4). Let us consider disturbances from the base solution of the form

H(r, 0, t) = R {f(r)eat+imo} (3.14)

with azimuthal wavenumber m and complex growth rate - which, when substituted
into (3.13), leads to the following stability equation:

d 4f 2d 3f 2m 2 +1 + d2f (2m 2 +iSm+1 I 2 df
dr4  rdr3  r2 dr2 r2 r J dr

(m 4 -4m2 -iSm (315
4H G2 + IF2 r2 0 (3.15)

where S = 12 characterizes the ratio of the shear strain rate to the perturbation
growth rate, f(r) is subject to clamped conditions at r = Ri and r = RO, G 2 E200,,
and F2= EF 3 . In Section D.1, I show that o- is purely real.

Due to the difficulty of solving (3.15) analytically, I have investigated the be-
havior of the system by numerically solving the linearized sheet evolution equation,
(3.13), using a variety of methods which serve to support and validate each other.
Appendix F contains a detailed discussion of the numerical methods. The primary
approach was a spectral collocation method suggested by Trefethen [32]. By solving
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Figure 3-2: Eigenvalue spectrum just below the stability threshold for an annulus
with Ri/RO = 0.457. u- in the plot is the normalized growth rate of the instability
expressed as the growth rate divided by the characteristic time scale, 2 /Q.

for the eigenvalues of the discrete equation, the growth and decay properties of all
modes of deformation can be observed. In this manner, the conditions for marginal
stability can be extracted by seeking the shear rate at which one eigenmode first
acquires a positive growth rate while the remainder retain negative growth rates. At
these conditions, disturbances with the form of the eigenmode in question will grow,
while all other modes will decay. Thus, the eigenmode singled out by this method
represents the most unstable mode of the system and ought to be the mode mani-
fest in the physical system as the stability threshold is crossed. Figure 3-2 depicts
the eigenvalue spectrum just below the stability threshold for one size annulus. The
presence of nonzero imaginary components of the eigenvalues is an artifact of the
discretization and, even for the discrete representation, does not present a significant
effect because the azimuthal wave speeds of the ripples corresponding to the calcu-
lated imaginary components of the eigenvalues represent wave motion on a far slower
time scale than the characteristic time scale for ripple growth. The shape of the most
unstable mode for the same annulus is shown in Figure 3-3. The circles in Figure 3-5
display the predictions of linear stability theory. The same computational methods
accurately reproduced the results of Appendix C when gravity and surface tension
were neglected, serving as a check of the numerical scheme.

3.2 Experimental results

Using the apparatus pictured in Figure 3-4 a series of experiments were performed.
The apparatus consists of a cylindrical trough of 6.56" inner diameter and a series of
interchangeable center pieces, each with a different outer diameter. The center pieces
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Figure 3-3: Most unstable mode shape for annulus with Ri/Ro, = 0.457.
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Figure 3-4: Experimental Apparatus
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attach to a motor spindle protruding through the center of the bottom of the trough.
Each center piece has a lip, 1mm thick, with carefully machined sharp edges that
protrudes from the central column. The sharp edges pin liquid interfaces and prevent
liquid wetting one surface from wetting the orthogonal surface. For each experiment,
water fills the annular gap between the outer wall of the trough and the center piece
like a moat until it wets the bottom surface of the lip but not the vertical side surface.
Next, some preheated experimental fluid (Amoco Indopol H300), which is less dense
than water, is poured onto the surface of the water. It flows to form a viscous fluid
layer of thickness 2mm. Because the capillary length ( '/pg) of the fluid is less than
2mm, no holes in the layer form. No experiments are performed until the fluid has
spread for twenty-four hours to ensure a uniform layer. During this time, the fluid
also cools to room temperature. A controller operating the motor attached to the
apparatus center piece allows an experimenter to vary and record the angular velocity,
Q, of the center piece.

In each experiment, the angular velocity at onset of wrinkling, Qc, and the num-
ber of wrinkles, m, were recorded. Starting from rest with an unperturbed surface,
the angular velocity of the inner cylinder was slowly ramped up until the first rip-
ples began to appear in the surface. The angular velocity at the time of onset was
recorded from the motor controller. A video camera above the apparatus recorded
the experiments, and the number of ripples present at onset was counted from the
video tape. During a series of experiments with a single center piece, at least eight
hours elapsed between experiments to ensure that no residual effects of the previous
experiment remained in the viscous sheet.

The fluid used in these experiments was Amoco Indopol H-300, a form of poly-
butene with density 0.90kg/m 3 and surface tension 0.0213N/m. The density was
measured using a balance and a container of known volume filled with the H-300.
The container volume was measured using the same balance by recording the mass
of water contained in the full vessel. The surface tension of the H-300 was measured
using a platinum plate in a Kruss surface tensiometer. The surface tension of the wa-
ter, measured using the same method, was 0.0716N/m. The surface tension between
the Indopol H-300 and water can be calculated using Good-Fowkes model which for
water-hydrocarbon interfaces suggests

7yWH = 7w+ "H - 2(YW7H)2 (3.16)

where "KWH is the water-hydrocarbon interfacial surface tension, "7w is the surface ten-
sion of water-air interface, "yH is the surface tension of the hydrocarbon-air interface,
and 7y, is the portion of the water surface tension generated by dispersion forces and
is suggested to be approximately 0.0218N/m 2 [1]. The Good-Fowkes model predicts
a water-H-300 interfacial surface tension of 0.050N/m. The shear viscosity of Indopol
H-300, as measured using an AR-1000N Rheometer in a cone and plate configuration
with a 4cm cone with a 40 angle of inclination, was 136.4Pa - s. Based on a Maxwell
fluid model and oscillatory rheometer tests with the AR-1000N, the relaxation time
for this fluid TR < 0.001s. For such a fluid, the hydrodynamic forces generated by
viscous stresses in the underlying water bath can safely be ignored as the charac-
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Figure 3-5: Results of experiments and predictions of linear stability theory for In-
dopol H-300. m = azimuthal wavenumber, Qc - critical angular velocity.

teristic viscous stresses in the water are nearly 140,000 times smaller than those in
the Indopol H-300 film. Also, because the relaxation time of the H-300, TR, is much
shorter than the characteristic time scale in the experiments (T ~ EL/U ~ 0.02s), the
Deborah number, De = rRIT << 1 , and any elastic effects in the fluid are negligible.
A characteristic Bond number for the set up is Bo - 100 implying that gravity plays
a more important role than capillarity here. A characteristic capillary number is
Ca - 100 implying that surface tension effects are small compared to viscous effects.

Figure 3-5 depicts the results of the experiments as squares.

3.3 Discussion

In a series of experiments inspired by but qualitatively different from G.I. Taylor's
observations [30], a long wavelength instability in a viscous Newtonian annular sheet
subjected to shearing was noted. The instability is analogous to one explored by W.R.
Dean [11] in the context of a sheared elastic sheet. These experiments have quantified
the instability by determining the conditions for its occurrence and measuring the
wavelength at onset. Linear stability analysis shows the critical shear rate for onset
and the number of ripples as illustrated in Figure 3-5. The important effects that are
included in this analysis are the damping effects of gravity and surface tension that
produce a non-zero critical angular velocity for the onset of wrinkling of the sheet.
A number of potential sources of error for the predictions exist. Since this theory
is an asymptotic one in the limit of small thickness, any sheet of finite thickness

might be expected to show small deviations. Second, in these experiments, though
the angular velocity of the inner cylinder of the annulus was ramped up slowly, the
angular velocity, nevertheless, was transient. No transient edge boundary effects were
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Figure 3-6: Schematic of supercritical pitchfork bifurcation. Qc critical angu-
lar velocity, Qexp -- angular velocity measured in experiment, Hexp amplitude in
experiment.

considered in this analysis. Third, and perhaps most significantly, if the instability
is a supercritical pitchfork bifurcation, then the ripples will be infinitesimal at onset.
Infinitesimal ripples are difficult to observe, and, therefore, the data recorded in these
experiments corresponds necessarily to a regime slightly beyond the onset of the
instability when the ripples have grown to be visible as schematically illustrated in
Figure 3-6. Therefore, it follows that the number of ripples seen in the experiments
might differ from that predicted for onset by the linear model. Although the model is
only strictly valid for infinitesimal deviations from a flat sheet, for small amplitudes
close to onset the model should remain a close approximation. To try to compare the
experiment and theory differently, the experimental conditions (i.e. Qexp) were used
in the model to evaluate the number of ripples. Figure 3-7 depicts the predictions
of the linearized theory for what would occur at Q = Qexp. The agreement is good.
That Qexp > Qc is supported by the data in Figure 3-5(b). The underestimation of
the number of ripples at onset in Figure 3-5(a) can be understood using (2.36). The
fastest growing mode is k* = argmax-(k),

k 2 = 2G (3.17)

When Q goes up, C which is proportional to Q goes up, and k* goes down. Therefore,
one should expect that for Qe-, > Qc, k* < k* as supported by Figure 3-5(a).
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Chapter 4

Buckling instability of a thin-layer

plane Couette flow

Couette channel flow is stable at all shear rates. However, if, instead of a channel of
infinite depth with no variation through the depth, the channel contains a thin sheet
with free surfaces, the Couette flow becomes unstable to infinitesimal shear rates.
Consider an infinitely long sheet of a viscous Newtonian fluid of finite width 2B and
uniform thickness h << B as shown in Figure 4-1. The surfaces of the sheet are
free, and the edges are in contact with solid walls which shear the sheet by moving
lengthwise with velocities ±U respectively.

4.1 Linear stability

For small out-of-plane displacements, the sheet is governed by the equations given in
Section 2.4. The in-plane velocity field, ii = Uy/B and f) = 0, satisfies the linearized
in-plane force balances

4hfxx + 3hixy + hiyy = 0 (4.1)

U

Figure 4-1: Schematic of system
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and
4hvyy + 3hiiy + hexx = 0. (4.2)

The shear strain rate in the sheet is '§= U/B. The behavior of the sheet is then
governed by the equation

ph3 V4 Ht = (_Y+ + Y)V 2 H - pgH + 2ph Hxy (4.3)
3

where H(x, y, t) is the out-of-plane displacement of the sheet, the x-axis points along
the length of the sheet, and the y-axis points across the width of the sheet. (4.3) can
be nondimensionalized utilizing the following scaling:

x=. B, y =QB, H =HEB, h =&B, t )=2 (4.4)

where E is the slenderness ratio, h/B. The resulting nondimensional equation, omit-

ting hats, is

V4 Ht = FV 2 H - GH + 6Hxy (4.5)

where G - pgB and F 3(p-y The boundary conditions are

H(x, -B, t) = H(x, B, t) = 0, Hy(x, -B, t) = Hy(x, B, t) = 0, (4.6)
u(x, ±B, t) = ±U, v(x, +B, t) = 0.

Let us consider solutions to (4.5) of the form

H = f (f(y)e-t+ikx + f(y)et-ikx (4.7)

where f is the complex conjugate of f. In Section D.2, I show that a is strictly real,
so a = u. Substituting (4.7) into (4.5) yields

P [eikx ( f"" - 2k2 f" + k 4f) + e-ikx (.f"" - 2k 2f" + k 4f)] =

-G (f eikf + jeikf) + F (-k2 eikx + f ikx - k 2 f,-ikx + fIe-ikx

+6 (ikfleikx - ikf'e-ikx). (4.8)

eikx and e-ikx are independent, so the terms multiplying each can be separated leading
to two equations,

o f" - 2k 2f" + k4f] = -Gf + r(-k 2f + f") + 6ikf' (4.9)

and

S[f"" - 2k2 f" + kf] = -G!f+ F(-k f+ f") - 6ikf'. (4.10)

(4.10) is the conjugate of (4.9), so I will use just (4.9),

f""'- 2k2 + ) f" - if+ (k4 + k2+ - f =0 (4.11)
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subject to the boundary conditions

f(i) = 0 f'(±1) = 0. (4.12)

For a : 0, the general solution to (4.11) can be written as

4

f (y) = Ceiei,
j=I

(4.13)

where the Aj satisfy the characteristic equation of the differential equation,

A4 + 2k2+
r) 2 6k A k4 rk2 G o.
-r 0 + ar e+ k - . (4.14)

The boundary conditions can be written in matrix form as

e iAl

e-iAl

iAleA1

i AIe-iA1

eiA2

eiA2

iA2e iA2

e2A3
e-iA3

iAgen i
iA 2 e-iA2 _iA 3 e-A3

ezA4 1 C1

e-iA4 C 2

iA4eiA4 C 3
_iA4e-A4 . . C4

For nontrivial solutions, the matrix in (4.15) must be singular, so

ezAl
e-iAl

iAle iAl

-iA e-iAl

eA2

iA2e iA2

-iA 2 e-A2

eiA3
e- A3

iA3 eA3
-t"A3e~iA3

which can be rewritten as

sin A1
cos A1

A1 sin A1
A1 cos A1

sin A2  sin A3  sin A4

cos A2  cos A3  cos A4  0
A2 sinA2 A3 sinA3  A4 sin A4

A2 cosA 2 A3 cosA 3 A4 cosA 4

which expands to

(A - A2)(A3-A4) sin(A - A3 ) sin(A2- A4 ) = (A - A3)(A2-A4 ) sin(A - A2 )sin(A3 - A4 ).
(4.18)

The growth rate, a(k), of a mode with wavenumber k is determined by the simultane-
ous solution of (4.14) and (4.18). The mode with the highest growth rate determines
the shape of the viscous sheet at the onset of the instability.

45

-0.I (4.15)

eA4

iA 4

iA4 e I 4

_iAge- A4

(4.16)

(4.17)
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Figure 4-2: (a) Normalized growth rate h 2 c/BU versus normalized wavenumber 2Bk
relationship for a sheared rectilinear viscous sheet when G -F = 0. (b) Normalized
critical shear force 3B 2 S/Gh 3 versus normalized wavelength relationship for a sheared
rectilinear incompressible elastic sheet with no oscillations as analyzed by Southwell
and Skan [28]. S is the shear force per unit length of the channel, and G is the
shear modulus. If the viscous result is replotted in this fashion, exactly the same plot
results with the y-axis relabeled 3BU/h 2 = 3B 2S/uh'a.

4.2 The limit G == 0

Considering first the absence of both gravity and surface tension, the governing dif-
ferential equation for f, (4.11), reduces to

f"" 2k2f" -- f' + k4 f = 0, (4.19)

and (4.14) reduces to

A4 + 2k 2A2 + A + k4 = 0. (4.20)

It is immediately apparent that if a = 0, the only solution is f(y) = 0 which is trivial;
thus there is no condition of neutral stability. For a = 0, (4.19) and (4.20) can be
solved to yield the relationship of the mode wavenumber to the growth rate as shown
in Figure 4-2(a). The maximum of the plot corresponds to the fastest growing mode.
The fastest growing mode has a wavelength equal to 3.318B, where B is the channel
half-width. These data were generated by finding the eigenvalues and eigenmodes of
the discretized evolution equation using a spectral collocation method suggested by
Trefethen [32] and discussed in more detail in Appendix F.

This calculation is analogous to one performed by Southwell and Skan [28] for the
stability of a flat elastic strip under shearing in a similar configuration. (4.19) and
(4.20) arise in the elastic case as well with the shear strain rate divided by the growth
rate, 6/a, replaced by the shear strain, 6, so that

f"" - 2k 2 fi - 6ikf' + k4f = 0 (4.21)

46

35- --



U 
U

2B 2B

UU

Figure 4-3: The most unstable mode shape.

and
A4 + 2k 2A2 + 6kA + k4 = 0. (4.22)

To produce the same shear force, the viscous sheet is subjected to a shear strain
rate whereas the elastic plate is subjected to a shear strain. Figure 4-2(b) shows the
results of their calculations and equivalently the results in Figure 4-2(a) plotted in the
same fashion as theirs. They too calculated a most unstable wavelength of 3.318B.
If the ordinate in Figure 4-2 is thought of in terms of strain rather than force, then
for the elastic case 3B 2 S/Gh3 = 3BU/h 2 . Couched in this form, the elastic-viscous
analogy is transparent with U in the elastic case (a displacement) replaced by U/u in
the viscous case (a velocity divided by a growth rate). Figure 4-3 depicts the mode
shape of the fastest growing distortion of the strip.

4.3 The case G # 0, F # 0

The sheared viscous sheet behaves in a fashion similar to the compressed planar sheet
discussed in Section 2.6, but an additional length scale is present, the channel width.
The channel width sets a maximum wavelength in the y-direction. Also, the shearing
generates tensile in addition to compressive forces. The general principles governing
the stability are unchanged. If surface tension is strong enough relative to shear,
the sheet will be stable to all wavelengths of disturbance. The stability threshold is
governed by the sign of the minimum principal depth-integrated stress component. A
negative minimum principal depth-integrated stress component indicates the presence
of compressive forces in the sheet. The minimum principal depth-integrated stress
component, Tmin, takes the value [10]

Tin = T11 + T2 2 _- T 2 ±( - 1 T22 . (4.23)Ti= 2 2+ kL 2 1

In this case, where in (2.24) T12 = 3 and, when the contribution due to surface tension
is incorporated into the other depth-integrated stresses, T11 = T22 =F, Tmin = F - 3.
For F > 3, Tmin > 0, so there are no compressive forces in the sheet, and the the
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system is stable to all wavelengths of perturbation. When F < 3, Tmin < 0, there are
compressive forces in the sheet, and the system is unstable.

The term on the left-hand side of (4.5) representing bending plays a resistive
rather than a restorative role and thus helps control the rate of growth or decay
of the instability but not the presence or absence of stability itself. The stability
criterion emerges strictly from the interplay between the terms on the right-hand
side. Thinking once again in terms of principal depth-integrated stress components
[10],

_Tn 1 + T722 IT1 1 -T 2 2 \ 2

Tmax 2 + T+ + ). (4.24)22

In this case, Tmax = F + 3. The wrinkles will form with their spines perpendicular
to the principal direction of compression with its compression of magnitude Tmin and
along the principal direction of tension with its tension of magnitude Tmax. The
principal directions in this situation of shear plus isotropic tension will lie at forty-
five degree angles to the shear, or forty-five degree angles to the walls of the channel.
The wrinkles will assume the minimum possible curvature in the tensile direction
corresponding to a wavelength of twice the span of the channel in the principal tensile
direction, 4v'2 in nondimensional form.

Figure 4-4 shows the variation in the most unstable mode with G and F from
results computed using the same numerical scheme as in Section 4.2 and described in
Appendix F. Similarly, Figure 4-5 shows how the dispersion relation depends on the
variations in G and F. For a film of Indopol H-300 on water as used in the annular
experiments, with h = 2mm and B = 2cm, this model predicts the stability threshold
corresponding to F = 3 to occur when U = 0.52cm/s, a value on par with the shear
velocities found in the annular experiments at small gap widths.

4.4 Discussion

This chapter explored the linear stability of a sheared viscous strip analogous to that
examined by Southwell and Skan for a sheared elastic strip. Computation confirmed
that the most unstable mode for the viscous strip (that which grows most quickly) in
the absence of gravity and surface tension corresponds to the most unstable mode for
the elastic strip (that which appears at the lowest imposed shear stress). In the elas-
tic case, a finite shear stress is required to excite the instability. The viscous strip is
unstable at all magnitudes of imposed shear stress, but a single mode of deformation
emerges due to the differences in growth rates of the various possible modes. For a
given imposed shear stress, one mode will grow faster than all of the others. The pres-
ence of gravity and surface tension leads to a finite threshold for the appearance of the
instability. Surface tension produces the threshold. Shearing insufficient to overcome
surface tension will yield no departure from the planar form of the sheet. Only when
the shearing exceeds the restoring tensile effect of surface tension do wrinkles appear
in the sheet. Gravity contributes to the existence of a cutoff wavenumber below which
no perturbations can grow. The combination of gravity and surface tension generates
a situation where for a given shear stress above the threshold value, all perturba-
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tions with wavenumbers above the cutoff wavenumber will grow, and one will grow
faster than all of the others. Computations reveal the quantitative relationship be-
tween gravity, surface tension, shear stress, geometry, perturbation wavenumber, and
growth rate and pinpoint the most unstable mode. The calculated stability threshold
is of the same order exhibited by the annular experiments for narrow gaps.
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Chapter 5

Nonlinear effects: amplitude of the
instability

5.1 Introduction

When a sheet of viscous Newtonian fluid is sheared, it develops wrinkles above a
critical shear rate. The wrinkles grow to a point, and then their amplitude saturates.
In experiments with an annular configuration, the wrinkles have been observed to
travel around the annulus with a wave speed between the speed of the inner cylinder
and the speed of the outer cylinder. The equations and boundary conditions are
sensitive only to the relative rates of rotation of the two cylinders and not to the
absolute rates of rotation. The same holds true for the rectilinear case; only the
relative velocities of the walls matter. Here I consider what the equations governing
the sheet predict in the way of saturation. Let us consider a frame of reference in
which the wrinkles have a wave speed of zero at saturation. In this frame of reference,
at saturation

OH=0 (5.1)
at

This chapter examines a number of possibilities regarding the nature and gov-
erning equations of the saturation of the instability. First, the original equations of
Section 2.4 are examined and it is argued that they do not predict saturation. Next,
a natural progression of new scalings is considered leading to a scaling of the equa-
tions allowing saturation to occur. Finally, an order of magnitude argument for the
amplitude of the ripples at saturation is derived from the scaled equations.

A scaling for the amplitude at saturation seems to present itself immediately out
of even the two-dimensional equations:

DHxXXX = (T11 + F)Hxx - pgH (5.2)

Tn = 4ph[iix + HxHxt]. (5.3)

At saturation, the dominant balance is

TnHxx pgH (5.4)
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or
U H

ph L '2 pgH. (5.5)

If at saturation, as experiments suggest, H - L A,

H ~ . (5.6)
Pg

It shall be seen that this very scaling eventually emerges, but it does not constitute
a consistent picture of the model without modifications to the formulation.

5.2 Saturation occurs when H > h

At saturation, the equations remaining from (2.21)-(2.24) are linear so that no sat-
uration is predicted by the original equations. That the original equations do not
predict saturation comes as no surprise since the conditions at saturation violate at
least one of the premises of their derivation. The original equations evolved from the
Stokes equations by way of an assumption u - Ew. At saturation, w arises solely
from a coupling of u to H_. The original scaling also suggested that H ~ h and that
therefore H, - c. This would suggest that w, far from being O(u/6), would in fact
be O(Eu).

Let us consider a rescaling of the equations appropriate for saturated wrinkles
with amplitudes of the order of the thickness of the sheet.

u~U, vr~U, w~U, PU ~ I (5.7)
h ~ L, H ~EL, x ~'. L, y ~ L, z ~ EL.

This scaling is the one used in lubrication theory. Appendix E contains the details of
the derivation. The resulting governing equations in terms of leading order variables
are

T1 y(4ii + 2fii)h, (5.8)

T22 / t(4f, + 2fi3 )h, (5.9)

T12-p=(iy + Vx)h, (5.10)

0T1 1 + T12 = 0, (5.11)
Ox Dy

aT12 + 1T 22 = 0, (5.12)
Ox y '

and
HxxT + 2HXYT 12 + HYYT 2 2 = pgH (5.13)

which are linear in H and thus cannot model saturation because they contain no
amplitude information. This result suggests that saturation does not occur while
the amplitude of the wrinkles remains of the order of the thickness of the sheet. To
understand saturation, we must consider wrinkles with slopes of order unity.
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5.3 A new scaling for the amplitude saturation

At large displacements of the viscous sheet (H- - H, - 1), derivatives with respect
to the fixed Cartesian coordinates, x and y, cannot be considered small compared
to derivatives in the z-direction because for Hx - 1, a small change of position in a
direction parallel to the original plane of the sheet entails a similarly sized change of
position through the depth of the sheet. Thus, the separation of scales used in the
original scaling becomes invalid at large displacements, and derivatives with respect
to the x and y directions have magnitudes on the same order as derivatives in the z-
direction. The logic underlying the original separation of scales remains valid: changes
occurring through the depth of the sheet are expected to happen over a distance on
the order of the thickness of the sheet, while changes along the span of the sheet are
expected to occur over distances proportional to the in-plane dimensions of the sheet.
This separation of scales in the problem can be recovered in the equations through
the utilization of sheet-centered non-orthogonal curvilinear coordinates. The detailed
derivation of the scaling argument can be found in Appendix E.

Let x', y', and z' be the sheet-centered curvilinear coordinates, where Z' points in
the original ' direction; "' points along the sheet center-surface in the original x - z
plane; and y"' points along the sheet center-surface in the original y - z plane (see
Figure 5-1). Let the origin of the (x',y',z') system lie on the sheet center-surface.

x'

x

Figure 5-1: Original fixed and new curvilinear axes shown with the y - z plane cross-
section of the sheet.

Once again, at saturation, with the displacement of the sheet constant, w will
result from coupling between u and Hx. With slopes of 0(1), w - u. Let us retain

expression of the velocities in the original fixed orthogonal coordinate system. The
following scaling is suggested by this model:

U~r,- U, v~U, W~U,
X ~ X l'~ L, y ~ ' ~ r. L, Z' ~. CL' (5-14)z L, H L, h ~ cL,

a 1 0 1
Px~yL Pz L
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and for quantities without z-dependence

0 0 1
~x ~ .L (5.15)

Under this scaling the resulting governing equations for the sheet are as follows
(where all terms are leading order quantities unless explicitly noted):

u = ii

P = 2p (iix + iOy) - D In 1+H+H2

0) + z'f6 (X, y, t)

V (1) + z'fh(x, y, t)

Hx(2i2i + Vv) +
f6A

f7

Hy'y + Hx [In (1 + H )H] HHYJ - Dt

I + HX2+ HY2

Hy(U- x + 20,) + H-2 + Hy [In (I + HX + H)2
I + HX2+ HY2

T11 + T12  0
ax Oy

0T12 +T 22
+ y = 0

HxxTn1 + 2HxyT 12 + HyyT 2 2  + 0
1+ H+ H2 -pgH + 2(-y +1 -y =0

T11 a[2pii - P - 21 Hxf 6]h

T22 2 [2py - P - 2pHyfflh

T12 = JL[siy + V - Hyf 6 - Hxf7]h.

(1 + HY2)Hx - 2HHHy + (1 + Hx)Hyy

(1+ HX+HY2)
3 / 2

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)

(5.21)

(5.22)

(5.23)

(5.24)

(5.25)

(5.26)

(5.27)

(5.28)

(5.29)

(5.30)

Thinking about the rectilinear sheet being sheared by two parallel walls a distance
2L apart moving in opposite directions, each with speed U, call H the amplitude of
the wrinkles and A their wavelength. Noting that gravity has a much more significant
effect than capillarity for reasonable experimental values of the parameters, for H
A - L, the following scaling emerges:

pUh
VP9

(5.31)
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As expected, increasing the restoring forces in the form of p and g decreases the
amplitude; increasing the driving force in the form of U increases the amplitude;
and, increasing either y or h will increase amplitude because, for a given U, the
viscous forces are proportional to p and h. For reasonable values of the parameters,
/_t 103Pa - s, U ~ 10- 2m/s, h ~ 10- 3 m, and p - 103kg/m 3, the scaling predicts
H ~ 10-2m a result quite in keeping with experimental observations.
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Chapter 6

The viscous catenary

6.1 Introduction

The term catenary describes the form of a chain hanging between two points and is
in fact derived from the Latin word for chain [13]. In 1691, Leibniz, Huygens, and
Johann Bernoulli became the first to discover the equation of the catenary in response
to a challenge set forth by Johann's older brother, Jacob Bernoulli. Huygens coined
the term in a 1690 letter to Leibniz discussing the topic [20]. This chapter explores
the behavior of the viscous catenary. If a filament of an incompressible highly viscous
fluid forms a bridge across the gap between two solid vertical walls, it will sag under
the influence of gravity. The scaling of the variables for this scenario matches that
leading up to the governing equations presented in Section 2.4, the viscous analog
of the F6ppl-von Kirmain equations, and thus the same equations should govern the
behavior of the viscous bridge for moderate displacements.

Consider the case of an initially axisymmetric filament shown schematically in
Figure 6-1. s = x - the arc-length coordinate of unstretched filament (Lagrangian).
9(s, t) = the arc-length coordinate of stretched filament (Eulerian). 0(s, t) - the
angle of inclination of the viscida. H(s, t) - the vertical displacement. A(s, t) -
the cross-sectional area. h(s, t) - the diameter. U(s, t) = local filament velocity

n

-H oU

g h

Figure 6-1: Schematic of viscous catenary with relevant variables
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tangential to centerline.

(6.1)
at

The tension, T(s, t), is given by

aU(s t)T = 3pA = 3pA a_',
ags (6.2)

where the extensional or Trouton viscosity of the viscida is 3P. The filament stretch,
A(s, t), is

(6.3)A(st) = '__ t)
as

and can be used to express
only:

For an incompressible fluid
can be written as

the other quantities in terms of Lagrangian coordinates

aU(s, t) _ OU(s, t) A-1  
(6.4)

g as
OU(s, t) a2 .g(s, t) = At. (6.5)

Os Osat

filament, the differential conservation of mass equation

aa (A A) = 0.
at

(6.6)

Since the filament is initially unstretched, corresponding to A = 1, initially and for
all time, AA = A0 . The tension can now be written as

At OlnA
T(s, t) = 3pA- = 3pA .tA 31u

(6.7)

6.2 Derivation of governing equations

Love [17] considered the elastic analog to this problem accounting for both bending
stiffness and shear forces in addition to tensile forces. Following Love's derivation,
the equilibrium of forces and moments can be expressed as

SF, = 0 =T - wsinO - NOS

EF,=0=TT,-wcosO-N-,

and

( M = 0 = DSst + N,

where s and n are the local tangent and normal to the center-line respectively, T(s, t)
and N(s, t) are the tension and shear force, w is the weight per unit length of the
undeformed viscida, pgAA = pgAo, and D = 3/I is the bending stiffness, where I =
37rph 4/64 is the area moment of inertia of the viscida cross-section, so D = 37rph 4/64.
(6.8), (6.9), and (6.10) are subject to the following boundary conditions: 0 must be
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an odd function about the midpoint of the span and

O(Swaii, t) = 0.

Combining (6.8), (6.9), and (6.10) to eliminate T and N yields

-w (2 sin 0 + ass cos 0
02 1

S

+ D [ a + 9sosst = 0.

Multiplying (6.12) by cos 0 and integrating with respect to s yields

D Oss Cos 0 + sst sin 9)
w Cos 2 0 =
+ Os

where fi(t) = T at any point where 9 = 0 by comparison to (6.9) and (6.10). Multi-
plying by Os- and integrating again yields

Dsst sec 9 + ws = f 1 (t) tan 0 + f 2 (t). (6.14)

0 is an odd function about the midpoint of the span, so if we measure s from the
midpoint, f 2 (t) = 0 because 0,,t(0, t) = 0. Also because 0 is odd, 0(0, t) = 0, so

fi(t) = T(0,t) and
DO,,t sec 0 + ws = T(0, t) tan 9

subject to the boundary conditions

9(0, t) = 0, 0(±L/2, t) = 0,

(6.15)

(6.16)

where L is the undeformed length of the filament which satisfies the initial condition
9(s, 0) = 0. Then (6.15) and (6.16) describe the evolution of the centerline of the
sagging filament once the tension, T(0, t), is known.

As the viscous filament sags, tension arises naturally, and Section 2.4 can be
useful. For moderate deflections, the following equations which are analogous to
(2.18), (2.16), (2.8), and (2.21) are valid:

D Hxxxxt - 'V,

89T
aT = 0,

19X

and

= 0,at
where

T(x, t) = 3pA[Ux + HxHtx].

Integrating (6.18) yields

T(x, t) = T(t) = 3p A[Ux + HxHtx].
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(6.11)

(6.12)

(6.13)

(6.17)

(6.18)

(6.19)

(6.20)

(6.21)



Integrating (6.17) with this information yields

DHxXXt = TH. - wx + f (t). (6.22)

By symmetry, Hxxxt and Hx must vanish- at x - 0 (the midpoint of the viscida), so
f(t) = 0, and

DHxX= THx - wx (6.23)

which is exactly equivalent to (6.15) with 0 = Hx and x = s. Integrating (6.21)
over half the length of the viscida and noting that U(x = 0) = 0 by symmetry and
U(x = L/2) = 0 because no fluid penetrates the stationary wall leads to

T(t) = 6 2A j H.Htzdx, (6.24)
L fo

where L is constant in this formulation, which can be rewritten as

3p-Af L/2 H2T (t) =[ A L x dx. (6.25)
L at

Combining (6.25) with (6.23) and taking 6 = Hx yields a single integro-differential
equation for 0,

DXX - 3A dx = -wx (6.26)L 0 at
with boundary conditions

0(x = 0) = 0(x = L/2) = 0. (6.27)

The first term in (6.26) represents resistance to bending

B = Dxxst. (6.28)

The second term represents resistance to stretching

3pArLI 2 ao2

S = o at dx, (6.29)L a t

where the tension is written as

2 L/2 1o 2

T(t) = 3 I - dx, (6.30)
L o 2 at

the product of the Trouton viscosity, the cross-sectional area, and the average rate of
stretch. The right hand side of (6.26) corresponds to the weight of the filament.

(6.26) can be nondimensionalized using the following scaling:

St, t 2w (6.31)
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Dropping tildes, (6.26) may be rewritten as

1_3I , - C6
32

subject to
0(O, t) = 0

1/2 1 002
S- dx = -x

( 2, t

, 0(1/2, t) = 0,

where
B -=

and
1/2 1 002

S =- 0 - -dx.
Jo 20Ot

6.3 Bending solution

If we consider the case where 0 << 1, then (6.32) simplifies to

132 = -x

with boundary conditions

0(0, t) = 0, 0(1/2, t) = 0

which can be integrated twice to form

1663x3

ot -- + xf 3 (t) + f 4 (t).3

Applying the boundary conditions yields

4E3
f 3 (t) =

Ot = 6 3 x163x

f 4 (t) = 0

3 4c3 x

3
Integrating with respect to time yields

1663x 3t 463 xt
3 3

where the constant of integration vanishes because 0(x, 0) =
yields the displacement,

(6.41)

0. Another integration

Hx
-)f1/2

x
sin Odx ~ f /

Odx - c 3
3 t
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(6.32)

(6.33)

(6.34)

(6.35)

(6.36)

(6.37)

(6.38)

so that

(6.39)

(6.40)

[1 2
- x .

4
(6.42)



Dimensionally,
wx 3t wL xt
6D 24D '

and -2

H(x, t) x=-2  - 2 . (6.44)
24D 2

Trouton solved this problem in 1906 [33] for the rate of sag of a viscous bar
resting on two supports separated by a gap with boundary conditions requiring that
the internal moment vanish at the ends of the bar (equivalent to Oxt(±L/2, t) = 0).
He found that the center-point of the bar sags at a rate of 5 . For the boundary

conditions presented here, the center-point of the bar sags at a rate of wL, matching
results produced by Tuck et al. [34].

6.4 Stretching solution

After the initial phase of deformation when bending resistance controls the slumping,
stretching becomes significant. To estimate the time at which stretching begins to
play a role, I compare the relative magnitudes of S and B in (6.32) using the bending
solution, (6.41). Plugging (6.41) into (6.34) and (6.35) yields B = -x and

S= - 285 (x - 4x3). (6.45)
283508

The effect of stretching becomes significant when S and B are of comparable magni-
tude,

64t2 3
-x ~ - 283568 x - 4x3). (6.46)

This occurs when
2835

t ~~ - (6.47)
64(1 - 4x 2 )

and happens earliest at x = 0 when

t 2835 (6.48)
64

Dimensionally,

t ~ (6.49)
wL4

so that for a filament with L = 0.1m, h = 0.01m, p = 1000kg/m 3, and p = 10Pa -s,
stretching becomes significant when t ~ 0.001s.

In an ever shrinking boundary layer near the wall, bending resistance remains
important, and the curvature of the viscida becomes high in order to conform to
the zero slope boundary condition at the wall. The outer solution, where stretching
is the dominant factor outside the confines of the boundary layer, can be closely
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approximated by (6.32) without B,

1/2 1(902
co - dx = x. (6.50)fo 2 at

The outer solution to (6.50) exists in the form

9 = Lxt1/3 (6.51)

or, dimensionally,
312w1

S= L2 xt/3. (6.52)
p AL2

In the stretching dominated regime, the viscida will sag at a rate proportional to
t 1 /3, much more slowly than in the bending dominated regime where the viscida sags
at a rate proportional to t. In fact, (6.51) not only satisfies (6.50), it also satisfies
(6.32) without the wall boundary condition and constitutes an outer solution to the
problem. It must be matched to the inner solution corresponding to the bending
dominated boundary layer near the wall.

6.4.1 Bending boundary layer

This section examines how the extent of the bending boundary layer near the wall
changes with time. The viscida obeys (6.32). First note that the stretching term
contains an integral spanning half of the length of the filament. The departure of the
solution in the boundary layer from the outer solution will not produce a meaningful
contribution to the integral because of the comparatively small size of the boundary
layer. Thus, using the outer solution, (6.51), to evaluate the integral provides a good
approximation resulting in the modified equation

1 - t 1' 3  = -x. (6.53)

Over the width of the boundary layer, 0 changes rapidly from the outer solution value
to zero, the value at the wall. Within the boundary layer, the bending term achieves
the same order of magnitude as the forcing term, -x. After rewriting the bending
term as

63k(o ) ,(6.54)
32 at

estimate

x ~ Owall - outer (Xwaii) (6.55)0XX rll 62 (t) (.5

where 6(t) is the width of the boundary layer, Owall = 0, and

Oouter (Xwau) = I V t1/3. (6.56)
2 6
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Equating the magnitudes of the bending term and the forcing term yields

1 3 (Oouter(Xwa) 1(6.57)
32 at 6 2 (t) 2

or, on integrating with respect to time and substituting in (6.56),

1 72 63(t1/3 (6581 373 ~'. -+0, (6.58)
64 e 62 (t) 2

where C is an arbitrary constant which must vanish because as t -+ 0, J does not
vanish, leaving C ~ 0. Dropping numerical prefactors and solving (6.58) for 6 yields

6 ~4/3t- 1/ 3  (6.59)

or dimensionally

6 ~ 1 /3 h5 / 3 t- 1/ 3  (6.60)
w L)1/

Thus the bending boundary layer should contract with time shrinking as t-1/3 . The
analogous elastic bending boundary layer is present is Love's solution [17] with

'G 1/3
6 elastic ~(jG) h5 / 3, (6.61)

w L

where G is the elastic shear modulus which has replaced [p/t in (6.60).

6.5 Breakdown of slender-body theory

The equations presented hitherto rely on the Trouton extensional viscosity and a
simple bending stiffness. Both of these approximations require making the assumption
that cross-sectional planes in the undeformed viscida remain planes in the deformed
viscida. Both approximations are violated in a small region adjacent to the wall due
to the no-slip velocity boundary condition on the wall that does not allow the wetted
wall area to shrink as the viscida stretches. This assumption taken together with (6.6)
would imply that A always remains one at the wall which, together with (6.7), suggests
that the tension at the wall will always be zero. In reality, the extensional viscosity
becomes infinite at the wall allowing the presence of a finite tension with no reduction
in area. An extensional viscosity boundary layer such as this one is considered by
Stokes, Tuck, and Schwartz in their discussion of the pinch off of a falling viscous
fluid drop [35]. They suggest that the extensional viscosity boundary layer extends
from the wall a distance approximately equal to the thickness of the viscida and the
effect falls off as 1/x 2 . They suggest the following "composite empirical expression"
for the Trouton viscosity:

3p 1+ .((6.62)
32 x
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Figure 6-2: Relative importance of bending (B) and stretching (S) as defined by
(6.34) and (6.35) at times just up to the emerging dominance of stretching. The
curves represent time snapshots in increments of 2 x 10-7. 6 = 1/50.

The analogous bending stiffness boundary layer will be of similar extent covering
the region in which the cross-sectional planes of the viscida become curved during de-
formation. The effect of the bending stiffness boundary layer is incorporated through
the boundary condition that requires the slope of the viscida to vanish at the wall.

6.6 Numerical solutions

To account for both bending and stretching, (6.32) can be solved using a spectral
collocation method based on Chebyshev polynomials [32]. This solution confirms
that at early times, the viscida sags at the bending controlled rate proportional to t
and, at later times, at the slower stretching controlled rate proportional to t1/3 . The
same solution shows that the boundary layer size shrinks at a rate proportional to
t- 1/3 . Appendix F elaborates on the details of the implementation of the numerical
scheme.

Figure 6-2 illustrates the relative importance of B and S for E = 1/50. For
this slenderness ratio, (6.48) predicts that bending will outstrip stretching for t >
1.1 x 10-6, an estimate very close to the results shown in Figure 6-2. Figure 6-3
shows the evolution of the viscida as stretching asserts itself. For t < 10-7, the
bending solution presents an accurate picture of the viscida.

Figure 6-4 shows the behavior of the viscida at later times after stretching has
become dominant over most of the span. The stretching solution's exaggeration of the
displacement stems largely from the gross over-estimation of the angle in the boundary
layer as seen in the left-hand plot of Figure 6-4. However, Figure 6-5 shows that the
growth rate of the full solution approaches the one-third power law growth rate of
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Figure 6-3: Evolution of the viscida just as stretching begins to emerge as a contribut-
ing factor. 0 = H, is the solution of (6.32). 0 Bending is given by (6.41), and HBending
is given by (6.42). The curves represent time snapshots in increments of 2 x 10-7.
C = 1/50.
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Figure 6-5: Sag of the viscida after stretching has dominated bending over most
of the filament. Hm, = -H(0, t) is the maximum displacement of the viscida.

HStretching - ff1 i/2 OStretchingdX, where 0 Stretching is given by (6.51). e = 1/50.

the stretching solution. Figure 6-6 contains a plot of the contraction of the bending
boundary layer extent over time illustrating the t-1/3 dependence predicted by (6.59).
Figure 6-7 shows the dependence of the boundary layer size on the slenderness of the
filament and confirms the 4/ dependence predicted by (6.59).

6.7 Late time behavior

At comparatively very large times, the viscida will pinch off in finite time from the
extensional viscosity boundary region near the wall in much the manner suggested
for droplet pinch off by Stokes et al. [35]. When the filament has sagged sufficiently,
the portion of the filament extending from just outside of the bending boundary layer
near the wall to some point a considerable way along the filament will hang nearly
vertically with negligible curvature. The behavior of the filament at this stage follows
the limit of (6.8) when 0 -+ 7r/2 and 0, -+ 0:

T, = w (6.63)

where
w = pgAO(s). (6.64)

Integrating (6.63) once from some point, si, near the bottom of the vertical region to
an arbitrary point in the vertical region, s, leads to

T(s, t) = pg Ao(s)ds + f(t). (6.65)
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Figure 6-6: Time dependence of the bending boundary layer extent. The dashed line
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Figure 6-7: Variation of the bending boundary layer size with slenderness ratio at
t = 8 x 10-4. The dashed line indicates a slenderness ratio dependence of 64/.
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At s = si, T = T(si, t), so f(t) = T(si, t). At s = si, the tension must by symmetry
support half the weight of the strand below sl, so

T(s1, t) = pg j Ao(s)ds (6.66)

and
T(s, t) = Pg Ao(s)ds. (6.67)

Utilizing the constitutive relation, (6.7), and noting that due to (6.6),

&
AA, = -- (AA) - AtA = -AtA, (6.68)

T(s,t) = -3puAt(s,t) = pg Ao(s)ds. (6.69)

Integrating in time yields

A(st) = pgt s Ao(s)ds + f (s). (6.70)
3p

A(s, 0) = Ao(s), so f (s) = Ao(s) and

A(s, t) = - pgt j Ao (s)ds + Ao(s). (6.71)
3p J

To determine when and where the viscida will break, set A(s, t*) = 0 in (6.71):

3pAo (s)t* (s) = .PAo(s) (6.72)
pg fo Ao (s)

The filament will break at the position s = s* that minimizes t* (s). These results are
completely analogous to those of Stokes et al. [35]. The denominator of (6.72) strictly
increases with increasing s. Thus, if Ao(s) does not vary with s or decreases with s,
the minimum t* will occur just outside of the extensional viscosity boundary layer and
wall region bending boundary layer at a distance O(h) from the wall. Examination
of (6.8) shows that from the time that stretching begins to dominate bending and
therefore N ~~ 0,

T, = w sin 0. (6.73)

This will occur during the time regime described by (6.26) during which the thickness
of the filament experiences no appreciable change. Thus, to a good approximation,
the filament enters the regime described by (6.73) with a uniform cross-sectional area.
Since in the region 0 < s < L/2, 0 < 0 < 7r/2 and w > 0, Ts > 0. This means that the
maximum tension will occur near the wall just outside of the bending boundary layer.
Since the rate at which the viscida pinches down is proportional to the tension, (6.69),
the viscida will slim most rapidly in the region near the wall during the entire time
span from the uniform cross-sectional area filament to the nearly vertical filament.
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Thus, in fact, Ao(s) for the late-time problem will have a minimum near the wall,
and the viscida will break there.

6.7.1 Exact outer solution for the stretching region

In the stretching region, even beyond the time for which the small angle approximation
is valid, N = 0, and the following reduced forms of (6.8) and (6.9) govern the evolution
of the viscida:

T, =w sin 0 (6.74)

and
TOS = w cos 6 (6.75)

subject to the constitutive equation

T = -3pAt. (6.76)

Substitution of (6.76) into (6.74) and (6.75) yields

-3p Ast = w sin 0 (6.77)

and
-3p AtO, = w cos 0. (6.78)

(6.78) when multiplied by cos 0 can be rewritten as

ds-3pLAt+(sin 6) = w(1 -- sin 2 6). (6.79)

Rearranging (6.77) as
Ast = sin 0 (6.80)

w
and substituting into (6.79) yields

3pAt A/_t = w I - 9A ] (6.81)

or

AtAsst + As =/L 2  (6.82)

(6.82) can be rewritten

- (AtAst) = 9W2 (6.83)

and then integrated to form

2 A =
A st= 9A2 + f (t) (6.84)
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or
2 s = 9 + f (t). (6.85)

29as (' 9A~2

At s = 0, y (A2) = 0 by symmetry. It follows that f (t) 0 and

-- (A 2 = w . (6.86)as 9pj2

Integrating (6.86) leads to

A 1 /t + f 2 (t) (6.87)

or
w2s2

At = - + f 2 (t). (6.88)
92

Differentiating shows
w 2 s

Ast= 9[2 (6.89)
2 f 2 (t)

(6.89) taken together with (6.80) leads to

W S

sin 0 = 31 (6.90)
+ f 2 (t)

which represents the outer solution condition that must be matched to 0 from the
bending boundary layer solution. For this solution, it would not suffice to say that
the slope of the filament near the wall is approximately ir/2 since that would lead to
f 2 (t) = 0 and O(s) = 7r/2, and by symmetry, it must be the case that 0(0) = 0.

6.8 Sagging of sheets

If one wishes to consider the sag of a planar sheet, the only changes lie in the Trouton
viscosity which goes from 31- to 4p to account for the fact that no transverse stretching
can occur in the planar case, the moment of inertia which goes from h to 3 (keeping
in mind that planar quantities are per unit length in the direction of uniformity), and
A which goes from 2h2 to h.
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Chapter 7

Conclusion

In the spirit of the analogy between the behavior of viscous Newtonian fluids and
static Hookean solids formalized by Stokes and Rayleigh for bulk materials, this the-
sis explored extensions of the analogy to slender bodies such as filaments and films
of viscous fluids. Slender viscous bodies have not been nearly as well explored as
their elastic brethren. Interest was spurred in the late 1950s and 1960s by geological
applications and soon spread to the general fluid mechanics community. Flows involv-
ing slender viscous bodies have drawn great interest recently because they commonly
arise in manufacturing processes.

This thesis has striven to explore these fascinating fluid phenomena in the context
of their elastic analogs. The principal difference between slender viscous bodies and
their elastic counterparts is the presence of significant surface tension in fluids. In
order to explore the analogy, this work considers viscous scenarios with and without
important surface tension effects. The general equations for the evolution of a folding
viscous sheet are developed from the Stokes equations for highly viscous fluid flow
following the example of Buckmaster et al. [8] and Howell [12]. The two-dimensional
case of layer-parallel compression is considered in order to shed light on the general
stability behavior of the equations.

The thesis focused on three particular problems, wrinkling of a sheared annular
film, wrinkling of a sheared rectilinear film, and sagging of a horizontal filament.
Though many viscous folding problems have been considered over the years, the first
two problems in this thesis represent the first truly three-dimensional viscous folding
problems solved. All three of these scenarios exhibit very complex nonlinear behavior
even though the material properties are perfectly linear and no inertia is considered.
The complexities arise from the geometries which contain multiple length scales and
dynamic free boundaries.

The elastic analog to the annular problem was studied by Dean in 1924 [11]. Dean
clamped an elastic sheet in an annular geometry and investigated the instability of
the sheet under pure shear. Experiments were performed for the case of viscous
annular sheet shearing in order to quantify the behavior of the system and serve as
a validation of the model equations and their predictions of the critical shear rate
for wrinkling and the most unstable number of ripples as well as the resulting mode
shape. In Chapter 3, the experiments are described in detail. The most unstable
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modes, as expressed by the experimental sheet deformations, compared well, but not
perfectly, with the results of linear stability theory which predicts that the instability
arises in a supercritical pitchfork bifurcation in which the amplitude at true onset
is zero. Due to the difficulty of measuring very small deviations in the shape of
the sheet, the instability is only observed when the amplitude becomes detectably
large. The experimental data can only characterize this regime slightly beyond onset.
Utilizing the linear theory (which is only strictly valid for infinitesimal amplitudes
but represents a close approximation for small amplitudes at which nonlinear effects
remain small) to model the regime measured in the experiments showed excellent
agreement between theory and experiment. These results represent the first successful
model for a three-dimensional long wavelength instability in a viscous sheet.

The same model is applied in Chapter 4 to the rectilinear Couette geometry which
can be considered a limiting case of the annular geometry in which the radius of the
annulus is very large compared to the gap width. Southwell and Skan considered this
limiting case of the elastic problem in 1924 [28], the same year that Dean published
his annular study [11]. In contrast to standard planar Couette channel flow which is
stable for all shear rates, the presence of the free surfaces and slender geometry in this
scenario renders the flow unstable even to infinitesimal shear rates. The instability
to infinitesimal shear rates, exhibited by the annular sheet as well, may at first seem
to be at odds with the analogy since the corresponding elastic problems show finite
critical shear stresses necessary to produce the instability. The nature of the viscous
instability is, in fact, perfectly in harmony with the analogy. The analogy specifies
that displacements in the elastic medium be replaced by velocities in the viscous one.
An elastic sheets is stable below the critical shear rate because its bending stiffness
provides resistance to folding that prevents the deformation from occurring. In a
viscous sheet, the same bending stiffness provides resistance to rates of deformation
and, hence, does not hold the sheet in its planar shape, but slows the deviation instead.
Linear stability analysis of the viscous sheet equations yielded the dispersion relation
and the most unstable mode. It should be noted that in contrast to layer-parallel
compression, the rectilinear and annular sheared sheets are not subject to thickening
at small amplitudes of deformation due to the balance of tension and compression
resulting from shear; hence, the concerns of thickening taking place faster than folding
[22] do not apply to these scenarios.

The elastic analog to the third problem, the sagging filament, dates back to the
end of the seventeenth century when Jacob Bernoulli issued a challenge to find the
shape of a chain hung between two points. His brother Johann, together with Leibniz
and Huygens, solved for the resulting form [20]. Love considered the effects of elastic
stretching of the filament as well as its bending stiffness [17]. Here I have examined
the viscous catenary problem incorporating bending and stretching as Love did. This
is the inverse of the other two problems considered. In the case of the catenary, the
primary forcing is out-of-plane, and in-plane forces result. In the sheared sheet, in-
plane forces led to out-of-plane forces and folding. The observation that the equations
developed with the sheared sheets in mind were derived utilizing a velocity scaling
that was strictly kinematic allowed them to be applied to the sagging viscida as well
despite the reversal of the dynamic causality. The behavior of the viscous catenary was
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explored through three regimes of development. As an initially horizontal filament
begins to sag, resistance to bending governs the development. Once appreciable
deformation has occurred, naturally arising tensile stresses become important and
resistance to stretching then controls the evolving shape of the viscida except in
bending boundary layers near the wall where bending remains important in an ever
shrinking region. At very late times, the behavior of the filament resembles droplet
pinch-off from two necks.

These three problems serve as an emphatic assertion that the viscous-elastic anal-
ogy holds in slender members just as it does in the bulk. In each of these three
problems, not only do the shapes of the deformed viscous filaments and sheets share
all of the characteristics of their elastic counterparts; the forces present in each set
of scenarios also match. The only differences arise due to capillary forces and the re-
placement of strains with strain rates as required by the analogy. There is no shortage
of well examined plate, shell, and beam problems in elasticity. The elasticity litera-
ture should provide a well endowed mine of analogous viscous problems to examine
in the future.
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Appendix A

Derivation of model equations

The Stokes equations describe the behavior of a fluid in the limit of vanishingly small
Reynolds number (here in Cartesian coordinates):

Px (uxX + uyy + uzz), (A.1)

Py = (VXX + VYY + VZZ) (A.2)

PZ = PwOO+'WY+WZZ), (A.3)

where P is the pressure, and u, v, and w are the velocity components in the x, y, and
z directions. The continuity equation ensures conservation of mass:

u1 + vY + wZ =0. (A.4)

The top and bottom of the sheet must obey a kinematic surface condition,

D 1 1 1 1
Wz=H±h = (H h)=Ht -ht+(H ±-hx)u+(Hy ±-hy)v, (A.5)

where H is the z-coordinate of the center surface of the sheet, and h is the thickness
of the sheet. The top and bottom surfaces must also satisfy a dynamic traction
condition. The tractions on the surfaces of the layer are a result of ambient pressure
and surface tensions of the interfaces. The ambient pressure in the air above the
fluid sheet can, without loss of generality, be considered zero. The ambient pressure
below will be determined by hydrostatic pressure variations in the underlying fluid,
P- = p-gH, where p- is the density of the underlying fluid, and g is acceleration
due to gravity. The free surface condition can be expressed as

a -n = T (A.6)

where a is the stress tensor,

-P + 2pux (uy + X) /I(uZ + wX)
o = t(u±y + vX) -P + 2pv , (v + WY) , (A.7)

kpt(uz + wX) p(vZ + wY) -P + 2p/w,
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n is an outward normal to the surface,

1 1
n [-(Hx i hx),-(Hy± (A.8)

22

and T is the traction on the surface. The edges of the sheet satisfy a no-slip condition
so that the velocities u, v, and w match the velocity of the walls.

Following Buckmaster, Nachman, and Ting[8], the variables in the equation can
be scaled in a manner consistent with buckling type motion to generate an equation
wherein all of the scaled variables are of the same order. The scaled variables are
indicated by hats, and the scaling utilizes a characteristic in-plane length-scale of
the sheet, L, a characteristic out-of-plane velocity, U, and a slenderness ratio, C,
characterizing the ratio of the thickness of the sheet to L, where E << 1. The
variables scale as follows:

x= L, y =L, z = EL,
u= 2U, v = EU, w =71U, (A.9)

P = -IpE-, t = if L.

Howell [12] demonstrated that by plugging these scaled variables into the govern-
ing equations and representing the scaled variables in perturbation series (e.g. ft =

f(O) + f2fl + f4f(2) ... ), the equations could be solved order by order to generate
a set of equations describing the evolution of the geometry of the sheet. What fol-
lows demonstrates that the final equations arrived at by Howell can be derived in a
more physically intuitive manner by solving the leading order equations and balanc-
ing forces and moments in the sheet. Ribe [24] does a similar physically motivated
derivation for one-dimensional initially curved sheets.

Since all variables now considered are scaled, the hat notation will be dropped for
convenience. The scaled equations and boundary conditions follow:

Continuity:
E 2 X + E 2 V + Wz = 0, (A. 10)

Stokes:

E2 P = f~u ±X + EUY + ?UZZ, (A. 11)
=2p 2 +2 YY + VZZ, (A.12)

E 2Exx + E Wyy + Wzz, (A.13)

Kinematic surface condition at z = H t 1h:

1 1 1
W'z=H±Ih =Ht ht + E2 (Hx k hx )u + E2 (HY k hy)v, (A.14)

2 2 2 2'

Traction surface condition at z = H ±1h

2 2
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U+1 1
2 (H + Ih)(Hx + -hx) (A.15)

32 2
1 12(-P + 2ux)(Hx - h,) + c2 (uY + vX)(Hy - hy) - (uZ + Wx)2 2'

F- V1 -H+H2G
-23 2(H - h) (Hx - 1hx) +2-H(Hx - hx), (A.16)322 3 2x 1.)

E2 (UY + VX) (Hx + 1hx ) + E2 (-p + 2vy) (Hy + Ihy ) - (Vz + WY)=

2 1 1
22

2 _7 2 (V I1 1 G 1
-f 3 I(H - h)(Hy - )+ 32 H(H- hy), (A.18)

3 2

C2 (uz + wx)(Hx + 1 h) + E2 (vz + w y)(Hy + 1hy) - (--E2P + 2w,) =
22

2 r+ 1
-f v 2 (H + -h), (A.19)

3 2
E2 (uz + wx)(Hx - h,) + E2 (vz + wy)(Hy - hy) - (-E 2 P + 2w,) =

22
2 V2(H - h) - E2 H, (A.20)

3 2 3'

where

G 3 u (A .21)

and
a n r = 3 7 . ( A .2 2 )

PU'

Consider each of the variables in the equations and boundary conditions to be repre-
sented by a perturbation series in the small parameter, e2, so that

u U (0 ) + 62 Ul) + E%(2) .. , (A.23)

V= (0) + E2V1) + 164(2) ... , (A.24)

W = W(0) + 2 W( 1 ) + IEW(2) ... , (A.25)
p= p(O) + (2pp) + E4 p(2 ) ... , (A.26)

H H(0) + E2H)+ E4H(2) ., (A.27)

h h(0) + E2 h 0) + E4 h(2) .... (A.28)

Substitute the perturbation series representations of the variables into the equations
and boundary conditions. Since c << 1, the terms proportional to E2 are much
smaller than the other terms in the equations and to leading order can be ignored

(Equivalently, equate all terms of O(E)). Thus, the leading order governing equations
and boundary conditions follow:
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Continuity:
W(O) - 0 (A.29)

Stokes:

U - 0 (A.30)

-. 0 (A.31)
w( 0) - 0 (A.32)

Kinematic surface condition at z = H t 1h:

W(H) =H() h ) (A.33)
z=Hk Ih t

Traction surface condition at z = H ± h:

(U( 0) + W(.)) = 0 (A.34)z x z=H k Ih2

(v( 0 ) + w(O)) z=H+I h = 0 (A.35)

W z=Hih = 0. (A.36)

(A.29) shows that w depends only upon x,y, and t. This result combined with the
kinematic surface condition demonstrates that

-h(O) 0 (A.37)

and
w(O)(x, y, t) = H(O) (A.38)

(A.30) and (A.31) show that neither u(0) nor v40) depends on z. The dynamic bound-
ary conditions, (A.34) and (A.35), then show that

U -O) -H(O (A.39)

y0) - -H () (A.40)

Integrating (A.39) and (A.40) with respect to z gives

U(-) -zH(O + fi (x, y, t) (A.41)

V(-) -zH(O + f 2 (x,y,t). (A.42)

Let us define two new variables, ii and V, as the depth-averaged velocities in the x
and y directions, respectively.

1 H+.Ih
fL(x, y, 0) = - U(O)dz

h fH-Ih
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= --H()H + fi(x, y, t) (A.43)

fi(x, y, t) =ui + H(0)Ht) (A.44)

U(0) =i + (H (0) - z)H (A.45)

I H+-Ih
v(x,y,t) = -fH (0)dz

h fH-Lh2

S (0)H f 2 (x,y,t) (A.46)
ty +f X ,t

f2(X, y, t) = V + H(O)H(j) (A.47)

V(-) = + (H( ) - z)H( . (A.48)

Now, in order to evaluate the pressure, let us examine the order E2 correction to
the equations. All terms proportional to c 4 or higher powers of c can be ignored as
small compared to the remaining terms. The resulting set of equations has terms pro-
portional to C2 and terms with no dependence on E. The terms with no c dependence
cancel out because they satisfy the leading order equations. Dividing the remaining
equations by c2 and assuming that G and IF' are small compared to unity yields,
among others, the following equations and boundary condition:

WO)= -u (O) - O) (A.49)

wv) = _W -W + P(0 ) (A.50)

2w i) z=Hi p() (0+) ()(O) 1() + (v( 0)+ 0 ))(H(0 ) t h(o)). (A.51)Z z=H±.Ih + +w X)(HZ -h)
2 2 2

Substituting (A.49) into (A.50), using the known expressions for the leading order
velocities, (A.45) and (A.48), and solving for PP0 ) yields

p(0) - 2(H ()+ H ). (A.52)

Integrating (A.52) with respect to z leads to

P(O) = 2(H( + H )z + f 3 (x, y, t). (A.53)

Applying the boundary condition, (A.51), as well as (A.34) and (A.35), yields an
expression for the pressure,

P(O) = -2(u(0) + v 0)). (A.54)

Let us now consider leading order balances of forces and balances of moments on a
small element of the sheet (see Figure 2-1). When Re = 0 as considered here, inertia
plays no role and the forces and the moments must each sum to zero. First let us
consider balance of forces in the x-direction.

EFx 0 (A.55)
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a H+Ih
0 = dydx a - dzoxx + dxdy g [JH+jh ]

2H-Ih dzux

0 = [4( + H 0)H )h(O) + 2(Vi + H O)H yO))h(o)] +

a[ 1 Y + H O)H ))h(O) + (Vx + H(O)H y))h(o)]

which can be rewritten as

T, I 4(ii, + H 4 H )h(O) + 2(vy + H 0 Hty())h(O)

T12 m (UY + HO) H ))h(o) + (f, + H o)H ))h(O)

&T1 + = 0.T

By the same argument, summing the forces in the y-direction yields

ZFy 0

0 [4(f, + H O)H ))h(O) + 2(Ux + H+ H )h(O)] +
ay

±[(V + H$J)H ))h() + (iiy +

T22= 4(, + H H h + 2(fix + H O)H ))h(O)

9T12 + 0.
19X ± =0

(A.62)

(A.63)

(A.64)

Now, summing the forces in the z-direction leads to the following relations (the leading
order contributions are identically zero, so higher order terms have been included):

Z Fz = 0 (A.65)

0 = dydx a
H~khH+.Ih

H-fh dZ~xz + dxdy j}H-kh dzuyz][H-AIh aY [H.I
G

- dxdy2 H(o) +
3

dxdy 3V 2 (H(0)
3

+ Ih(o)) + dxdy 3 V2(H(0) 2 h(O))
2 3 2

Q+Ih

Q x H -=2 Z z(Tz
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or

(A.56)

(A.57)

(A.58)

(A.59)

(A.60)

(A.61)

where

(A.66)

(A.67)

H 0O Ht~o ) h(03)].



which can be rewritten as

DQ+ = NY
Dx D9y

GH(0) - ]V2(H(O)+ h(0
3 3 2

) - V2(H(0) - h(o)).
3 2

Balancing moments about the y-axis,

I:My = 0

0 = dydx x 9
Ox H+1h I [ H+[IhH-I h H9 1-1h

IH2h dzz(4i + 4HO)H)) + 4z (H(0) - z)H +
(ax ± HH

z(2V, + 2H 4 )H y)) + 2z(H(O) - z)H( +

] dzz('+ + z(H(0 )
9y fH -I h zfy+Hyo-t

z(vx + Hx0)H(y)) + z(H(0) - z)H( - Qx

> 0 = 0H(O)Tn -
Ox

Similarly,

a
D y [H( )T22

1h(o)3 H 2j -
3

- Ih H("
3 tyy

1h 03 H(O)
6 = 0

ZMx = 0

+
D 1y [H() T12

- h ()3 H

- h (H)3H + D[H -12 h()3 Ht]

(A.72)

(A.73)

(A.74)

SQY

(A.75)
Finally, differentiating (A.75) with respect to y, differentiating (A.73) with respect
to x, and adding the results gives

0= 2 H0)T1 -

S)T22 -

2- [H(0)T12

h H
3I ~)Ho

h H (0
- Hty y

-Ih (o)3 H(O)]

- h (0)3H (0)
6 tYJ

h ()H

- C-2 (QX

where the last terms can be rewritten using (A.69). Eliminating terms using (A.60),
(A.64), (A.69) and rearranging terms leads to

Hx0) T, + 2 Hx(,) T12+ Hv(0)T2- GI O)H$)x ± 2H2T2 - GH30 )2
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H+-Ih
QY = H-J dzryz

1 2

(A.68)

(A.69)

- dydx Q3

(A.70)

(A.71)

+

+

(A.76)

z)H(O)+

+ ,



2(H() + h()) V2 (H(0 ) -h( 0)) -

a [1h(3 H + 1 h H + a1h(0)3 H(0) 1h (0)3 H'] +Wx2 [3 hH~ + 1h() 3 H OY ± [' tyy +6

Sh 0 3 H . (A.77)
axa [ 31b txYj

A sheet with initially uniform thickness, h1
0) - h(') = 0, will always remain uniformly

thick because h 0) = 0. Therefore,

H}() T 1 + 2H 0,)T 12 + H(-)T 32 + £_2 2H(0) = 1h(0)3 V4H(0), (A.78)

where F = 37 - -
In general, in this thesis the superscript '(0)' is omitted, and all quantities of

unspecified order are assumed to be leading order quantities.
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Appendix B

Confirmation of pressure scaling in

original theory

To confirm the pressure scaling in the theory for small displacements of a viscous
sheet, let us examine the effect of considering larger pressures. In the original scaling
at onset

X L, y ~L, z ~EL,
U EU, V EU, w U,

What if pressure is 0(c-2)?

P
U

PE2L

P ~ PE'U
U"eb

From the leading order continuity equation

-0) = 0.

The kinematic boundary condition at leading order requires

w (0) = Ht ).

z-direction conservation of momentum requires at leading order that

P(O) - ym 0) = 0.

The z-direction dynamic boundary condition to leading order states

P(O) = 0.

Therefore, P(0 )(x, y, z, t) = 0, and P cannot be 0(E- 2 ).

What if pressure is O(c-1)?

From leading order continuity

U

-0) = 0.
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(B.1)

(B.2)

(B.3)

(B.4)

(B.5)

(B.6)

(B.7)

(B.8)



The leading order kinematic boundary condition requires

-() = H(O).(B.9)

At O(c), the continuity equation requires

z ) - 0. (B.10)

At O(c), z-direction conservation of momentum requires

P(O) - P =iz) = 0. (B.11)

The leading order z-direction dynamic boundary condition states

P(O) = 2pw ) = 0. (B.12)

Therefore, P(0)(x, y, z, t) = 0 and P cannot be 0(c- 1).
The original scaling, P - , follows.
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Appendix C

Sheared annular sheet with
G = r = o

W.R. Dean performed his calculations in the absence of gravity and surface tension
[11]. In order to fully illustrate the analogy of the viscous results of this thesis to his
elastic analysis, this appendix presents the predictions of the viscous analysis with
G = F = 0. The evolution equation for the sheet, (2.18), in cylindrical coordinates
becomes

Hrr 4ur v9 + - + 4HHr + -HOHtO

+2(Iro - )or+I 0 - 1V + -HOHtr
(r r2 r r r

(Hoo Hr 4 4 2 -
+ ( 2 + r 2Ur+-rvo +-ru +2HrHr +-r2HoHtol

2 r2 3

Because the in-plane stress balances do not change, the base solutions for the in-plane
velocities, (A.45) and (A.48), also remains unchanged. Linearizing (C.1) about a base
state of H = 0, and examining solutions of the form H = e't+imof(r) results in a
linear stability equation highly simplified by the absence of the gravity and surface
tension terms,

d4f 2 d3f 2m 2 + 1d 2f 2m2 +iSm+1 df m 4 -4m 2 -iSm+ ~ d +2 2+ f -O (C. 2)
dr4  r dr 3  r2 dr2 +2 dr =

subject to boundary conditions at the inner and outer radii of the annulus, r = Ri
and r = R,

f (Ri) = f (Ro) = f'(Ri) = f'(Ro) = 0. (C.3)
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Converting from independent variable r to I in r transforms the stability equation,
(C.2), into one with constant coefficients,

d4 f _daf d2f df
d 4 f 4 d 3f +(4- 2m 2) d 2 + (4m 2 +iSm) d + (m4 - 4m 2 - iSm)f = 0 (C.4)

subject to clamped conditions at = in Ri and = in R,. The general solution to
(C.4) can be written as

f ( ) = AieMC + A2e2 + A 3el3 + A 4eA4 , (C.5)

where the Ai are the solutions to the characteristic polynomial of the stability equa-
tion,

A4 - 4A3 + (4 - 2m2)A2 + (4m 2 + iSm)A + (M 4 - 4m 2 - iSm) 0. (C.6)

The boundary conditions (C.3) can be written as

RA R2 RA3 R A4 A1  0
AR"1 A2R A2 A3R A3 A4R A A 2  _ 0A3i A4i~ CA ,I I (C.7)
R Al RA2 R R A3

A1 RA1 R R2 A3R-b A4R A A4 0

Introducing a new parameter, n = R, and performing some simplifications, the
condition for the existence of nontrivial solutions can be written as

1 1 1 1
A1  A2  A3  A4

nAl rA2 n A A = .(C.8)

AlnA1 A2n2 A3nA3 A4n A4

Solving (C.6) and (C.8) numerically reveals the relationship between aspect ratio and
S for each azimuthal wavenumber as depicted in Figure C-1(a) (Appendix F briefly
discusses the numerical method employed.). a E R as proved in Section D.1, so the
instability does not migrate around the annulus. The stability plot is identical to
Dean's stability plot for the elastic case. The only difference lies in the definition of
S, S = /-. In Dean's graph, the lower envelope of the family of curves dictates the
mode number of the observed instability for each aspect ratio because the lowest curve
represents the deformation that occurs for the smallest load. For the viscous case,
the plot is better presented using o-* = = u/ (Figure C-1(b)) where the upper
envelope represents the observed instability because the highest curve for a given
aspect ratio belongs to the deformation with the highest growth rate for a given load.

The results of the linear stability analysis reveal that infinitesimal disturbances
of any azimuthal wavenumber in the out-of-plane displacement of the sheet will grow
exponentially in time for any non-zero shear rate. The system is thus always unstable.
The wave number dependent growth rates of the disturbances determine the particular
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Figure C-1: (a) Viscous stability plot for S = /- or Dean's elastic stability plot for
S = -y. (b) Conventional stability plot with -* = -/.

number of observed wrinkles in a given sheet. The fastest growing disturbance which

corresponds to the most unstable mode will rapidly dominate the geometry of the

sheet. The envelope of the curves in the stability plot represents this set of most
unstable modes as a function of the system aspect ratio.

These results ignore the effects of gravity and surface tension both of which sta-
bilize the sheet with regard to the instability considered. Gravity most strongly
damps longer wavelength ripples, and surface tension most strongly damps shorter
wavelength ripples. Each effect, though, will act to some degree on all perturbation
wavelengths. Therefore, the presence of these stabilizing phenomena creates a situ-
ation where a state of neutral stability exists for a non-zero forcing of the system.
Stronger forcing than that in the neutral case will generate wrinkles in the sheet,
weaker forcing will generate none.
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Appendix D

Proof that the instability is a
pitchfork bifurcation with real
growth rates

D.1 Case 1:

I 1 0

Sheared annular sheet with G #/ 0 and

The following equation governs small motions of the sheet:

DV 4Ht - S (Ho
r0 r

- Hro) - 3 V2H
1

+ -GH = 0.
3

Boundary conditions: at r = R, and r = Ri

H =0 (D.2)

and
H, =0. (D.3)

The following proof follows a method inspired by similar analysis done by South-
well and Skan for the rectilinear problem [28].
form

H = (W + iW')eiat,

Consider solutions to (D.1) of the

(D.4)

where W and W' are arbitrary real functions, and -is potentially complex. Consider
two solutions,

H, = (W + iW')eo*t

and its complex conjugate

H2 = (W - iW')e-i"*t

where the superscript * indicates conjugation.

(D.5)

(D.6)

If H1 is a solution, then H2 is also a solution because the real and imaginary parts
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of the solution don't interact in a linear equation with real coefficients.
real part of the equation governing H1 is the same as the real part of the equation
governing H 2, while the imaginary part of the equation governing H1 is the negative
of the imaginary part of the equation governing H2, and thus if one is satisfied the
other must be satisfied as well. Because the boundary conditions compare in the same
fashion, the supposition must be true: if H1 is a solution, then H 2 is also a solution.

Thus, it is true that

f [H1 (DV4H 2 t
S Hio

S (H20
r

- HirO)

- H 2 ,r0 ) -

- !V2H
13

Fv2H2
+ 1GH 2)

+ 1GH 1 dA = 0,

where the integrals are over the whole sheet. Utilizing the known forms
H 2, (D.5) and (D.6), yields

iD JJ [UH 2V H1 - a*H1 V4H2 dA

-S f H2HO

'JJ(H 1V2H 2

H2Hir0 _ H1 H20 + HiH2rO drdO -

- H2 V2 H1 ) dA = 0

which can be rewritten as

iDJJ [av - (H 2 7 (V2H 1 )) - 0 (VH 2) - V (V2H1 ) -

U*V. (H1V (V2H 2)) + o* (vHT1)-V (V2H 2)] dA

H2Hir

r2 )

H2( H1 H1 + (Hi H20) + Hi\r0( r2 / ar \r2 7

- 11[V - (H1 VH 2 ) - (VH) - (VH 2 )

V - (H 2VH1 ) + (VH 2) - (VH)] dA = 0.

H 20

3a

H1rH2
0 drd

r 2

Using the divergence theorem and (D.2) to eliminate terms in the first and third
integrals and canceling terms in the second and third integrals yields

iD JJ [-or (VH 2 ) . V (V2H 1) + o* (VH 1 ) . V (V2H 2 )] dA

H2 H1  H 2 H 1 , 27r

r3 r 2 0=0
dr - S H1H2O] Ro

L r2 r,=Ri

Rewriting the equation again noting that the integrand of the second integral van-
ishes due to periodicity and the integrand of the last integral vanishes due to the
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-H 2 (DV4 Hit (D.7)

of H1 and

(D.8)

(D.9)

-S dO = 0. (D.10)

Hence the

-S If [a ( H2 H1
ao 8 r3



homogeneous boundary conditions yields

iD JJ [-V2H1 V2H 2 - GV (V2H 1 VH 2 ) -

0-*V
2 H 2 V 2 H, + a*V (V2H 2VH 1)] dA = 0,

(D.11)

and applying the divergence theorem and (D.3) yields

iD(- - -*) JJ [V2HV2H 2] dA = 0. (D.12)

Substituting the forms of H2 and H1 from (D.5) and (D.6) yields

iD(o- - o-*)ei("-OT)t Jf [(V2W) 2 + (V2W')] dA = 0. (D.13)

In order for this expression to be true, it must be that

or- = -*, (D.14)

implying that o is strictly real and that there are thus no traveling waves or oscillations
in the solution, just a growing or decaying mode shape.

D.2 Case 2: Sheared rectilinear sheet with
and F'/ 0

The following equation governs small motions of the sheet:

DV 4Ht - 2S H
2XSy

-
1v2H +

3
1
-GH = 0.
3

Boundary conditions: at y = tB
H =0

H= o.

(D.15)

(D.16)

(D.17)

The following proof follows a method inspired by similar analysis done by South-
well and Skan [28]. Consider solutions to (D.15) of the form

H = (W + iW')eiat (D.18)

where W and W' are arbitrary real functions, and a is potentially complex. Consider
two solutions,

H, = (W + iW')eiot (D.19)
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and its complex conjugate

H 2 = (W - iW')C-i"r*t (D.20)

where the superscript * indicates conjugation. If H1 is a solution, then H2 is also a
solution:

Hi Hr + iH

H 2 Hr - iH.

(D.21)

(D.22)

Plugging H1 into the governing differential equation and separating the real and
imaginary parts of the equation yields

DV4 Ht -2S 
2 H2 F

D2 y - V2Hraxay 3
1

+-GH,.=r0
3

(D.23)

(D.24)
2H ]p

DV4Hit - 2S -- V2 H + -GHi - o.
axay 3 3

Plugging H 2 into the same equation and separating the real and imaginary parts yields
the same two equations which are true by assumption. The boundary conditions
compare in the same fashion, and we find that the supposition is true, if H1 is a
solution, then H 2 is also a solution.

Thus, it is true that

( DV4 H 2 t -

H 2 (DV4 H1t -

92H22S a
axay

02H12S a
axay

-V2H

23

F
3

1 '
+-GH2 I-

3
1

+ -GH1 d A = 0,

where the integrals are over the whole sheet. Utilizing the known forms
H 2 , (D.19) and (D.20), yields

(D.25)

of H1 and

iD J [O-H 2 V4 H1 - o*H1V H2] dA - 2S J (H 2 H1X, -

- JJ (H 1 V2H 2 - H 2 V2H 1 ) dA = 0.

The second term can be rewritten as

and eliminated using Green's theorem and (D.16). It immediately follows from the
results of Section D.1 that

o-=o*, (D.28)

implying that -is strictly real and that there are thus no traveling waves or oscillations
in the solution, just a growing or decaying mode shape.
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-2SJ [x (H2H,) - (H1H 2x) dA (D.27)



Appendix E

Distinguished scalings for the
nonlinear problem

E.1 Saturation at H ~ h

Consider the following scaling of the equations appropriate for saturated wrinkles
with amplitudes of the order of the thickness of the sheet:

U~ U, V U, W ~EU' (E. 1)h~ -EL, H ~EL, x~ L, y ~ L, z ~ cL.

This scaling is the one used in lubrication theory. Time and pressure still require
scalings, but let us examine the equations first to inform our assignment of their
scales. Time appears explicitly only in the kinematic boundary condition:

D 1 1 1 (E2
Wz=Hk I±DI (H - h) = Ht ± -ht + (Hx ± hx)u + (Hy k hy)v. (E.2)

2~.Hl = H 2 2 2 2 yV

All of the terms in the boundary condition are O(EU) with the possible exception of
H t ± ht. t can thus be no smaller than O(L/U) because assigning it a smaller value
would immediately imply a contradiction by requiring that Ht and ht be zero so that
nothing would change on that time scale. So let us take

L
t ~ . (E.3)

U

The largest term against which pressure is balanced is uzz in the x-momentum equa-
tion (A.1). Let us take a conservative estimate of the magnitude of the pressure and
scale it so that Px can balance uzz,

U
P~ .(E.4)

62L

Expand all of the variables as perturbation series in the small parameter E (e.g.
U - U(O) + Eut)+ 2 ) + .. .). Substitute the perturbation series forms into the
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Stokes equations and boundary conditions and scale each equation so that the largest
terms are O(c0). Consider first the z-momentum equation

Pz = p(Wxx + wYY + wzz )

which to leading order states that

P2() = 0.

Now let us examine the z-direction dynamic boundary condition at z = H ± 1h

1 1
-(Hr ± hx)p(uz + wx) - (Hy hy)p(vz + wy) - P + 2twz = 0

or to leading order
P(0) = 0.

This in conjunction with (E.6) shows that P(0) (x, y, z, t) = 0 and that the pressure is
not O(E2). So let us now instead consider

U
(E.9)

Once again, the leading order z-momentum equation states that

(E.10)P(0) - 0,

and the leading order z-direction dynamic boundary condition requires that at the
surface

P(0) - 0, (E.11)

so that P(O) (x, y, z, t) = 0 for this scaling as well. This finally leads us to the conclusion
that the pressure will scale as the viscous stresses arising from the in-plane velocity
gradients created by boundary motion,

U
L

(E.12)

The x and y momentum equations are to leading order

U) = 0

V 0) = 0zz

which upon integration give

U(-) = f + (H(0) - z)fi(x, y)

V(-) =;v + (H(0) - z)f 3(x, y)
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(E.6)

(E.7)

(E.8)

(E.13)

(E.14)

(E.15)

(E.16)



Examining the x and y dynamic boundary conditions

1 1
-(H hx)(-P + 2tux) - (Hy t hy)(Y + vX) + p (u, + wX) = 0

22

1
-(Hx t h,)p(uy

2
which to leading order

+ vX) - (Hy t hy)(-P + 2pvy) + p(vz + wy) = 0

require
U 0) - 0

V40) - 0

shows that
f, (x, y) = 0

f3(x,y) 0

and
U (0)

The leading order continuity equation states

Wl) = - - n.

The leading order z-momentum equation states

P(O) = pw 2.

Plugging in w(O) from (E.25) yields

P(O) - 0.Z

The z dynamic boundary condition, (E.7), to leading order yields

P(O) = -2p(ix - OY)

after utilizing known forms of 0), v(0), and w(O) from (E.23), (E.24), and (E.25).

Let us now examine the balances of forces and moments on a depth-integrated
infinitesimal section of the sheet. Selected leading order stresses in the sheet are

9-2 = i(4ii + 2VY)

-YY = p(2iix + 4VY)

O-7Y = p(iy + ;2)

and the depth-integrated stresses are

Ti = p(4ii2 + 2fii)h(0)

(E.29)

(E.30)

(E.31)

(E.32)

97

(E.17)

(E.18)

(E.19)

(E.20)

(E.21)

(E.22)

(E.23)

(E.24)

(E.25)

(E.26)

(E.27)

(E.28)
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T22=- p(4VY + 2ii)h(o) (E.33)

T12 - P(iy + vx)h(O). (E.34)

Balance of forces in the x and y directions requires

DT11 + T12  0 (E.35)
Dx Dy

12X T22
0T12 + =T22  0. (E.36)
ax Dy

Balance of moments in the x and y directions requires

H+Ih H+ Ih
0 = dzzoXX + 2 dzzcrxy - Qx (E.37)09x H- h ay HI-1h

H+I-h a H+ -1h
0 = 2 dzzoxY + - dzzu-yy - Q (E.38)ax fH-.Ih _iy fH- 1h

or

0 = [H(O)h(O)T] + 9 H(0)h)T12 - QX (E.39)

0= [.H(O)h(0)T 2] + 9 [H(o)h(O)T 22] - Qy (E.40)

where

Q 2 -Xzdz (E.41)

|H+.IhY 2YZdz. (E.42)

Balance of forces in the z-direction requires

DQ + N - -pgH() = 0. (E.43)
Dx Dy

Substituting expressions from the balances of moments, (E.37) and (E.38), for Q_
and Qy and applying the force balances, (E.35) and (E.36), to eliminate terms in the
expanded derivatives yields

Hxjx)T1 + 2 H() T12 + H )T22 = pgH( ), (E.44)

where the bending term, V4 H 3, has vanished due to its time derivative which be-
comes very small on the lubrication theory time scale at saturation which is much
longer than the folding time scale. Note that the time scale did not enter explicitly
into the derivation of these equations, so even if the correct time scale turns out to
be slower than that considered here, the resulting linearity of the equations would be
unaffected.
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E.2 A new scaling for the amplitude saturation

E.2.1 Curvilinear coordinate system

Let x', y', and z' be the sheet centered curvilinear coordinates, where z' points in
the original ' direction; X' points along the sheet center surface in the original x - z
plane; and "' points along the sheet center surface in the original y - z plane (see
Figure 5-1). Let the origin of the (x',y',z') system lie on the sheet center surface. The
following relationships exist between the two coordinate systems:

-0 x+ Hxz's' = (E.45)
V1+ HX

y = (E.46)
1+H2

z' = z (E.47)

i= +Hi'- HH5' (E.48)

p= 1+H2/' -Hy5' (E.49)

z= z (E.50)

Derivatives:
= a 1 + H H z (E.51)

a - a - a
= V1 + H2 -H (E.52)ay Yay' ~az'

a- a (E.53)
az az'

a2  HH 1  9 2 a a2 2

= 2 +HI xI H 9z' +(1+ H a12 -2Hz 1+ H 19x'1z' +H 2 aZ'2 (E.54)

a2  H H a a 2 2  a 2
-(-=----H + -2H 1+H 2  +H 2  (E.55)

ay2  l + H2y' icy ay'2  1y'az' Yz'2

a2  a2
(E.56)

E.2.2 Scaling of equations

Time and pressure still require scalings, but, as before, let us examine the equations
first to inform our assignment of their scales. The kinematic boundary condition on
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w states:

W~Hih-D ±1 1 1 + ±1~~
~z=Hk12h D(H 1h) i = H ht + (H hx)u+(Hyk hy)v (E.57)

2-D 2' 2 yLx 2 2

which at leading order reduces to

W(-) = H + H 0()u( 0 ) + H($0 v(0). (E.58)

All of the leading order terms in the boundary condition are O(U) with the possible
exception of Ht. t can thus be no smaller than O(L/U) because assigning it a smaller
value would immediately imply a contradiction by requiring that Ht be zero so that
nothing would change on that time scale. So let us take

t ~_ -. (E.59)
U

Continuity and the Stokes equations remain

zX +vY +wz =0 (E.60)

0 = -VP + AV 2 U. (E.61)

The largest term against which pressure is balanced is uzz, in the x-momentum
equation. Let us take a conservative estimate of the magnitude of the pressure and
scale it so that P, can balance u,,,

U
P ~ p . (E.62)

E2L'

Consider first the z-momentum equation

PZ = p/w( + wYY + wZZ) (E.63)

which to leading order states that

PL,) = 0. (E.64)

Now let us examine the z-direction dynamic boundary condition at z = H kh,

11-(Hk h)p(uz +wx) - (Hy k hy)p(vz +wy) - P + 2pwz = 0 (E.65)

or, to leading order,
P(O) - 0. (E.66)

This in conjunction with (E.64) shows that P(O) (x, y, z, t) = 0 and that the pressure
is not O(E-2). So let us now instead consider

UP ~ p(E.67)
EL
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Now the leading order momentum equations state that

Pj/) p(1 + H + H w (E.68)

-Hx P = pH(1 + H + (E.69)

-H (o)P (/) -0) +( +())V
y P = + Hx y z,. (E.70)

Using the (E.68) to eliminate P(I) from (E.69) and (E.70) yields

-H= -H 0 m (E.71)
z z y z z (.)
z , = -H Ow 0). ( E.72)

The leading order continuity equation states that

-H(o)u() H- v + W() (E.73)

which, differentiated with respect to z', requires

w ,= H0), + H()v ,. (E.74)

(0)
Using (E.74) to eliminate wz(z, in (E.71) and (E.72) yields

(1+ H = -H 4OH 0) (E.75)

(1 + H I -)v, = -o)H(O)u (E.76)

which can be combined to form

(1 + H + H O )u , = 0 (E.77)

so that
U(0 = 0 (E.78)

and, similarly,
V/= 0. (E.79)

When substituted into (E.74) these reveal that

wZY = 0 (E.80)

which, in conjunction with (E.68), shows that

P(O) - 0. (E.81)

Now the derivation below [(E.92) through (E.109)] can be followed leading to

62, = fi(x, y, t) (E.82)
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fz' = f3(x, y, t)

-1= Hx")fl + H 0)f3.

At leading order the three dynamic boundary conditions reduce to

p(O) - 11(H) 2 ±Ho) 2 ) )f
--H10) = (1+. H + H )1p 1

p(O) 2
y A H 2 )f3

(1+ H o + H 4)(H O)fi + H 0)f3).

Using (E.85) and (E.86) to eliminate fi and f3 from (E.87) yields

(I+ H 2 +

so that
P(O) - 0

which together with (E.81) demonstrates that

P(0)(x, y, z,t) = 0.

Thus, P cannot be O(c-1), and
UP ~ A

remains. The pressure scales as the characteristic viscous stresses generated by the
depth-averaged in-plane velocity gradients.

E.2.3 Derivation of expressions for significant field variables

To leading order continuity requires

-HxOQz4) - H(o0)v + w(0) = 0.z y z (E.92)

The sheet is subject to the following kinematic boundary condition at z' = jh:

(1H tD(H ± 1h) 1 1 1
w(xyH k-h2t) = Dt = H± hti +uH +vHy k u h k vhy (E.93)

which at leading order requires

W(O)(x, y, H ± h/2, t) = H(0 ) + u(0)Hx0o) + v()H(O) (E.94)
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(E.84)

(E.85)

(E.86)

(E.87)

H (O) =0 (E.88)

(E.89)

(E.90)

(E.91)



To leading order the x and y direction Stokes equations state

(0) , 0 (E.95)

S, 0 (E.96)

so, integrating,

U ) =i + z'fi(x, y, t) (E.97)

V(0) =V + z'f 3(x,y, t). (E.98)

Substituting these forms for the in-plane velocities into (E.92) yields

wO) H(0)fi + H f3 (E.99)

which integrates to

W(0) - (H 4)fi + H 0)f 3)z' + f 5 (x, y, t). (E.100)

Now utilizing (E.97), (E.98), and (E.100) in (E.94) yields

(Hx fi + H (0)f3) +f=H + iiHx) + O I t h(0)fHxO) t h(O)f 3H(O)
Y)M 2 +f5=LtY 2 2

(E.101)
Averaging the top and bottom boundary conditions reveals

f_- H(O) + ±H) + VH(O) (E.102)

Plugging this result into (E.100) gives

(-) = H 0) + U(0)Hx0) + v(0)H 0) (E.103)

In the absence of gravity and surface tension, the upper and lower surfaces of
the sheet are free of traction as expressed by the dynamic boundary condition at
z = H h:

or =0 (E.104)

= ± [-Hx, -Hy, 1]n±H 2 (E. 105)
|1+HX2+ HY

-P + 2/ux ,(uY + vX) P(Uz + Wx)
S= j(uY +v) -P + 2pvy p(vz + wy) , (E.106)

A(uZ + wX) p/vZ + wY) -P + 2pitwz

where only the leading order terms have been included in nl4. The three components
of the dynamic boundary condition are

-Hx(-P+ 2tux) - Ht(uy +vx)+ p(uz +w ) = 0 (E.107)
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-Hxp(u. + v,) - Hy(-P + 21uv,) + /(Vz +WY) = 0 (E.108)
-Hp(uz + wx) - Hy p(vz + wy) - P + 2pwz = 0. (E.109)

To leading order, at z = H ± ih, (E.107) requires

-Hx0 )(-2H(0)f1 ) - H(0) (-H(0)fi - H(0)f3) + fi - Hx0 )(H 0)f1 + H 0)f3) =0 (E.110)

(1 + HO)2 + H(o) 2 )f = 0 (E.111)

fi = 0, (E.112)

and (E.108) by similar arguments requires

f3= 0, (E.113)

so the in-plane velocities do not vary through the thickness of the sheet.

U(-) = (E.114)

V(-) (E.115)

W(-) = HtO) + fiHx0) + 0 H(0 . (E.116)

At O(c), continuity requires

(1) H)u - H(o)v(P + ii +;v- 0. (E.117)

Momentum conservation at O(E) requires

-I p(H Z)wI + How ,+w ,) (E.118)

or

p4 = P(1 + H + HV )w , (E.119)

0 = H)P ± (1+ H + H(O) )u , (E.120)

0 = H(o)P (1+ H + H )v, (E.121)

which can be combined to show

S -H(O)w1) (E.122)

V1= -H(O)w,. (E.123)

Differentiating (E.92) with respect to z' and utilizing (E.122) and (E.123) shows

(1 + H + HY) )w = 0, (E.124)
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so

, 0. (E.125)

,= (E.126)

from (E.119),
U -, = 0 (E.127)

from (E.120), and
, 0 (E.128)

from (E.121). Integrating (E.127) and (E.128) twice and utilizing the results in
(E.117) yields

-G = &1) + z'f 6 (x, y, t) (E.129)

V =- (1) + z'f 7 (x, y, t) (E.130)

= Hx0)f_ + H(0)f7 - ii - Vy. (E.131)

The dynamic boundary conditions at O(c) require

-Hx )(-P(0 ) + 2pwid - 2pHx0)f6 ) - H 0)p(iy - H(0)f6 + V - Hx0)f7 ) +

/t(f 6 + W 0) + H 0)(i ±, + )Y) - H0o) 2 f6 - H 0)H 0)f7 ) = 0 (E.132)

-H 0)pt(i - H 0)f6 + V - Hx0)f7) - H 0 (-P(O) + 2py - 2[tH 0)f 7) +

/-t(f 7 + + H (i + Vy'ii) - H 7- H 0)H 0)f6 ) = 0 (E.133)

-H 0 )p(f6 + W 0)+ H 0) (,, + 'i) - H )f 6 - H 0)H 0)f7 )

- H Mp(f7 + W 0) + H (ii + Vy) - H0o)2f7 - H 0) H 0)f6 )
-P(O) + 2pi(Hx0)f6 + H 0)f7 - ii - vy) = 0. (E.134)

Rearranging (E.132) and (E.133) yields

Y(1 + H + H )2 )f6 = -Hx )P( + y [H O)iix - H y + H y + ) - w(O)
(E.135)

p(1+ H + Ho) )fy = - ( +t p[H ) -- H$0) 'ii + H (iy + Vx) -w ,
(E.136)

and then plugging into (E.134) gives

P(O) = 2pu (iix + VY) - ApD [ln (I + H 2 +H . (E.137)

Plugging back into (E.135) and (E.136) yields

Hx0)(2 ii + 'y) + H 0) iy + H [In (1 + H 2 + H -D

1 + + D (E.138)
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(0) (ix + 2iy) + Hx01)V + HO) [In (1+ H0)2 + H0)

1+ H 2 +H 2

The kinematic boundary condition at O(c) requires

=H- l ± Wh) + uO'Hx0 ) + u(0 )H4() + v( 1) H 0) + v( 0)HyM

±Uu(O)h 0 ) t 1v(0 )h(0)2 2: 2 Y.

Taking the difference between the upper and lower boundary conditions yields

h(0) (Ho) f6 + H(O)f7 - ii - Vy) = h(O) + h(0 )f6 Hx0 ) + h(0)f7 H(0) + ih!")

1 Dh 0 )
h(0) Dt = - 0, = Y U.

Henceforth, superscripts '(0)' will be dropped for convenience.
variable are assumed to be leading order. In summary:

U =ft

W = Ht + UHx +VHy

P = 2/u (x + VY) L- ln (2 Hi + H )]

U uT) + z'f 6 (X, y, t)

V( V =1) + z'f 7 (x, y, t)

6

f7=

H(2±, + ±y) + HyyH) - Dt .

Df 
2 \ D 2)

Dt~ (1DtH
I + Hx2+ HY

Hy (fix + 2f0y) + Hx2v- + HYI (1 + H + HY ) - y

I1+ Hx2+ HY

All unspecified

(E.143)

(E.144)

(E.145)

(E. 146)

(E.147)

(E.148)

(E.149)

(E.150)

E.2.4 Depth-integrated force and moment equilibrium

Taking force and moment balances on depth-integrated unit of sheet as shown in
Figure 2-1 yields

(E.151)E Fz = 0 =QX + QY1Y

ZFx = 0 = [h( 2 pfx - P - 2pHxf6 )] +

[h1(LY+ - Hyf - Hxf7)]
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f7 =
- Dt . (E.139)

or

(E.140)

+ ;-h (0)
(E.141)

(E.142)

W () iz'=HkIh



a
Fv = 0 = [hp(iiy + Vx - Hyf 6 - Hxf 7 )] +

[h(2p - P -- 2pHyf7)] (E.153)
yP H

ZMy =0 = [Hh(2pIx - P - 2pHxf 6)] -

a
[Hhp(fy +; - Hyf 6 - Hxf 7 )] + Qx (E.154)

Oy
a

Z MX = 0 [Hhy(ii + v- - Hyf6 - Hxf 7 )] -

-[Hh(2psy P - 2pHyf 7 )] + Q,. (E.155)ay

Using (E.155) and (E.154) to provide expressions for Qx and Q, in the (E.152), (and
using (E.152) and (E.152) to cancel terms) yields

HxxT 1 + 2HxyT1 2 + H yyT 22 = 0. (E.156)

(E.152) and (E.152) can be rewritten

T 1 T12 =0 (E.157)
ax 19y

4T12 + &T2 2  0 (E.158)
ax ay '

where
Tn [2pi - P - 2puHxf 6]h (E.159)

T22 [2/pLy - P - 2piHyff]h (E.160)

T12 ,P[iy + V - Hyf 6 - Hxf 7]h. (E.161)

E.3 Gravity and surface tension effects

Now let us consider the effects of gravity and surface tension. To leading order, the
traction on each surface due to surface tension is

T' = 2 7-'-, (E.162)

the surface tension times twice the mean curvature acting in the direction of the
upward normal to the center surface of the sheet,

2, (1 + HY)Hzx - 2HxHyHy + (1 + HX2)Hyy
(1 + H2 + HY2) 3/ 2
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The traction due to gravity exerted on the lower surface is

TG = -pgyHi+ (E.164)

where g > 0. These tractions appear in the dynamic boundary conditions:

-H,(-P + 2pu,) - Hyp(uy + v,) + p(uz + w,) = T+2H y±K+(pgHH,)_ (E.165)

-Hxp(uy + v,) - Hy(-P + 2piv)+ p(v + wy) = ± 2Hy7n+(pgHHv)_ (E.166)

-Hzp(u, + w.) - Hyp(vz +wy) - P + 2pwz= T2-y' + (pgH)_ (E.167)

where the "-" subscript indicates that the gravity terms only appear in the boundary
conditions on the lower surface.

Gravity is characterized by the dimensionless group

G - 3pgL 2  (E.168)
"U

and surface tension is characterized by

IF _= 3 .(E. 169),tIU

Let us assume that both G and F are small compared to unity. In this case, the
new gravity and surface tension terms in the dynamic boundary conditions do not
contribute at leading or second order, and, as a result, the solutions above for the
leading and second order velocities and the leading order pressure are unchanged. If
G or F are smaller than O(e), then they will not contribute to the above force or
momentum balances either. Let us consider the case where they are O(E). Gravity
and surface tension will exert forces on the depth-integrated sheet unit equal to their
traction times the exposed surface area of the sheet. To leading order, the exposed
surface area of the sheet unit with length dx and width dy is given by

A=dxdy 1 + H2H. (E.170)

To leading order, the new force and moment balances are

E Fz = 0 = Qx,x + Qy,y - pg H + 2(y+ + 'y) (E.171)

Z7Fx = 0 = + 1 pgHHx - 2Hx( 7 y+ + y-) (E.172)ax ay

S Fy = 0 = + T22 + pgHHy - 2Hy('7+ + y~)K (E.173)
Dx Dy

mD(HT 11) a(HT12) - pgHHx + 2HHx(7+ + 7)r, + Qx (E.174)
ax Dy
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ZMX- 0 - (HT1 2)
Ox

O(HT22) pgHHy + 2HHy(7+ + 7-)K + Qy.
Dy

Once again using the in-plane force balances, (E.172) and (E.173), to cancel terms in
the moment balances, (E.174) and (E.175), leads to

Q = HxT11 + HyT 1 2

Qy = HxT12 + HyT 22 .

(E.176)

(E.177)

Using (E.176) and (E.177) in (E.171) and canceling terms using (E.172) and (E.173)
once more leads to

HxxT 1 + 2HxyT1 2 + HyyT 22 - pgH + 2(-y+ + y-)K = 0.

E.3.1 Scaling argument for saturation amplitude

Let us expand (E.159), (E.160), and (E.161):

T ~phT1 = I + Hh + HY2

2(1+

T 1 + H 2 + Y

2(1 +

[(1 + H±)(4ix + 2Vy) - 2HxHyiy+

i-~ zzr2l

HY )D [ln(1+ H + H) Dt

[(1 + H )(2iix + 4f0y) - 2HxHyf,+

nD(

H ) Dt [In(I SH2H)] DHx2+ x +Y) Dtj

T12-=H+ + h2 (1

-HxHy(iiy + Dx) +

+ Hx)fty + (1 + H)vx - 2HxHy(iix + i4)

DHxHy 2 HH D l 2+ H2)]
Dt - x~yDt [ln\ + Hx I

Thinking about a rectilinear sheet being sheared by two parallel walls a distance 2L
apart moving in opposite directions, each with speed U, let us now employ a new set
of axes, x and y, oriented such that the x-axis lies parallel to the crests of the wrinkles,
and the y-axis lies perpendicular to the crests of the wrinkles. In these coordinates, all
four components of the velocity gradient will be of roughly the same order, = U/L.
Call H the amplitude of the wrinkles and A their wavelength. Utilizing this scaling,

phH
LT+L2+ L

H2

A2 )

H 2

+ +
AL
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(E.175)

(E.178)

(E.179)

(E.180)

(E.181)



1+ A

1 + H2 H,2
A2 L2

H 2  H 2  H 2  H 21

7 2 L + LA2L AL 2 P I

HyyT22 - phH
+2 A2 (I + L±

22 [+

LLH2 H2
A 3 + 2L_

H2
10L2 )

H 2

AL

L + L L2 + L2_

HhHy H2 H2
H T1~ 2 H2 A2 L2LA 1±+)

H2  112 -+ 2 + 2

A3± A2L 'AL 2 ' L 3 L + LH 2  _+ 1 1
L 2LA ±2 ALJ

(E.184)

After noting that gravity has a much more significant effect than capillarity for rea-
sonable experimental values of the parameters, the vertical force balance, (E.171),
requires

HxxT 1 + HxyT 12 + HyyT 22 ~ pgH.
+ H 2  H 2  w g

For H -A ~- L, the scaling reduces to the following:

(E.185)

or

so that for = U/L

pgH ~
H

pg

H, 3 U h
Vpg
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(E.182)

(E.183)

(E.186)

(E.187)

(E. 188)

H 2
+_ I +

AL (



Appendix F

Numerical methods

This appendix describes in detail the numerical/computational methods employed in
the solution of the equations of Chapter 3, Chapter 4, Chapter 6, and Appendix C.
All calculations were done using Matlab.

F.1 Spectral collocation

Most computational schemes rely upon knowing the values of the field variables at
only a finite number of points. In order to solve a differential equation, a numerical
method requires a mechanism for measuring the derivative of the discretized field vari-
ables. Collocation methods approximate the derivative as the derivative of a function
that interpolates the discrete values of the field variable. The collocation methods
employed in this thesis utilize two types of interpolating functions, Fourier modes
and Chebyshev polynomials. Fourier modes are well suited to periodic domains such
as the azimuthal direction in the annular case and the longitudinal direction in the
rectilinear case. Fourier modes are particularly well suited to these problems be-
cause the discretely represented functions are in fact Fourier wave forms of varying
wavenumber. Chebyshev polynomial are employed in the radial direction in the an-
nular case, in the cross-channel direction in the rectilinear case, and in the viscous
catenary. The Chebyshev polynomials utilize a non-uniform distribution of discrete
points biased toward the boundaries. Favoring the boundary region in distributing
the discrete points allows the method to devote more resolution to the regions near
the walls where in all three of these problems the geometry changes most rapidly.
Representing the discrete valued field variable as a vector, the discrete derivatives
can be applied as matrices multiplying the field variable vector so that for example

Of (X) -#f Dxf, (F.1)
&x

where f is a function of x, f is the vector of discrete values of f, and Dx is the
x-derivative matrix. The specific derivative matrices used here were calculated using
the programs in Trefethen's book [32].

For time discretization, the numerical methods of this thesis utilize a finite-
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difference method. Finite-difference methods approximate derivatives using truncated
Taylor series. The particular finite-difference scheme used here is known as backward
Euler or implicit Euler which is considered highly stable. Euler time stepping uses a
two point finite-difference to represent time derivatives in the following fashion:

Of (t) _f (t + At) - f (t) (F.2)
at At

where f is a function with time dependence, and At is the discrete time step. Back-
ward Euler specifies that, of the two times present in the discrete time derivative,
all terms in the equation not subject to time differentiation be evaluated at the later
time, t + At.

F.2 Annular sheet

The spatially discrete version of (3.13) is

12A Do1 DoDrH 3GH 3F(!D,+D + D) H
1± + r r r2

h2 H4 r3 E2h3 E2h3

D4 2 2 2 1 42 14- 1 22 2
D D + D D + Dr + D+ D D 3DD) Ht. (F.3)r r r r r 40 r2 r

The homogeneous Dirichlet boundary conditions are imposed by simply eliminating
from the equation the elements of the matrices and vectors corresponding to boundary
points. Periodicity is implicitly contained within the derivative matrices. The homo-
geneous Neumann boundary conditions are imposed by replacing D by the special
operator

D 4 ((1 - r 2 )D - 8rD 3 - 12D (F.4)

suggested by Trefethen which effectively treats the Chebyshev polynomial interpolant
as if it were two polynomial orders higher but restricted to have a slope of zero at its
endpoints.

To simulate the evolution of the sheet, in (F.3) Ht is replaced by A(t+ )-H(t)
all the other terms are evaluated at t = t + At, and the resulting linear equation is
solved for H(t + At). In this fashion, the shape of the sheet at t + At can be found
given the shape of the sheet at t. For given initial conditions, the shape of the sheet
at t = nAt can be found by solving the equation n times to evolve the sheet through
n time steps. The maximally growing azimuthal wavenumber disturbance for a given
set of conditions can be discerned by setting the initial condition to equally contain
all representable azimuthal wavenumbers and stepping through time until a single
mode dominates the rest. The mode asserting itself is that with the highest growth
rate.

The threshold of stability was located using a bisection method on the shear rate.
If all modes decay, the shear rate is below the threshold. If any mode grows, the shear
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rate is above the threshold. By choosing two limiting shear rates, one above and one
below the threshold, and progressively halving the gap between them by simulating
the shear rate midway between them such that the threshold value is sandwiched
between an ever narrowing set of shear rates, the threshold value was located.

An alternative to the simulation method is the eigenvalue method. Every step
of discretization introduces some error inherent in the difference between the con-
tinuous reality and the discrete representation. The eigenvalue method operates on
the spatially discrete and temporally continuous representation thus eliminating time
discretization and its concomitant error. The eigenvalue method extracts the mode
shapes and their growth rates directly out of the discrete spatial operator. The eigen-
modes are mode shapes, H, for which Ht = c-H or in the discrete representation
Ht = o-H where o-, the eigenvalue, is the growth rate. For a given set of conditions,
the eigenmode with the highest eigenvalue is the fastest growing, and, therefore, the
most unstable. (F.3) can be written as just AH = BH where A and B are matrices.
The Matlab eig function calculates all of the eigenmodes and their eigenvectors for
the pair of operators A and B. The same bisection method employed in the simulation
method was used to locate the threshold of stability using the eigenvalue method and
confirmed the results of the simulation method. All results presented in Chapter 3
were calculated using the eigenvalue method.

For the case when surface tension and gravity are absent presented in Appendix C,
(C.6) and (C.8) can be solved for each aspect ratio and wavenumber using Matlab's
minimization routine. In general, the roots of (C.6) and therefore the components of
(C.8) are complex, so a simple zero finding routine is insufficient. Matlab's minimiza-
tion routine was used to find S that minimizes the absolute value of the determinant.
In this fashion, the growth rates of each mode for each aspect ratio were determined.
These results are presented in Appendix C. The simulation and eigenvalue methods
were also used to calculate the growth rates in the absence of gravity and surface
tension and produced results matching those in Appendix C providing support for
their results in the more general case where gravity and surface tension were included.

F.3 Rectilinear sheet

The rectilinear problem was solved using the eigenvalue approach as described for
the annular problem. Because in the rectilinear problem there are no factors of r
in the linear stability equation, (4.11), even with gravity and surface tension, the
problem can be approached directly through the simultaneous solution of (4.14) and
(4.18). However, due to the difficulty of filtering out inadmissible roots of (4.14)

(such as double roots which change the form of the solutions to (4.11) and therefore
change the entries in (4.18)), the eigenvalue approach provides a more tractable way
of dealing with the stability problem. The semi-discrete version of (4.5) is

(DX + 2D DY + D ) Ht = F (DX + D) H - GH + 6DXDYH (F.5)
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subject to periodic boundary conditions in the x-direction and homogeneous Dirichlet
and Neumann boundary conditions in the y-direction. The boundary conditions are
imposed exactly as above. Periodicity is implicit in the construction of the derivative
matrices in the x-direction for the Fourier modes. The homogeneous Dirichlet con-
ditions are imposed by eliminating matrix and vector entries corresponding to points
on the walls. The homogeneous Neumann conditions are imposed by utilizing the
special form of D

D -+ ( _ -2 2)D'- 8yD - 12D 2 (F.6)Y 1 -- y Y

F.4 Viscous catenary

The viscous catenary problem only contains one independent spatial variable, x. The
evolution of the catenary is calculated using the simulation method described above.
In this case, in addition to differentiation, integration of the discrete function is
required. The quadrature scheme utilized is a Clenshaw-Curtis scheme suggested by
Trefethen [32] which provides optimal accuracy for use with Chebyshev polynomials
and their evaluation points as used here and takes the form of an inner product

f(x)dx -+ 0" (F.7)

where W' is a vector of quadrature weights calculated using Trefethen's program
clencurt .m, and the superscript T indicates transposition. The discrete version
of (6.32) is

((t + At) - 0(t) 1 - ((t + At) _ W2(t)
E3D 2 6(t + At+T + = 0. (F.8)32 At 2 At

In this case, the discrete equation (F.8) is nonlinear and cannot be solved simply
by Gaussian elimination as in the previous cases. Instead, O(t + At) is found using
the Newton method for systems of nonlinear equations. The Newton method is an
iterative method which starts from an initial guess of O(t + At) which in this case is
0(t) and makes progressively better guesses by using a linear approximation to the
equation. Specifically,

(t + At)nl = O(t + At)n - J-ifn, (F.9)

where the superscripts n and n + 1 indicate the number of the guess in the iterative
process, 0(t + At)0 = O(t), h" is the residual for guess n,

(J(t + At)" - ) 1+ -t) I 02(t + At)n - (t)
R = AE3D AEt(t + At)w + )32 At 2 At

(F. 10)
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and J is the Jacobian of R",

1 3 2t-D1 -T 0(t + At)n - 02 (t) I _ # wO (t-+ At) (J = 6 eD2 Egr I 7 (F. 11)
32At 'E 2 At 'At '

where I is the identity matrix, and w'O is a vector with each component equal to
the product of the corresponding components of W' and 0. The iteration process is
continued until Rtn is smaller than a prescribed tolerance at which point O(t + At) is
set equal to O(t + At)".

The three contributions to the discrete equation, (F.8), can be evaluated sepa-
rately to examine the relative importance of bending and stretching in each region.
The forcing contribution from gravity is just X. The bending resistance is

1 (2(t + At) - O(t)3D~ t )(F.12)
32 XA t

The stretching resistance is

I - T 2(t + At) - 2(t)

2-f0(t + At)WjT At (F.13)
2 At /

At each point the two resistances must exactly balance the forcing, so the fraction of
resistance due to bending as a function of position can be written

32 x At
3 2 A t( F .1 4 )

where the fraction is intended to represent an element by element division. This is
the method used to trace the evolution of the bending boundary layer.
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Appendix G

Viscous tension field theory

E. Reissner developed a generalized tension field theory to describe how an effectively
anisotropic medium reacts to imposed stresses in its plane [23]. In particular, he con-
siders a linearly elastic medium in which everywhere the stiffness in one local direction
is zero. This model accurately represents the reaction of a membrane subjected to
shearing because shearing is equivalent to compression along one direction and ten-
sion in the orthogonal direction. The membrane will behave as an anisotropic medium
because though the membrane has a finite tensile stiffness, the compressive stiffness
and the bending stiffness of the membrane are zero, so the membrane effectively has a
finite stiffness in the tensile direction and zero stiffness in the orthogonal compressive
direction. The same model effectively approximates the behavior of a thin buckled
sheet far from onset where the stresses applied to the sheet are resisted principally
through tension since the bending and compressive stiffnesses of the material in the
direction of buckling are compromised. Here the same approach is used to model the
behavior of a thin viscous sheet buckled by applied shear loading.

Let us introduce an orthogonal curvilinear coordinate system set in the thin sheet
with axes and q corresponding to the principal plane stress axes and subscripts 1
and 2 to refer to quantities associated with them. Let h, and h2 quantify the spacing
of lines of constant and lines of constant 77 respectively so that infinitesimal distances
in the plane, ds, relate to the local coordinates through the following relation:

ds2 = h2d 2 + h2d n 2 . (G.1)

The orthogonality of the coordinate system requires satisfaction of the following con-
straint:

+ = 0. (G.2)
aBq h2 19 a h1 a

This constraint can be thought of as requiring that the sum of the angles in any closed
coordinate quadrilateral be 27r.

Stress equilibrium in the medium can then be expressed as

-A Oh 2 =0 (G.3)
a -Z a
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Figure G-1: Principle coordinates and r

and
Oh1u2  Oh1
O h ,U2- O1 = 0, (G .4)

where a1 and U 2 are the principal stresses. The strain-displacement relation and
constitutive equations can be written as

- -+ --- - - (G.5)
h 1i 9 h2 19 El E1'

1 / Ov u Oh 2  _ T22 _ U2
62 =-- I- ---- (G.6)

h2 O7 h 1 i9 E 2  E2

and
2 u ) + h\2 v .

E EOhi +hh i = . (G.7)
19 h, a h2

where u and v are the velocities in the 6 and q directions, i is the strain rate, E is the
stiffness, T is the plane stress, and is the shear strain rate which must be 0 because
the chosen axes are the principal axes.

Let us now consider the scenario of a sheared viscous annular sheet beyond the
buckling threshold once the out-of-plane displacements have become large so that
resistance to bending and compression in the compressive direction becomes small
compared to the resistance to stretching in the tensile direction. Call q the compres-
sive principal stress direction and 6 the tensile principal stress direction. At this late
stage of wrinkling El >> E2 , so let us write E 2 = 0. It follows that U2 = 0. Let us
now write E = El.

In this limit, equilibrium under deformation can only be supported by tension,
hence "tension field theory." Working from the equilibrium equations, (G.3) and
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(G.4), U2 = 0 implies
i8h2C1 = 0 (G.8)

so
g (7), (G.9)

h2

and
h 0 (G.10)

so hi = hi

Without affecting the directional properties of the (, 7) system, the scaling of the
system can be changed such that hi = 1 everywhere. This makes lines of constant

1 straight because hi = C implies that lines of constant are locally parallel, so to
maintain orthogonality, a line of constant q crossing a line of constant must continue

straight across to the next line of constant q. The orthogonality relation, (G.2), now

reduces to

=2 0 (G.11)

so
h2= fi(77) + f2(TI). (G.12)

For our particular problem of the annulus, because of axisymmetry, the lines of
constant 77 cannot be parallel, so fi(77) # 0. Again a scale can be chosen without
changing the characteristics of the ((, j) system such that fi(7i) = 1:

h2 = + f2(71). (G.13)

Utilizing (G.13) in (G.9) results in

1 = g (G.14)
+ f2(77)

which, in conjunction with the constitutive and strain-displacement relations, (G.5)
and (G.6), yields

() u_ (G (G15)
E(6 + f2(77)) a6

so
g(77) h(r) (.6

7 = E ln( + f 2 (q)) + F (G.16)

and
1 V= g () ln(6 + f2(T1)) - h .() (G.17)

6 + f2(q) 09 E E

The shear strain rate equation, (G.7), now reduces to

au h (9
- 2 = 6 -2 (G. 18)
on 28( 2
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+ f( ())2E ( ) ( + f2(71)) + M + (TI)

Integrating,

k(rq) + h2
h2)]2h2

k(q) ( + f2(77)) + h'(r7) + fW(f22 + 9'(7) [1 + ln( + f2(r))]]

Let us consider the relationship between the curvilinear coordinates and the fixed

(r, 0) coordinates. We can write r ( , 7), 0( , 77), (r, 0), and q(r, 0).

ds 2 = dx 2 + dy 2

dx = DX + d X

dy = D y

Along a line of constant rI, d77 = 0, so

ds 2 = d2

+ d y

+ ±2 Dy = h2
(aD)J

1 + =a) 1.

Similarly,
Tx 2  Df y 2

The slope of a line of constant 77 is

.,
ax

and the slope of a line of constant is

49.

Orthogonality requires these two slopes to be negative reciprocals:

= -ax
0977r (G.30)
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E

+ h'(r7) ).

V

h2

V = 1

(G.19)

(G.20)

(G.21)

(G.22)

(G.23)

(G.24)

(G.25)

(G.26)

= ( + f2(77)) 2 . (G.27)

(G.28)

(G.29)

hV2

+ '(q n ( + f2 (77)
h2



Ox 8x OyaBy+ = 0. (G.31)

In polar coordinates
ds 2 - r2d02 + dr 2  (G.32)

dr = da + d r (G.33)

dO = < - + d o (G.34)

Along a line of constant r1, dq = 0, so

ds 2  r 2d 2  - 2 + 2 = h d(2, (G.35)

82 or2
r2 + = 1. (G.36)

Similarly,

r2 ( ) (-- = ( + f2(TI)) 2 , (G.37)

x = r cos 0, (G.38)

y = r sin 0. (G.39)

Substituting into the Cartesian orthogonality relation, (G.31), yields

Or or 200a r+ r 2 =o a 0. (G.40)
a an a an

Lines of constant r7 are straight, so in the (r, 0) system they must take the form

rsin6 = m(rT)r cos 0 + b(,q) (G.41)

or
y = m(rj)x + b(7). (G.42)

On any line of constant 77, A is the distance along the line.

Oh2
drj = drq (G.43)

a

is the angle between lines. If we choose y = 0 at a horizontal line, then rq represents
the angle of inclination of a line with respect to the horizontal. In this case

x = cosRx + o(r), (G.44)

y =- sin + yo(). (G.45)
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local axes

tension lines

Figure G-2: Annular geometry

(G.44) and (G.45) already satisfy

2 2 (G.46)

Substituting (G.44) and (G.45) into

ax2 +,Y2 + 2q)2
(G.47)

yields
-sin + X'(77)) 2 + ( cos q + y,(rq)) 2 = ( f +2(,q)) 2 . (G.48)

Separately equating terms in equal powers of ,

0 2 + y12 = f 2 (q) 2, (G.49)

and
-x'sin q+ Y cos 'q = f2(q). (G.50)

Substituting (G.44) and G.45) into the orthogonality relation, (G.31), gives

x' cosq + y' sinr = 0 (G.51)

or

0'I = -yo tanr. (G.52)

Combining (G.52) with the (G.50) yields

Y= f2(7) cos rq, (G.53)

so
X' = -f2(77) sinr. (G.54)

Now consider the annular geometry shown in Figure G-2. Every point on the
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inner boundary must lie on a tension line, and, by symmetry, all of these tension lines
must leave the inner boundary at the same angle # to the normal. Since these lines
fill the space, and lines of constant i7 cannot intersect (except perhaps at a singular
point), these are all of the tension lines.

The equations for x( , r7) and y( , rq) make lines of constant q of angle rj to the x-
axis passing through (xo, yo) with distance along the line from (xo, yo) parameterized
by . Each line must intersect the inner circle at an angle / to the radius (Figure G-2).

A point P on the inner boundary of the annulus will have Cartesian coordinates

(ri cos(77 + /), ri sin(j /0)) and curvilinear coordinates (o, r). Using the known form
of the correlation between the two coordinate systems, (G.44) and (G.45),

ri cos(n7 + x) x(o, r) = o(r) cosqr + xo(,q) (G.55)

or
r z(r/) = ri cos cos 7r - ri sin / sinij - (o(r7) cos r7. (G.56)

Similarly
ri sin(r7 + /) y(fo,r) = +o(rn) sinr + yo(7) (G.57)

or
Yo(rI) = ri sin cos 7 + r- cos sin 7r - o(rq) sin r. (G.58)

Differentiating,

x' = -ri cos 0sin7r - ri sin 0 cos 7r - '(7r) cos 77+o(r7) sin r7 = -f 2 (7) sin rl, (G.59)

so
f2(rq) = ri cos / + ri sin 0 cot q + ( (q) cotir - o(rI), (G.60)

and

y= -ri sin3sin q + ri cos cos n - ( (n) sin r - o(7r) cos7 r= f 2 (7r) cos 7, (G.61)

so
f2(7) = ri cos 0 - ri sin / tan7 - '((r) tanr - o(r). (G.62)

Equating the two expressions for f2 (ry), (G.60) and (G.62), results in

(n(r) = ri sin #.(G.63)

Integrating yields
) = -rri sin / + K, (G.64)

so
f2(7) = ri cos + rqri sin/3 - K (G.65)

Xo(rn) = -ri sin sin + f 2(7) cosr/ (G.66)

yo(7) = ri sin cos7r + f 2 (71) sin7l (G.67)

RO = ri sin / (G.68)
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00

Figure G-3: Relation between (r, 0) and ((, r)

h,

r, sins

Figure G-4: Relation between 0 - r1, r, R0 , and h2

r x 2 + + y + 2xo cos + 2yo sinr=

2 + f2(7) 2 + R2 + 2 f2 (n) =(+ f2 (T) )2 + R2 = h2 + r2 (G.69)

h2 = r 2 - R. (G.70)

Returning to the velocities,

g(q) h(r/)
U = E Ink + (G.71)

V = ~ [k(q)h 2 + h'(q) + g(q)f) + g'() [1 + ln h2 ] . (G.72)

Figure G-3 illustrates the relationship between the two coordinate frames. In the

(r, 0) frame of reference, the velocities in the r and 0 directions, ur and uO, are

u, = v sin(0 - 7)) + U cos( - r) (G.73)

O= v cos(0 - rj) - u sin(0 - q). (G.74)

From Figure G-4,
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sin(6 - 77) =
r

cos(O - r7) =
r

Eur = k(rq) h2 Ro + h'(7R/)
r r

Euo = k(77) + h'(r)h +
r r

+ gh()R + g'(rq)(

g(7)Ro + g'(r7)(1
2r

1 + In h2)
r

+In h 2 )- -2

r

+ g (r)(Inh2)U

g (q) (In h2 ) -o

12+ h(r/) h
r r

(G.77)

- h(r1) Ro
r

(G.78)

We have in this scenario an axisymmetric state of stress, a- = f(r). The current
stress relation states

(G.79)01 h2

so it must be the case that g(rn) = go.

rEur = k(7 )h2R0 + h'(rT)Ro + 2h 2 + go(In h2)h2 + h(77)h2

rEuo = k(TI)h2 + h'(77)h2 + g2Ro - go(ln h2)Ro -

The displacements must also be axisymmetric:

h(77) Ro

(G.80)

(G.81)

Ou '(r,7) 0
07 -

k'(?I)h 2Ro + h"(yj)Ro + h'(77)h2 = 0,

No (r, 77) 0

k'(77)h2 + h"(77)h2 - h'(77)Ro = 0.

Multiplying (G.85) by Ro/h 2 and subtracting it from (G.83) demonstrates that h'(rI) =

0, so h(rI) = ho, k'(7q) = 0, and k(r7) = ko.

Ur = 1 koh 2R0 + 2h2 + go(In h2)h2 + hoh 2 (G.86)

(G.87)Uo = 1 [koh +go!o - go(In h2)Ro - hoRo]

If the sheet is sheared by rotating the inner boundary of the annulus, then the
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(G.76)
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and

so

(G.82)

(G.83)

(G.84)
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boundary conditions on the velocities of the sheet are

koh 2 (ri)Ro + go
( )2h2(ri)

koh2(ro)Ro + go 2 h()

koh2(ro) + go

koh2(ri) + go -

)h2 (ri)) +

(In h2(ro))h 2 (ro) )

)Ro)

hoh 2 (ri) = 0

+ hoh 2 (ro) = 0

- hoRo = 0

(In h2(ri))Ro) - hoRo = QEri.

Since (G.90), (G.91), and (G.92) are homogeneous and linear in ko, go, and ho, in order
to have nontrivial solutions, the determinant of the system of these three equations
must be zero:

+ (In h2(ri))h 2 (ri)

+ (In h2(ro))h 2 (ro)
- (In h 2(ro))Ro

h2 (ri)

h2(ro) =0

-Ro

2h(r) n r

2 () + Inh2 (i)

1

1 =0

0

0 1 +In () 2 + 2 (r,,) h2(r.)) h2(r))

Ro ± h2 (ro)2h L

h 2(ro)(R + h ( R-

Utilizing h 2 = r 2 - R 2

1

0

0

= 0

( 0 -rl 0 -0.
'r?- R 2!

and

or

Ur (Ti) = Ur (ro) = uo (r,) = 0

Uo(ri) = Qrj;

+ (In h2(ri)

(G.88)

(G.89)

(G.90)

(G.91)

(G.92)

(G.93)

- (In h2 (ro)

h2(ri)Ro

h2(ro)Ro

h2(ro)

-1 L
2h2 ()

2

(G.94)

Rp2
R2 -(r) + In h2 (ri)

R 2 (%) + In h2 (ro)

R0+h (ro)

Ro

(G.95)

(G.96)

+ In h2 (ro) 0.

r2 - R

(G.97)

1In

2 (G.98)
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Figure G-5: Tension field theory results

Define p ri/r, and a - sin so Ro = ria.

a 2 a - 2 1- 2
1 - + In ( = 0, (G.99)1 2 p 2 _ a2

so / = f(ri/r,). (G.99) can be solved numerically (in this case using Matlab's zero-
finding routine). The results of such a solution are plotted if Figure G-5.

One might expect that in the experiments described in Chapter 3, far from onset,
the wrinkles in the viscous sheet might have the arrangement predicted by tension
field theory. If this were to be the case, we would expect the crests of the wrinkles
to follow tension lines because the primary direction of buckling would always be
along the direction of the principal compressive stress which is normal to the tension
lines everywhere. The squares in Figure G-5 show the angles at which the wrinkles
in the experiments emanate from the inner cylinder. There does not appear to be

any correlation between the results of tension field theory and our experiments. This
suggests that even at saturation in our experiments, tensile stresses do not play the
sole important role in determining the behavior of the sheet.

The Bernoulli spiral provides an alternative promising candidate for the shape

of the ripples at saturation. The Bernoulli spiral (r = eo) intersects radial lines at
the same angle everywhere. In an isotropic medium, the principal stress axes and
the principal strain axes correspond to Bernoulli spirals with winding angles of 7r/4
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Figure G-6: Isotropic medium principal axes: Bernoulli spirals

(Figure G-6). In our experiments, the wrinkles are well matched by Bernoulli spirals
with varying winding angles. For example, for an inner radius of 1" and an outer
radius of 3.28", Figure G-8 shows the shapes of the experimentally recorded ripples
as solid lines and the Bernoulli spirals as dashed lines with '+' signs.
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Bernoulli spiral winding angles

68- v

66-

50

50

a64-
C

a

60-

58
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Aspect Ratio

Figure G-7: Bernoulli spiral winding angles in experiments

R. = 1", R = 3.28"00

Figure G-8: Bernoulli spirals fit to experimentally measured ripples using Matlab to
obtain a least squares fit. Solid lines are experimental ripples. Dashed lines with '+'
signs are Bernoulli spirals.
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