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Abstract

The long-run average cost control problem for discrete time Markov
chains is studied in an extremely general framework. Existence of stable
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I. INTRODUCTION

The aim of this paper is to provide a new framework for the long-run
average cost control problem for discrete time Markov chains with a
countable state space. The tranditional approach to this problem has been
to treat it as a limiting case of the discounted cost control problem as the
discount factor approaches unity. (See [13] for a succinct account and the
bibliographies of [1], [13]1, [14] for further references. [1] contains some
major recent extensions of this approach.) However, this limiting argument
needs a strong stability condition, various forms of which are used in the
literature [8]. This condition fails in many important applications such as
control of queueing networks. A concrete example of the failure of the
classical argument was provided in [12]. Motivated by these problems, [3],
[4] used an alternative approach to tackle a special class of Markov chains,
viz., those exhibiting a 'nearest-neighbour motion’., More precisely, the
hypotheses were that the chain moves from any state to at most finitely many
neighbouring states and the length of the shortest path from a state i to a
prescribed state is wunbounded as a function of i. Two cases were
considered: the first being the case when the cost function penalizes
unstable behaviour and the second the case when there is no such restriction
on cost, but the stationary strategies satisfy a stability condition. The
aim in both cases was to establish the existence of a stable optimal
stationary strategy and to characterize it in terms of the dynamic
programming equations., Reasonably complete results were established in the
first case and comparatively weaker results in the second. This paper

considers a very general framework that subsumes both the paradigm of [3],




[4] and that of [13].

The paper relies heavily on parts of [4]. 1In order to avoid excessive
overlap with [4] and to keep the present paper from getting too unwieldy, we
refer to [4] for a great many details. In view of this, we use the same
notation as [4]. This notation is recalled in section II. Section III
gives a necessary and sufficient condition for the tightness of invariant
probabilities under stationary strategies. Section IV gives a dynamic
programming characterization of a stationary strategy which gives less cost
than any other stationary strategy. Section V and VI study the stability
and statistical behaviour of a chain governed by an arbitrary strategy under
the conditions spelt out in section III. Section VII establishes the
existence of a stable stationary strategy which is optimal under various
definitions of optimality. Section VIII considers the case when at least
one stationary strategy is not stable, but the cost function penalizes
unstable behaviour. Section IX gives simple, more easily verifiable
sufficient conditions for the stability condition of section III to hold.
Finally, section X indicates how to extend all these results to control-

dependent cost functions and concludes with a few plausible conjectures.




IXI. NOTATION AND PRELIMINARIES

Let Xn, n=1,2,..., be a controlled Markov chain on state space S =
{1,2,...} with transition matrix P, = [[p(i,J,u;)1], i, JeS, where
u = [uj,uy,...] is the control vector satisfying u; & D(i) for some
prescribed compact metric spaces D(i). The functions p(i,j,.) are assumed
to be continuous., Let L = 1TD(i) with the product topology. A control
strategy C(s) is a sequence of L-valued random variables

{g,), &y = [€,(1), £,(2),...1, such that for all ieS, n 2 1,

= 1 { =
P(X 1/Xm. tm, m < n) p(Xn, i, §n(Xn)).

n+l
As noted in [4], there is no loss of generality if we assume that (a) the
D(i)'s are identical or (b) the law of §, is the product of the individual
laws of §,(i), ieS, for each n. If {§,} are i.i.d. with a common law ¢,
call it a stationary randomized strategy (SRS), denoted by y[8]. If ¢ is a
Dirac measure at some gL, call it a stationary strategy (SS), denoted by
v{€}. The corresponding transition matrices are denoted by P[E] =
s p(i,Jau)ii(du)]] (&i being the image of 3 under the projection L ->D(i))
and P{¢} = Pg. The expectations under the corresponding laws of {X,} are
denoted by EQ['], Eg['] respectively (with the initial law either arbitrary
or inferred from the context).

We shall assume that the chain has a single communicating class under
all SRS. If in addition it is positive recurrent under some y[3] or y{E},
call the latter a stable SRS (SSRS) or a stable SS (SSS) respectively and
denote by n[8] = [x[¥1(1), n[¥]1(2),...] or n{E} = [n{E}(1), n{E}(2),...] the

corresponding unique invariant probability measures. For f:S — R bounded,




let Cpl9] = 3 nlE1(1)F(i) and Cp{E} = I n{E}(i)f(i).

Let k:S R be a bounded cost function. Define

Under an SSRS y[d] or an SSS y{¢}, we have ¢n —>Cy[2] (or C {&} resp.)
a.s. Let a = inf C {¢}, B = inf C,[2], the infima being over all SSS (SSRS

resp.). Clearly, Bla. We say that an SSS r{pl is

(i) optimal in the mean if Ck{ﬁo} = a = B and under any CS,

lim inf Elgp 1 2 o,
n e

(ii) optimal in probability if Ck{to} a = B and under any CS,

lim P(p_2 a-¢) = 0 for all &30,
n
n >«

(iii) a.s. optimal if Ckiéo} = a = B and under any CS,

¢, 2 a a.s.

Next, we summarize the relevant results of [31, [4], [13]. Call k
almost monotone if lim inf k(i) > B. Let v = min{nd1]Xx, = 1} and define

vig} = [V{e} (1), V{e}(2),...] by




T
VIEN) = Egl ) (kX)) - @)/X, = 1]
n=2

for each SSS y{¢}. Define VI®] = [VI[2]1(1), VI®](2),...] analogously for an
SSRS y[3]. Since El[t/X; = 1] { » under positive recurrence, these are well-
defined. The relevant results of [3], [4], [13] are as follows:

(1) Suppose all SS are SSS and

sup E_[¢/X, = i] ( =, (2.1)
X 13 1
i,&

(see [8] for equivalent conditions.) Then there exists an a.s. optimal SSS

v{§p}. Furthermore, v{{,} is a.s. optimal if and only if the following

holds termwise:

Ckito}le = (P{EO} - U)V{§0} +Q = min(Pu - U)V(Eo} +Q (2.2)

where 1, = [1,2,...17, 0 = [k(1), k(2), ...1T and U is the infinite identity
matrix [13].

(2) Suppose that at lest one SSS exists, k is almost monotone and (*)
below holds:

(*) For each i, p(i,j,.) = 0 for all but finitely many j and for any
finite subset A of S and M21, there exists an N21 such that whenever i2N,
the length of the shortest path from i to any state in A exceeds M under any

SRS.




Then there exists an a.s. optimal SSS. Also, y{¢} is an a.s. optimal
SSS if any only if (2.2) holds. [31, [4].

(3) Suppose all SS are SSS, the set {n{§}|§ e L} is tight and (*)
holds. Then there exists an SSS which is optimal in probability. Also,
y{€y} is optimal in probability if and only if (2.2) holds. [4]

In the sections to follow, we generalize all three cases above. In the
last section, we also indicate how to extend our results to control-
dependent cost functions.

The main results of this paper are contained in Lemma 4.4, Theorems
7.1, 7.2, 7.3, 8.1 and 8.2. The key hypothesis is condition C of section
III for Lemma 4.4, Theorem 7.1 and 7.3, condition D of section VII for

Theorem 7.2 and condition E of section VIII for Theorem 8.2.




III. TIGHTNESS OF THE INVARIANT PROBABILITIES.

Throughout sections III-VII, we shall assume that all SS are SSS.
Consider the condition:
Condition C: The family {v(&)} of random variables is uniformly integrable,
where t(f) = v corresponding to the chain governed by y{¢} with initial
condition Xy = 1.

Our aim is to prove that this condition is necessary and sufficient for

the tightness of {u{t}léeL}. We shall proceed via several lemmas.

Lemma 3.1. A sequence Xn, n=1,2,..., of S-valued random variables is a
Markov chain with transition matrix P§ if and only if for all bounded

f:S R, the sequence Y, n =1,2,..., defined by

n
Y= (P - ) P, i, EX__EE) (3.1)
n=1 ieS

is a martingale with respect to the natural filtration of {Xn}. (We use the
convention p(Xy, i, §(Xy)) = P(Xy=i).)
The proof is elementary. Let pn(i,j,é) denote the probability of going

from i to j in n transitions under y{E}.

Lemma 3.2. For each i and n, the family of probability measures {p™(i,.,&),

telL} on S is tight.

Proof. Let & —>¢ in L. Then lim inf p™(i,J,&y) 2 p"(i,J,&) for each i,j,n




by Fatou’s lemma. Since 1 = 3 p™(i,J,¢y) = % p™(4,3,8), it is easily seen
that 1lim  p"(i,J,&) = p"(i,§,8). By Scheffe’s theorem [2],
pn(i,.,ém) - p™(i,.,&) in total variation and hence weakly. The claim
follows.
QED
Let & &, in L and for m = 1,2,...,», let X, n = 1,2,..., be a
Markov chain governed by «vy{§,} with X? = 1 and Q® the 1law of
{Xg, n=1,2,...} viewed as a probability measure on the canonical space s®

= SXSX «es
Lemma 3.3. Q® —=Q” weakly.

Proof., A family of probability measures on a product space is tight if and
only if its image measures under each coordinate projections are. Thus
Lemma 3.2 implies the tightness of {Ql, @2,...}. Let Q be any limit point
of this set. Let [Xy, X,,...] be an S®-valued random variable with law Q.
Clearly, X; = 1. Pick N21. Let f:S - R and g:SxSx...xS (N times) R be
bounded maps. Let Y, Y, be defined as in (3.1) with ({X,}, &) replaced by

({Xg}, En). ({Xp), &) respectively. By Lemma 3.1, for n2N,
E[(Yl; - Y;)Q(X?,.--;X;;l)] = 0.

Passing to the limit along an appropriate subsequence, we get
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E[(Yn - YN)g(Xlaoun:xn)] = 0.

A standard argument based on a monotone class theorem shows that (fn} is a

martingale with respect to the natural filtration of {Xn}. The c¢laim now
follows from Lemma 3.1.

QED

By Skorohod’s theorem, we can construct on a common probability space

(2,F,P) random variables iﬁ, n=1,2,.,.,.,m<1,2,...,%, such that the law of
[i?. ig,...] agrees with the law of [X], X3,...] for each m and iﬁ —)ig for

each n, a.s. We shall assume this done and by abuse of notation, write Xﬁ

for X0, Let v™ = min{n>1|X} = 1} and
<0
m — —
u™(i) = E[ Ex{xj = 1}]
J=2
for ieS, m = 1,2,,..e.,5%. (Here and elsewhere, I{...} stands for the

indicator function.)

Corollary 3.1. Under condition C, E[t™] - E[t®] and u™(i) - u”(i) for each

iseS.

Proof. Outside a set of zero probability, Xg —)X; for each n. Since these
are discrete valued, Xg = Xz from some n onwards. It is easy to see from
this that t® - t® a.s. The first claim follows. The second is proved

similarly. QED
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Theorem 3.1. The following are equivalent:
(i) Condition C holds.
(i1) {n{&}|&eL} is tight.

(idii) {n{§}|§eL} is compact in the topology of weak convergence.

Proof. It is clear that (iii) implies (ii). Suppose (i) holds. For {§,}

as above, we have
n{g }(1) = u"(1)/Ele"] Du (4)/Ele’] = n{g }(1)

for each i. By Scheffe’s theorem, n{§,} - n{{,} weakly and in total
variation. Thus the map & —>n{¢} is continuous. Since L is compact, (iii)
follows. We shall now prove that (ii) implies (i). Suppose (ii) holds and
(i) is false. Then {{,} above can be picked so that lim inf E[<"]1 > E[<"1.
(The 2 inequality always holds by Fatou’s lemma.,) Since n{EB3(1) =
(E[t®1)"! for each m, we have lim sup n{§y} (1) < n{§,}(1). Now for each

N21,

N
}ﬂ%unmLm%unsnwﬁux

i=1

Let n = [n(1), n(2),...] be any weak limit pdint of {m{¢,}}. Then passing
to the limit along an appropriate subsequence in the above inequality, we

have




——

12

N

Y i), 5,2, (1)) £ a(d) .
i=1

Letting Ntw=,

Y @)L g,E () £ nd).
ieS

Since both sides of the inequality add up to one when summed over Jj,

[

equality must hold. Hence n must be of the form n(i) an{é, }(i), isS, for
some o ¢ [0,1). This contradicts the tightness of {u{&n}, n=1,2,...}. Thus
(ii) implies (i).

QED

Corollary 3.2. Under condition C, there exists a §; & L such that

Ckfﬁo} = Qe

Later on in section IX, we shall give simpler sufficient conditions

that ensure condition C. See [6] for some related results.
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IV. THE DYNAMIC PROGRAMMING EQUATIONS

The results of this section are essentially the same as the
corresponding results of [4] except for the much more general set-up being
used here. The proofs of [4] apply with a little extra work and thus we
omit many details, referring the reader to [4]. Assume condition C. 1In

particular, this implies that all SS are SSS.
Lemma 4.1. For any 1&S, usD(i),

D pli, 4w Ele/xy = 31 <o
3

Proof. Let &'el be such that E&'(j) = &€(j) for J#i, &'(i) = u., Let
Ty = min{n>1|X, = j}. Then

} P, 3, WE [e/X =31 = } p(i,3,u)E
J J

g[tI{ti(t}/X1=j]

+ } p(i,j,u)E
J

§[tI{ti>t}/X1=j]

L (E e, /X, = 11 + E [e/X; = 1]1) + E,,[¢/X; = il < =,

§ g g’

QED

In particular, it follows that } p(i,j,u)V{€}(j) is well-defined for

all i,u,é&.

Lemma 4.2. For an SSRS y[31, vI[21(1) = 0 and
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Ck['lllc = (P[¥] - HVIE] + Q (4.1)

termwise. In particular, for an SSS y{&},

Ckitllc = (P{¢} - L)VIE] + Q. (4.2)

Furthermore, any W = [W(l),W(Z),...]T satisfying

c [811, = (P[E] - LW + Q

with sup (W(i) - VI31(i)) < = must differ from V[3] at most by a constant
multiple of lc'
For a proof, see Lemmas 3.1 and 3.2 of [4]. Let {X,} be governed by an

SSS y{&} with X; = 1. Consider

T
Y= ) (ViENX ) - EIVIE}(X)/X__

m=2

1])'

Since V{§{}(X,) = V{§}(Xy) = 0 by the above lemma, this equals
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T-1
Y (g ) - EIVIE}(X, /X 1)
m=1
-1
=) (kx) - c 1&D),
m=1

by (4.2). Thus E[|Y|] < =,

Lemma 4.3. E[Y] = 0.

For a proof, see Lemma 5.2, [4].

Lemma 4.4. ck{g} = @ if and only if the following holds termwise:

Ck{‘g']lc = min (Pu - 0V{El + Q (4.3)

The proof is as in Lemma 5.3, [4], and the remarks that immediately
follow it. (4.3) are called the dynamic programming equations. It should
be remarked that in this paper we do not address the important issue of

studying the set of general solutions (c¢,W) of the system of equations

clc = min(Pu -UW +Q

and characterizing the particular class (C,{§}, V{{} + constant x 1,) with §

as above, from among this set.
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V. STABILITY UNDER ARBITRARY STRATEGIES

In this section, we assume condition C and show that the mean return
time to state 1 remains bounded under arbitrary control strategies. Define
© as before. As observed in section III, the map & — Eﬁ[rlxl = 1] is
continuous. Hence there exists a ¢ e L such that Eg[t/X1=1] =
max E§[t/X1=1].

Let Al’ Ay ... be finite subsets of S containing 1 such that U An = S,

Define v, = min{m21|X 4A or X; =1}, n = 1,2,... Define v, :S =R by

inf Elz /X, = il if iehy, i#l,
v (1) = {0 if i¢A,
inf E[v(X,)I{X,#1}/X;=1] if i=1,

where the infima are over all CS, Standard dynamic programming arguments

[10] show that v, satisfies

v (1) = mz.x[l + } P(L, 3,8V (§)] (5.1)
j

for isAn, i#1, and

v_(1) = max[1 +§ p(1,3,6(1))v_(3)] (5.2)
¢

Note that the summations on the right are finite in both cases because

v, (J) # 0 for at most finitely many j. Hence by continuity of p(i,j,.) and
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compactness of the D(i)'’s, the maximum is attained in each case. Let §  be

such that § (i), §,(1) attain the maxima in (5.1), (5.2).

Lemma 5.1. Egn[rnlxl = 1] = max E§[tn1X1 = 1], where the maximum is over
all CS.
The proof follows by standard dynamic programming arguments [10] and is

omitted.

Corollary 5.1. sup E[v/X{=1] £ EE[t/X1=1], where the supremum is over all

Cs.

Proof. Under any CS,

= <
E[‘cn/X1 =1] 2 E§ [‘C/X1 1]

i~

Eg [x/X; = 11 £ Ezle/X; = 1]
Let n &5,

QED

Corollary 5.2. All SRS are SSRS.

Lemma 5.2. {n[§]|q a product probability measure on L} is a compact set in

the topology of weak convergence.

Proof. The arguments leading to Lemma 5.1 and Corollary 5.1 can also be
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used to prove the following: For any SRS y[q],

T T
> =11 ¢ > =
Byl > IO 2N} /X, =11 & max E, [ } X 2N}/ =11,
n=2 ¢ 7 ome=2
N = 1,23.0.;
eqv/x1=1] 2 mén Egtz/x1 = 1],

where the maximum (resp. minimum) are attained for some &. In particular,

the right hand side of the second inequality is strictly positive. Thus

T
3 nl81(1) = Byl } I0x, 2 N}/X =11/Eglv/X,=1]
i2N m=2
S

constant X max( 2 n{E}(i)).
S N

The tightness of {n[§]} now follows from the tightness of {n{f}}. Let
Qn -3, in the topology of weak convergence of probability measures on L.
The space M(L) of probability measures on L with this topology is compact by
Prohorov's theorem and the set M(L) of probability measures in M(L) of the
product form is a closed and hence compact subset of this space. Let =m be
any weak limit point of {n[Qn]}, i.e., ﬂ[an] —n for some subsequence {nj}.

By Scheffe'’s theoren, n[an] —>n in total variation. Hence letting j —« in
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nlg 1PI8 1 =xid 1,

J J J
we obtain,
nP[Q 1 ==,

i.e., n = n[¥,1. Thus the map § > n[¥] is continuous. The claim follows.

QED

Corollary 5.3. There exists an SSRS y[®] such that C,[3] = B.

Using arguments identical to those leading to Lemma 4.4, one can prove

the following.

Lemma 5.3. Cp[¥,] = B if and only if the following holds termwise:

Ck[Qollc = mén(P[Q] - U)V[Qol +Q (5.3)

Corollary 5.4. B = a.

We omit the proof here. It follows exactly along the lines of the
proof of Lemma 8.2 in section VIII, which in fact treats a slightly more
complicated situation.

As in section III, we have

Corollary 5.5. The set {7|{Xn} is governed by some SSRS and X; = 1} is

uniformly integrable.
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VI. STATISTICAL BEHAVIOUR UNDER ARBITRARY STRATEGIES

In preparation for proving the optimality of the y{{y} of Corollary 3.2
with respect to arbitrary CS, we prove further properties of a chain
governed by an arbitrary CS.

Consider a fixed CS {§n} and let {X,} be the Markov chain governed by
{§,} with X4 = 1. As before, ii will denote the image of & & M(L) under the
i-th coordinate projection. Let t be as before. Note that we continue to

assume condition C.

Lemma 6.1. For each a & (0,1), there exists a @(a) & M(L) such that for any

bounded f:S —R,

-1
ELY &1 ) p(X .38 (X ))F(H)]
m=1 jeS
-1
ELY &) (jb(xm,j,u)i(a)x (@u))£(§)1.
m=1 jeS n

Proof. Fix a and construct 3(a) as follows: Define a probability measure u

on SxL by
-1
jgdu = E[ ) am’lg(xm,gm)1/(E[(1-a)‘1(1-a‘)1
n=1

for all bounded continuous g:SxL —R. Disintegrate u as
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u(dx,dy) = ul(dx)uz(x)(dy)

where u; is the image of u under the projection SxL -8 and uy:S —»M(L) is
the regular conditional distribution. Let u2j(i) denote the image of u,(i)
under the projection L ->D(j). Define §(a) as the product measure UZi(i)'
The claim now follows by direct verification.

QED

Let £:S R be a bounded map. Define

-1
o n-1 _
B (1) = By, I } 7 lex /X, = 11, ies.

m=1
z, = h_(1)
n-1
_ m-1 n-1 _
z_ = } a"e(x ) + 2" 'h (X )I{v>n}, n=2,3,4,...
m=1
Wo=2 -2

an-lf(Xn) +a™ (X

n-1 _
a n+1)1{r>n+1} - a ha(Xn)I{t>n}, n=1,2,...

Clearly, ha(°) is bounded.

Lemma 6.2.
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T-1 -1
EL ) a™ o)1 = By [ ) a e )/x, = 1l.

m=1 m=1

Proof. The right hand side is h_ (1). Note that

-1 -1
m-1
Y a £(X) - h_(1) =5 W
m=1 m=1

Letting F, = o(Xp,&;,m$n), n=1,2,..., the sequence
n-1
Y - EW_/FD)

m=1

becomes an {Fn+1]—martingale. By the optional sampling theoremn,

(z-1)/Mn (z-1)M
E[ } W1 =E[ } ELW_/F_11.
m=1 m=1

Since the expressions inside both expectations are bounded by a constant
times 7, we can let n - « and apply the dominated convergence theorem to

claim

-1 -1
EL ) am-lf(xm)] - B (1) = EI Y Wl

m=1 m=1
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T—-1
El } EW_/F 1]
m=1

-1
EL ) am'l(f(xm) - h (X)) +

m=1

]

a§ P(X_,3,& (X ))h_(3))]
1#£jeS

By Lemma 6.1, the right hand side equals

-1
EL Eam_l(f(xm) - (X) +a) (j'p(i,j,u)i(a)i(dm)hacj))1.
m=1 1#£jesS

Hence the expression in (6.1) is zero. The claim follows.
QED
Note that for a given a, the claim above holds for all bounded f: S =
R. Let a, -1 in (0,1) such that %¥(ay) —> ¢ in M(L) for some §. Then a
trivial limiting argument (as for Corollary 3.1) shows that for all bounded

£:S -R.
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-1 -1
El } (X1 = Byl } £ 1.
m=1 m=1

Summarizing the results,

Lemma 6.3. For any CS{Cn}, there exists an SSRS y[2] such that for all

bounded f:S —>R,

v-1 -1
EL ) £ /%, =11 = Egl } £X )/% =11,
m=1 m=1

where the expectation on the left is with respect to the law under {&n}.

Let {§,} be a fixed CS as before and {X,} the chain governed by {§,}
with X4=1. Let 6p=1, op=min{mdo,_;|X,=1} (K= a.s. by Corollary 5.1}, F, =
o(Xm, Em> m<n) and F"n = the stopped o-field for the stopping time o,. We
say that an S-valued sequence {Yn} of random variables is an acceptable
controlled Markov chain if ¥4=1 and there exists an L-valued sequence of

random of random variables {§]} such that P(Y,.q4 = J/Y¥,, &, min) =

p(Y,, 3, 84(X)).

Lemma 6.4. For each n, the regular conditional law of the process

XG +m? m=1,2,..., conditioned on Fa is a.s. the law of an acceptable
n n

controlled Markov chain.
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Proof. Fix n,m21 and let o - Pw(‘) denote a version of the regular

s ° Recall the definition of
n

P[F]. Let pg(i,j) denote the (i,j)-th element of P[¥]. We need to show

conditional law of Xc +i° i=1,2,..., given F
n

that there exists an M(L)-valued F, -measurable random variable ¥(w) such
n

that for any bounded real random variable Y which is measurable with respect

to Fu +m’
n

E[E[I{X

n n

a.s. But the left hand side equals

BIIX_ , .. = JW/F_1=) EIX_ . =}T{X_, =i}Y/F_ ]
n n n n n
ieS
=) Elp(i,j,&, , (A)YI{X_, =1}/F_ ] (6.2)
Gn n o'l.'.l

ieS

Define new probability measures ?1 on the underlying probability space
by
dp,
i

E-P—'- = YI{XGn‘Pm = i}

and let ﬁi['] denote the expectation with respect to ﬁi‘ A standard change

of measure argument shows that (6.2) equals
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D B Ip(i, .8, (1)/F_IEIYIX_, = i}/F_ 1.
s n n n n

ieS
Define the M(L)-valued random variable &(w) as follows: Let &(w) = ﬂ!i(w)
where 3; (o) is the random measure of D(i) defined by

frag, @) = EL£C D/E, ]

[ +m(xc +m
n n

for all bounded continuous f:D(i) ->R. (The definition of &;(w) and hence

that of §¥(w) is specified only a.s.) Then (6.2) equals

} pq(w)(i,j)E[YI{XGn
ieS

= i}/F_ 1
c
n

+m

L]

EL( } pQ(@)(i,j)I{XGn+m = i})Y/FUn]
ieS

= ElPg () Ko im’ j)Y/FUn]

QED

Corollary 6.1. For each a & (0,1], there exists a sequence {g,(n)} of M(L)-

valued random variables such that ¢a(n) is F, -measurable for each n and for
n

all bounded f:S —R
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""n+1-'1 -1
m-1 _ m—1 _
E[ } a f(Xm)/Fcn] = E¢a(n)[ } &7l /X, =11 aus.
m=c m=1

n

where EQ[‘] is the expectation with respect to the law under yI[%].

Proof., Follows from Lemmas 6.2, 6.3 and 6.4.

In particular, this implies that

Cp+17 1 -1
m-1 < m-1 _
ELY a" e /e 18 sup Byl } AP )X =11 a.s.
=0, n m=1

QED

for a, f as above. This weaker conclusion is all we need for what follows

and can be proved also by combining Lemma 6.4 with a dynamic programming

argument similar to the one used to prove Corollary 5.1. However, we prefer

the above approach because the content of Corollary 6.1 is of independent

interest and is not captured by the alternative argument suggested above.
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VII. OPTIMALITY OF v{g,}

In this section, we establish the optimality of y{§3} of Corollary 3.2
under condition C. Let {§_}, {X,} be as in Section VI.

Let S = SU{«} denote the one point compactification of S and M(S), M(S)
respectively the spaces of probability measures on S, S with the topology of
weak convergence. Define a sequence {”h} of M(S)-valued random variables

and another sequence {u,} in M(S) as follows: For ACS, n=1,2,...,

n
1
PROVIEESDE £ 73

n=1

un(A) = E[yh(A)].

Lemma 7.1, Outside a set of zero probability, every limit point y’ of {y,}

in M(S) (which is compact) has a decomposition

v = (1-c)nl@] + cb (7.1)

for some ¢ & [0,11, ¥ & M(L), & being the Dirac measure at «.
The proof is as in Lemma 3.6, [4] except that now we need to consider
feG (in the notation of [4]) with finite supports. A similar argument

proves the following:

Lemma 7.2. Each limit point u* of {un} has a decomposition
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u* = (1-¢)nl@] + cb (7.2)

for some ¢ ¢ [0,1] and § & M(L).

Lemma 7.3. Under condition C, e=0 in (7.2).

Proof. Let a, denote the restriction to u, to S for each n, viewed as an

element of M(S). It suffices to prove that ({T,} is tight. Let

A, = {n+1, n+2,...}JC S, n =1,2,... We have

n
1
EE ) IX_ e Ag)]

U (ay) =
=1
Gn+1
1
123 Y Ix_ e A}l
m=1
n 6m+1—1
1
- El> } E[ } IX, e AN}/FGm]]
n=0 j=cm
n -1
- wrl -
= EIZ } E¢1(n)[ 2 I{X_ e A.}/X, = 11]
m=0 n=1
-1

(PN

2 sup Egl ) I(X, e Agl/%; =1
3

m=1
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©

£ 2 sup ( 2 n[31(1i)) sup Eq[t/X1 = 1]
% i=N+1 2

where {¢1(n)} are as in Corollary 6.1. By Lemma 5,2, the right hand side
can be made arbitrarily small by making N large. Thus {ﬁn} are tight and

the claim follows.

QED
Theorem 7.1. 7v{§3} is optimal in the mean.
Proof. From (7.2) and the above lemma,
lim inf Elg ] 2 min C,[§] = a. QED
n o ¢

To ensure a.s. optimality, we need the following stronger condition:

Condition D: sup E[tzlxl = 1] < =, where the supremum is over all CS.

It is easy to see that this implies condition C.

Theorem 7.2, Under condition D, y{§,} is a.s. optimal.

Proof. Let Ph denote the restriction to S of [ n=1,2,..., viewed as an
element of M(S). By Corollary 5.4 and Lemma 7.1, it suffices to prove that
for each sample point outside a set of zero probability, the sequence {Ph}

is tight. Let An' n=1,2,..., be as in the proof of Lemma 7.3, Then
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56

~~

b=

=

S’

i

S

N1 B

(]

-~

b

=]

)

=

=

Ampd

IA

=31
Jl:Ma

3

where

F =§ I, & M), 1=0,1,2,...

For any €>0 and m=1,2,....

z-1
[ } IX_ e ALMX, = 1]

m=1

E[Fm/Fc ]

E¢1(m)

©

sup( ) xl[81(1)) sup Eyle/x,=11 < e
i=N+1 :

A

for N sufficiently large. Under condition D, we can use the strong law of

large number for martingales ([11], pp. 53) to conclude that

n
1 _
lim } (F_ - EIF /F_1) =0 a.s.
n —»e =0 m

Hence
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1%m_§gp Fh(An) { & a.s.
for N sufficiently large. The claim follows. QED
There is one important case for which we have a.s. optimality even

without condition D,

Theorem 7.3. If k is almost monotone, y{¢} is a.s. optimal even if

condition D does not hold.

Proof. From Lemma 7.1 and the definition of almost monotonicity, it follows

that ¢, 2 B = a a.s. QED

Corollary 7.1. v{{y} is optimal in probability.

Remark. We do not assume condition D here,

Proof. Using Theorem 7.1, 7.3 above, imitate the arguments of Lemmas 5.4,

5.5, Corollary 5.2 and Theorem 5.1 of [4] to conclude. QED

Theorem 7.2 is important in adaptive control situations involving self-
tuning as in [5]. Taking k to be minus the indicator of successive AN's
defined as above, one verifies easily that Theorem 7.2 implies ’condition T’
of [5]. Thus all the results of [5] can be rederived in the much more
general set-up here if we impose, as in [5], the additional restriction that

p(i,j,u) is either = 0 for all u or >0 for all u, for each pair i, jeS.
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(One can work around this extra restriction. However, we won't digress into

these matters here.)
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VIII. THE GENERAL CASE

In this section, we assume that there exists at least one SS that is
not an SSS. Clearly, conditions C and D fail. In general, one cannot
expect to find an optimal SSS. For example, if k(i) > 0 for all i and
lim k(i) = 0, then C, {£} > 0 for all SSS y{¢}, but lim ¢ = 0 a.s. under any
SS that is not an SSS. This suggests that we should put a restriction on k
that will penalize the unstable behaviour. Almost monotonicity does
precisely that. In what follows, we assume that k is almost monotone and at

least one SSRS exists.

Lemma 8.1. There exists an SSRS y[3] such that Ck[Ql =fB.

This is proved exactly as in Lemma 4.1, [4].

Lemma 8.2. Pp=a

Proof. Let ¥ be as above. Writing P[] = [[pq(i,j)]], we have

;s 41 = i1 ¢ - (8.1)
Y pyli,IEgLe/% =31 = Egle/% =11 <
3
for all ieS and
p1_ = (P[] - VL] + Q (8.2)

Recall that 61 is the image of & under the projection L -)D(i). For each i,

(8.1) implies that
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8, (tueD(1) [ p(1, 3, WEGle/X =j] < =}) =1
3

Suppose that for some igeS, X p(ig.J,.) VIEI(J) is not Ei - a.s. constant.

Relabelling S if necessary, assume that io=1. Then we can pick a ueD(1)

such that
Y P(LJWIVIEN(§) < ) pg(1,IVIEN() (8.3)
3 3

and
Y PG WEle/X, =31 < = (8.4)
3

— o
Let ' & M(L) be such that 5; = ii for i#1 and Qi = the Dirac measure at u.
By (8.4), Eg,[t/X;=1] < = and hence 7[9'] is an SSRS. It is also easy to

see that V[§] = VI&']. Thus

p1, 2 (PI3'1 - B)VIE'] + Q (8.5)

with a striet inequality in the first row and an equality in the rest.
Imitate the proof of Lemma 5.3, [4], to conclude that Ck[Q'] < B, a

contradiction. Hence for each ieS, the quantity 3 p(i,j,.)VI®1(j) is 61"

a.s. a constant., Hence we can find a u; ¢ D(i) for each i such that




36

} P(L,3,u;)Egle/X =j] < =
i

and

D P(L,3,u)VISI(I) = ) pyl1, HVIEI()
3 3

8
Construct SRS y[¥(1)]1, v[¥(2)],... such that ;(n) = Si for idn and 3i(n) =
the Dirac measure at uy for ifn. Let & = [ul,uz,...] ¢ L. The arguments

leading to (8.5) show that y[8(1)] is an SSRS and

B1, = (P[E(1)] - UVIF(1)] + Q,

implying C,[8(1)] = B. The same argument can be repeated to inductively
claim that Cp[¥(n)] = B, n=1,2,... (In this connection, recall from the
second half of the proof of Lemma 5.3, [4], that relabeling S can change
VIE] at most by a constant multiple of 1,.) Since k is almost monotone, it
follows that {x[&(n)], n=1,2,...} is tight. Let n be any weak limit point
of this set. By Scheffe'’s theorem, n[3¥(n)] - n in total variation along
appropriate subsequence. Letting n - « along this subsequence in the
equation n[3(n)]JP[¥(n)] = =[¥(n)], we have =nP{¢} = n. Thus n = n{&} and
v{€} is an SSS. Moreover, C, {¢} = lim C, [¥(n)] = B. The claim follows.

QED

Theorem 8.1. An a.s. optimal SSS exists.
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Proof. For & as above, Ck{t} = a. From Lemma 7.1 and the almost

monotonicity assumption on k, it follows that

9. 2Bp=a a.s. QED

The dynamic programming equations are harder to come by. Say that an
SSS y{¢} is stable under local perturbation if for any &' & L such that

&'(i) = &€(i) for all but one i, y{&'} is an SSS.

Condition E. All SSS are stable under local perturbation.
The proof of Lemma 5.3, [4] can then be repeated to prove the

following:

Theorem 8.2. Under condition E, an SSS y{f} satisfies C, {{} = a if and only
if (4.3) holds.

A sufficient condition for condition E to hold is that for each ieS,
p(i,j,.) = 0 for all j not belonging to some finite subset A; of S. To see
this, note that if §'(i) = §(i) except for i=i,, relabelling S so that

io = 1, we have

[x/X =]] { max E [x/X =31 < =.

E ,[t/X =1] = P(l,j,§'(1))E
g e/% 1l = ) : Joa, ©

J

Thus the above subsumes the case studied in [4]. In particular, we did not
need the second half of the assumption (*) recalled in section II.

Without condition E, the same proof can be used to show the following
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much weaker statement:

Theorem 8.3. If y{&} is an SSS satisfying C,{§} = a, then for any ieS,

ueD(1) such that y{&'} defined by &'(j) = &(Jj) for j#i and &'(i) = u is an

SSS, the following holds

D PULILWVENY) - VIEN) + k(1) 2 a.
3
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IX. SUFFICIENT CONDITIONS FOR UNIFORM INTEGRABILITY

It seems unlikely that there is a simple characterization of conditions
C or D applicable to all cases. Instead, one looks for simple sufficient
conditions that may be used either singly or in combination depending on the
problem at hand. In this section, we briefly outline a few such conditions,

Suppose we need a bound of the type sup E[rmlx1=1] { =« for some le,
the supremum being over all CS belonging to a prescribed class A. One
obvious way of ensuring this would be to prove that for some integer N21 and

reals K>0, e ¢(0,1),

P(thN/X1=1) £ K &8, n=1,2,...
for all CS in A. Most methods below are based on this idea.

(1) Suppose there exists a map V:S =R such that V(1) = 0, V(i) > 0 for i#1

and the following hold:

(A1) For some 8920,

- { -~
E[(V(Xn+1) V(Xn))I{V(Xn) > 0}/Fn] S -e (9.2)

0

under all CS.

(A2) There exists a random variable Z and a A>0 such that
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Elexp(AZ)] ¢ =
and for all ceR,

POJV(X ) = V(X)) | > e/F) £ P(2Zde) (9.3)

under any CS.

Then a bound of the type (9.1) under all CS follows from Proposition
2.4 of [9], ensuring condition D, If we require (9.2), (9.3) to hold only
for all SS, we still have condition C. See [9] also for potential
applications to queueing and for a 1list of references that give other
closely related criteria. This method is similar to the "Liapunov function”

approach of [61, [10].

(2) Suppose that there exists a map V:S =R such that V(i) 2 1 for all i
and the following hold:

(A3) sup sup E

i, §[V(X2)/X1=1] { = for all n=1,2,...
€ 13iln

(44) U {1eS|(V(1)/E

[v(x,) /X, =11) £ 2} is a finite set of all £=1,2,...
Eel E

It is observed in [7], pp.415, that this ensures that all SS are SSS.

Assume furthermore that
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¢ = inf n{&} (1) > 0.
¢

Let C = {yeM(S) |¢(1) £ e/2} and pick an integer N>4/c. Then

N
> =1) = pL =13 < 2 =
P(e2N/X,=1) = PG 2 IX =1} £ X, = 1)
=1
N
< pd =11 < &y =
PG } I =1} £ $/x =1)
m=1
= P(yy & C/X, = 1). (9.3)

where {”h} are defined as in section VII. Under our assumptions, the
methods of [7] yield an exponential bound of the type (9.1) for all SSS.
This can be verified by checking that the estimates of [7], pp. 415-421, for
the logarithm of the right hand side of (9.3) hold uniformly for all SSS
under our hypotheses, Thus we have condition C., It is not clear whether

this method can be adapted to ensure condition D as well.

(3) Suppose that there exists an N21 such that the following holds:

(A5) d = sup sup P(tZN/Xl =1i) <1 (9.4)
ieS

where the first supremum is over all CS. Then for any acceptable chain

X},
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2N-1
ELT [ 1x #11]

m=1

P(t22N)

]

2N-1

m=2 m=N

I~

N
d ] [14x_#111
mn=2

Repeating this argument, we get an estimate of the type (9.1),

N
EL | [T AIECT | TOX A1)/ 1)

ensuring

condition D. If we take the first supremum in (9.4) over all SS only, we

still have condition C.

(4) Suppose that

V(i) = sup E

[v/X,=i] K =
g & 1

for all i and furthermore,

-1
sup E, [ } V(X)X C e,

m=1

These imply condition D as we verify below:

Under any CS,

(9.5)

(9.6)
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-1
Elv*/X, = 11 = 2Bl ) /X, = 1] + E[c/Xy=1]

m=1
By (9.5) with i=1 and Corollary 5.1, we have

sup E[t/X1=1] { @

where the supremum is over all CS. Also, for any acceptable {Xn},

-1 ®
EL } ml = E[ ) (z-m)I{v>m}]

m=1 m=1

-+

E[ } EL(x-m) /F_]I{z>m}]

m=1

@

El } V(X )I{v>m}]
m=1

[P

-1
E[ 2 V(X )]
n=1

-1

stgp Ey 2"‘%”"1 = 1] (9.7)

i~

m=1

where the last inequality is obtained by dynamic programming arguments
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identical to those used to prove Lemma 5.1 and Corollary 5.1. The only
difference here is that the supremum on the right hand side of (9.7) may not
be attained for some &. However, it is finite by (9.6) and we are done.,

Note that if we assume

sup sup Eg[t/X1=i] { =, (9.8)
Eel. ieS

then sup V(i) < « and (9.5), (9.6) hold automatically. Recall from section
II that (9.8) is a typical assumption in the classical threatment of the

problem, which is thus subsumed by our results.
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X. CONTROL-DEPENDENT COST FUNCTIONS

The foregoing results are easily extended to control-dependent cost
functions. For simplicity, let D(i) = a fixed compact metric space D for
all i. This causes no lack of generality since we can always replace all
D(i) by L and each p(i,j,.) by its composition with the projection map
L ->D(i). Let k: SxD - [0,~) be a bounded continuous cost function and

suppose that we seek to a.s. minimize

n

1
lim sup-ﬁ-E k(Xm,ém(Xm))
n e

m=1
(or "in mean” or "in probability” versions thereof.)
Let M(SxD), M(SxD) denote the spaces of probability measures on SxD,

SxD resp. with the topology of weak convergence. For each SSRS y[8], define

#1381 (AxB) = } (a1, @),

ieh

for all ACS, B Borel in D. Write f{t} = R[3] when § = the Dirac measure at

EelL.

Lemma 10.1. A collection of RI[¥1’s is tight if and only if the
corresponding collection of n[®]'s is.

This is immediate from the compactness of D,

Lemma 10.2: (a) If #[¥(n)] - in M(SxD) for a sequence of SSRS {y[¥(n)l},
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then %t = R[3] for some SSRS yI[&].

(b) If R{E,} -7 in M(SxD) for a sequence of SSS {y{¢,}}, then f = (£} for

some SSS y{t}.

Proof. Let n denote the image of # under the projection SxD —> S. Then
n[¥(n)] —n weakly and hence in total variation (by Scheffe’s theorem). Let

§ be a limit point of {¥(n)} in M(L). For each n, we have
n[3(n)IP[E(n)] = =[¥(n)].

Letting n -« along an appropriate subsequence, it follows that
nP[2] = =,

i.e., n = n[§]. Next, let f:SxD —> R be bounded continuous with compact
support. Let ?(i,u) =2 p(i,j,u)f(j). Then for each n, 3 n[¥(n)](i)f(i) =
Y x[8(n)1(1)/f(i,.)d8(n) = [faR[E(n)]. Letting n 2w along an appropriate
subsequence, we get, 3 n(i)f(i) = 3 n(i)f?(i,.)dsi = [faf. Hence % = 7[4].
This proves (a). The proof of (b) is similar. QED

Define a sequence {u]} of M(SxD)-valued random variables by:

=]

' =1
u'(AxB) == ) I{X &4, E (X) e B}

n=1

for A,B Borel in §, D respectively.
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Lemma 10.3. For each sample point outside a set of zero probability, every

limit point u* of {ug}l in M(SxD) is of the form

u® = (1-0)[4] + eq

for some ¢ ¢ [0,1], some SSRS y[3] and some probability measure n on {=}xD.
For a proof, see Lemma 3.6 of [4]. Using the above lemmas, it is a

routine exercise to recover the results of preceding sections for this more

general cost function, as 1long as we make the following obvious

modifications:

(1) Redefine C,[§] as C [¥] = /kdR[%].

(2) Let Q, = [k(1,u), k(2,u),...]1T. Replace (4.3) by

Ck{E}lc = min((Pu—U)Vfé} + Qu)

and (5.3) by

Ck[‘lollc = m;n(P[Q] - 0)VIg,] + Q)

(3) Redefine "almost monotonicity” as

lim inf inf k(i,u) > B.
i u

The author has not attempted the case of unbounded cost functions, but

is seems reasonable to expect similar results under suitable growth
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conditions. See [1] to get a feeling of what these could be.
Finally, it is tempting to conjecture the following:
(1) If all SS are SSS, condition C automatically holds.
(2) Theorem 7.2 holds even without condition D.

(3) In Theorem 8.2, condition E cannot be relaxed.
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