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Abstract

In this thesis we develop some advances in the method of finite spheres which is a truly
meshless numerical technique for the solution of boundary value problems on geomet-
rically complex domains. We present the development of a preprocessor for the auto-
generation of finite spheres on two-dimensional computational domains. The techniques
enable to determine the radii of the spheres as well as to detect the boundary of the analysis
domain. The numerical integration for the calculation of stiffness matrices is expensive.
However, by utilizing the compact support characteristic it is possible to transform the in-
tegral equations into more efficient expressions. The improved equations reduce the effort
of integration because for most terms, only line integrations are used. We also propose a
new coupling scheme to couple finite element discretizations with finite spheres. The idea
is that we can use finite elements and finite spheres simultaneously to utilize their mutual
advantages. Hence, we can employ finite spheres only in areas where their use is efficient.
In addition, we propose an enriching scheme which makes it possible to superpose spheres
on conventional finite element topologies to reach a higher order of convergence in the
numerical solution of problems.
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Chapter 1

Introduction

1.1 Overview

Frequently we need to analyze models subjected to continuous changes in the geometry
such as large deformations in fluid structure interaction and crack propagation problem. To
avoid large element distortions and collapse of elements and obtain accurate results, we
need to remesh the model many times, and this calculation is cumbersome and expensive.
Meshless techniques have advantages since sophisticated adaptive mesh generations are
not needed.

Over the past eight years a variety of meshless techniques [2] have been developed such
as the smoothed particle hydrodynamics method [3], the diffuse element method [4], the
element free Galerkin (EFG) method [5], the reproducing kernel particle method [6], the
partition of unity finite element method (PUFEM) [7], the Ap-clouds method [8, 9], the
finite point method, the local boundary integral equation method [10], the meshless local

Petrov-Galerkin (MLPG) method [11], and the particle partition of unity method [12]. The
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Method

System Equation

Approximation

Method of finite spheres [13]

Diffuse element method [4]

Element Free Galerkin Method [5]
Meshless local Petrov-Galerkin method [11]
Finite point method [14]

Smoothed particle hydrodynamics [3]
Reproducing kernel particle method [6]
hp-clouds method [8, 9]

Partition of unity FEM [7]

Particle partition of unity [12]

Weak form
Weak form
Weak form
Weak form
Strong form
Strong form
Strong form
Weak form
Weak form
Weak form

Partition of unity
MLS approximation
MLS approximation
MLS approximation
Finite difference
Integral representation
Integral representation
MLS approximation
Partition of unity

Partition of unity

Table 1.1: Various meshless methods which have been developed and the formulation prin-

ciples are listed. MLS means that moving least square method.

names of meshless techniques and each basic principle used for the formulation are listed

in Table 1.1.

On the other hand, we can also classify these techniques considering how to construct

the shape functions into three major categories:

1. Finite integral representation methods:

(a) Smoothed particle hydrodynamic (SPH) method

(b) Reproducing kernel particle method (RKPM)

2. Finite series representation methods:

(a) Partition of unity method (PU)

(b) Moving least squares methods (MLS)

24



3. Finite differential representation methods:

(a) Finite difference method

(b) Finite point method

In the finite integral representation method, the unknown function is represented in a local

domain via an integral form as

fo) = [ Y oW (e - e, (LD

where W (¢) is a kernel or smoothing function. Finite series representation methods are
well developed in FEM, and also applicable to meshless techniques. The function is defined
as

f(z) = ao + a1p1(z) + aspa(x) + asps(z) + - - -, (1.2)

where p;(z) are basis functions. Finite difference methods use Taylor series expansions to

represent a function as

£(2) = F@) + (@)@ - a) + 5w (@ — @)+ (1.3

The weighting functions play an important roles in meshless techniques and many kinds

of shape functions have been suggested,

1. Cubic spline function:

25



r

2/3 — 4s% 4 4s° fors < 1,
W(s)=1{4/3—ds+4s—4/38 for1/2<s<1, (1.4)
0 fors > 1.

2. Quartic spline function:

1—6s2+8s%—3s* fors<1,
W(s) = (1.5)

0 for s > 1.

3. Exponential weight function:

exp~(¢/2)*  fors <1,
W(s) = (1.6)

0 fors > 1.
where « is a constant coefficient and we often use & = 0.3. The variable s is the normalized

distance from the node as

B |x — x/]
§=——"-

R (1.7)

In the method of finite sphere we use the quartic spline function since it has a simple form
of one single piece.

Although there have been some achievements in the formulations and theoretical proofs,
the efficiency of meshless techniques is still a most important and difficult task. The method
of finite spheres was developed by S. De. and K. J. Bathe [13]. In this technique, the do-

main is discretized by spheres. Each sphere has a node at its center and the overlapping of
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the spheres is allowed. The only one requirement is that the union of spheres mush cover
whole domain without any emptiness.

From the mathematical view point, the finite element method is a weighted residual
scheme, and the solution is considered to reside in the considered vector space. Further-
more, the error is orthogonal to a set of test functions. A great advantage of the finite
element method is that Hilbert solution spaces are used via a weak formulation. In the
finite element method, the domain is the subdivided into subregions, called ‘“elements”,
and this is the most important concept in the finite element formulation since the governing
equation is integrated over the elements in the weak form. However, to have a good quality
of mesh, certain conditions should be satisfied.

In the isoparametric formulation, the Jacobian matrix is utilized to transform the coor-
dinate system from local coordinates of (z, y) to natural coordinates of (r, s). The Jacobian
matrix is non-singular when the one-to-one mapping condition is satisfied. It means that
a point in the z-y plane should correspond to only one point in the r-s plane, and con-
versely [2].

To be able to invert the Jacobian matrix, the element should not be distorted too much
or folded. This restriction makes the mesh generation a enormous task in FEM analysis.
Since this task requires more time than the actual numerical calculations in the analysis,
avoiding the mesh generation is the main motivation of meshless techniques.

The creation of a mesh for the entire domain is the unavoidable prerequisite in solution
based on finite element methods. Much time in the analysis is spent on mesh generation
and checking the quality of the mesh. Especially, for large deformation problems, as for
example shown in Figure 1-2, the quality of meshes affects the accuracy tremendously.
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r
N
.
Lineforr=-1/2 r
falls outside
the element
0
Angle is small
>~ I
(a) (b)

Figure 1-1: Isoparametric finite elements: (a) Due to small angle 6, this element becomes
“sliver” element. (b) There is an angle bigger that 180°, so the one-to-one mapping is not
satisfied.

Y

Figure 1-2: Fluid structure interaction 2-D model. In the channel, there is a slender plate
which interacts with the fluid flow. In the FEM modelling, this example may require ex-
tensive remeshing to simulate the behavior of the plate.
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Another restriction for the analysis is that the deformation cannot exceed the element size,
Hence, adaptive procedures must be implemented at each time step of calculation in the
FEM methods.

A variety of meshless techniques have been developed, but the currently available tech-
niques are still much more expensive than finite element methods. The main reason is that
the shape functions are determined as non-polynomials although the functions are smooth
(€ C*). Therefore, for the numerical integration more cost is needed than in the finite
element method. Indeed, computational efficiency and reliablility are the most important
issues for the development of the meshless techniques.

The method of finite spheres is a truly meshless technique, and the discretization is
achieved by constructing Partition of Unity functions in the domain. The advantage of
choosing the spherical local support is that the relative location can be described simply
with their center coordinates and radii and the compact supportness ensures the narrow
bandedness of the stiffness matrices.

In the traditional finite element method, the interpolation functions are polynomials
which have the Kronecker delta property, and this ensures that the Dirichlet boundary con-
ditions are satisfied in the weak sense. In addition, the basis functions make the numerical
integration relatively convenient by the Gauss-Legendre quadrature rule. When the degree
of the polynomial is known, the Gauss-Legendre rule can integration up to (2 x N — 1)
degree exactly. However, in the method of finite spheres the interpolation functions are not
polynomials and they are rational functions. Hence more efficient numerical integration
schemes should be developed to have required accuracy.

We also propose a coupling scheme and an enriching scheme. These can be considered
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to generalize the numerical solution method, since we use conventional finite elements and
finite spheres simultaneously. This provides several advantages because we can employ
finite spheres only in those regions where they are effective. For example, in a crack propa-
gation problem, we can add spheres easily to the tip of the crack to capture stress and strain
concentrations. The finite element refinement around the crack tip can thus be largely dis-
pensed with. In addition, the total cost of numerical integration is not that large since we

use finite spheres on just certain local regions, not on the entire domain.

1.2 Thesis outline

A brief description of this thesis is as follows:

In Chapter 2, we summarize the basic formulations of the method of finite spheres
based on the displacement approach. The construction of the approximation functions by
the partition of unity is described.

In Chapter 3, the fundamental theory of numerical integration is summarized. We start
from the one-dimensional problem and extend to multi-dimensional concepts. Basic princi-
ples of Gauss formula, compound formula, orthogonal polynomials and the approximation
theory are briefly described.

In Chapter 4, we derive the improved equations of the integrand functions by trans-
forming the original equations into much simpler equations. This improvement reduces the
dimension of numerical integrations in many terms. We address the automatic sphere gen-
eration to cover the entire domain imported from a FEM package data file. The geometries

and boundaries are detected and optimal radii of spheres are determined.
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In Chapter 5, we present two new techniques to couple finite elements and finite spheres.
The first scheme couples finite elements and finite spheres simultaneously and the second
scheme is an enriching scheme. Different from existing schemes, the new techniques guar-
antee the consistency in the coupled domain in the displacement field.

In Chapter 6, we give resuts regarding a simple tension and bending test with the cou-
pling scheme and verify the convergence of strain energy. Then with the enriching scheme,
a stress concentration phenomena are analyzed by solving a plate with a hole and a plate

with a crack. The comparisons with analytical solutions are performed.
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Chapter 2

The Theory of the MFS Summarized

The first step in the Galerkin procedure is to construct finite dimensional subspaces in
a Sobolev space, where the unique solution is assumed to exist. The creation of shape
functions is the most important part in the meshless technique, and the challenging issue is
how to establish good shape functions with only nodes and radius. The requirements for

the ”good” shape functions are [15]:
1. Arbitrary nodal distribution.
2. The shape function should satisfy a certain order of completeness.
3. Compact support of the shape functions.
4. The algorithm should be computationally efficient.
S. The shape function should have the Kronecker delta property

6. The field approximation should be compatible within the entire domain.
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It should be noted that the terms completeness and compatibility are used distinctively
since the completeness/consistency means the capability of the field function approxima-
tion method to reproduce the fields of lowest orders of complete polynomials at any point
in the domain. The compatibility is the continuity of the approximation on the boundaries
between the sub-domains.

In the method of finite spheres we choose partition of unity functions for construct-
ing the trial function spaces. This choice allows the rigid body motion and zero strain
condition. We discuss the partition of unity and the approximation properties of the trial
function. The consistency, local approximation, continuity, and compact support are our
desirable characteristic for the method of finite sphere. The consistency means polynomial
reproducing property to ensure rigid body motion and constant strain states. This condition
depends on the form of the partial differential equation. The compact support is that the
function is non zero only on the concerned domain. This characteristic is essential to have

a sparse matrix not fully coupled.

2.1 Approximation space

We adopted the partition of unity function to construct the approximation space and sphere
domain for the compactness as shown in Figure 2-1.

The total analysis domain consists of the open compact domain €2 and the closure I". A
set of spheres which have open domain B(x;, ;) and closure S(xy, rr) covers the whole
domain €, in which x; and r; are the center and radius of the I** sphere respectively. The

spheres can be entirely in the domain, contact the boundary, or have non-zero intersection
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Boundary sphere

I'=TuwUI%

Inner sphere

Figure 2-1: A schematic of method of finite spheres
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with the boundary (boundary sphere).

2.1.1 The Shepard function

We can start from the proposition [16] of

Proposition 2.1.1 Let G be an open set of R". Let a family {U} of open subsets U of G
constitute an open base of G: any open subset of G is representable as the union of open
sets belonging to the family U. Then there exists a countable system of open sets of the
Sfamily U with the properties: the union of open sets of this system equals G, any compact

subsets of G meets only a finite number of open sets of this system.

Theorem 2.1.2 (The partition of unity) Let G be an open set of R". Let a family of open

subsets {G;;1 € I} cover G, i.e, G = |JGi. Then there exists a system of functions

i€l
{pj(z);7 € J} of C°(R") such that
foreach j € J, supp(p;) is contained in some G;, (2.1
foreveryje J, 0 < p;(z) <1, (2.2)
ij(x) =1forzeG. (2.3)

jeJ

The partition of unity function has these characteristics

N
L Y =1 ¥xeQ

I=1

2. supp{ps(z)} C B(xy,71). 24)

3. pIGC’(’]",mZO.
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2.1.2 Reproducing property

Reproducing property is one of requirements for a good approximation space. The state-
ment is that if any function py(x) is included in the local basis of each sphere, it is possible

to exactly reproduce it on the entire domain ().

Proof: We may write

va(%) = Y ) pr(X)pm(X)atrm, @5)

I=1mey
and if we set ay,, = dpx VI, where d,,,; is the Kronecker delta, then this §,,; is unity when

there exists the corresponding polynomial. Using the partition of unity,

N

va(%) =Y _pr(%)> _Pm(X)arm = pr. (2.6)

I=1 mes

2.2 Galerkin weak form for N-dimensional spaces

We consider open bounded domain Q2 € R%(d = 1,2,...,n), and its close I. In the term
of partial differential operator,

Au=f inQ, Q.7)

in which linear differential operator .A can be defined as

{A:Vv € H}(Q) — L?}. (2.8)
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For the elasticity problem in n-dimensions, the operator [17] is

d

62

A= E : az‘j(x)m + ¢(x), (2.9)
L. ) 7

,j=1

and a;; and c are bounded. We have Dirichlet and Neumann boundary conditions, and these

are described in mathematical forms as

d
ou

Z aij(X)%ni =f° onIy (2.10)

ij=1 '

u=u’ onT, 2.11)

where n; is the outward unit normal component along the boundary, I' = T', |JT'y, and
I'w Iy = 0. The solution of this equation can be found by setting the difference between
exact solution u and u orthogonal to the space of v, (z) space. Therefore, we can establish

equations for each node as
(A(uh) — h,m) =0, VYmegS 2.12)

For generating approximation spaces with higher order consistency, the local approx-
imation space V} = spaél{pm(w)} is defined at each node I, where p,, is a polynomial
me
function and < is an index set. The A is the superscript which represents the radius of the
sphere.

The global approximation spaces V}, are generated by multiplying the PU function with
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the local basis polynomial functions, so we have

Vi=Y_ psV} (2.13)

N
Vp = Z Z th(x)aJn (214)

where hy,(x) = ps(x)pn(x), and we call hy, a shape function associated with n'* degree
of freedom of node J. By Equation (2.14) and Green’s theorem, we obtain the equation for

the m* degree of freedom of I** node as

N
Z Z Krmingn = fIm + fIm) (215)

I=1 me$

where

KImJn - a(hlm) th)

n (2.16)
8h1m ath
_ /Q cl)himhnd + > ay () G g

i,j=1

It should be noted that a(-, -) is bilinear operator, and
fim = | F(x)himdQ, (2.17)

Qr
flm = zn: / hlmniaij(x) gu—}idl—‘, (218)
B(X],t‘])n r 6x.7

i,j=1
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where Q; = B(x,r;) Q.

2.3 The Galerkin-based Method of Finite Spheres

We briefly review in this section the basic formulation of the method of finite spheres.

2.3.1 Approximation functions

Based on the partition of unity requirement, we construct the basis functions. The domain
Q) € R?is an open bounded domain with I its boundary as shown in Figure 2-1.
Each sphere consists of an open sphere B;(x;, Ry) and its closure S;(R;), where x;

is the center of the sphere and R is its radius. The set of spheres must cover the entire

N
domain, i.e., @ C |J Bs(xy, Ry), and some of them will have non-zero intersections with
I=1

the boundary; hence those spheres are considered to be boundary spheres.

llx — x/|]
R

I

We define a weighting function W;(sy), where s; = , which means that the
weighting function is normalized by the radius of the sphere. This weighting function has

compact support, and we have chosen a quartic spline weighting function of the following

form as illustrated in Figure 2-2 (a).

W(s;)=1—6s/"+8s>—3s/"; 0<s <1 (2.19)

There are several well-known weighting functions for meshless techniques such as expo-
nential, cubic spline, quartic, and SPH spline which all vanish at the boundary of support.

Also, the first derivative vanishes at s; = 0 and s; = 1. The first derivative of the weighting
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Figure 2-2: Weighting function and derivatives: (a) Weighting function W;(z) when z; =
0 and R = 1.0 in one dimensional case. (b) First derivative of 1¥/; with . The derivatives
vanishesatz = 0 and z = 1.
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dw?ds?

dw¥ds®

o1 02 03 04 05 06 07 08 09 1
(d)

Figure 2-2: Weighting function and derivatives (Cont’d): (c) Second derivative of W;. (d)
Third derivative of W;
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function is

dW(SI)
dSI

= —12s; + 2457 — 1253, (2.20)

To calculate the first derivative of W;, we use the chain rule

_3_% _ %Z’%li, 2.21)
and we have
g% = (—x—};—;Q;lI- (2.22)
finally, we have the simple form of the derivative as
a;/(f = —12(1 - s,z)(—”i;z—;:’—) (2.23)
In the similar manner,
6;://’ _ 191 - s2)Y ]_%%y’). (2.24)

As an example, in two-dimensional the weighting function W;(x), 0W;(x)/0z, and W, (x) /Oy
are illustrated in Figure 2-3. With the weighting functions we can define the Shepard par-

tition of unity functions

pI(x)———lVﬁc—)——— I=1,2,...,N. (2.25)

L Wax)

For generating approximation spaces with higher order consistency, local approximation

spaces V* = span{p,,(x)} are defined at the nodes, where p,, is a polynomial function
mesg
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and < is an index set. Here h represents the radius of the sphere. We consider the case
span {pn(x)} = {1, z, y} for two-dimensional problems.
m=0,1,2
The global approximation spaces V}, are generated by multiplying the partition of unity

function with the local basis polynomial functions,
N
Vi(x)=>_ oV} (2.26)
I=1

Therefore, any function v, € V}, can be expressed as follows:

=3 Y him(X)arm, (2.27)

where hy,(x) = pr(x)pm(x), and we call hy,,(x) the shape function associated with the

mt* degree of freedom of node I, and aj,, its coefficient.

2.3.2 Displacement-based formulation

We consider the following variational form [2].

M= = f e (W)T(u)dQ —R = E / €"(u)Ce(u)d — R (2.28)

The term R is for the externally applied body forces, surface traction and prescribed dis-

placements,

R = / ulfBd0 + / ulfedl + / fuT(u — u®)dr, (2.29)
9] Ty

u
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where strain vector €7 = [e;; €,y 7Vey] and stress vector 77 = [1,; Ty, Tay), U is the
displacement field, f° is the prescribed surface traction vector on the boundary I'y, u’® is the
prescribed displacement vector on the boundary T',,, and f? is the body force vector. The

strain-displacement relation is

€ =0.u in Q, (2.30)
where _ _
d/0x 0
d=| 0 a/ay|- (2.31)

0/9y 0/0a

By the linear elastic constitutive law,
7 =Ce(u) inQ (2.32)

In Equation (2.29) f* is the traction vector on the Dirichlet boundary, and f° is the pre-

scribed traction vector on the Neumann boundary I'y,

w'? = [u*(z,y) v*(, ), (2.33)
f¥ = NCe(u) onT\,, (2.34)
£7 = [N7]" = [fi(z,y) fi(z,y)] onTy. (2.35)
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The matrix N has the direction cosine components of a unit normal outward vector as

N = , (2.36)

and the elasticity matrix is

C11 Ci12 0

C - Ci2 C11 O . (2.37)

0 0 C33,

where for the plane stress condition the components of elasticity matrix are

E Ev E
— = = 2.38
‘11 1 -2 C12 11— 2 C33 21 + 1)’ (2.38)

and for plane strain conditions,

E(1-v) Ev E

MEATHI-2) BT a+n-2) P 21+v) (2.39)

where E and v are the Young’s modulus and Poisson’s ratio of the elastic material respec-
tively.

By invoking the stationary of II in Equation (2.28) we obtain

/eT(v)Ce(u)dQ~/ [e”(v)CN"u + vINCe(u)] dT
@ " (2.40)
- / VIEB 40 + / vTfsdr — / T(V)ONTwdl Vv e H\(Q),

Q Ty u
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where H(Q) is the first order Hilbert space. The approximation for the displacement field

can be written as

N
u(z,y) =Y Y Hy(z,y)au = H(z,y)U, (241)

J=1nesy
where U = [ayg a1 agz  ...]Tand oy, = [u/™  v7"]. The displacement interpola-

tion matrix and strain-displacement matrix are respectively:

th,z(x,y) 0
hJ‘n(‘Tay) 0
Hyn(z,y) = , Byn(z,y) = 0 hn,, (z,y) | - 242)
0 th(xvy)
hin,(T,y) hin,(z,y)

where hj,(x) = ps(x)p, and derivatives in z— and y— coordinates are

hin,(X) = ps,(X)Pn + 05 (X)Pn . (2.43)

hn,(x) = ps,(X)Pn + ps(X)Pn, - (2.44)

Finally, the discretized equation for node I, degree of freedom m, is

N

Z Z KImJnaJn = flm + f‘Im> (245)

J=1nes
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where

KImJn:/ B?mCBJnan
o (2.46)

frm = | Hpf24Q (2.47)
Q

and £/, imposes the displacement/force boundary conditions [18]; for example, for a sphere

intersecting I'y, we use

frm = f H;, f°dl. (2.48)
TsN Br

In equations (2.46) and (2.47), Q; is the intersection of Q and B;(x;, R;). On the other
hand, if the sphere corresponding to node I has nonzero intersection on the Dirichlet bound-

ary, then we have

N
fimn=>_ > KUmma, = fUmn, (2.49)
J=1nes
where
KUmin = / H;»NCB;,dl' +/ BY CNTH,,dT (2.50)
. Br . Br
and

fUr, = / B7 CNTu'dl. (2.51)
Ty nBI

It should be noted that the matrix KU is symmetric.
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2.4 Formulation for boundary conditions

In meshless techniques, the imposition of the Dirichlet boundary condition and Neumann
boundary condition incurs more complicated schemes than in the finite element method.
However, still it is possible to handle this problems efficiently with a simplified scheme. In
this section we discuss how to impose the boundary conditions derived in Equation (2.10)
and (2.11) in the method of finite spheres considering the efficiency.

In the finite element method, because of the Kronecker delta property of the shape func-
tions, only the nodes which correspond to the Neumann boundary condition are considered
for the calculation of the consistent load, but in the method of finite sphere the shape func-
tions do not have the Kronecker delta property, so we need to consider all the nodes which
have non-zero intersection with the Neumann boundary. For example, let B;(\T'; be the
intersection of the sphere I and the boundary I', then the union of B;(I'y and B, (T,

becomes I'. By substituting Equation (2.18) into Equation (2.10), we obtain

fim = / him(x)f%(x)dS. (2.52)
BNy

Similarly, for the Dirichlet boundary condition in the finite element method only the
nodes located on the Dirichlet boundary are considered to impose the Dirichlet boundary
condition. Hence homogeneous boundary conditions can be exactly simulated.

In the method of finite spheres, the shape functions do not have the Kronecker delta
characteristic, so we introduce a technique to handle the Dirichlet boundary condition as in

the finite element method [13]. The nodes on the boundary are distributed to have the same
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Boundary line

Contact sphere

Inner sphere

Figure 2-4: Node distribution for the imposition of Dirichlet boundary condition. Nodes
are arranged along the boundary to circumvent to have complicated integration domain.

radii, and the inner spheres near the boundary do not have non-zero intersections with the
boundary as shown in the Figure 3-1.
This ensures that the shape functions along the boundary have the Kronecker delta

characteristic. Recalling the definition of p;(x) in Equation (2.25),

»

Wi(x) Wi (x)

N = =1 de I. 2.53
SN Wix)  Wilx) at node 2.53)

p1(x)

To implement this technique, for the homogeneous boundary condition, we can elim-
inate the rows and columns corresponding to the nodes which have non-zero intersection

with the Dirichlet boundary.
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Chapter 3

Numerical Integration Theory

The calculation of integrals is an essential task in the finite element method. Also, in mesh-
less techniques, this task is most important. Tremendous amount of textbooks and articles
are available [19-23]. However, the new concept of method of finite spheres demands
some innovative ideas specific for our scheme. The term quadrature is frequently used for
one-dimensional integration and term cubature is common for multi-dimensional integra-
tions. This chapter gives a comprehensive and concise summary of numerical integrations
including some fundamental theorems.

In the one-, two-dimensional cases, the required matrix integrations in the finite element

and finite sphere calculations have been written as [2]

[ 1@z =Y s + R, a0

i

/f(:z:,y)d;cdy = cijf (i, v:) + Rn 3.2)
12

where the summation extends over all ¢ and j, the ¢;, ¢;; are weighting factors, the f(z),
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f(z,y) are integrand functions in the matrices, and R, are error remainders which are not

evaluated in practice. Hence we use

/ flz)dz = Zcif () (3.3)

[ e v)dody = Y ey flaw) (3.4)
1,3

3.1 One dimensional numerical integration

Numerical methods for discretizing and approximating integrals are based on the use of
appropriate integration formulas [24]. For the one dimensional integration problem, we

have the integration rule

n

Q(f) = Qu(f) = Y _ cif (xs), (3.5)

i=1

where c; is the integration weight, ) is a numerical integration operator, and z; is the in-
tegration abscissa. Most quadrature formulas are obtained by approximating the integrand
function f in the given integration interval by a polynomial. In this case, we have a set of
polynomials and each describes the integrand in a section. In another way, the quadrature
formulae can be constructed by approximating the function f using a piecewise polyno-

mial.

In many cases, quadrature formulas have symmetries as

gi=a+{b—Tp (1}, G=Ca(i-1), 1=12,...,(n+1)/2. (3.6)
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when the abscissas z1, . . ., T, of all practical quadrature formulas @), are located in the in-
terval of integration [a, b]. The construction of the quadrature rules includes two main tasks.
One is that the abscissas and weights should be chosen to satisfy the accuracy requirement.
The second is that the integration values should converge to the exact integration values as

more integration points are used. The midpoint rule commonly called Riemann’s integra-

tion is
b n
Ro(f)= [ fladda~ 3@~ 20 f(6). (3.7)
a i=1
where R(-) is the Riemann sum operator, ¢ € [z;, ;41] for ¢ = 1,2,..., n. It is possible to

approximate any Riemann integrable function with any arbitrary accuracy requirement e.
The simplest way to obtain a converging sequence of the Riemann integration is to divide

the interval [a, b] into n subdivisions of equal length as:

r;=a+th, t=0,1,...,n; h= (3.8)

The choice for &; can be either left-side end point or right-side end point of the subdivi-
sions. We use notations R/ for left-side end point rule and R7'9** for right-side end point
rule. When we set the exact analytical integration value of the function f as I(f), the dis-

cretization error {R,,(f) — I(f)} can be estimated in terms of modulus of the continuity.

Theorem 3.1.1 If f € C|a,b] and the integration domain is divided into n equal segments

having (n + 1) abscissas from xg to x,, then

RI(F) — ()| < (b— a) x (f; b ) (3.9)

n
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X
b
-

| nh

Figure 3-1: Riemann integration: right-side point rule is applied to integrate a function
f(z) from a to b.

Proof When we apply right-side end point rule of Riemann integration for a given func-

tion f as shown in Figure, the error of the integration is

|RySM(f) — I(f)| =

n b
h>_ 5@ - [ fe)ds
i=1 a
Since hf(z;) = [, f(a:)dz for the right-side point rule, we have

> [ @) - s
<y [ ) - @i

<S5 [7 x(fimyd

n b
R 5@ - [ e

Ti-1

< nhx(f;h)
b—a

= (b—a) x(f; ): O
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where

x(f;6) = sup{|f(z1) — f(x2)| : 71,72 € [a, 8], |71 — 72| < I} (3.10)

is weight or density function and h (= =) is length of each segment. This is rough
error estimation, and if differentiability and continuity are provided, then this error can be

measured more precisely.

3.1.1 Construction of quadrature rule by approximation

More effective quadrature rules can be obtained by approximating the function f by a
model function g € M where M is space of approximation functions and we consider the
approximation value I(g) as the integration value for the exact integration of I(f). This
assumption is valid only when the model function can be described as a simple function,
so the polynomial functions are most promising model functions. If the model function g

satisfies

€
”9— f||L°° <

S (3.11)

where ¢ is error requirement, then the error bound becomes

a (3.12)

< (b—a)llg = fllpe

<e.
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Hence, the approximation function which is close enough to the function f with respect to
the L, norm can be considered as the model function for the integration.

In many practical integration, it is quite often required to integrate some functions
which are the product of w(z) and f(z), where w(z) is a weighting function which is
known in analytical forms. Now we denote this kind of integration as product integration,

and the notation is

I,(9) = I(wg). (3.13)

By this scheme, the resulting rule is called product rule. This integration is valid only when
the weighting functions can be expressed analytically, regardless of the space of model

functions. The condition estimate for the validity of product integration can be derived as:

11(9) — Tu(f)| = | [ vz - [w;s@i

< / (@) |9(z) — £(2)|dz (3.14)

< lwllpallg = fllge =€

where || ||, is L1 norm. When the weighting function is absolutely integrable in the range
of [a, b], then the error is proportional to the ||g(z) — f(z)||z~. Product rule is good for

various weighting functions.
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3.1.2 Approximation with polynomials

The polynomial for approximation of a function which has abscissas z1, zo, . . .,

determined uniquely in terms of Lagrange polynomials as:

() = Zf(fci)¢n—1,i($), Po1€Pnay

so the weighting coefficients can be derived as

c; = /abw(m)d)n_l,z(x)d:v.

Theorem 3.1.2 For f € C"[a, b] the approximation error €,_1(f) satisfies

en-1(f) <

———llwnllpe

IR
n

where the polynomial w, is

Wn(z) = (2 — z1)(z — z2)(x — 23) -+ - (T — x,).
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In another way, this quadrature rule can be extended to a compound rule, which is
obtained by approximating the function f by piecewise polynomial functions to each sub-
division in the whole integration domain. The error in a simple quadrature can be reduced
by increasing the order of polynomials, but the error of the compound rules is decreased by

refining the subdivision of the integration domain with fixed order of polynomials.

Definition 3.1.1 The degree of accuracy of a quadrature rule is D if

Qn(xk) = Iw(:rk), k=0,1,...,D,
(3.21)

Qn(xD+1) v ]w(xD—H)’

in other words, Q),, gives the exact value for the polynomial of order less or equal to D.

It is possible to make a relation between degree of accuracy and L., norm in the ap-

proximation function. Therefore, we have the following theorem,

Theorem 3.1.3 Any quadrature rule with a degree of accuracy D > 0 satisfies the in-
equality

Qn(f) — Lu(f)] < (Hw”Ll + Z IQI) en(f), (3.22)

where ep ~ inf{||Pp — f||,~}, Pp is the best approximation function in Pp, and if all

weights of Q,, are greater or equal to zero, then

|@n(f) — Lu(F) < [[lwllzr + I(w)]en(f)- (3.23)

If the coefficients of a sequence of the quadrature rule are all positive or zero, then
the error bound means the integration value converges as the number of integration points
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increases such that
Qn(f) — L,(f) as n— o0 VfeClab], (3.24)

provided the integration domain is compact.

Theorem 3.1.4 Let QQ,, denotes a sequence of the quadrature rules with respect to an ad-
missible weight function w on the compact domain, and assume all coefficients of Q, to
be nonnegative, then the convergence of the quadrature rules for all f € C|a, b] means the
convergence of Q, for all Riemann integrable functions f € Rla,b], where R denotes a

set of Riemann integrable functions [21].

3.1.3 Orthogonal polynomials

For the w which is admissible weight function, the inner product can be defined on the set

of all polynomial IP in one dimensional case with the inner product

b
(P.Q), ~1(PQ) = [ w(@P@Q@is YPQeR,  (25)
where (-, -) means a inner product in the space of P and we can define

IPIl, = [(P, P),I"">. (3.26)
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These polynomials are orthogonal if

I,(PQ) = f w(z)P(z)Q(z)dx = 0, (3.27)

when the P and @) are not same. The sets of the orthogonal polynomials can be obtained
for any weight function by applying the Gram-Schmidt orthogonalization procedure to the

set of monomials [20].

3.1.4 Gauss formulas

So far, we considered use of equally spaced sampling points. In the finite element methods,
we use Gauss quadrature rule to improve the accuracy. The basic idea of Gauss quadrature

is optimization of the positions of the sampling points [2]. The assumption is that

b n
/ f(z)dz =Y cif(zi) + Rn (3.28)
@ i=1

where c; are weighting factors, x; are sampling abscissas and R,, is the remainder. We use

an interpolating polynomial ¢(z) of the form

¥(z) =Y fili(z) (3.29)
i=1
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Figure 3-2: Lagrangian polynomials.

where n sampling points are still unknowns and fundamental polynomials of Lagrangian

interpolation l;(x) can be expressed as

(z —zo)(@—21) - (@ = &) (2 — 2ig1) -+~ (2~ @)
(Ti — mo)(@i — @1) - (T — Tim1) (%5 — @Tig1) -+ (T — ) (-39

li(z) =

as shown in Figure 3-2, where

where §;; is the Kronecker delta; i.e., §;; =1 for ¢ = j, and §;; = 0 for ¢ # j.

For the determination of the locations z;, we define a function P(z),

P(z) =(z —z1)(z — 22)(z — z3) - - (¢ — x,) (3.32)
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which is a polynomial € P,,. We note that P(z;) = 0. Therefore, it can be written

f(z) =9¥(z) + P(z)(Bo + Pz + Box? + Baz® + - - -) (3.33)

By integrating f(x), we obtain

/ab f(z)dz = Z:; fi Ub lj(a:)dx] + égj [/b xjp(x)dx] (334

where it should be noted that the first term on the right, functions of order (n — 1) and lower
are integrated, and in the second integral the functions that are integrated are of order n and

higher. The unknowns z;,j = 1,2, ..., n can be determined by the conditions
b 3
/ P(z)z’dz =0, k=1,2,...,n—1. (3.35)

Since the polynomial ¢(z) passes through n sampling points of f(x), and P(x) vanishes to
zero at these points, the condition in Equation (3.35) mean that the required integration of
f: f(z)dz is approximated by integrating a polynomial of order (2n — 1) instead of f(z).
In summary Gauss quadrature requires n unequally spaced sampling points and integrate
exactly a polynomial of order at most (2n — 1).

To determine the sampling points and the integration factor, we consider the natural
interval from —1 to 1 and apply any isoparametric mapping for any interval. When z; is a

sampling point and ¢; is the weighting factor, the corresponding sampling point and weight
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Figure 3-3: Legendre polynomials [1].
in the integration from a to b are
a+b b—a b—a
5 + —5— z; and 5 C; (3.36)

respectively. To calculate the integration factors, we substitute for f(z) in Equation (3.28)
the interpolating polynomial ¢ (z) of Equation (3.29) and perform the integration. It should
be noted that the sampling points have been determined and the polynomial v (z) is known,

then

1
c; = / lj(z)dz; i=12...,n (3.37)

1
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Abscissas Gauss formulas

Legendre polynomials Gauss-Legendre formula
Laguerre polynomials Gauss-Laguerre formula

Jacobi polynomials Gauss-Jacobi formula

Table 3.1: Quadrature abscissas and corresponding Gauss formula.

The Gauss-Legendre integration procedure is widely used for the numerical integrations,

but also there are more schemes available for the numerical integrations.

3.1.5 Compound quadrature rule

The compound quadrature rule comes from integrating piecewise polynomials. This also
can be derived by subdividing the interval into subintervals and by applying a simple inter-
polation formula to each subinterval. For the simplicity, it is assumed that the interval [a, b]

is divided into n sections which have n + 1 equally distributed nodes as:

a:x0<x1<x2--»<xn=b, Q?i:a-{-’il: a], 1=20,1,2,...,n. (3.38)

A specific k- point quadrature rule (@) is applied to each of the subintervals, and the
quadrature formular is denoted by n x Q. Setting the interval is from —1 to 1 by isopara-

metric transformation, the integration value is

k 1
Qk(f)=Zc,-f(ﬂi)m/1f(x)da:, Bie[-1,1], i=12....k (339
=1 -
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For a subinterval the integration is

'ﬂ@mz — N cif(zy), §=1,2...,n, (3.40)

where

b oA 8y =12k =12 ..n (3.41)
n

Tij = Tj-1+

Therefore, the compound rule for the interval [a, b] can be written as:

(nx Qx)(f) = Z b;n - Z cif (zij). (3.42)

The convergence of compound quadrature rules can be derived for all Riemann inte-

grable functions.

Theorem 3.1.5 Let Qi be an k-point quadrature rule with degree of accuracy D > 0, then
(nx Qr)(f) — I(f) as n — oo. (3.43)

Proof From the Equation (3.42), we have

n k
b—a
(nx Qu)f = ;c o ;f(:ci», (3.44)
where the term of 22 >_j=1 f(z;) is a simple Riemann integration, so the Equation (3.44)
converges to I(f) asn — oo 0.

Theorem 3.1.6 Let Qi be an k-point quadrature rule, then the error for the integrands
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feCFflab]is
b
Qulf) / f@)dz = Cb - a)P P fP(e), €€ lab, (3.45)

where C is a constant value independent of a, b, and f. The error term E,.q, (f) =

(nx Qr)f — f: f(z)dz can be expressed as:

Lm nPE,yq,(f) = C(b—a)? [f*D(b) — f*(a)]. (3.46)

n—oo
Hence, the convergence of Eyq, is at least of order p.

Proof The error term E,,, g, (f) is the sum of the integration errors in Qj, on each subin-

terval. Therefore,

n _ p+1
B =30(20) 96),  Gelmanl G4
j=1
_ b-a\?(b—a\ (P)(¢.
_ ( _ ) ( _ )Zf (&) (3.48)
14 b
=c(b;a) / FP (2)de (3.49)
—o(2) 100 - 1) (3.50)

- 3.2 Multi-dimensional numerical integration

The construction of the quadrature rule for the multivariate and multi-dimensional domain

is much more difficult than those in 1-D space. On the other hand, in the rectangular inte-
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gration domain, we can apply the one dimensional integration formulas in each direction.
In the same way of analytical integration, the integration can be achieved by keeping the
variables corresponding to the other integrals constant. Hence, for the two-dimensional

integration, we have [2]

+1 4l
/ f T, s)drds = Zc, f Tiy S
= Zcicjf('ri, $5)

i.J

(3.51)

where ¢; and c; are the integration weights for one-dimensional integration. This can be

extended even for the three-dimensional integral.

3.2.1 Construction of formula by approximation

The approximation can be obtained by approximating the integrand using a model function
g € M and taking the definite integral I,,(g) as an approximation of I,(f). By the equation

of

1Lw(g) = Lu(£)| < [lwllg,|lg = Fllze, (3.52)

which is independent of the dimension NV, and if the approximation function g satisfies

llg — fllpe < W : (3.53)

then the error bound is

[1u(g) — Lu(f)| < & (3.54)
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Hence, this approximation can be used even for constructing the cubature rules.

The approximation rule is practical only if the definite integral of the model function
over the given integration domain can be described explicitly with a relatively simple func-
tion. Considering this fact polynomials are attractive since they are easily integrated.

The Taylor series expansion around zero for the multi-dimensional domain is as

Noof Yoo #f
f(X) :f(O) + Z (O)xll + Z 91 (O)lexlz +
£ Oz;, = 210z 0z,
i1=1 i1=1,i2=1 (3 55)
N .
1 o f
23 B Oay, OBt Tt

and this Taylor series converges for all x € Cy. For the integration of the multivariate

integration, the following approximation can be written

o f(x)dz = f 0)dzr + Z 3:1:11 f T; dx

N

1 32 f
Z -2_!8331'181:1;2 (0) LN xilxizdx +oee (356)

i1=1,i2=1

Z ax’ll’ [P ,axid (0) ~/CN xilxi2 o xiddx.

zl, ,'l«d“l

The monomials z;, - - - x;, can be integrated analytically over unit cube Cy. For the function
f which has maximum order bigger than d, the remainder term for x € C} is given by

higher order terms.
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3.2.2 Construction of formula by transformation

Numerical computation of integrals can be facilitated by transforming the given integra-
tion equation using the isoparametric transformation. Many cubature rules are specified to
particular integration regions. Let 1) : B — B is defined as a continuously differentiable

one-to-one mapping. When the Jacobian matrix J of ¥ is not singular on B, i.e.,
3 detJ(X)#0, VX€B. (3.57)

Then, the multidimensional transformation rule results in

/B w(x) f(x)dx = /B B(R) |detd (%) F (%) d% (3.58)

where

w(X) = w(y(x)) and f(X)= f(¥(x)) (3.59)
The transformation 1 converts the cubature formula

n

/B w(X)|detJ (X)| f(X)dx = E ¢|detd (X,)|f (X)) + E(|detJ|f) (3.60)

i=1
to the cubature formula

n

[ w60r e =3 i) + B () G361)

i=1

71



with abscissas and weights given by
X; = ¢(i,), C; = Ei|detJ(E~)|, 1= 1,2,... , N, (362)

The iteration of integrals can also be used to facilitate the construction of multidimensional
integration formulas. For affine transformation we have x; = AX; + B, ¢; = |detA[g;, and

E(f) = [detA|E(f)

Definition 3.2.1 (Cartesian product rule) Suppose the integration region of B is the Carte-

sian product B = B; X Bs; of the regions B, B, and let

Zc(l) AEY) and QP f, = 20(2) ) (3.63)

i1=1 i2=1

denote integration formulas for the two integrals

L(f)= [ AEWMdY and L(f) = | fxP)dx?, (3.64)
By B

respectively, Then, the Cartesian product rule for the integrand over B is defined by

Q%) x QW) f = ZZC x, x2). (3.65)

11=112=1

Theorem 3.2.1 If Q,(,ll) integrates f, exactly over B, and QS,ZZ) integrates f, exactly over Bs,

then the Cartesian product rule integrates the product exactly over the region B = B X Bs.

The Cartesian product rule can be generalized as:
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Definition 3.2.2 (K-Fold Cartesian Product Rules) Suppose the integration region B is

the Cartesian product of K > 2 region By, Bs, ..., Bk, i.e., B= DBy x --- X Bg. Let

Nk

QW(f) =Y W), k=12, K, (3.66)

=1

denote integration formulas for the integrals
Lifi)= [ fGE®Meaex®, k=12, K, (3.67)
By,

respectively. Then the K-fold Cartesian product rule Q,(,ll) X+ X Qﬁff{) for the integral over

B is defined by

1 ng
(Qslll) X e X QS,I:)) f= Z Z cﬁ) - 'cgf)f(x,(.i), . ..,ng)) (3.68)

11=1 ig=1

3.2.3 Generalized Cartesian Product Rules

Cartesian product rules can be generalized for integration regions which are not Cartesian

products. Assume that the integral I( f) can be iterated,

1 ):/ f (")d":/ / £, x2)dx@dx® = [ f(xD)ax®,  (3.69)
B B Bz(x(l)) By

where

flzW) = /B o Fx® x)dx® (3.70)
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3.2.4 Multivariate polynomial approximations

Since polynomials can be integrated easily in closed form over most standard regions,

polynomials appear to be suitable model functions for use in the approximation approach to

cubature formula construction. Multivariate monomials :c‘fl x‘2’2 e :cj’VN where dy,ds, - - - dn
is the order of each variable in vector form:
d T
X, d = [dl,...,dN] ENo, (371)

where Nj is the union of set of all positive integer and 0. The set of all N —variate mono-
mials {x? : d € N)'} is a basis for PV which is the set of all mutivariate polynomials of N
variables; i.e., any polynomial P € PV can be uniquely represented as a linear combination

of a finite number of monomials,
J

P=>) ¢xl, ¢#0,j=12,...,J (3.72)
j=1

Definition 3.2.3 (Degree of Multivariate Polynomials) The degree of a monomial x4 is
defined by

deg(x?) = ||d||s =di +dy +ds + - +dy. (3.73)

The degree of a general polynomial

J
P=Y c;x% (3.74)
j=1
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is defined as

deg(P) = max{||dy||,, [|dllz,, |ds]L,, - sl }-

The set of all N —variate polynomials of maximum degree d, denoted by
P4, = {P € PV : degP < d},

is a linear subspace of PV

Theorem 3.2.2 The dimension of P} is given by

|
dim (d, N) = dimPY = (N; d) - %‘f—)'.

(3.75)

(3.76)

(3.77)

We need to consider the problem of choosing suitable n-dimensional spaces of polynomial

model functions Mp when given numbers n € N is considered. Generally speaking, Mp

should be chosen such that all f in a relevant class of functions can be approximated by

polynomials P € Mp with an accuracy as high as possible.

For dimension N > 2, the problem of choosing suitable n-dimensional spaces of poly-

nomial model functions Mp is more intricate. Taylor series expansion suggests that a

high approximation accuracy can be attained even for small degree d, provided the in-

tegrand is sufficiently smooth. For both reasons, the choice of the polynomial spaces

PY,d =0,1,..., as spaces of model functions appears to be highly reasonable for multiple

dimensions too.
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3.2.5 Polynomial Interpolation

Generally, the interpolation problem can be solved for arbitrarily prescribed function val-

ues, f(x1), f(x2),- -, f(x,) if and only if the linear functionals

{ll, lz, N ,ln : M]P — R} (3.78)

can be defined as

(P)=P(z;),i=1,2,...,n, (3.79)

and those functionals are linearly independent over Mp. If this independence requirement
is met, the interpolation polynomial is unique if and only if dim(Mp) = n.

For example, in one dimensional case, the space of model functions (Mp) = P,,_; for
any n € N, where n is number of data points. The approximation function P € P,,_; can

be determined uniquely when

P(z;) = f(zi), 1=12,...,n. (3.80)

For the two-dimensional or higher dimensional problem, model function exists only when

n is particular value such that

n € {dim(d,N) : d € No}. (3.81)

Many researchers developed a method to construct n—dimensional polynomial spaces

properly for n—data independent over Mp(x1, X2, X, ).
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Definition 3.2.4 (Degree of Accuracy) The degree of accuracy of an N-dimensional cu-

bature formula Q,, is D if

Qn(x?) =I,(x%) VvdeN) with ||d||z, <D, (3.82)

Qn(x%) # I,(x%) foratleastone d € NY with ||d||z, =D +1. (3.83)

3.2.6 Interpolatory formulas

For n given distinct abscissas Xy, . . ., X, the requirement that ¢}, must integrate all polyno-
mials of maximum degree d = D exactly means that the weighs ¢y, . . ., ¢, of the cubature
formula
n
Qn(f) =D cif(xi) (3.84)
i=1

to be constructed are chosen in such a way that

Qn(Py) =I1,(P;) YV P;ePy. (3.85)

Since PY is a vector space of dimension dim(d, N) and both operators I,, and Q,, are
linear functionals over P, it is sufficient that the equality in Equation (3.85) hold for just

one particular basis {b1, .. ., bdim(a,n) } Of P} :

Qn(b;) = I,(6;),5 = 1,2,...,dim(d, N). (3.86)

The Equation (3.86) is called moment equation.
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Definition 3.2.5 (Interpolatory Integration Formula) An integration formula Q,, with the

abscissas is said to be interpolatory if its weights are the unique solution of the equations:

N
> ebi(x) = Lu(b;), j=1,2,...,dim(d, N). (3.87)
=1
The condition in Definition 3.2.5 that the weights ¢y, . . ., ¢, must be the unique solution of

the moment equations can be explained as follows. By considering the linear functionals
L,ly,. .l PY 5 R (3.88)

we have

> ali(by) =Tu(b;), j=1,2,...,dim(d, N). (3.89)
=1

This equations can be solved if and only if the linear functional I, over PY is a linear
combination of the linear functionals Iy, s, ..., [,, Then the weights ¢, c,,...,¢c, of Q,

are chosen as the coefficients of a linear combination
Iw = Zcili. (390)
i=1

This means that the weights are uniquely determined by the abscissas if and only if the
functionals are linearly independent. Therefore, all the cubature formulas derived from

moment equations are interpolatory.

Theorem 3.2.3 Any interpolatory cubature formula Q,, with degree of accuracy D > 0
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satisfies the inequality

1@n(f) — Lu(f)] < (“le + Icil> inf{||Pp ~ flle : Pp € Pp}. (3.91)

=1

If all weights are nonnegative, then

1Qn(f) = Lu(H)] < (Jwllz, + I(w)) inf{||Pp — flle : Pp € Pp}. (3.92)

This implies that the error in cubature formulas is expected to decrease as the degree of

accuracy increases.
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Chapter 4

Numerical Integration and Auto Sphere

Generation for MFS

Most meshless techniques require heavy cost for the numerical integration to calculate the
stiffness values. In the method of finite spheres, the shape functions are rational functions
and the integration domains are spheres or spherical sectors. Furthermore, the spheres
overlap with other spheres making ”lens” shape regions. Therefore, we need to classify the
integration rules for each case. Exact integration of the stiffness values is not achievable
since the integration rules can, at most, guarantee polynomial accuracy. Hence, we focus
on the development of more efficient integration schemes.

There are two kinds of possibilities for the improvements of numerical integration
schemes. First, we can simplify and transform the integral equations into simpler shapes
[25]. The integral equations have highly complicated forms since we have derivatives of
rational functions and multiplications of those terms. We can transform some of the terms
into lower dimensional integrations by the divergence theorem. Secondly, it is possible to
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suggest more efficient sampling scheme for more efficiency. In this chapter, we present
the improved analytical equations and suggest more efficient integration rules in the two-

dimensional domains.

4.1 Improvement of analytical equations for numerical in-

tegration for inner sphere

The expressions to be integrated are rather complex and, clearly, transformations into sim-
pler forms are most desirable. For example, we consider the simple plate model which
has square shape and fixed displacement boundary at left side as shown in Figure 4-1, and
the node arrangement is assumed to be uniformly distributed as illustrated in Figure 4-2.
For the stiffness value we need to integrate the integrands and the integrands are highly
complicated distributions as in Figure 4-3.

In equation (2.46) we explicitly have:

Ku Ki
Kimjn = / dQv (4.1)
o K21 K22
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bV oy oy

Figure 4-1: Pressure load is applied on cantilever plate.

Node 7 Node 8 Node 9
[ s J
Node 5
Node 4 Node 6
@ O
Node 1 Node 2 Node 3

Figure 4-2: Finite sphere node arrangement. The nodes are uniformly distributed.
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where the elements of the stiffness matrix are

K = Cuhim hun, + Csshim hin, 4.2)
Ky = Ciohim hun, + Csshim hin, 4.3)
Ko = Ciohim hin, + Csshrm hin, (4.4)
Ki = Crihim hin, + Cashim hn, - 4.5)

Considering the case J equal to I, we have

K = Cuhbim bin, + Csshim hin,, (4.6)
K3 = Ciohym hin, + Cszhim hin, “4.7)
Ky = Cishim hin, + Cszhim hin, (4.8)
Kj = Cuihim  hin, + Csshim hin , - 4.9)

We can rewrite the equations of the stiffness terms into forms more effective for the numer-

ical integration. The integration of the first term in Equation (4.6) is

/ Bt b, dS2 = / 02 Do + 0101 (Dmnn + D) + P2 Pnn . (410)
QI QI

The term fﬂz PIPI . Pm ,PndS) can be rewritten to obtain

{07Pm P} ,dQ ~ / pz(pzpm,xpn),wdﬂ, (4.11)

/ PIPI ,Pm . Prndd =
QI QI

Qp

85



Then we can differentiate the second term in the right hand side,

/ P1P1.Dm . PndQ = | {piDm,pn} A2~ [ p1p1,Pm . prdQ
Qr Qr Qr

- / pipm,,,pn,z dﬂ,
Qr

It is possible to add fﬂz PIPI . Pm. ,PndS2 on both side to simplify and we have

2 x / PIPI P ,PrdS = / {0iPm . pn} A0 — / P3Pm . Pn., A5,
Q] QI ’ QI

and by the divergence theorem,

1 1
/ pIPI,zpm,zpndQ = 5/ p%pm,zpnnxds - 5/ p%pm,xpn,zdﬂ'
Q I'nB; Q

Similarly, the third term can be transformed

1 1
/ PIPIPmPn A2 = 5 / PIPmPn . nadS — 5 f P1Pm,.Pn, A2
Qr I'NB; Qr
By substituting Equations (4.14) and (4.15) into Equation (4.10), we obtain

1
/ hIm,m hfln,zdQ :/ p?zpmpndﬂ + _/ pﬁpm,mpnna:ds
Qr ’ I'NBy

Q; 2
1 2
+ 5 PrPmPn , nwds
I'nB;

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

It should be noted that the term of fﬂz P%pm,z Pn . dS2 in the Equation (4.12) is cancelled out

by summing Equations (4.14) and (4.15).
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For the other terms in Equations (4.6) to (4.9) we have

1
/ him  hin,dQ :/ pI,xpLypmpndQ + 5/ P%pmpn,ynzds
Qr I'NB;

fu (4.17)
1
+ 5/ P?pm,zpn”yds
I'nB;
1
/ hIm,thn,z dQ) = PI,sz,ypmpndQ + 5/ p?‘pmpn,znyds
Qr Qr I'NB; (418)
1
+ 5/ pipm,,,pnnmds
I'nBy
1
/ hIm,thn,de = piypmpndQ + ‘2‘/ p%pm,ypnnyds
Qr Q 0By 4.19)

1
+ 5 / pipmpn,y nyds
I'nBy

We substitute the terms from Equations (4.16) to (4.19) into Equations (4.6) to (4.9),

and obtain the integral equations for the stiffness terms

1 1
/Kudﬂ =Cn {/ pizpmpndﬂ + 5/ p2Q1dS + 5/ p?diS}
Qr T'NB;y

I'nBy
Q (4.20)

1 1
Ol [ pmpatns ] [ pQuis+y [ piquas},
Q

{ I'NBy I'nB;
/Klzdﬂ = 012 {
Qr

I
1 2 1 2
PI1,PI,PmPndf) + = p1QsdS + = p1QedS
Qr 2 I'nB; 2 I'nBy

1 1
+ Cs3 / P1,PI,PmPndf) + —/ p1Q7dS + —/
Q 2 JrnB; 2

I'nB;y

(4.21)
p%QSdS} ’

87



1 1
/Kmdﬂ = Crz {/ PI . PI,PmPndSd + 5/ p1Q7dS + 5/ P?Qsds}
Qr I'nB; I'NBjy
27 4.22)

1 1
+ Ci3 / PI . PI,PmPndQ + '2"/ p1Qs5dS + -/ P%Qsds} ,
Qr I'nBr

I'NBy 2

1 1
[Hmaa=cn{ [ sy [ s [  doas)
J Q INB; I'NB;

(4.23)

2 1 2 1 2

+ Cs3 P71, PmPrdQ + = p7@1dS + = p7Q2dS ¢,
Qr 2 I'nB; 2 I'nB;r
where

Q1(7,Y) = PmoPrle,  Q2(2,Y) = PmPr ,Na,

Q3 (IE, y) = DPm PnTy, Q4(w) y) = PmPn Ny,
(4.24)

Q5(.’L', y) = PmDn Nz, Qﬁ(xa y) = Pm . PnTly,

Qr(z,Y) = PmPn,. "y,  Qs(T,Y) = Pm,PnNa.

When I' (| B; = 0 the Equations (4.20) to (4.23) change into much simplified form since
there is not line integration terms. For example, we consider the sphere I and sphere J in
Figure 4-4. For the sphere J we do not need to calculate the line integrals. It is required
to calculate the first terms of the equations from (4.20) to (4.23).Therefore, the use of the
improved equations is clearly much more effective than the use of the original expressions

for the numerical integrations.
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F=TuUTIt

Surface integration in {4

Surface integration in £

X2 Line integration /

I

Figure 4-4: Numerical integration scheme with newly derived equations from (4.20) to
(4.23).

4.2 Improvement of analytical equations for numerical in-

tegration for lens shape

In the lens integration, J is not same as I, and we have the integrands

f Aim o han . dSY = f (p1.Pm + P1Pm.s) (P1.Pn + PiPn,) A
s frx (4.25)

= / PL+PJ . PmPn + PL.PIPmPn , + PIPI . Pm .Pn + PIPIPm . Pn . Y,
Qrg

where §;; is the intersection of {2; and (2.
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Similarly, we have

/ him  Pin, = / (P1yPm + p1Pm,) (P3,Pn + Pspn,,) dQ
Q17 Q1

(4.26)
= / PI,PJPmPn + P1,P7PmPn,, + PIPJ,Pm, ,Pn + Pszpm,ypn,de,
Q1
/ Rimohin, = / (P1.Dm + P1Dm.,) (05,0 + PPa, ) dQ
s s 4.27)
= / P1.PJyPmPn + PI.PIPmPn,, + PIPJ,Pm . Pn + PIPIPm, ,Pn ,dS2,
Q1
/ him  Pin, = / (p1,Pm + p1Pm,,) (Ps.Pn + PiPn,) A2
s s (4.28)

= / PI1,PJ s PmPn + PI,PIPmPn,, T+ P1PJ . Pm ,Pn + plpme,ypn,mdQ'
Qg

The integration of the term p; , p;pmpn , in the Equation (4.25) can be expressed as

/ PI.PIPmPn , A = / {o1 (pspmpn,)} , d02 - / pr (P1PmPn,) , A (4.29)
Qr; Qry Q

1J

By the divergence theorem, we have

/ PI.. PTPmPn ,dSY = / PIPIPmPn ,NedS — PIPJ PmPn , S
Qr Iz Qry

(4.30)
— / PIPIPm ,Pn ,dS,
Qry

where I';; is boundary of lens-shape integration domain.

Finally, we have the equation of

/ PI,PIPmPn ,dS2 + / PIPJ ,PmPn , A =
Q17 Qg 4.31)

/ PIPIPmPn ,NadS — / PI1PIPm 4 Pn , dSL.
Ly

Qg
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When p,, is same as p,,, we can substitute the Equation (4.31) into Equation (4.25), then

the equation can be simplified as

/ himohin.d2= [ pr.ps pmpa + / p1psDmPnnadS.  (432)
Qry Qry

Tz

In the similar way, we can obtain the relation for Equation (4.26)

/ PrI.,0IPmPn,,dS2 + / P1PJ ,PmPn ,dS) =
Qg Qry

(4.33)
/ PIPIPmPn, ,NydS — / PIPIPm ,Pn,dS).
IV Qg
By substituting Equation (4.33) into Equation (4.26) we have
/ Pim,hin,dSd = P1,PJ,PmPrd + / PIPIPmPn ,NydS. (4.34)
Qg Qg Trs

For the improvement of analytical integration on the lens domain, we transformed the orig-
inal equation into more efficient forms. However, It should be noted that these equations

are applicable only when the term p,, is identical with the term p,.

4.3 Numerical integration for method of finite spheres

At this stage, it is needed to classify the kinds of spheres, so we call the sphere which does
not have any intersection with the boundary an inner sphere, the sphere which contacts on
boundary a contact sphere, the sphere which lies on the boundary a boundary sphere, as

shown in Figure 4-5. The inner sphere is entirely in the domain and ; () I" = 0. The in-
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[,=T,+T,

(a) Inner sphere (b) Contact sphere

IiNB,

(c) Boundary sphere on Neumann boundary ~(d) Boundary sphere on Dirichlet boundary

Figure 4-5: Figures of (a) inner sphere, (b) contact sphere, (c) boundary sphere on Neu-
mann boundary I'f, (d) boundary sphere on Dirichlet boundary I,

tersection of contact sphere and boundary is a point. The boundary sphere has intersection
with either Dirichlet boundary or Neumann boundary.

Since the integrands in Equation (4.1) are not polynomials and are rational functions,
the numerical integration is unavoidable. For the inner spheres which do not have any
intersection with the boundary, we apply a piecewise midpoint rule to integrate the stiffness
values as shown in Figure 4-6 [18].

For the lens shape integration, we also apply a piecewise rule as shown in Figure 4-

7 [18].
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Figure 4-6: Inner sphere integration scheme. Midpoint rule is applied, and the sampling
points are determined by Equations (4.36) and (4.37).
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dAB

Y

Figure 4-7: Lens integration scheme, where A; is the area of a strip, w{ is the width of the
small piece.

R Rs

i < —%— - ———
Node I o F o\ Nodes T”’

Figure 4-8: A integration scheme for lens domain. Overlapped region is decomposed into
pieces and the variables are calculated.
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4.3.1 Midpoint integration method for the inner sphere

The implementation of numerical integration is performed by subdividing the sphere into
sections which have concentric circular and radial sides. We evaluate the integration value

by using the area as a weighting factor for the numerical integration as:

Ny Ng

/[2 f(x, y)d.’l,'dy ~ Z Z Dijf(ﬂfij, yz'j), (435)

i=1 j=1

in which Ny is the number of the angular sectors and Ng is the number of the section in
radial direction. Here z and y can be expressed in the cylindrical coordinate system as

r;cosf; and r;sind;. The locations of integration points can be determined by

.2 .
_JP-J+13
6; = (i — 1/2) A, (4.37)

where Ag = R;/Ng, Ag = 27/ N, and the weighting factor D;; is (j — 1/2)Ag(AR)>.

4.3.2 Integration on the lens domain

To integrate on the lens shape region of intersections of two spheres, we need to have
special rules. In this section, we explain the existing scheme for numerically evaluating
[ fa,, f(z,y)dzdy, where €y, is intersection of sphere I and sphere J.

For the lens shape domain integration as illustrated in Figure 4-7, the intersections of
two spheres are defined as the point A and the point B, and the number of sections along

this AB direction is chosen as IN,. We subdivide the lens into slivers which have the same
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width, then for each sliver we find the integration points to have the same weighting factor.

We draw a horizontal line /; passing through the center line of each strip. Now we can set

a set of points such that [; = Zf\;ﬁ wy. This quadrature rule can be described as [26]

Nz Ny
[ t@udsdy~ 3" Y Dystai ), (4.38)
Q1 i=1 j=1
L (4.39)
lj

where A; is the area of the j* strip, w? is the width of the small rectangular piece, and D;;
is the integration weighting factor.

For the implementation of the lens integration rule, we need to calculate the factors A;
and [;. We consider spheres overlapped as in Figure 4-8. For the sphere I setting the node

I as the origin of coordinate system, we have the equations as

z? + 9% = R/, (4.40)
r=1/R> -2 (4.41)
y = Rysiné. (4.42)

Corresponding to the given height y, we can determine the angle 6,
6 = arcsin — (4.43)

Ry

Assuming that node I is located on the origin of the cartesian coordinate, the area can be

96



obtained by the equation

R;? in 26
/ zdy = / Ry2 cos? 6d6 = -2’— [9 + sz ] . (4.44)

Then the area of the jth strip can be determined by

R/

dA = 5

sin 20772
0+ 5 — D; dAB, (4.45)
o

where

012 = arcsin [DI — (]R_ 1)dAB] , (4.46)

1

—(1\dAB
05, = arcsin [M{{—] ) 4.47)
R;
The height of center line for jth strip is

1

Y;=AB/2-(j — 3 dAB). (4.48)

To calculate I, we need to separate it into left part and right part, and the equations are

le =14/ R12 — yﬂ — D[, (449)
li; =\ Ri* = y;2 — (D — Dy), (4.50)

lj :lj1+ljJ. 4.51)
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4.4 New integration scheme for the inner spheres and bound-

ary spheres

The integrands of the method of finite sphere are highly complicated. However, we have
some good characteristic which we can utilize for the improvement of numerical integra-
tion. First, the shape function has compact support although the sphere overlaps with oth-
ers. Therefore, we can divide the domains into several subdomains which can be described
more neatly within the subdomains.

We recall the Shepard partition of unity functions

W](X)

)= S

I=1,2,... N. (4.52)

The derivatives in z— and y—directions can be obtained as

_ o . ) )
I
pr.(x) = |Wi, —~ =) Wi.| =5 (4.53)
A Z.Ilvzl Wy JZ; ] EL W;
- ~ -
Wy 1
pr, (X) = WI,y - Wj)y - - (454)
’ i Z.]I\rzl Wy J2::1 i Z,II\[:1 W,

In the improved equations, we are asked to calculate the integrands of p%x PmPn and pr, 1., PmPn>
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Subsection | gstert | gend | R | R!
1 |og || R | R
II o5 | 657 | Ry | Ry
111 0357 | 0517 | Rir | R
v o o | R | R

Table 4.1: Establishment of subsections for sphere integration.

p? ,yPmPn. By substituting the Shepard functions into the terms, we have

_ =42
2 MG’ al DPmPn
P1 . PmPn = |Wi, — SIETA Z Wy, [T E (4.55)
i 2= Wi i | [ZJ:I WJ]
~ N T2
W, PmPn
p%ypmpn = WI»y - _N_I—__ Z WJ»V —_p_—_Z’ (4'56)
| > Wi i i [ZJN=1 WJ]
N N
Wi Wi
PI.PIyPmPn = VVI,z iy v —— ZWJ,} [Wl,y Y Z WJ,y]
[ Zijzl W, J=1 Z.I:l Wy J=1

DPmPn

[ZlJvzl W, ] }

X

We have a common factor [Zﬂvzl WJ] ’ in above equations as a denominator and near the
boundary of the weighting function, this value becomes very small when the overlapping
ratio is small. In this case, the values of Equations (4.55) to (4.57) are scaled by the factor of
1/ [szvzl WJ] 2. Therefore, on this overlapped region, the integrands in Equations (4.55) to
(4.57) have relatively large values with intensive variations. Another important observation
is that the terms of {p,,p,} are {1,z,y,zy, z? y?}. Since the span of the local basis is
{1, z, y} which has the origin at the center of sphere, it is possible to divide the sections

regarding x— and y— coordinates.
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To calculate more accurately in those regions, we need to determine the numerical
integration sections adaptively as shown in Figure 4-9. For the inner sphere as shown in
Figure 4-9-(a), we divide the whole domain into four subdomains (0 < 6 < 0.57,0.57 <
6 < mpi <0 <157 1.57m <0 < 27), namely section I, II, I1I, and IV, since the basis of
the integrands contains x and y as a component.

For example, we introduce R} and R? for the section I. R} is the starting range of the
integration in radial direction and is obtained calculating distance from the origin of J*
sphere to the boundary of other spheres. From 0 to R}, the integrands are null since at
integration points where it has only one weighting function. Hence p;(x) is unity and the
derivatives are zeros (py ,(x) = 0, ps ,(x) = 0). Therefore, we eliminate the unnecessary
computations. The integration ends at R? and another integration start from R? to radius of
the sphere J. R? is determined considering least overlap with neighbor spheres. Similarly,
67 is the starting range of the integration in the tangential direction and 62 is the end of
integration angle. Therefore we have (R}, R?, R};, R%,,--- , R}, R%,,) for a sphere J.

For the inner spheres, we have eight sectors and the integration is

R 62 R(I)
/f (r,0)r drdf —/ f(r 6)r drd0+/ f(r 6)r drdf
i & (4.58)

IV IV R(I
/ frOrdrdO—{—/ frt?)rdrdﬁ

RIV

We apply the midpoint rule for each sector to integrate. For the boundary spheres, we need

to divide sectors more carefully. Only sectors which exist in the domain are considered as

shown in Figure 4-9-(b).
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Section I1 Section I

Section 111 Section IV

sphere J

Section I Section I

Boundary

(b)

Figure 4-9: New integration scheme for the inner sphere. (a) The sphere J is divided into
four domains based on the angle and determine neighboring spheres which are located in
each region of angle. (b) Boundary sphere.
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READ ADINA DATA
- point data
- material data (E,v)
- element data
- loading data

!

Establish K matrix

v

v

Generate LM matrix

Establish force vector

v

v

—- Generate Side table

Solve the equations

v

v

Calculate Stresses

BD-TABLE = =1 Generate Boundary table

Figure 4-10: Automatic radius calculation scheme.

4.5 Automatic generation of spheres in MFS

In the MFES, one of the important tasks is automatic generation of spheres, which includes
the detection of boundary and the determination of radii of all the spheres. There is only

one restriction that the union of spheres must cover the whole domain without emptiness

for generating these approximation functions.

We adopt an practical way to generate spheres by using ADINA input data. This choice
gives us several advantages such as usage of the powerful node generating scheme of AD-
INA and convenient result comparison with the exact same node distribution in FEM solu-
tion. Figure 4-10 shows the procedure to obtain necessary information from ADINA data
file and to calculate radii of spheres. The program STAP_MFS has been developed from

STAP program to implement the MFS method. The first important stage consists of estab-
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Side Table

N1 N2 Flag

1 2 0

2 3 0

Element 3 // 1 3 1
2 / . . : :| Repeated

// Element 1 1 3 5

/ e 2 3 1

/‘:/,/// 1 3 1

¥ Node 3

/\/

Figure 4-11: Edge table generation scheme. Each row of the edge table contains infor-
mation about the nodes that are on an element edge. The format is (N1,N2,flipping flag),
where N1 and N2 are the nodes connected be the edge and the flipping flag takes on a value
of zero if the order is N2 < N1 in the original connectivity and a value of 1 if the original
order is reversed.

lishing a edge table and a boundary table. This information saved in these two tables is
used to detect the intersection with spheres and domain boundaries.

The process of generating the “edge table” from the raw data is described in Figure 4-
11. Each row has components of N1, N2, and flipping flag, in which N1 and N2 are nodes
on a edge of a element. When the element connecting sequence is descending order, the flag
is unity, otherwise, the value is null. This information designates the boundary line vector
which is counter clockwise. The same N1 and N2 values appear when the edge is not on
the boundary because the edge is common to two elements. By eliminating repeated values
in the edge table, we can get the boundary table. The boundary table has the information
about the boundary nodes and the sequences.

As a next stage, we categorize spheres into three kinds of spheres (inner sphere, contact
sphere, boundary sphere.) The pure sphere does not contact with boundary and purely in-

side the domain, contact sphere contacts with boundary line, so the intersection is a point,
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e Neighborhood node

I

Figure 4-12: Inner sphere: The radius is determined by average value of node-distance of
neighboring nodes.

and boundary sphere is located on boundary. For the inner sphere, the radius is determined
by average value of node-distance of neighboring nodes as shown in Figure 4-12. The
radius of contact sphere is the radius which imposes the contact condition with boundary
the boundary as in Figure 4-13, and the boundary sphere has minimum length of distances
to adjacent two nodes shown in Figure 4-14. We implemented our auto sphere generation
scheme for various geometries frequently met in mechanical analysis as illustrated in Fig-
ure 4-15 to Figure 4-17. In the first example, there is a plate with two holes and 175 spheres
cover entire domain properly. Contact spheres were generated to touch the boundary and
centers of boundary spheres are aligned along the boundary properly. Second example in
Figure 4-16 is annular section and 37 spheres cover the domain. In the third example a

quarter of a plate with a hole is covered by 168 spheres.
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@ Neighborhood node

Figure 4-13: Contact sphere: Node (I) has at least two neighborhood nodes which require
special attention. The normal distance from node I to adjacent edges are computed and the
minimum distance is adopted as radius
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@ Neighborhood node

Figure 4-14: Boundary sphere: The boundary nodes are obtained from the boundary table.
The radius of the sphere at a boundary node is selected as the minimum of the two nearest
neighbor distances. The included angles 6; and 6, are used in the numerical integration
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175 spheres
7 I T T T T T T

Yu/

-1 1 ] ] ] ! ) 1

-1 0 1 2 3 4 5 6 7

Figure 4-15: Example of auto sphere generation: The plate has two holes and sphere gener-
ation is implemented automatically. 175 spheres are distributed to cover the whole domain.
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37 spheres
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4.5

251 .

1.5 i

0.5

o NSA

-0.5
-0.5 0 0.5 1 1.5 2 2.5 3 3.5 4 4.5

Figure 4-16: Example of auto sphere generation: For the annular section sphere generation
is implemented automatically. 37 spheres are distributed to cover the whole domain.
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168 spheres
3.5 T T T 1 T I T

2.5

1.5F .

0.5

_0.5 1 i 1 ! 1 1 J.
-0.5 0 0.5 1 1.5 2 2.5 3 3.5

Figure 4-17: Example of auto sphere generation: For the quarter of a plate which has a
hole sphere generation is implemented automatically. 168 spheres are distributed to cover
the whole domain.
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Figure 4-18: Convergence comparison of finite element method and method of finite
spheres.

4.6 A numerical result

The improved formulation was used to solve some typical two dimensional linear elastic
problems. Here we consider a cantilever plate in plane strain conditions, subjected to uni-
form pressure loading; we use Young’s modulus £ = 100, Poisson’s ratiov = 0.3, L = 1,
and p = 1. For the finite element solution, we use 4-node elements in 4 x 4, 8 x 8, and
16 x 16 element meshes, and for the method of finite spheres 1 x 1, 2 x 2, and 4 x 4 nodal
arrangements were employed.

Figure 4-18 shows the results of convergence in strain energy. The figure shows that
the method of finite spheres results in the same order of convergence (as expected), but the

error is much smaller for a given number of nodal points.
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Chapter 5

Coupling of Finite Elements and Finite

Spheres

5.1 Introduction

For several decades, the development of the finite element method has been pursued and is
now efficient for complex structures or domains. However, the finite element method is ex-
pensive in preparing the mesh and in some cases, notably in nonlinear analysis, mesh regen-
erations may be necessary and are costly. On the other hand, meshless techniques eliminate
the mesh generation procedure in the analysis, but are confronting difficulties in numerical
integration, namely, the integrands are not rational functions. Also, the essential boundary
conditions are not as easily imposed as in the finite element method. To overcome these
difficulties, some effort was made to couple the finite element method/boundary element
method and meshless techniques [27-29]. The coupling of the finite element method and

meshless techniques enables to utilize mutual advantages. The basic idea is that finite ele-
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ments are employed for the domain which is easily meshed and does not need re-meshing
and the meshless elements are modeling the domain which is difficult to mesh and may
need remeshing in nonlinear analysis. However, the major difficulty with the coupling is
to enforce the displacement compatibility on the interface boundary between the meshless
domain and the finite element domain and ensure the continuity of the displacements and
possibly derivatives. Although some methods for the coupling were proposed, the first or-
der consistency in the coupled domain was not ensured. In this chapter, we propose a new
coupling scheme using finite elements and finite spheres [18,30]. We consider the 4-node
finite element in the coupling with finite spheres and achieve continuity of the stress and
strain fields in the domain of overlap.

We also propose another coupling scheme in case we simply want to enrich the interpo-
lation in the finite element domain. In this method, the finite sphere bases are added to the
existing finite element interpolations. This approach provides adaptability and versatility
since it s possible to add or remove spheres adaptively. The spheres can be added in local
areas of the entire analysis domain and the solution then depicts high order regularity in
displacements, stresses, and strains fields.

The promising application area of the new coupling scheme are stress concentration
analysis and crack propagation simulation. Cracks grow in arbitrary direction under mixed
loading conditions. To trace the propagation of each crack, the propagation direction should
be analyzed. Our new coupling schemes have great advantages since we can employ
spheres at the crack tip to enrich the approximation functions. It is not required to gen-
erate a finer mesh at each step at the cracks and we can use the basic mesh for the entire
analysis.
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5.2 Coupling finite element discretizations with finite sphere

discretizations

In the formulation to couple the finite element and finite sphere discretizations, we need to
categorize regions in the domain and construct the shape functions in the entire domain.

As illustrated in Figure 5-1-(a), we have originally N; finite elements and Ngpperes finite
spheres and they have overlapped subdomains which we call ”coupled” domain. We cat-
egorize the whole domain into three different domains as shown in Figure 5-1-(b). We
call Qrp the domain which does not have any overlapping with finite spheres, 2rg_ s the
coupled domain which is the union of finite elements that overlaps with spheres, and Qpg

the pure finite sphere domain which consists of spheres.

The domain {Q%¥) & € M} denotes an individual finite element subdomain, {Q¥) .,k €

N} means a coupled element subdomain and {ng;, k € S} is for a sphere subdomain.

The nodal coefficient vector consists of values corresponding to the degrees of freedoms

of the finite elements and the finite spheres as

T
U* = [111 Ug...UNpgy | O100011 - - - aN,phere,Npal] (51)

where the coefficients u; = [ur v7] and oy, = [Urm Vim). Npga is the total number of
finite element nodes, Npheres the number of finite spheres, and Npol the number of terms
in the polynomials of the spheres used. For the index 0, 1, 2 we have N, = 3.

For the pure finite element subdomain Qg% we have only the conventional shape func-

tions hfP(x). In the pure finite sphere subdomain belonging to the sphere I, the shape
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Figure 5-1: Coupling finite element discretized domains with finite spheres discretized
domains: (a) Coupling scheme and (b) computational domain decomposition. We call
Qpp the domain which does not have any overlapping with finite spheres, Qrg_rs the
union of finite elements which have non-zero overlap with spheres, and Qgg the region
which consists of spheres.
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® Finite element node
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QFE C)FE-FS
| & ®
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QFE
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CFE
@ ®
Finite elements Coupled elements

Figure 5-2: Enriching a finite element discretization with finite spheres: We call Qpp the
domain which is not enriched with finite spheres, and Qpg_pg, the domain of finite ele-
ments enriched with spheres. It should be noted that there is no pure finite sphere domain.
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functions are %3 (x). The construction of shape functions can be achieved by multiplying
local basis to the Shepard function with the relation of s, = pr(x) pp,(x) as in [13]. The
coupling subdomains have the shape function Af#~F9(x) which correspond to the finite

element and h}Z~F%(x) corresponding to the finite spheres.

5.2.1 Construction of shape function on coupled domain

For details of the shape functions on Qrg and Qpg, we refer to [2,13]. Using the partition
of unity, we obtain the equations for the shape functions for subdomain Qrg_rs of the

form

hFE-FS(x) = hi(x) =129

- W(k) ) y Ly e 1Nspheres; (52)

Wi;(x
pro T (x) = vém)’ I=1,2,..., Nopheres, (5.3)
REE=FS(x) = pFEFS (x)ppm (x). (5.4)

where W (¥) is the total sum of all the weighting functions which have non-zero values on

the domain ngl),;_ Fg Written as

(k)

spheres

W (x) = Z Wi (x i:h( ) (5.5)

where K is the index set of finite spheres, [ is the index set of nodes belonging to the

+ 4, Here N*) s the number of spheres which

finite elements, and N®) = N®)

spheres spheres

have an intersection with Q{ 7 E Fs» and pp, is a local basis. Wi is the weighting function

corresponding to the finite sphere K. It should be noted that the summation of weighing
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FEFS ———=—==wio . = W
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e
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Figure 5-3: Shape functions RFE-FS(z), nEE-FS(z), pFE-FS(z), piP F5(x),

REE=FS(3) and hEE—F5(z) calculated by Equation (5.3) in a 1-dimensional case when
11 21

the spheres are located at the both ends, where R;, Ry = 1.

functions of finite element nodes 124:1h 7(x) is unity in the Qg and Qpp_ps, and the h] #(x)
is identical with h;(x) only in Qpg. We keep the partition of unity characteristic, which
ensures that rigid body motion is possible.

As an simple example, we illustrate ¥ Z=F5(z) and hFF=F5(z) for the 1-D case in
Figure 5-3. On a 2-node one dimensional element, two spheres are placed centered at each

node of finite element. h;(z) and hy(z) are weighting functions of finite element nodes.

Wi (x) and W, (z) are weighting functions of the finite spheres. The radius of spheres is
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assumed to be unity. Then we have weighting functions

hi(z) =1— =z,
hz(l‘) =,
Wi(z) =1 — 62* + 8z° — 3z*,

Wa(z) =1—6|z — 11> + 8]z — 1> — 3|z — 1|*.

Substituting these weighting functions into Equations (5.2) to (5.4), the shape functions

hi(z), ha(z), p1(z), and p2(z) in Qpp_ps(x) are

FE-F _ hi(z)
hy S(x) n hi(z) + ha(z) + Wi(z) + Wa(z)’
hFE—FS<x) _ hy(z)

2 hi(z) + ha(z) + Wyi(z) + Wa(z)’
pFE—-FS(x) _ Wi(z)

1 hl(.’I:) + hz(.’l)) + Wl(ib') -+ Wz(.’l?)’

FE-FS Wa(z)

) S T R + W) + Waa)

By the relation KX E=FS(z) = pFE-FS(3)p . hFE-FS(z) and hy (z) are obtained as
Im I 11
hi? P () = o1 P77 (2) (2 — z1), (5.6)
hy? =P (2) = 03 P75 (2) (2 — 2). (5.7)

As shown in Figure 5-3, the shape functions are smooth within the subdomain as expected.
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5.2.2 Displacement-based method

We consider the following variational statement for linear elasticity

Find u« € H'(Q) such that
/ € (v)Ce(u)df) — / ["(v)CN"u + v'NCe(u)] dT (5.8)
Q T

= / vIEB A0 + / vTfedr — / f(VICNTwdl Vv € HY(Q),
Q Ff u

where € = [€zz €y Vayl”» H'(2) is the first order Hilbert space, u is the displacement field,
e and 7 are the strain and stress vectors, f* is the prescribed surface traction vector on the
Dirichlet boundary I'f, u® is the prescribed displacement vector on the boundary I',,, f B is

the body force vector, and N is defined as

N = . (3.9

0 ny ng

Note that we use this variational statement for the complete analysis domain, but in the
pure” finite element domain (Qpg) we have u|r, = 0 and u®|r, = u|r, = O so that the

expression simplifies into the usual principle of virtual work [31].

5.2.3 Formulation in the ”’pure” finite element domain Qz g

In the domain {Qpg : JQ®, Q& N Qpheres = 0}, where Q*) is the finite element
subdomain and Q;pheres i the union of all spheres, the finite elements do not overlap with

finite sphere, and considering 4—node elements, the displacement field and strains are those
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computed in the conventional finite element method [2]

4
UQrpp (X) = ZHfE(X)uI, (5.10)
I=1
4
€Qrp (X) = ZB?E(X)UI, (5.11)
I=1
where ul = [u; v;] in which u; and v; are z- and y- directional nodal displacements

respectively. The terms HE®(x) and Bi#(x) are as follows:

. hEE(x) 0
HFE(x) = : (5.12)
0 AP(x)
hiZ(x) 0
BI*(x)=| 0o AEx)| (5.13)
hEE(x) hE(x)

where I denotes the index of nodes of finite elements. The force vector for the node I due

to surface traction f* on the kth element can be obtained as

fE = f HFET 4T, (5.14)
rynon)
where
fs
e (5.15)
5
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5.24 Formulation in ”pure” finite sphere domain (g

In the domain {Qps : Q\(QUre U Qre-rs)}, which we call pure finite sphere domain, the

displacements and strains for the subdomain Q are [18]

Nsphere.s

uge(x) = Y > HIZ(X)anm, (5.16)
J=1 ne$
spheres

aps(X) = > Y _BI(x)aum, (5.17)
J=1 nes

where Nypperes 1S the number of all the spheres, & is an index set corresponding to mth

degree of freedom of I‘" sphere, ay, = [us, vyn], span {pn,(x)} = {1, z,y}. Displace-
m=0,1,2

ment interpolation matrix H5%(x) and displacement-strain matrix Bf%(x) for finite sphere

J with the degree of freedom n are

HiS(x)=| " , (5.18)
0 hES (x)
hia,(x) 0
B3(x) = 0 hES (x)] - (5.19)
_hff(X) him, (X ),

The force vector for the sphere I and local basis p,, due to surface traction f* on the kth

sphere is

Im

7S — / HESTgeqr. (5.20)
r;nont)
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On the other hand, if the sphere corresponding to sphere / has nonzero intersection on the

Dirichlet boundary, then we have

f.I};‘rrf ZZKUImJnaJn fo;i’

J=1 neF

where

KU, = / HISNCBESIT + / BESTCNTHES 4T
Fu n BI I‘u n BI

and

fUFS = / BPSTCNTw*dr.
T'.NBr

5.2.5 Formulation in the coupled domain

(5.21)

(5.22)

(5.23)

In the domain of {Qrp_ps : UQ®, QF N Qpheres 7 0} which is the union of fi-

nite element domains, which have non-zero intersection with spheres, and we call it as

(k)

Qrg_rs. The displacement field in the subdomain {2z _ ¢ consists of shape functions of

hFE=FS(x) and h5E~F5(x) as

4 pheres
—_ FE—FS FE-FS
UQpp_rs (X) = E :hI Z Zh (X UJn,
I=1 J=1 neg
4 Nspheres
— FE—-FS FE— FS
UQFE—FS(X) = _S_ :hI (x) E , E :h U Jn,
I=1 J=1 ne¥
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where the new shape functions are derived by Equations (5.2) and (5.3),

hFE FS( ) hI( )

W)’
_ W;(x
h.l;f FS(X) = -I-/I‘/]v((k)) pn(x),

The strains in the domain Q%“ZE_ Fg are

4 Nsphere.s
FE-FS FE FS
€22(X) = E hy, 7 (x)ur + E E h; X)Usn
I=1 J=1 neg
4 spherca
_ FE—FS FE FS
€yy(X) = E hy, =7 (x)vr + E E h; (X)vsn
I=1 J=1 neg

’Yzy ZhFE FS x>uI+ZhFE FS

sphere.s sphe'l‘es

+ Y SRE S s+ S SRR 0wy

J=1 nesg J=1 nes

In matrix form, this displacement and strain fields are expressed as

Nspheres
FE— FS FE FS
Ugpp ps(X) = E H; x)uy + E E H; (%)
I=1 J=1 neg
4 Nspheres
- FE-FS FE-FS
€Qrp_rs (x) - E :BI (X § : E :B (X Qjgn
I=1 J=1 neg

(5.26)

(5.27)

(5.28)

(5.29)

(5.30)

(5.31)

(5.32)

where the displacement matrix HE¥~F5(x) and strain-displacement matrix B} #~9(x)

for node I are

FE-FS ) 0
H; " (x) = ’

0 AP FS(x)
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B (x) =

B N
hie B3 (x) 0

0 AEEFS(x),

TS HEE )

(5.34)

and the displacement matrix H7¥~F9(x) and strain-displacement matrix B¥Z-F5(x) for

node J with degree of freedom n are

HEE () -

BIE5(x) -

0 WET)

Py (%) R (%)

where the z- and y- derivatives of h;(x) are

BEE-FS () =

hFE—FS(x) —

The derivatives of py(x) are

pre T (x) =

pr, To(x) =

o

L -

N
I
e = g 2 Wi |

Nk)

hi 1
h, = W®) ZWKW W)’
I K=1 _
N()
Wi 1
Wi, - W& ZWKJ W)’
K=1 ]
Nk)
Wi 1
Wi, - W) EWK,'J TROK
K=1
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(5.36)

(5.37)

(5.38)
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and

his-F5(x) = pf EF5(X)pm + o © =75 (%) (5.41)
hiE-F3(x) = pf 2P (X)pm + o1 5 (X)Pm,, - (5.42)

The individual stiffness values for the domain Qg“,)f_ Fs €an be obtained as

KIF-FS — / BIE-F5T(x)C BEEFS(x)d0, (5.43)
U-rs

KIE-FS = / BIP-FST (x)C BEE-FS(x)dQ, (5.44)
Un-rs

KiE = [ BT CBIE T (i (545)
Ur-_rs

KEE FS — /Q L BIETTCBIFFS(x)do. (5.46)
FE—-FS

If the coupled subdomain has nonzero intersection on the Neumann boundary, The

vector £72=F5 for the node I belonging to the coupled subdomain Q) < is
fre-rs = / HEE-FST (x)fsdT, (5.47)
r'eN 392‘27-1?5

and the vector f7 2= for the m** degree of freedom of node I belonging to the finite

sphere on the Qg,%_ Fg 18

fro-rs / HIE-FST (x)fodl. (5.48)
rsN99%k_ps
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On the other hand, if the sphere corresponding to sphere I has nonzero intersection on

the Dirichlet boundary, then we have

N
£5-F =N "N KULE Pay, — fUTE-FS (5.49)

Im )
J=1 neg

where
KULS;FS = / ., HLZPSNCBJE-FSdr
TuNOQpp_ps 5 50)
+ / BFE-FSTONTHEE-FS4p
TuNOQY) oo
and
FUFE-FS / BFE-FSTONTy*dT. (5.51)
Iu 0%} _ps

In the Equation (5.43), the index IJ means that the value represents the interaction with
finite element node I and node J. The index IJn and ImJ means that the value has
correlation with finite element node [ and finite sphere J with nth mode. The index ImJn
means correlation with sphere I of mth mode and sphere J of nth mode.

It should be noted that when a finite element does not have any overlap with a sphere at
an integration point, there is not any contribution from finite spheres. Therefore, in this spe-
cific case at the integration point the correlation terms (K, 7,K;;,) between finite element

nodes and finite spheres becomes zero and there is no contribution from any spheres.
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5.2.6 Assemblage of stiffness matrix and force vector

The total strain energy in the first term of Equation (5.8) is the summation of strain energies

in the domains of QFEs QFS and QFE—FS as:

/GTCGdQ = el CedQ +/ el Ced) -I-/ el Ced. (5.52)
Q Qpp QFs

QFE-Fs

By substituting Equations (5.11), (5.17) and (5.32) into Equation (5.52), we have

/ TCed = V { S / ngTcsgfgd9<k>} U, (5.53)
Qrp keM QrE
/Q eTCed =V { > /Q B(F’,“;TCBgf;dQ(“} U, (5.54)
FS keS FS
/ﬂ eTCed) =V {Z /Q Bgc,),J_FSTCBg“,)g_FSdQ(’“)} U, (5.55)
FE—-FS ke/\[ FE—-FS

where M is the index of the finite element subdomains, A is the index of the coupled
subdomains, and S is the index of the pure finite sphere subdomains. substituting into
Equation (5.52), the total stiffness matrix for the assemblage is obtained as:

c={> [ wiontiane | {5 [ nofan
QrE kes Y QrFs

keM

(5.56)
k T k
S Doy B
keN Y SYFE-Fs
The discretized system corresponding to node I € M is written as
ZKIJUJ + ZZKIJnaJn =f; + fr, (5.57)

JeL JEKNES

127



and the system equation corresponding to node I € A with degree of freedom m is

D Kimsus+ Y Y Kimsnyn = f1m + fim, (5.58)

JeL JEKnES

where the terms of f; and f;,,, are considered when the subdomain has nonzero intersection

with I'y as

f,= [ Hfdrl, (5.59)
Ty

fr, = | Hj, fdr. (5.60)
Ty

On the other hand, when the coupled element has nonzero intersection with T',,, f 7 and f T

arc

f1 = KUpyu;+ ) > KUuagm, (5.61)
Jel JEKNES
frm =Y KUpnsus+ Y Y KUrmnon. (5.62)
JeL JEKNnES

It should be noted that the terms of f} and f;,, are calculated as in Equations (5.61) and

(5.62) only when the I',, has intersection with spheres, or the terms are ignored.

5.3 Imposing the Dirichlet boundary condition

In the finite element method, we can impose restraints on I',, by eliminating corresponding

degrees of freedom at nodes since the shape function of the finite element formulation have
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|
u'=0u=0

(a) (b) (c)

Figure 5-4: Various kinds of Dirichlet boundary conditions: (a) ©™ and u! are fixed, (b) u™
is fixed and u! is free, and (c) u™ is freed and u‘ is fixed.

the Kronecker delta property. However, the shape functions hj,,(x) along the Dirichlet
boundary of the coupling method have zero values at each nodes when m is not 0. There-
fore, it is required to impose the Dirichlet boundary conditions more carefully.

We consider three cases: (a) u™ and u! are fixed, (b) u™ is fixed and u' is free, (c) u™ is
free and u! is fixed as illustrated in Figure 5-4. In this chapter, we describe how to impose

the Dirichlet boundary condition for each case.

5.3.1 When the restraint is applied in both normal and tangential di-
rections

We consider first the fixed displacement boundary condition u = 0 on I',.

KUpugn = / HEE-FSTNCBEE-FS4T 4 f BFE-FSTONTHEE-FSGr,  (5.63)
Iy Ty

KUy, = / HPZ-FSTNCBSE-FSdr + f BIE-FSTCNTHEE-FS4T,  (5.64)
u Ty
KU;; = | HFE-FSTNCBEIE-FSqr + / BfE—FsTCNTHIJ‘"E*FSdP. (5.65)

Ty u
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In the Equation (5.63), I and J are in V. In Equation (5.64), I is in A and J is in M. In
Equation (5.65), both [ and J are in M In the explicit form of Equation (5.63) to (5.65) we

have

KU pn(1,1) = hEE-FS { CuunghFEFS + Cygn, hES: rs

(5.66)
+ hff—FS {Cllnwhf;f_FS + C33TlfyhfthS} y
KU/ pyn(2,1) = REE-FS {czlnyhff—” + Cssnmhﬁ’,f*”}
(5.67)
+ hg"f—FS {Cnnmhﬁi;lrs + ngnyhf:i:FS} ,
KUImJn(l, 2) = hfrf_FS {ClznwhgnE’y—FS + 033nyh.};f:Fs}
(5.68)
+ REEFS { Ciam BB -FS + CugnhEE-FS )
KU msn(2,2) = W27 { CoanyhE-FS + Cogny P55 |
(5.69)
+ W5EFS { CoanyhEE TS + CognghEE 7S}
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Similarly, KUy, can be derived as

Also,

KU;sn(1,1) = B} P75 L Cingh3 7708 + Cagny b0~ 1%

FE FS FE—-FS FE-FS
h Cllnzh + C33’I’Lyh

KUIJn(2 1 hFE FS Cgl’nthE FS+033nthE ~FS

FE FS Cl2nthE FS +C33nthE F$

{

{

{

hFE’ -FS {CglnthE FS+033nthE _FS

{

{

KUjn(2,2) = 555 { Coamy b2 P + Cagn, h5E-FS
{e

}
b
}
2
KU;jn(1,2) = RFE-FS ClgnthE FS+C33nthE FS}
2
}
j

F F
2nyh E-FS + ngnmhFE Fs

KUpy(1,1) = hy 7778 {Cllna:h_l;zf_FS + C'33nyh5,yE“F5
KUL(2,1) = WP {Cuan, i555 + Cyonun 57

4 hEB-FS CnnthE FS +033nthE rs\
KU[J(]. 2 hFE —-FS§ C hFE FS+C nthmE—FS
KUIJ(2 2 hFE Fs ngnthE FS—|—C33nthE —FS

+ hFE ~FS Cop nthE Fs + CSanhFE FS

{ )
{ )
+ hEE-FS { CianyhEE=FS 4 ngnthf—”} ,
{ }
{ }
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(5.73)

(5.74)

(5.75)

(5.76)

(5.77)



5.3.2 When the restraint is applied only in the normal direction or the
tangential direction

When the restraint condition is a roller support as shown in Figure 5-4 (b) and (c), only the
normal or the tangential direction movement is suppressed. Therefore, we need to consider
special handling for the imposition of these boundary conditions.

We can rewrite the second term of Equation (5.8) as

f [€"(v)CNTu + vINCe(u)|dT = [ f*(v)u+ f*(u)vdl. (5.78)

u Ty

Using force and displacement terms, we can decompose the force term into normal and tan-
gential components. The surface traction term f* due to the Dirichlet boundary condition

can be decomposed into normal and tangential components as
f“ = fin+ f/'t, (5.79)

where f is the normal traction and f; is tangential traction, normal directional vector

n = [n, n,]7 and tangential directional vector t = [—n, n;|T. Here we can calculate f¥
and f} as
f*=0-n (5.80)
fa=(-n)-n (5.81)
f¢ =(o-m)-t (5.82)
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where Cauchy stress tensor matrix is

011 O12

o= : (5.83)

021 022

The displacement field also can be decomposed into normal directional displacement u,,

and tangential directional displacement u, as
u* = u,n + ut. (5.84)

Substituting Equations (5.81) and (5.82) into Equation (5.78), we obtain

/ eF(v)CNTu + vINCe(w)dl' = [ f*(v)u, + f(v)udl
. T (5.85)

+ | fi(w)v, + fi(u)vdD
Ty

The integrand terms in the Equation (5.85) can be classified into normal and tangential

direction terms. The first two terms on the right hand side are transformed as

)y, = VIBTCN'nn"HU (5.86)

fi(v)u, = VIBTCNTtt"HU (5.87)
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G2 ]

Oon

O

‘ O2

Figure 5-5: Stresses on the inclined surface. n is normal vector to the inclined surface and
t is tangential direction vector.

022

The last two terms on the right hand side are

f¥(u)v, = VI Hnn"NCBU, (5.88)

4 (uw)vy = VIHttTNCBU, (5.89)

where B can be either B; or By,,, and also H can be H; or Hy,,, according to the corre-
sponding degree of freedom.

In matrix form, Equation (5.85) can be rewritten as

KU = KU" + KU, (5.90)

where KU™ is contributed by the normal directional displacement on I, and KU’ by the
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tangential directional displacement.

KUI""J" = KUTIlmJn + KUngn‘ (591)

For the sphere I and sphere J corresponding to the degree of freedom m and n, we have

KUmin = KUY + KUl (5.92)
where
KU?mJn :/ B’}‘mcnnTHJndF + HTmHIITCBJndF, (593)
u Ty
KU, , = / BT Ctt"H;.dl' + [ H7 tt"CB,,dl. (5.94)
u Ty

5.4 Enriching the finite element functions

When we do not have a pure finite sphere domain as illustrated in Figure 5-2, we can simply
use the scheme to enrich the finite element functions. Since finite element shape functions
satisfy the partition of unity principle already, it is possible to add spheres adaptively. Then

the equations for the shape functions in 2pg_ g are of the forms

RFE-FS(x) = hy, I=1,2,...,N, (5.95)
pFEES(xy=wW,, I=1,2,...,N, (5.96)
hie T8 (%) = p1 75 (%) pm (%) (5.97)
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And the displacement fields in the coupled subdomains can be approximate by the equa-

tions of

(k)

spheres

uly) (%) = ZhFE PSxur+ Y Y REEFS (x)ugm, (5.98)
I=1 J=1 neg¥
N®)
spheres
Uiy s ZhF BFS(xor+ Y Y REETFS(x)uy,. (5.99)
J=1 nesg

Since 3_, hs(x) = 1 even without h, term, the partition of unity is satisfied and the
approximation is complete. We add more shape function A, on top of these bases. The
shape functions of spheres simply enrich the functions of the classical finite elements. The
total stiffness matrix consists of coupled domain integration and finite element domain

integrations as

K={3" / Bgf?ETCBgf}Edmm)}
keM QrE

T k
A [ B on )
keN VIFE-Fs

(5.100)

where M is the index of the finite element subdomains, A is the index of the coupled

subdomains.
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Figure 5-6: Shape functions hFE=FS(z), hEE-FS(z), pFE-FS(z), pfF-F3(z),
REE-FS(z), and hEE~F5(z) in a 1-dimensional case when the spheres are located at the
both ends, where R;, Ry = 0.5.

137



138



Chapter 6

Examples of Coupling Methods

6.1 Tension and bending test of coupled elements.

6.1.1 Test geometry and loading conditions

A simple plate was modelled by coupling scheme. We consider the various loading cases
such as tension and moment shown in Figure 6-1. Restraints are applied to eliminate all
rigid body displacements at the left end of the plate, and simple tension and moment are
applied respectively. Two scenarios for the arrangement of spheres were introduced as in
Figure 6-2. In the Figure 6-2 (a) two spheres are located on the right of the each element
and in Figure 6-2 (b) four spheres are arranged on the nodes of the each element.

To simulate mesh refinement, we divided the element into half at each case as illustrated
in Figure 6-3, one FEM element is used in (a) and half of the plate of the original shape
is considered having load applied on the right side of the model in (b). Similarly, more

refinements are implemented in Figure 6-3 (c) to (e). For the calculation of strain energy,
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Y

P=10 M=-10
(a) Tension (b) Moment

Figure 6-1: Loading conditions for patch test of the coupling scheme. () unit tensile stress
and (b) linear pressure distribution resulting in unit moment load are applied on the right
end of the plate. For the material properties, £ = 100 and v = 0.3. Element is under the
plane strain condition

@ Finite element node
® Coupled node

Node 4
Node 2 —@ Node 2

@ Node | & Node |
Node 3

(a) (b)

Figure 6-2: Sphere arrangements on a 4-node element. (a) Two spheres are located on
the right side of 4-node element and (b) four spheres are placed on each node of4-node
element. The coupled node means that it contains finite element node and finite sphere

node simultaneously.
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> > - =

(a) 1 element (b) 2 elements

AW Aok

(c) 4 elements (d) 8 elements

(e) 16 elements

Figure 6-3: Element refinements. (a) 1 element, (b) 2 elements, (c) 4 elements, (d) 8
elements, and (e) 16 elements are employed. L is the original length of the plate. W is the
width of the plate with refinements.
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we use the factor (L/W) to make the equivalent strain energy corresponding the case (a).

The radius of sphere is same with the length of a side of the plate ().

6.1.2 Tension and bending test result of a simple plate

The results with the given geometry and loading condition for the coupled element are
summarized in Table 6.1, and the convergence curve is in Figure 6-4. As expected, with
more coupled elements, the strain energy increases and approaches to the exact value when
the moment is applied to the plate. For the tensional loading, even with one element,
the strain energy is close to the exact value because the 4-node element has capability to
describe the constant strain and stress completely.

Comparing the strain energy in the 2-sphere case-scheme (a) and the 4-sphere case-
scheme (b) in Figure 6-2, when we employ sphere on each node, the strain energy is closer
to the exact value in the 4-sphere case with the same distribution of FEM elements. This
result matches the theoretical principles. In the test, the result shows that the coupling
scheme is better than using only 4-node elements to simulate the physical problems more

accurately.

6.2 Specialized examples

Abrupt changes in cross section give rise to great irregularities in stress distributions. These
irregularities are of particular importance in the design of machine parts subjected to ex-
ternal forces and pressures. Irregularity of stress distributions at such regions means that

at certain points the stress is far above the average value and cracks are likely to start. The
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1 Element
Scheme (a) Scheme (b)

Load SE EQUIV SE | Load SE EQUIV SE
T 0.0045500611 | 0.0045500611 T | 0.0045503951 | 0.0045503951
M | 0.0457473490 | 0.0457473490 | B | 0.0508169452 | 0.0508169452

2 Element
Scheme (a) Scheme (b)

Load SE EQUIV SE | Load SE EQUIV SE
T | 0.0022750284 | 0.0045500568 | T | 0.0022751804 | 0.0045503608
M | 0.0260481890 | 0.0520963780 | B | 0.0267831226 | 0.0535662450

4 Element
Scheme (a) Scheme (b)

Load SE EQUIV SE | Load SE EQUIV SE
T |0.0011375132 | 0.0045500526 | T | 0.0011375758 | 0.0045502994
M | 0.0134871536 | 0.0539486144 | B | 0.0135776276 | 0.0543105104

8 Element
Scheme (a) Scheme (b)

Load SE EQUIV SE | Load SE EQUIV SE
T | 0.0005687563 | 0.0045500504 | T | 0.0005687833 | 0.0045502664
M | 0.0068043401 | 0.0544347208 | B | 0.0068161832 | 0.0545294656

16 Element
Scheme (a) Scheme (b)

Load SE EQUIV SE | Load SE EQUIV SE
T | 0.0002843781 | 0.0045500496 | T | 0.0002843910 | 0.0045502560
M | 0.0034099232 | 0.0545587712 | B | 0.0034115350 | 0.0545845603

Table 6.1: Strain energy of coupled elements in tension and moment. Scheme (a) represents
two sphere allocation on the right side and scheme (b) means four sphere allocation on each
node of 4-node element as shown in Figure 6-2. T means tension and M means moment.
We consider the plane strain condition, £ = 100 and v = 0.3. The equivalent strain energy
is calculated by multiplying number of elements. The exact strain energy for tensional
loading is 0.00455 and for bending is 0.0546.
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Figure 6-4: Convergence curves with different sphere allocations shown in Figure 6-2.
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coupling scheme has advantage to depict these kinds of local irregularities since the finite
sphere shape functions are added locally. In this section, we show some example related
to stress concentrations such as plate with a hole and plate with a sharp crack. In the tra-
ditional finite element method, a spatially nonisotropic elements are employed in fracture
mechanics fields. Since it is known that specific stress singularities exist at crack tips, the
use of finite elements that contain the required stress singularities can be effective [2]. Var-
ious elements have been designed and developed, but very simple and attractive elements

can be obtained by distorting the higher-order isoparametric elements.

6.2.1 Plate with a hole

If there is a small circular hole ! subjected to a uniform pressure as shown in Figure 6-5,
a high stress concentration occurs. The theory shows that the stress concentration is of
very localized characteristic and is confined to the immediate vicinity of the hole. For the
case of 5 < b/a < 8 the results of the approximate calculation agree closely with the
exact solution. However, for the case of b/a < 5 the hole cannot be considered very small
and the basic assumption for the analytical calculation is not satisfied sufficiently [32]. To
explain the stress concentration phenomenon more systematically, we need to understand
the stress concentration factors. The stress concentration factor is defined as the ratio of the
peak stress in the body to a reference stress. Usually the stress concentration factor is K,
for which the reference stress is based on the gross cross-sectional area, or Ky,, for which

the reference stress is based on the net cross-sectional area. For a two-dimensional element

'The diameter of the hole is less than one-fifth of the width of the plate.
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Figure 6-5: Geometry of a plate with a hole in the middle of the plate. a is the radius of the
hole, b is the half of the width (L,) of the plate L, is the length of the plate and d = 2a is
the diameter of the hole. The plate is subjected to lateral tensile pressure P under the plane

stress condition.
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with a single hole, the formula for these stress concentration factors is

Omaz = Kig X 0 6.1)

where Ky, is the stress concentration factor based on gross stress, 0mq, is the maximum
stress, at the edge of the hole, ¢ is the stress on gross section far from the hole. The stress

concentration factor K4 can be obtained by the equation

Ihe IEIatIOIl ‘ltll Cma.:c aIld o1s

Omaz = Kin X 0p (6.3)

where K, is the stress concentration factor based on net (nominal) stress and o, is the net

stress /(1 — d/H) [33]. The equation to calculate Ky, is

2 d d\? d\?
K, =2 —0284(1-—=)-0600(1-— 32(1-= .
n +1_% ( H) 0 oo( H) +1.3 ( H) (6.4)

We consider a plate with a hole which has b = 3.0, a = 0.3, L; = 6, and L, = 6. By
applying the Equations (6.2) to calculate the stress concentration factor shown in Figure 6-
6, the value of Ky, is 3.0354. When we analyze with very fine mesh refinement as shown
in Figure 6-7, 4096 9-node elements were employed for the finite element analysis and the

maximum stress value o, is 3.008. This result is reasonably close to the analytical value
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Figure 6-6: Stress concentration factors Ky, and Ky, for the tension of a finite-width thin
plate with a circular hole (Rowland 1929-30).
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A TIME 1.000 . z
D : ' - b
l
N
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TIME 1.000

2925
]
2.025
1575
1.125

0.675
0225

MAXIMUM
A 3.008
MINIMUM
% -0.06736

Figure 6-7: ADINA result: 4096 9-node elements are used. Stress (0,,) concentration at
the vicinity of the hole can be observed. The plate has the geometry, boundary condition
and loading condition in Figure 6-5. The Young’s modulus is 100 and Poisson ratio is 0.3.
in the plane strain condition. The maximum stress in horizontal direction is 3.008.

of maximum stress o,,. Therefore, we assume that the FEM solution is the exact value and
compare the results.

With 16, 64 and 256 elements respectively, we implemented the enriching scheme. As
listed in Table6.2, finite element method using 4—node elements yields the smallest values,
and the enriching scheme gives us better results than 9—node elements.

For the implementation of the enriching scheme, we placed two spheres on the top and
bottom of the hole respectively since it is expected to have stress concentration at those

points. The comparison of the maximum stress value is summarized in Table 6.2.
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1.035
0.945
0855
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* 0.8220

Figure 6-8: Stress (o,;) concentration at the vicinity of the hole. The plate has the geome-
try, boundary condition and loading condition in Figure 6-5. The Young’s modulus is 100
and Poisson ratio is 0.3 under the plane stress condition. 16 elements (4-nodes) are used.

z

A TIME 1.000
D =
M STRESS-YY
RST CALC
A TIME 1.000
l::wno
& 1.620
1.440
1.260
1.080
0.900
0.720
MAXIMUM
A 1878
MINIMUM
* 0.6354

Figure 6-9: Stress (0,,) concentration at the vicinity of the hole. The plate has the geome-
try, boundary condition and loading condition in Figure 6-5. The Young’s modulus is 100
and Poisson ratio is 0.3 under the plane stress condition. 64 elements (4-nodes) are used.
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1.050
0.750
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Figure 6-10: Stress (0,,) concentration at the vicinity of the hole. The plate has the geom-
etry, boundary condition and loading condition in Figure 6-5. The Young’s modulus is 100
and Poisson ratio is 0.3 under the plane stress condition. 256 elements (4-nodes) are used.

O—0Ocgact

No. of elements || FEM (4-nodes) || FEM (9-nodes) || Enriching scheme | Error =l (%)
16 1.455 1.937 2.464 18.1
64 1.878 2.388 2.649 11.9
256 2.383 2.785 2957 Iy

Table 6.2: Comparison of maximum stress value (o,,) in the plate with a hole shown in
Figure 6-5. The exact value is assumed as 3.008.
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Figure 6-11: Stress (0,;) concentration at the vicinity of the hole. The plate has the geom-
etry, boundary condition and loading condition in Figure 6-5. The Young’s modulus is 100
and Poisson ratio is 0.3 under the plane stress condition. 16 elements (4—nodes) are used
and the radius of each sphere added on the finite elements is 0.4.

Figure 6-12: Stress (o,,) concentration at the vicinity of the hole. The Young’s modulus is
100 and Poisson ratio is 0.3 under the plane stress condition. 64 elements (4—nodes) are
used and the radius of each sphere added on the finite elements is 0.2.
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Figure 6-13: Stress (0,) concentration at the vicinity of the hole. The Young’s modulus is
100 and Poisson ratio is 0.3 under the plane stress condition. 256 elements (4—nodes) are
used and the radius of each sphere added on the finite elements is 0.1.
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6.2.2 Plate with a crack

In various applications, such as crack propagation, stress concentration, and etc, we have
local concerning subregion for the analysis. We consider the plate which has a sharp crack
in the middle as shown in Figure 6-14-(a). The plate has fixed boundary at the left ends,
and unit lateral pressure loading is applied to the right at the right side. In the example,
a sphere was located at the tip of the crack. The linear elastic solution for the stress field
around a crack shows that the stress component are always of the same form in terms of
the polar coordinates (r, ) from the tip.

Near the crack tip, if the point is sufficiently close to the tip, i.e. » < (crack length) ,

displacement fields are [34]

kot _9cos? (¢

u(x) = s\ 2 sin 5 [IC—!— 1—2cos (2)} , (6.5)
k[ 6 5 [0

v(x) = 5a\ 3763 [/C——l—}—Qcos (2)] : (6.6)

where r is the distance from the crack tip, k; is the stress intensity factor which is a measure
of the magnitude of the stress occurring in the highly stressed region at the tip of a crack
in an elastic solid, 6 is the angle as shown in Figure 6-14-(b), G is shear modulus, and K is

the Kolosov constant defined as

3 —4v plane strain,
K = (6.7)

(3—v)/(14+v) plane stress.
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Figure 6-14: (a) geometry of a plate which has a sharp crack in the middle. The Young’s
modulus is 100 and the poisson ratio is 0.3. The plate is under the plane strain condition.
(b) local coordinate system.
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The stress fields are approximated by the equations

Oze(x) = \/%cos (g) [1 + sin (g) sin (32—9)} , (6.8)

0, (x) = \/%cos (g) [1 _sin (g) sin <3—2‘9)} . 6.9)

where stress intensity factor k; is a function of the loading on the cracked configuration and

of the size and shape of the crack and other geometrical boundaries. It has the dimensions
of (stress x /Iength). The factor k; is the normalizing parameter which has the dimensions

of a stress intensity factor.

ko = ovma (6.10)

where a is the length of crack, o is the external pressure load. Since we have a/b = 1/3 =

0.333, h/b = 2/3 = 0.666, the equations by Brown and Srawley [35] is used as

Z_; ~1.12-0.23 (%) 106 (%)2 — 217 (%)3 +30.4 (%)4 6.11)

Substituting a/b = 0.333, we have stress value 4.004 at 0.1 from the crack tip.

The elastic solution predicts infinite stresses at the crack tip (r = 0) which cannot occur
in practice since there is plastic flow in the highly stressed region near the tip. However,
if the region of plastic flow is small, it may be assumed that the behavior of the crack is
determined by the elastic stress intensity factor.

With the refinement the concentration is depicted in the elements around the crack tip.
However, the shape is still blunt and it means we need to refine the element near the crack

tip tremendously to have reasonable shape. The comparison of the maximum o, is listed
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No. of elements | FEM (4-nodes) | Enriching scheme

16 2.330 3.390
64 3.518 5.188
256 5.203 7.710

Table 6.3: Comparison of maximum value of stress o,, on the crack tip.

in Table. 6.3.

By the enriching coupling scheme, we can depict the concentration of strain more pre-
cisely with reasonable shape. The stress distribution along vertical direction from the crack
tip is as shown in Figure 6-15. When finer mesh is used and spheres are superposed, the

peak stress value is close to the exact analytical value.
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Figure 6-15: Enriching scheme: Stress (o) distribution along the vertical direction from
the crack tip.
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Figure 6-16: Stress (0,;) concentration at the crack tip. The plate has the geometry, bound-
ary condition and loading condition in Figure 6-14. The Young’s modulus is 100 and
Poisson ratio is 0.3 under the plane strain condition. 16 elements (4-nodes) are used.
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Figure 6-17: Stress (o) concentration at the crack tip. The plate has the geometry, bound-
ary condition and loading condition in Figure 6-14. The Young’s modulus is 100 and
Poisson ratio is 0.3 under the plane strain condition. 64 elements (4-nodes) are used.
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Figure 6-18: Stress (0,,) concentration at the crack tip. The plate has the geometry, bound-
ary condition and loading condition in Figure 6-14. The Young’s modulus is 100 and
Poisson ratio is 0.3 under the plane strain condition. 256 elements (4-nodes) are used.
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Figure 6-19: Enriching scheme: Stress (0,,) concentration at the crack tip. The plate
has the geometry, boundary condition and loading condition in Figure 6-14. The Young’s
modulus is 100 and Poisson ratio is 0.3 under the plane strain condition. 16 elements (4-
nodes) are used and the radius of each sphere added on the finite elements is 0.5.
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Figure 6-20: Enriching scheme: Stress (0,,) concentration at the crack tip. The plate
has the geometry, boundary condition and loading condition in Figure 6-14. The Young’s
modulus is 100 and Poisson ratio is 0.3 under the plane strain condition. 64 elements (4-
nodes) are used and the radius of each sphere added on the finite elements is 0.25.
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Figure 6-21: Enriching scheme: Stress (o,,) concentration at the crack tip. The plate
has the geometry, boundary condition and loading condition in Figure 6-14. The Young’s
modulus is 100 and Poisson ratio is 0.3 under the plane strain condition. 256 elements
(4-nodes) are used and the radius of each sphere added on the finite elements 1513125
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Chapter 7

Conclusions and Remarks

The main goal of this thesis was to improve a computational scheme, namely the method of
finite spheres, and develop a coupling scheme and enriching scheme which enable to use fi-
nite elements and finite spheres simultaneously. In the method of finite spheres, the domain
is discretized with spheres which have nodes and radii without a mesh. The approximation
functions are compactly supported and this results into banded stiffness matrices. The fact
that no mesh is used may reduce numerical calculation cost and time in analyzing a variety
of problems which require re-meshing at each step.

In this thesis, we concentrate on the improvement of efficiency of the method of finite
spheres. The method of finite spheres eliminates mesh generation, but a more compli-
cated numerical integration is needed in each sphere domain. Computational efficiency
was pursued by the appropriate choice of effective approximation functions, incorporation
of boundary conditions and numerical integration schemes [18]. However, to compete with
the traditional finite element methods, the method of finite spheres should still be equipped

with more efficient numerical integration schemes.
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For this numerical integration issue, our approach has two aspects. One is the transfor-
mation of the original integral equations into more efficient expressions. Since we consider
two-dimensional problems, we need to evaluate surface integrations for each spheres. Us-
ing the compact supportness and applying the divergence theorem, it is possible to reduce
the dimensions of the integrations for most terms. This improvement significantly elim-
inates unnecessary numerical cost and numerical error. For the numerical scheme, we
propose an adaptive composite rule. Considering the local basis and the characteristic of
the approximation functions, an optimization of integration is achieved.

For the more general application of the method of finite spheres, we developed an auto-
sphere generation scheme. Our program can directly import the data file of the commercial
FEM package (ADINA) without any modification and our scheme detects the boundary of
the domain. We classify the kinds of finite spheres into inner spheres, contact spheres and
boundary spheres, and our scheme generates spheres to cover the entire analysis domain.

We propose a new coupling scheme which enables to use the traditional finite element
and finite spheres at the same time on the domain. Our scheme is different from other
existing schemes; and our scheme satisfies the partition of unity. A tension and bending
test is implemented and the convergence of strain energy is verified.

We also propose an enriching scheme by finite spheres on finite element discretiza-
tions. For practical purpose, we use 4—node finite elements and add spheres. The enriching
scheme is effective to simulate local behavior and is very adaptable since we can add or
remove spheres on any local domain. We used the enriching scheme to solve stress con-
centration problems, namely a plate with a hole and plate with a crack. The results show
that the enriching scheme can be effective to analyze stress concentration phenomena.
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In this work, we worked on the solution of linear elasticity and static problems. Still the
numerical integration in the method of finite spheres is expensive when compared with the
traditional finite element method. However, further improvement in efficiency should be
possible and our meshless and coupling schemes have great potential to become effective
numerical solution techniques for many problems in mechanics.

The method of finite spheres, coupling scheme, and enriching scheme can be extended
to three-dimensional analysis. Our efficient integral transformation then reduces the vol-
ume integration into surface integration and the concept of auto-sphere generation is also

applicable to three-dimensional domains.
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Appendix A

Fundamentals of Functional Analysis

In this appendix we summarize some essential concepts of spaces, norms and functionals.
These terminologies and definitions are widely used for various areas in numerical methods

[36,37].

A.1 Vector spaces

Let X be a general vector space [37]. We have the essential property of a vector space that

any linear combination of elements of the space belongs to the same space.

Definition A.1.1 (Vector space) A norm on X is a function

veE X —||v]] e RT (A.1)
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such that

[v]] =0=v=0, (A.2)
[|Av]| = [A||]v]|, VA € R, (A3)
v+ w|| <||v||+ ||w|]] Y(v,w)e X x X. (A.4)

where R is a set of positive real numbers.

A.2 Hilbert space

Hilbert space is normed linear spaces, where word normed means that the space is equipped

with a certain norm. We can start with the definition of inner product [37].

Definition A.2.1 (Inner product) Let X be a complex linear space. An inner product on
X is a mapping that associates to each ordered pair of vectors, x,y a scalar denoted (z, y)

that satisfies the following:

(z+y,2)=(z,2) + (y,2) Additivity (A.5)
(az,y) = alz,y) Homogeneity (A.6)
(z,y) = (y,x) Symmetry (A7)
(z,z) >0, whenz # 0 Positive Definiteness (A.8)

where bar denotes the complex conjugate.

Definition A.2.2 (Inner product space) An inner product space is defined to be a linear
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space equipped with an inner product defined on the linear space X. for example, we can

define the norm on X,

|z|| = (2, 2)%?, (A.9)

By using the definition we can infer the Schwarz inequality as |(z, y)| < ||z|| ||y||, where
|| - || is defined in Equation (A.9). A Hilbert space is a linear space X with which we
associate an inner product (-,-)x and this is a symmetric positive definite bilinear form,

/2 A Hilbert space is a complete inner product

which induces a norm, ||w||x = (w,w)
space, and also a special case of a Banach space Z, which is a normed linear space. The
completeness means that any Cauchy sequence converges to a member of X. Although
the Banach norm is not necessarily associated with a bilinear form, it must satisfy the
conditions of norms.

We may express the spaces H!(Q) to H™(f2) for any non-negative integer m. For

example, in 1 — D case, say {2 = (0, 1), we have

1 1 L/ gmy
H™(Q) = {v|/ vidr < oo,/ vide < oo,/ (—m) dz < oo} (A.10)
0 0 o \dz

which is equipped with inner product

(’U},’U)Hm(g) - ZO ; Eg@dﬂ? (A]l)
]:
The Hilbert norm is
m 1 de 2 1/2
HwHH'"(Q) = [Z/(; (m) dx] (A.12)
j=0
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A.3 Lebesgue spaces, L?(())

The Lebesgue spaces play a important role in the functional analysis. Lebesgue spaces,
LP(Q),p > 1 are not Hilbert spaces except in the special case p = 2. When p = 2,

L3(Q) = H°(Q). The inner product is

(w, v)12(0) =/wvdﬂ. (A.13)
Q

and the norm is defined by

1/2
Iollse) = ( [ o2a0) (A14)
Q

The generalized form of the Lebesgue space L? is

17(Q) = {v|/ lPdQ < oo} (A15)
Q

The norm is

1/p
ol = ( / Iv!"dﬂ) (A.16)
Q

As p — o0, the norm picks up the largest value of v, so the relation can be rewritten as
I[o]|zoo(y = suplo]. (A.17)
zEQ
Theorem A.3.1 Let {f,} be a sequence in L,(2), 1 < p < oo with the property that

lim / |fm — falPdt = 0. (A.18)
Q

m,n— oo
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Then there is a subsequence {f,, } and an f € L,(Q) that satisfies f = lim f,, and

lim / If = fa PAQ =0 (A.19)
k—oo J

A.4 Sobolev spaces

For the simple case of 2 = (0, 1) € R, the Sobolev space is defined as
W™P (1) :{ | - e IP(Q), j :0,1,...,m}, (A.20)

and the norm is
|[w|lwme@) = (Z/ |—— Ipd:c> (A.21)

It should be noted that W™2(Q) = H™(Q), and W?(Q) = LP(Q).

A.5 (C™(Q2) spaces
For the simple case of @ = (0,1) € R,

cm () = {v|v, %’ e 3:—2 = continuous in the domain Q} (A.22)
where m can be any integer. For example, C*(§2) has continuous derivatives, but the sec-
ond derivatives are not continuous any more. Therefore, C™(2) denotes the collection of
all functions defined on 2 with the property that all partial derivatives up to order m are
continuous. Also C*(Q) =2, C*(Q).
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Definition A.5.1 (Riesz Representation Theorem) Let H be a Hilbert space and let | be

a bounded linear functional on H. Then there is one and only one vector y € H such that

l(z) = (2,y), forallz e H (A.23)

The vector y is called the representation of I.

Definition A.5.2 (Sesquilinear functional) A mapping q(z,y) : X x X — C is said to

be sesquilinear functional if

(1 + 72,y) = q(z1,9) + q(22, ) (A.24)
g(az,y) = aq(z,y) (A.25)
a(z, y1 + ¥2) = a(z, y1) + a(z, y2) (A.26)
q(z, ay) = q(=,y) (A.27)

Definition A.5.3 (Lax-Milgram Theorem) Let Blu,v| be a sesquiliner functional on a

Hilbert space H and assume that there are positive constants a and b such that

Blu,v] < affu]] - ||v]] (A.28)

bl|u|]* < |B[u, ]| (A.29)

for all u,v in H. Let | be any bounded linear functional on H. Then there exist unique points

ug and vy in H such that

l(z) = B[z, vo] = Bluy, 7] (A.30)
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A.6 Dual spaces

A linear form is a continuous linear real-valued function defined on X. We recall that a

linear real-valued function [ is continuous if and only if there exists C' such that

i(v)] < C|lvll, YveX (A31)

Continuity is a direct consequence of Equation (A.31) since, due to the linearity, it implies

(v) — l(w)] < C|lv —w||, ¥(v,w) € X x X. (A32)

The space of all linear forms on X is a vector space, called the dual space [37] of X and

denoted by X'. It is equipped with the norm

I(v)

llx = sup —— (A33)
veEX,v£0 | |’U |
This definition implies
i) < Wlxllvl], Vv e X, (A34)

and that ||/||x- is indeed the smallest constant C' such that the Equation (A.31) holds.
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Appendix B

Cubature rules

B.1 Midpoint rule

By subdividing the disk with concentric circles and radial lines, we have integration sub-

domain as shown in Figure B-1. The centroid of each annular segment can be obtained

as

Teg =

f_géiz f:lz r2drdf

ff{j} Jr2 rdrdf
1/3(rs —r})
1/2(r3 —r})

C2(ri 4 rery + 1) (B.1)

- 3 (7’2+7‘1)
_2(2Ar2 4+ 5(5 = DAr® + (j — 1)*Ar?)
3 (JAr — Ar + jAr)

01;:

j*-j+1/3
j—1/2

(i—1/2)A8 (B.2)

Ar
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Figure B-1: Midpoint rule integration.

where r; = (j — 1)Ar, ro = (jAr),j=1,2,...,n, Ar = R;/n,, and Af = ET:

The weighting coefficient corresponding to a segment is calculated as

S
<l
Il
(]

) A§

—
R
=N
|
-
=]

>
5

[72Ar% — (j — 1)2Ar?] AG

Il

N = BN = o=

(B.3)
(25 — 1) AGAr?

= (j — %) AJAr?

B.2 Gauss integration on a segment

Gauss integration can be applied by transforming the original coordinate system (r, 6) to

natural coordinate system (s, t) via isoparametric formulation as illustrated in Figure B-2.
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Figure B-2: Gauss integration on a segment.

The center of local (s, t) coordinate system can be expressed as

1
Tm = 5(7‘1 + 7'2) (B4)
1
Om = 5(91 + 65). (B.5)
The isoparametric variables are
(T‘ N + 7“2)
322(r—rm): 2 | (B.6)
T —T1 Te—T
<0 6+ 92)
2(0—6,) 2
6 — 0, 0y — 64 B.7)
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The Jacobian matrix becomes

or 00 T9 ~— 71 0
— = 1
Jl=| 0s 0s |- 2 == (ry — 0y — 61). B.8
| J]| ar 08 i 6, — 6, 4(7‘2 r1) (62 — 61) (B.8)
ot ot 2

The original equation is transformed into isoparametric form as

02 T2
/ / B(r,6)CB(r,0)drdf
61 r1

(B.9)
+1 +1 1
_ / / B(s, 1)OB(s, ) (ra — 1) (62 — 01) ddt.
-1 J
Therefore, the numerical integration is
‘2 )
/ / B(r,0)CB(r,0)drdf
o (B.10)

Nr Ny

=33 eyBls, 0B, )7 (2 =) (02— ).
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