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Abstract

We preseat a meitod to reconstruct images from finite sets
of noisy projections which zre available only over limitec or
sparse angles. 'f':.e methocd solves a constrzined opti=ize-
tion prodlem to Znd a mesimum 6 posterioni (MAP) esti-
mate of the full 2-D Radoz transform of tke object, using
prior knowledge of object —ess, center of mass, and ccovex
support, znd infermation zbout fundamer:al constrzinis
end smoothness of the Racdon transform. This eScziexnt
primal-cual algorithm coxsists of an iterative local relex-
ation stage which solves z partial differential equation in
Radoz-space, foliowed by 2 simple Lagr grange multiplier vp-
cate stage. The object is reconstructed using convoluiion
backproiection zpplied to the Radon transiorm estirzie.

I. Introduction

Althozgh limiteZ angle tomography hes been widely dis-
cusseC in the literziure, adequate imagery is still no: ob-
12inable in discpiines in which there are both restsicted
viewing angles 2z2¢ low signel to noise ratios (cf. [17 a=d
references). The problem is fundamentally cae of invertizg
the 2-D Radon trzzsform given by

6.0 = 22} = [ @t - Tz, ()

where j{=z) is 2 rezl function defined on tke plane (wkich
we will assume to0 be zeco outside the disk of radius T
centered zt the origin) and w = [cosf sin 7. Thus, tze
2-D Racon trazsorm g¢(¢.6), for fixed ¢t and 6, is 2 Iine
integral of the function f{z) along the lize with lzzeral
displacement ¢ 2=¢ unit normal w.

VWher one obtzins a lacge number of accurate mezsure-
ments of g(t,8) for t € ~T,T] and § € i0,7), then a
high-cuality recoaconstrucsion of f{z) may be made using
conventio‘xal teckiniques, e.g., convolution backprojection

i2]. However, when the line integrals are observed in noise,
and when the angular range is restricted o a subset of
0,7) — i.e. eitter the imited- or sparse-angle situziion

— then these conventional techniques are not adequate.
Some of the methods in the literature designed to accousnt
for the limited- and sparse-angle cases, and in some cases
the noise, include modified transform methods, iteratica
beiween spaces, and finite series expansion methods (see
|1} ané references). The methods most closely related o
our me:hods are those which seek to cirectly estimate tze
full Radon transform such es in [3] ard [4].

II. Consistency and Support

Certain mathematical properiies of the 2-D Radon traz-
form z-e used to advantage iz our reconstruction method.
The first property is one of consistency: not all functions
¢{t,0) are Radon transforms of some function f(z). A
frll discussion of the consisiency cozditions required of
2 2-D Radon transiorm meay be found in {3]. What we
require in this paper is the periodicity condition given by

g{t,8) = g(-t,6 + =), and the two moment constrair:s
given by
T
/—Tg(t,ﬁ)dtzm, (2)
and 1
L[ seesya=cle), @)

where ¢(f) is a2 cosinusoidal function in §. Both m ard
¢(6) mey ofien be esiimated guite accusately [6],.7], so that
we may use these two equations as constraints on the ftll
Padon transform to be estimated. We assume in what
follows that 2 pre-processing stage sczles and shifts txe
measurements so that m = 1 and ¢{f) = 0.

The second mathematica! property of the 2-D Radon
transform is one of support: the conves hull of the support
7 of the function f{z) has 6 one-to-one correspondence to
the support G of R{f(z)}, where by support we mean the
set of points where the function is non-zero. Therefore, if
we knew hul(¥) @ priori, we would insist that any estimate

{ g{t,6) be zero for (t,6) € §G. Our approach, instead,
assumes theat we have only an estimate of hul(7) {produced




perheps by thLe methods in {7)), and therefore tzat ¢{t,€)
shoulc be smell where (:,8) € £.

ITI. Variational Formulation

Consicer the rroblem, which we refer 10 as (V), to mini-
mize

R T

0 (Zg) } dt df (4)

subject to the ezuality coastrainie giver by (2) and (3) and
boundary concitions ¢(T,8) = ¢(~T,6; = 0 and ¢(¢,0) =
g(—1t,7) where &, 8, and v are positive constants. Here,
Yr={(t,0)] ~-T<t<T,0<6<x}and Yo ic 2 subset
of '-'r over w Hicl: (noisy) measurements y zre avaiizble, and
§=vr-

The ﬁrst term in I represents 2 penzlty whick seeks to
keep the estirzte close 1o the observations. Tre second
term is a pena:ty for noz-zero vzlues outside the support
of the Radon irznsform, and Znelly, the third term penal-
izes large derivatives in both the vertical and horizontal
direction, and is therefore a smoothing term.

A necessary and suficient conditior for g(t,€] to be 2
solution to (V) is that is satis?y the foliowing secend order
pactial differer:ial ecuation (PDE) [7] :

{o‘ .1 )
lokXe + =X - 28— = 24—
\fic ) Y9 :

1
= =Xvy-— 2a(8) — A:06)t (5)

and the acdditional bounda-y condition dg¢(t.0)/8t =
8g{—t.x)/8*, where Xg and Xy are the indicator func-
tions for § a2nc Yo, respectively. In addition, ¢(¢,8) must
satisfy the original consiraints and boundary cozditions.
It is importan: to note that {3) contains three tnknown
furctions: g(¢.f), and two Lagrange r=ultiplier functions
A1(€) and A2 (€; {one for each constrainz).

The numerical solution to (3), which we describe be-
Jow, is found cz a discreze lattice system in Yr. It turns
ou: that this sclution, which seeks of 2 fnite number of
varizbies denoied by the vector ¢, is excetly the maximum
a posieriori (MAP) estimate of g, wken g is cescribed
by 2 certain Mzrkov random fleld prior probabiiizy, and
when the noise iz given by additive independent, zero-mean
Gazussian randem varizbles with variance ¢* [7].

IV. Local Relaxation Algorithm

To solve (5) we must find both g(¢,) and the two Lagrange
multiplier functions, A;(6) and As(f), so that the PDE itself
is satisfied and the mass znd center of meass constraints are

szisfied as well. Since for fized A;{f) and A;(§), the PDE
is elliptic in ¢(¢,6), we may solve it numerically on a dis-
crete lattice system. This suggests a primel-dual approach
where we solve the PDE in the primal stage for fxed A;
and A, followed by a dual stage which updates A; and A,.
We use a very efficient local relaxation algorithm (which
may be implemented in paraliel) due to Kuo et. al. [8] to
soive the PDE in the primal phase, and a simple Lagrange
multiplier updzate stage (see '9}). Fortunately, the value
of the fina! Lagrange multipliers may often be estimated
to high accuracy before beginning the iteration, which
speeds up converegence dramatically [7). We summarize
tke algorithm below.

Local Relaxation Algorithm:

1. Estimate final Lagrarge multipliers Aj(8) and A1{6).
. Set A2(6) = %;(6) and X3(8) = X3(8).
.Setk=1and ¢’ =y.

[

o> W

. Solve PDE rnumerically to yield g*.

Does g* satisfy the constrainis?

.Ol

o

If not, update Lzgrange multipliers according to

Ab1g) = Afra(m—/j_gk(t:e)dt)

T
M0 = M+e (0 —/ tg*(¢,6) dz)
-T
Set k — k + 1 2nd goto 4.
7. Otherwise, we are done and § = g*.

This algorithm converges 1o the globally op.xm“m so-
lution provided that e is chosen small enough [9].

V. Experimental Results

In this section, we preseat the results of two experiments,
designed to show the overall performance of the 2lgorithm
on 2 limited-angle case and on 2 spa.rse—ang]e case. The
obiect that is used in these simulations is an ellipse with
the letters M I T in its interior, shown ir Fig. 1 using an
81 by 81 cdiscretization. Fig. 2 shows a noisy sinogram
(SNR=10.0¢B), consisting of 81 rows (sampling ¢) and
60 columns {sampling ), created by adding independent
samples of zero-mean Gaussian noise with variance c? to
each element of the true sinogram (not shown).

Fig. 3 shows an object reconstruction using convolu-
tion backprojection {CBP) in which only the first 40 of
60 (lefimost) projeciions of the sinogram in Fig. 2 were
used. A reconstruction obiazined after processing using the
local relaxazion MAP algorithm described in Section IV is
shown in Fig. 4. In this case, the support ¢ and the mass
m of the Radon tranform were estimcted using methods
described in {7] and [10], while the center of mass was




Fiz. 1. Original MIT ellipse.

{correctly) assumed to be zero. The coeZEcients «, 7, and
3 were se: to 5.0, 0.05, ané 0.01, respectively.

Fig. 5 shows zn object reconstruction using convoittion
backprojection (C3P) in which only 10 everly spaced pro-
jections of the sizogram ir Fig. 2 were used. A reccnsiruce
ton obizined afier processing using the same coeZcients
2s above is showz in Fig. €.

One can see “om these two experimerzts a cra=atic
improvement in the recozstructiozs. The limited-zagle
case shown in Fizs. 3 anc 4 shows most clearly how sup-
port information — whick was esiimated from rmezsure-
merzs in this cese — can improve the defnition of the
object boundaries. The sparse-angie case shows consider-
zble improvernex: resuliing primerily from the hosizental
smoothirg effecis and cozsiraints. The intermecizie re-
sult {not shown) in each czse is 2 s—ootked, interpolzied,
and feasible (wWiiZ respect to the mess and center of mass
constrainis) sinogram.

VI.

We Zave demonsirated in this paper a method based on
estirzation principles for reconstruciing imneges fro= their
noisy anc limitecd-angle or sparse-arzle Radon transiorms.
We Eave shown ttzt including certziz types of prior inowl-
edge can lead to improved reconsiruction over cozvolu-
tion back-projection applied directly to the measure=ents.
A hierarchical 2zorithm deseribed in [7), however, al-
lows much of this informez:ion to be esiimated in previ-
ous siages; therelore, the method is largely self-contained.
Many exiensions to this werk are possible. One extension

Discussion

w

Fig. 2. 10dB sinogram of MIT ellipse.

whick we have explored in {7] is to incorporate more tian
just wo of the constrzints inherent to the Radon trans-
form.
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