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Abstract

Let X be a smooth projective surface and choose a curve C' on X. Let Vo be the
set of all irreducible divisors on X linearly equivalent to C' whose normalization is a
rational curve. The Severi problem for rational curves on X with divisor class [C]
consists of studying the irreducibility of the spaces Vi as C varies among all curves
on X.

In this thesis, we prove that all the spaces Vi are irreducible in the case where X
is a del Pezzo surface of degree at least two. If the degree of X is one, then we prove
the same result only for a general X, with the exception of V_g ., where Ky is the
canonical divisor of X. It is well known that for a general del Pezzo surface of degree

one, V_g, consists of twelve points, and thus cannot be irreducible.

Thesis Supervisor: Aise Johan de Jong

Title: Professor of Mathematics



Introduction

The Severi problem was originally formulated by F. Severi in [Se|]. The question he
raises is whether the spaces of plane curves of a given degree and geometric genus
are irreducible. These spaces are now called Severi varieties. Severi also gave an
incorrect proof of the irreducibility of these spaces. The first complete proof was
found by Harris in [HJ.

Let X be a surface and let 3 be a curve on X (or a curve class § € H, (X, Z))
Consider the complete linear system Vj associated to 3. The space Vj is isomorphic
to projective space. Consider the locus in Vj3 corresponding to irreducible curves of
geometric genus g. Let V, 3 denote this space.

We are interested in the Severi problem on del Pezzo surfaces. In other words,
this is the question of the irreducibility of the spaces V, g, for varying linear systems
Vs on a del Pezzo surface X. These spaces are more generally interesting for surfaces
birational to the projective plane P2. In the present thesis, we address and answer
this question for rational curves on del Pezzo surfaces, a class of rational surfaces
including the blow-up of the projective plane at fewer than nine general points. To

be more precise, we prove the following theorem.

Theorem. Let X be a del Pezzo surface of degree d and let Vi be any complete linear
system on X. The locus Vp g is either empty or irreducible if d # 1; the same is true
for the general X of degree d = 1, with the unique exception of the case in which Vg

is the anticanonical linear system. In this case, Vi 3 consists of 12 points.

The previous theorem can be reformulated in terms of the Kontsevich mapping
spaces. The importance of such a reformulation rests in the fact that it easier to
address questions such as the irreducibility for the mapping spaces. For this reformu-
lation, let 3 € Hy (X , Z) be the topological class of any element of the linear system
V3. The Kontsevich mapping space M (X , 6) is a natural compactification of the
space Vj 3. Some care is required, since the mapping spaces in general have many com-

ponents corresponding to degenerate configurations of curves on the surface. From



now on, all moduli spaces will be of genus zero curves.

The mapping spaces parametrize the set of all (stable) maps to the surface X
from possibly reducible curves. The domain curves of the maps in My (X , 6) are
connected and nodal, have all components isomorphic to P! and the components are
attached in such a way that the resulting topological space is simply connected. We
refer to such a domain curve as a “rational tree.” Taking the image of a map yields
a morphism F'C from (the semi-normalization of) Mg (X , ﬁ) to the closure in Vj of
Vo (see [Ko| Section 1.6).

Let My, (X , ﬂ) be the subspace of Mg (X , ﬂ) consisting of morphisms f: C' —
X, with C ~ P! and f birational onto its image. It is easy to check that the map F'C
defined above is in fact birational, when restricted to My, (X , 6) (in most cases).

The theorem in terms of the Kontsevich mapping spaces can therefore be trans-
lated as follows: the space My, (X , ﬁ) is irreducible, except in the case where X has
degree one and [ = — K.

The idea of the proof is straightforward: first, prove that in the boundary of all
the irreducible components of My, (X , ﬂ) there are special morphisms of a given type
(called in what follows “morphisms in standard form”). Second, show that the locus
of such morphisms is connected and contained in the smooth locus of My, (X , /6).

From these two facts we conclude as follows. Given any smooth point in the space
Mo, (X , ﬁ), one can find a curve contained in the smooth locus, containing that
point and intersecting the locus of morphisms in standard form. Since the standard
locus is connected, we can then connect any two smooth points of M, (X , 6) by a
connected curve lying in the smooth locus. Thus, the smooth locus of My, (X , ﬂ)
is connected and therefore irreducible. Since the smooth locus is dense, we conclude
that M, (X , ﬂ) is irreducible.

The methods used in the proof are of two different kinds. First, there are general
techniques, mainly Mori’s Bend and Break Theorem, to break curves into components
with low anticanonical degree. In the case where X is the projective plane, this
shows that we may specialize a morphism in M, (X , 6) so that its image is a union

of lines. Second, we need explicit geometric arguments to deal with the low degree
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cases. Again, in the case of the projective plane, this step is used to bring the domain
to a standard form (a chain of rational curves, rather than a general rational tree),
while preserving the property that the image of the morphism consists of a union of
lines.

To analyze the curves of low anticanonical degree on a del Pezzo surface, we need a
detailed description of their divisor classes in Pic(X). In particular, we use the group
of symmetries of the Picard lattice to reduce the number of cases to treat. Section
3.3 is devoted to this analysis.

Two technical deformation-theoretic tools prove useful. The first is a description
of the obstruction space of a stable map to a smooth surface in terms of combinatorial
invariants of the map. This is proved in Section 1.2. The second is a lifting result that
allows us, given a deformation of a component of a curve, to get a deformation of the
whole curve. The statement is proved in Lemma 2.2.6 and the construction following
it is the way in which we are going to use it. This is specific to the surface case. The
lifting result allows us to deform a map with reducible domain by deforming only a few
components at a time. This is done systematically in Section 4.1. We are therefore
able to reduce the general problem to relatively few special cases, cf. Theorem 5.2.3.
The explicit computation of the obstruction spaces allows us to prove that in the
deformations performed we never move to a different irreducible component of the
moduli space.

The connectedness of the locus of morphisms in standard form is a consequence of
some explicit computations, some of which are reformulations of classical geometric
statements, such as the fact that the ramification locus of the projection from a
general point on a smooth cubic surface in P? is a smooth plane quartic curve. This

is the content of Section 5.2, but see also Section 5.1.
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Chapter 1

Cohomology Groups and

Obstruction Spaces

1.1 Rational Trees

The purpose of this section is to prove some general results which are useful to

compute the cohomology groups of coherent sheaves on rational trees.

Definition 1.1.1 A rational tree C' is a connected, projective, nodal curve of arith-
metic genus zero. If C' is a rational tree, we call a component E of C' an end if E

contains at most one node of C'.

Definition 1.1.2 Given a connected projective nodal curve C, define the dual graph
of C to be the graph I'c whose vertices are indexed by the components C; of C' and
whose edges between the distinct vertices [C;] and [C}] are indexed by {p € C; N C;}.

Remark. A connected projective nodal curve C' is a rational tree if and only if all
its components are smooth rational curves and its dual graph I'¢ is a tree (for a proof

see [De]).

Lemma 1.1.3 Let C be a rational tree, and let v : C — C be the normalization of

C' at the points {p1,...,p.} C Sing(C); denote by ¢ : {p1,...,p.} — C the inclusion
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morphism. For any locally free sheaf F of finite rank on C we have the following

short exact sequence of sheaves on C':

0 ——F —va/'F — L*f|{p1,~-,Pr} — 0

Remark. From now on, we may sometimes denote the sheaf ¢, F|g,, .1 simply
by ®@F,,, and similarly for the pushforwards of sheaves on irreducible components of

a curve.

Proof. Consider the sequence defining the sheaf O:

0 — 0c —v.0s— Q—0 (1.1.1)

Since v is an isomorphism away from the inverse image of the p;’s, it follows that
Q is supported at the union of the p;’s. We now want to prove that Q,, is a skyscraper
sheaf, i.e. that it has length one. Since this is a local property, it is enough to check
it when C has a unique node. In this case, C' is the nodal union of two smooth P!’s,
and C is their disjoint union. Since the normalization map is finite, it is affine, and
therefore H (1,0, C) ~ H/(Og, C). Therefore the long exact sequence defining Q is
given by

0 —k—k+k—Q—0

and we deduce that the length of Q is 1. Thus it follows in general that Q = ®©0O,,,

the direct sum of the skyscraper sheaves of the nodes py,...,p;.

Let us now go back to the sequence (1.1.1). Since the sheaf F is locally free, we
may tensor the sequence by F, preserving exactness. To identify the tensor product

in the middle we use the projection formula:

V.0 @ F 2 v, (0 V' F) Z v, (V' F)
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and we may therefore write the tensored sequence as
0 —F —v2/'F—®F, —0

thus proving the lemma. O

Given a rational tree C' and a node p € C, construct a new curve C’ as follows:
consider the normalization of v : C'— C of C' at the point p, and let {py, po} = v~ (p).
Attach to C' a smooth rational curve E so that CNE = {py, p»} and ' :== CUE is a
nodal curve. Clearly we have a morphism 7 : ¢/ — ', which is an isomorphism away
from F and contracts E to the node p. We call the morphism 7 the contraction of
E. The curve C’ so obtained is called the “total transform” of C' at the node p and

E the “exceptional component”.

Lemma 1.1.4 Let C be a rational tree, and let F be a locally free coherent sheaf
on C. Let m : C'" — C denote the total transform of C at a node p € C; then
HY(C,F) =2 HY(C', m*F)

Proof. Let v : C' — C be the normalization of C' at p, and let ¢ : ¢ — C’ be the
closed immersion such that v = 7 o+. Denote by £ C C' the exceptional component,
and let {p1,po} = C'N E be the inverse image of the node p € C. Using Lemma 1.1.3

we construct the sequence of sheaves on C’
0 — 7"F — (1" F)|a®(n"F)|p = (" F)py &(1"F)py — 0 (%)

We now note that (7*F)|s = (7m0 ¢)*F = v*F, and that the sheaf (7*F)|p =~
F, ® O is the constant sheaf with global sections F, ~ (7*F),, ~ (7*F),,, denote
it by E.

Clearly the map @ on global sections, restricted to .ff\;, is simply the diagonal
inclusion in (7*F),, ® (7*F),, ~ F, ® F,. Taking this into account, from the long

exact cohomology sequence associated to (x) we obtain:

0 — H(C', 7" F) — HY(C,v*F) % F,, — HY(C', 7" F) — HY(C,v*F) — 0
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It is obvious from the definitions, that the map « is simply the evaluation at p;
(and this is turn is the same as the opposite of evaluating at po, since we already
quotiented out the diagonal).

Consider now the sequence on C
0 —F — v/ F—F,—0

and look at the long exact sequence on global sections (identify the cohomology of

v, v*F with the cohomology of v*F using the fact that the normalization map is

affine):
0 — HY(C, F) — H(C,v* F) 5 F, — HY(C, F) — HY(C,v*F) — 0

From the way the sequence is constructed, it is clear that the map o’ is the
evaluation at p, which is the same as evaluation at p;. Therefore the kernel of o' is
identified with the kernel of a, i.e. we have HY(C,F) ~ H(C',n*F). Thus it also
follows that H'(C, F) ~ H'(C', 7*F). ]

Lemma 1.1.5 Let C be rational tree and let F be a locally free sheaf on C. Suppose
that C' = Cy U Cy, where Cy and Cy are unions of components having no components
in common. Let {p1,...,p,} = C1 N Cy be the nodes of C lying on Cy and Cy. If
RN Cy, Floy,(=p1 — ... — p,)) =0, then HY(C, F) = HY(Cy, Flc,)-

Proof. Simply consider the long exact sequence associated to the “component se-
quence”

0— Fley(-p1—...—pp) — F — Flog, — 0
where the first map is extension by zero and the second map is restriction. O

Corollary 1.1.6 Let C' be a rational tree and let R C C' be a connected union of
irreducible components of C'. Let F be a locally free sheaf on C' such that the restriction
of F to each irreducible component of C' which is not in R is generated by global
sections. Then h'(C,F) = h' (R, F|g).

12



Proof. Proceed by induction on the number ¢ of irreducible components of C' not in
R. If £ = 0, there is nothing to prove. Suppose £ > 1. Let C be an end of C' which
is not an end of R, and let p € C be the node. The existence of such a component
is easy to prove: since R is a proper subcurve of C', there must be a node of C' where
R meets a component not in R. Removing this node disconnects C' into a connected
component containing R and a connected component K disjoint from R. Clearly
an end C; of the component K (different from the one meeting R if there is more
than one end) is then also an end of C' not contained in R. Since C] is a smooth
rational curve, F|c, ~ @ O(a;), with a; > 0, thanks to the fact that F|¢, is globally
generated. In particular h*(Cy, F(—p)) = 1, and it is clear that we can now apply
Lemma 1.1.5 to remove the component C; without changing h' and conclude using
induction. O

The last lemma of this section is an explicit computation of the cohomology of a

locally free sheaf on a curve which will be extremely useful in the later sections.

Lemma 1.1.7 Let C be a rational tree and f : C — S a morphism to a smooth
surface. Let p € C' be a node, denote by C, and Cy the two irreducible components
of C' meeting at p. Let v: C — C be the normalization of C at p and let f = fov.

Suppose that:
1. the valences of the vertices C, and Cy in the dual graph of C' are at most 3, and
2. the map f.: 1o, p + 1o, p — Ts f(p) is surjective.

Then
H'(C, f*Ts) 2 HY(C, f*T5)

Proof. Consider the sequence on C'
0— ["Ts — [*Ts — Ts ) — O

Because 7g,s(,) is supported in dimension 0, H'(C, Ts 4()) = 0, and it is enough

to prove that the sequence is exact on global sections. Let {p,q,, 7.} contain all
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the nodes of C' on C, and let {p, g, 7} contain the nodes on C,. Consider now the

following diagram:

Te,(—p— o —7a) ® Ty (—p — qp — 1) f*Ts

Tc,(=4a —7a) ® To, (=@ — 1) —— f* T3

[
TCa » D ch P

where the unlabeled horizontal map is extension by zero. Since C, and C}, are rational
curves, their tangent bundles have degree 2 and « is surjective on global sections; f,
is surjective by assumption. It follows that ¢ is also surjective on global sections. O

Remark. The second condition in the lemma is certainly satisfied if f|c, and f|¢,

are birational and the intersection of f(C,) and f(C}) is transverse at f(p).

1.2 The Conormal Sheaf

Let f: C — X be a morphism from a connected, projective, at worst nodal curve C'

to a smooth projective variety X.

Definition 1.2.1 The morphism f : C' — X s called a stable map if C' is a con-
nected, projective, at worst nodal curve and every contracted component of geometric
genus zero has at least three special points and every contracted component of geomet-

ric genus one has at least one special point.

We are interested in computing the obstruction space to deforming the stable map
f:C — X. Let f*Q% — QF be the natural complex of sheaves associated with the

differential of f and where the sheaf f*Q% is in degree -1 and the sheaf Qf is in
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degree 0. We know that the stability condition is equivalent to the vanishing of the
group Hom (f*Q% — Qf, Oc¢). The tangent space to Moo (X, 3) at f is given by the
hypercohomology group Ext'(f*Q% — QF, Oc¢). The obstruction space is a quotient
of the hypercohomology group Ext*(f*Q% — QL,Oc¢). Our strategy to compute

these groups is to use the short exact sequence of complexes of sheaves:

(0—0)

Applying the functor Hom(—, O¢) and using the long exact hypercohomology

sequence we obtain:

0 Hom (f*Q% — O, Oc) — Hom(0 — Qf, Oc)

——Ext!(f*Q — 0,00) — Ext' (f*Q% — O, Oc) —=Ext' (0 — QL, O¢)

—— Ext?(f*Qk — 0,00) —= Ext*(f*Q% — Qf, Oc) —=Ext*(0 — QL, O¢)

We can now rewrite many of these terms. First of all, the stability condition is
equivalent to Hom(f*Q% — Qf,Oc) = 0. Also, remembering the fact that all the
complexes are concentrated in degrees —1 and 0, and using the fact that f*Q% is

locally free, that its dual is f*7x and the isomorphisms Ext’(f*Q%, O¢) ~ H(C, Tx)

15



we obtain the sequence

0 — Hom(Q}, Oc) —= HO(C, f*Tx) — Ext' (f*Q% — QL, Oc) ——

——Ext!(QL, Op) —=H(C, f*Tx) — Ext’ (f*Qk — ¢, Oc) —0
(1.2.2)
In particular we see that if H'(C, f*7x) = 0, then the group Ext? (fQk —
QL, Oc) vanishes as well, i.e. the map is unobstructed.
If we consider the dual sequence of (1.2.2) and use Serre duality we obtain the

sequence

0 —= (Ext?)” —=H(C, f*Qk ® we) == H(C, Qf @ we) —

—— (Ext!)" —=HY(C, f*Qk ® we) —= HY(C, QL @ we) —= 0

It is easy to convince oneself that the morphism « is the morphism induced by
the differential map df : f*Q% — Q¢, by tensoring with the dualizing sheaf and
taking global sections. Associated to f we may define the sheaves C; and Qf on C,

by requiring the following sequence to be exact:

0—=Cp—= f*QL -2

QL Qs 0 (1.2.3)

Since the dualizing sheaf w¢ is locally free, tensoring by we is exact and taking global

sections is left exact. From these remarks we deduce that
HO(C,Cr ® we) ~ Ext?(f*Q% — QL, 00)”

and we conclude that in order to compute the obstruction space of f, it is enough to
compute the global sections of the sheaf C; ® wc.
Definition 1.2.2 The sheaf C; defined in (1.2.3) is called the conormal sheaf of f.

We will drop the subscript f, when the morphism is clear from the context.
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Definition 1.2.3 A sheaf F on a scheme of pure dimension one is called pure if the

support of every non-zero section has pure dimension one.

It is clear that a locally free sheaf is pure. In fact, any subsheaf of a locally free
sheaf is pure, and more generally any subsheaf of a pure sheaf is pure. In particular,

the sheaves Cy defined in (1.2.3) are pure.

Definition 1.2.4 A point p € C' is called a break for the morphism f (or simply a
break), if the sheaf Cy is not locally free at p. We say that the morphism f has no
breaks if the sheaf Cy is locally free.

It is clear from the definition that a smooth point of C'is never a break.

Definition 1.2.5 Suppose the morphism f is finite. A point p € C' is called a ram-
ification point, if it belongs to the support of the sheaf Q;. We call the ramification
divisor of f the (Weil) divisor whose multiplicity at p € C' is the length of Q at p.

Let fi: C; — X and f5 : Cy — X be non-constant morphisms from two smooth
curves to a smooth surface. Suppose p; € C and py € C5 are points such that
fi(p1) = f2(p2) = ¢, let u and v be local coordinates on X near ¢ and let x; and x9
be local parameters for C; and C5 near p; and py respectively. Since f; and f, are

not constant, there exist integers k; and ko such that

U — x'flUl(:El) U — ZL‘I;QUQ(I’Q)

v 2 Vi(a) v 23*Va(a2)

and (U;(0), V1(0)), (U2(0), V»(0)) # (0,0). We call a tangent vector to C; at p; any
non-zero vector in 7, X proportional to (U;(0), Vi(0)), and tangent direction to C; at
p; the point in P (7,X) determined by a tangent vector to C; at p;. Geometrically,
we may easily associate to each smooth point of f;(C;) a tangent vector in the same
way we did above, and then the tangent direction at any point is simply the limiting

position of the tangent directions at the smooth points.
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We say that Cy and Cy are transverse at the point ¢ = fi(p;) € X if their respective
tangent directions at p; and py are distinct and we will say that C; and Cy are not
transverse at the point ¢ € X if the tangent directions coincide.

Finally, we say that the morphism f; is ramified at p; on C; if k; > 1 and we say
it is unramified at C; if k; = 1.

Lemma 1.2.6 Let f; : C; — X, i € {1,2} be two non-constant morphisms from two
smooth curves to a smooth surface X and let p1 € C7 and py € Cy be points such
that fi(p1) = fo(p2) = q. Denote by fy and fy the morphisms induced by fi and fs
from each curve to the blow-up of X at q, and assume fi(p1) = fo(ps) = G. Then the

following conditions are equivalent:
1. f1 and fy are unramified at G and Cy and Cy are transverse at §;

2. after possibly renumbering the curves Ci and Cy, there are coordinates u,v on

X near q and x; on C; near p; such that

u +— 21U (1)

v — x3Vi(21)
(1.2.4)

u— xhUs(x2) Us(0), V5(0) #0

v 23TV, (1) m>1

Proof. Suppose we are given coordinates so that the f;’s are given by (1.2.4). Let
b: X — X be the blow-up morphism. Let @ := b*u, and note that near the point
q the function @ is a local equation for E := b71(q), since the tangent vector to the
curve locally defined by the vanishing of u is (0, 1), while a tangent vector to the
curve Cp at ¢ is (1,0). It follows that we may write b*v = @ - ¥, and @, is a local
system of parameters on X at ¢ such that b and its rational inverse b~! are given by:
U+— U

(b))t (1.2.5)

0 0 — v/u

=g

u

b*

=g

—
Vv —

18



Thus the morphisms f, : C; — X are given by

- U — xlUl(SL’l) - U — xglUQ(lQ)
9 ey 1O FO0fyrrg ey 020, 12(0) #0
UV M) UV 27,y

Clearly these maps are unramified at z; = 0 and since (1,0) and (%, 1) are tangent
vectors at ¢ to C7 and C5 respectively, the maps are also transverse at ¢. This simple
computation proves the first half of the lemma.

Suppose conversely that in the blow-up X of X at ¢, the curves C; and Cy meet
transversely at the point ¢ = fl(pl) € X. Fix coordinates z; on C; at p; and 5 on
Cy at po, and choose coordinates u, v near g and @, 0 near ¢ such that (1.2.5) are the

equations of the blow-up morphism. We have

i — 28U (21) i i — 252Uy (22)
2 :

¥ — 28 V() B 2§ V()

fi:

with (U;(0), V1(0)), (U2(0), V2(0)) linearly independent. By changing v to v — legggu

and v to v — &%ﬂ, we may assume that V1(0) = 0, while preserving the equations

of b. With these assumptions, (1,0) and (%, 1) are tangent vectors at ¢ to C; and Cy

respectively. Moreover, since fl is not ramified at p;, necessarily k; = 1. We have

therefore
- U — x1Uq (1) . s ur—  x1Ui(x1)
1t _ Ji=J{ob": _
0 — 23V (1) v — 23U (21)V (1)
=
- U — woUs (o) . s ur—  xoUs(e)
2 -y . Jo=[f30b":
0 — 23Va(12) v — 23Us(w2)Vo(m)

where U;(0), V2(0) # 0.
In order to conclude we still need to show that Us(xs) is not identically zero, but
this is clear, since otherwise the morphism f; would be constant (i.e. the morphism

fg would map Cy to the exceptional divisor E). O
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Definition 1.2.7 In the situation described by the previous lemma we say that the

curves C1 and Cy are simply tangent at q.

We will see later (Lemma 1.2.9) that being simply tangent is closely related to

the local structure of the conormal sheaf.

Lemma 1.2.8 Suppose that X is a smooth surface and let f : C — X be a morphism
from a curve C' consisting of two irreducible components C and Cs, meeting in a node
p. Denote by f; the restriction of f to C; and by p; € C; the point p € C, and suppose
that f does not contract any component of C' and that Cy and Cy meet transversely

at f(p). Then there are the following cases:

1. Both maps f1 and fs are unramified at p.

Then Cy is locally free and the following sequence is exact

0——=Cr——Cn(=p) ®Cp(=p) —=Crp—0

2. fi is unramified at p on C; and fs_; is ramified at p on Cs_; (i € {1,2})

Then Cy is not locally free (i.e. p is a break point) and

Cf = Cfi(_p) D CfS—i(_2p)

3. Both maps fi1 and fy are ramified at p.

Then Cy is not locally free and

C; = Cs(—p) ©Cp(—p)

Proof. We can write

u — 2 U (2) + y*2Us(y)
v — 2"Vi(z) + ¥ Va(y)
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where I} > ky, ks > Iy and U;(0), V5(0) # 0. We thus have

Ocyp - du+ Ocy - dv . (OCJ’ rdz 4+ Ocyp - dy>/ (ydz + xdy)
dy ————— k=1 (klUl(l') + 22U} (ff)>dff + yh2t <k2U2(y) + yUé(?J))@

dy ————— i1 (llVl(x) + le’(fE)>dx + yl2 ™t (lez(y) + yVé(y))dy

In order to simplify this expression, let us define « to be the invertible function
kiU (z) + 2Uj(x) and as to be the invertible function l3V5(y) + yV5(y). Choosing i—?
and Z—Z as a basis for the O¢p—module f*Q  we may write

du
aq

ko—1

— M dr + yP o (y)dy

v
a2

—— " N)(x)dx + y2 " tdy

Note that
ko—1
v oy) = ,jUil(O)(szz(y)erUé(y))
1 B l’ll_l ,
@) = (0)(11m(x)+xm(x)>

The elements of the kernel of df are determined by the condition

d d
file, y%f + fola, %—Z — r(z,y) (ydz + xdy)

which translates to

A (fule) + 2 ol y)e@)) = yr(ey) = yr(0,y)

(1.2.6)
y’2‘1<yk2"2f1(x,y)<p(y)+fz(x,y)> = ar(x,y) = 2r(z,0)
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We are now going to split the three cases.

Case 1. In this case k; = [, = 1, and equation (1.2.6) becomes

Al y) + 2" ol y)v(z) = yr(z,y) =yr(0,y)

v i@ y)e(y) + fa(zy) = ar(z,y) = zr(z,0)

This clearly implies that neither f; nor f; have constant term and hence we may

write fi(z,y) = zg1(x) + yhi(y) and fo(z,y) = xg2(x) + yhe(y) and we have

yha(y) + 2 ((2) + 2" o)) = yr(ay)

2g2(w) + y (4" I W)ey) + hay)) = wr(z.y)

Therefore

zgi(x) = —x"ga(x)i(x)
yha(y) = —y"hi(y)e(y)
yhily) = yr(z,y)
zgs(z) = ar(z,y)

It is very easy to check that x is also in the kernel of df. This in particular implies
that Cy is locally free near p. The restriction of x to Cy (which is defined near p by
y=0)is

—ahy(x) x x — <Z1V1(x) * le’(x))

T )+ dv =
a0 T LVa(0) Uy (z) + 2U! (z)

du + dv
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On the other hand, the restriction of f to C is given by

ur— aU;(x)

v — 2 V()
and the kernel of df; is clearly generated by

—zh—1 (llvl(x) + :z:Vl’(:c))
U, (z) + 2U} (z)

du + dv

Thus Cy, (—p) is generated near p by the same generator of Cs|c,. Similarly,

Cy,(—p) and Cy|¢, have the same generator near p. Hence 1 follows.

Case 2. Let us go back to equation (1.2.6) and substitute k; =1 and I, > 2:

fl(x7y> + xll_lfQ(xv y)w(l’) = yT’(ZE, y) = yr(()?y)

yl2‘1(y’“2‘l2f1(x,y)so(y)+fz(x,y)) = ar(x,y) = 2r(z,0)

This implies that r(z,0) = 0, i.e. r(x,y) = yr(y). Thus we have fi(z,y) =
zg1(z) + y*r(y), and finally fo(x,y) = xg2(z) — y*27 2 20(y)r(y). Substituting back,
we find

zg1(x) + 2" g2 (2)(x) = 0

Therefore zg, (1) = —x" go(x)1h(z) and near p the kernel of df is generated by

o@D w2 (B o))

aq (6%) a (&%)

(as before, it is very easy to check that these elements lie indeed in the kernel of df).

We thus see that Cy is not locally free near p; since clearly the terms in brackets
in the previous expression are local generators for Cy, and Cy, respectively near p, we
deduce that C; = Cp, (—p) @ Cy,(—2p). Thus 2 follows.

Case 3. Once more we refer to (1.2.6), now with ky,ly > 2. In this case, the

equations imply that r(x,y) = 0, and thus fi(z,y) = —2 = fo(x, 9)0(x) + yhi(y).
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Substituting back in (1.2.6), we find

y>! (ykz‘b“hl(y)s@(y) + folz, y)) =0

ie. folx,y) = xge(x) — y*27 2+ hy(y)(y) and therefore

filz,y) = =" T go (@) () + yha(y)

By inspection we see that choosing (g2(z), h1(y)) = (1,0) or (0, 1) yields elements
of the kernel of df. Thus near p the kernel of df is generated by

d d d d
o ro@E ) ad (e )
aq () aq &%)

We thus see again that C; is not locally free near p. Since clearly the terms in
brackets in the previous expression are local generators for Cy, and Cy, respectively
near p, it follows that C; = Cy,(—p) @ Cy, (—p). Thus 3 is established, and with it the
lemma. O

Now that we have treated the transverse case, we need an analogous lemma for

the non-transverse case.

Lemma 1.2.9 Suppose that X is a smooth surface and let f : C' — X be a morphism
from a curve C' consisting of two irreducible components Cy and Cy, meeting in a
node p. Denote by f; the restriction of f to C; and let p; € C; be the point p € C.
Suppose that f does not contract any component of C' and that Cy and Cy do not meet
transversely at f(p). Then there are the following cases:

1. C and Cy are simply tangent at f(p).

Then Cy is not locally free and
Cy =Cp(—p) ®Cp(—p)

2. Cy and Cy are not simply tangent at f(p).
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Then Cy is locally free and the following sequence is exact

0——=C;——=Cs, ®Cy, Crp 0 (1.2.7)

Proof. We proceed as before, and we can write

Y MU () + y™Us(y)
| v V) + R Vay)
where Iy > ky, lo > ky and U;(0), U2(0) # 0. By exchanging if necessary the roles of

Ch and (5, we may further assume that k; < ky. Then we have

Ocyp - du+ Oc,p - dv . (Oc,p +dz + Oc,y, - dy) [ (yda + xdy)

du

gkt <k1U1 () + 2U] (x))d:c + yk2 1 (/ngg(y) - yUé(y))dy

dy ————a""! (llVl(x) + x‘é’(x))dx +yl! (lzva(y) + yVé(y))dy
Let aq := kUi (x) + 2U; (z) and s := 1oVa(y) + yV5 (y). We may write
du — aq 2" Vdx + asy*?~tdy

dv ——= 2" (x)dx 4y (y)dy

Note that a;(0), as(0) # 0. The kernel of this morphism is determined by the

condition

filz,y)du+ fo(w,y)dv — r(z,y) (ydz + zdy)

which translates to

41 (ar i) + 2B fole,y) ) = yr(e,y) = yr(0,y)
Ja (1.2.8)
yr! (oafl(x, y) + 42 "20(y) fo(x, y)) = ar(x,y) = ar(z,0)
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Let us now consider separately some cases.

Case 1. ky = 1l and ly = ks + 1. (i.e. f is not ramified on C; and f(C;) and
f(Cy) are simply tangent). We know we may also assume [; > 3. Equations (1.2.8)

imply (multiplying the second one by y if ky = 1)

arfi(z,y) + 3" (2) folz,y) = yr(z,y)

y(aafi(e.y) +yew)folay)) = 0

From the second equation we deduce that fi(z,y) = zg(z) — %gy)ﬁ(:c,y), and
substituting in the first equation we find
2" Y(z)

zg(x) = _ng(x,y) I yiiy)h(x’y) n yT’(Cfl, )

This gives us the equations

o l(x
ro) = ~T M gy
ysg(Qy) hoy) = _yrfl,y)

It follows that fo(z,y) = zh(x) — al‘zf(y)r(x, y). Observe now that choosing h(x) =

0 and r(z,y) = 1 gives the element (M + i) du — —%2—~dv whose image
Y g aZp(y) aiy a1e(y) &

under df is ydx (remember we are assuming l; > 3), which is not zero. Therefore,
r(x,y) (and hence f5) cannot have a constant term, which implies that all elements

of the kernel are combinations of

z(—wdu%— dv) and y(—ygo(y>du+dv>

(@51 (%)

Clearly these elements are also in the kernel of df and the terms in the brackets

are local generators for Cy, and Cy,. Thus C; = Cy, (—p) & Cy,(—p).
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Case 2a. ky =1, Iy > ko + 2. Equations (1.2.8) imply

arfi(z,y) + 2" () fo(z,y) = yr(z,y)

y(agfl(x,y)—|—yl2_k2<p(y)f2(x,y)) - 0

From the second equation we deduce that fi(x,y) = zg(x)— Mfg(l’, y), and

a2

substituting in the first equation we find

xll—1¢ T ylZ_k2 y yfr' aj’y
zg(x) = —7()f2(x,y)+ 7€0()f2(x,y)+ (,9)
(05} (0] (03]
This gives us the equations
T ly(x
vga) = —2 M ey
(€3]
la—ks r(z,
y @(y)fz(zjy) __yr(z,y)
&%) aq

Therefore all elements of the kernel are multiples of

_ (xll‘lw(l’) N aaa)

) du + dv
(03] (6)

By inspection these elements are also in the kernel of df and the restrictions
—%ﬁb(@du +dv and —%?O(y)du + dv are generators for Cy, and Cy,. In particular

there is a short exact sequence as in (1.2.7).

Case 2b. ki, ky > 2. Then (1.2.8) implies 7(z,y) = 0 and from the first equation
we may write fi(z,y) = —%ﬁwmfg(x,y) + yh(y) and substituting in the second

equation we obtain

ks

l2
y’”‘l(yazh(y) + ylz‘kzw(y)fz(x,y)) =0 = yhly) = —%fz(x,y)
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Therefore near p any element of the kernel of df is a multiple of

11 —k1 lo—k2
B (x v) Ly s@(y)) du -+ do
(075] (6)

and it is easy to check that this element lies indeed in the kernel of df. Thus Cy is
locally free and since —%Wdujtdv and —%?D(y)du%—dv are the local generators
for Cy, and Cy,, we deduce that we have a short exact sequence as in (1.2.7). This
completes the proof of the lemma. O

Let f : ¢ — X be a morphism from a connected, projective, nodal curve of

arithmetic genus zero to a smooth surface X. In view of the previous two lemma, we

see that we can partition the set of nodes of C' in 5 disjoint sets:

Tuu 18 the set of nodes p such that the two components of C' meeting at p are

transverse at f(p) and both are unramified;

Tur 18 the set of nodes p such that the two components of C' meeting at p are transverse

at f(p) and one is unramified and the other one is ramified,;

T 18 the set of nodes p such that the two components of C' meeting at p are transverse

at f(p) and both are ramified;

vy is the set of nodes p such that the two components of C' meeting at p are simply

tangent at f(p);

v, is the set of nodes p such that the two components of C' meeting at p are not

transverse and not simply tangent at f(p).

Thus it follows from the lemmas that the sheaf C; is locally free at the nodes
Tuw and v, while it is not free at the others. Let Cy,...,C; be the components C.
Then we let 7¢  denote the divisor on C; of nodes lying in 7,,, and similarly for the
other types of nodes. Note that only one of the definitions above is not symmetric,
namely 7, (and 7',). To take care of this, let us introduce one more divisor on each
component of C: let 7 be the divisor on C; consisting of all nodes p of C' on Cj, such

that the two components of C' through p are transverse at f(p), and the restriction
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of f to these two components is ramified only on C;. For instance, suppose that the
curve C' is a nodal union of two smooth rational components C'; and C5 and that near
the node p we have O¢, ~ (k [z, 9] / (xy)) , with C; defined by the vanishing of y

(z,y)
and Cy defined by the vanishing of x. Let f : C — P? be determined by

[

Clearly C and Cy are transverse at f(p), fi is unramified at p while f; is ramified
at p. Thus we have

Tur = {p} T&r = {p} T?"lu = @

T ={p} T ={p}

and we may rewrite 2 of Lemma 1.2.8 more symmetrically as

Cf = Cfl(_Tzir - T:u) D Cf2(_7—37’ - Tr2u)

Often we will denote by the same symbol, the set and its cardinality. For instance

we will write equations like

Z(T;U‘I'Tir-l-ﬂfr—l-l/;—l-l/f) = 2#{nodes of C'}

i

Z (Thw + Tor + o + T + Va+ 1)) = 2#{nodes of C} + 7,

7

Given a coherent sheaf F on a curve C, let 7(F) denote the subsheaf generated
by the sections whose support has dimension at most 0 and let /"¢ be the sheaf

F/7(F). By definition the sheaf F/7°¢ is pure.

Proposition 1.2.10 Let f : C' — X be a stable map of genus zero with no contracted

components to a smooth surface X, with canonical divisor Kx. Let Cy,...,C, be the
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wrreducible components of C'. Then we have

deg ((cf ® we) é) — £[C]- Kx — degri, + deg v + deg O (1.2.9)

X(Cr@we) = L[C]- Kx +degr, +degry +2degy + Y deg Qi+ 1

Moreover, let v : C — C be the normalization of C at the nodes in T, U T.. Uy,

Then, the sheaf Cy is the pushforward of a locally free sheaf on C.

Remark. In what follows we will sometimes identify a divisor on a smooth rational

curve with its degree.
Proof. This is simply a matter of collecting the information we already proved in the
previous lemmas. Thanks to Lemma 1.2.8 and Lemma 1.2.9 we have the following
short exact sequence of sheaves on C
0 —>Cf - @Zcfz (_T;u - Tqir - 27—721u - Tﬁr - Vé) - Cf|7'uu D Cf|l’l —0
Note that the sheaf in the middle on the component C; is twisted down by all
nodes of C' on C;, with the exception of the nodes in v}, which do not appear, and

the nodes in 7¢,, which “appear twice.” Hence we can write the divisor by which we

W)

are twisting Cy, as —val[Cy] — 7, + v}.

To compute the degree of the sheaf Cy,, remember that there is an exact sequence

0——=Cj, — O Q¢ Q; 0

Therefore we have degCy, = f.[Ci] - Kx + 2 + deg Q;. Thus, we may rewrite the

previous sequence as follows

0—C; —@;0¢, (f*[Ci] -Kx + 2 —wal|Cy] — 7%, + v} + deg Qi) —

%th'uu 69Cf|Vl 0
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The dualizing sheaf w¢ is locally free of rank one and on the component C; has
degree equal to —2 4 val[C;]. Thus twisting the previous sequence by we we obtain

(using the isomorphisms C¢|,,, ® we =~ Cylr,., and C¢l,, ® we =~ Cyly,)

O—>Cf®WC'—>EBZ’OCi<f*[CZ'] Ky —T,fu+uf+degQi) -

Crlruw ® Crly, 0 (1.2.10)

The first identity in (1.2.9) follows. For the second one, note that Y 7% = 7,

and Y v} = 2y, and compute Euler characteristics of (1.2.10):

X(CrRwe) = Z(f*[Ci]-KX—Tfu+Vf+degQi+1) — deg Ty — degy; =

i

= f*[C] : KX — Tur +2l/l +Zdeg Qz +
+#{components of C'} — 7, — v

Remember now that the dual graph of f is a tree and hence #{components} =

#{nodes of C} + 1= 7yy + Tur + 7rr + 2 + v, + 1. Using this, we conclude
X(Cr@we) = LI0] Kx + 7+ 1o+ 21+ 1+ ) deg O

and the proposition is proved. O

The next proposition has a similar proof, but deals with morphisms with con-
tracted components. As for the previous case, it is useful to introduce two more sub-
sets of the nodes on contracted components, depending on the behaviour of f : C — X

near the node. We let

pu be the set of nodes p such that f is constant on one of the two components, and

it is unramified on the other;

pr be the set of nodes p such that f is constant on one of the two components, and

it is ramified on the other.
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Proposition 1.2.11 Let f : C — X be a stable map of genus zero to a smooth
surface X, with canonical divisor Kx. Let C = C UR, where C = CyU...UC, is the
union of all components of C which are not contracted by f, and R is the union of
all components of C contracted by f. Let r be the number of connected components

of the curve R (equivalently, r = x(Og)). Then we have

deg ((Cf ® we) %) = flC] - Kx+ Qi — 7! +vi+p +pi (1.2.11)

XCrewe) = LlC]-Kx+Y Qi+ 1+ +vs+2u+ py +2p, — 37

Proof. For the first formula in (1.2.11), we only need to check the local behaviour
of C; near a node between C; and a contracted component R;. As before, let z be
a local coordinate on C; near the node p between C; and R; and let y be a local
coordinate on R; near p. Let u,v be local coordinates on X near f(p) and suppose
that the tangent direction to the vanishing set of w near f(p) is the tangent direction

to C; at f(p). We have

u — *U(x)
e U(0) #0

v o— PV (z)

for some k£ > 1. The sheaf C; near p is the kernel of the map

df : Og, - du+ O, dv—> (Oap cdz+ O, - dy) /

ydx + $dy)
du 1 (kU(x) + :vU’(x)) dz
dv zk ((k‘ + 1)V (z) + :BV’(:E))dx

It is readily seen that

:c((k: +1)V(z) + xv’(x)>du - (kU(x) + xU’(x))dv
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is a local generator for the kernel of df. Note that this means that we may pretend
that the component R; is not there for the purpose of computing the contribution of
the node p, regardless of whether f|c, ramifies or not at p. This is enough to prove

the first formula in (1.2.11).

To prove the second one, we carry the previous analysis slightly further, and note
that the image of df contains the torsion section ydz if and only if f does not ramify

at p. Remember that we have the diagram

0
0 T
0 Cf f*Qﬁ( Q}j Q(j 0

veST

ng(C)
0

where C” ranges over the irreducible components of C' and 7 denotes the torsion

subsheaf of Qlé We deduce that
X (Cr®@we) = x (f*Qx ®@we) — x (2 ®@we) + x (Lo @ we)
and we know that

X (ff Q% ®ws) = f]C]- Kx — 4#{components of C'} + 2 Z val(C") +
c'cC
+2#{components of C'} — 2#{nodes of C'} =
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X (% ® we) = #{nodes of C'} — 3#{components of C} + Z val(C') = -3

c'cC

X (Qc ®we) = X (Qe ®wea) + X (p @ wa) + pr

where Q¢ is the cokernel of the differential of the restriction of f to the union C' of
the non-contracted components. By what we saw above, the sheaf Q¢ behaves like
when there are no contracted components. The Euler characteristic of QF ® we is

given by

X (Q};z ® w(j) = #{nodes of R} — 3#{irreducible components of R} +

+ Z val(R') = —3#{connected components of R} =

R'CR

= —3r

We collect all these numbers as we did before and conclude. O
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Chapter 2

Deformations of Stable Maps

2.1 Dimension Estimates

In what follows we will refer to the integer —C - Kx as the degree of a curve C'in X,
where Ky is the canonical divisor of X.

We consistently use the following notational convention: if f : ¢ — X is a
morphism and ) denotes a component of C, we will denote the image of C by C4,
and in general, a symbol with a bar over it denotes an object on the source curve C,

while the same symbol without the bar over it denotes the image of the object in X.

Definition 2.1.1 (/Ko] I1.3.6). Let f,g € Hom(C,X); we say g is a deformation
of f, if there is an irreducible subscheme of Hom(C, X) containing f and g. We
say that a general deformation of f has some property if there is an open subset
U C Hom(C, X) containing f and a dense open subset V C U such that all f' € V

have that property.

When we choose a general deformation g of a morphism f, we assume that g
is a deformation of f, i.e. that f and g lie in the same irreducible component of

Hom(C, X).

Lemma 2.1.2 Let f : P! — X be a free morphism; then —f(P!) - Kx > 2. If
moreover f is birational onto its image, then a general deformation of f is free and

it 18 an tmmersion.
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Proof. Since f is free, f*Tx is globally generated, and hence the normal sheaf N is

also. Thus we have
0 <degN;=deg f*Ty —2=—f(P')  Kx —2

For the second assertion, by [Ko] Complement 11.3.14.4, a general deformation of
£ is of the form f, : P % P! ™ X where h, is an immersion. Since it is also true
that a general deformation of a birational map is still birational, we see that for a
general deformation f; of f, ¢g; is an isomorphism, and f; is an immersion. Clearly
being free is also an open property. O

Fix a free rational curve § C X and let d = —f3 - K.

Definition 2.1.3 Denote by M, (X, 6) the closure in M (X, ﬂ) of the set of free

morphisms f : P! — X such that f is birational onto its image.

We want to prove that given » < d — 1 general points pq,...,p, € X, in all

irreducible components of M, (X , ﬁ) there is an f whose image contains all the p;’s.

Proposition 2.1.4 Let f : P* — X be an immersion, and let d be the degree of the
image of f. Let cq,...,c,. be distinct points where f is an embedding. The natural
morphism

FO) (P x Hom (P!, X)

X
(dla cee 7dr; [g]) — (g(d1>7 cee 7g(d7‘))

is smooth at the point (c1, ..., ¢, [f]) if and only if r < d — 1.

Proof. Recall the sequence defining Ny:
art .,
0—=7TP' — [*TX —N;—0 (2.1.1)

Let us prove first of all that Hom (P!, X) is smooth at [f]. From (2.1.1), it follows
that deg Ny = —f.(P') - Kx —2 =d —2 > —1, and since f is an immersion, N} is

locally free. Thus from the long exact sequence associated to (2.1.1) we deduce that
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HY(P!, f*T X) = 0, and by [Ko] Theorem 11.1.2 it follows that Hom(P', X) is smooth
at [1].

Consider now the following commutative diagram with exact rows

0 ST P! —— Doy, (P')" x Hom(P!, X) — TjpHom(P', X') —0
\LN l/dF(r) lé
0— EB’]}(Q)JC(EM) @7}(02‘)){ ®nyci 0
The top row is clear, since we have the isomorphism
7?01 ~~~~~ Cr;[f})(IPﬂ)T X HOHI(]P’I, X) = @ZZ]P)I ® ’TmHOm(]P’l’X)
For the second row, restrict the sequence (2.1.1) to {c1,...,¢.} and note that f

induces an isomorphism 7;,P! ~ Ty, f(P'), since f is an embedding at the ¢;. The
first vertical arrow is induced by f, while ¢ is the quotient map, followed by the
evaluation map ([Ko] Proposition 11.3.5):

TjpHom (P!, X) ~ HO(P!, f*Tx) —— H°(P', \/})

@vaci

The morphism ¢ is induced by the long exact sequence associated to (2.1.1), and
the next term in the sequence is H'(P!, 7p1) = 0. Therefore ¢ is surjective. Observe
that dF") is surjective if and only if § is surjective, and finally, § is surjective if and

only if the evaluation map ev is surjective. Consider the exact sequence of sheaves
0——=Nj(=e1 —... —¢;) —=Nj —=&Nje, —0 (2.1.2)

Remember that deg Ny = d — 2, and since f is an immersion, Ny ~ Opi(d — 2).
Thus HY (P, V) = 0, and the sequence on global sections induced by (2.1.2) is exact
if and only if H' (P!, N}(—c1—...—¢,)) = 0, i.e. if and only if deg Ny(—c1—...—¢,) =
d—2—r > —1. Therefore H*(P*, N}) — @N; ., is surjective if and only if r < d — 1,
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and hence dF") is surjective if and only if r < d — 1. O

Let f : P! — X be an immersion representing an element of My, (X , 6), and
denote by fﬂbir (X , 6) the irreducible component of My, (X , ﬂ) containing f and
by H/ C Hom(P!, X) the irreducible component of Hom(P!, X) containing [f] (re-
member that Hom(P!, X) is smooth at [f]).

There is an action

Aut(P) x (P')" x Hom(P*, X) (P')" x Hom(P*, X)
(907 (Clv < Cr [QD) S (¢(Cl)v ce 90(07‘) ; [g ° 90_1])

which clearly preserves the irreducible components of Hom (Pl,X ) Since f is not

constant, the action of Aut (Pl) has finite stabilizers.

Consider the diagram

(PY)" x HS
(

Fr) XA

X My (X, B)
where M is the projection onto the factor H/ followed by the natural map that

quotients out the action of Aut(P!).

Let us compute the dimensions of some of these spaces. The morphism M is
obviously dominant, while Proposition 2.1.4 (together with Lemma 2.1.2) implies

that F(") is dominant if » < d — 1. Thus we may compute

dim (; My, (X, 8)) = dim ((P')" x M) =7 =3 = —f(P') - Ky — 1 =d—1

Let ci1,...,c, € P! be r < d — 1 distinct points where f is an isomorphism onto

its image and let p; = f(¢;).
Let p := (c1,...,¢;[f]) € (PY)" x Hom(P!, X); it follows from Proposition 2.1.4

38



that
dim(F(T’))_l(pl,...,p,ﬂ) =r+dimH —2r=—f(P) - Kx+2—r=d—17+2

Denote by My, (X, ﬁ) (p1,-..,pr) the image under M of (F(’"))_l(pl, ..y Dr), al-

ternatively

ﬂbir(Xwg)(pla s apr) = {[f] S MbiT(Xwg) ‘ f(C) 2 {pla s 7p7’}}
Since Aut(P!) acts with finite stabilizers on (F(T))_l(pl, ...,Dr), We may compute

dim My, (X, 8) (p1, ..., py) =d — 1 — 1 (2.1.3)

2.2 Independent Points

We will now analyze separately the cases in which we consider curves through d — 1

and d — 2 general points respectively.

Lemma 2.2.1 For a general (d — 1)—tuple (p1,...,p4—1) of points of X4t all the

morphisms in My, (X, ﬁ) (p1y- .-, Pd—1) are immersions.

Proof. Let T C (IP’l)d_1 x H' be the set of all d—tuples (cy,...,cq_1;[g]) such that
g is not an immersion; Lemma 2.1.2 implies that Z is a proper closed subset of
(PHY*" x H/. Note that Z is Aut(P!)—invariant. Consider the morphism F(@=1),
By Proposition 2.1.4 and Lemma 2.1.2 this morphism is dominant, hence the general
fiber of this morphism has dimension d—1— f(P!)- Kx+2—-2(d—1) = d+2—d+1 = 3,
thus the fibers of this morphism are Aut(P!)—orbits, since they are stable under the
action of Aut(P'). If the general fiber of F(@=1) met Z, then we would have

dimZ >2d—1)+3=2d+1=(d— 1)+ (d+2) :dim<(IP1)d_1 fo)

and T would equal (P')*™" x M/, which contradicts Lemma 2.1.2. Thus there is an

open dense subset U in X% not meeting the image of Z. For any (d — 1)—tuple
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(p1y---,Pa—1) € U we have that

Mo (X, 8) (p1, - - - Pa—1) = M ((F(d_l))_l(pb---,pd—l)) C My (X, 3)

consists only of (finitely many) immersions. O
We now want to prove that for a general choice of d — 2 points on X, all the
resulting morphisms in My, (X , 6) through them have reduced image. To achieve

this, let us first introduce the following notion.

Definition 2.2.2 We say r points p1,...,p, in X are independent if the following

conditions hold:

1. no k of them are contained in a rational curve of degree k;

2. the normalization of a rational curve of degree k in X through k — 1 of them is

an 1mmersion.

Proposition 2.1.4, Lemma 2.2.1 and the dimension estimates (2.1.3) easily imply
that for any r» > 1 there are r—tuples of independent points, and that for any d > r+1
there are rational curves of anticanonical degree d through r independent points.

We are now ready to prove the following result.

Lemma 2.2.3 Let C C X be a divisor of anticanonical degree d > 3 such that each
reduced irreducible component is rational. Let py,...,pg_2 € C be a (d — 2)—tuple of
independent points. The divisor C' has at most two irreducible components and it is

reduced.

Proof. Denote by C', ..., Cy the reduced irreducible components of C'. For each curve
C; let d; be the degree of C;, m; be the multiplicity of C; in C' and ¢§; be the number of

points p1, ..., pg_2 lying on C;. Then we have > m;d; = d and §; < d; — 1. Therefore

Thus ¢ < 2, and if £ = 2, then all inequalities are equalities and hence m; =

mg = 1. If £ = 1, then C] is a rational curve of degree d; on X containing d — 2
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independent points. It follows that d; > d—1 and myd; = d and hence d > m4(d—1),

or (my — 1)d < my. Since d > 3 this implies d; = d and m; = 1. O

Lemma 2.2.4 Let py,...,p. € X ber > 2 independent points, and let o C X be an

integral curve of degree r + 2 of geometric genus zero containing pi,...,p.. Let B
be a smooth connected projective curve and let F' : B — M;r(pl, ...,Dr) be a non-

constant morphism. The reducible curves in the family parametrized by B cannot
always contain a component mapped isomorphically to a curve of anticanonical degree

strictly smaller than two.

Proof. Consider the following diagram

MOJ(X, Oé)

B ﬂI(jlir(pla v >p7’)(—) m0,0()(7 CY)

and let S — B be the pull-back of the universal family.

It follows that S — B is a surface whose general fiber over B is a smooth rational
curve and with a finite number of fibers consisting of exactly two smooth rational
curves (Lemma 2.2.3) meeting transversely at a point, corresponding to the reducible
curves in the family B. By hypothesis S — B admits r contractible sections. Suppose
that in all reducible fibers of S one component is mapped to a curve of anticanonical
degree strictly smaller than two. Denote the components in S mapped to such curves
by Li,..., L, and the other components in the respective fiber by Q,...,Q; (thus
L; + Q; represents the numerical class of a fiber, for all i’s). By definition of indepen-
dent points, the sections of S — B cannot meet the components L;. Since L; C S
is a smooth rational curve of self-intersection L? = L; - (Q; + L;) — L; - Q; = —1, we
may contract all the L; to obtain a smooth surface S’ — B, which is a P'—bundle
over the curve B. Since the contracted curves did not meet the r sections, there still
are r > 2 negative sections of S’ — B, but there can be at most one negative section
in a P'—bundle. Thus there must be reducible fibers in the family B all of whose

components are mapped to curves of anticanonical degree at least two. a
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Lemma 2.2.5 Let f : P! — X be a non-constant morphism to a smooth surface X
and suppose that f*Tx is globally generated. Denote by My the irreducible component
of Moo(X, fi[P']) containing [f] and by C C X the integral curve f(P'). Let M;c

be the locus of stable maps
Mo = {[g] e M; } image(g) = C’}

Then we have

codim(./\/lf,c,./\/lf) <1

Equality holds if and only if f.[P'] = 6C for some positive integer 6 and Kx -C = —2.

Proof. Using [Ko|] Proposition 11.3.7, we may deform f so that the image of the
resulting morphism avoids a point on C. It follows that Mo C M/, and hence,

=

M o being closed, that it has codimension at least one.

To prove the second assertion, note that any morphism ¢ : R — X from a rational
tree with image contained in C' is such that ¢*7y is globally generated. This is obvious
on each irreducible component of R: the morphism factors through the normalization
of C' and a multiple cover, and under the normalization the pull-back of 7Ty is globally
generated. Thus ¢*7y is globally generated on each component of R, and hence it is

globally generated on R.

Let I' be the dual graph of some morphism in M. Let M? be the subscheme of
M consisting of morphisms with dual graph I'; then

codim (Mg N M, My) > 1 (2.2.4)
Indeed, let n be the number of vertices of I' and consider the scheme le}

lg] € M} and
[9: K — X p1,...,pa] € Mon(X, fi[P]) | pi, ..., pn all belong to

different components of K
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Clearly there is a surjective morphism //\/lvl; — /\/ll; , and let
AL r AAql
Mf,C' = (Mfycm./\/lf) XMl;Mf

Let g : K — X represent a morphism in //\/IV?C; again by [Ko| Proposition 11.3.7 we
may deform g to miss a point of C', while still lying in .//\/lvg and thus (2.2.4) follows.

Suppose that codim(M o, M) = 1. Tt is clear that f.[P'] = dC for some positive
integer 9.

Using (2.2.4) it follows that the general morphism in every component of maximal
dimension of M ¢ has irreducible domain, and hence these components of M are
dominated by Mo o(P',§), where the morphisms are induced by composition with the
normalization map v : P! — C'. We have dim M ;¢ < dim Mg (P!, §) = 26 —2, and
also dim My = (—Kx - C) 6 —1. We already know (Lemma 2.1.2) that —Ky - C' > 2,
and hence we must have —Kx - C' =2 and dim Mo = 26 — 2. O

The next lemma and its corollary allow us to construct irreducible subschemes in

the boundary of the spaces M g (X , ﬁ).

Lemma 2.2.6 Let f : C — X be a stable map of genus zero to the smooth surface
X. Let Cy be a connected subcurve, let Cy, ..., Cy be the connected components of the
closure of C'\ Cy. Let Cy; be the irreducible component of Cy meeting C;, and let C;;
be the irreducible component of C; meeting Cy and let the intersection point of Cy;
and C;1 be p;. Denote by f; the restriction of f to C;, fori € {0,...,(}.

Let V. C Moy(X, fi[PY]) x (Cy x --- x Cy) be the subscheme consisting of all
points ([g; ClyvoyCols Oy .,52), such that g(¢;) = f(c}) and [g; é1,...,¢] is in the
same irreducible component of Mg, (X, fe [Pl]) as [f; D1y ..., Dd

Assume that a general deformation of fy is generated by global sections, Cy; is not

contracted by f and f(C’Oi) ) f(C’i,l), for all i’s.

Then every irreducible component of V containing ([fo; Dly- -y Do) D1y - ,pg)

surjects onto the irreducible component of My, (X, I [Pl]) containing [f].

Proof. Let ® be an irreducible component of Mo o(X, f.[P']) containing (the stable

reduction of) [f]. Define C by the Cartesian square on the left and ev as the composite
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of the maps in the diagram

ev:=(ev1,...,evy)

T

T Moy (Xla foP'])

(I)(—> MQQ (X, f* [Pl])

XZ

Clearly, V is then defined by the diagram

(Cyx - x Cy)

T
T (j — XZ
P

and we have

VCW:=Cx (Cx - xC)—L—¢

Obviously P is flat and since C — & is flat, it follows that W — & is flat. The

fiber of 7 at the point [g] is given by

7 (l9]) = {([g; G2 ..., ’ 9le) = fi(cg)}

where the stable reduction of g is g. If ¢ has irreducible domain, and if the image of
g does not contain any singular point of (the reduced scheme) f(C_’l u...U ég),
nor does it contain any component of f(C’i), then the scheme W‘l([g]) is finite.
Thanks to [Ko] Theorem I1.7.6 and Proposition 11.3.7, a general deformation g of
fo satisfies the previous conditions; thus the general fiber of 7 in a neighbourhood
of [f] is finite and hence, letting vy := ([fo S D1y De) s D1y - ,pg), we conclude that
dim,, V =dim® = dimC — /.

Let x; € Ox ;) be a local equation of f; (Pl); clearly the ¢ equations P*ev}(k1),
.., P*ev;i(ky) define V near vy. Since dimV = dimC — ¢, it follows that Oy, is
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a Cohen-Macaulay Oy, —module. Using [EGA4| Proposition 6.1.5, we deduce that
Ov,y, is a flat Og [ )—module, and the result follows. O
Construction. Suppose f : C' — X is a stable map, and suppose C' = CoU...UCy,
where C; is a connected union of components for all i’s, such that H* (C’o, f*7Tx |@0) =0
and all the irreducible components of C, meeting C; are not contracted by f and
the image of the component of Cy meeting C; does not contain the image of the
corresponding component of C; for all i’s (this is the same condition required in
Lemma 2.2.6).

We construct an irreducible subscheme Sl¢(Cp) of My, (X s [C_’]), consisting of

morphisms ¢ : C' — X with the following properties:

e there is a decomposition C" = C{ U ... U C}, where C/ is a connected subcurve;

e there are isomorphisms g|a ~ fla;;

e there is a morphism res : Sl;(Cy) — Moo (X, f.[Co]), which is surjective on the

irreducible component containing f|s,;
e there are morphisms a; : Sl;(Cy) — C;, for i € {1,...,(}.

Let p; € Cp be the node between Cy and C; and f; := f|g,; by Lemma 2.2.6 we
may find an irreducible subscheme V' C M, (X, fi[Co]) xxe (C1 % ... x Cy) and a
morphism V — Mg (X s [+ [@0]) which is surjective onto the irreducible component
containing fj.

Identify C; with M, (C'i, [C'Z-]); thus we may write
V C Mo,g (X, f* [C’o]) X x¢ (MOJ (C’l, [C’l]) X ... X MOJ (Cg, [Cz]))

Let M; C Cy x P be the closed subscheme of points (502'; lg; o1, .-, Cof; C1y- - ,Eg),
and let N; C C;x P’ be the closed subscheme of points (EZ- i lgs o1y .-y ol Gy ,ég).
It is clear that projection onto the P’ factor induces isomorphisms M; ~ P’ and
N; ~ P', and that M; N M; = () for all ¢ # j.

Construct the scheme C: glue to Cy x P’ the schemes C; x P’ along the subschemes

M; ~ Nj;, where the isomorphisms are the ones induced by projection onto the factor
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P’. By construction, there is a morphism C — P’, whose fiber over the point
c = ([g; o1y - -+ Cot) 5 C1, - - .,Eg) is the curve Cs obtained by the nodal union of C,
and O}, for all i’s, where the nodes of C; are at the points ¢y € Cy and ¢; € C’i,l c C,.

The morphism C — P’ is flat on all irreducible components of P’ (remember that
P’ is smooth) thanks to Theorem I11.9.9 of [Ha], since all fibers C; have geometric
genus zero. Thus C — P’ is a family of connected nodal projective curves of arithmetic

genus zero.
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Chapter 3

Divisors of Small Degree: the

Picard Lattice

3.1 The Nef Cone

We collect here some results on the nef cone of a del Pezzo surface. We prove a
“numerical” decomposition of any nef divisor on a del Pezzo surface in Corollary 3.1.5.

In the later sections we will show how to realize geometrically this decomposition.

Definition 3.1.1 Let X be a del Pezzo surface of degree 9 — §. Suppose that Xs #
P! x PL. We call an integral basis {{, ey, ..., es} of Pic(Xs) a standard basis if there
is a presentation b : X5 — P? of X5 as the blow up of P? at § points such that ¢ is the

pull-back of the class of a line and the e;’s are the exceptional divisors of b.

Lemma 3.1.2 Let C' C X be an integral curve of canonical degree -1 on the smooth

surface X. Then C? is odd and it is at least -1.
Proof. This is immediate from the adjunction formula:
C?+ Kx-C=2p,(0)—2 =  (C?=2p,(C)—1>-1

The lemma is proved. g
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Lemma 3.1.3 Let C C X be a curve of canonical degree -1 on a del Pezzo surface

of degree d. Either C is a (—1)—curve, or d =1 and the divisor class of C' is —Kx.

Proof. Note that since — K x is ample, a curve of canonical degree —1 must be integral.
If X ~ P! x P! all divisor classes on X have even canonical degree, thus we may
exclude this case. Let p := C? and § = 9 — d; by the previous lemma we know that
p > —1 and it is odd. Moreover, if p = —1 then C is a (—1)—curve; suppose therefore
that p > 1. By [Ma] Proposition IV.25.1 we may find a standard basis {,e1,...,es}

of the Picard group of X. If we write C' = al — bie; — ... — bses, we have
( )
3a — Z bz =1
i=1
5
W
i=1

\

and these equations are easily seen to be equivalent to the following:

p

3a—z8:b,~ =1
S(a-20,-1)" = 4(1-p)

by = 0 1>0+1

We deduce that p < 1, and hence p = 1. We conclude that a — 2b; — 1 = 0 for all
1’s and hence (a; bi,. ..,bg) = (2b+1; b,...,b) and 3a — Y _ b; = 1. Therefore b = 1,
0 = 8 and the divisor class of C'is (3€ —€e1 — ... — 68) = —Kx. O

We need a criterion to determine which classes are nef on any del Pezzo surface
X. This is immediate in the cases of del Pezzo surfaces of degree 9 and 8. If the
degree is 9, then X is isomorphic to P? and the non-negative multiples of the class
of a line are the only nef divisors, and the only ample divisors are the positive such
multiples. If the degree of the del Pezzo surface is 8, then there are two cases: either

X is isomorphic to P! x P! or X is isomorphic to the blow-up of P? at one point.
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If X ~ P! x P!, then any divisor class C' on X is of the form a; F} 4 asF», where F}
and F are the two divisor classes of {p} x P! and P! x {p} and a; and a, are integers.
Then C'is nef if and only if a;,a, > 0, while C' is ample if and only if a1, as > 0.

If X ~ BI,(P?), then any divisor class C on X is of the form af — be, where ¢ is
the pull-back of the divisor class of a line in P2, while e is the exceptional divisor.
The divisor class C' is nef if and only if a > b > 0, while C' is ample if and only if
a>b>0.

The remaining cases are dealt with in the next Proposition.

Proposition 3.1.4 Let X be a del Pezzo surface of degree d < 7. A divisor class
C € Pic(X) is nef (respectively ample) if and only if C- L > 0 (respectively C- L > 0)
for all (—1)—curves L C X.

Proof. The necessity of the conditions is obvious. To establish the sufficiency, we
only need to prove the result for nef classes, since the ample classes are precisely the
ones in the interior of the nef cone. Proceed by induction on r :=9 — d.

If r = 2 write C' = al — bye; — byes, in some standard basis {/,e1,es}. By

assumption we know that b; > 0 and a > by + by. Thus we can write
C= (a — bl — bg)f—i—bl(f — 61) +bg(€— 62)

which shows that C'is a non-negative combination of nef classes.

Suppose r > 2. Let n:= min{C - L ; L C X isa (—1)—curve}; by assumption
we know that n > 0. Let C' := C' + nKy; for any (—1)—curve L C X we have
C-L=C-L~-n2>0,and there is a (—1)—curve L’ such that C' - L' = 0, by the
definition of n.

Let b : X — X' be the contraction of the curve L’ and note that X’ is a del Pezzo
surface of degree 9 — (r — 1). We have C' = b*b,C — rL’ and

0=C-L =bb,C-L' —rL' - L' =0,C-b, L' +7=r
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and therefore C' = b*b,C' is the pull-back of the divisor class ¢’ := b,C on X'. Since all
(—1)—curves on X’ are images of (—1)—curves on X, by induction we know that C’ is
nef, and thus C' is nef. Hence C' = C' 4 n(—Kx) is a non-negative linear combination
of nef divisors, and thus C' is nef. O

From this Proposition we deduce immediately the following Corollary.

Corollary 3.1.5 Let X5 be a del Pezzo surface of degree 9 — 9 < 8. Let D € Pic(Xy)

be a nef divisor. Then we can find
® non-negative integers Ny, ..., Ng;

e a sequence of contraction of (—1)—curves

Xs— X5 Xo X1

e a nef divisor D" € Pic(X3);

such that
D= TL(S(—Kxé) + ng_l(—KX&l) + ...+ ’I’Lg(—KXz) + D/

Proof. We proceed by induction on ¢. If 6 < 1, there is nothing to prove.

Suppose that 6 > 2 and let n := min{L-D | L C X a (—1)—curve}. By as-
sumption we have n > 0. Let D := D + nKy;; for every (—1)—curve L C X; we
have

D-L:D‘L+nKX6~LZn—n:0

Thus thanks to the previous Proposition, D is nef. By construction there is a
(=1)—curve Ly C X such that D - Ly = 0. Thus D is the pull-back of a nef divisor
on the del Pezzo surface X;_; obtained by contracting Lo. By induction, we have a

sequence of contractions
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non-negative integers no,. .., ns_1 and a nef divisor D’ on X; such that we may write

D= ns—1(—Kx,_,) + ...+ na(—Kx,) + D'. Let ns := n; with this notation we have
D = n6(_KX5) —+ D/ = TL(S(—Kxé) 4+ ...+ ng(—KX2) + D,

and a sequence of contractions as in the statement of the corollary. This concludes

the proof. O

3.2 First Cases of the Main Theorem

Lemma 3.2.1 Let X be a del Pezzo surface of degree 9 — §; then the linear system
| — Kx,| has dimension 9 — 6. If 6 = 8, then | — Kx,| has a unique base-point; if

d <7, then | — Kx,| is base-point free and if 6 < 6 it is very ample.

Proof. 1t § < 6 and X 2 P! x P!, the result follows from [Ma] Theorems IV.24.4 and
IV.24.5. If X; ~ P! x P!, the morphism associated to the linear system | — Ky, | is
easily seen to be the Segre embedding, followed by the Veronese embedding of degree
two of P? into PY. The image of X; under the Segre embedding is a smooth quadric
surface in P? and thus the image of this quadric under the Veronese embedding of
degree two is contained in a linear subspace of P?. Therefore the morphism associated
to the anticanonical bundle on P! x P! is an embedding to P®.

Using the Riemann-Roch formula we may compute

X(X5,0x,(—Kx,)) = = (—Kx,) - (—2Kx,) +1=10-6

N —

and by the Kodaira Vanishing Theorem (with ample sheaf Ox, (—2KXx;))
W (X5, Ox, (= Kx;)) = B* (X5, Ox,; (= Kx;)) =0

Thus h° (X5, Ox,(—Kx,)) = 10 — § and indeed | — K'y,| has dimension 9 — 4.
To prove the statement about the base-point freeness, we consider separately the

cases 0 = 1 and 6 = 2.
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In the case of Xg, a del Pezzo surface of degree one, by the previous computations
we know that there are exactly two independent sections of Ox, (—Kx,); denote by s,
and s, a basis for H° (X 8, Oxs (=K Xs)) and let C and C5 be the divisors corresponding
to s1 and sy respectively. Since —Kx, is ample and —Kx, - C; = 1, it follows that C;
is irreducible. Thus the base locus of | — K x,| is precisely C; N Cy, which consists of
a unique (reduced) point, since C - Cy = (—Kx,)* = 1.

In the case of X7, a del Pezzo surface of degree two, thanks to Lemma 3.1.3
and the fact that —Kx. is ample, any reducible divisor in | — Kx.| has exactly two
irreducible components each being a (—1)—curve; moreover, all the divisors in | — K x, |
are reduced since otherwise they would represent twice a (—1)—curve, which is not an
ample divisor. Since there are only finitely many (—1)—curves on X7 ([Ma] Theorem
IV.26.2), it follows that there are integral divisors in | — K. |, and let C' be one of

them. Consider the short exact sequence of sheaves
0—= Ox; — Ox, (—Kx,) —= Ox, (—Kx) ‘C —0

The sheaf Ox,(—Kx;,)|, is an invertible sheaf of degree two on an integral curve

o
of arithmetic genus one; it follows that it is generated by global sections. Since the
cohomology group H* (X7, @ X7) is zero (by Serre duality and the Kodaira Vanishing

Theorem), we deduce that the linear system | — Kx.| is base-point free. O

Proposition 3.2.2 Let X5 be a del Pezzo surface of degree 9 — 0 > 3. The scheme
My (X(;, —KX(;) is birational to a PS~°—bundle over Xy in particular, it is rational

and itrreducible.

Proof. Let P := IP(HO(X5,(9X5(—KX5))), and let x5 : X5 — P be the anticanon-
ical morphism. By the previous lemma we know that P ~ P° and that x;s is an
embedding.

Define Fs C Xs x P to be the closed subscheme of points (p, 7) such that p € 7
and m D 7,(Xs), where 7,(X5s) is the tangent plane to X5 at p in P.

By construction we have a morphism p; : E; — Xs; denote by T,(Xs) C
HO (X(;, OX(;(—KX(;)) the vector space corresponding to 7,(Xs). The fiber of p; at
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the point p € Xj is isomorphic to P (HO (X57OX5(_KX5))/TP(X6)>V ~ P69 In
particular Ejs is irreducible of dimension 8 — 4.

Let Cs C X5 X Es be the closure of the set of points (¢, (p, 7)) such that ¢ € 7N X
and 7™ N Xj is irreducible. To check that Cs # ), consider first the case § = 6 and
notice that if p € Xg is a point not on a (—1)—curve, then the tangent plane 7 to
Xg at p cannot intersect Xg in a reducible curve C, since C' would otherwise be a
reducible plane cubic and all its singular points would lie on some line contained
in C'; in particular p would lie on a line, but we were assuming that p was not on
any (—1)—curve. For the case 6 < 6, note that the image of a curve on Xj; in the
anticanonical linear system under the contraction of a (—1)—curve is a curve in the
anticanonical system on the target surface. This proves that for the general point
p € X; and the general hyperplane 7 containing 7,(X,), the curve C' = 7 N Xj is
irreducible and has a node at p. Since, by the adjunction formula, the arithmetic

genus of C'is one, we deduce that the only singular point of C' is p.

We also deduce that Cs is irreducible, by considering the projection to the Ej
factor: the morphism is dominant, by what we just said, and by construction the
general fiber is irreducible; since we proved that Ej is irreducible of dimension 8 — ¢,
it follows that Cs is irreducible and of dimension 9 — §.

Let C; — Cs be the normalization of C5. The scheme Cy is non-singular in codimen-
sion one, and thus the singular locus of C5 cannot meet all the fibers of the morphism
Fs : Cs — Es. By generic smoothness, the general fiber of Fs is a smooth curve, and
we know it has geometric genus zero. Thus on a non-empty open subset of Cs, the
morphism Fj is a flat family of proper smooth curves of arithmetic genus zero over
Es.

On the other hand, we also have a morphism Gy : C; — Xj, obtained by composing
the normalization morphism with the projection on the Xy factor. The morphism G
is therefore a family of stable maps of genus zero to X (shrinking the base Ej if

necessary). Hence we obtain a rational morphism «

Es- -~ >M0,0(X6> _KX(;)
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We now proceed to prove that « is birational. It is clear that a is generically
injective, since the general curve parametrized by Es has a unique singular point and

spans the hyperplane in which it is contained, because Xy is irreducible and spans P.

Moreover, the general point of Eys has image in the locus of maps with irreducible
domain My (X5, _KX(;); which is smooth of (pure) dimension (—KXJ) . (—KXJ) —-1=
8 — §. Thus Ej is birational to a component of My (X5, _KX(;)-

The scheme M (X5, —-K X(s) is irreducible, since the image of a general morphism
[ : P! — Xj representing — Ky, (in any irreducible component of M (X(;, -K Xé))
has a unique singular point (remember that the arithmetic genus of —Kx is one)
and spans the tangent hyperplane containing itself. Since the space of such choices is
(birational to) Es and we already proved that FEj is irreducible, the irreducibility of
Moo (X(;, -K Xé) follows, and also the fact that « is a map which is birational to its

image. O

Remark. The schemes Mo,o (X(;, -K X) are not irreducible if X is the blow-up of
P? at § = 1 or 2 points. Indeed, let X; be the blow-up of P? at one point p; there are

two morphisms

ch ]P)2 X ]P)l
N
P2 P!

and the divisor class of a fiber of 7y is £ — e, where £ is the pull-back of the class of
a line in P? under 7, and e is the exceptional fiber of 7;. It is clear that the space of

morphisms from a curve with dual graph

where C] is a (rational) triple cover of a fiber of 7y and (5 is a double cover of the
exceptional fiber of 7m; has dimension at least 7: there are 4 parameters for the triple

cover of £ — e, 1 for the choice of fiber of my and 2 for the double cover of e.

Similarly, let X5 be the blow-up of P? at two distinct points p, ¢ and let {/, e, es}

be a standard basis. It is clear that the space of morphisms from a curve with dual
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graph

where C; is a double cover of the (—1)—curve with divisor class e; and D is a triple
cover of the (—1)—curve with divisor class ¢ — e; — es has dimension at least 8.

In both these cases it is easy to check (Proposition 1.2.10) that in fact the dimen-
sion of the components described is precisely the indicated lower bound.

It is also possible to show that these are the only irreducible components of

ﬂoyo (X, —KX) besides the closure of M g (X, —KX), when X is a del Pezzo surface.

Proposition 3.2.3 Let X be a del Pezzo surface of degree two and let Kx be the
canonical divisor of X. The scheme My, (X, —KX) s 1somorphic to a smooth plane

quartic.

Proof. We know (Lemma 3.2.1) that there is a morphism  : X — P? associated to
the anticanonical sheaf and since (—Kx)? = 2, this morphism is finite of degree two.
Let R C P? be the branch curve, and let 2r be its degree; denote by R C X the
ramification divisor. Let Ox(1) = k*Op2(1) ~ Ox(—Kx); then using the identity
Kx = k*Kp2 + R, we have Ox(—1) ~ Ox(—3 + ) and we deduce that » = 2. Thus
R is a plane quartic. It is smooth since the morphism x has degree two and X is
smooth.

The general point of every irreducible component of My, (X ,—K X) corresponds
to a singular divisor in | — Kx|. These in turn are parameterized by the tangent lines
to the ramification curve R of k. It is easy to convince oneself that by associating to
each point p in R the morphism which is the normalization of x~*(L,), where L, is
the tangent line to R at p gives an isomorphism R ~ My, (X ,—K X). O

We now deal with the three spaces My;, (X, —nK) for n € {1,2,3}, where X is a

del Pezzo surface of degree one.

Proposition 3.2.4 Let X be a del Pezzo surface of degree one and let Kx be the
canonical divisor of X. The scheme Mg (X, —KX) has dimension zero and length

twelve. |
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The next two results prove that the spaces My, (X ,—2K ) and My, (X ,—3K )

are irreducible assuming that the del Pezzo surface X is general.

Theorem 3.2.5 Let X be a general del Pezzo surface of degree one and let C' be
the closure of the set of points of | — 2K x| corresponding to reduced curves whose

normalization is irreducible and of genus zero. Then C' is a smooth irreducible curve.

Remark. We need to require the divisor to be reduced, since there are isolated
divisors in | — 2K x| corresponding to twice a singular curve in | — Kx|.
Proof. First of all, let us check that | — 2K x| is base-point free. By the previous
Proposition, we know that the linear system has at most one base-point. Consider
the nodal curve obtained by attaching two distinct rational divisors in | — Kx| at
their unique meeting point on X. We easily see (thanks to Proposition 1.2.10) that
we may smooth this union to an irreducible curve of geometric genus zero and whose
normal bundle is locally free of degree (—Kx)?>—2 = 0. It follows that this smoothing
is a free rational curve and therefore that it misses any given finite subset of X ([Ko]
Proposition 11.3.7).

Using the Riemann-Roch formula and Kodaira Vanishing, we deduce that
1
(X, 0x(—2Kx)) =1+ 5(—QKX) - (-3Kx) =4

Thus we have the morphism x : X — P? induced by —2K, and its degree is
(—2Kx)* = 4.

We want to prove that the image () of k is an irreducible quadric cone. We
already know that ) has degree dividing four. Since the image of x is not contained
in any plane, we may assume that the degree of () is either two or four. If the degree
of @@ were four, then x would be a birational morphism. By considering a general
divisor in | — Kx|, we know that the degree of the image of such a divisor would be
(—=Kx) - (—2Kx) = 2, and thus it would be a curve of degree two and of arithmetic
genus two. Since this is clearly impossible, it follows that the image @ of k has degree

two.
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In order to see that Q is singular, consider the inverse image L under x of a line

L C Q. The curve L has canonical degree equal to

KX-E:—%H-L:—l

where H is the class of a plane in P3. Thus by Lemma 3.1.3 L is either a (—1)—curve

or a curve in the anticanonical linear system. Supposing () is smooth, we have

(L) = (k"L)* = ks (k"L) - L = 2L7
but we know that (L)? is odd, and we reach a contradiction. Thus, @ is singular and

it is therefore a cone over a smooth conic, since otherwise the image of x would not

span P3.

Let R C X be the ramification divisor and let R C @ be its image under k.
Since the general plane section of () is a smooth conic, it has genus zero. On the
other hand, the inverse image of such a divisor in X is a divisor in the linear system
| — 2K x|, which is a smooth curve of genus two. Since x has degree two, it follows
that the general plane section of () must meet the image of the ramification divisor
in six points (thanks to the Hurwitz formula). Since Pic(Q)) ~ Z and the divisor class
of a plane is twice the ample generator, it follows that R is the complete intersection
of () with a cubic surface, since R has degree six, and that the arithmetic genus of R

is four.

We want to show that R is smooth and does not contain the vertex of the cone.
Clearly R is smooth away from the vertex of the cone, since x is a double cover and
X is smooth and @ is also smooth away from the cone vertex v (see for instance [CD]
Proposition 0.1.1). To prove that R does not contain the cone vertex, consider the
projection p, : Q\ {v} — P? away from the cone vertex, onto a smooth plane conic C.
Let R C R be the union of all the components of R which are not lines, let 6 — ¢ be

the degree of R’ as a curve in P? and let v : R* — R’ be the normalization morphism.
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Consider the short exact sequence of sheaves on R’ defining the torsion sheaf A

0 Or V.Opn —= A ——=0

Note that A is supported at the vertex of @), since we know that R (and hence R')
is smooth away from v. Using this sequence we find p,(R") = 1 — x(v.Ogn) =

1 — x(Ogr) — h°(A) = p.(R') — §, where ¢ := h°(A) > 0.

Define m to be the non-negative integer satisfying the equation

. 6—0—m
det (v (Oc(1)) =S4
(remember that C' has degree two in P?). It is clear that m = 0 implies that R’ does

not contain v, and that if also £ = 0, then R does not contain v.

Using the Hurwitz formula for the morphism p” : R" — C' induced by p,, we

obtain that the degree of the ramification divisor of p" is
deg(Ram(p")) = 2ps(R") +4 — 0 —m =2p,(R') +4—26 —( —m

We have that both R’ and the closure of its complement in R are either empty or
connected, since they are effective divisors on ) and if they are not zero, then they

are ample. In particular, it follows that p,(R') < p,(R) = 4. Thus we find that
deg(Ram(p")) <12—20— L —m

and a ramification point of p™ corresponds to a line on ) which is tangent to R’. The
inverse image of such a line under x corresponds to an singular divisor in | — Kx/,
and conversely. Since we know that there are exactly twelve such divisors, the degree
of the ramification divisor of p™ must be exactly twelve, and ¢, ¢, m = 0. We deduce

that R is smooth and does not contain v.

Let us summarize what we proved so far. The line bundle Ox(—2Kx) on the del

Pezzo surface of degree one is base-point free and determines a finite morphism « of
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degree two to P2, whose image is a quadric cone ). The image R of the ramification
divisor of x is a smooth canonically embedded curve of genus four which does not
contain the vertex of the cone. Clearly, the vertex v of () is an isolated ramification
point, since X is smooth.

Let C C | — 2K x| ~ IP? be the closure of the set of all points corresponding to
integral curves whose normalization is irreducible and of genus zero. In order to prove
that C' is smooth and irreducible, we will first prove it is connected, and then that it
is smooth.

Since the arithmetic genus of a divisor D in | — 2Kx]| is two, in order for D to
be integral and have geometric genus zero, D must be tangent to the ramification
divisor R at two points. If we translate this in terms of the image of the morphism
k, this implies that the plane P corresponding to the divisor D intersects R along a
divisor of the form 2(p) +2(q) + (r) + (s), for some points p, q,r, s € R. The condition
that D should be integral translates to the requirement that the plane P should not
contain a line of . If this happens, then we have PN R = 2((p) + (¢) + (r)) and
2((p) + (q) + (r)) is the (scheme-theoretic) fiber of the projection p|r away from the
vertex v (alternatively, (p)+ (q) + (r) is the scheme-theoretic intersection of a line on
Q with R).

Consider the smooth surface R x R and the two projection morphisms

where 7 is the projection onto the first factor and ms onto the second. Denote by
A C R x R the diagonal. Let F := ORxR(W’gKR - 2A) be a sheaf on R x R and let
& := (m)«F be a sheaf on R.

Clearly F is invertible. The sheaf £ is locally free of rank two. To prove this, we

compute for any p € R

P (p, ) i= dim HO (1) (), Flimy 1) = dim H (R, On (K — 2(1)) )
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We know that the last dimension is at least two, since there is a pencil of planes in
P3 containing the tangent line to R at p. By Riemann-Roch it follows that the sheaf
Or(Kg — 2(p)) has non-vanishing first cohomology group. By Clifford’s Theorem
([Ha] Theorem IV.5.4) the dimension of H° (R, Or(Kpg — 2(p))> is at most 3 and
since R is not hyperelliptic (because it is a canonical curve) and obviously Kr — 2(p)

is not 0 nor Kpg, it follows that h°(p, F) = 2 for all p € R.

We may now apply the first part of Grauert’s Theorem ([Ha] Corollary I11.12.9)
to conclude that & = (m).F is locally free and the second part of the same theorem

to conclude that the natural morphism of sheaves on R x R
€= Wf((m)*f) —F

is surjective. In turn, this implies ([Ha] Proposition I1.7.12) that there is a commu-

tative diagram

Rx R——=P(¢)
R—2 >R

The morphism ¢ is finite of degree four. Let C' C R x R be the ramification
divisor of ¢ and let ' C R x R be the closure of the set of points {(p, q) ‘ pu(p) =
p(q) , p # q} (remember that p, is the projection away from the cone vertex v of
Q). Note that C' does not contain any fiber of 7, since all the induced morphisms
¢p : Ry := (m) ' (p) — P, := 7 '(p) are ramified covers of degree 4. Moreover
we have R, - C = 14, since for all p such intersection represents the ramification
divisor of the morphism ¢, which has degree four, and we may therefore compute the

intersection using the Hurwitz formula.

By definition, C'is the set of pairs (p, ¢) such that if we denote by P the plane
containing ¢ and the tangent line to R at p (or the osculating plane to R at p, if
p = q), then we have PN R > 2((p) + (q)).

We clearly have F' C C, since if (p, ¢) € F then PP is in fact the tangent plane to
Q at p and thus PIN R = 2((p) + (¢) + (1) > 2((p) + (q))-
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By definition we have C' C C' and no component of C' is also a component of F,
since the plane corresponding to a point in F intersects () in a non-reduced curve. It
is also immediate to check that in fact C' is the residual curve to F in C, that is we

have C = CUF.

We now prove that the residual curve C to F in C is connected and (for general

X) smooth.

The connectedness of C'is a consequence of a theorem of Kouvidakis: the divisor
class of C'in R x R is 4(F} + Fy) — A, where A is the diagonal and the F}’s are the
fibers of the two projections to R. Thanks to [La] Example 1.5.13, we know that C

is an ample divisor. In particular, C' is connected.

To prove the smoothness of C', we will show that for any point (p, q) € C' the two
numbers mult, 4 <(7T1 }C)_l (p)) and mult, g <(7T2‘C)_1 (q)) cannot both be at least

two. Since this would be the case if (p, q¢) were a singular point, the theorem follows.

Let p € R and let (p') + (p”) be the divisor obtained by intersecting the curve R
with the line on ) through p; we have

(mile) ") = X (mutty (P B) = 1) () — 2(0.)

q€Rp

(lr) @) = @0) + (")
(mle) " ®) = X (mutty (B0 B) = 1) (o) = (1) = (0.8") ~ 2(p.0)

qER,

and thus we deduce that
Ram(m‘c> = Ram (7‘(‘1‘6—,) — Ram(m‘F) =

- Z Z <multq (PINR) — 2) (a) | —

PER \ qeR,NC
- ((plvp/l) +.o. (p127p/12)>
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where R, N F = 2(p,~, pg) + (pi, pi) (equivalently, the line L; on ) containing p; is
tangent to the image of the ramification divisor of k at p} # p;).

We conclude that (p, q) € ('is a ramification point for m; ‘ o ifand only if PINR =
2(p) + 3(q) + (r), for some r € R. In view of this asymmetry between p and ¢, we
deduce that (p, q) can be a ramification for both projections m‘ o and 7r2‘ o if and
only if PYN R = 3(p) 4+ 3(¢). If p and ¢ are on the same line on @, then the inverse
image under k of that line would be a cuspidal divisor in | — Kx|, which we are
excluding. We will now prove that the dimension of the space of smooth canonically
embedded curves R of arithmetic genus four lying on a singular quadric and having a
plane P transverse to the quadric cone and intersecting R along a divisor of the form
3((p) + (q)) is at most seven, and thus for the general del Pezzo surface of degree one,

this configuration does not happen. This will conclude the proof.

This is simply a dimension count: using automorphisms of P? we may assume that
the plane P has equation X3 = 0 and that the quadric cone has equations XX, = X2.
We may also assume that p and ¢ have coordinates [1,0,0,0] and [0, 1,0, 0] respec-
tively. Note that we still have a two-dimensional group of automorphisms (with one
generator corresponding to rescaling the coordinate X3, and the other corresponding
to multiplying the coordinate Xy by a non-zero scalar and the coordinate X; by its
inverse). With these choices, the quadric cone is completely determined, as well as
the plane P. We still need to compute how many parameters are accounted for by

the cubic intersecting the cone in R.

For this last computation, we consider the short exact sequences of sheaves

0 Ops Ops (2) —= 0q(2) —=0

0—=0q(2) — 0q(3) —= Or(3) —0

The first sequence implies that the cohomology groups H? (Q, OQ(Q)) are zero for
1 > 1; therefore, from the second sequence we deduce that the dimension of the space
of cubics vanishing on R is nine. Subtracting the two-dimensional automorphism

group leaves us with a family of dimension seven. Since there is a family of dimension
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eight of del Pezzo surfaces of degree one, we conclude. O
In order to prove a similar result for the divisor class —3Kx, we first establish a

lemma.

Lemma 3.2.6 Let X be a smooth projective surface and let K1, Ko and K3 be three
distinct nodal rational divisors of anticanonical degree one meeting at a point p € X.
Suppose that two of the components meet transversely at p. Let f : C = K; U Ky U
K3 UE — X be the stable map of genus zero, such that

o the morphism f; .= f|g, is the normalization of K; followed by the inclusion in

X .

)

o the component E is contracted to the point p € K1 N Ky N Ks;

e the dual graph of the morphism f is

Dual graph of f

Then the point represented by the morphism f in Mo (X, —3KX) lies in a unique

wrreductble component.

Proof. The expected dimension of Mg (X, —SKX) is —Kx (K1 + Ko+ K3)—1=
2. The first step of the proof consists of proving that the embedding dimension
of MO,O(X, K, + Ky + Kg) at [f] is at most three. To prove this, it suffices to
prove that H! (C’, f*TX) is one-dimensional. This in turn will follow from the fact
that H° (C’, T X) has dimension six. On each irreducible component K; we have
[iTx ~ Og,(2) & Og,(—1), where the O (2) summand is the tangent sheaf of K;.
Denote by fg the restriction of f to the component E; we have fr7Ty ~ Op ® Op.

Consider the sequence

0—f"Tx —[TxDIx D f3Ix @ fiIx —=Txp ® Txp ®Txp —=0
(3.2.1)
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Since two if the K;’s meet transversely at p, it follows that in order for the global
sections on the irreducible components of C' to glue together, it is necessary that the
sections on the K;’s vanish at the node with E. Moreover, if such a condition is sat-
isfied, clearly the sections on the components K; together with the zero section on E
glue to give a global section of f*7x. We deduce that H° (@ f *TX) has dimension six,
and it is isomorphic to HO(Ky, Tz, (—p1)) @ HO (K>, T, (—p2)) @ HO (K, T, (—D3)))
where p; € K; is the node with £. From the exact sequence (3.2.1) and the fact that
HY(C, fiTx @ f3Tx ® fiTx @ f3Tx) = 0, we deduce that

W (C, [*Tx)=6—x(C,[*"Tx) =6—(3+3+3+2)+6=1

Thus the embedding dimension of M (X K+ Ko+ Kg) at [f] is at most three,

as stated above. It follows that we may write
@[f]mo,o (X, K1 + Kz + K3) ~ k[t1, a2, t3]/(9)

We thus deduce that all the components through [f] have dimension equal to two,
since there is a component of dimension two through [f] and if there were also a
component of dimension three or more containing [f], then the embedding dimension
would be more than three. Moreover, if there are two components containing [f],
then the singular points of Mop (X K1+ Ky + Kg) near [f] must have dimension
equal to one. We prove that [f] is an isolated singular point, and thus we conclude
that there is a unique component containing |[f].

Let U C Mo,o (X, K+ Ky + Kg) be the open subset of morphisms g : D — X
which are immersions and birational to their image.

The subset U is contained in the smooth locus of Mg g (X, K +K2+K3) thanks to
Proposition 1.2.10. Moreover U U {[ f]} is a neighbourhood of [f]: all the morphisms
in a neighbourhood of [f] must have image consisting of at most two components,
since the morphisms f; have no infinitesimal deformations. It follows that there are
neighbourhoods of [f] such that [f] is the only morphism with a contracted compo-

nent. Since the image of f has no cusps and any two components meet transversely,
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the same statement holds for all the morphisms in a neighbourhood of [f]. It follows
that U U {[ f]} is a neighbourhood of [f]. Thus [f] is an isolated singular point (pos-
sibly a smooth point) and since the embedding dimension of Mop (X ,Ki+ Ko+ K. 3)
at [f] is at most three it follows that My (X Ky + Koy + K3) is locally irreducible

near [f], thus concluding the proof of the lemma. O

Theorem 3.2.7 Let X be a del Pezzo surface of degree one such that the space
Mo (X, —2KX) is irreducible and all the rational divisors in | — K x| are nodal. Let
S be the closure of the set of points of | —3K x| corresponding to reduced curves whose

normalization is irreducible and of genus zero. Then S is an irreducible surface.

Proof. Let f : P! — X be a morphism in M, (X, —3KX). Thanks to Proposi-
tion 2.1.4 and Lemma 2.1.2, we may assume that f is an immersion and that its
image contains a general point p of X. In particular it follows that [f] represents a
smooth point of My, (X , —3K X). We choose the point p to be an independent point
(Definition 2.2.2).

Consider the space of morphisms of My, (X ,—3K X) in the same irreducible com-
ponent as [f] which contain the point p in their image, denote this space by M. (p).
It follows immediately from the dimension estimates (2.1.3) that dim s My (p) = 1
and that [f] is a smooth point of My, (p). We may therefore find a smooth irreducible
projective curve B, a normal surface 7 : S — B and a morphism F : S — X such
that the induced morphism B — M, (p) is surjective onto the component contain-
ing [f]. From [Ko| Corollary 11.3.5.4, it follows immediately that the morphism F is
dominant. We want to show that there are fibers of 7 that are reducible.

Assume the contrary, then every fiber of 7 is a smooth rational curve, and thus S
is smooth. It follows that 7 : S — B is a ruled surface ([Ha] V.2).

Let K(S) and K(X) be the field of rational functions on S and X respectively,
and let d = [K(S) : K(X)]. Let Num(S) be the numerical equivalence classes of S:
Num(.S) is the quotient of Pic(.S) by the kernel of the intersection form ([Ha] Remark
V.1.9.1). Note that Num(X) = Pic(X), since the intersection form on Pic(X) is

non-degenerate.
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There are morphisms F™* : Pic(X) — Num(S) and F, : Num(S) — Pic(X) ([Ful]
Example 19.1.6). The morphism F* is injective. Indeed, given any divisor D on X,
we have F.(F*(D)) = dD, and since d # 0 we immediately deduce that F*(D) # 0
if D # 0. This is a contradiction, since the rank of the group Num(S) is 2 ([Ha]
Proposition V.2.3), while Pic(X) has rank 9.

This implies that there must be a morphism f; : C — X with reducible domain in
the family of stable maps parametrized by B, and since all such morphisms contain the
general point p in their image, the same is true of the morphism fj. In particular, since
the point p does not lie on any rational curve of anticanonical degree 1, it follows that
C consists of exactly two components C; and C5, where each C; is irreducible and we
may assume that fo(C}) has anticanonical degree one and fo(Cs) has anticanonical
degree two. Denote by C; the image of C;. It also follows from the definition of
an independent point and Proposition 1.2.10 that f, represents a smooth point of
My (X, —3Kx).

There are two possibilities for the divisor Cy: it is either a (—1)—curve (there are
240 such divisors on X), or it is rational curve in the anticanonical divisor class (there
are 12 such divisors on X). We will prove that we may assume that C is a rational
divisor in the anticanonical linear system.

Suppose that Cy is a (—1)—curve and let C] C X be the (—1)—curve such that
Cy + C] = —2Kx. The curve Cy is thus an integral curve in the linear system
—3Kx —Cy = —Kx — (. It follows that C5 is in the anticanonical linear system on
the del Pezzo surface of degree two obtained by contracting C.

The morphism ¢ : X — P? associated to the divisor Cs is the contraction of the
(—1)—curve C] followed by the degree two morphism to P? induced by the anticanon-

ical divisor on the resulting surface X’. In the plane P? we therefore have
e the image of the ramification curve R, which is a smooth plane quartic;
e the image of C], which is a point g;

e the image of ', which is a plane quartic with a triple point at ¢ and is every-

where tangent to ¢(R);
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e the image of Cy, which is a tangent line to p(R).

To be precise, the ramification divisor of ¢ consists of two disjoint components, one
is the (—1)—curve C], whose image is the point ¢, and the other is a curve whose
image is a smooth plane quartic.

Consider the morphism

Slyy (C2) =4

and let p € O} be one of the (three) points mapping to the intersection C; N C} (and
in particular, np( fo(p)) = ¢). Let f; be a morphism in the fiber of a above the point
p. The image of f; consists of the divisor p(C7) together with one of the tangent lines
L to ¢(R) containing the point g.

The domain curve of f; consists of possibly a contracted component and three
more non-contracted components C; mapped to Cy, L mapped to the closure of
¢ (L) \ Cf and finally C{ mapped to the (—1)—curve C{. The possible dual graphs

of fi are

Possible dual graphs of f;

Note that in the first case f; represents a smooth point of Mg (X , —3K X); in
the second case, we may apply Lemma 3.2.6 to conclude that even if [fi] is not a
smooth point, deforming it produces morphisms in the same irreducible component
as f1. Smoothing out the components C; UC} (or C; U EUCY if there is a contracted
component) we obtain a morphism which has one component (the one obtained by
smoothing) mapped birationally to a rational curve in | — 2K x| and another compo-
nent (the component L, with notation as above) mapped birationally to a rational
divisor in | — Kx|.

Thus we may deform the original morphism f to a morphism fy : C; UCy — X
such that C) is mapped birationally to a rational curve in the anticanonical linear

system and C, is mapped birationally to a rational curve in | — 2K x|.
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Choose three nodal rational curves Ky, Ky and K3 in the linear system —Ky.
We prove now that we may deform f, without changing the irreducible component
of Mg,o (X, —BKX) to the morphism ¢ : K; U Ky U K3UE — X such that K is the
normalization of K;, E is contracted to the point in the intersection K; N Ky N Kj

and the dual graph of g is

Ko

K3
Dual graph of ¢

It follows from this and Lemma 3.2.6 that M, (X ,—3K X) is irreducible.

To achieve the required deformation, we consider the morphism

Sly, (Co) ——= My, (X, —2Kx)

and note that 7 is surjective since My, (X ,—2K X) is irreducible by assumption.

Relabeling K7, Ky and K3, we may suppose that C # Ks, K3. Thus we may
specialize fy to a morphism f; : C; U Ko, U K3 U E — X such that f,(K;) = K;, E
is contracted by f; and the dual graph of f; is

Dual graph of f;

Thanks to Lemma 3.2.6 any deformation of such morphism is in the same irreducible
component of Mg (X , —3K X) as fo and hence in the same irreducible component as
the morphism f.

We may now smooth the components C; UK,UFE to a single irreducible component
mapped birationally to the divisor class —2K x and then we may use irreducibility of
My, (X , —2K X) again to prove that we may specialize the component thus obtained
to break as K; U K,. The morphism g thus obtained is the one we were looking for,

and the theorem is proved. O
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Remark. Thanks to Theorem 3.2.5, the space My, (X ,—2K X) is irreducible for
the general del Pezzo surface of degree one. Thus it follows from Theorem 3.2.7
that also the space My, (X ,—3K X) is irreducible for the general del Pezzo surface

of degree one.

3.3 The Picard Group and the Orbits of the Weyl

Group

In this section we prove some results on the divisor classes of the blow-up of P? at
eight or fewer general points. In particular we analyze several questions regarding

the divisor classes of the conics and their orbits under the Weyl group.

Let X5 be the blow-up of P? at § < 8 points such that no three are on a line, no
six of them are on a conic and there is no cubic through seven of them with a node

at the eighth.

Definition 3.3.1 A divisor C on X5 is called a conic if —Kx, - C =2 and C* = 0.

Suppose that {,eq,...,es} is a standard basis of Pic(Xs). If C = al — bie; —
... —bses is a divisor class on X, then to simplify the notation we simply write it as

(a; bla"'7b5)'

Proposition 3.3.2 The conics on Xg are given, up to permutation of the e;’s, by the
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following table:

Type 14 e1 | ey | e3 | ea | e5 | eg | €7 | es
A 1 1 0 0 0 0 0 0 0
B 2 1 1 1 1 0 0 0 0
C 3 2 1 1 1 1 1 0 0
D 4 2 2 2 1 1 1 1 0
E 5 2 2 2 2 2 2 1 0
D' 4 3 1 1 1 1 1 1 1
F |5 3|2 |2]2|1]1|1]1 (3.3.2)
G 6 3 3 2 2 2 2 1 1
H 7 3 3 3 3 2 2 2 1
H’ 7 4 3 2 2 2 2 2 2
1 8 4 3 3 3 3 2 2 2
I 8 3 3 3 3 3 3 3 1
J 9 4 4 3 3 3 3 3 2
K 10 | 4 4 4 4 3 3 3 3
L 11 | 4 4 4 4 4 4 4 3

and their numbers are given by the table:

) 8 7165 [4(3]2
conics | 2160 | 126 | 27 |10 |5 |3 |2

Proof. We proceed just like in [Ma] IV, §25. The condition of being a conic translates

to the equations
.

8
=)0 =0
=1
8
3a—» b = 2
\ =1
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and we may equivalently rewrite these as

(8

S(a-2b-2)° = 16
i=1

8

1=1

Note that the parity of a is the parity of all terms in the first sum. It is now easy
to check that the following are the only expressions of 16 as a sum of 8 squares of

integers all of the same parity:

(

16 = (£4)°+02+07+02+ 0>+ 0%+ 02+ 0% =

= (£2)"+ (£2)" + (£2)" + (£2) + 0° + 02 + 02+ 0% =

= (#3)°+ (£1)7 + (1) + (£1)° + (1) + (1) + (£1)” + (£1)*

It is now easy (but somewhat long) to check that (3.3.2) is the complete list of

solutions up to permutations. O

Remark. The classes of conics on X for 6 < 7 are obtained from the ones in list
(3.3.2) by erasing 8 — § zeros and permuting the remaining coordinates. Thus (up to
permutations) the first five rows and seven columns describe conics on X7, the first

three rows and six columns are the conics on X4 and so on.

We introduce the following notation (which luckily won’t be extremely useful, but

allows us to name conics!) for the classes of the conics on X5, § < 8 (we set also
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EI:61—|—...—|—68)2

(

A; = l—e¢ ¢ 3
Hfjk = T —3E+e;+ej+e,+2¢
Bz‘jkl = 2£—€i—6j—€k—€l B
i _ (H'), = T0—2E —2¢; —¢;
Ci = 3€—E—€Z+6]—|—ek . _
z ~ I’ =8 —3E—¢;+ej+ep+e
Dy = #—FE—e —ej—ep+e B
’ _ Il = 80— 3F + 2
E! = 50 —2E + e; + 2¢; -
_ JZk = 96—3E—ei_€j+ek
D; = 4€—E—262 J 3
FiM — 5 E—2 Kiju = 100 =3E —e; —¢; —ex — e
i = — L= 46 — € — € — € _
_ ! L, = 10— 4E +e
| Gif =60-2E—¢;—¢j+eptea \

(3.3.3)

Denote by - the intersection form on the lattice Pic(Xs). From now on by an
automorphism of Pic(X;s) we will always mean a group automorphism of the lat-
tice which preserves the intersection form and the canonical class; we let Wy =
Aut (Pic(X(;), Kx,, -), and we refer to Wy as the Weyl group. It will be useful later

to know what are the orbits of pairs of conics under the automorphism group Ws of

PIC(X(;)

Lemma 3.3.3 The group Ws, 2 < § < 8, acts transitively on the conics.

Proof. We only prove this in the case § = 8 and it will be clear from the proof that

the same argument applies to the other cases.

Choose a standard basis {¢,eq,...,es} of Pic(X); it is enough to prove that the
elements in the list (3.3.2) are in the same orbit, since any permutation of the indices

is an element of Wiy.
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Introduce the following automorphism of Pic(X5):

(

{ — 20— €1 — €y — €3
€1 0 — €y — €3
eg — L —e; —e3
Tho3 :
e3 — f—e; —e9
€a FH— €q
\ 4<a<8
and note that applying T}».3 to an element (a; by,..., bg) transforms it to

(&;bl,...,bg) %)(2a—b1—b2—bg;a—bg—bg,a—bl—bg,&—bl—bg,b4,...,bg)

By inspection, the quantity 2a — by — by — b3 for elements in list (3.3.2) is always
strictly smaller than the initial value of @ unless a = 1. Permuting the indices so that
by, by, by are the three largest coefficients among the b;’s and iterating this strategy
finishes the argument. Note that we are always “climbing up” list (3.3.2) and the
conics on X7 are the ones above line 5, and are hence preserved by the automorphism
T123 and the permutations needed. Similar remarks are valid for X, with 3 < < 6,
and the result is obvious for X5, where the automorphism 77,3 is not defined. O
Remark. 1t is known ([Ma] Theorem IV.23.9) that the group W is generated by
the permutations of the indices of the e;’s together with the transformation T7o3.
Suppose now we consider the action of the Weyl group on ordered pairs of conics
(Ql, Qg) Clearly the number @), - ()2 is an invariant of this action, and by looking

at the list (3.3.2) it is easy to convince oneself that

5= | 8|71]16]|5|4]3]2
Q- Q< | 81422111

and that all the possible values between 0 and the number given above are attained.
Thus, for example, we know that the action of Wy on pairs of conics has at least

9 orbits.
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If 6 = 8, there is one more “invariant” under Wy of pairs of conics: define a pair
(Ql, Qg) to be ample if ()1 + Q)2 is an ample divisor on Xg. Since the property of
being ample is a numerical property, it follows that it is a property of the Wg—orbit
of the pair.

The next proposition proves that the lower bounds on the number of orbits ob-
tained by considering the intersection product and ampleness (in case § = 8) of the
pair are in fact the correct number of orbits. Indeed, unless o = 8 it is enough to
consider the intersection product, while if § = 8, there are two orbits with Q)1 - Q2 = 4,

but only one of the two consists of ample pairs.

Proposition 3.3.4 Let Q) and Qs be two conics in X5, 2 < § < 8. The intersection
product Q1 - Q2 determines uniquely the orbit of the (ordered) pair (Ql, Qg) under Wi
with the only exception of 6 = 8 and Q1 - Q2 = 4 which has exactly two orbits.

Proof. As for the previous lemma, we will only prove this proposition in the case
0 = 8; for the remaining cases simply ignore the inexistent indices.

Thanks to the previous lemma, we already know that we may assume Q1 = ¢ —e;
which is the conic labeled A; in (3.3.3).

The strategy is very simple: we again climb up the list (3.3.2) using the auto-
morphism 77,3 followed by permutation of the indices, except that this time we need
to start with a conic from (3.3.2) together with a special choice of coefficient for ey,
since we are assuming that ¢, = A;.

The case @y = 11/ — 4E + e, is easily seen to be fixed by all permutations of
{2,...,8} and by the automorphism T}a3.

In the following diagrams we write all possible conics with the given intersection
product with A;, sorting the entries bs, . . ., bg in non-increasing order. An arrow going
up means: apply 7103 and permute the indices different from 1 so that the entries
under e,, ..., eg are in non-increasing order. Note that it is often enough to keep
track of the coefficient a of ¢, which changes to 2a — by — by — bs, since the “special”
coefficient by of e; is determined by the fact that the intersection product A;-Ti93(Q2)

is constant; together with the fact that the entries under ey, ...,eg have to appear
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in the transformed conic, this enables us to reconstruct almost all the arrows in the
following diagrams without having to really compute the effect of the transformation,

but referring simply to list (3.3.2).

A Q=T A -Qy=6
Al1l1lololololololo Al1l1lolololololo]o
Cr'| 8 1113[3/3/3/3[3|3 L 711133133/ 2[2]2
~7 19 |2]4]4/3|3]3[3|3 ~7 |8 2]4(3|3(3]3[2]2

o PK|10|34]4]4[4]3]3]3 ~J 9 |3]4(4|3|3]3[3]|2
PNL 11 4alalalalalalals ~K (104|444 l4]3]3]3
A -Qa=5
Al1|1]lololololololo
LE|5l0l2]2]2]2]2]2]1
G l6]1(3|3]2]2(2]2]1
~H | 71214]3]2]2]2]2]2
SH | 712(3|3(3]3[2]2]1
~7'|813(3/3(3[3[3]3]1
~7(8(3[4/3]3]3[2]|2]2
~J|9l4]4/3]3]3[3|3]|2

Next is the case in which there is the exception. Note that if § = 7, the possible
intersection numbers A; - () are at most 4, and Ay - Q2 = 4 only if Q3 = 50 — e —
2ey — 2e3 — 2e4 — 2e5 — 2eq — 2e7; thus the “top orbit” of the next diagram does not

appear for 6 < 7.

Ap-Qy=4 A -Q2=3
Al1l1]|0[0]|0|0]|0|0]|O Al1l1|0[0]|0|0]|0O|0]|O
-D |4(0]2(2]2[1]1|1]1 yC 30211 |1]1|1]0
FE | 501(3(2]2(2]|1|1]1 FD | 4(1|2(2]|2[1]|1|1]0
=G 6]213(3]2|2(2]1]|1 CE | 5(2]2(2]2(2]2|1]0
~H | 7(13(3[3]3[2]2|2]1 ~D' 4131|111 |1]1
~7 |8[4(3[3[3|3]2|2]2 ~E 5020302021111
FE|5(1]2(2]2(2]2|2]0 ~G 63 (3]12]2(2(2]1]1
TH'| 734 12]2]2(2]2]2 SH' | T|4(312(2]2(2]2]|2
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A - Qe =2 A Q=1

AJ1|11]0(0]0|0]0]|0]0 Al1|1]0(0[0]|0|0|0]O
rB(2/0(1]1]1]1]0]0]0 > A11(0[1]0{0|0[0]0]0
FC 13112111 |11]1|0]0 -B 21111 ]1]1]0(0]0]0
rD | 41212]2(1]1]1]1]0 >C 312111111010
~F 531212121111 ~D' 413 1111|111

It is immediate to check that if two conics have 0 intersection product, then they

are the same.

Finally, note that A; + Di,, = —Kx, + Bags is ample (being the sum of an ample
divisor and a nef divisor), while (A; + EY) -es = 0. Thus the pair (A, D344) is ample,
while the pair (Al, Els) is not ample and therefore they cannot lie in the same orbit

under the Weyl group. This concludes the proof. O

Remark. The same statement of Proposition 3.3.4 is clearly true if we are only
interested in unordered pairs of conics. This is obvious because the invariants we
needed to detect all the orbits are invariants of unordered pairs, rather than ordered

pairs.

Lemma 3.3.5 Let X be a del Pezzo surface of degree one and let L C X be a
(=1)—curve. If Ly, Ly C X are (—1)—curves such that Ly - L = Lo - L, then L, and
Ly are in the same orbit of the stabilizer of L in Aut(Pic(X)).

Remark. The possible intersection numbers between any two (—1)—curves on a
del Pezzo surface of degree one are -1, 0, 1, 2 and 3. Moreover, the group Wyg :=
Aut(Pic(X)) acts transitively on (—1)—curves ([Ma] Corollary 25.1.1). Thus as a
consequence of this fact and the lemma we conclude that the stabilizer in the group

Wy of a (—1)—curve has exactly five orbits on the set of (—1)—curves.

Proof. We may choose a standard basis {6, el,. .., eg} of Pic(X) such that L = es.
Given any divisor class D € Pic(X), we write D = al — bye; — ... — bges. With these

conventions, the classes of the (—1)—curves up to permutations of the indices 1,...,8
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are ([Ma] Table IV.8)

a bl b2 bg b4 b5 66 b7 bg
0O -1]0O0|010]0]01]0O0
1 1 170101 0]0]01]0O0
211 14111, 1}707]0/}0 (3.3.4)
3 2 1 1 1 1 1 1 0
4 1 2 212|111 1}1]1
5) 2 2 2 2 2 2 1 1
6| 3 212121211222
and the stabilizer of eg contains the group S generated by all permutations of 1,...,7
and the automorphism
.
{0 — 20 —e; —eq— €3
€1 l— €y — €3
€y +H—— 0 — €1 — €3
Th23
e3 —— f—e; —es
€a 7 €Eq
4<a<8

\

In fact the stabilizer of eg is equal to the group S just described, but we do not need
this fact.
The proof consists simply in fixing one value for the coordinate bg and checking

that all vectors with that last coordinate are in the same orbit of the group S.

bs = 3. There is only one vector in the list (3.3.4) with an entry 3 in one of the b;

columns and there is nothing to prove in this case.

bs = 2. We have

Ti23(653,2,2,2,2,2,2,2) = (5;2,1,1,2,2,2,2,2)
Tus(552,1,1,2,2,2,2,2) = (4;1,1,1,1,1,2,2,2)

Twer(4;1,1,1,1,1,2,2,2) = (3;0,1,1,1,1,1,1,2)
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and using permutations of 1,...,7 we conclude.

bs = 1. We have
Ti23(552,2,2,2,2,2,1,1) = (4;1,1,1,2,2,2,1,1)
Tus(451,1,1,2,2,2,1,1) = (3;0,1,1,1,1,2,1,1)
Tus6(350,1,1,1,1,2,1,1) = (2;0,1,1,0,0,1,1,1)
Tr36(2; 0,1,1,0,0,1,1,1) = (1;0,0,0,0,0,0,1,1)
bs = 0. We have

Ti23(352,1,1,1,1,1,1,0) = (2;1,0,0,1,1,1,1,0)
Ts(2;1,0,0,1,1,1,1,0) = (1;0,0,0,0,0,1,1,0)

Tie7(150,0,0,0,0,1,1,0) = (0; —1,0,0,0,0,0,0,0)

bs = —1. The only divisor class of a (—1)—curve with bg = —1 is es.

This completes the cases we needed to check and the proof of the lemma. O

For the next lemma, the last one of this section, let § = 8.

Lemma 3.3.6 Let L be the divisor class of a (—1)—curve on a del Pezzo surface X

of degree one, and let
B = {{)\1, Mg, )\3} ‘ i is a (=1)—curve, and \y + Ay + A3 = —2Kx + L}
The stabilizer in Wg of L has exactly four orbits on B.

Proof. Choose a standard basis of Pic(X) such that L = eg. With this choice of basis,
we have
M+ A+ A= (652,2,2,2,2,221)

Let 3; be the coefficient of —eg in the chosen basis of ;. We deduce from above
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that

Br+ B+ B3 =1

-1<3<3

and thus, the solutions {51,52,53} of the above system are {3, -1, —1}, {2, —1,()},
{1,1,-1} and {1,0,0}.

Permuting the \;’s we may assume that 3; > (G, > (3 and using Lemma 3.3.5, we

may assume that the divisor class of Ay is

(652,2,2,2,2,2,2,3) if p =3,
(653,2,2,2,2,2,2,2) if =2,

(5:2,2,2,2,2,2,1,1) if =1

It follows immediately that we must therefore have

p

Moo= (652,2,2,2,2,2,2,3)
S=3: 49 X = (0;0,0,00000 —1)

A3 = (0;0,0,0,0,0,0,0, 1)

Moo= (653,2,2,2,2,2,2,2)

bi=2: ¢ X = (0;0,0,0,0,0,0,0,—1)

A3 = (0;-1,0,0,0,0,0,0,0)

Moo= (552,2,2,2,2,2,1,1)

Br=1
and XA = (1;0,0,0,0,0,0,1,1)
fr=1

A3 = (0;0,0,0,0,0,0,0,—1)
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Moo= (552,2,2,2,2,2,1,1)

G=1
and : { X = (0;-1,0,0,0,0,0,0,0)
f2=0

A3 = (1;1,0,0,0,0,0,1,0)

thus proving the lemma.
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Chapter 4

Realizing the Deformations: From

Large to Small Degree

4.1 Breaking the Curve

In this section we construct deformations of a general point in every irreducible com-
ponent of the space My, (X , 6) to morphisms with image containing only curves of

small anticanonical degree.

Lemma 4.1.1 Let f:P' — X be a free birational morphism to a del Pezzo surface.
In the same irreducible component of My, (X, I« [IP’I]) as f there is a morphism g :
C — X birational to its image such that for every irreducible component C' C C, gla

s a free morphism whose image has anticanonical degree two or three.

Proof. We establish the lemma by induction on d := —Kx - f.[P']. There is nothing
to prove if d < 3, since the image of a free morphism has anticanonical degree at least
two (Lemma 2.1.2).

Suppose that d > 4. Thanks to Proposition 2.1.4, we may assume that the image of
f contains d—2 > 2 general points py, . . ., pg_s of X. Denote by My, (pl, . ,pd_g) the
locus of morphisms of My, (X s s [Pl]) whose image contains the points py, ..., p4_o.
Using the dimension estimate (2.1.3), we deduce that dimjp Mo (pl, . pd_g) =1

and thus there is a one-parameter family of morphisms containing f whose images
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contain the general points py, ..., ps_o. Thanks to Lemmas 2.2.3 and 2.2.4 we deduce
that in the same irreducible component of My, (X s [ [IP’I]) as f we can find a mor-
phism f : C; UCy — X such that fo is birational to its image, C; ~ P! and fy|g, is a
free morphism. We also have d; :== —Kx - f1(C;) > 2, and thus by induction on d, we
know that the irreducible component of My;, (X , fO(C_’i)) containing fy|s, contains a
morphism g; : C{U...UC! — X with all the required properties. Thus considering

the morphism

Slfo (62) — Mbir (X> fO(CQ))

we deduce that we may find a morphism f; : C; UC}U...UC? — X with dual

graph )
Cy
L]
é a2 “dual
1 a.’
.—. graph
.."0‘92
C_12

Dual graph of f;

Similarly, considering the morphism
Slfl (él) — Mbir (X> fO(CI))

we deduce that we may find a morphism f, : CfU...UCy UCFU...UCE — X

with dual graph

~1 ~2
Cb Cb

[ ] [ ]
dual  — ~ ~dual

e c2 .-

graph .—. graph
o9t “ogo2
cl c?

Dual graph of fs
To conclude, we need to show that the images C! and C? of C! and C? respectively
can be assumed to be distinct.

Suppose C! = (2. If the anticanonical degree of C! is at least three, then we
may deform one of them, keeping the image of the node between C! and C? fixed

and conclude. Suppose therefore that —Kx - C! = 2. Let ¢ : C} — C? be the
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morphism (f2)~" o (f2)|¢: and let p; € Ci be the point in the intersection C; N C2.
There are two possibilities: either ¢(p;) # P2, or ¢(p1) = Po. In the first case, the
deformations of the morphism f5|c1,02 fixing the component Cl actually change the
image of the other component, allowing us to conclude. In the second case, there is
a one-dimensional space of deformations of the stable map obtained by “sliding the
point p; along C¢.” Moreover, there must be components in the image of f, different
from C!, since otherwise the morphism f could not have been birational to its image.
Thus we may assume that C? is adjacent to a curve mapped to a curve different from
C! = (2, call this curve D (remember that g; is birational to its image). Let ¢ € C?
be the node between C? and D. We may slide the node p; until it reaches the point

¢ to obtain a morphism f3 with dual graph

~1 N ~2
G =D Gy

o o
dual - = ~dual

o 1 2 -
. Ya Ca_.- ’

graph __.‘ b e.__ graph
of91 092
cl c2

Dual graph of f3

where the component labeled E is contracted to the point fo(g). Since the sheaf fi7
is globally generated on each component of the domain of f3 it follows that f5 is a
smooth point of Mg (X, f.[P']).

Clearly the morphism f3 is also a limit of morphisms f; with dual graphs

~1 ~2
Cb Cb

[ ] [ ]
dual -, oo _ ~dual

ar p e

graph .—.—. graph
ot Togo2
e cz

Dual graphs of the morphisms f;

where C'” is mapped to a general divisor linearly equivalent to C'! and transverse to

it. This concludes the proof of the lemma. a

Lemma 4.1.2 Let f : C .= C; U...UC, — X be a stable map of genus zero
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and suppose that f; == fla, is a free morphism. If f(Cy) - f(Cy) > 0, then in the
same irreducible component of Mo (X, f*[@]) containing [f| there is a morphism
g: D U...UD, — X such that D, and Dy are adjacent, glp, is a free morphism
and f.[Ci] = g.|D;] for all i’s.

Proof. Renumbering the components of the domain of f, we may assume that the
curve Chy := C3 U Oy ... U Cy is the connected component of Cs U Cy ... U C, which
has a point in common with both C; and Cy. Moreover, we may also assume that no

component of C'5 is mapped to a curve in the same divisor class as C or Cs.

Since all the morphisms f|s, are free, we may deform f|s,, to a free morphism

with irreducible domain C7,. Consider the morphism
Sl (Cha) —— Moo (X, f[Cha])

and note that it is dominant on the component of Mop (X , @12) containing f|a,,-

Thus we can find a morphism

f126'1UC'12U62UCS+1U...UCT—>X

with dual graph

Dual graph of f;

We want to deform f; to a morphism f, with dual graph

Cla
.__. .__.
E

Dual graph of fo
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where E is a contracted component. This is immediate considering the morphism
81y, (C1) ——=C1,

and noting that it is dominant.
It is clear that we may similarly deform f; to a morphism f3; obtained by sliding

C} along Cy away from the component C},. The dual graph of the morphism f3 is

o Gy

o IC“{2 ‘o

Dual graph of f3

To conclude we consider the morphism
Sly, (012) — mo,o (X, T [6_'12])

to deform f3|@{2 ~ f1|@12 back to f|s,, and conclude the proof of the lemma. O

4.2 Easy Cases: P?, P! x P! and BI,(P?)

This section proves the irreducibility of the spaces M, (X , a) where X is a del Pezzo
surface of degree eight or nine. Of course, in the case of P? this result is obvious:
for a given degree d of the image, the space Homgy(P',P?) of maps with image of
degree d is birational to the set of triples of homogeneous polynomials of degree d
up to scaling. Since the space Homg(P',P?) dominates Moo (P?, d[line]), we deduce
the stated irreducibility. Similar considerations apply to P! x P!. The result is less
obvious for Bl,(P?). The reason we prove it again for P? and P* x P! is that the
proof follows the same strategy as the proof of Theorems 7.1.1 and 7.1.2 while being

significantly less involved.

Note also that the same result for the cases P? and P x P! follows also from [KP].
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Lemma 4.2.1 In any irreducible component of Mg, (Pz,a) and Mo (IP’l X Pl,ﬁ)
the general morphism is an immersion with the only exceptions of 3 = mF', where I

is a fiber of one of the two projections P! x P! — P! and m > 2 is an integer.

Proof. By [FP] Theorem 3, we know that the general morphism in each irreducible
component of the schemes M (IP’z, a) and My (IP’l x P! ﬁ) has irreducible domain.
Let P denote one of P? or P! x P!, and let f : P! — P be a morphism whose image
has anticanonical degree d > 2 (there are no curves of anticanonical degree d < 1 on

P) and f is finite of degree m > 1 to its image:

FPY - Kp = —d

£ [P = m[f(PY]

The tangent space to Moo (P, f.[P']) at [f] has dimension —Kp - f,[P'] — 1 =
md — 1, while the tangent space at [f] to the subscheme H of the mapping space
corresponding to morphisms which are finite of degree m to their image has dimension
—Kp - [f(IP’l)] —142m —2=d+ 2m — 3. This follows easily noting that H maps
to Mo (IP’, [ f (Pl)}) and the fibers of such morphism are generically Hurwitz spaces.
If 'H contains the irreducible component of M, g (IP, I [Pl}) containing [f], then we
must have md — 1 = d + 2m — 3, or equivalently (m — 1)(d — 2) = 0.

We conclude that if m > 2, then we necessarily have d = 2, which in turn implies
that P = P! x P!, since the anticanonical divisor on P? is divisible by 3. The effective
divisors on P! x P! of anticanonical divisor 2 are the fibers F; and F, of the two
projections to P!, since any effective divisor on P! x P! is a non-negative combination
of F1 and Fy and —Kpiypr - F; = 2.

We may use [Ko|] Complement I11.3.14.4 to conclude. O

Remark. Using the same notation of the proof of the previous lemma, it is imme-

diate to check that My (IP’l x P!, mE) is irreducible: there is a morphism

Moo (P! x P, mE;) — Moo (P* x P!, F))
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which is dominant and the fibers are Hurwitz schemes. Since Moo(P' x P!, F}) ~
P and the Hurwitz schemes are irreducible, it follows that Mo (P' x P*,mF;) is

irreducible.

Theorem 4.2.2 The schemes Moo (P?, o), Moo (P' x P, 3) and My, (BL,(P?),7)

are 1rreducible for all divisor classes o, B and 7.

Proof. Thanks to the remark following the previous lemma, we may reduce to the
case in which 3 is not a multiple of a fiber of a projection P* x P! — P! and
then using the previous lemma we conclude that Moo (P?, o) = My, (P? «) and
Moo(P' x P!, B) = My, (P* x P, 3).

Let P denote one of the schemes P?, P! x P! or Bl,(P?) and let f : P! — P be a
general morphism in an irreducible component of My;, (IP’, 5).

We examine the cases —Kp - f.[P!] < 3 separately.

If Kp- f.[P!] = —1, then Lemma 3.1.3 implies that P = BI,(P?) and f,[P'] is the
unique (—1)—curve E. In this case we clearly have Moo (Bl,(P?), E) = {[f]}.

From now on, we may assume that f(P!) is not a (—1)—curve, and thus f,[P'] is a
nef divisor, since the only integral curve on IP having negative square is the exceptional
divisor on Bl,(P?).

Suppose that —Kp - f,[P!] = 2; this rules out the possibility P = P2, since Kpo
is divisible by three. Since —Kp is very ample, f(P') maps under the anticanonical
morphism to an irreducible curve of degree two, that is, to a plane conic. Thus f(P!)
is a smooth rational curve, whose self-intersection is therefore zero, by the adjunction
formula. We may therefore consider the linear system |f(P!)|: first of all, f is a free
morphism, since the sheaf f*7p is an extension of Ny by 73! ~ Op1(2), and the normal
bundle N is locally free (f is a closed embedding) and of degree 0. We deduce that
the linear system | f(IP!)]| is basepoint free and that the divisor f(P') is nef. Moreover
we have X(O]p( f (Pl))) = 2, using the Riemann-Roch Formula, and for i = 1,2 using
the Kodaira Vanishing Theorem,

W (P, Os (F(P)) ) = 127 (P, Os (K — f(P"))) =0
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since —Kp + f(P') is ample. Thus the linear system |f(IP')| determines a morphism

P — P!, whose fibers are precisely the divisors of |f(PP1)].

In the case P = P! x P! there are two such morphisms. In the case of P = BI,(P?)
there is only one such morphism, and the fiber represents the divisor class ¢ — e,
where ¢ is the pull-back of the ample generator of Pic(P?), while e is the class of the

exceptional divisor. In these cases the result is evidently true.

Suppose that —Kp - f.[P!] = 3; this rules out the possibility P = P! x P!, since
Kpiyp1 is divisible by two. On P = P? this implies that f(P!) is a line, and thus
Moo (P2, f.[PY]) ~ (IP’2)V. In the case P = Bl,(P?) we have f,[P] =a-£—10b-e,
with a > b > 0, since f,[P!] is a nef divisor. Moreover we know that 3a — b = 3,
and thus we see that we necessarily have a = 1 and b = 0. Thus we deduce that
My (Blp(IP)z), fe [IP’I]) ~ Moo (IP’2,€) ~ P2, in the case of a divisor of anticanonical

degree three.

Suppose that —Kp - f.[P!] > 4. We may use Lemma 4.1.1 to deform f to a
morphism f’ : ¢ — P where C = C, U...U C; are the irreducible components,

all immersed by f’ and each having anticanonical degree two or three. We treat

separately the three cases P = P2 P! x P!, Bl,(P?).

Suppose P = IP?; since all curves on P? have anticanonical degree divisible by three,
we deduce that C; is mapped to the class of a line [L]. We may now use Lemma 4.1.2

and induction on ¢ to deform f’ to a morphism with dual graph

o % Ci C;
« & ... o

Dual graph of a deformation of f’

where still each component C! is mapped to the class [L] of a line and all the images are
distinct. The space of such morphisms is a non-empty open subset of the irreducible
scheme

_ _ _ _ ¢
Mo (B [L]) ... x Mo (B, [L]) = Moo (B2 [L]) x .. x Moo (P [L]) = (")
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Since all the points of Mo,o (IP’Q, a) are unobstructed it follows that Mo,o (IP’Q, a)

is irreducible. This completes the proof in this case.

Suppose that P = P! x P!; in this case the canonical divisor is divisible by two
and hence all the curves C; are mapped to divisor classes of degree two. This implies
that f/[C;] is either I} or Fy, where Fj is the class of a fiber under the projection to
the j—th P! factor of P* x P!, j € {1,2}.

Suppose that C; and C, are adjacent components in the dual graph of f’. If C;
and C, were mapped to the same divisor class, they would have same image, since
their images would share a point. It follows from the fact that f’ is birational to its
image that this cannot happen; thus any two adjacent components of C' are mapped

to different divisor classes.

Consider the scheme Sl (C; U Cy); by construction there is a morphism
Slff(C’l U C’Q) —>M070 (]Pl X ]P)l, Fl + Fg)

which is surjective onto the component containing [ f |@1U@2}. We also have the iso-
morphism Mo (P! x P!, F} + Fy) ~ P?, which follows immediately from the fact that
the morphism associated to the divisor F} + F} is the usual embedding of P! x P! in
P3 as a smooth quadric and from the fact that all plane sections of a quadric are at-
worst-nodal curves of arithmetic genus zero. We deduce that we may smooth C; UC,

to an irreducible component Cjs.

If there are only two irreducible components C; and Cs, then we are done. Oth-
erwise, O is adjacent to components mapped to Fy or Fy. If Oy is adjacent only to
curves mapping to the same divisor class F};, then we repeat the smoothing process
on two different consecutive components mapped to F; and F, respectively. If Cyy is
adjacent to components mapping to both F} and F3, we reduce to the previous case
using Lemma 4.1.2 and induction to slide all the components mapped to F, which

are adjacent to Cj, to be adjacent to a component mapped to F.
It follows easily that by iterating this process we may assume that we have de-

formed f’ to g : D — P! x P!, where the components of D are mapped to either

89



Fy + F5, or F; (after renumbering F} and Fy, if necessary). Denote the components
mapped to Fy + F, by Hy, ..., H, and the components mapped to Fy by Fi,..., F].
Moreover, we may also assume, by repeatedly applying Lemma 4.1.2, that the dual

graph of D is

To conclude, it is enough to prove that the space of such morphisms is connected.
First we prove that we may now deform again the morphism thus obtained so that
all the components mapped to the divisor class F; + F, break in two irreducible

components in such a way that the resulting dual graph is

To achieve this, first consider Sl (H;) and note that there are morphisms with
reducible domain in Moo (P' x P!, F; + Fy) (which is irreducible) and this allows us
to find a deformation of g which “agrees with ¢” on all components different from H,;
and with H; replaced by Fl(l) U Fz(l). We labeled the components so that Fj(l) maps
to Fj. Clearly, the components Fl(l) and FQ(I) are adjacent. If the component FQ(I) is

) until it reaches

not adjacent to H,, we may use Lemma 4.1.2 to slide H, along Fl(l
the node between Fl(l) and Fz(l) and then slide it away on Fz(l). Thus we may now

iterate this strategy on each H; successively.

The space of all such morphisms is thus birational to (all dotted vertical arrows are
birational maps and to simplify the notation we write ﬂZ(F j) instead of M (Pl X
P!, Fy))
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Mu(F) x Mo(B) x - x Ma(F) x Ma(F) x (M(F))

Pl x Pl Pl x P! Pl x Pl Pl x P! (P1xP1)!

Fo(F2) % Mo (F) x - x Mo (1) x Mo (B2)  (Mo(F))

14

I
|
\i

(B)™ x ()

and again we conclude that Moo (P' x P*, f.[P']) is irreducible.

For the last remaining case, P = BI,(P?), let £ C Bl,(P?) be the exceptional
divisor and let L C BI,(P?) be an irreducible divisor representing the class obtained
by pulling-back the divisor class of a line in P2. The divisor classes of L and E

generate the Picard group of Bl,(P?). The canonical divisor class on Bl,(P?) is

K = —3[L] + [E.

As before we have a morphism f’ : C'— Bil,(P?), birational to its image, such that
each component of C' is mapped to a curve of anticanonical degree two or three. We

already saw that this means that each component represents one of the two divisor

classes [L] — [E] or [L].

Since f(C) is connected, if all the components of C' were mapped to curves whose
divisor class is [L] — [E] (there are at least two such components because we are
assuming the anticanonical degree of the image is at least four), then they would all
have the same image, which is ruled out by the fact that f’ is birational to its image.

It follows that at least one component of C, say C}, is mapped to the divisor class

).

Using Lemma 4.1.2 we may slide all the components of C' mapped to the divisor
class [L] — [E] to be adjacent to the component C. After having done this, let [},
..., Fy denote the components mapped to the divisor class [L] — [E], and let C,
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..., O denote the components mapped to the divisor class [L], where C] is the only
component adjacent to all the components F; and no other component C'. is adjacent
to any Fj.

Consider the subgraph of the dual graph spanned by the components C’; this
is clearly a tree. Suppose that one of the components adjacent to C/ is C}. Using
Lemma 4.1.2, we may slide all the components adjacent to C (and mapped to [L]) to
be adjacent to C5, making O] a leaf of the resulting tree. Similarly, considering the
subgraph spanned by the components mapped to the divisor class [L] different from
(Y, we may again assume that C is a leaf, and so on. Eventually we end up with a
morphism g : D — Bl,(P?), where the components of D mapped to [L] — [E] are ],
..., Fy and the components mapped to [L] are Hy, ..., Hy and the dual graph of g is

(4.2.1)

Note that there are isomorphisms

Moo (BI,(P?), [L]) = Moo (P?, [line]) ~ (P?)"
and

m()p (Blp(Pz), [L] — [E]) ~ ]P)l

Thus, since [L] - [L] =1 and [L] - ([L] — [E]) = 1, we deduce that the space of all
morphisms with dual graph (4.2.1) is birational to (Pz)k X (Pl)l, and in particular
it is irreducible. Since all the components of the morphisms with dual graph (4.2.1)
are free smooth rational curves, it follows that this locus contains smooth points of
Mo, (Blp(IP)z), fs [IP’l]), and therefore we deduce that the space My, (Blp(IP’2), fs [IP’l])

is irreducible. O
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Chapter 5

Realizing the Deformations: From

Small to Large Degree

5.1 Growing from the Conics

In this section we prove some results that allow us to deform unions of conics to
divisors which are the anticanonical divisor on a del Pezzo surface dominated by X.

These results will be the main building blocks in the proof of Theorem 5.2.3.

Proposition 5.1.1 Let X be a del Pezzo surface of degree 9— 6 such that the spaces
ﬂbir(Xg,ﬂ) are trreducible or empty if —Kx, - 3 = 2,3. In the case § = 8, or
equivalently if the degree of Xs is one, suppose also that all the rational divisors in
the anticanonical linear system are nodal. Let f : Q — X; be a morphism from
a connected, projective, nodal curve of arithmetic genus zero. Suppose that Qi and
Qs are the irreducible components of Q and that f.[Q:1] and f.]Q2] are conics. If
f(Q1) - £(Qq) > 2, then in the irreducible component of Mo (X(;, f*[Q]) containing

[f] there is a morphism g : C' — X5 such that

o all the irreducible components of C are immersed and represent nef divisor

classes;

e there is a component C, C C and a standard basis {E, €1, - .,65} of Pic(Xs)
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with
g*[C_'l] :36—61—...—6(1

for some a < 9,

o if g.[C1] = —Kx,, then we may choose which of the twelve rational divisors in

| — Kx| the image of C} is;
e the point [g] is smooth.

Proof. Observe that f represents a smooth point of Mg (X(;, I« [Q]), since f*7Ty is
globally generated on both components of ). Note also that by considering Sl;(Q;) we
may assume that Q; := f(Q;) misses any preassigned subscheme of X of codimension
2. In particular, we may suppose that ); does not contain the intersection points
between any two (—1)—curves.

We first take care of the case 1 - Q2 = 2: we may assume by Proposition 3.3.4
that @1 = ¢ —e; and Qs = 20 — e; — e3 — e4 — e5. It is therefore enough to smooth
Q1 U Q, to prove the proposition.

This concludes the proof if 6 < 6 since on a del Pezzo surface of degree at least
three there do not exist conics @ and Q5 such that Q- Q2 > 3.

Suppose that Q1-Q2 > 3. Our first step is to write ()2 as a sum of two (—1)—curves

M; and M, so that in some standard basis {¢',¢], ..., 5} we have
Qi+ M =(30-¢e—...—€e)+N

where N is a nef divisor. We assume (); = A; = ¢ — e; (Lemma 3.3.3). Here is the

explicit decomposition Q2 = M; + My in all the needed cases (Proposition 3.3.4):

Q1 Q2=14
Q- Q2=3 (Q1+Q2)-eg=0
Q2= (5;2,2,2,2,2,2,1,0) Q2= (5;1,2,2,2,2,2,2,0)
M;=(3;1,2,1,1,1,1,1,0) M;=(3;1,2,1,1,1,1,1,0)
M, = (2;1,0,1,1,1,1,0,0) M, = (2;0,0,1,1,1,1,1,0)
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Q1-Qr=4
Q1 + @2 ample (on Xg)

Q1-Q2=5

QZZ (47 072727271a171a1)
M, = (3; 0,2,1,1,1,1,1,1)
M, = (1;0,0,1,1,0,0,0,0)

QZZ (57 072727272a272a1)
M; = (3;0,2,1,1,1,1,1,1)
M, =(2;0,0,1,1,1,1,1,0)

Q1-Q2=06

Q1-Qa=7

QQZ (77 173737373727272)
M;=(3;0,2,1,1,1,1,1,1)
My =(4;1,1,2,2,2,1,1,1)

QQZ (87 173737373737373)
M;=(3;0,2,1,1,1,1,1,1)
My =(5;1,1,2,2,2,2,2,2)

Q1 Q=238

QQ = (117 3747474a474a474)
My =(5;1,2,2,2,2,2,2,1)
M, = (6;2,2,2,2,2,2,2,3)

Let us check that the previous decomposition has the required property:

Q1

@1

@1
Q1
Q1
Q1

Q=3 Qi+ M

Q=4 Qi1+ M,

Q=5 Qi+ M
Q=6 Qi+ M
Q=7 Qi1+ M,

Q2 =8 Qi+ M

T127(3€— € —...— 66)
T127(3€— € —...— 66)

_KXg + (ﬁ - 62)

if (Q1+Q2)-es=0

it ()1 + Q2 is ample

Next we show that we can deform f so that the dual graph of the resulting

morphism f; is

(5.1.1)



Dual graph of f;

where of course M; maps to the (—1)—curve with divisor class M;. To achieve this,

consider

a: Slf(@2) - Ql

The morphism a is not constant because f|g, is free, and hence it is surjective.
We denote with the symbols M; and M, both the divisor classes and the (—1)—curves
on X with the same divisor class. Let p € Q; be a point such that f(p) =: p € My;

such a point exists, since ()1 - M; > 2 by inspection.

Thanks to the surjectivity of a, we may find f; : Q;UQ%, — X such that a(f;) = p,
and in particular, the node between Q; and @, maps to p € M;. Since Q- M; = 0 and
since f1(Q5)NM; > p, it follows that f1(Q%) D M;. Thus we have that Q) = M; UM,
where M, maps to the (—1)—curve M, C X; the dual graph of f; is the one in (5.1.1):
by construction @), and M; are adjacent, and by connectedness of Qs it follows that
M, and M, are adjacent; the assumption that ); does not contain the intersections
of two (—1)—curves shows that there cannot be contracted components. Note that
the node between M; and M, maps to a node, since the intersection number M - M,

equals one.

Let us check that f; represents a smooth point of its moduli space. Thanks to
Proposition 1.2.10, we have that the sheaf C; := Cy, ® wg,ug,, whose global sections

represent the obstructions, has degrees given by the following diagram:

Ql M1 Mz
@ e — o
<-1 <0 -1

Multi-degree of C;

A solid edge means that the sheaf C; is locally free at the corresponding node, while
a dotted edge means that the sheaf C; need not be locally free at that node (we
could make sure that the sheaf C; is locally free by reducing to the case in which @,

intersects transversely Mj, but this is not needed). It is now clear that C; has no
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global sections, and thus the point f; is smooth.

We smooth the components Q; U M; to a single irreducible component Q. We
obtain a morphism ¢’ : Q} UM, — X, such that in some standard basis {¢', ey, ..., €5}
we have g,[Q}] = (3¢ — ¢} — ... —€,) + N where a > 6 and N is a nef divisor. By

construction the anticanonical degree of ¢.[Q}] is three.

In the first two cases above, that is if ()2 equals either (5; 2,2,2,2,2,21, 0) or

(5; 1,2,2,2,2,2,2, 0), the divisor NV above is zero, but in both cases we may write
Q) =(3;1,1,1,1,1,1,1,0) + (1; 1,1,0,0,0,0,0,0)

We let Cy be the (—1)—curve with divisor class (1 :1,1,0,0,0,0,0, O). By inspection
we see that Cy- My > 1, and therefore we may find a point ¢ of Q3 such that ¢/(p) € Cs.
Considering the morphism

a Slg/(Q/1> - Mg

we let g, : C; U Cy U My — X be a morphism such that a(g;) = ¢ where we
denote by C5 the component mapped to Cs and by C; the component mapped to
g.[Q)] — Cy = (3; 1,1,1,1,1,1,1, 0). By construction, the dual graph of g; is

Dual graph of ¢,

Smoothing the components Cy U M, we conclude the proof of the proposition in these

cases.

In the remaining cases (the ones for which @1+ (Q)» is ample on a del Pezzo surface
of degree one) we write ¢,[Q}] = —Kx, + N, where N is (€ —e3), if Q1 - Q2 < 7 and
Nis (30 —e—...—e7),if Q- Qs =8.

By assumption the space My, (X5, g.[@}]) is irreducible. We may therefore de-
form the morphism ¢’ to a morphism ¢; : K UN UM, — X, such that K is mapped

to any preassigned rational divisor in | — Ky,| and N is mapped to a general divisor
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in |N|. The possible dual graphs for g; are

K N M, Y
o —0—0 o —0—@

d
=
5

Possible dual graphs of g,

We smooth the two components M, and the one adjacent to it. In either case, the
proposition is proved: this is obvious if N is adjacent to Ms; if K is adjacent to Mo,
note that —Kx, + M, is the pull-back of the anticanonical divisor on the del Pezzo

surface obtained by contracting M,. This concludes the proof of the proposition. O

Remark. The proof above only requires the existence of one nodal rational divisor

in | _KXS‘-

Proposition 5.1.2 Let X5 be a del Pezzo surface of degree 9—6. Let f : Q — X5 be a
morphism from a connected, projective, nodal curve of arithmetic genus zero. Suppose
that Q1, Q2, Q3 are the irreducible components of Q and that £.]Q;] is a conic, for alli.
If f(Q)- f(Qj) =1 for alli # j, then in the irreducible component of Moo (Xs, f.[Q])
containing [f] there is an immersion g : C — X5 such that C is irreducible and

9«[C] = 30 — ey — €3 — e3, for some choice of standard basis {{, ey, ..., es}.

Proof. Tt is enough to show that we may find a standard basis such that f.[Q;] = (—e;,
for i € {1,2,3}, since then smoothing out all the components we conclude. Denote
by Q; the image of ();. Thanks to Proposition 3.3.4 we may assume that Q; = ¢ —e;
and Q2 = ¢ — ey. Looking at the list (3.3.2) we easily see that either we may assume
that ()3 = ¢ — e3 and we are done, or Q3 = 2¢ — e; — e5 — e3 — €4, up to permutations
of the coordinates. In this last case, we apply 1124 to all three divisor classes. Both

Ql and QQ are fixed by T124, while T124 (Qg) =/ — €3. ]
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5.2 Reduction of the Problem to Finitely Many

Cases

This section gathers the information obtained in the previous sections to prove that
the irreducibility of My, (X , 6) for all § can be checked by examining only finitely
many cases.

First we prove two simple results.

Lemma 5.2.1 Let X be a smooth projective surface and let D € Pic(X) be a base-
point free nef divisor such that D*> > 0. If N is a nef divisor such that D - N = 0,
then N = 0.

Proof. Let ¢ : X — P™ be the morphism induced by the linear system |D| and denote
by X’ the image of ¢. We clearly have that D" := ¢,[D] is an ample divisor on X".

The push-forward of a nef divisor N on X is a nef on X’: let C C X' be an
effective curve; we have o, N - C'= N - ¢*C > 0, since ¢*C is an effective curve.

Let N be a nef divisor on X such that N-D = 0. We have o, N-D' = N-¢*D’' =
N-D = 0, and therefore by the Hodge Index Theorem we deduce that either o, N = 0
or (p.N )2 < 0. Since ¢, N is nef, it is a limit of ample divisors and it follows that
(0.N)? > 0. We deduce that ¢, N = 0 and thus that N is numerically equivalent to a
linear combination of curves contracted by . Since the intersection form on the span

of the contracted curves is negative definite and N is nef, we deduce that N =0. O

Corollary 5.2.2 Let X be a del Pezzo surface and let D be a nef divisor on X which
s not a multiple of a conic. If a nef divisor N on X s such that D - N = 0, then
N =0.

Proof. The result is obvious in the case X = P2. Thanks to the previous lemma and
the fact that numerical equivalence is the same as equality of divisor classes on a del
Pezzo surface, it is enough to check that a multiple of a nef divisor class D on X is

base-point free and has positive square, unless D is the divisor class of a conic.
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Write D = ns(—Kx,) + ...+ na(—Ks) + D" as in Corollary 3.1.5. It is immediate
to check that 2D is base-point free (in fact, unless D = —Kx and X has degree one,
then D itself is base-point free). If one of the n,’s is non-zero, then clearly the square
of D is positive (note that all the divisors appearing in the above expression of D are
nef and thus effective since X is a del Pezzo surface). If all the n,’s are zero, then
D = D’ is a nef divisor on a del Pezzo surface of degree eight.

If X = P! x P! let ¢; and ¢y be the two divisor classes {p} x P! and P* x {p}
respectively. Any nef divisor class is a non-negative linear combination of ¢; and /s;
thus we may write D = a1l1 + asls, with ay,ao > 0. Moreover, if one of the a;’s
were zero, then D would be a multiple of a conic: we deduce that a; > 0. Thus we
compute D? = 2a,ay > 0.

If X = BI,(P?), let ¢ and e be the pull-back of the divisor class of a line and
the exceptional divisor under the blow down morphism to P? respectively. Any nef
divisor class is a non-negative linear combination of ¢ and ¢ — e; thus we may write
D = al + b(¢ — e), with a,b > 0. Moreover, if a = 0, then D is a multiple of a
conic: we deduce that a > 0. Thus we compute D? = a(a + 2b) > 0 and the proof is
complete. O

We are now ready to prove the main result of the section. The proof involves

several steps and is quite long.

Theorem 5.2.3 Let X be a del Pezzo surface such that the spaces My, (X, ﬂ) are
irreducible (or empty) for all nef divisors B such that 2 < —Kx - f < 3. In the case
deg X =1, suppose that all the rational divisors in the anticanonical system are nodal.
Then, for any nef divisor D C X such that —Kx - D > 2, the space My, (X, D) is

wrreducible or empty.

Proof. We establish the theorem by induction on d := —Kx - D. By hypothesis, the
theorem is true if d < 3.

Suppose that d > 4. Let f : P! — X be a general morphism in an irreducible
component of My, (X , D). Since the morphism f is a general point on an irreducible

component of M, (X , D) and d > 2, it follows that f is an immersion and that it is
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a free morphism.

If there is a (—1)—curve L C X such that L - D = 0, then let b : X — X’ be
the contraction of L. We have M,;, (X , D) ~ Mo (X ' b*D), and thus we reduce
to the case in which the divisor D intersects strictly positively every (—1)—curve.
By Theorem 4.2.2 we may also assume that the degree of X is at most seven. Thus
Proposition 3.1.4 implies that D is an ample divisor.

Thanks to Lemma 4.1.1 we may deform f to a morphism ¢ : ¢ — X such that
each component Cy C C' is immersed to a curve of anticanonical degree two or three.
We want to show that we may specialize g to a morphism in which one component
is mapped to a multiple of the divisor class —Ky. We will prove this in a series of
steps.

Step 1. There is a standard basis {/, ey, ..., es} of Pic(X) and a component C of
C mapped birationally either to the divisor class 3¢ —e; —. .. —e,, for a € {1,...,7},
or to —rKx,, for r € {1,2,3}. If the image of C) represents —Ky,, then we can
choose to which of the twelve rational divisors in | — Kx,| the component C; maps.
The morphism is free on all the components of C, except on C\ if it represents — K x,.

The divisors of anticanonical degree two on X are
e the divisor —2Kx, if deg X = 1;

e the divisor — K, if deg X = 2;

e the divisor class of a conic.

The divisors of anticanonical degree three on X are

the divisor —3 Ky, if deg X = 1;

the divisor — Ky — Kx/, if deg X = 1 and X" is obtained from X by contracting

a (—1)—curve;

the divisor —Kx + C, if deg X = 1 and C' is the class of a conic;

the divisor — K, if deg X = 3;
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e the divisor ¢, for some standard basis {¢, e, ..., es}.

Thanks to the irreducibility assumption on the spaces My;, (X , 6), for2 < —Kx-
B < 3, we reduce to the case in which all components of C' are mapped to either the
divisor class of a conic or the divisor class ¢, for some choice of standard basis.

We reduce further to the following case:

There is a standard basis {¢, e, ..., es} of Pic(X) such that all curves

of anticanonical degree three in the image of ¢ have divisor class £.

This is easily accomplished. Suppose that C; and Cy are components of C' such
that ¢.[C1] = ¢ and ¢.[Cy] = {5, where {{;,¢e},... ei} are two standard basis of
Pic(X) and ¢; # 5. We may first of all apply Lemma 4.1.2 to reduce to the case
in which C; and C, are adjacent in the dual graph of ¢g. If 5 were orthogonal to
ei,..., e}, then ¢5 would be proportional and hence equal to ¢;. It follows that ¢ is
not orthogonal to all the e}’s. By permuting the indices if necessary, we may assume
that l5 - e] > 0. Since g|g, is free, we may assume that g(Cy) and E := E{, the

(—1)—curve whose divisor class is e}, meet transversely. Denote by p € Cy a point

such that g(p) € E. Consider the morphism

and note that it is dominant, since g|g, is free. It follows that we may find a morphism
g1 :CiuCyU...UC, — X such that a(g;) = p. We deduce that g,(C}) > p and
(91)<[C}] = ¢1. Since {1 - e} = 0, we conclude that g,(C}) contains E and another
(irreducible) component whose divisor class is ¢; — ef. Finally, the subgraph of the

dual graph of g; spanned by C} and Cs is

cy E Co
o ———0 —0

Subgraph of the dual graph of ¢,

where (g1).[C7] = 1 — e} and (g1).[E] = et. We may now smooth E U C, to a single

102



irreducible component C} mapped to a curve of anticanonical degree four. With the
usual argument of fixing two general points on the image of C we may deform the
morphism so that C} breaks in two components each mapped to a curve of anti-
canonical degree two. The result of this deformation was to replace two components
mapped to the different divisor classes ¢; and ¢, by three components mapped to

divisor classes of curves of anticanonical degree two.

[terating the previous argument we deduce that we may assume that condition

(%) holds.

We first treat the case in which there are no components mapped to £. If all the
irreducible components of the domain of g are mapped to conics, and two of them
have images with intersection number at least two, then we may use Proposition 5.1.1
to conclude. If all the conics in the image of g have intersection number at most one,
then there must be at least three having pairwise intersection products exactly one.
Otherwise we would be able to find a standard basis {¢,e;,...,es} such that the
divisor classes of the components of the image of g are in the span of / —e; and  —e,.

Clearly, no linear combination of these divisors is ample, since
(£ — e — 62) . <a1(€ — 61) +a2(€ — 62)) =0

Thus there must be at least three components mapped to divisor classes of conics
with pairwise intersection products exactly one. Lemma 4.1.2 allows us to assume

that three of these components are adjacent and using Proposition 5.1.2 we conclude.

Suppose now that there is a component mapped to a curve with divisor class /.
Since on a del Pezzo surface of degree at most seven no multiple of ¢ is ample, it
follows that there must be components of the domain of g mapped to divisor classes

of conics.

Suppose that C; is mapped to the divisor class ¢ and C is mapped to the divisor
class of a conic . Thanks to Lemma 4.1.2 we may assume that C; and Cy are adja-
cent. Permuting the indices 1, ..., d if necessary, we may assume that the component

C5 mapped to the conic Q = al — bye; — . .. — bses has largest possible b;. Looking at
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the table (3.3.2), it is easy to check that

o if Qis of type H',I,J, K, L, then Q +e; = —Kx, — Kx/, where X' is obtained

by contracting a (—1)—curve on X;
o if Q is of type D', F,G,H,I’, then Q + e; = —Kx, + @', where )’ is a conic;

e if @ isof type C, D, E, then Q+e¢; is already of the required form (for a different
choice of standard basis, when @ = D or E);

e if @ is of type B, then @ + ¢ is of the required form.

If Q is of type B, then we smooth C; U Cy to a single irreducible component to
conclude. Otherwise, we deform the morphism so that C; breaks into a component
mapped to £ — e; and a component e; adjacent to C,. To achieve this splitting,

consider the morphism

and let p € Cy be a point mapped to the (—1)—curve whose divisor class is e; (note
that @ - e; > 1). Since the restriction of g to each irreducible component of its
domain free, we may assume that g(p), as well as the image of the node between C,
and C, are general points of X. Since the morphism a is dominant, we may find a
deformation ¢’ of g such that a(g’) = p. This means that the “limiting component”
of O breaks in the desired way. Smoothing the union of C5 and the component
mapped to e;, we obtain a morphism g’ : C; UCy — X where g.[C}] = { — e;
and g.[C] = Q + e;. The hypotheses of the theorem imply that M, (X . 3. [C_‘é]) is
irreducible since —Kx - (Q + el) = 3. Thanks to the previous analysis of the divisor

class @ + eq, we conclude considering the dominant morphism
Sly (C) —"— My (X, 3.[C5))

that we may assume that there is a component of g mapped to the divisor class

30 —ey —...— eq, for some a < 8.
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The only remaining case is the one in which the conic @) is of type A. We may
therefore suppose that if a component of the domain of g is mapped to the divisor
class of a conic, then the divisor class of the image is ¢ — e; for some j. Since the

image of ¢ is an ample divisor, it follows that there must be components Q1, ..., Qs

mapped to £ — ey, ..., — es respectively.

Repeated application of Lemma 4.1.2 allows us to assume that the component
mapped to ¢ and the two components Q; Q, are adjacent. Smoothing the union of
these three components to a single irreducible free morphism, concludes the first step

of the proof.

Step 2. There is a component C; of C' mapped to the divisor class — K, if
§ < 7. If § = 8 (that is, the degree of X = Xg is one), then C; mapped to —rKx,,
for r € {1,2,3}. If r = 1, then we may choose to which rational divisor in | — K x|

the component C; maps.
If the component C; of Step 1 is mapped to —r K x,, there is nothing to prove.

Let C; be the component of ¢ mapped to the divisor class 3¢ —e; — ... — eq. If
a = 6, then again there is nothing to prove. Suppose therefore that @ < d. There
is a component of C, say Cs, such that g,[C5] - eqq1 > 1, since the image of g is an
ample divisor; let Cy := ¢,[C5] Moreover, C; := ¢,[C1] =30 —e; — ... — e, intersects
positively every non-zero nef divisor, thanks to Corollary 5.2.2. Thus C; - Cy > 0
and thanks to Lemma 4.1.2 we may assume that C; and Cy are adjacent in the dual
graph of g. Since the morphism g|g, is free, we assume also that C'y meets transversely
the (—1)—curve E,.; whose divisor class is e,11. Let p € C, be a point such that

p:=g(p) € Eas1. Consider the morphism

and note that it is dominant, since g|g, is free. It follows that we may find a morphism

g1:CrUC,U...UC, — X such that a(g;) = p. We deduce that ¢;(C}) > p and
(91):[C]] =30 —e; — ... —¢q. Since (30 —e; — ... —e4) - €ap1 = 0, we conclude

that ¢;(C]) contains E,4; and another (irreducible) component whose divisor class
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is 3¢ —e; — ... — eqq1. Thus the subgraph of the dual graph of g; spanned by C/ and
62 is

C_'{’ Eot1 Cs
o ——0—0

Subgraph of the dual graph of g;

where (1).[C7] =30 —e1 — ... — eay1 and (g1)«[Far1] = €ar1. We may now smooth
Eqi1 UGy to a single irreducible component C% mapped to a curve of anticanonical
degree three or four. If this new component has degree four, we break it into two

components of anticanonical degree two.

If the degree of X is at least two, iterating this procedure allows us to produce a
component of C' whose image represents the divisor class —K x. If the degree of X is
one, we may apply the same procedure to obtain a component C; mapped to —K x,
but we still have to prove that we may choose which nodal rational divisor in | — K x|

is in the image of the morphism.

If the component C, adjacent to the component C; has degree two, we smooth
these two components to a single irreducible one and using the irreducibility of
My, (X, ﬁ), for —Kx, - # = 3 we conclude.

If the component Cy adjacent to the component C; mapped to —Kx, has de-
gree three, then it represents one of the five divisor classes —3K x,, (—K xs — K X7),
(—=Kx,+Q), —Kx, or £, where Q is a conic, —K x, and —K, are del Pezzo surfaces
of degree two and three respectively dominated by Xg.

In the first three cases, we deform the morphism so that the component C, breaks
into a component mapped to a preassigned nodal divisor in | — Kx,| and into a
component where the morphism is free. In these cases, smoothing the component C;

with the component adjacent to it into which C broke finishes the proof.

If Oy is mapped to —Kx, or £, then we may choose a standard basis so that
—Kx, =30 —¢; — ... — eg. The morphism ¢ : Xg — P? determined by the linear
system |¢| is the contraction of the (—1)—curves with divisor classes ey, ..., eg to the
points qi, . .., gs € P2. The image of C in P? is a nodal plane cubic through the eight

points qi, ..., gs. The image of Cy is either a rational cubic through ¢, ..., ¢ or a
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line. We treat only the case in which the image of C, is a nodal cubic, since the other

one is simpler and the arguments are similar.

Deform the nodal cubic through ¢, ..., g until it contains a general point ¢ € P2.
We may now slide the node between C; and Cy along C; until it reaches a point on
C} mapped to the point g; € P2. As we slide the node, we let the image of C5 always
contain the general point ¢. When the deformation is finished, the component C\
breaks as the (—1)—curve with divisor class e; and the divisor class —Kx, —e7. Since
the point ¢ is general, we know that there are only finitely many (in fact twelve)
possible configurations for these limiting positions and we may assume that they are
all transverse to the image of C;. Thus the dual graph of the resulting morphism

g’:C'1UC'§UE7—>X8 is

Dual graph of ¢’

We may smooth the components C; U E; to a unique irreducible component
mapped to a curve of anticanonical degree two. The assumptions of the theorem
imply that Mo, (Xg, Ci + 67) is irreducible and we may therefore deform the mor-
phism so that its domain breaks as a preassigned rational nodal divisor C" in | — K x|
and a curve mapped to the divisor class e;. The dual graph of the resulting morphism

g" is of one of the following types:

cy B 4 Br cay cy
* ———0 — 0 * ——o — 0

Possible dual graphs of ¢”

In the first case we smooth E;UCY to a single irreducible component and conclude.
In the second case, we slide the node between C} and C} until it reaches the node
between C] and E7, in such a way that the limiting position of C% does not coincide

with the image of CY' (we can do this thanks to the irreducibility of My, (Xg, CY +
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Cé)) It follows that the dual graph of the morphism g thus obtained is
_ Er
cy B
cy
Dual graph of g

It is easy to check that g represents a smooth point of M (Xg, cY+Cy +e7), since
the sheaf §*7x, is globally generated on C% and has no first cohomology group on the
remaining components, thanks to Lemmas 1.1.4 and 1.1.7. We may now smooth the
components E; U E'U CY to a single irreducible component on which the morphism
is free to conclude.

A similar and simpler argument proves the same result if Cy has divisor class .
This finishes the proof of this step.

Step 3. We may deform ¢ : C' — X to a morphism h : D; U Dy — X where D,
and Dy are irreducible, h.[Di] = —rKx (r € {1,2,3}), h(Dy) # h(Ds) and h|p, is
free. If the degree of X is at least two, then r = 1. If the degree of X is one and
r = 1, we may choose which rational divisor in | — Kx| h(D;) is. Note that we are
not requiring h|p, to be birational to its image.

Thanks to the previous steps, we may assume that ¢,[Ci] = —rKx (with the
required restriction for r) and that all the components of C' different from C; are
immersed to curves of anticanonical degree two or three. Let C5, ..., C, be the
components of the image of g different from g(C}), and let C; be the component of
C whose image is C;.

The divisor class Cy + ...+ C, is nef and if it is not a multiple of a conic, then it
meets all nef curves positively, thanks to Corollary 5.2.2. Thus, still assuming that
Cy+ ...+ C, is not a multiple of a conic, we may deform the morphism using Lemma
4.1.2 and assume that the union of all the components of the domain of g different
from C} is connected. Smoothing the resulting union C,U. ..UC, concludes the proof
of this step in this case.

Suppose that Cy + ... + C, is a multiple of a conic. Then it follows that Cy =
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... = C, = (C is a conic. Since g is birational to its image and two divisors linearly
equivalent to the same conic are either disjoint or they coincide, it follows that the

dual graph of g must be

Dual graph of g

By sliding each C; along O, we may assume that the images of all the components
mapped to a conic coincide and that the nodes in the source curve all map to the

same general point p € X. Thus the dual graph of the resulting morphism ¢” is

Dual graph of ¢”

where E is a contracted component whose image is p. The morphism ¢” is a smooth
point of My (X, g.[C]) since the sheaf (¢”)*7x is globally generated on each irre-

ducible component of the domain curve of g”.

We may smooth all the components £ U C, U ... U C, to a single irreducible
component which represents a multiple cover (in fact a degree r — 1 cover) of its
image. The resulting morphism h : Dy U Dy — X is therefore such that the image of
D, is a rational divisor in the linear system | — rKx| (r = 1 unless the degree of X
is one, in which case r < 3), which is an arbitrary preassigned one in case deg X =1
and 7 = 1, and the morphism h|p, is a multiple cover of the divisor class of a conic.

This concludes the proof of the third step.

We may write h,[Ds] = ng(—Kxg) + . ..+ no(—Ks) + D} as in Corollary 3.1.5 (to
simplify the notation we will assume that deg X = 1; if this is not the case, simply
set to zero all the coefficients n,, with o > 9 —deg X). Let n := [%], if ng # 1 and
let n =1, if ng = 1. Thus we have ng = 2(n — 1) + 3, if ng is odd and at least three,

and ng = 2n, if n is even.
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Step 4. Let S C X be a nodal rational divisor in the linear system | — Kx|.
We may deform A to a morphism k : K := K, U...UK; — X with the following

properties:

P1) the morphism & restricted to each irreducible component of K is free, except

possibly on Kj;

P2) each irreducible component of K represents one of the divisor classes —3Kx,,

—2Kyx,, —Kx,, ..., —Kx,, D, except K;, whose image may also be S;

P3) the dual graph of k is

Dual graph of k

P4) the component K, is mapped to —3Ky, if ng is odd and at least three, to S if

ng = 1 and to —2Kx, if ng is even and bigger than zero;

P5) the components Ky, K3, ..., K, are mapped to —2K x;;
P6) let N, :=n +n7 + ...+ ngy1; the components Ky, 41, ..., Ky, , are mapped
to _KXQ;

P7) if D # 0, then K, is mapped to Db;
P8) the morphism k|g,, (g, , is birational to its image.

We call a morphism satisfying all the above properties a morphism in standard
form.

By induction on the anticanonical degree of the divisor, we know that the space
M (X, hy[Ds]) is irreducible (or empty if h,[Ds] is a multiple of a conic and it is
clear how to proceed in this case; we will not mention this issue anymore). We may

therefore deform the morphism h|p, to a morphism [ : E:=F,U...UE, — X in
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standard form. Considering the morphism

Slh(DQ) = ﬂbir (X> h. [DQ])

we may find a deformation I of A such that n('zv) = [. The dual graph of [ is

E4 E> E; By Ey
- o . ° °
IDl

Dual graph of I

for some 1 < j <t. We want to show by induction on j that we may assume that

jJ = 1. In the case j = 1 there is nothing to prove.

Suppose j > 2 and consider the morphism

SHE; 1) —*— E|

Unless j = 2 and E; represents | — K, |, the morphism a is dominant and we may

find a morphism /; such that a(l;) is the node between D; and E;. The dual graph
of the morphism [; is

Ey By E’

— o ... ol =L

E j
IDl

Dual graph of [y

o
&
L
&

and the component F is contracted. The morphism /; represents a smooth point of

M (X, h.[CY), since [} Ty is globally generated on all components different from D,
and H'(Dy,l;Tx) = 0.

The morphism /; is also a limit of morphisms with dual graph

o

Dy
Dual graph of morphisms limiting to [;
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We can apply the induction hypothesis to these last morphisms to conclude that
we may deform the morphism f to a morphism m : F:=D;UF U...UF, — X,
where m|z, . uF, s @ morphism in standard form and m/|p, is birational onto its image
and the image is a rational divisor in | — Kx/|, or | — rKx| if deg X = 1. We may
specify which rational curve m(D;) is if it represents —K,, and we assume it is S
if and only if F} is not mapped to S. If F} represents a divisor class different from
| — K x|, then we may assume that D, is adjacent to Fy and conclude; if F} represents
the divisor class | — Kx,|, then D, is adjacent to F, and D; represents the divisor
class —r Ky, for some r € {1,2,3}. The divisor represented by F} is either —Kx,,
for some a < 7 or it is a divisor on a del Pezzo surface of degree eight, i.e. P! x P*
or Bl,(P?).

We are only going to treat the case m,[Fy] = —Kx., and m,[D;] = —Kx,. The
remaining cases are simpler and can be treated with similar techniques.

Let J C My, (X, h, [C’]) be the closure of the set of morphisms m’ : D} U F} U
...UF/ — Xg such that | pu.urr = M pu.ors M b = m|p, the image of Fyis
a general rational divisor in | — Kx.| and the dual graphs of m and m’ coincide.

We clearly have a morphism J — My, (X ,—K X7) obtained by “restricting a
morphism in J to its Fj component.” Since the intersection number m. [Fy] - m.[D;]
equals two, it follows that J has at most two irreducible components. Moreover, even
if the space J is reducible, its components meet. To see this, we construct a point in
common to the two components. Let ¢ : X3 — P? be the morphism induced by the
linear system | — Kx.|. The morphism ¢ contracts a (—1)—curve and ramifies above
a smooth plane quartic R. The images of Dy and F} are two distinct tangent lines
in P? which contain the image c of the contracted component and are tangent to R,
but are not bitangent lines to R. The images of the curves Fj are tangent lines to R.
Since R has degree four, it follows that there is a point ¢ € R where the image of
F) meets transversely R. Through such a point ¢/, there are ten tangent lines to R,
different from the tangent line to R at ¢/. Each of these lines corresponds to a point
in the intersection of the two components of J. Moreover, these points in common

to the components are easily seen to be smooth points of the mapping space, using
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Proposition 1.2.10. We deduce that J is connected, and thus in the same irreducible

component of My, (X, h,[C]) containing m there is a morphism m; with dual graph

Py F} F3 Fiy Fy
e & e ..

IF;

Dual graph of m;

o—oI
|

which agrees with m on the components with the same label and such that FJ is
mapped to the divisor class contracted by ¢ and Fj is mapped to a rational divisor
in | — Ky,| distinct from the images of D; and F}. It follows from the computations
in Step 6, Case 4 below that m; represents a smooth point of the mapping space.
We may now smooth D; U E U F} to a single irreducible component G representing
a nodal rational divisor in | — 2Ky,|. Similarly, we may smooth Fj U FJ to an
irreducible component Gy representing a nodal rational divisor in | — Kx,|. The

resulting morphism ms has dual graph

Fy Fi 1 F,

o
oL

Dual graph of msy

This concludes the proof of this step.

We now define a locally closed subset K of Mg (X , ﬁ). Let Kj be the closure of
the set of morphisms in standard form. The subspace Kz C K is the open subset of
points lying in a unique irreducible component of M (X , ﬂ), or equivalently Kp is
the complement in Kj of the union of all the pairwise intersections of the irreducible
components of Mg (X , ﬁ). In particular, all the points of K3 that are smooth points
in Moo (X, ) lie in Kg.

Step 5. The morphisms in standard form are contained in Kg.

It is enough to prove that a morphism in standard form is a smooth point of
Moy (X, 6). Let k : K — X be a morphism in standard form and let K, ..., K, be
the components of K. We will always assume that the numbering of the components

is the “standard” one. The morphism k represents a smooth point of Mg g (X , ﬁ) since
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k*Tx is globally generated on all components K;, for i > 2 and H* (f(l, k:*TX) =0.

Step 6. The space Kz is connected.

To prove connectedness of K3, let k : K — X be a morphism in standard form and
suppose that all the nodes of K are mapped to points of X not lying on (—1)—curves.
There are such morphisms in all the connected components of Kg since k|z, is a free
morphism, for i > 2 and S is not a (—1)—curve. Given any k&’ : K’ — X, we construct
a deformation from £’ to k entirely contained in K. This is clearly enough to prove
the connectedness of Kpg.

We are going to construct the deformation in stages.

We prove that in the same connected component of Kz containing k' there is a
morphism k; : K{ U...U K} — X such that ki |z ~ k|g, .

This is true by assumption if k.[K;] = —Kx,, since in this case k(K;) = S =
K'(K}) and k and k' are birational. Thus in this case we may choose ki = &'

Suppose that k.[K;] # —Kx,. Since k|, is free for all i’s, we may assume that
K'(K;) is not contained in the image of k, for all 4’s. Thanks to Theorem 3.2.7,
Theorem 3.2.5 and Theorem 4.2.2, we conclude that there is an irreducible curve

P C Ky, g C Moy (X kK 1]) containing &'|z, and k|g,. Consider the morphism
Slk/ (Ki) — T Mo,o <X, ]{7* [Kl])

and let P C 71(P) be an irreducible curve dominating P and containing &’. The
curve P has finitely many points not lying in Kjs: they are the points k for which
the image of m(k) contains a component of k(K, U ... U K}). By construction,
P contains a morphism ky : K{ U...UK} — X such that ki|g1 ~ k[g, and
]{?1|R21UMUR'21 ~ k’\[(éu_._ugé. It follows that P N Kjp is an irreducible curve contained in
K3 and containing k" and ky. Therefore k" and k; are in the same connected (in fact
irreducible) component of K.

Thus to prove that K3 is connected we may assume that £/| K| = k|&,. Suppose
that we found a morphism k;_; in the same connected component of Kz as k' such

that kj—1|f<{*1u...u[<jfj11 ~ k|g,u..uk,_, for some 2 < j < (. If we can find a connected
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subset of K containing k;_; and a morphism k; : KJ U...U K} — X such that

k:j|[—{{umuf{j ~ k|g,u..uk,» then we may conclude by induction on j.

The remaining part of the proof will examine the several cases separately. To
simplify the notation we assume that j = 2, we write K, also for K| since k|z, ~
ko|g1, and we let k = k[g,ux, and k1 = ki|g,uk;; to get the result for & and k; simply

consider the morphism
Sy, (K3) —"— Moo (X, k[ K]

and lift the path in My (X, k. [Kg]) to a path in My (X, k. [f(]), and note that the
lift lies in the space Kpg.

Case 1: k,[K,] is a multiple of a conic. We may assume that the node
between K; and K. is mapped to the same point where the node between K; and
K, is mapped; denote this point by p,. It follows that the image of K, is uniquely
determined. From the irreducibility of the Hurwitz spaces ([Fu2]) it follows that we

may find an irreducible curve in K containing k; and a morphism ks as above.

Case 2: k.[K;] = —Kx_, for 1 < a < 6. We may assume that the node
between K, and K3 is mapped to the same point where the node between K; and

K, is mapped; denote this point by p..

Since the point p, does not lie on any (—1)—curve, the space of all rational divisors
in | — K, | containing the point p, is isomorphic to the space of all rational divisors
in |- Ky |, where X, is the blow up of X,, at ps. It follows from the fact that X, is a
del Pezzo surface of degree at least two, that the space of rational curves in | — K;_|

irreducible and thus we conclude also in this case.

Case 3: k,[K;] = —Kx, and k,[K;] = —Kx, or —Kx,. The dual graphs

of k and k; are

Dual graphs of k£ and k;
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and we have k; (Kl) -k (K%) = 2. Consider the diagram

Shir Sy Ky x K,
(klg, k)
F Mog (X, —KX7) = X xX

M, (X, _KX7) — Moy (X, _KX7)

where all squares are fiber products. The morphism F' is dominant and its fiber over
a stable map f has length two, unless the image of f contains k(K;). We denote by

bir C Spir the union of the components of Sy; dominating Mo, (X ,—K X7). Clearly
k and k; both lie in ;. Moreover, since the fibers of I := F|g; have length two,
it follows that S}, has at most two components. To prove the connectedness of Sy,
we assume it is reducible and check that there is a point in K3 common to the two

components of S;. . This will conclude the proof in this case.

Consider the morphism ¢ : X — P? determined by | — Kx,|. We can factor ¢
as the contraction of the divisor class eg followed by the double cover of P? branched
along a smooth plane quartic curve R. The image of K3 is a line tangent to R. The
image of the component K is herself a tangent line to the branch curve R. Note that
in case k.[K;] = —Kx, we may assume that this tangent line is not a bitangent line
nor a flex line. In case k,[K;] = —Ky,, it follows from the fact that all the rational
divisors in | — Kx,| are nodal that the image of K; is not a flex line; the fact that it

is not a bitangent line follows from the fact that X is a del Pezzo surface.

Let s € P? be one of the two points such that s € RN ¢ (k(K7)), but s is not
the point where R and gp(k(l_(l)) are tangent. Through the point s there are ten
tangent lines to R (counted with multiplicity, and not counting the tangent line to
R at s): tangent lines through s correspond to ramification points of the morphism
R — P! obtained by projecting away from the point s. Since R has genus three and

the morphism has degree three, by the Hurwitz formula we deduce that the degree of
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the ramification divisor is ten, as asserted above. Let L C P? be one of the tangent
lines to R through s different from ¢(k(K;)) and let f : P! — X be a morphism
birational to its image and whose image is ¢! (L) The morphism f represents a
point of My, (X ,—K X7) above which the two components of S, must meet. Such a

point is smooth thanks to Proposition 1.2.10. This concludes the proof in this case.

Case 4: k.[K,;] = —Kx, and k.[K3] = —2Kx,. The dual graphs of k and
k; are
K Ko K K3
*——0 ¢ ——0

Dual graphs of k£ and k;

We reduce this case to the previous on with the following construction. We deform

k and k; inside Kz to morphisms k' and kj respectively with dual graphs

C Co Ky C Ca (K3)
o ——e—0° o ———o—0

Dual graphs of k' and k]

where C; and C, are mapped to two given distinct rational divisors M; and M, in
| — Kxl.

The strategy is the same for k and for ki, therefore we will only describe the
deformation for k. We may deform k|z, to the morphism £'|s, a,, thanks to the
irreducibility of My, (X ,—2K Xs)‘ This means we may deform k to a morphism k
which is either &’ or it has dual graph

Dual graph of k

Since (—K Xs) . (—K X7) = 2, there are at most two irreducible components of the
space of morphisms with dual graph as above. Thanks to the previous case, we know

that this space is connected.

Let &' : LUC3 — X be a stable map birational to its image, where L is mapped
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to the (—1)—curve with divisor class eg, C3 is mapped to a rational divisor in | — K x,|
different from the images of both C; and C,. By the connectedness established
above, the (closure of the) same connected component of K4 containing k contains a

morphism k:C — X with dual graph

[ Jall
5})
[es])

Dual graph of k

where E is contracted to the base-point of | — Kx,|. To check that kisin K 5 it is
enough to check that k represents a smooth point of Moy (X kK ])

The point represented by k : ¢ — X in Moy (X, k. [f(]) is smooth if H° (C’, C,;) =0

(we are using the notation of (1.2.3)). We have a natural inclusion

H° (é, C,;) c H° (é, %*Q}X X wé)

We prove first that any global section of Cj, is zero on L U Cs and then that any

global section of l;:*Q}X ® wg vanishing on L U Cs is the zero section.

The first assertion is clear from Proposition 1.2.11: there are no non-zero global
sections of C; on L, and since the sheaf C;, is locally free near the node between L and
Cs, it follows that a global section of C; must vanish at the node. Since the degree of

the sheaf C; on Cj is zero, it follows that a global section of C; must vanish on LUCj.

The second assertion is a consequence of the fact that h° (C’ , l;:*Q}X ®w(j) =1, and

that a non-zero section of the sheaf k*Q} ® we is not identically zero on Cs.

To compute h° (C’ , l;:*Q}X ® Wé), we use Serre duality to deduce that
W (C k" Q% ®wa) = b (C, k" Tx)

There is a short exact sequence of sheaves
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00— /;;*TX — k%TX D k‘*ETX D @i kﬂ'x - QB Tx,if(y) —0
v a node

of C

Note that the restriction of k*7x to every non contracted component is isomorphic to
Op1(2) @ Op1(—1), where the subsheaf of degree two is canonically the tangent sheaf

of the component. The associated long exact sequence to the sequence above is

0 — k" kM L8 kM o

Since the images of all the non-contracted components are pairwise transverse
(all the intersection numbers are one), and since the only global sections come from
the tangent vector fields, it follows that any global section must vanish at all nodes.
Thus, there are two global sections coming from the each of the curves L, C; and C,
and only one coming from Cj3. We deduce that h° = 7 and finally h' = 1, as asserted

above.

Let us go back to the sheaf I;J*Qﬁ( ® we. We just computed that this sheaf has
exactly one global section. We have the following decomposition for the degrees of

the restrictions of the sheaf k*Q% ® we to each component:

Degrees of the sheaf k*QL ® wg

where the pair of numbers next to a vertex represent the degrees of lE*Q}X ® we
restricted to the component represented by the corresponding vertex. We examine
the vertex of valence three in the dual graph. Necessary conditions for a section of
l;;*Q}X ®wg on E to extend to a global section are that the section “points in the right

direction” at the nodes. These are clearly linear conditions and there are three such
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conditions. Moreover, every section satisfying the stated conditions extends uniquely
to a global section: this is obvious on the components C; and C,. For the remaining
components, note that every global section must vanish at the node between L and Cj,
since the intersection number k(L) - k(Cs) equals one, and therefore the intersection
is transverse. Thus every global section of l;:*Q}X ® we is uniquely determined by its
restriction to £. Thus the only way a section can be identically zero on Cj is if the
sections on £ all vanish at the node C5 N E. Note that the three tangent directions
of the images of Cy, Cy and Cj at their common point p are pairwise independent.
Choose homogeneous coordinates Ey, E, on E such that [0,1] = ENCy, [1,0] = ENC.
Choose local coordinates u,v on X near p such that the zero set of u is tangent to
the image of O and the zero set of v is tangent to the image of Cy. Rescaling by a
non-zero constant v and v we may also assume that the zero set of u 4 v is tangent
to the image of Cs. The restrictions of the global sections of %*Q& ® we to B are

multiples of the section

o = FEydu + Eqdv

In particular, if a section vanishes at one of the nodes between E and C;, then it
vanishes identically. This concludes the proof that the sheaf C; has no global sections
and thus we conclude that k is a smooth point of Mg (X, k.[K]).

We now resume our argument. It is clear that k is also a limit of morphisms &’

with dual graph

Dual graph of the morphisms £’

which is precisely what we wanted to prove. This completes the reduction of this case
to Case 3, and thus this case is proved.

Case 5: k.[K,;] = —Kx, and k,[K;] = —3Kx,. We also reduce this case to
Case 3. As before, thanks to the irreducibility of My, (X ,—3K Xs) we may deform
the morphism k so that k|z, is replaced by the birational morphism £’ : CiuCy — X,
where C| is immersed and represents | — 2K y,|, and C5 is mapped to a given rational

divisor in |— K x,|. After possibly sliding the component K, along C, we may suppose
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that the dual graph of £’ is the following:

Dual graph of &’

Similar remarks apply to ks. This completes the reduction to Case 3 and the proof

in this case.

Case 6: k.[K;] = —2Kx, and k,[K;] = —2Kx,. Since the intersection
product (—2K X8)2 equals four, and the space My, (X , —2K Xs) is irreducible, it fol-
lows that there are at most four irreducible components of morphisms in standard
form representing the divisor class —4Kx,. Let c: C1UCy; — X be a stable map bira-
tional to its image such that C; is mapped to a (—1)—curve C; and C; +Cy = —2K x,.

Consider the morphism

Slk(Kl) —T Mbir (X, _2KX8)

The morphism 7 is dominant. Thus we may find a morphism &’ : C; UC, UKy —
X such that k|, 6, =~ ¢, lying in the same irreducible component of Kz as k. We

have two possibilities for the dual graph of k'

Possible dual graphs of k'

We want to reduce to the case in which K, is adjacent to Ch. Consider the

morphism

Slk’(K2) . Cy

and as usual this morphism is dominant. This means that we may slide the node

between K, and C; until it reaches the node between C; and C,. The resulting
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morphism % has dual graph

Co

Dual graph of k

where E is contracted by k. Tt is easy to check that this morphism represents a
smooth point of ﬂop (X ,—4K Xs) and that it is also a limit of morphisms k' with

dual graph

Dual graph of &’

Thus we may indeed assume that K is adjacent to Cy. Note that since —2Ky, -
Ch7 = 2, it follows that there are at most two connected components in the space of
morphisms in standard form representing the divisor class —4Kx,. To conclude, it is
enough to show that we may “exchange” the two intersection points Cy N k'(K3) by

a connected path contained in Kp.

Consider the morphism ¢ : X — P? induced by the linear system | — 2K y,|.
We have already seen that the image is a quadric cone () and that the morphism
is ramified along a smooth curve R which is the complete intersection of ) with a
cubic surface. The (—1)—curves C and Cy have as image the intersection of @) with
a plane which is everywhere tangent to the curve R (and does not contain the vertex
of the cone). Let p be one of the intersection points of ¢(Cy) with R. Projection
away from the tangent line L to R at p determines a morphism 7; : R — P! of
degree four. Since the genus of R is four, it follows from the Hurwitz formula that
the degree of the ramification divisor of 7y, is 14. It is immediate to check that 7y,
ramifies above the tangent plane to ) at p, and that the ramification index is two.
It is also immediate that above the plane containing ¢(C5) the ramification index is
two. We deduce that there are planes in the pencil containing L which are tangent
to R and are not the tangent plane to @ at p nor the plane containing ¢(Cs). Such
planes correspond to rational divisors H in | — 2K x,| with the property that H N Cy
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consists of the unique point ¢ ~!(p). Let v : P! — X be a birational morphism whose
image is one of the divisors H constructed above. The morphism v represents a
morphism in My;, (X , —2K XS), and since this space is irreducible, we may deform K

to a morphism k : C; UCo U H — X with dual graph

C1 Co H
o ——0 —0

Dual graph of k

and such that k|5 ~ v. The morphism k represents a smooth point of the space
ﬂoyo (X, —4KX8), thanks to Proposition 1.2.10. Thus k € Kp and it lies in the same

connected component of Kz as k.

Applying the same construction to the morphism k5, we obtain that also ks lies
in the same connected component of K3 as k. This concludes the proof of this case.
Case 7: k.[K:] = —2Kx, and k,[K;] = —3Kx,. Let c: C; UCy — X be
a morphism birational to its image, such that ¢(Cy) is a rational divisor in | — Kx,|

and ¢(C}) is a general rational divisor in | — 2K x,|. Consider the morphism
Slk(Kl) —W> Mbir (X, _SKXg)

and note that as usual it is dominant. Therefore we may deform k to a morphism
K : C1UCy UKy — X such that ¥|q,ua, ~ c

As before, we may slide the component K, along C, until it reaches Cs, and reduce
to the case in which K, is adjacent to Cy. The same considerations of the final step

of the previous case allow us to conclude.
This concludes the proof of the connectedness of K.

Step 7. We now simply collect all the information we obtained, to conclude the
proof of the theorem. Step 4 and Step 5 imply (under the hypotheses of the theorem)
that every irreducible component of M, (X , ﬂ) is either empty or it contains a point
lying in K. Step 6 then implies that there is at most one component of My, (X , ﬂ)
containing Kz. Thus if My, (X , ﬁ) is not empty, then it consists of exactly one
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irreducible component. This concludes the proof of the theorem. O

Proposition 5.2.4 Let X be a del Pezzo surface. If 3 is a nef divisor which is not
a multiple of a conic, then the space My, (X, ﬁ) s not empty.

Proof. We may write
ﬁ = TLg(—KXs) + ...+ TLQ(—KXQ) + ﬁ,

where ng,...,no > 0 and ' is a nef divisor on a del Pezzo surface X; of degree eight
dominated by X (if X ~ P? the assertion is obvious).
If ng > 2, then we define n and r by the conditions ng = 2(n — 1) + r, where

r = 2,3;if ng = 1, then we define n = r = 1; if ng = 0, then we define n = r = 0. Let

Pic(P' x P') ~ Z{, ®Zly where {, = {p} x P, l, =P' x {p}

Pic(Bl,(P?)) ~ Z{®Ze where (=1, (-e=0, e =-1, (e effective

2

and write
/6/ = nl(fl —l—fg) —F?’Lofg if X ~ ]P)l X ]P)l

F = ml+ng(l—e) if X ~ BI,(P?)

where n; > 0, ng > 0 (we may need to exchange (1, ¢5). Note that with this notation

the divisor (8 is multiple of a conic if and only if ng =n; =... =n; =0.
Choose
e n — 1 distinct rational integral nodal divisors C8,..., C% in | — 2Kx,|;

e a rational integral nodal divisor C% (different from the previous ones if r = 2)
in | —rKx,l;
e n; distinct rational integral nodal divisors C1,...,C} in | — Ky,|;

ny distinct integral divisors Ci, ..., Cy, lying in [f; + fof, if X; ~ P* x P! and
lying in |¢], if X ~ BI,(P?);
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e an integral divisor C” in |l5| or |¢ —e|.

Having made these choices, we may now consider the stable map of genus zero

f:C — X, with dual graph

s s o o1 cr.aL o
— o -9 o -0 - -0

Dual graph of f

where of course we ignore a component if the corresponding curve without a bar has
not been defined. The morphism f on a component D is the normalization of the
curve D followed by inclusion in X, if D # C’, and it is a multiple cover of degree
ng, if D = C".

All the restrictions of f to the irreducible components of C' different from C?
are free morphisms; the cohomology group H! (C_'f, T X) is immediately seen to be
zero. Thus we may deform f to a morphism lying in Mg, (X , /6) If the general
deformation of f were a morphism not birational to its image, then f.[C] would
not be reduced. Since this is not the case, it follows that we may deform f to a
morphism with irreducible domain, which is birational to its image. This proves that
M (X , ﬂ) # (), if 3 is not a multiple of a conic. This concludes the proof of the
proposition. O

Remark 1. The spaces Mg (X , mC), where C' is the class of a conic, are easily
seen to be irreducible, for m > 1. If m = 1, we have My, (X, C’) ~ Pl Ifm>1,
then there is a morphism M, (X, mC’) — My (X, C’), obtained by “forgetting
the multiple cover.” The fibers of this morphism are birational to Hurwitz schemes,
which are irreducible ([Fu2]). The irreducibility of Mgo(X, mC) follows.

Remark 2. If L is an integral divisor of anticanonical degree one, then either L is
a (—1)—curve, or it is the anticanonical divisor on a del Pezzo surface of degree one.

If L is a (—1)—curve, the space Mg (X , L) has dimension zero and length one;
it therefore consists of a single reduced point and is irreducible.

If L = —Kx, the spaces ﬂop(X,—KX), M(),O(X,—KX) and MW(X,—KX)

are all equal and have dimension zero and length twelve. They are not irreducible.
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Moreover, for a general del Pezzo surface of degree one, the space My, (X ,—K X)
is reduced and consists of exactly twelve points. This happens precisely when the

rational divisors in | — K x| are all nodal.

126



Chapter 6

Divisors of Small Degree on Xg

6.1 The Divisor —Kx, — Kx,

Here we prove the irreducibility of the spaces My, (X , ﬂ)), where the degree of X is
one, (3 is ample and the anticanonical degree of 3 is three. We already saw (Theorem
3.2.7) that the space Mir (X ,—3K X) is irreducible. The following proofs are similar
to the proof of Theorem 3.2.7.

Lemma 6.1.1 Let X be a del Pezzo surface of degree one. Suppose that all the
rational divisors in | — Kx| are nodal and that My, (X, —QKX) is irreducible. Let
L C X be a (—1)—curve and let b: X — X' be the contraction of L. Then the space
My (X, —Kx — KX/) 18 irreducible.

Proof. Let f : P! — X be a morphism in My, (X, —Kx — KXr) and suppose that
the image of f contains the independent point p. Consider the space of morphisms
of My;r (X —Kxy—K Xr) in the same irreducible component as [f] which contain the
point p in their image, denote this space by M,.(p). It follows immediately from the
dimension estimates (2.1.3) that dim{s My, (p) = 1 and that [f] is a smooth point of
Miir(p). We may therefore find a smooth irreducible projective curve B, a normal
surface w : S — B and a morphism F' : S — X such that the induced morphism
B — My, (p) is surjective onto the component containing [f]. From [Ko] Corollary

I1.3.5.4, it follows immediately that the morphism F' is dominant. We want to show
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that there are reducible fibers of 7. The argument is the same that appears at the
beginning of the proof of Theorem 3.2.7.

Thus there must be a morphism f, : C — X with reducible domain in the family
of stable maps parametrized by B, and since all such morphisms contain the general
point p in their image, the same is true of the morphism f,. In particular, since the
point p does not lie on any rational curve of anticanonical degree one, it follows that
C consists of exactly two components C; and C5, where each C; is irreducible and we
may assume that fo(C}) has anticanonical degree one and fo(Cs) has anticanonical
degree two. Denote by C; the image of C;. It also follows from the definition of
an independent point and Proposition 1.2.10 that fy represents a smooth point of
My (X, —Kx — Kx/).

There are two possibilities for Cy: either it is a (—1)—curve or it is a rational
divisor in the anticanonical system. We want to prove that we may assume that C
is not a (—1)—curve.

Suppose C} is a (—1)—curve. The morphism fy|s, is a free morphism, because
the image contains a general point and has anticanonical degree two. Moreover the
image (U5, being a curve of anticanonical degree two, is one of the following: a conic,
the anticanonical divisor on a del Pezzo surface of degree two dominated by X or a
divisor in | — 2K x|. In all these cases we know that the space My (X, (fo):[Cs]) is
irreducible. Thus we may deform fy|s, to a curve with two irreducible components,
both mapped to (—1)—curves. Considering the space Sly,(Cy) we conclude that we
may deform f; to a morphism f; : Ly U Ly U Ly — X where each component L; is
mapped to a different (—1)—curve L; on X.

We deduce that we have L1+ Lo+ L3 = —2Kx + L and L, Ly and L3 are distinct
(—1)—curves. Thanks to Lemma 3.3.6 we conclude that there is a standard basis

{l,e1,...,es} of Pic(X) such that

L1 = —QKX — €1 L1 = —QKX — (E — €7 — 68)
Ly = eg ) Ly = {—e;—eg (6.1.1)
Ly = ¢ Ly = e



or

Ll = —2KX—(€—€7—68)
L2 = € (612)
Lg = [— €1 — €7

after possibly permuting the indices 1, 2 and 3.

The next step in the deformation is to produce a component mapped to the divisor
class —2Kx.

In the first case of (6.1.1), the component L; is adjacent to both Ly and Ls, since
Ly - Ly = 0. We may therefore consider Slfl(l_/l U Lg) to smooth L; U L3 to a single
component K mapped to —2K x.

In the second case of (6.1.1), either L; and Ly are adjacent and it is enough to
smooth their union to conclude, or L is adjacent to L3 and not to L. If this happens,
then we may smooth the union L, U L3 to a single irreducible component @), mapped
to the conic ¢ — e;. Denote the resulting morphism by f{. We may consider the

dominant morphism

a Slf{(@) — [_/1

and let € € L; be a point mapped to a point lying on the (—1)—curve with divisor
class Ly = ¢ — e7 — eg. Since a is dominant, we may find a morphism f{ such that

a(f") = e. By construction, the dual graph of the morphism f’ is

Dual graph of f{’

and we may now smooth L; U Ly to conclude.

In the case of (6.1.2), we first prove that we may assume that Ly and Ls are adja-
cent. If Ly and Lz are not adjacent, then L is adjacent to both Ly and Ls and we may
consider Sl (Z)l U Eg) to smooth L; U Ly to a single irreducible component K mapped
to a curve with divisor class K := (5; 1,2,2,2,2,2,1, 1). Note that the divisor class
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of K is the divisor class of the anticanonical divisor on a del Pezzo surface of degree
two dominated by X. Thus we know that the space My, (X K ) is irreducible and
it contains a point whose image consists of the union of the two (—1)—curves with
divisor classes L} := (5; 1,2,2,2,2,2, 1,2) and Lj := (0; 0,0,0,0,0,0,0, —1). Con-
sidering Sly, (LU Ly) we may therefore deform f; to a morphism fy : LjUL,ULs — X
such that the image of L/ is the (—1)—curve L;. Thus we have

L= (5;1,2,2,2,2,2,1,2) Ly = (652,3,2,2,2,2,2,2)
Ti27

Ly = (0;0,0,0,0,0,0,0,-1) ——— < Ly = (0;0,0,0,0,0,0,0,~1)

Ly = (1;1,0,0,0,0,0,1,0) Ly = (0;0,—1,0,0,0,0,0,0)

which is (up to a permutation) the first case of (6.1.2).

We still need to examine the case in which L, and Ls are adjacent and are given
by the second set of equalities in (6.1.2). Smoothing the union L, U L3 to a single

irreducible component Q we obtain a morphism f, with dual graph

Ly Q
*——0

Dual graph of fo

and
(f2)*[_/1 = (5a 272727272a271a1)

(f2):@ = (1;0,0,0,0,0,0,1,0)

Let p € Ly be a point such that fo(p) € M, where M C X is the (—1)—curve

with divisor class ¢ — e; — eg. Considering the morphism

Slfz (Q) — Ly

we deduce that we may slide @ along L; until the node between these two components

reaches the point p. When this happens, the image of the limiting position of the
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image of ) contains a point of M. Since the intersection product (f5).[Q]- M equals
zero, it follows that the image of the limiting position of @ must contain M. Thus
the limit of the morphism f; under this deformation is a morphism f3 whose dual

graph is one of the graphs

=

Possible dual graphs of f3

where Ey is mapped to the divisor class eg, and the component E is contracted by
f3. The second case happens if the (—1)—curve with divisor class eg contains the
point fa(p). In both cases the point represented by fs lies in a unique irreducible
component of Mop (X, —Kyx — KX/): in the first case thanks to Proposition 1.2.10;
in the second case thanks to Lemma 3.2.6 and the fact that the intersection number
(f2)«[L1] - Ex is one.

We may therefore deform L; UEUM to a unique irreducible component K mapped
to the divisor K with class (65 2,2,2,2,2,2,2,2) = —2Ky.

Thus in all cases we found a morphism in the same irreducible component of
Mo, (X ,—Kx—K X/) as f whose image contains a nodal integral divisor in | — 2K x]|.
Let E C Mgy (X ,—Kx — K Xr) be the subspace consisting of those morphisms con-
taining a component mapped birationally to an irreducible divisor in —2Ky. We
are going to prove that the space E is connected and contained in the smooth
locus of Mo (X ,—Kx — K X/). This concludes the proof of the irreducibility of
My (X, —Kx — Kx/).

Any morphism [f : K U By — X] € E is determined by its image together with
one of the points f(K N Eg) € K N Eg. Since —2Ky - By = 2, it follows that E has
at most two irreducible components.

Suppose E has two irreducible components. Consider the morphism ¢ : X — P3
induced by the linear system | — 2K x|. We have already seen that the image is a

quadric cone @) and that the morphism is ramified along a smooth curve R which
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is the complete intersection of () with a cubic surface. The (—1)—curve Ejg has as
image the intersection of () with a plane which is everywhere tangent to the curve R
(and does not contain the vertex of the cone). Let e be one of the intersection points
of p(Fg) with R. Projection away from the tangent line L to R at e determines a
morphism 7, : R — P! of degree four. Since the genus of R is four, it follows from
the Hurwitz formula that the degree of the ramification divisor of 7 is 14. It is
immediate to check that 7, ramifies above the tangent plane to ) at e, and that
the ramification index is two. It is also immediate that above the plane containing
©(Fs) the ramification index is two. We deduce that there are planes in the pencil
containing L which are tangent to R and are not the tangent plane to ) at e nor the
plane containing ¢(Es). Such planes correspond to rational divisors H in | — 2K x|
with the property that H N Eg consists of the unique point ¢~ *(e). Let v: H — X
be a birational morphism whose image is one of the divisors H constructed above.
The morphism v represents a morphism in My, (X , —2K X), and since this space is
irreducible by assumption, we may deform f to a morphism f : H U Ey — X, such
that f|z ~ v. Thus f € F and it clearly lies in the intersection of the two irreducible
components of E. The space E is therefore connected.

Applying Proposition 1.2.10 we immediately see that all the points of F are smooth
in mo,o (X, —Kx — KX/), and thus we conclude that My, (X, —Kx — KX/) is irre-

ducible. 0

6.2 The Divisor — Ky, + Q

We prove now a similar result for the Divisor —Kx, + Q.

Lemma 6.2.1 Let X be a del Pezzo surface of degree one and suppose that all the
rational divisors in | — Kx/| are nodal. Let () be the divisor class of a conic, then the

space Mo, (X, —Kx + Q) 18 irreducible.

Proof. Let f : P! — X be a free morphism birational to its image, such that

f«[P'] = —Kx + Q. As before, we may assume that the image of f contains a general
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point p. Since there is a one parameter family of deformations of f whose image
contains the general point p, we may deform f to a morphism f': C; UCy — X
such that —Ky - f1[C;] = 4. Since p is general and contained in the image of f’ and
there are no rational cuspidal divisors in | — Kx/|, it follows that the point represented

by f'in My, (X, —Kx + Q) is smooth.

Our next step is to show that we may assume that f/[Ci] = —Kx. Suppose that
fi[C1] is a (=1)—curve L C X. We may choose a standard basis {/, ey, ..., eg} such
that Q = ¢ —e; and thus —Kx +Q = (4;2,1,1,1,1,1,1,1). By examining [Ma]
Table IV.8, we see that the only possible ways of writing —Kx + ) as a sum of a
(—1)—curve C and a nef divisor class Cy are (up to permutation of the coordinates

2,...,8):

(3;2,1,1,1,1,1,1,0) + (1;0,0,0,0,0,0,0,1)

(2;1,1,1,1,1,0,0,0) + (2;1,0,0,0,0,1,1,1)

(1;0,0,0,0,0,0,1,1) + (3;2,1,1,1,1,1,0,0)

—Kx+Q = (6.2.3)

(0;-1,0,0,0,0,0,0,0) + (4;3,1,1,1,1,1,1,1)

(1;1,1,0,0,0,0,0,0) + (3;1,0,1,1,1,1,1,1)

(0;0,0,-1,0,0,0,0,0) + (4;2,1,2,1,1,1,1,1)
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The automorphisms of Pic(X) of the form 7}, preserve the conic @, for all 1 <

7 < k < 8. We use these automorphisms to reduce the number of cases. We have

T167<(3;2,1,1,1,1,1,1,0)+(1;0,0,0,0,0,0,0,1)) -

=(2;1,1,1,1,1,0,0,0) + (2; 1,0,0,0,0,1,1,1)

Tirs((1:0,0,0,0,0,0,1,1) + (35 2,1,1,1,1,1,0,0)) =

=(0; —1,0,0,0,0,0,0,0) + (4; 3,1,1,1,1,1,1,1)

T123<(1; 1,1,0,0,0,0,0,0) + (3; 1,0,1,1,1,1,1,1)) =

=(0;0,0,-1,0,0,0,0,0) + (4; 2,1,2,1,1,1,1,1)

We therefore only need to consider the first, third and fifth case in list (6.2.3). We
reduce the first and third case to the fifth one.

If C; is mapped to the divisor class (3; 2,1,1,1,1,1, 1, 0), then we consider the

morphism

Slf’(é2) < 4

Since f’|s, is a free morphism, a is dominant. Let p € C; be a point such that
p = f'(p) lies on the (—1)—curve with divisor class e;. Let g : C; U By, UCH — X

be a morphism such that a(g) = p. By construction, the dual graph of g is

Dual graph of g

where E; is mapped to the divisor class e; and C’é to the divisor class ¢ — e; — eg.
We now smooth the union C; U E; to a single irreducible component. Thus, after a

permutation of the indices, we reduced to the fifth case in (6.2.3).

If C; is mapped to the divisor class e;, then we proceed similarly: we break C,
into a component mapping to the divisor class (3; 2,1,1,1,1,1, 1, 0) adjacent to C,

and a component mapped to the divisor class £ — e; — eg. Smoothing the union of
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the component C; with the component mapped to (3; 2,1,1,1,1,1, 1, O) reduces us
to the fifth case in (6.2.3).

Suppose therefore that the component C; is mapped to £ —e; — e, and the compo-
nent Cs is mapped to 3¢ —e; —e3 — ... —es. As above, we may deform the morphism
f’ to a morphism ¢ so that the component C, breaks into a component E, adjacent
to C; and mapped to ey, and into a component C% mapped to the divisor class —Ky.
Smoothing the union E,UC} to a single irreducible component, we obtain a morphism
¢ : CiUQ — X, where C; is mapped to —Ky and () is mapped to ). Note that we
have at the moment no control over which rational divisor in the linear system | — K x|
the component C; is mapped to. Remember that with our choice of standard basis
we have ) = ¢ — e;. We may write () = (£ —e; — eg) + eg, and since —Kx - eg = 1,
there is a unique point ¢ of C; whose image ¢ € X lies in Fg, the (—1)—curve on X

with divisor class eg. Considering the dominant morphism

Slg’(@) - Cy

we may find a morphism A : C; U Ex U Q" — X such that a(h) = & The dual graph
of h is

Dual graph of h

Smoothing the components C; U Eg to a single irreducible component K’ we
obtain a morphism A’ : K’ U Q' — X such that Q' := h.[Q'] = { — e; — eg and
h.[K') = —Kx + eg = —Kx:, where X' is the del Pezzo surface obtained from X by

contracting the (—1)—curve Eg.

Let H C My, (X ,—Kx + Q) be the space of morphisms whose image contains

Es and an integral rational divisor in | — K x/|. We have a dominant morphism

7 H — My, (X, —Kx)

135



whose fibers have length two, since —Kx/ - Q' = 2. It follows that H has at most
two irreducible components. Note that the fibers of m over the general point of
My (X, —KX/) are smooth points of My, (X, —Kx + Q). It follows that the space
My, (X ,—Kx + Q) itself has at most two irreducible components, and is irreducible
if H is. We prove that if H is reducible, then we can find a smooth point of
My (X ,—Kx + Q) lying in the intersection of the two components of H. This
is enough to imply that M, (X ,—Kx + Q) is irreducible.

Suppose thus that H as two irreducible components. Let ¢ : X — P? be the
morphism induced by the linear system —Kx/. The morphism ¢ is the contraction
of Eg to X' followed by the anticanonical double cover of P? ramified above a smooth
plane quartic R. The image of Q' in P? is a conic ) containing the image of Fy and
everywhere tangent to R. The image of K’ is a tangent line to R. To conclude it
is enough to find a line in P? which is tangent to both R and Q at a point not on
R. The dual curve of R is a plane curve of degree twelve and the dual curve of Q
is a plane conic. Thus they meet along a scheme of length 24 and they are tangent
at the points corresponding to the points where R and ) are tangent. Since there
are four such points, it follows that we may find a line which is tangent to R and
Q at distinct points. Such a line corresponds to a point in the intersection of the
two components of H. Using Proposition 1.2.10 it is easy to check that this point is
smooth in M, (X ,—Kx + Q). This completes the proof of the lemma. O
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Chapter 7

Conclusion

7.1 The Irreducibility of M, (X;, 5)

We are now ready to prove the main theorems of this thesis.

Theorem 7.1.1 Let X5 be a del Pezzo surface of degree 9 — 6 > 2. The spaces
My (X(;,ﬁ) are irreducible of empty for every divisor € Pic(Xs).

Proof. Suppose My, (X(;, ﬁ) is not empty. Then [ is represented by an effective
integral curve on Xs.

If 3 is not nef, then it follows that 5% < 0. We deduce that 3 is a positive multiple
dof a (—1)—curve. If d = 1, then My, (X(;, ﬂ) consists of a single point. If d > 1, then
the space My, (X(;, ﬁ) is empty. In this case, the space Moy (X(;, ﬁ) is irreducible,
since it is dominated by the space of triples of homogeneous polynomials of degree d
in two variables.

Suppose now that [ is a nef divisor. Thanks to Theorem 5.2.3, we simply need to
check that on a del Pezzo surface of degree at least two, the spaces My, (X(;, ﬁ) are
irreducible for all effective integral divisor classes 8 such that —Kx; - # equals two
or three. The divisors of degree two on X are the conics and, if § = 7, the divisor
—Kx.,. If B3 is a conic, then My, (X5,6) is isomorphic to P*. If 3 = —Kx., then

Mo, (X7, —-K X7) is isomorphic to a smooth plane quartic curve, Proposition 3.2.3.
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The nef divisors of degree three on X are —Kx, and ¢, where X is a del Pezzo sur-
face of degree three dominated by X and ¢ is part of a standard basis {/,e1, ..., es}.
The first case is treated in Proposition 3.2.2, the second case is treated in Theorem

4.2.2. This concludes the proof of the theorem. O

Theorem 7.1.2 Let Xg be a general del Pezzo surface of degree one. The spaces
My, (Xg,ﬂ) are irreducible or empty for every divisor € Pic(Xy), with the unique
exception of B = —Kx,. The space Mir (Xg, —sz) 1s a reduced scheme of length

twelve.

Proof. Proceeding as before, we only need to prove the irreducibility of M, (Xg, ﬁ)
for the nef divisors of anticanonical degree two or three. The nef divisor classes on Xg
which are not ample, are the pull-back of nef divisor classes from del Pezzo surfaces
of larger degree. Thus we only need to consider ample divisor classes of anticanonical
degree two or three.

The only ample divisor of degree two is —2Kx, and the space Moy (Xg, —2K Xs)
is irreducible thanks to Theorem 3.2.5.

The ample divisor classes of degree three on Xg are —3Kx,, —Kx, — Kx, and
—Kx, + @, where X7 is a del Pezzo surface of degree two dominated by Xg and @)
is the divisor class of a conic. The space My, (Xg, —3K Xs) is irreducible thanks to
Theorem 3.2.7. The space My, (Xg, —Kx, — K X7) is irreducible thanks to Lemma
6.1.1. The space M, (Xg, —Kx, + Q) is irreducible thanks to Lemma 6.2.1. This
concludes the proof of the theorem. O

Remark. The genericity assumption on Xy in the statement of the previous The-
orem can be made more explicit. Our argument requires the surface Xg to have only
nodal rational divisors in | — Ky,| and the space M, (Xg, —2K Xs) to be irreducible.
This last condition in turn is certainly satisfied (cf. Theorem 3.2.5 and its proof) if
the ramification curve R C P? of the morphism ¢ : Xg — P3 induced by —2Kx, does
not admit planes P C P? transverse to the image of ¢ and intersecting R along a

divisor of the form 3((p) + (¢))-
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As a corollary of the above Theorems, we deduce the irreducibility of the Severi
varieties of rational curves on the del Pezzo surfaces. Let 3 be a divisor class in
Pic(X5) and let Vg g C | 5] be the closure of the set of points corresponding to integral
rational divisors. We call V} g the Severi variety of rational curves on X with divisor

class (3.

Corollary 7.1.3 Let Xs be a del Pezzo surface of degree 9 — 6 > 2. The Severi

varieties Vi g of rational curves on X are either empty of irreducible for every divisor

B € Pic(Xs). O

Corollary 7.1.4 Let Xg be a general del Pezzo surface of degree one. The Severi
varieties Vo g of rational curves on Xg are either empty or irreducible for every divisor

B € Pic(Xy), with the unique exception of f = —K x,. O
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