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Abstract

We consider an algorithm of the form Xy,; =Xj — ap(VU(Xy) + &) + bWy,
where U(*) is a smooth function on RY, {£} is a sequence of IR%-valued random vari-
ables, {Wk} is a sequence of independent standard d-dimensional Gaussian random vari-
ables, a; =A/k and by =\/¥3—/ V kloglogk for k large. An algorithm of this type
arises by adding slowly decreasing white Gaussian noise to a stochastic gradient algo-
rithm. We show under suitable conditions on U(*), {Ek }, A and B that Xj converges in
probability to the set of global minima of U(*). No prior information is assumed as to
what bounded region contains a global minimum. Our analysis is based on the asymp-
totic behavior of the related diffusion process dY(t) = — VU(Y(t))dt + ¢(t)dW(t), where
W(-) is a standard d-dimensional Wiener process and c(t) = \/E/ Vlogt for t large.
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1. INTRODUCTION

In this paper we consider a class of algorithms for finding a global minimum of a
smooth function U(x), x€RY. Specifically, we analyze the convergence of a modified

stochastic descent algorithm

Xk+1 = Xk - ak(VU(Xk) + Ek) + kak (1.1)

where {£; } is a sequence of IR¢-valued random variable, {Wy} is a sequence of standard
d-dimensional independent Gaussian random variables, and {ay }, {by} are sequences of
positive numbers with a;, by—0. An algorithm of this type arises by artificially adding
the b, Wy term (via a Monte Carlo simulation) to a standard stochastic descent algo-

rithm
L1 = Iy — ax(VU(Zy) + &) (1.2)

Algorithms like (1.2) arise in a variety of optimization problems including adaptive
filtering, identification and control; here the sequence {ﬁk} is due to noisy or imprecise
measurements of VU(+) or U(*) (c.f. [1]). The asymptotic behavior of {Zy} has been
much studied. Let S and ™ be the set of local and global minima of U(+), respectively.
It can be shown, for example, that if U(*) and {{} are suitably behaved, a;, = A /k for
k large, and {Zy} is bounded, then Zy — S as k — co w.p.1. However, in general
Z, » S (unless of course S =§*). The idea behind the additional bWy term in (1.1)
compared with (1.2) is that if by tends to zero slowly enough, then possibly {X } (unlike
{Zyx}) will avoid getting trapped in a strictly local minimum of U(*). We shall infact
show that if U(*) and {£} are suitably behaved, a; = A/k and bj = B /kloglogk for k
large with B/A > C, (where Cy is a positive constant which depends only on U(+)), and
{Xy} is tight, then X; — S” as k — oo in probability. We also give a condition for the
tightness of {Xy }.

An algorithm like (1.1) was first proposed and analyzed by Kushner [2]. However,
the analysis in [2] required that the trajectories of {Xy} lie within a fixed ball (which
was achieved by modifying (1.1) near the boundary of the ball). Hence, the version of
(1.1) in [2] is only suitable for optimizing U(*) over a compact set. Some other
differences between the results presented here and [2] include conditions on {a}, {byx}

and {£y}, and also the method of analysis; these are discussed further below.



The analysis of the convergence of {Zy} is usually based on the asymptotic
behavior of the assoctated ordinary differential equation (ODE)

3(t) = —VU(a(t)) (1.3)

(c.f. [1], [3])- This motivates our analysis of the convergence of {Xy} based on the
asymptotic behavior of the associated stochastic differential equation (SDE)

dY(t) = — VU(Y(£))dt + c(t)dW(t) (1.4)

where W(¢) is a standard d-dimensional Wiener process and ¢(*) is a positive function
with ¢(t)—0 as t—oco. The diffusion Y(+) has been called continuous simulated anneal-
ing. In this context, U(x) is called the energy of state x and T(t) = c?(t)/2 is called the
temperature at time t. Continuous simulated annealing was first suggested in [4], [5] for
global optimization problems that arise in image processing applications with continu-
ous grey levels. Now the asymptotic behavior of Y(t) as t—c0 has been studied inten-
sively by a number of researchers. In [2], [5] convergence results where obtained by con-
sidering a version of (1.4) with a reflecting boundary; in [6], [7] the reflecting boundary
was removed. Our analysis of {X} is based on the analysis of Y(-) developed by Chi-
ang, Hwang and Sheu [7] who prove the following result: if U(+) is well-behaved and
c?(t) = C/logt for t large with C > Cy then Y(t)—S" at t—oo in probability. The
main difficulty associated with using Y(*) to analyze {Xy} is that we must deal with

long time intervals and slowly decreasing (unbounded) Gaussian noises.

We note that in [2] the modified version of (1.1) which constrains the trajectories of
{Xy} to lie within a fixed ball is analyzed for ay = by = A/logk, k large. Although a
detailed asymptotic description of {X} is obtained for this case, in general X /S
unless & =0. The reason for this is intuitively clear: even if {£;} is bounded, aj &y
and a; Wy can be of the same order, and hence can interfere with each other. On the
other hand, we actually allow {{} with unbounded variance, in particular
E{|& [*} = O(k") and < < 1. This has important implications when VU(+) is not
measured exactly. Also the analysis in [2] is different from what is done here, in that we
obtain the asymptotic behavior of X} as k—co from the corresponding behavior of Y(t)
as t—o0o0. However, the most significant difference between our work and what is done
in [2] (and more generally in other work on global optimization such as [8]) is that we

establish the convergence of an algorithm which finds a global minimum of a function



when it is not known apriori what bounded region contains such a point.

The paper is organized as follows. In Section 2 we state our assumptions and main
result. In Sections 3 we take up the proof of this result. In Section 4 we prove a gen-
eral tightness criterion, which is then used in Section 5 to establish tightness and ulti-

mately convergence for two example algorithms.

2. MAIN RESULT

In this Section we present our main result on the convergence of the discrete time

algorithm
X1 =Xy — ax(VUXy) + &) +beWie, k=0, (2.1)
which is closely related to the continuous time algorithm
dY(t) = — VU(Y(t))dt + c(t)dW(t), t = 0. (2.2)

Here U(+) is a smooth function on RY, {£} is a sequence of IR%-valued random vari-
ables, {Wk} is a sequence of independent d-dimensional Gaussian random variables with
E{Wy} =0 and E{W,® Wy} =1 (the identity matrix), W(-) is a standard d-
dimensional Wiener process, and

A b2 = B

- ——— , k large,
k ’ kloglogk arge

ax =

_ C
logt ’

A(t

where A, B, C are positive constants with C =B/A. Further conditions on U(+), {&},

t large,

{W } will be discussed below. It will be useful to define a continuous time interpolation
of {Xk} Let
k-1
k=Y a; , k=0,

n=0

and

X(t) =Xy , t€txtep), k= 0.



In the sequel we shall assume some or all of the following conditions (¢, 3 are con-

stants whose values will be specified later)

(A1) U(+) is a C? function from IR¢ to [0,00) such that
min U(x) =0
U(x)—co as |x |—co
|VU(x) | =00 as [x|—c0
bm (VUG [2 — AUR) > — oo

x |00

(A2)For € > 0 let

dnf(x) = %— exp |— Zligx) dx , Z° = [ exp |~ 2I€J§x) dx < o0
7¢ has a unique weak limit 7 as e—0
: VUE) x sd—s |
(A3) lx%w ( Fom T =l ) >L(d), Ld)= [m}

(A4)For k =0,1,... let F = 0o{Xo,Wo,eery Wi—1,E0y+-,Exk—1)- Let K be a compact subset
of RY. There exists L > 0 such that

E{1& P 1%} <Laf, [B{& %} <laf, VXeK, wpl.
Wy is independent of %y.

We note that the measure 7 concentrates on S°, the global minima of U(+). For
example, if S consists of a finite number of points, then 7 exists and is uniformly distri-
buted over S*. The existence of 7 and a simple characterization in terms of the Hessian
of U(+) is discussed in [9]. In [7] (A1), (A2) were needed for the analysis of Y(t) as
t—>00; here we also need (A3), (A4) for the analysis of Xj as k—o0. (A3) asserts that
VU(x) has a sufficiently large radial component for |x | large. This condition will be
used to extend an escape time estimate for {Xy} from a bounded region in the d =1
case to the d > 1 case (see Lemma 4). It may be possible to replace L(d) by 0 in (A3)
but we have not been able to do so (except of course for d =1). Note that (A3) is
implied by (A1) when d = 1.



For a process Z(*) and a function (), let E;_, {f(Z(t))} denote conditional expecta-
tion given Z(t;) = z;, and let Ethzl;tmz?{f(Z(t))} denote conditional expectation given
Z(t,) = z; and Z(t3) = 2z, (more precisely, these are suitable fixed versions of conditional
expectations). Also for a measure y(*) and a function f(+) let u(f) = [ fdu.

In [7] it was shown that there exists a constant Cq (denoted there by cp) which
plays a critical role in the convergence of Y(t) as t—0c0. Cy has an interpretation in
terms of the action functional for the dynamical system z(t) = — VU(z(t)); see [7] for an

explicit expression for Cy and some examples. Here is Chiang et. al.’s theorem on the

convergence of Y(t) as t—o0.

Theorem 1 [7]: Assume (A1), (A2) hold. Then for C > Cj and any bounded continu-

ous function f(+) on IRY
lim By, {(Y(9)} = (1) (2.3

uniformly for y, in a compact set.

Let K; CIR? and let {X1°} denote the solution of (2.1) with Xy =xo. We shall say
that {Xi“ : k= 0, x€K;} is tight if given € > O there exists a compact K, CIR¢
such that Po,xo{XkEKz} > 1—¢ for all k = 0 and xy€K,. Here is our theorem on the

convergence of X as k—oo.

Theorem 2: Assume (Al), (A2), (A3), (A4) hold with o>—1 and # > 0. Also assume
that {Xi" : k = 0, xo€K} is tight for K a compact set. Then for B/A > Cy and any

bounded continuous function f(+) on RY
Tim B, {10%)) = (1) (24

uniformly for x; in a compact set.

Remark: We specifically separate the question of tightness from convergence in
Theorem 2. It is appropriate to do this because sometimes it is convenient to first prove
tightness and then to put an algorithm into the form of (2.1) to prove convergence; an
example is given in Section 5. In Section 5 we actually give a condition for tightness of

a class of algorithms somewhat more general than (2.1), and then use it to prove



tightness and ultimately convergence for two example algorithms.

Since 7 concentrates on S*, we have, of course, that (2.3) and (2.4) imply Y(t)—-»S*

as t—o00 and Xy —8" as k—oo in probability, respectively.

The proof of Theorem 2 requires the following two Lemmas. Let 3(+) be defined by
B(s)

J

S

logs
logu

du=s*?, s>1.

 Note that s +s¥/3 < B(s) <s + 252/ for s large.

Lemma 1 [7]: Assume the conditions of Theorem 1. Then for any bounded continu-

ous function f(+) on IRY

lim (B, {f(Y(5(s)))} — (1)) = 0

§—00

uniformly for x in a compact set.

Lemma 2: Assume the conditions of Theorem 2. Then for any bounded continuous
function f(+) on IRY

lim (Boegs e (XA} — Eox{EY(EEN)) =0

uniformly for xg in a compact set and all x.

Lemma 1 is proved in [7, Lemmas 1, 2, 3]. Lemma 2 is proved in Section 3. Note
that these Lemmas involve approximation on increasingly large time intervals:
B(s) —s = s2/3 00 as s—0o. We now show how these Lemmas may be combined to

prove Theorem 2.

Proof of Theorem 2: Since §(s) is continuous and f(s)—oco as s—o0, it is enough to
show that

lim o x, {1(X(6(s)))} = (f) (2-5)

uniformly for x¢ in a compact set. We have forr > 0



[Eo,x, {{X(6(s)))} — 7(£) |
< [ Pox, {X(s)€dx} [Eox;s,x {{X(A(s))} — () |
= f Po,x, {X(s)€dx} lEO,xo;s,x {£(X(8(s)))} — (D) |

x|=<r

+2 [lfll Pox, { X(s)| > r}

Now by the tightness assumption

sup Poy, {[X(s)| > r} =0 as r—co.
Also by Lemmas 1, 2 and assumption (A2)
S |Eo,xgis,x {EX(B())} — 7(h) |
= sup |Eo,xpis,x X (B())} — Esx {H(Y(B()))} ]
+ s [Boy {HY(AE)} — 70O

+ |76 —7(f)] =0 as s—co.

(2.6)

(2.7)

(2.8)

Combining (2.6) - (2.8) and letting s—oo and then r—oo gives (2.5) and hence the

Theorem.

3. PROOF OF LEMMA 2

O

Before proceeding with the proof of Lemma 2 we address the following technical

issue. Observe that Lemma 2 is not concerned with the joint probability law of X(+)

and Y(+). Hence without loss of generality we can and will assume that
Wy = a2 (Witiesr) — Witk))

and that the following assumption holds in place of (A4):

(A4')For k =0,1,... let F = 0(Xo,Y0,&0,-yEk—1, W(s), 0 =s =ty). Let K be a com-

pact subset of IRY. There exists L > 0 such that




E{ lgk l2 Ig;k} SLaﬁ 5 IE{&( I@k}l .<_Laf2 y A4 XkGK 5 W.p.l .

W(t) — W(ty) is independent of Fy for t > t; .
It will also be convenient to define

C
2(t,) = , ]
c“(ty) Toglogk k large,

and to let c*(*) be a piecewise linear interpolation of {c?(ty)}. Note that

c®(t) ~ C/logt, and since C = B/A we have \/ay c(ty) = by.

In the sequel c;,c9,... denote positive constants whose value may changes from

proof to proof.
The proof of Lemma 2 is based on the following three Lemmas. For s, R > 0

define the exit times
o(s,R) =inf{t = s: [X(t)| > R}
(s,R) =inf{t = s: |Y(t)] > R}
Lemma 3 [7, p. 745]: Assume the conditions of Theorem 1. Then given r > 0 there
exists R > r such that
lim Py, {r(s,R) > fB(s)} =1
s—00

uniformly for |x| <r.

Lemma 4: Assume the conditions of Theorem 2. Then given r > 0 there exists R > r

such that
sl—l-?:o Po,xgs,x {o(s,R) > B(s)} =1

uniformly for |x| <r and all x,.

Lemma b: Assume the conditions of Theorem 2. Then for 0 < r < R
Jim Eo,xqis,x {IX(6(s)) = Y(BENI?, ofs,R)A 7(s,R) > ((s)} =0

uniformly for |x| <r and all x,.
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The proofs of Lemmas 4, 5 are given below. We now show how these Lemmas may

be combined to prove Lemma 2.

Proof of Lemma 2: Given r > 0 choose R > r as in Lemmas 3,4. Fix s > 0 for the
moment and let o= o(s,R), 7 =7(s,R). Henceforth assume all quantities are condi-

tioned on X(0) = xo, X(s) = Y(s) =x, |x| <r. We have
[E{EX(B(s))} — BAE(Y(B(s))} |

< E{If(X(8(s))) — ((Y(BEN | s oA 7> Bls)}
+2 ||f]| P{oA 7 < [f(s)} (3.1)

Now by Lemmas 3, 4
P{oA 7 =<pP(s)} =0 as s—o0 (3.2)

Also, since f(+) is uniformly continuous on a compact, given € > 0 there exists 6 > 0
such that |f(u) —f(v)]| < € whenever |u—v| < §and |u|, |[v| = R. Hence using the
Chebyshev inequality and Lemma 5

E{ lf(X(ﬁ(S))) — £(Y(8(s))) ' , ON T > 5(5)}

<2 |If|| P{IX(B(s)) — Y(B) | = 6, oA 7> B(s)} +¢

= A0 B {Ix(6e) ~ YEN I oA 7> B} +e

—€ as s—00. (3.3)

Combining (3.1)-(3.3) and letting s—00 and then €—0 gives the Lemma.
O

The proofs of Lemmas 4, 5 involve comparisons betweén X(+) and Y(*). Define
¢(*s*) by
Y(t) = Y(s) — (t—s) (VU(Y(5)) + ¢(s,1)) + e[s)(W(t) — W(s))

fort = s = 0. To compare X(*) and Y(*) we will need statistics for ¢(¢,*).
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Proposition 1: Forevery R > 0

Es,y { k(s’t/\ T(SaR)) |2} = O( |t—s l)

as tl]s, uniformly for s = 0 and all y.

Proof: In this proof we can and will assume that VU(¢) is bounded and Lipshitz (note
that U(+) is C? and |[Y(u)| <R fors <u <tA 7(s,R)). Fixs = 0 and let 7 = 7(s,R).

Henceforth assume all quantities are conditioned on Y(s) =y. Now for t = s we can

write
tA T tA T
(t=s)¢(s,t A ) = [ (VU(Y(u)) — VU(Y(s))du — [ (c(u) —c(s))dW(u). (3.4)

Let d;,d, be Lipshitz constants for VU(), ¢(¢), respectively. Then

tA 7 t

E{| [ (VU(Y(u)) — VU(Y(s)))du |*} =diE{(] [Y() — Y(s) |du)*}

t
<2 d}(t—s) [ E{[Y(u) — Y(s) |*}du = O((t—s)?) (3.5)

and

tA T t

E{] [ (c(u) —e(s))dW(u) |’} = [ le(u) — c(s) [*du

<d} [ (u—s)*du = O((t—s)?) (3.6)

0 Sy o+

as tls, uniformly for s = 0 and all y. The Proposition follows from (3.4)-(3.6).
O

Corollary 1: Given R > 0 let ¢ = ¢(ty,tx41 A 7(tx,R)). Then there exists M > 0
such that

E{la P 1%} =Mz, |E{x |F}] <Ma}? w.p.l.
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Proof: Observe that ¢ is {Y(tyx), W(t) — W(tx), tx < t =<ty,;} measurable. Since
Y(ty) is % measurable and {W(t) — W(ty), tx <t <ty,;} is independent of %, we
must have P{¢ € |% } = P{c € |Y(ty)} w.p.1. The Corollary now follows from Propo-

sition 1 and Holder’s inequality.

O

3.1. Proof of Lemma 4

The idea behind this proof is to compare X(t) and Y(t) in such a way as to elim-
inate the slowly decreasing Gaussian noise (i.e. the by Wy term) between them. Then
the escape time estimate for X(t) from a bounded region essentially follows from that

for Y(t) in Lemma 3. It seems very difficult to work directly with X(t).

For each n let k, be the interger which satisfies 5(t,)€[tx ,tx_, ). We shall show
there exists R > r such that

nlirllt;lo PO,xo;tn,x {O-(tn’R) > tkn} =1 (3’7)

uniformly for |x| <r and all xop. The Lemma then follows by some minor details

which are omitted.

By Lemma 3 there exists R; > r such that

lim Py {7(ts,R1) >ty } =1
n—00

uniformly for |x| <r. Hence (3.7) will follow if we can show there exists R > r such
that

nli.nio Poxgt. x 10(tn,R) =tx_, 7(tz,R1) >t } =0 (3.8)

uniformly for |x| <r and all xo. We shall first assume d = 1 (the scalar case) and then

generalize to d > 1. The generalization to d > 1 requires condition (A3).

Proof for d=1: In view of (A1) there exists R, > R; such that
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sup U(x) < inf Ulx),
[x|=R,

x= “‘RQ

inf U(x) > sup U(x).

x= R, x| =R,
Let R; = Ro+1 and Ry = 2R3 + 3R;. We shall show that (3.8) holds with R = Rj.
Fix n for the moment and let o = o(ty,Ry), 7 = 7(t4,Ry). Let

¢ = (bt A 7(tk,R1))
and
Y1 = Y — 2 (VU(Yx) + ¢k) + bWy
Note that if Y(t,) =Y, and 7 = t, = t, then Y(tx) = Yy. Henceforth assume all
quantities are conditioned on X(0) =X, =%, X(t,) =X; =Y(t,) =Y, =%, [x]| =r.

We proceed by observing that if the event {o< tkn} occurs then either

e atsome timek, n <k < k,, Xy jumps from [—Ry4,R;] to (R3,00) or from [—Ry,Ry]
to (—oo,—R3)

e at some time k, n <k < k;, Xy jumps from [~R4,R,] to (Rz,R3], and exits from
(Ry,R4] to (R4,00) at some time €, k < € <k,

e at some time k, n <k < k,, Xy jumps from [-Rs,R4] to [-R3,—R;), and exits
from [—R4,—Rj) to (—oo,—R4) at some time ¢, k < € <k,

Now define %, -stopping times

pf =inf{k > n: X, <R;, Ry <Xy <R3}
vi =inf{k > pf : Xx =Ry}
pg =inf{k > vf : X33 <R;, Ry <Xy <R3}
inf{k > pg : Xy <R,}

I

Vi

and
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py =inf{k > n: X3_; = Ry, —R; =Xy < —R,}
vy =inf{k > pu7 : X = —Ry}

pz =inf{k > 17 : X33 = —Ry, R =X < —R,}
vy =inf{k > p3 : X4 = Ry}

Note that if uf, um < k, then we must have m <m, (where m, =< (k,—n)/2)). Hence

if we let

k1
D, = kU {~R4 =Xy <Ry, Xpp > Ry} U{R, =Xy <Ry, Xyy < —R3},
=n

m,

Ef= U {t”;<0'<tl,;, o=ty , T>tkn}’
m=1
mn

BD = 1{t";‘<0<t";" o=t , T>ty},
m=

then

P{o <ty , 7>t } <P{Dy}+P{Ef} +P{E;}

Claim 1: lim P{D,} = 0 uniformly for |x| <r and all x,.

n—o0

Claim 2: lim P{EF } = 0 uniformly for |x|=<r and all x,.
n—oo

Assuming that Claims 1, 2 hold, we have P{o < by, T > tk,,} — 0 as n—0o0. And

the convergence is uniform for |x |<r and all xy. This proves (3.8) and hence Lemma 4

when d = 1.

Proof of Claim 1: Using the Chebyshev inequality and a standard estimate for the

tail probability of a Gaussian random variable we have
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k,—1
P{DD}S E P{—'R4 S Xk S Rz,Xk+1 —Xk >R3—R2} U {“Rz ..<... Xk S R4,Xk+1’—“Xk <“‘(R3 —Rz)}

k=n

k,~1
< Y P{|Xx =Ry, [Xxs1—Xx [>R3—R,}
k=n

k,—1 ,

=¥ P{IXy =Ry, |—ap (U (Xi)+E)+b Wi | >Rs—R,}
k=n
k1

< ¥ (P{[Xc |=Ry, ax |& |>R3—R2)/3} + P{bx Wy |>(R3—Ryz)/3}, nlarge
k=n

k,—1 .,
<c¢; ¥ EE{|& % X |=R} + exp(_g_z_))
k=n i

ka1 24 Co
=cz3 Y (ak™® + exp(——))
K bi

=n
> 1

= CskZ ( K2to + exp(—c4k)) =0 as n—0,
=n

since & > —1. This completes the proof of Claim 1.

Proof of Claim 2:

Since the proofs for Ef and E; are symmetric, we shall only consider EJ. For

convenience we suppress the + sign throughout i.e. E; 2B, uy A uf , vy 203,

Forl =m =<m, let
Epm={t, <o<t, ,0=t , 7>t}

‘We have
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ky,
P{En,m}=P k=%1)+2 {tﬂm < t < th y O=1 , 7> tkn}

ko

=PkU2{Xk_Yk >Ry —Ry, by, <t <t, ,o=tg, 7>t}
=n-
k,

SPkuz{Xk —Yy >Ry =Ry, t, <ty <t, A oA 7}
=n+

=P Xy —Yy] >Ry —R
{kitpm<tk5tf,ia/‘\xa/\ A tkn [ k k] 4 1}

Yhifwwm%vm»
=i

=P { max X,
k:tpm<tkStum/\ oA TA tkn

m

~ S aelée — o) > Ry —Ry)
C=iim

Suppose t, <ty =<t, A oA TA tr. Then X, €Rs,R3], Y, €(—R;,R;), which
implies X, —7Y, <R3 +R; =(Ry —Ry)/2. Also X,€(Rjy,Ry4], Y,E(—Ry,R;) for all
¢ such that py <¢ < k, which implies U(X,) —U(Ys) > 0 for all ¢ such that
Un =€ < k. Now let

M = (& — )X |<Ry)
Note that by (A4') and Corollary 1
E{|m [* |%} =ciag™ ', [B{n [F} ] <craft 2 wopr

Hence
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k—1
P{E <P - 2
{ nm} { <tk_tma/"\x0'/\ TA ty [_2 B¢ e > Rl)/ }
k—1
=P{ max Y aeme > (Ry —Ry)/2}

Mm<kS v A kn £=

=P max asnsl > (R, —Ry)/2
{D+1<k<k -1 €—§+1 ¢Te {/‘l‘m £<Vm} 4 1)/}

k
=P max a —F F,\1
{n+15k5kn—1 [33“ e(ne {ne |%e}) (= €<V}

E{ne |F: 31, <e<w + —R1)/2 3.9
t B N Bl > R R/ (39

But

k
=
n+1§ff<f‘kn—1 le=§+1 2 B I‘jp{}l{pmSkum} |

k1
< Y ag |[E{ne|%e}]
f=n+1

<¢ 30&)3/2) A (148)

f=n+1

*® 1
=c; 3 (B2)A (1+58)

" — 0 as n—co (3.10)
f=n+1

since § > 0. Combining (3.9), (3.10) gives for n large enough

k
P{E,n}<P{ max Y ae(ne—E{ne |Fe})1(y <e<vy>Rye—Ry)/4} (3.11)
n+l=<k=k,~1lp
Let 7 = — E{nx %} and
k

Smx = Y aefle L, <e<vy» k= ntl.
f=n+1

Since ¢ is Fpyy measurable and {uy < €<vp }€F, {Sm,k,?ﬁkﬂ Y= n+1 is a martingale.
Hence applying Doob’s inequality to (3.11) gives for n large enough
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PBan} = P{ max  Sux> (Rs—Ri)/4}

<c3 E{SZ%y 1}

k,—1
=cz B a E{ 7 |21{;Lm.<.k<um}}
k=n+1

Finally
mn
P{E,} =Y P{Eyn}
m=1

k=1 m,

<c; Y afE{|® ¥ 1 <x<i)
k=n+1 m=1
k. —1

<c3 N af E{[# |’}
k=n+1

k,—1 ;
<c3 N af E{|n [’}
k=n+1

k.—
2 a]:i A (2+a)
k=n+1

504

o0

¢ Y
3A (2+
k=n+1 k (2+a)

— 0 as n—oo

since o > —1. This completes the proof of Claim 2.

Proof ford>1:
We now show how the above proof for d = 1 can be extended tod > 1.

Let u! denote the it component of a vector u. Suppose for the moment that there
exists R, > R; such that for R3 =Ry 4+ 1 and R4 = 2R3 + 3R; we have
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ou
su —(x) < —_— 3.12
SR W< it o), (3.12)
inf —(x) Ny, (3.13)
x> R2 X’l<R1V] 8xl
[ |<R,V j=i

Fors > 0,Ry; > 0,and i =1,...,d let
oi(s,Ro) = 1nf{t = s: |X‘(t)| > Ro}
Then we can show that as n—oo0
P xt, x{0(tas VARS) Sty , 7(ts,Ry) > b }

d
SE 0,%o;tp, x{a t1171:{4) —-tk ’ 1(tn’R4) - (tn,RA) v j?éla T(tn:Rl) > tkn} —0

similarly to the proof given above that
PO,xo;tn,x{O(tnaR4) —<—tk,1 ’ T(tn)Rl) > tkn} —0

in the scalar case d = 1. So (3.8) and hence Lemma 4 holds for R = Va Ry.
It remains to establish (3.12) and (3.13). We only consider (3.13). Let

~

X = -I)—;T ) |X| >0
5 _ _VUR) — <VUE)%>%
IVUx) — <VUE),%>%|

—o , |VUR) - <VUR),E>%] =0

|VU(x) — <VU@),8>% | > 0

Of course <%,0> =0. Let

<VU(x),0> <B,ei>
<VU(x),&> <%,el >

g(x) =

i
, X large,

where el is the jth standard basis element in RY. Let

DRy)={x:x= Ry, |x¥| =Ry Vj#i}. Then using (A3)
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lim
R2—)00 XED(I}.;Q)

VUE) |2 — <VUx),&>2 | 1— <g,e>?

< lim
Rymsco xenéio) <VU(x),§c>2 <%l >2
- X\ -2 Ix |* — ')
T —qf X&)
R;Erloo <eD( R,) < |VU X)l Ix | ! (x')?

< (L(d)"2 —1)4(d-1) =1

and the same inequality holds with g?(x) replace by g(x). Hence

lim inf —G——U—(x)
RQ—boo XED(R?) 8Xl

= lim inf [<VU®),%><%,e> + <VU(x),0> <6 >]
Ro— o0 XED(R‘Z)

> lim inf <VUE)><%e>(1 —gx
Im st <VUK) (1 ~ &)

o . X) x x! _
e SALCIES e = DR - SO

Ro—o0

g}g (+) is bounded on a compact set (3.13) and similarly (3.12) follows. This com-

pletes the proof of Lemma 4.

3.2. Proof of Lemma b

The idea behind this proof is that if X(s) =Y(s) and X(t) and Y(t) remain in a
fixed bounded set on large time intervals t€[s,5(s)] (and they do by Lemmas 3 and 4),
then we can develop a recursion for estimating E{ |X(8(s)) — Y(8(s)) |}, and from the
recursion we can show that E{ [X(B(s)) — Y(B(s)) |*}—0 as s—oo. This is true even
though the interval length f(s) — s — oo as s—oc0.

For each n let k, be the integer which satisfies ((t,)€[ty ,tx ,,). We shall show
that
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nl—i—rn:o Eo xotox LIX(tx,) — Yt ) >, o(tn,R)A 7(t5,R) >ty }=0.  (3.14)

The Lemma then follows by some minor details which are omitted.

In this proof we can and will assume that VU(+) is bounded and Lipshitz, and &
satisfies (A4') with K = IR i.e.

E{l& I 19} <Laf, [E{& |%}| <Laf wop1 (3.15)
(note that U(+) is C? and if oft;,R)A 7(ty,R) >ty then [X(t)]|, [Y(t)]| = R for

ty <t <ty ).
Fix n for the moment and let 0 = o(t;,R), 7 = 7(t,,R). Let
G = S(tisterr A 7(toR))
and
Yieyr =Yy — ax(VU(Yy) + i) + bWy

Note that if Y(t,) =Y, and 7 > ti_ then Y(ty ) =Yy . Henceforth assume all quanti-
ties are conditioned on X(0) = Xy = %o, X(t;) =X =Y(t,) =Y, =%, |x| <r. Then

E{|X(tx,) = Y(t,) I*s oA 7>t }=E{|X, =Y, [*, oA 7>t}
<E{[Xx, — Yy, I} (3.16)
We proceed to show that the r.s. of (3.16) tends to 0 as n—co. Let
Ap =Xy — Y, M =8 — -
Note that by (3.15) and Corollary 1
E{In I 1%} <ciaf” ', [B{nc %} Sciaf 0 wpa

Now using Holder’s inequality and the fact that Xy, Y and hence Ay are ¥y measur-

able we have
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E{|Ac P} =E{|Ak — a(VUX+Ay) — VUXy) + m) [P}
=E{|Ax |*}
— 22y E{< Ay, VU(X+Ay) — VUXy) > }
— 2ay B{<A,m >}
+af B{|[VUXy + Ay) — VUX) [P}
+ 2af E{<VUXy + Ax) — VU(Xy) , m>}
+af E{Ink |}
=E{|a¢ [’}
+2dyaE{ | Ay [}
+ 22y B{|Ay P} B{IE{m |%c} IP}/?
+2d%af E{|Ax |}
+2diaf E{ Ay P}/ B{|[E{nc |%d} P}/
+ af B{E{|n I* 1%}}
= (1 + ca) E{|Ax [P} + caf
where d; is a Lipshitz constant for VU(+) and § =min[3/2, 2 + o, 1 + f]. Using the
assumptions that @ > —1, § > 0 we have § > 1. Now for each n
E{|Ars I?} (1 + coa)E{JAL ?} +cpa) , k= n
E{|a, |’} =0
and if we replace the inequality with equality the resulting difference equation is

unstable as k—oo0 (recall that a, = A /k, k large). Nonetheless, we make the following

Claim 3: There exists v > 1 such that

lim sup_ E{|A |*} =0.

n—oo kit <t <At,

Assume the Claim holds. Since t =< f(t,) <t, + 2t23 < ~t, for n large, it follows
that
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lim E{|Ag |’} =0.
n-—+00

This proves (3.14) and hence Lemma 5. It remains to prove the Claim.

Proof of Claim 3: For each n let {un,k}kz n be a sequence of nonnegative numbers

such that
U1 < (1+a)uny +af, k= n
upn =0,

where 6 > 1. Now

k=1 , k-l k-1 k—1
U = Y an I (1+at’) = ( b am) ¢ eXP( > am)9
m=n m=n

m=n f=m+1

since 1+x =< €. Also vkla, < A(log(k/n)+1/n) and
Tk-1¢ < A(l/((?—l)n“’ﬂ_1 + l/n‘s), and if ty < ~t, then k < ¢; n?. Choose 7y such
that 1 < v < 1 + (6—1)/A. It follows that

sup Uy < cen{T VA1) 0 a5n — 0.
kit, <t <~t, '

The Claim follows by setting u, x = E{ A |2}
Remark: The proof of Claim 3 does not work if a; = A /k” for any n < 1.

4. GENERAL TIGHTNESS CRITERION

In this Section we consider the tightness of an algorithm of the form
Xir1 =Xy — ap(e(Xi) + &) +xWi, k=0 (4.1)
where {2y}, {by}, {€k}, {Wx} are defined as in Section 2 and i () is specified below.

We will deal with the following conditions in this Section (¢, B, 71, V2 are constants

whose values will be specified later).

(B1) For k = 0,1,..., let F = o(Xo,Wo,.e0y Wi—1,€0y--+y€k—1). There exists L; > 0 such
that

E{|& P 1%} <Liaf, |BE{&|%)]| <L;jaf  wopa
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(B2)For k =0,1,..,, let {¢)(x): x€R?} be an R¥-valued random vector field
(B3) Let K be a compact subset of IRY. There exists Ly > 0 such that

E{|hX) |? |9} <L, Vx€K, w.p.1

(B4) There exists Lz, R > 0 such that

2
B9 = L 2L v k| >R wpa
ax

(B5) There exists Ly, R > 0 such that

2
E{ | (x) |* |%} <L x| V x| >R, w.p.l

ay’
(B6) There exists Ls, R > 0 such that

E{<{(x),x> |#} = Ls E{ () | x| |} V x| >R, w.p.1

Theorem 3: Assume that (B1)-(B6) hold with o > —1, § > 0and 0 <7; <+, < 1.
Let {Xy} be given by (4.1) and K be a compact subset of IR? Then

{Xi" k=0, x EK} is a tight sequence of random variables.

The proof of Theorem 3 will require the following Lemmas.

Lemma 6: Assume the conditions of Theorem 3. Then there exists an integer ky and

an M; > 0 such that

for k = kg and all xq.

Proof: Assume all quantities are conditioned on Xy =x3. Now it follows from (B2)-
(B6) and the fact that X is ¥y -measurable that

E{ (X)) [, X [=R} <Ly
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E{l(Xx) I, Xk | > R} = Laay " E{|X |, [Xx| >R}
E{|X) 1>, Xk | > R} <Lg 2y " E{|X |?, |Xx| > R}
and

E{<t(Xy), Xx>, Xy | >R} = LsLé/za;%/z E{IX % IX| > R}.

Let DEF,. Then using Holder’s inequality and the fact that Xy is %, measurable and
Wy is independent of %, we have
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E{ X1 [*,D} — E{ Xk |*,D}
=E{ Xk — ar(d(Xy) + &) + bWy [>,D} — E{ X |*,D}
= — 2a B{<Xy, % (Xx)>,D}
— 2a, B{<X,&>,D}
+ 2by E{<Xy, W, >,D}
+ af B{ [ (Xx) I, D}
+ 22§ B{<t(X), & >,D}
— 2ay by E{<¢‘k(Xk):Wk>’D}
+af E{|& [%,D}
— 2aby E{<&, W, >,D}
+ b E{|Wy |*,D}
< — 28 E{<Xy, % (Xx)>,D}
+ 22y E{ X [°,D}'/2 E{|E{& |} P}/
+ 2by E{<Xy,E{Wy}>,D}
+af E{|%(Xy) I*,D}
+ 2af E{ | (Xx) I, D} EE{ & P |91}
+ 2ayby B{ | (X)) 7, D}/ E{|W [}/2
+af B{E{|& I* [#c}}
+ 2aby B{E{|& I” [F )12 E{[W, [P}1/2

+ bk B{ |Wy |*}

Let D = {X; > R}. Then using (4.2) we have

(4.2)
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E{ X1 I*, X | >R} —E{[X ", X | >R}
<—ap P E{IX|?, [Xx| >R}
+eo((al +ai ) B{IX 2, Xk | > R} +af2 +agby +bf)
where & = min[14+06, 2—,, 2+(a—2)/2], & = min[1+5, 2+(a—Ys)/2, 2+0¢], and
63 =min[l—y, /2, 14a/2] .  Using the assumptions that o> —1, (>0,
0<7 <7 <1lwehaved > 1,8 > 1and § > 1/2, and since by = o(a,]lc/z) we get
E{|Xe41 %, X | >R} —E{IXx >, Xk | > R}
<(—csap ™ +o(ay N E{IXc |7, X | > R} + ofay %)
<—cqay " B{[Xx '} R~ 1) (4.3)
for all k = kg, if we choose kg large enough.
Let D = {X; < R}. Then using (4.2) we have

E{Xe I? Xl = R} —E{IX [*, X | =R}

< cs(afg‘ + affbk + bﬁ)

where 6 =min[l,1+8,2+¢/2,2+ ¢ and & =min[l, 1+ «/2]. Using the
assumptions that o > —1, 8 > 0 we have §; =1 and & > 1/2, and since by = o(a}/?)

we get

E{|Xxu1 1?5 X | =R} —-E{IX |?, Xk | =R}

<cgay <cgar "2 (4.4)
forallk = 0.

Finally, let M; =cg/cs + R + 1. Then combining (4.3), (4.4) gives the Lemma.
O
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Lemma 7: Assume the conditions of Theorem 3. Then there exists an My > 0 such
that

Eox, { IXit1 I} —Eox, { Xk I?} S Ma(Box, { Xk 2} +1)

for k = 0 and all x,.

Proof: Similiarly to the proof of Lemma 6 we can show that conditioned on X, = x,
E{ X1 P, X | >R} =E{[X I*, X | >R} =cia}? B{IXc I*} + 1)
and

E{[Xut: I*) X | SR} —E{IX( |*, Xk | SR} <c12

Combining these equations gives the Lemma.

O

Proof of Theorem 3: Let M;, M,, and ky be as in Lemmas 6, 7. By Lemma 7 there

exists ¢; = M; such that

Eox {IXx I’} <e1, Vk=<ky, x€K,
and by Lemmas 6 and 7 we also have

Eo,xo{ X1 I} = Box { X I’} =0 if Bou{ X I’} =
and
Eo,x,{ Xics1 I} = Boxo{ Xk I*} =M (Eox { Xk I’} + 1)

for k = ko and all xg. Let ¢; =¢; +M;y(c; + 1). Then by induction we get

Eox { Xk I’} <S¢z, Yk = 0, x6€K,

and the tightness of {Xi" : k= 0, x€K} follows from this.
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5. TIGHTNESS AND CONVERGENCE FOR TWO EXAMPLE
ALGORITHMS

In this Section we apply Theorems 2, 3 to establish the tightness and ultimately
the convergence of two example algorithms. Define U(+), {ax}, {bx}, {€k}, {Wyk} as in

Section 2. We will need to consider one or both of the following conditions:

x| o0

= T
Example 1:

Here we consider the following algorithm:

Xip1 =Xy — 2 (VUXy) + &) + bWy, k=0 (5.1)

Theorem 4: Assume (A1)-(A3), (B1), (A5), (A6) hold with o > —1, § > 0. Let {Xy}
be given by (5.1). Then for B/A > Cj and any bounded continuous function f(*) on
IRd

Jim By, {600} = n(6)

uniformly for xg in a compact set.

Proof: The assumptions of Theorem 2 and Theorem 3 (with ¢ (x) = VU(x) and
Y1 = Yo = 0) are satisfied.
O

Observe that the proof of tightness of {X}°} using Theorem 3 requires that (A5),
(AS) hold, i.e. there exists M, M, such that
M x| = |[VUE)| =M, x|, |x] large.

Intuitively, the upper bound on |VU(x)| is needed to prevent potentially unbounded
oscillations of {Xy} around the origin. It would be desirable to modify (5.1) in such a
way that the lower bound on |VU(x) | (i.e. (A5)) but not the upper bound on |VU(x) |
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(i.e. (AS6)) is needed. Since we still want convergence to a global minimum of U(+)
which is not known to lie in a specified bounded domain, standard multiplier and pro-
jection methods [1] are precluded. The next example gives a modification of (5.1) which

has the desired properties.

Example 2:

Here we consider the following algorithm:

. le IV 1
X1 =X —a (VUX)+HE )b Wy if [VUX )+ | = —
¥
X iV 1
aj

where v > 0. Intuitively, note that if K is a fixed compact set, X €K, &, is not too
large, and k is very large, then X is updated to Xj.; as in (5.1). Also note that in (5.2)
(like (5.1)), VU(Xy) and & only appear as the sum VU(Xy) + &. This means that we
can use noisy or imprecise measurements of VU(*) in (5.2) in exactly the same way as in
(5.1).

Theorem 5: Assume (A1)-(A3), (B1), (A5) (but not necessarily (A6)) hold with o > 0.
Let {X;} be given by (5.2) with 0 < v < 1/2. Then for B/A > Cy and any bounded

continuous function f(+) on IR¢
lim By, {£05)} = (1) (53)

uniformly for x; in a compact set.

Proof: Let
X1 = X — a(VU(Xy) + &) + bWy, (5.4)

(this defines &3) and %y = 0(Xo,€0,)Ek1,WossWi_1). We shall show that
(&,Wk,g‘?’k) satisfies (A4). Hence by Theorem 2 if {Xi°: k = 0, x€K} is tight for K
compact then (5.3) holds.
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Let
) = VUG if VUG + 6| = DL
k
=;£ﬁ- if IVU(X)+€1<|>—1)—{L—:Z/—1.
Let
Xierr = Xy — a(e(X) + k) + bWy, (5.5)
(this defines £y) and %y = 0(X0,€0 5 - s k1 » Wo 5 v, Wi_1). We shall show that

(€, Wi, Fy) satisfies (B1) and (i (x), %) satisfies (B2)-(B6) with v, =0, vy, = 2.
Hence by Theorem 3 {Xi" : k = 0, xo€K} is tight for K compact and (5.3) does hold.

These assertions are proved in Claims 4 and 5 below.

Remark: The proof shows the importance of separating the tightness and convergence
issues. Even though we can write algorithm (5.2) in the form of algorithm (5.4), we can
not apply Theorem 3 to (5.4) to prove tightness because U(*) may not satisfy (A6), and
£} may not satisfy (B1) even though &y satisfies (B1).

Claim 4: Let K be a compact subset of IRY. Then there exists M; > 0 such that
E{ I&i{ |2 I‘@Jk} SMla‘ﬁ ’ \4 XkEK ’ W'p'l'

Also, Wy is independent of 97';{.

Proof: Clearly

' . IXk lV 1
€ = & it |VUXy) + & | = ———,
ax
Xy ) X v 1
= X VUK if |[VUX) + & | > ———— .
ay ay

Hence for X €K and k large enough
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E{ & I* |%i}
Xk X[V 1
<E{l& * 1%} + B{|— - VUX) I* , IVUX) + & | > ————— |%}
ay ay
¢ X, |V 1
=Ljag + ;—213‘ Pr{ [VU(Xy) + & | > Y |}
i K

C1 Co
=<L;af + "z Pr{|& | > T | %}
k k
<Ljaf +c3 B{[& |? |} =Mjaf  wpd,

where we have used the Chebyshev inequality. It is easy to see that the inequality actu-

ally holds for all k = 0. Since g'TIkC?}"k the Claim follows.

Claim 5: Let K be a compact subset of RY. Then there exists My, My, M3z, My, Ms,
R > 0 such that

(i) E{ l&x |2 lgff(} <M;af w.p.1. Also Wy is independent of Fy
(i) E{|u®) 1?19} =M, Vx€K, wpl
() B IF) = My kP ¥ k[ >R, wp

) 2
@ Bl P19y =m B v k>R, v

() B{<h®x>|F) = Ms B{lu@) x| 1%} ¥ k| >R, wpl

Proof: First observe that (iii) and (v) follow immediately from (A3) and (A5).

(i): Clearly ,
X |V 1

& = & it |[VUX) +& | = >
ax

. X [V 1

= 0 if lVU(Xk) + gk l > —T'—
k

Hence
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E{l& P 1) <B{l& * |%} sMjaf  wopa

Since %, C% (i) must hold.

(ii): For x€K and k large enough
E{ [ () I* |9}

2
< |VURE) |* + | l Pr{|VU®x) + & | > —E(LI— |}
af’!

ax

C1 Co
=¢ +aTPT{|fk| > " | % }
k X

<c; +e3B{|& P |FA} =M, wopd,

where we have used the Chebyshev inequality. It is easy to see that the inequality actu-
ally holds for x€K and all k = 0. Since %, C%; (ii) must hold.

(iv): For |x| large enough and k = 0

E{ [t () |* | %}

V1
<V 1 g,

= L 4 [vuw P p{Ivo) + & | =
af’ 2k

IA

"‘k' +E(IVUW 2, |VUR)| < ’X'+|sk||fk}

27

2 2
<o BL Lam(le play =m EL wpn
ax af

Since ¥ CFy (iv) must hold. This completes the proof of the Claim and hence the

Theorem.

O

As a final note observe that the algorithm (5.1) does require (A6), and also (B1)
with & > —1, 8 > 0. On the other hand, the algorithm (5.2) does not require (A6), but
does require (B1) with o > 0 (and hence 8 > 0 by Holder’s inequality). It may be pos-

sible to allow {{} with unbounded variance in (5.2) but this would require some
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additional assumptions on {£;} and we do not pursue this.
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