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Abstract

The g¢-deformations of enveloping algebras of classical Lie algebras, or quantized enveloping
algebras U(g), and their representations provide natural settings for the action, due to Lusztig,
of the corresponding braid groups. Objects of particular interest are the zero weight spaces
of U(g)-modules, since they are stable under the braid group action. We prove that for a
certain class of simple U(sl,41)-modules, the action of the braid group B, of type A,, on the
zero weight space is irreducible. In particular, we show that there is a two parameter family
of simple U(sl,41)-modules for which the B, action on the zero weight space is irreducible.
Considering a special case, we show that for each k£ € N, there is an irreducible B,,-module of
dimension ("t;71).

The special case of type A; is studied in detail, and from it we deduce that B; acts irreducibly
on the zero weight space of all simple U(sl3)-modules. We also deduce some interesting results

about the braid group action at roots of unity from this case.

Thesis Supervisor: George Lusztig
Title: Professor of Mathematics
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Irreducible Representations of Braid Groups via
Quantized Enveloping Algebras

On Kang Kwon

Introduction

Let U be a quantized enveloping algebra corresponding to a Cartan matrix (a;;), and let
V' be an irreducible representation of U. In [L1] and [L3] Lusztig defined an action of the
braid group, B, corresponding to (a;;) on U and on V, thereby providing natural settings for
the action of the braid group. The action of B permutes the non-zero weight spaces of V -
according to the action of the Weyl group on the weights — while keeping the zero weight space
stable. The question arises whether the restricted action of the braid group on the zero weight
space is irreducible, and the main aim of this thesis is to answer that question in the affirmative
for a certain class of simple U(sl,41)-modules. In particular, we prove that for each n > 2,
there is a two parameter family of U(sl,4;)-modules for which the action of B, on the zero
weight space is irreducible. Looking at a special case, we deduce that for each k € N there is
an irreducible B,-module of dimension (”"': -h.

In the case of type A,, some computations are carried out to determine explicitly the matrices
of the braid group generators with respect to Lusztig’s canonical basis. From these we deduce
that the braid group of type A; acts irreducibly on the zero weight space of every simple U(sl3)-
module. We also deduce some interesting results about the braid groups of type A, when v is
specialized to a root of unity from these computations.

We include an algebraic proof that the action of the braid groups of type A,, on the zero
weight space of the tensor power V®"+! of the standard representation of U, reduces to a Hecke
algebra action. And from this we obtain a proof of the irreducibility of the braid group action
on the zero weight space of the simple constituents of V®7+1,

Having obtained a class of irreducible representations of braid groups of type A,, a natural
question arises: To what extent do they exhaust the set of all irreducible representations of the
braid groups of type A,7 A small digression is made to determine this for the 2-dimensional
representations in the case n = 2.

1. Preliminaries

We collect here some basic definitions and well-known results which we will need. The basic
references for this chapter are [L1] and [L3].

1.1. Quantized Enveloping Algebras. We begin by giving a brief description of quantized
enveloping algebras. Let (a;;),1 < ¢,j < n, be a Cartan matrix, and let (d;,... ,d,), where
d; € {1,2,3}, be the vector with d; + - - -+ d, minimal such that the matrix (d;a;;) is symmetric.

Let v be an indeterminate, and for n € Z and d € Nq define [r]g = (v¥" —v~9") /(v —v~9).
Note that [—-n]q = —[n]s. Next, for n € Z and r € N, define

(rly = [](¥la, and md:[nu[n—lld--;[n-wud.

k=1 [r]d

The quantized enveloping algebra corresponding to (a;;) (see [L1, Section 2]) is then the
C(v)-algebra U defined by the generators E;, Fj, K;, K[! (1 < i< n) and the relations

K.K;=K;K:, KK '=K7K =1,
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K;E; = vd'a"EjI\",', K F; = pdiais F;K;,

K- K[!
E,F] - FJE, = 6,Jm,
Y. (FVEPEED =0 ifi#j,
p+g=1-ai;
Y (-EPRF? =0 ifi#j,
pt+eg=l-ai,

where EP) = E?/[p]y, and FP = F?/[ply,. There is a Hopf algebra structure on U with
comultiplication A, antipode S, and counit € defined by

AE;=E;®1+K;®E;, AF;=F,®K'+1®F;, AKi=K:QK,
SE; = -K['E;, SF; = -F,K;, SK; =K1,
GE,' =0, GF,'=0, GK,'= 1.

The iteration of A gives an algebra homomorphism A(™:U — U®" which is well defined by
the coassociativity of A.

Let U~, U and U* be the C(v)-subalgebras of U generated, respectively, by the F,’s,
Kiﬂ’s, and E;’s. Then we have the triangular decomposition U~ @ U° @ U+ = U, where the
isomorphism is given by v~ ® v’ @ u* — u~ulut (see [L3,3.2)).

If g is the Lie algebra corresponding to (a;;), then we will often write U(g) to denote the
quantized enveloping algebra corresponding to (a;;).

Ezample 1.1.1. U(sly41). In this case the Cartan matrix (ai;) is given by ai; = 2, a;; = -1
(lt=jl = 1), and a;; = 0 (Ji — j| > 1), where 1 < 4,7 < n. So the explicit relations for U(sl,4;)
are

K:K; = K;K;, KiKi‘l = K;'II({ =1,

v E;K; ifi=j, vFK; ifi=j,
KiEj= v‘lEj]\"‘- ifli-jl=1, KF; = { vF;K; ifli-jl=1,
E;K; ifli-j|>1, FK; ifli—j|>1,
K- K[!
E,‘Fj —FjE,- =(5,‘j—vt—_-ﬁ,

E{Ej=EjEi, FiFj=FjFi ifli_j|>1a
Egz)Ej - E,‘EjE,’ + EjE,G) =0 if Ii "JI =1,
FPF -FFF+FFY =0 ifli-jl=1.

1.2. Representations of U. Let g be the Lie algebra corresponding to a Cartan matrix
(aij). Then the category of (type I) integrable highest weight U(g)-modules is isomorphic to
the category of integrable highest weight g-modules. In particular, the simple highest weight
U(g)-modules are parametrized by the dominant weights of g, and the dimensions of weight
spaces of those modules are given by the dimensions of the weight spaces of the corresponding
g-modules. In the case of type A,, or equivalently where g = sl,;;, a dominant weight is an
n-tuple, A = (A1, A2,... ,A,) € N", and the corresponding irreducible U(sl,+;)-module V()
is characterized by the following conditions:

(1) The highest weight space V(A), is 1-dimensional, and
(2) 0 # £ € V(X)y, then E(§) = 0 and K;(§) = v¥€for1 <i< n.
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1.3. Braid Group Action. Let (a;;) be a Cartan matrix. For k € N write (af)x = afaf...,
with k terms in the product, and for a;;a;; = 0,1,2, or 3, let m;; = 2,3,4, or 6 respectively.
Then the braid group B corresponding to (a;;) is defined by

B=(T1,Tq,... ,Tn | (TiT})m,; = (T;Ti)m,; )-
In the case of type A,, the braid group has the following presentation
B = <T1,T2,.. Ty | TiTi+1Ti = T,'+1T,‘T,‘+1 (1 <i< n), and T,'Tj = T]'T,' (‘l —]| > 1)>

Let U be the quantized enveloping algebra corresponding to (a;;), and let V be an integrable
U-module. Then there is an action of B on V, due to Lusztig, given by:

T(a)= T (CUpyhictosiscrsboterara {0 g0 pO =0y
a,b,c20

for1 <i< nand 2z € V. Note that there is only a finite number of non-zero terms in the sum,
V' being an integrable U-module.

If = belongs to the p-weight space relative to K, so that K;r = v*Pz, then it turns out that
the only terms that contribute to the sum are those for which a — b+ ¢ = p. So for z in the
p-weight space of K;, we have

d

Ti(z) = Z (_l)bvd.'(cﬂ_az_ac+ab—bc+a+c) F,-(G)Efb)F,-(c) Kfa_c)(x),
a—b+c=p

In [L3,5.2.1], Lusztig defines operators T}, by the formula

Thie)= Y, (~Dpoteet®) FEP O (),
a—-b4c=p

for z in the p-weight space of K;. The operators T; and T}, are related by the following:
Lemma 1.3.1. We have T}, = T.K[".

Proof: 1t suffices to check that for a,b, ¢ satisfying a — b + ¢ = p, we have —ac + b = ¢? — a2 -
ac+ab—bc+a+c+ (a—c)p—p, and this is easily verified. O

This lemma allows us to use all the results pertaining to T}, found in [L3]. In particular, it
implies that the T’s satisfy the braid group relations (see [L3, Chapter 37]).

Consider the special case where U = C(v)[F;, K*!,E;] is a copy of U(sl;), and V is an
irreducible U-module of dimension n + 1. If we denote by £ the highest weight vector in V,
then a basis (in fact Lusztig’s canonical basis) of V is given by the set {£, F;¢, F,-u)&, veey F,.(")f},
and we have the following explicit formula, due to Lusztig, for the action of T; on this basis.

Proposition 1.3.2. Let V be as above with highest weight vector £&. Then
T,(F(J).f) — (_l)jvdi(j+1)(n—j)an—j)§ .

Proof: This follows from [L3,5.2.2] and Lemma 1.3.1. a

We will make a frequent use of this result in the following sections, and often without explicit
reference. Note that, when we specialize v — %1, the braid group action factors through the
finite group (Z/2)* x S2. More generally it turns out that upto signs, the braid group action
factors through the Weyl group of g when v is specialized to 1. The question whether it
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factors through a finite group when v — (, where ( # +1 is a root of unity, is considered in
section 4.6.

1.4. Gaussian Binomial Coefficients. We collect here some properties of the Gaussian
binomial coefficients which will be useful later. Recall that for n € Z, d € Nyg, and 7 € N they

are defined by
[n] _ [nlafn = 1)g---[n=r+ 14
d

r (14

From this, it follows that for n € Z and r € N, we have

["] :(_1)r[‘"+“1], and ["] =0if0<n<r.
d d Tla

r T

Note that under the specialization v — 1 the Gaussian integer [n]q — n, and more generally

2 ()

It is easily checked that the Gaussian binomial coefficients satisfy the following identity:

n-1 n
H(l + v¥g) = z pdi(n=1) [n] zd,
j=0 =0 J 14
where n € N>;.
Lemma 1.4.1. Forr € N and m,n € Z, we have

"7 e L

s,tEN
s+t=r

Proof: See [L3,1.3.1]. O

In the special case where d = 1 we omit the subscripts from the binomial coefficients so that

=L

Now given a quantized enveloping algebra U corresponding to (a;;), we define

[ Ki;c] _ Lo K — vtk )

3 ) 'y
t Hs=1(”d's —v d..s)

for c € Z and t € N. Then we have the following commutation formula for E§” ) and F,.(") due
to Kostant [K] in the classical case and extended by Kac to the quantum case.

’

Lemma 1.4.2. For p,r € N, we have

EPFD = Y R [Iss;2t;-p— r] BP9,
0<t<min(p,r)

Proof: See [L4,4.3.1] a

2. Irreducibility of the Braid Group Action

We now restrict our attention to the case where (a;;) is the Cartan matrix of type A, and
denote by B, the corresponding braid group. The proof of the irreducibility of the B,-action on

8



the zero weight space of certain simple U(8l,41)-modules is by induction, and in order to carry
out the inductive process, we need to know, explicitly, the way in which the simple U(sl,41)-
modules decompose as a direct sum of U(sl,)-submodules. This is established, essentially,
by the work of Gelfand and Tsetlin [GT1], and its g-analogue by Jimbo [J], in which they
provide explicit combinatorial parametrization for bases of simple U(gl,,,)-modules, along
with the explicit formulae for the action of the Chevalley generators with respect to these bases.
A Gelfand-Tsetlin basis consists of weight vectors compatible with the standard inclusions
U(gl;) — U(gl,41), where 1 < ¢ < n+ 1. Trivial modification of their results then gives the
corresponding formulae for U(sl,41).

2.1. Gelfand-Tsetlin Bases for U(sl,;;). The treatment of the Gelfand-Tsetlin bases for
the simple U(sl,};)-modules given here will be that of Ueno, Takebayashi, and Shibukawa (see
[UTS]) who prove Jimbo’s g-analogue of the classical Gelfand-Tsetlin results using the lowering
operator method. Their approach closely parallels the treatment for the classical case given by
Zhelobenko in [Z]. The rather unnatural notation we adopt for the dominant weights of sl,;,
which reflect their origins in the gl,,; case of Gelfand and Tsetlin, will be seen to be more
than justified for their combinatorial usefulness in what follows.

Let ®n41 C N™*! be the set of (n + 1)-tuples, fint1 = (1,041, H2,n415-++ » bnt1,n41), With
the property pin+1 > pitint1, 1 < ¢ < n. (Thus @ is a subset of dominant weights for
pl,41.) Then each pny1 € ®n41 can be seen to represent a dominant weight A(pny1) =
(A1,A2,.. 5 An) € N™, of sl,41, where A; = p; ny1 — pigi,ne1. Of course A(pny1) and A(pl )
represent the same dominant weight if and only if y; n41 = pi 14y +@,for 1 <i<n+1 and
some o € Z. With this in mind, we use the elements of ®,4; as the ‘dominant weights’ of
8lp41, and write V(pn41) for the simple U(sl,+;)-modules they define.

Recall that U = U(sly4,) is a C(v)-algebra with generators F;, Kf', and E; (1 < i < n).
There is a C(v)-algebra involution * on U defined by

(K’iil)* = A’iil’ E: = F;, and F: = E;.

For each simple U-module V(sn41), we define its dual, V(p,41)*, as the irreducible right
U-module with the property that:

(1) The highest weight space V(gn41)j,,, is 1-dimensional, and
(2) 10 # n € V(pnt1)],,,, then nF; = 0 and nk; = vhins1—sittatig,

[f we fix highest weight vectors £ € V(un41) and 7 € V(gn41)*, then by the triangular de-
composition of U (see section 1.1), there exists a natural pairing V(fin41)* ® V(tins1) = C(v)
given by nz ® y€ — (n|zy|£). Here, (n|zy|¢) has the following meaning: if in the decomposition
vy = w”ulut, with u* € U* and v® € U% u~ # 1 or ut # 1, then (n|zy|¢) = 0, and if
zy = u® € UY, then (n|zy|€) is the eigenvalue of u® on 7 and £, which are necessarily the same
by definition. This allows us to define an inner product (, ) on V(pn41) by (z€,y€) = (n|z*y|€).
It turns out that the Gelfand-Tsetlin basis, described below, is orthonormal with respect to
this inner product.

For pn = (U1,ny B2,y 5 tin,n) € By write ||un|| = le“sﬂua,n for the norm of un, and if
fn+1 = (B1nt15 82,0415+« Bnglntl) € Brngr, Write pin < pingq if and only if p; nyy > pin >
Bi+1,n+1 (1 £ 2 < n). More generally, given ¢ < n and p; € ®;, write g; < u, if and only
if there exists a sequence (fit1,fit2,.-+ yfn-1) € Pip1 X ®iy2 X -++ X ®,_; such that u; <
Kit1 <+ < pn_1 < fn. A sequence of vectors ft = (fin41,fny--- y41) € Bpp1 X B x - - x &
will be called a Gelfand-Tsetlin scheme if it satisfies the condition y; < p;4q for 1 <i < n.

For 1 <j <i < n+1, we define the lowering operators D;; € U’ @ U~ inductively as follows:

D=1, Di;.1=F, and
Dij=(Kij+i-J)FiDi_y;—(Kij+i~j-1)Diy;F; ifj<i,

9



where Ky j = [];c,ci—2 Ko, and (Kij + k) = (vF K ; — v"‘K,.",jl)/(v -1,

Given a = (ay,as,...,2i_1) € N'71 we set D& = fo{Df"ng:;:‘l, and for a given
Gelfand-Tsetlin scheme g = (gnt1,fn,...,01), we let D# = Dé‘"’“DS‘"“’“-D,‘il‘i"“‘,

where p; — pio1 = (1,0 — B1,i-1,H42,i — B2,i=1,--+ sBi=1,i — Bii,i—1)- Then we have following
two results, first established by Gelfand and Tsetlin for the gl, ., case, and extended to the
quantum case by Jimbo.

Theorem 2.1.1 (Branching Law for U(sl;) | U(sl;_;)). Let U;y; = C[Fj,Kjil,Ej 1<
J <], for0 < i < n, be a chain of subalgebras in U. Then for any u; € ®;, V(u;) decomposes as
V(i) = @iy <ui V(#i-1), where V(pu;_y) with p;_y € ®;_; are irreducible U;_;-submodules.

Proof: See [UTS, Theorem 6]. O

Starting with a simple U-module V(u,41) and applying the above theorem successively we
see that the G(.elfa,t.ld-Tsetlin sc}.nemes p = (,u;ﬂ > Hy = o= ph), With pl ) = piag, give rise
to a parametrization for a basis of V(un41), since the branching process stops at irreducible
U,-modules which correspond to lines. The connection between the basis so obtained and the
lowering operators described above is contained in following:

Theorem 2.1.2. Let pny1 be a dominant weight for U, and let £ be the highest weight
vector of V(pin+1). Then the vectors |A\) = Ny D¢, for each Gelfand-Tsetlin scheme A with
An+1 = Pn41, forms an orthonormal basis under the inner product (, ), where

n+1 . . . .
Aik—Ajk-1+7—1] [/\,-k—/\~k+]—z—l]!
N2= [ ’ M i - |I ’ Dy ,
t=11 { I1 [Nik-1 = Ajk-1+ 75— 1! Pik-1 = Ak +5—i-1]!

k=2 [ 1<i<j<k~1 T1<i<i<k
and N has the property that N)\Iu=1 > 0.
Proof: See [UTS, Proposition 7). a

The basis {|u)} so obtained is called the Gelfand-Tsetlin basis. Note that the Gelfand-Tsetlin
basis vectors |u) are compatible with natural inclusions U; — U in the sense that |u) belongs
to the irreducible U;-submodule of highest weight u; forall2 < i < n + 1.

2.2. Some Consequences. We now turn to the action of U on the Gelfand-Tsetlin basis.
The action of the Chevalley generators on the Gelfand-Tsetlin basis was first computed by
Gelfand and Tsetlin [GT1] for gl,,,, and by Jimbo [J] for U(gl,,,). However, in order to use
their results we will need to extend our field C(v), since their formulae involve taking square
roots. We will write € to denote the algebraic closure of C(v), and take U to be an algebra over
¢ throughout this chapter. Then a trivial modification of Jimbo’s results yields the following
for the action of the Chevalley generators E;, F;, and K f‘ of U.

Theorem 2.2.1. The generators E;, F;, and K; act on the Gelfand-Tsetlin basis according to
the following formulae:

Ki(lll)) = pflleill=luia ) =Claiva I=Nuil) |#)
E() = Y o)) I+ ca)

1<a<i
F(lw) = ) ai(ln ~ €ai)) i = €ay),

1<a<i

10



where (€4,i)s,t = 65,a0t,i, and

3
H. [(ﬂa.ﬂ-l —a) = (K — k)] H [(l‘a,i—l -a) - (/‘k,i —k) - 1]
a 1”#)) _ 1<a<i+1 1<a<i-1
o T [(Bai— @) = (ki = F)] T [(as— 0) = (ki — k) = 1]
12;%:‘ 1<aLi

Proof: The formulae for E; and F; are just those given by Jimbo, and the formulae for K ;“:1
are obtained from Jimbo’s formulae for ¢ by using KF' = (g% ¢~%+1)*!, a

We make the following simple observation which will be useful later.

Lemma 2.2.2. Forall 1 < i <nand 1 < k < i, we have ak,;(|p))|u=l > 0. Moreover,
<zk‘,~(|,u))|v=1 > 0 if p,i < min(pg—1,i-1,fk,i4+1). In particular, this implies ax(|p)) # 0 if
Pk < MIn(fk—1i-1, fk,it+1)-

Proof: The content of this lemma is that the quantity

[T {(Hoiv1 — @) = (uxi = K)} I;I {(koyi-1 — ) = (ki — k) = 1}

. ‘(|“>)2| _ lgagitl 1<a<i-1
! v=1 1<l'I<‘ {(kai — @) = (p,i — k)}l {(Ba,i — @) = (px,i — k) — 1}
E;FI _0_1

is non-negative for 1 < k < ¢ < n. It is clear that the first product in the denominator contains
i — k negative terms, corresponding to k + 1 < a < ¢, and that the second product contains
¢ — k + 1 negative terms corresponding to £k < a < i. The sign of the denominator is thus
(~1)%-2F+1 In the numerator, since ;i1 > fj,i > fj+1,i+1 by definition of <, we have that
(Baji+1 — ) — (pri — k) < O0fork+1 < a<i+1, and (a1 — @) — (pki —k)-1< 0
for k < a € ¢ - 1. The remaining terms are non-negative, and so either the numerator is
zero, or the sign of the numerator is (~1)2-2¥+1 The first assertion follows immediately.
Next (fa,i+1 — @) — (pki — k) > 0for 1 < o < k~1, and (pr,i41 — k) — (pk,i — k) > 0
if pri+1 > pri. And similarly, (pa,ic1 —a) = (pk,i — k) =1 >0for 1 < a < k-2, and
(k—1,i-1 —k+1) = (pk,i—k)=1>0if pg_1,i—1 > pk,;- This proves the second assertion, and
the final assertion is an immediate corollary. O

The above lemma has the following interesting corollaries.
Corollary 2.2.3. The action of the Chevalley generators e; and f; of sl,.;1 have the following
‘positivity’ property:

ey = Y ewld) A= Y deld),

' '

1 H .y ' u ..
=k (J#1) Bi=ui (J#1)
us-1<u§<us+1 #.‘-x<l-l:<ui+1
My > mgi i Swi
lui—uill=r i —pih=r

where ¢,+,d, > 0. In particular, for the generators E; and F; of U(sl,4;) we have

EP(e) = 3 eld)  FO= Y dul),

! !

’ od L. ' od ..
wi=p; (§#1) ui=p; (j#9)
Bim1<pi<pis1 Bi1 <8 <pig1
Wi 2 pi By Shji
Nui—pill=r Hoi=pill=r
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where ¢, dy # 0. a
Corollary 2.2.4. Let m = m(|u),i) = max{k € N | E¥(ju)) # 0}. Then 0 # E™(Ju)) ¢
(1u')y), where p; = pj for i # j, and p;; = min(pjip1,pj-1,-1) for 1 < j < i. Similarly let

m' = m!(|u),7) = max{k € N | F¥(|u)) # 0}. Then F\™(|u)) € (|u')), where p}; = p; for
i #J,and pj; = max(pip1 i1, 4j,i-1) for 1 <j<i-1. a

Ezample 2.2.5. Take n = 2, u3 = (3,2,1), and let

£=1(3,2,1),(3,2),(2)), ¢1=1(3,2,1),(2,2),(2)),
2 =1(3,2,1),(3,1),(2)), n=1(3,2,1),(2,1),(2)).

Then W = (£,(1,(2,n)c is a €[F, K¥!, E;]-submodule of V(p3), and we have that the coeffi-
cients ag ;(|p)) are given by

a12(§) = 0, az22(§) = 0,
a12(C1)=\/[1][‘1][—3][—1]:\/@ a22(¢1) =0,

F-ueE Ve e,
an(G) = 0, 2=\ By
i — A _ [T i =[BT _
S e e il o) 200 =\ Ty - VR

Note that the coefficients are non-negative under the specialization v + 1, and that the state-
ments of corollaries 2.2.3 and 2.2.4 are easily seen to hold true in this case.

2.3. Decomposition of V(un+1) as a U(sl,,)-module. By theorem 2.1.1, we have that
V(ttns1) decomposes as V(pint1) = Bpup <pnss V(n) as a U,-module, where each summand is
an irreducible U,-submodule. The decomposition is not multiplicity free in general since y, and
py, can give isomorphic Uy,-modules without their being equal. (Note that the decomposition
is multiplicity free when regarded as a U(gl, )-module.) However, we will shortly see that this
problem with multiplicities can be resolved once we restrict to zero weight spaces.

For pin41 € ®nt1 and £ € N such that ||gnia|| = (n + 1)k, let

Ei(pne1) = {pi € @i | pi < png1 and ||| = ik},

for 1 < i < n, and define 41 (pn+1) = {Bn+1}-
Let V(pn41)o be the zero weight space of V(un+1). Then we have the following consequences
of theorem 2.2.1.

Lemma 2.3.1. If V(gtnt1)o # 0, then there exists k € N such that the basis of V(inq1)o
consists of |u) satisfying ||p:]| = ik for 1 <i<n+ 1.

Proof: Firstly note that since the vectors |u) are weight vectors, a basis for V(pn41)o will
consist of a subset of the Gelfand-Tsetlin basis for V(un41) which are of weight zero. So let
|1} € V(ns1)o, whence K;(|u)) = v(llu.-ll—llm+xII)—(IIus-xll—Ilusll)m) = |u) for 1 < i < n. Putting
i = 1, we find ||u2|| = 2||p1]|, and proceeding by induction we find ||u;|| = i||p1||. The result
now follows since up41, and hence ||un+1]|, is fixed. a

Corollary 2.3.2. V(pn+1)o # 0 if and only if (n + 1) | ||ttn+1]|- a

The problem of multiplicities can now be resolved.
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Proposition 2.3.3. We have V(punt1)o = Pun€Tn(tnsr)V (Bn)o. Furthermore, the decomposi-
tion is multiplicity free in the sense that for p,, Ay € L(tny1), V(pn) 2 V(A,) as U,-modules
if and only if p, = A,.

Proof: The first statement follows directly from the definition of Yn(#ins1) and lemma 2.3.1. For
the second statement, note that V(u,) = V(A,) as U,-modules if and only if p;n = Ain + a,
for 1 < i < nand a € Z. However, for y,, A, € En(kns1), this is possible if and only if
Hn = An, as we require ||u,|| = nk = ||A,]|. This completes the proof. O

2.4. The Graph I'(¢n41). As mentioned earlier, our method for the proof of the irreducibility
of the By,-action on the zero weight spaces is by induction. The approach we adopt is the follow-
ing: we begin with V(,41)o and use proposition 2.3.3 to decompose it into B, _;-submodules.
We then attach a graph to p,41, or essentially to V(#n+1)o, whose vertices correspond to the
summands that appear in proposition 2.3.3, and relate the properties of the resulting graph
to the irreducibilty of V(un41)o as a By-module. It turns out that the connectedness of this
graph, which is very easy to prove, has the consequence of establishing the irreducibility. We
now define the graph, and prove its connectedness.

Let piny1 € @41 such that ||gagr|| = (n+1)k for some k € N (see corollary 2.3.2). We attach
a graph, I'(ttn41), to paty as follows. The vertices of I'(4nt1) are the elements of T, (pn41),
and two vertices p1, and u/, are joined by an edge if and only if Xp_1(un) NE,_1(u)) # 0.

Lemma 2.4.1. T'(py41) is connected for n > 1.

Proof: The case n = 1 is trivial since in that case T'(pn41) consists of a single vertex. So assume
n 2 2. It is enough to show that vertices u, and py, are joined by an edge where Han = ly
for all @ ¢ {i,j}, and pu;, = pi, £ 1and pj, = Win F 1. If ui = (k,k,...,k), then the
condition py ., > pon > -0 > Kn,n implies that u; , = k 4+ 1 and #1,1 = k — 1. In this case,
we have that (k,k,... k) € Tn-1(pn) N Ens1(pl). The case p, = (k,k,... k) is considered
in a similar way. Thus we may assume that Kn # (k,k,... k) and uy # (kyk,... k), whence
Hin >k >pl and gy, > k> pn . Without loss of generality, we may assume y; , = Biat+1
and pjn = pj, — 1, where i < j, and po, = Bo,n for a ¢ {i,j}. (The case i > j is obtained
using the same method with u, and ! interchanged.) Consider § = {lnc1 € ®py | iy <
#n and pp_1 < pn}. Then we need to show that there is a Kn-1 € S with the property

len—1ll = (n = 1)k. Let u" and u°F be elements of § with minimum and maximum norms
respectively. Then we find
umes)| = { nk—py . —1 ifj<n, ) = { nk—py,+1 ifi>1,
n-l nk—ul, ifj=n, -l nk—pl, ifi=Ll

In every case, we have that ||u™%%|| > nk — B — 1, and ||pm%|| < nk ~ M1, + 1. Since pl , <

k < 1, we have that [|um7|| < nk—pi o +1 < (n~1)k, and ||u?o%|| > nk—u; .~1> (n=1)k.
And since there is a u,_; € S of norm p, for every p between lezn)| and ||ume#||, we conclude

that there exists a u,_; € S such that len-1ll = (n — 1)k, and this completes the proof. OJ

2.5. Main Lemmas. In this section we state and prove some results which establish the
connection between I'(1,4) and the B,-module V(pns1). But first we lay down some notation
and groundwork.

Let U' = ¢[F,,, K, E,] C U be a copy of U(sl;) generated by F,,, KX, and E, and consider
V(ptn+1) as a U-module. Then for each \ = (Ap_1 > Apg > vve > M) EPn_ 1 xBp_gx---xPy,
we have, by theorem 2.2.1, that

W) = > - |u')
l“: U-l,.+1=l-‘n+l

Au«l(#;*#niﬂ
p::)\; (1<i<n-1)
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is a U'-submodule of V(pin41), since F,, KF!, and E, only affect the u, component of |u). It
is clear that V(pnt1) = @AW(A). Fix a weight g4 € ®,41 such that |tnt1]] = (n + 1)k for
some k € N, and let

A:{/\E@n-—lthl_zx-“x(plI/\,‘EZ,'(/\,'.,.I), 1<i<n-1}.

Lemma 2.5.1. W(A) NV (pnt1)o # 0 if and only if A € A, and V (pin41)o = DreaW(A)o.
Proof: This is a consequence of lemma 2.3.1 and proposition 2.3.3. O

Now fix A € A, and consider W(A). As a U’-module, W()) decomposes as W) =
2o W(A, @), where W(A, a) is isomorphic to the irreducible U(sl;)-module of highest weight
2ns. Let 0 # &30 € W(A,a) be the highest weight vectors. Then in particular, we have

W(A)o = Bal- F{"Ey 4.

Lemma 2.5.2. Let o have the property that n,, = max(n,). Then W(X, ay) occurs in W(A)
with multiplicity one, and £x o, € (|¢') ), where p! | = pn41, Bi g = min(pi ng1, Aim1,n—1) for
1<i<m,andpi=A;for1<j<n-1.

Proof: Let |u") € W(X). Then by definition we have p/ ; = pn41, and p! = X; for 1 <
¢ < n— 1 In particular, p; is fixed for all i # n. Now by theorem 2.2.1, K,([p")) =
vAleali=laneali=Nes il 4"y and as fn_q and puy; are fixed, the vectors in W(A) with the highest
weight, respect to Ky, are |u") with [|u7|| maximal. However, there is a unique vector |u’) with
maximal norm satisfying the condition A,y < p! < pn41, and it is precisely the one given
in the statement of this lemma. It is clear that this |u') is a highest weight vector for an
irreducible U’-submodule of W()), and the uniqueness of |u') implies that W (A, a)) occurs

with multiplicity one. This completes the proof. O

The modules over the braid group B, are, in general, not completely reducible. However
for the situations that arise in this thesis, namely V(un41)o, for certain Pns1 € Ppyy (see
theorem 2.6.1), and B, _;-submodules thereof, we will find that we can nevertheless decompose
the spaces into a direct sum of irreducible B,_;-submodules, and this will play a crucial role in
our inductive process. Our ability to obtain such a decomposition is facilitated by the following
algebraic lemma, found for example in [B, §3 Proposition 9].

Lemma 2.5.3. Let V be a module over an algebra A such that it permits a decomposition,
V = ®ueaV., into irreducible A-submodules. Then any A-submodule W C V is a direct sum
of its isotypic components. In particular, if the decomposition is multiplicity free then we have
W = @uearcaVe. a

We make an immediate use of this lemma.
Lemma 2.5.4. Suppose that in the decomposition V(ins1)o = ®u,era(unss)V (Bn)o, each

summand is irreducible as a B,,_1-module and that the sum is mutiplicity free as a B, _, -module.
Let M C V(int1)o be a B,-submodule and suppose that an element of the Gelfand-Zetlin basis

|/1'> = (/‘n-}-laun"" 3 ﬂl) € M. Then D A EZn(tn+1) V(/\n)o CM.

Urn—l*An <pn41

Proof: Let A = (fn—1,fn-2,.-., #1). Then by lemma 2.3.1, we have A € A, and in the
above notation, |u) € W(A)o. Hence, using lemma 2.5.2, |u) can be written as a sum |u) =

cFr(Ln“")fk,a,\ + ¢, where ¢ € @ (a|n, <ny}W(A, a)o. By corollary 2.2.4 and lemma 2.5.2, we have
Efln"*)lu) # 0, and since E,(,""*)C =0 (as ny < nq, for @ # ay), this implies ¢ # 0. Further-
more, since F,(;"”) €x,a, is the unique T',-eigenvector in W(A)o (upto a non-zero multiple) with
the ‘maximal’ eigenvalue (—1)™x p™ex(nay+1) and M is T,-invariant, we conclude F{"** )f)«,ou €
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M. Now, by corollary 2.2.3 we may write ,(l"“*)f,\'ax = Eu,._ﬁ,\,‘ez..(uuu)c*"v"“’ where

vx, € V(An)o, and all ¢y, # 0. Regarding M as a B,_;-module we then have, by lemma 2.5.3,
that vy, € M for all g1 < An € Tn(n41), since by assumption the sum @, ez, (unsr)V (An)o
is multiplicity free as a B,_1-module. And as V'(A,)o are irreducible B, _;-modules, again by
assumption, we conclude V(An)o C M for all pn_1 < An € Zn(ptns1). This completes the
proof. a

An important connection between I'(,4+1) and the Bp-module V(un41) is given by the
following;:

Proposition 2.5.5. Suppose that in the decomposition V(int1)o = @u,eL,(uns)V (Bn)os
each summand is irreducible as a B,_1-module, and that the sum is mutiplicity free as in
lemma 2.5.4. Further, let M be a B, -submodule of V(un4+1)o such that V(u,)e C M for some
tin € En(pin+1). Then V(An)o C M for all A, in the path-component of pn in T'(pn41).

Proof: 1t is enough to consider A, € X, (pin+1) Which are adjacent to yy, in the graph T'(unp41).
But then by the definition of the edges in I'(gtn+1) there exists u!, _; € Xn_1(tin)NEn_1(As), and
it is easy to check that we can find a sequence (p},_5 > pr_3 > -+ > py) € P2 x®Py_1 X+ -x Py
such that |u') = (fnt1sMn, B 1shh_2s--- s#1) € V(ftnt1)o. Now |p') € M, and so by lemma
2.5.4 we have V(£2)0 ® V(Ao C B <3 €Sa(uny1)V(An)o C M. The result now follows.C]

2.6. The Main Theorem. We can now state and prove our main result.

Theorem 2.8.1. Let 41 € ®p4q such that ||gn41]] = (n + 1)k for some k € N. Suppose
that for all 2 < i < n and pig1,pi, € Sig1(pns1), we have Ti(piyr) = Zi(piy,) if and
only if piy1 = piyy. Then for all 1 < ¢ < n, we have V(;41)o is an irreducible B;-module.
Further, for piy1, i1, € Zig1(ng1), we have Vi(uip1)o = V(uiyq)o as Bi-modules if and only
if priv1 = pigy- '

Proof: Fix pn41 satisfying the given conditions, and consider pit1 € Zi41(ftnt1). We proceed
by induction on ¢ If { = 1, we are in the case of U(sl;)-modules. Irreducibility is clear
since the zero weight space is 1-dimensional. Next, two By-modules V(u2)o and V(u})o, with
lpall = |lwsll = 2k, are isomorphic if and only if p; = uj since, by proposition 1.3.2, Tj
acts as scalars (—1)%v%(a+1) and (—1)% v®(¢'+1) respectively on V(usz)o and V(ub)o, where
a=(p1,2 — p2,2)/2 and @' = (p 3 — p35)/2, and @ = o' if and only if pz = pj as ||uz|| = |luzll.
Now suppose the result is true for i, where 1 < ¢ < n — 1, and consider p;+2 € Z;t2(lnt1)-
Recall that V(piy2)o decomposes as a direct sum, V(tiy2)o = ®pu,py €Tiga(uiga)V (Bit1)o, a8
a B;-module. By inductive hypothesis, each summand is an irreducible B;-module, and the
decomposition is multiplicity free as a B;-module.

We first show that V(ui+2)o is irreducible under the B;yi-action. For this, let 0 # M C
V(ttis2)o be a Biyy-submodule. Then regarding M as a B;-module, we have by lemma 2.5.3
that V(gi+1)o C M for some piyq € Xit1(pip2) (recall the inductive hypothesis). But then
by proposition 2.5.5 we have that V(A;41)o C M for all A;4; in the path-component of p;4q
in T'(pit2), and since T'(pi42) is connected by lemma 2.4.1, we conclude that V(u;42)0 =
P s i1 €Sia1(nisa) V(tit1)o C M. This proves the irreducibility of V(pij2)o under the B;yq-
action.

Finally, suppose wiyz,4i,9 € Ziy2(fnt1) such that piy2 # pl,,. Then by assumption on
fnt1, we have Tipi(piv2) # Zig1(piyq). Without loss of generality we may assume there
exists pip1 € Tip1(pira) — Zipa(pige). But then V(pito)o = Ouyiesivi(uisa)V (Bit1)o #
Duis1€Sinul,,) YV (Hit1)o = V(#iy9)o as Bi-modules, and thus as B;yi-modules. This com-
pletes the proof. a

We now give examples of pn,4+; which satisfy the conditions of the preceding theorem.
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Corollary 2.6.2. Every uz € ®3 such that ||us|| = 3k, for some k € N, has the property
described in theorem 2.6.1. Thus the action of By on V(u3)o is irreducible for every simple
U(sl3)-module with nontrivial zero weight space.

Proof: The conditions of theorem 2.6.1 place no further restrictions on u3 € ®3, and the
corollary follows. O

Lemma 2.6.3. Let n > 2, and let p,41 = (a,k,k,... ykybye)y punyy = (al k k... kb, ) €
P41 such that ||pny1l| = (n+ 1)k = ||uniqll, and for n = 2, assume maz(b,b') < k. Then
En(tnt1) = Tnpnyy) if and only if pryr = pl 4.

Proof: Suppose fint1 # ppyq. We will construct a u, € ®, such that p, € Zn(ppntr) —
Tn(Mn41)s OF fin € Sn(phy1) — Sn(nt1). Consider firstly the case when b = »'. Then since
a+b+c=3k=a+b 4+, wehavea+c=d +¢, or equivalently, a — a' = ¢ — c. By
symmetry, we may assume without loss of generality that a > a’ and ¢ < ¢, as Png1 F o1
by assumption. Let § be the set of u, € ®, with the following property: p,, = ¢, and
Hin € [Bit+1nt+1sfine1] for 1 <@ < n— 1. Then we have pn < pnyq but p, £ Hny for all
fin € §. It remains to show that there exists a p, € S such that ||ju,|| = nk. Let pmin and
pn " be the elements in § with the minimum and maximum norms respectively. Then we find

™ = (n+ 1k —a<nk, and |[up*®| = (n+ 1)k - b > nk.

Since there exists a p, in S of norm p, for every p betwen the minimum and maximum norms,
we conclude that there exists a u, € § with the property ||un|| = nk, and hence a p, €
Za(#nt1) = En(png1)- Consider now the case where b # . Without loss of generality, we
may assume b > b'. Let S’ be the set of un, € ®, with the following property: pnn = b, and
Hin € [Hit1,n41, Bint1] for 1 < i < n— 1. Then, as before, we have u, < Bns1 but pn A pl
for all p,, € §', and we need to show that there exists a 1, € S’ such that ||jun|| = nk. Similar
computation gives

W] = (n+ )k —a+b—c
=(n+1k—-(a+b+c)+2b
=(n+1)k-3k+2b
=nk - 2(k - b)
< nk, since b <k,

lun = (n+ 1)k -c
> nk.

It follows that there exists a un € Zn(ftns1) — Enlph, ), and this completes the proof. [

Corollary 2.6.4. Letn > 2,and let pnyy = (a,b,k,k,... ,k,c), ulyy = (a0, k,k... k,c') €
®n+1 such that ||pnt1|l = (n 4+ 1)k = ||p44|l, and for n = 2, assume min(b,b') > k. Then
Zn(pn+1) = Zn(pnsr) if and only if pinyr = pinyy-

Proof: Similar argument to the preceding lemma applies. a

Lemma 2.6.5. Let n > 2, and let pny1 = (a,k,k,... ,k,b,c) € ®,41 such that ||pny1]] =
(n+1)k, and forn = 2,b < k. Then for2 < i < n, and piy1 € Biy1 such that ||uipq1|| = (i+1)k,
we have piy1 € Zip1(fnt1) if and only if piyy = (a, k,k,... ,k,B,7), with a < a, 8 > b, and
Yy>c,andfori=2,0<k.

Proof: This follows from reverse induction on 7, and using the definition of I;(tn41). O

A similar argument establishes the following for the weights that appear in corollary 2.6.4.
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Corollary 2.6.8. Let n > 2, and let pn41 = (a,b,k,k,... k,¢) € ®nyy such that ||pns1]| =
(n4+1)k ,and forn =2,b> k. Then for2 < i < n and piyy € ®;41 such that ||uiy|| = (i+ 1)k,
we have i1 € Tit1{ttn+1) if and only if piyy = (a,8,k,k,... ,k,7), with a < a, 8 < b, and
v >c,and fori=2,03 2> k. O

The lemmas 2.6.3 and 2.6.5, and corollaries 2.6.4 and 2.6.6 shows that for n > 2, the weights
of the form (a,k,k,... ,b,¢) and (a,b,k,k,... ,k,c), with a + b+ ¢ = 3k, satisfy the conditions
of theorem 2.6.1. Thus we have the following:

Proposition 2.6.7. Let n > 2. Then V(un41)o is an irreducible B,,-module whenever pin4+1 €
®,41 is of the form (a,k,k,... ,k,b,c), or (a,b,k,k,... ,k,c), witha + b+ c = 3k. a

So we have a two parameter family of irreducible B,-modules for n > 2, where the parameters
are a — b and b — ¢ in the weights u,41 given in proposition 2.6.7.

“orollary 2.6.8. Let pun4+1 = (2k,k,k,... ,k,0). Then V(ln41)o is an irreducible B,-module
of dimension (”+Z'1). In particular there is an irreducible B,-module of arbitrarily large
dimension.

Proof: The irreducibility follows from proposition 2.6.7, and for the dimension note that, by
lemma 2.6.5, we have a parametrization for the basis of V(p,41)o given by the set

{(an,an_1,...,a2) 12k>ap>an_ 12 2az 2 k}

Since there is a bijection between this set and the set of monomials of degree n — 1 in k+ 1
variables, we conclude that dim V(un41)0 = (*T571). O

Remark 2.6.9. By specializing v — (, where ( € C* is not a root of unity, we obtain a
class of simple B,,-modules parametrized by a pair (gn4+1,(), where pn41 € ®,41 satisfies the
conditions of theorem 2.6.1.

Remark 2.6.10. It would be interesting to determine the necessary and sufficient conditions
under which V(un41)o is an irreducible B,-module. It seems likely that the result is true for
all g,y such that V(pnyqr)o # 0.

3. Other Weight Spaces

Until now our interest was restricted to the zero weight spaces of irreducible U(sl,41)-
modules, since the zero weight space was the only weight space stable under the braid group

action. Suppose we replace the braid group B, by the subgroup BS.Z), generated by T? (1 <
i < n). Then every weight space is stable under the action of 3512), and we may ask which of

the weight spaces are irreducible under the B .action. The purpose of this chapter is to give
some (partial) results in answer to this question.

3.1. Irreducibility in the case n = 2,3. Let BY) = (T?,TZ,...,T2?) C B,. Then the
arguments used in the previous chapter imply that for y,+, satisfying the conditions of theorem
2.6.1, V(fn+1)o is an irreducible B{Y module and that for Bi+1sMp1 € Ejp1(finsr), we have
V(ps41)0 2 V() 41)o, as B -modules, if and only if pjyr = gy

For any v € Z™ let V(un+1), denote the v-weight space of V(un4+1). Then we have that

Ti(V(ﬂn+l)u) C V(/"n+1)s.'us and so T?(V(ﬂn-i-l )u) C V(P’n-}-l)ua where s; is the generator of
the Weyl group of sl corresponding to T; (that is, s; = (4,74 1) € S,4+1). Hence each weight

space is stable under the action of B>, and we would like to determine if they are irreducible as

B&”-modules. The method of proof employed for the zero weight space case yields the following
result.
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Proposition 3.1.1. Let n = 1 or 2, tn4; € ®,41, and let v € Z" such that V(tns1) # 0.
Then V(ptnt1), is an irreducible Bgf)-module, and if ||p2|| = (|uall, then V(ug), = V(u}), if
and only if py = pj.

Proof: Consider firstly the case n = 1. Then we are in the case of U(sly)-modules. The
irreducibility is clear since the weight spaces are 1-dimensional. Let M2, 4y € ®3 such that
llp2|l = [|p2]] but po # ph. Thena = pp g —py g # K22 — 4}, = a'. Since V(u3) corresponds to
the irreducible U(sl )-module of highest weight a, and V' (u}) corresponds to the U(slz)-module
of highest weight o', we have, in particular, that V(u;) = V(a) % V(a') = V(uh). Without loss
of generality assume a > a’. Then since we are assuming V(a) and V(a’' ) have a weight space
in common, 2 | a — a’. So let @ = a’ + 2r and suppose v = a’ — 2i. Then the eigenvalues of T}
are

a = (_1)‘1' plrtit(a'+r—i)+(r+i)(a'+r-i+1) and

o = (=1) plH (e’ -+i(e —it1)

respectively on V(a), and V(a'),. Since o’ = a if and only if a = a’, the result is proved for
n = 1. The proof for the case n = 2 is identical to the proof used for the zero weight space
case and is omitted. Note that we are able to apply the same arguments, as those used in the
previous chapter, because uy # p implies V(uz), ¥ V(uh),. O

3.2. Failure for n > 3. It was hinted in the previous section that for n > 3 the weight spaces
V(fn+1), are in general not irreducible as Bff)-modules. We now illustrate this with a simple
example.

Proposition 3.2.1. Let pu4 = (3,2,1,0) and v = (-2,2,0). Then V(u,), has a nontrivial
Bff)-submodule.

Proof: By theorem 2.2.1, we have that V(u4), has a basis consisting of vectors (14, 3y p2, 1)

such that [|us|| = 5, ||u2|| = 4, and ||p1|| = 1, and p; < piyq for 1 < ¢ < 3. Such vectors are
easily enumerated and they are

z =| (372,1’0)7(3a2’ O)v(3’1)s(1))
y=1(3,2,1,0),(3,1,1),(3,1),(1))

It is clear that z and y are eigenvectors for T{ and T#, and moreover belong to the same T}
and T#-eigenspaces. Now consider

zZ= F3 l (3’ 291a0)v(392’1)» (3’1)9(1)> = (13,3(3)2 + a2,3(y)y'

Then z is an eigenvector for T and, by above, also for T and T§. Hence (2) C V(u4), is a

B:(,?)-submodule of V(pg),. a
Given v = (1n1,va,... ,vn) € Z%, we let viy = (v1,va,...,v). Then the arguments of the

previous chapter indicate the following.

Conjecture 3.2.2. Let yipny1 € ®,41 and v € Z*. Assume that for all i € [L,n + 1], all p; <

i1, and all iy, pf_y < pi such that ui-al| = [lui_yll, we have V(i1 )ugr_n) & V(i )urron

as Bgz_)z-modules if and only if pi_y = p}_,. Then V(pn41), is an irreducible Bff)-module.D

Remark 3.2.3. (1) It would be interesting to determine the precise conditions on the pair
(Bnt1,v) for which V(gny1), is irreducible under the B$)-action.
(2) Given pnt+1 € 541, and v € Z™, the sum DweSas1V (Bn+1)wy is stable under the By,-
action. Another interesting question is: For what weights v is @yes, +1V(Bnt1)wy an
irreducible B,-module?
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4. Explicit Computations in the Case n =2

In the next few sections we examine the case of U(sl3) in detail. In particular we give another

proof of the irreducibility of the B;-action, on the zero weight space, by computing the matrix
coefficients of T; and T, on the zero weight space explicitly. For this we use a different set of
basis - namely Lusztig’s canonical basis (see [L1] or [L3]) - for the zero weight space which
facilitates simpler computation.
4.1. Lusztig’s Canonical Basis for U(sl;)-modules. We begin by making a change in
the notation. Write U = U(sly), and for each pair (n;,n2) € N?, denote by L(n;,n;) the
corresponding irreducible U-module of highest weight (ny,n2). By symmetry we may assume,
for our purposes, that n; < n,.

An explicit formula for the canonical basis is not known for quantized enveloping algebras
other than U(sl;) and U(sl3). In these two simplest cases the canonical basis for the ‘minus
part’ (and the ‘positive part’) was computed by Lusztig (see [L1}). In the case of U = U(sl3),
the canonical basis for U~ is given by the set {Fl(a)Féb)Fl(c), Fz(a)Fl(b)Féc) | a+ ¢ < b}

Let L = L(n1,n2) be as above, Lo be the zero weight space of L, and let £ € L be the highest
weight vector. Then Lo # 0 if and only if 3 | (ny — ny), and if we let N = (2n; + n,)/3, then

the canonical basis of Lo is given by the set {F{N "I FEN=")ple 0 < i <y},

4.2. The Braid Group Action. In section 1.3, we gave a definition of the braid group
action, due to Lusztig, in terms of an infinite sum. That definition is not convenient for the
purposes of our computations in this section, and we use instead an alternative (but equivalent)
definition of the braid group action defined by Lusztig in [L3,5.2.4,5.2.6,37.1]. The action of
B = B; on the generators of U are given by:

T.E; = -E:E; + v 'E;E;, T.Ei= -FK;, T:K; = KK},
T;F; = —F;F; + vF;F}, T.F;=-K'E;, T.;K;=K,
where 1,5 € {1,2} and ¢ # j, and by proposition 1.3.2 the action of B on the highest weight
vector £ € L is given by
Ti(€) = v F™.
The action of B on L(nq,n;) is then defined by
Ti(u€) = Tu(u)Ti(8),

where u € U. Using the above formulae, we can compute the action of B on the canonical basis
of Lo.

Lemma 4.2.1. The following formulae are valid:
Ti(Fi(C)f) = (_l)cv(n;—c)(c+1)Fi(n.'—c)f y T,(F}c)f) _ vn.'+cFi(ﬂi+c)F§c)€ ,
Ti(Fg(b) FJ(C)E) — (_1)bv(n.'-b+c)(b+l)Fi(n.'—b+c)F](c)E ,
T‘(F;b)F',-(c)f) _ (_.1)b+cv(n.-—c)(c+l) Z E (_1)jvjfijkp}a-J—k)F,}a)F,}j-z)f ’

0<j<b ktl=n;~c
Ti(F;a)F‘(b)F}C)E) — (_1)a+bva(b—a+l) Z Z (—l)jvj‘)’jk[FI(a—j-k)F§a+a)Fl(a+c+j—l)£ ,

0<j<a k+l=a
where £ jx = [:,:Jc] [n.'k—c}’ - [ng—b;—c-j] [ni-kb-i-c] [ng—b+3c+j—l]’
and a =n;—b+ec.

Proof: These follow from the definition of the braid group action given above. The first can be
obtained directly from propostion 1.3.2 by considering the irreducible U(sl;)-submodules with
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§ as the highest weight vector, and the next two can be obtained by considering the irreducible
U(sl;)-submodules with the highest weight vector F}C) §. The remaining two formulae follow
from simple computations which are omitted. a

4.3. Matrix Coefficients. We now compute the matrix coefficients (T3 );; of the braid group
generator on Ly with respect to the canonical basis

{FI(N)FQ(ZN—nl)f’ F;(N—I)F2(2N—n1)Fl€, e FI(N_nl)Fz(ZN_nl)Fl(n])f} .

Proposition 4.3.1. The matrix coefficients (T;);; of T; on the canonical basis are given by
(TZ)i ;= (_1)n1+ng+iv(N—n1+i)(N—n1+j+1) [l]
’ J y

where 0 < 4,5 < ny.

Proof: Consider the last equation of lemma 4.2.1 and fix ¢ = j + k, whence ! = a — i + j. Let
C; be the coefficient of F{*~9 F{**® F(¢*D¢  Then we have

Ci= (m) et N T 1)y i

0<j<i
— (—1)at+bpalb=a+1) Cqviei @ a c+i
= (=1)*+by > 1)v[a][i_ch]
0<j<i
— (_1\a+b,a(b—a+1) c+t j —a-1 «
=T [c]Z.”[ j ”i—j]
0<j<t
= (=1)2+bpalb-atl+i(a+) c+i Z SlimiN=a=1)—ja [~ —1 a
¢ 0<j<i J i—J

- (_1)a+bvor(b—a+l)+i(a+l) [C-c}- z] [_ZIJ by lemma 1.4.1

= (=1)2tbtiyalb-at)+ilatl) c+i -
c

Hence we have that the coefficient of FI(N'j_k)F2(2N—n‘)F,(i)£ in Tg(Fl(N-j)FézN—"‘)Fl(j)f) is

(T2)‘. ;= (__1)3N—n1+iv(n1+n2+j-2N)(N—n;+j+1)+(i—j)(j+n1+n9—N+1) [zJ
’ J
— (_1)n1+nz+iv(N-n1+J')(N—m+j+l)+(i-J)(N—n1+j+l) [']
J

- (__1)m+n:+iv(N-n1+i)(N_nl+j+1) [l] .

J
This completes the proof. O
Thus, if we let » = N — n,, then the matrix for T; is the following:

pr(r+1) 0 e 0
—p(rH1)(r+1) —p(r+1)(r+2)
o(rH2)(r4+1) oD +2) [2] 0

(_1)u1+n2 1
(=1)P1o{rtn)(r+1)  (_qn1gy(r+ni)(r+2) [nll] coe (=1)mrglrEm)rinatl) ["1]
ny
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The computation required to directly determine the matrix coefficients of T is more compli-
cated, and so we adopt another approach. We begin by recalling some definitions and results
from [L2]. Let ¢ — 7 be the permutation of {1,2} defined by wos;wo'l = 8;, where wyp is the
longest element of W. It is clear that i =2 and 2 = 1. (The definition of i was phrased in
a way to indicate Lusztig’s general treatment of what follows.) Then there is a C(v)-algebra
automorphism A: U — U such that E; — F,F; — E;, Ki — K{'l. It induces a U-module
automorphism A: L(n1,n2) — L(n1,n2) given by A(§) = 1, where 7 is the element of the canon-
ical basis in the lowest weight space. There is another C(v)-algebra automorphism P:U — U
defined by P(E;) = —E;K;, P(F;) = —K['F;,P(K;) = K;, which induces a U-module auto-
morphism P of L(ny,ny) given by P(£) = ¢&.

Proposition 4.3.2 ([L2,5.5]). We have T\, = P o A as automorphisms of L(n1,nz). a

By [L2,5.9] we know that the action of T, with respect to the canonical basis is given by
a monomial matrix, and that on any given weight space, Ty, is a scalar times a permutation
matrix. We can explicitly determine this permutation matrix for the zero weight space.

Lemma 4.3.3. Let dim(Ly) = n. Then the matrix of Ty, on Lo is given by +vio, where
d € Z and o is the matrix with 0; ; = 8; n_j41.

Proof: The lowest weight vector of L is given by n = Fl("z)Fz("H'"’)Fl("‘)f, and by proposition
4.3.2 we have T,, = P o A. So relative to the canonical basis of L we have, by repeated
application of lemma 1.4.2,

Two(Fl(i)F2(2N—n1)F_l(N—i)§) — P(Egi)EPN—nl)EgN—i)Fl(ng)F2(n1+n2)Fl(n1)£)

= 1ot B pEN-m) p(na) plnitna=N+) [Isz;N —Nz_-inl - nz] Fim)e

= :}:v"Egi) Z Fl(nz_k) [Kl;% + nlk— "= 2N] ng_m-k)
0<k<2N-my

« F2(m+nz—N+i) [Kz;N —Nt_—inl - "2] Fx(""f

Y [K1;2k +n ;nz - 2N + i] () pimatna=N+)
0<k<ZN =,

< [1\2;31\’ - 2}\;37:1 —n2 — k] E§2N-n1—k)Fl(n1)£

_ 4yl > b [1\’1;% +m —’;nz -2N + i] Frm+na=n)

2N--2n1<k<2N-m

Ko; N —ny —ny —u) | K1;2u—2N + & 2N—ni—k—
X [ ; ] Z Fl(nl u 1 . E{ ny u)E
0<u<2N-n;—k

= +v? Z Fl(nz—k)F§2N—n1)Fl(2n1_2N+k) [K1;4N _ 4:1 —ny+ i]
2N-2n;<k<2N-n; j
X [K?;"l -N-n2+ k] [Kl;zN -2y — k] ¢
t 2N —ny -k
= +¢ Z anz—k)F§2N—n1)F§2n,_2N+k)
2N —-2n1<k<2N-n,
y [4N—3n;c—n2+i] [nl+?_N]E-
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Since 2(N —n1) <k <2N -n, N-n; <:< N, and g =Ofor0§p<q,wehavethat
the only nonzero term in the sum is the one for which k = ¢ 4+ (n; —n1)/3 = ¢+ N —n;. Hence

Too (FO FEN =7 FIN=Dg) _ 4@ pN=m=) pN=m) plmi=(N=i))¢

and the lemma is proved. O
The matrix coefficients of T} can now be computed.

Corollary 4.3.4. We have Ty = o130.

Proof: From the above lemma T,,, = +v%0, and so using I Ty = Ty, = T2T1T;, we have

T =T(LNOTL)NLT) ! = (T LT)L(TTT) ! = TongT,;ol = oT;0. O

4.4. Eigenvectors of 7T;. In this section we calculate, explicitly, the eigenvectors of T} and
T> on Ly. We begin with an identity which will play an important role in the determination of
the eigenvectors.

Lemma 4.4.1. For each pair of non-negative integers a and b, the following identity holds

—a(b+1)__ L@ T I [a + ]! 1) k yk(a+b) [a] b+ k)
Y [a+20+1) Z( (26 + Kk + 1]t

Proof: The above identity is equivalent to

p—a(b+1) [a“’] ka(am k]'[a H[b 1] H (26 + 1+ 1].

I=k+1
But
_ . _vk katd) [0+ K| [a+26+1] _ . ka+p) | ~0—=1] [a+2b+1
rhs =3 (-1 [ k H sk =L k a—k
k=0 k=0
a4 N qyk ket [—0= 1] [a+20+1] _  _aesry [a+0
=0 2 (=D [ k Ha—k = b |
k=0
where the last equality follows by lemma 1.4.1, and the lemma is proved. O

Since the matrix for T was lower triangular, by considering the diagonal entries, we have
from the previous section that the eigenvalues, A;, of T are given by

A= (_1)n1+n2+i p(N=O(N=i+1)
Proposition 4.4.2. The eigenvector f; = (f°, f! ..., fM)! of Ty corresponding to the eigen-
value A; is given by

fj_(_l)i+j-n1[ j ][N—n1+j]! [2N — i+ 1]!
t m-i] [N-i RN-mi-itj+1

where 0 < i < ny.
Proof: We need to show that A;f/ = ZoskSH_j_m(Tg)j,n,_g+kf,~"‘""+k. On substituting the
values of (T2); ; and f} and simplifying we obtain
2N -i+1]!
[N =14

Z (= 1)k pR(N=mat]) i+j-m [N -i+k]
ko | PN -2itk+1]!

rhs = (_1)n1+n2+jv(N—n1+J')(N—n1+i+l) J
ny -1

0<k<it+j—n1
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After a similar substitution for the lhs and cancelling, the equation that we need to verify
becomes

. i+j-n . . .
p(m=i=i)(N=it1) A ) L JX: l(_l)kvk(N—nl-i-j) [t +7j- n1] [N —i+ k]! .
2N —ny + 5+ 1] = k 2N -2i+ k+ 1)
But letting a = i + j — ny and b = N — ¢, this is precisely the equality proved in lemma 4.4.1
above. 0
Since T} = 0T, 0, the eigenvectors of Ty are given as follows.
Corollary 4.4.3. The eigenvectors e; of Ty are given by e; = o f;. O

4.5, Irreducibility of the Braid Group Action. Given f/g € C(v), with f, g € C[v], define
deg(f/g) by deg(f/g) = deg(f) — deg(g), where deg( f), for f € C[v], is the usual polynomial
degree. Then we note from the previous sections the following:

(1) In the matrix Ty, we have deg((T1)i,;) > deg((T1)i+k,j+1)-

(2) In the matrix T3, we have deg((T2):,;) < deg((T2)i+k,j+1)-

(3) For the T;-eigenvectors e;, we have deg(e}) < deg(e{+k).

(4) For the T,-eigenvectors f;, we have deg(f,-j) > deg(fi“'k).

Proposition 4.5.1. B acts irreducibly on Ly.

Proof: Let M C Lo be a B-submodule. Then since Ty has distinct eigenvalues on Lg (see
above), M contains a T)-eigenvector e; for some i. By above computations, we have €J # 0,
and so writing e; as a linear combination of the f;’s we see that f,, appears with a nonzero
coefficient. It follows that f,, € M.

Let d; = deg((T1):,i) and 6; = deg(f} ). Then deg((T} fr,)?) = 6; + id;j, and by an argument
analogous to that used to prove the nonvanishing of the van der Monde determinant, we have
T} fn,, for 0 < i < nq, are linearly independent and belong to M. Since dim(Lp) = n; + 1, we
have M = Lg, and the proposition is proved. 0O

4.6. Some Questions at Roots of Unity. It is known that for v = £1 the braid group action
factors through the (finite) group (Z/2)" x W for some r € N, where W is the corresponding
Weyl group. In this section we show that for v = (, a root of unity, the braid group action
factors through a finite group if and only if { = 1.

From the explicit description of the action of 71 and T: we have the following result.

Lemma 4.6.1. Let ( be a root of unity.

(1) If¢*" =1 then I
{
T1=(C0 21), T2=(C1 gl)

is a representation of B.
(2) If ¢*+1 = 1 then

¢ ¢t 1 ¢ 0 0
Ti=(0 -1 —¢H'), T=|-¢* -1 o0
0 0 ¢ 1 2t ¢

is a representation of B.
(3) If ¢¥2+1Y) =1 then

¢ ety 1 % 0 0
Ti=1] 0 -1 —C0+D T, = | =¢34 -1 0
0 0 C2 1 [2](2 C2(1+1) CZ

is a representation of B.
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Proof: We just need to check the braid relations which, in this case, are very simple. a

Lemma 4.8.2. For the representations of B given in lemma 4.6.1, the following holds.

(1) For the case (* =1, we have (T]);, = n(("=D},

(2) For the case (¥'*! =1, we have (T )13 = {n¢™(1 = ¢?) +(¢" = (=1)")(1+¢®)}/(1 + ¢)2.

(3) For the case ("1 = 1, we have (T{)ig = {n(*"(1 = ¢*) + (¢*" = (=1)")(1 +
O (L + ¢

Proof: (1) The result is clearly true for n = 1, and it is clear that (T]*)1; = (™ = (TP)s2.
So assuming (T{*)12 = n¢{*~1!, we have that (T7"*")1; = (T)u (TP + (T1)12(Tf)22 =
n¢™ 4+ (™ = (n 4 1)¢™, and the result follows by induction.
(2) We again use induction. A similar, albeit a little messier, computation gives (77*)1; = ("
and (TP)12 = (=1)*{1 + (=1)"*1¢"}/(1 + (), and the result follows from this.
(3) This case can be obtained from the previous one by replacing ¢ with (% everywhere in
the proof. O

We are now ready to prove the result alluded to at the beginning of this section. We can
prove the following stronger statement.

Proposition 4.6.3. Let ( # £1 be a root of unity. Then there exists a finite dimensional
representation of B in which the generators T; have infinite order.

Proof: (1) Suppose (*' = 1. Then in the above representation of B, we have, by the preceding
lemma, that (T]); 2 = n¢(*~D! # 0 for all n. Hence 7} has infinite order as required.

(2) Suppose (¥*! = 1. Then in the above representation of B, we have, by the preceding
lemma, that (T7*)13 = {n¢™(1 = (¥ + ((" = (=1)")(1 + ¢*)}/(1 +{)? # 0 for n large
since 1 — (% # 0. Hence T} has infinite order.

(3) Suppose ¢2(3'*1) = 1. Then the same argument as the previous case with { replaced by
¢? shows that T again has infinite order.

This completes the proof. O

Corollary 4.6.4. Let ¢! = 1. Then the braid group action at v = ( factors through a finite
group if and only if { = £1.

Proof: This follows immediately from the above proposition since the T; would have finite order
if the action of B factored through a finite group. O

Remark 4.6.5. The representations of B given above are obtained by choosing appropriate
values of n; and n; in the explicit formulae for the matrices of T; computed in the previous
sections, and then specializing v — (. Before the specialization, the T;’s were semisimple as
they had distinct eigenvalues. However, they do not remain semisimple after the specialization,
since otherwise they would have finite order, contrary to proposition 4.6.4.

4.7. A digression. In the previous sections, we have found many simple B-modules, and
even found explicit matrices for the generators of the braid group on these modules. It would
be interesting to determine to what extent the simple B-modules that arise as the zero weight
spaces of simple U-modules exhaust the set of all simple B-modules. It is clear that such
modules exhaust all 1-dimensional B-modules. In this section we consider this question for the
2-dimensional B-modules, and leave the remaining cases for future investigation.
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Proposition 4.7.1. The 2-dimensional irreducible B-modules over C occur in two types. The
action of the braid group generators on these modules are given by,

® Tl:(g i\/c_w) T-z(i\/c—ﬁ 2)
0 1e(3 ), (e )

where a,c € C*.

Proof: Let V = C? and suppose B acts irreducibly on V. Then without loss of generality we
may choose {v,w} as a basis of V, where v is an eigenvector of 77 and w is an eigenvector
of T>. This allows us to assume T; to be upper triangular and 7; to be lower triangular.
Note that the irreducibilty implies v and w are independent. Since Ty T,Ty = T,T\T,, we have
Ty = (I'/T:)Ty(T1T2)~ ! and that T; and T, are conjugate. Hence they share the same set of
eigenvalues. Suitable rescaling of v and w allows us to write

b 0
Tl:(g c)’ TZ:(E a)’

if T; and T, have their eigenvalues appearing along the diagonal in the opposite order, or

a b a 0
if the eigenvalues occur in the same order. In both cases, the braid relation and the requirement

of irreducibilty force b to have the form given in the statement of the proposition. O

Hence the 2-dimensional B-modules are parametrized, essentially, by S3 x (C* x C*). The
2-dimensional B-modules that arise as the zero weight spaces of U-modules have

vr(r+1) 0 _v(r+l)(r+2) _v(r+l)(r+l)
Iy == (_v(r+1)(r+1) _plr1)(r+2) | =% 0 R taa) )
and these belong to the type (i) representations given above. They consist of type (i) repre-

sentations
T, = a */—-ac T, = ¢ 0
1710 c ’ "\ +t/~ac a

which have a™t? 4 (—1)"*1¢" = 0 for some r € N. Hence the simple 2-dimensional B-modules
that arise as the zero weight spaces of U-modules account for

Uren{(z1,22) € C* x C* | 2]*? + (~1)"*'2] = 0} C C* x C*
of the type (%) representations of B.

5. Braid Group Action as Hecke Algebra Action

Let V = C(v)"*! be the module affording the standard representation of U = U(sln41)
and let £ = V®"+1 In this section, we restrict our attention to the irreducible U-modules
appearing in Lo, and show that the action of B = By, on Lo reduces to the Hecke algebra action.
In particular, this will lead to a proof of the irreducibility of the B-action on the the zero weight
spaces of those modules.
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Let {e1,€2,... ,ent1} be the standard basis of V. Then the zero weight space, Lo, of £ has
the basis {er1 ® €x2 @ -+ @ €x(nt1)| T € Sny1}, and E;, F, Kiil act on £ according to:

Ei= Y K® 0KoE®Llo---9l,
1<k<n+l

Fi= Y 1@-910F@Ak'®---® k', and
1<k<n+1
K=K g...9 K,

1

where there are n 4 1 terms in the product, and in the first two formulae E; and F; appear in
the k-th position (see the definition of comultiplication A in Section 1.1). Recall from Section
1.3 that we have the following definition of the braid group generator T;,

T; = Z (_l)bvcg—az—ac+ab—bc+a+c Fi(a)Egb)Fg(C)Kga_C)-
a,b,e>0

Note that we can disregard the Kga_c) terms on the zero weight space.
Now the standard action of U on V is given by,

I-*i:l

Ei(ej) = biy1jei,  Fi(ej) = bijeiy1, (i (e)) = &ijvtlei + bipa v eigr

So on the zero weight space with the above basis, the non-zero operators appearing in the
expression for T; are those for which ¢ < 1, b < ¢+ 1, a+ ¢ < b+ 1, since Egz) and Fim
annihilate the zero weight space. Now the triples (a,b,c) satisfying the above condition can
be enumerated. They are (0,0,0), (1,0,0), (0,1,0), (1,1,0), (2,1,0), (0,0,1), (0,1,1), (1,1,1),
(0,2,1),(1,2,1), and (2,2,1). Since the T; preserve the zero weight space, we require b = a +c,
and thus the triples that contribute non-zero terms in the expression for T; are (0,0,0), (1,1,0),
(0,1,1), and (1,2,1). It is immediate from above that in studying the action of T; on the zero
weight space, we can restrict to the case of U(sl;) action on V; ® V3, where V; is the standard
U(sly)-module. We drop the subscripts from T;, E;, Fj, and K;. We then have the following
formulae easily deduced from above.

E(e1 @ e3) = ve; ®ey, E(e2®e1) =€ ®ey, E(e2Re)=€;1®ez +v 'e; @ ey,
F(e1®e) =ves ®ey, Fle;®e1) =e;Qen, Fle1Q@e1)=e1Q@e;+v ey ®e€y.

Using these we obtain the following for the action of T'.
T(e1®ey) =(1-v?)e; ®ey —vey @ ey, T(ea ®e1) = —vey Qez.
And thus we have,
THey ® e)=(1- vg)T(el R ex) + vie; @ ey
T*e2®e1) = (1 - v*)T(e2 @ e1) + v’z @ €.

This demonstrates the required quadratic relation 7? = (1 — v?)T + v?1, and so we have:

Proposition 5.1. Let L be a simple constituent of VO"+! with Ly # 0. Then the action of B
on Ly is a Hecke algebra action. a

Corollary 5.2. With L as above, Ly is an irreducible B-module.
Proof: Setting v = 1 we obtain the action of the symmetric group on the tensor power of the

standard sl,41-module. By a classical result on double centralizers (see [W]) we have that the
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action of Sp41 on (VEn+! )0|u=1 corresponds to the S,4+1-action on its group algebra, and that
L0|v_1’s are precisely the irreducible constituents of this regular representation of §,4+1. Hence
Sn+1 acts irreducibly on L°|u=1’ and it follows that B, acts irreducibly on Lg. O

Concluding Remarks

Let (a;j) be a Cartan matrix, B the corresponding braid group, g the corresponding Lie
algebra, and U = U(g). Then we may once again study the B-action on the zero weight space
of the simple U-modules. For types B, and D,, Gelfand and Tsetlin gave a parametrization for
the bases of simple g-modules in [GT2], and they may prove to be useful in the investigation of
the B-action. However unlike in the case of type A, the basis vectors are not weight vectors,
and the explicit formulae for the action of the Chevalley generators have not been worked out.
It would be nice to find a general argument that will prove the irreducibility of the B-action on
the zero weight space of the simple U-modules, for all types, if the action is indeed irreducible.
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