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Abstract

An algorithm for computing the £2 induced norm of a sampled-data system is
summarized. The computational details of this algorithm are spelled out, bring-
ing together the recent advances in H* theory on sampled-data systems with the
discrete-time H> problem. The algorithm is stated in an explicit and rigorous way,
and implementation-oriented issues are considered.

1 Introduction

The theory of designing H> optimal controllers{10] has undergone a significant advance-
ment with the development of state-space solutions for the general problem([9]. This the-
ory, however, does not handle the problem of designing digital controllers for continuous-
time systems with continuous-time performance specifications, otherwise known as the
sampled-data problem. This has been the target of vigorous research by many researchers
(2, 3, 5, 6, 17, 18] for the H* problem, and [1, 19, 22] for the ¢! problem.

In (2], Bamieh and Pearson developed a theory for designing digital controllers for
continuous-time systems that minimize the £? induced norm of the closed loop system.
Their solution was based on a lifting technique by which one converts the periodic closed
loop operator to a time-invariant infinite-dimensional one. (Similar ideas appear in (3, 24].)
It was shown that the solution of this problem is equivalent to the solution of a pure
discrete-time problem.

In this report, the results in [2] are utilized to provide a simple bisection algorithm
for computing the £? induced norm for a hybrid sampled-data system. This gives a way
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to analyze closed loop systems, with a given controller. Methods for computing the L2
induced norm have been proposed in (5], in which only an approximate solution is given.
Also, an alternate approach is given in [17, 18], however, the results should be supplemented
in order to form it as a complete algorithm.

This report is primarily based on [2]. The basic objective is to summarize the steps
involved in computing the H* norm of a sampled-data system, and discuss some of the
computational issues involved. In particular, this report brings several pieces of the theory
together to present a rigorous algorithm that can be effectively used for computation.

2 Preliminaries

As usual, a signal is modeled as a function (continuous-time case) or a sequence (discrete-
time case) and a system is modeled as a linear operator between such spaces.

The space of real numbers is denoted by ®. Symbols £2{0, co) and £2{0, ) denote usual
time-domain Lebesgue spaces, and L£2[0,00) denotes the extended version of £2[0,c0)(8].
For simplicity sometimes we omit the dimension of spaces and, for example, write £2{0, o)
instead of £2[0,00)" when there is no fear of confusion.

When X is Banach space we define ¢x as {{f;}| fi € X for i =0,1,...} and €% as
a set of all elements of {x that satisfy ||{fi}llaz := {2 {lfill x}?}*? < co. Here £% is
actually a Banach space itself with the above norm ||{f:}||s, (7, II1.4.4]. In this report we
use mostly ¢gn and £zajo,r)n.

The norms of Banach spaces X,Y induce a norm on a linear operator M from X to Y
by sup,cx,ziix=1 |Mzlly. When X and Y are vector spaces over the same space, say Z,
we simply write the norm as | M ||z regardless of their dimensions. Furthermore sometimes
a norm is denoted without a symbol of the space when it is obvious from the context.

A sampled-data system considered in this report is shown in Figure 1. It is made of
a linear continuous-time time-invariant (LCTI) generalized plant G, a linear discrete-time
time-invariant (LDTI) controller C, an ideal sampler S, (with period 7) and a zero-order
hold H, (with period 7).

Here we assume G : £2[0,00)” & L£L2[0,00)* — L2[0,00)* & L2[0,0)¥ has the form:

o:[5]- 8]
i(t) = Az(t)+ Biw(t) + Bau(t),

z(t) = Ciz(t) + Dyw(t) + Disu(t), (1)
y(t) = sz(t) + Dglw(t) + Dgzu(t),




w(t) 2(¢)

u(t) y(t)

Ug Yi

Figure 1: Sampled-data system

and Dyy, D13, D2y, D2, are all equal to 0. (The notation L£2[0,00)%, L2[0,0)%,... stands
for w being the dimension of the signal w(t) and u« the dimension of the signal u(t), etc...)
Also we assume C : fyy — g« has the form:

C: fuih — {uh

Leitl = Aczc,i+chi’ (2)
u; = C.zi + Deyi.

The matrices A, By, B,,..., A., B.,... are all real and constant-valued.

Remark: It is assumed that an anti-aliasing filter has been introduced before the sampler
and is absorbed in G. This justifies the assumption that Dj;, Ds; = 0. Note that y(t) is
actually a continuous signal because of this and it guarantees validity of operation of S,
on y(t). See [2] for more detail. The rather strong assumptions, Dy;, Dy, = 0, are needed
to get explicit formulas for the operator compositions in Proposition 3.

For notation convenience, we write the above as

Al|B B,
G= 01 0 0

C,| 0 O

A. | B.
¢ = [——}—C 2 ]




Moreover a sampler S, : (continuous elements of £2[0,00)¥) — {gy and a holder H,:
fge — L2[0,00)* are defined as

(S-y(8))i = y(ir); (3)
(He{ui})(t) = u; for ir <t < (i+41)r. (4)

Let S(P, K) denote a closed loop system made of a generalized plant P and a controller
K, and let F(P, K) denote the mapping from the exogenous input to the regulated output
of S(P, K). Then the system of Figure 1 can be described as S(G, H,CS,) and the mapping
from w(t) to z(t) can be described as F(G, H,CS,).

Finally we define a stability of the sampled-data system. We say the system S(G, H,CS,)

is internally stable if there exists positive constants a, 3, a., 8. such that with w(t) = 0
and for every initial condition (z(0),z.o) we have

lz(¢)] < Be*||z(0)|| forall ¢ >0,
|Zeill < Bee™||zell for all >0,

where ||.|| is the usual 2-norm for vectors. The next proposition follows from Proposition 3.7
in [18].

Proposition 1 If the system S(G,H,CS,) is internally stable then | F(G,H,CS.)| is
finite.

The converseis not true in general. (It holds if some kind of controllability and observability
conditions are satisfied(18].) So our goal is to find an algorithm that 1) tests internal
stability, and 2) computes the norm of S(G, H,C S, ) if stable.

3 The Lifting Technique

In this section we summarize the lifting technique of Bamieh and Pearson and state their
result on the sampled-data system of Figure 1. See [2] for details.
First a lifting operator W. : £2[0,00) — {ca(0,r) is defined as

W, : f(t) = {fi(®)},
fit) := fir +t) for 0<t< T

Lifting implies that the continuous-time signal is broken into a sequence of signals sup-
ported on an interval of length r (see Figure 2). Clearly, the lifting operator is linear

and bijective. The restriction of W, on £2{0,00) ranges over li,[o’,) and in fact it is an
isomorphism (norm preserving).




Figure 2: Lifting operator W, (from [1])

Next a lifting of a LCTI system M : £2[0,00) — L2[0,00) is defined as W, MW, .
From the isomorphic property, if || M||c2(0,00) < o then

M|l c2p0,00) = |Wer MW,V |

c3fo,r) '
Applying the above to the closed loop sampled-data system, we get W, (G, H.C SH)W., L.
We can write this as (G, C) and the system as S(G,C) by defining G as

é:[?’:]a[m-l H, |

(see Figure 3). The system G has a ‘state-space representation’ as follows:
(i + 1)) = etmz(ir) +/ eA™=*) B11ii(s)ds + ¥(r)Byu;,
(]

t
5(t) = Ciefta(ir) + / CreAt=*) Byiy(s)ds + CL¥(t) Byus, (5)
)
Yi = sz(ir),
where ;(t) = w(it+t), 2(t) = z(ir+t) and ¥(t) = [; eA*ds. This is similar to a state-space
representation of an ordinary LDTI system except that ;(t), %;(t) are functions instead

of constant vectors and operated on by linear operators instead of constant matrices. The
similarities become clearer if we write the presentation as

z((1+1)r) = Az(it) + Byi(t) + Bou,
2(t) = Ciz(it) + Dpwi(t) + Disus, (6)
Vi = éz-’c(if),
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Figure 3: Lifted system G

where A = e4", B, = ¥(7)B,, and G, = C, are constant matrices, and B,,Cy, Dy, and
D,; are linear operators. In our previous notation

i| B B
G= C:'x Du Dn
C, 0 0

1

The system S(G,C) is internally stable if for any given initial state (z(0),Z0), the
state (z(i7), Z.,;) goes to 0 exponentially fast as i goes to oo, with w;(¢) = 0 for Vi > 0,0 <
Vt < r. It is easy to see that internal stability of S(G, H,C S, ) implies internal stability of
S(G,C). In fact the converse is true{11]. This is summarized below.

Proposition 2 The system S(G, H,.CS.) is internally stable if and only if S (G,C) is.

By this technique, we can regard the sampled-data system as a LDTI system, possibly
infinite-dimensional. Bamieh and Pearson derive the next proposition on this. It enables
us to relate the stability and the norm of a lifted system to ones of some particular LDTI
system.




Proposition 3 (Theorem 4 and 8 in [2]) Given a lifted system G in the form of (6),
where A, B,, By, Cy,Cs, D11, D13 are linear operators as:

A:R® - Re,

@1 : £2[0,7)° — R=, ég : R — Re=,
Cy: R — £20,1)%, Cy;: R* - Ry,

n: £2[0,7)" — £2[0,7), Dyp : R — £2[0, )"
Assume || Dy, || c2fo,r) < 7 and form the matrices

= S - «| Ty O
By(I — 3D}, Du)'BY =: TB[ 06 O]TB’

oA - R - . [Zw 0
[ 55 Ja-stu (e 5] = 7] % 8]

where Ly, X4 are diagonal and nonsingular, and Ty, Tcp are nonsingular square matrices.

Define a LDTI system
AlB B

é = C’l Du ’
C. 0

d
where 12
Bl:zT,‘;[EO }, [C& Du]: [21/2 O]TCD,
A=A+ %BDy\(I - %D, D3y) 10,
B, := % B1D},(I — %D D3,) ™" Dz + By, C, = Cs.

(Note that all the quantities defined above are constant matrices.) Then the following are
‘equivalent.

¢ S(G,C) is internally stable and | F(G,C)l||a <.

c3o,r)
o 5(6,C) is asymptotically stable and |F(G,C)llg, < 7.
Particularly in the case of D;; = 0 we get:
o S(G,C) is internally stable if and only if S(G,C) is asymptotically stable.
o When stability holds, || F(G, Oa,, = IF(G, C)llaa,-




When G is defined as (5), it is rare that we have D;; = 0. However, in that case, all
the operator compositions required can be computed via matrix computations. We have

A = A + %élb;l(l. hd ;I;DuD;l)_lél = Pzz("‘) - P21(T)P1—11(T)r12(7)7 (7)
By = %B\D}(I - %DuD3y) "Dz + By = [822(7) — Taa ()T (7)@12(7)] Ba(8)

C: = Gy =0y - (9)
BB} = By(I - %D3,Dn)7' By = Tu(r)I5 (1), (10)
Ci6 = Ci(I — 3Dy Dyy) Gy = =Ty (r)Taa(7), (11)

CiDi = Ci(I - 5DuD1y) Dz = —7*T5 (r)@12(7) By, (12)

DDy = Di(I - 5DuDiy) ' Dis = 47 By [Qa(7) — B1a(7)T5 (r)1a(r)] By (13)

where ¥(t) = [{ eA*ds as before, and
=[50 o] = e{lah I w
00 = [ 3u) 2mf] = [re
w0 = | guf) x| = [ ([ ree)a

(®(t), Q(t) are partitioned conformably with I'(t)). Note that the integrations for ¥, &,
can be calculated via matrix exponentials using the formula

P I\ _[eft ftePrds
=i ¢ o= F)

which is true for any square matrix P. Thus, we can compute ¥(t) and ®(t) using this

formula once, and Q(t) using it twice. The assumption || Dy;|| < v guarantees the existence
of I'i7 (7). See (2] for all the details.

We show the explicit state-space representation of F(G,C ) for later use:

A+ B,D.C;, B,C. | B AlB
F(G,C) = B.C, A. |0 | = [ - 0] : (15)
Ci+ D12D.Cy; DyaCe| 0 |, d

Actually in the algorithm shown later for computing the norm, we need only A; BB*,C*C
but not B,C themselves. This means (7)-(13) are enough for the calculation and we do
not have to evaluate B,,(C;, Dy, themselves.




We conclude this section by discussing how to compute | Daa |
The first way is based on the discretization of D,;. Define a ‘fast’ sampler S, :
(continuous elements of £L2[0,7)*) — R™* and a holder H,: R™ — L2[0,7)” as

Snt (Sn(t))k := é(k%) for k=0,...,n—1; 2(t)€ L£0,7)

H,: (Hn{li}k})(t) = tb‘.ﬂ_‘J for 0<t<r; {ip}eR™.
And then form a n: X nw matrix S,D,,H, by defining its (k,!) block of size : X w by

= _ | CreA=1=-1)Y(r/n)By fork—12>1
(Sn D1y HoJuy = { 0 fork—-1<0"’

where v is a dimension of each %, and : is a dimension of a signal 2(t). Here we can show
that the maximum singular value of S, D,y H, goes to || Dy;|| as n goes to infinity. Thus
|D11]| can be obtained through the maximum singular value of S,D;,H, using a large
enough n.

The second way is to examine the spectrum of D3, Dy;. In [15] it is shown that the
operator (I — 71;1.7{11-711) is invertible if and only if the matrix I';;(7) in (14) is invertible
(or equivalently I';3(r) is invertible). Thus we can find the value of || Dy, || by drawing a
graph of the minimum singular value of I';;() over an appropriate range of ¥ and looking
for the biggest 4 which has the minimum singular value of I';;(7) equal to 0.

4 (2 Induced Norm of a LDTI System

In this section we present a strong tool for computing the H*™ norm of a LDTI system.
This is the discrete counterpart of an analysis method for a LCTI system introduced in [4].

Since the norm of the sampled-data system is given by the norm of an equivalent LDTI
system, this result will be of considerable importance.

A|B
Proposition 4 Consider a LDTI system M = [‘CT‘}—D_] and write its z-transform as
d

M(z) = C(zI — A)"'B + D. Suppose A does not have any eigenvalues on the unit circle,
4 > 0 is not a singular value of D, and wo € [0,27). Then 7 is a singular value of M(e’*°)
if and only if det(P, — e?“° P;) = 0, where

A+ %B(I - 5D*D)'D*C 0 ] [ I B(I - £D*D)-'B*
’ P2 = H

P= ] *\— *  d L d - *
! Lo*I-4DD*ytC I 0 A*+4C*D(I - £D*D)'B




Proof (Almost the same as Theorem 1 in [4]): Write R = (I — ,—:;D‘D), S =(I-%DD*),
respectively.

Let v be a singular value of M(e’“?). Then we have a nonzero u,v such that

M(e?*Yu = yv, M*(e#“°)v = qu,

that is
{C(e?° ] — A)"'B+ D}u = ~v, (16)
(Bl A0 + Dby = 7u.
Define
: —_ — edwo [)-1
" (IA ° JU;[) . ?lu',. (17)
s = (I —-e“A")"1C*,
then we get
-_— -1'07‘ + lDu = v,
ej“’°113‘.s+;1;D‘v = u. (18)

Now solving for « and v in terms of » and s

D A N (I

Here note that the assumption on v guarantees the existence of the inverse and that

[ : ] # 0 holds from the above. From (17)

Bu | | (A=eI)r
[ %C.U ] - [ (I — ej“’OA.)s } * (20)
And from (19) and (20) we get

B o 1[-3D I 17[-i¢c o J[r]_[ (A=e=I)y
0 %C‘ I —%D‘ 0 eiwpB* s| | (I—eA%)s |’

It is straightforward to show

-ip I 17 [LR'D* R
N |
vy

Substitute this to get
A — eiwe] 0
0 I — ei0 A*

10




B 0 |[%R'D* R ][-2c o J\[r
Lo e || st R || 0 ewmpe|f|s| =Y

A— eiwo] 0 .,%-BR“D‘C —eoBR-1B* ] r ]
0 I—ewar || 'L0°S1C  —eiw LC0*DRB |f| s

A+ %BR'D*C 0 [T BR-1B* .
{[ %’C‘S'IC I — eglwo 0 A‘+_—'13—C"DR‘IB‘ s = 0. (21)

To prove the converse suppose det(P; — e/“® P;) = 0 first. That means (21) holds for
some {: ] # 0. Define u,v by (19), then [:] # 0 follows. Here (19) and (21) are
equivalent to (19) and (20), moreover to (17) and (18). Then (16) is derived. 1

then

The above proposition provides us with a strong tool for obtaining the norm. From
now on let #(P) denote the maximum singular value of a matrix P.

Proposition 8 With the notation of Proposition 4, let M be asymptotically stable (i.e. all
of eigenvalues of A are in the open unit disk). Given v > 0 such that v is not a singular
value of D and suppose there ezists w € (0,27) such that v > 3(M(e’*)). Then Mg, <~

if and only if a generalized eigenvalue problem det(P, — AP;) = 0 has no solution A on the
unit circle.

Proof: As is well known |[M||az = sup,co2x) 3(M(e?*))[10]. It is easy to see that the
assumtion on v implies that HAfH a, < 7 if and only if there is no wo € [0,27) such that
M(e“*) has v as its singular value. Now Proposition 4 is applicable and gives the desired
result immediately. i

Proposition 5 is immediately applicable to a LDTI system S(G,C). In this case

A 0 I BB*
Pl:[%C'C I]’ P2=[0 A']’ (22)

with the notation of (15).

5 Algorithm

Next, an algorithm for computing || F(G, H.CS,)|| = ||F(G,C)|| is proposed.
Algorithm:

11




- - —_

YL 1=_HD11”;
if S(G,C) is internally stable
then vy := (upper bound for || F(G,O)|)
else output ‘S(G, H,CS,) is not internally stable’ and exit;
while vy — L > ez do {
7= (1 +w)/%
form A, BB*,C*C of S(G,C) using current v and (7)-(13);
if S(G,C) is asymptotically stable then {

QO ~J O U i W N

9 if #(F(G,C)(e?*)) < v for some particular w € [0,27), say 0, then {
10 form (P, P;) via (22);
11 if det(P; — AP;) = 0 has no solution A on the unit circle
12 then yy:=v /* |F(G,H.CS,)|| <~ */
13 else yp :=v; /* | F(G,H,CS,)|| 2 v */

}

14 else vz :=v; /* ||F(G,H.CS,)|| >~ */
15 else yp :=v; /*||F(G,H.CS,)| =~ */

}

16 output v;
end.

Suppose for the time being that we can process lines 2—4 in some way. Then the validity
of the algorithm can be shown as follows.

Proposition 8 Consider the sampled-data system S(G, H.CS,) defined by (1)-(4) and

assume D11, D12,D21,D22 = 0. Then the above algorithm judges the internal stability of
S(G,H,.CS,) and gives its norm if stable.

Proof: We will see afterwards lines 2—4 can be carried out. '

Line 7 is valid because 4 > || Dy, || there. To do line 8 check if the all eigenvalues of A
are in the open unit disk.

In lines 11-13, Proposition 5 is applicable on S(G, C) (all the assumptions are satisfied).
Then in the case of line 12, | F(G,C)|| < v is derived and hence ||F(G, C)|| < v holds by
Proposition 3 since S(G, C) is asymptotically stable. In the case of line 13, ||F(G,C N =~

and then ||F(G,C)|| > v follows by the same proposition because S(G,C) is internally
stable.

In line 14, note that || F(G, C)|| = SUP,¢[0,27) #(F(G, C)(jw)) because of the asymptotic

stability. Here 5'(.7"((3,0)(]'(»)) > ~ for some w thus ||F(G,C)|| > v holds. Then by the
same argument as before || F(G,C)|| > v follows.

12




1In line 15, .F(G,C’) is not asymptotically stable. So we can use Proposition 3 in the
same way again to get ||F(G,C)| > ~.
This verifies the claim. ' |

Two points should be supplemented.
1) To check if (F(G, C)(e/*)) < v we note

[#(F(G,C) )P = |a(C(e™] — A)B)
XC(e“T — A)-BB* (e~ I — A°)~'C*)
X(e°I — A)'BB*(e~*I — A*)-1C*C),

where A(.) denotes the maximum eigenvalue. Hence this needs only .4, BB*,C*C again.
2) We have to show how to process lines 2—4 of the algorithm.

Note that . - -
A|B B,
F(G,C)=Du+F(| &, | 0 Dy |0 (23)
G0 0 |,

Then apply the procedure of Proposition 3 and transform the first variable of the second
term. We write its result as

,

Ao ‘ élo ézo A,-0+B20Dcé20 Bzocc Bm
: & Ao | Bo
F(| Cro| 0 Dy | ,C)= B.Ca A, 0 =: Co | 0 .
Ca| 0 0 |, Cro+ D120DcCr0  D120Ce ' 0 |, d
Here
AO = A:e“f, (24)
Bzo = Bz = ‘I’(T)Bz, (25)
C'zo = Cg = Cz, (26)
BB, = BB = jo eAr=0) B, BreA" =0, (27)
GiCro = G126y = /o' A" CC et ds, (28)
GioDige = CrDyg = /o eA**C2 0, ¥(s)Byds, (29)
DiDize = Diybis = /0 B3U*(s)C:C1¥(s)Bayds. (30)

We cannot use the operator composition formulas (7)-(13) this time, however, this is
the special case of Proposition 3 (Dy; = 0). So by the eigenvalues of A, we can judge

13




Cr cmemere -

internal stability of S(G,C) and it is equivalent to internal stability of S (G,H,.CS.,) by
Proposition 2.

Now if internal stability holds then || F(G, C)|| is finite by Proposition 1 and 2. Evaluate
the norm in (23) and use the norm equality in the special case of Proposition 3 to get

A|B B
IF@GON < IDul +IF(| G | 0 Dus | O
Gl o 0 |,

i [ Ao | Bio B
= [[Dull+IF(| Cw| 0 Dis | LO)l
i Cao

Fare,

Moreover we can bound the second term of (31) by the Hankel singular values{14] as

[t < 2mem

< 2yntr(W.W,). (32)
Here og; are the Hankel singular values of the system [

o
[~}

= ||Dul| +

. (31)

IA

Bo

Co| O
Ao, and W, W, are the controllability and observability Grammians, respectively. It is
known that W, and W, are the unique solutions of

AOWcAs +’ BOBE Wc, (33)
AGWvo + Caco Woy

respectively, when all the eigenvalues of A, are in the open unit disk([13].

In short, to obtain the upper bound, first calculate A, BoBg,C3Co using (24)—(30), then
find the unique solutions of (33), and use (31) and (32).

Here the integrations in (27)—(30) can be obtained via matrix exponentials again. Let

] y 7 is a dimension of
d

us write
On(t) On(t)] _ —-A BB
0 Ou(t)| T PV o 4 |f
Au(t) Asa(t) Asa(t) Asa(t) ] —A* T 0 0
0 An(t) Awm(t) Aw(t) | _ exp 0 -4 CiG 0 |,
0 0 Ass(t) Asa(t) | - 0 0 A B, '
0 0 0 Ak(?) ] 0 0 0 0

14




w(t)
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+ y(t)
+_T w(®) i

Figure 4: Example

)
[
Q
I

where the matrices in the left hand sides are partitioned conformably with ones in the right
hand sides. Then from [23] we have

(27) = 03;(7)01x(r),
(28) = A3s(m)Azs(r),
(29) = A3(r)As(7),
(30) = B3A%(7T)A1(7) + Aly(T)Ass(T)Bo.

Now the desired problem is solved completely.

6 Example

In this section we show how the algorithm works using an easy example.

Suppose the system in Figure 4. Here we like to do a digital proportional feedback
control on an unstable LCTI plant P (%5 in Laplace transform) using a LDTI controller
C (a multiplication of k). Our purpose is to evaluate £? induced norm of the operator from

a disturbance w(t) to an output y(¢) in order to investigate the performance robustness of
the system.

We can formalize the system to the form of Figure 1 by defining a generalized plant G

as a operator from { w(t) } to [ y(t) ], that is,
111 1
110 0.
=110 0],

u(t) -y(t)
Then our aim is to compute || F(G, H.CS,)|| (= [|F(G,C)|]). So we can put A = B, =
Bz = 01 = 1,02 = —].,Ac = Bc = O,_-?-O, and Dc = k.

G=[_PP __PP]=

15




From now on, we assume that the sampling period 7 = 1 and a controller gain k£ = 1.873.

First, we have to compute || D11]|. Using one of two methods proposed in Section 3 we
have || Dy;|| = 1.000. So we put a lower bound vz = 1.000 (line 1).
Next, we form A4y, BoB§,C3Co through (24)-(30). The result is

~0.5001 0 ._[3195 0] ..., [03235 o
S B e R R R A

Because both of the two eigenvalues of Ay are in the unit disc, S(G, C) is (or equivalently
S(G, H,CS,) is) internally stable (line 2).

Substituting the above matrices to (33), we have

W, = [ 4.260 0

0 o]’ W, =

Actually we can obtain them through solving just scaler equations.) Now we have an
g

upper bound for || F(G,C)|:
vu = || Dua|| + 2¢/2tx(W.W,) = 4.834
(line 3).

Here we finish preparation and enter the bisection loop of the algorithm.

Put vy = (72 +v)/2 = 2.917 and form A,BB*,C*C via (7)-(13) (line 6,7). After some
calculation we have

Az{-o.mz o]’ BB.=[3.595 0], c,c___[0.3264 0]

0.4314 0
0 01|

0 0 0 O 0 0

(line 9). Judging from the eigenvalues of A, S(G,C) is asymptotically stable. And we
have

1/2

#(F(G,C)e®) = {M{ - A)'BB*(I - A°)'c°C)}

0.7328
< 7.

Furthermore, A, satisfying det(P; — AP,) = 0, are —0.5921, —1.6890, 0, oo, where P, P,
‘are formed according to (22) (line 11). So we conclude ||F(G, H.CS,)|| < v, put v :=~
(line 12), go back to the beginning of the loop, and proceed as before to compute the norm.
For example, we have | F(G, H,CS,)|| = 2.110 with four digits precision.
Figure 5 shows how || F(G, H,.C S, )|| changes depending on the sampling period 7, when

k is chosen to be (e"+0.5)/(e™ — 1) in order to fix 4, equal to [ _3'5 g ] For comparison
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Figure 5: Dependency of the norms on a sampling period; (a) Norms of the sampled-data
system and its zero-order hold discrete-time equivalent, (b) Ratio of the two norms

we also show the ¢2 induced norm of the operator from w; to y; in Figure 6. Note that
this system can be dealt with as purely LDTI because P; (= S,PH,) is LDTI. This Py is
called the ‘zero-order hold discrete-time equivalent’ of P and often used for a design and
an analysis of a sampled-data system[12]. We can see in Figure 5(a) that a performance
robustness of the sampled-data system gets worse as we use a longer sampling period, and
in Figure 5(b) that the discrete-time equivalent does not give a good approximation when
a sampling period is long.

)
Q

Figure 6: Approximation using a zero-order hold discrete-time equivalent
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7 Conclusion

An algorithm to compute the £2 induced norm of a certain type of a sampled-data system
is shown. This uses only matrix computations in its main part such as matrix exponentials
and inverses, combined with a bisection algorithm.

It should be noted that when implementing this algorithm, numerical round-off errors
resulting from the matrix computations can be quite critical (see [16]). For such compu-
tations, the recent self-validating numerical computation will be quite useful(20, 21].
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