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ABSTRACT

The properties of the low lying energy levels of an
odd mass nucleus in the vibrational region are investigated
using the quasi-particle method. A non-pairing ("long-range")
type of interaction is assumed to act between the nucleons.
We expand this interaction in multipoles and keep only the
quadrupole term to carry out diagonalizations in two
different approaches: (i) the quasi-Boson plus quasi-particle
scheme, which imagines that the lowest levels of the adjacent
even-even nucleus are well described as quasi-Boson states
to which an odd quasi-particle may be coupled, and (ii)
the three quasi-particle scheme which treats directly the
odd mass nucleus as an assemblage of quasi-particles. The
wavefunctions generated are used to study electric transition
rates and inelastic alpha scatterinz cross sections. 3ecause
of .readily available and fairly complete experimental data
Cu®’ was chosen as a test case for these two methods.
Scheme (ii) gzives many more low lyinz states than scheme (i);
however, in both schemes a “quartet™ of spins, 1/27, 3/2-,
5/2~, and 7/2°, apvears with stronz electric transitions
and larse inelastic alpha scatteriny cross sections that
also obey the well known parity phase rules for excitation
by alpha-particles. Such states are identified wiih the
Hoollective” levels observed experimentally for Cu®3. It is
found that scheme (i) is far superior to (ii) as regards
azreenent between calculation and experiment for neszative
parity states. In the case of positive parity levels, however,
scheme (i) turns out to be unsuitable and scheme (ii) is used.
Tn this case eizht positive parity levels of a collective
nature are produced. Comparison with observed enerzies and
excitation cross sections in alpha particle scatterinz is
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made in all cases where such experimental data is available.
Sum rules for electric quadrupole transitions are also
derived and are compared with experiment.
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INTRODUCTICN

The properties of a nucleus consisting of a tightly
bound group of nucleons (the "core") plus an odd "valence"
nucleon have been considered by many workers. The possible
excitations are those of the "core', the single nucleon,
and their coupled combination. In most cases a specific
nodel has been used to describe the modes oI core excitation
with the odd particle serving as a perturbation. Of
particular interest in the present investigation will be
the effect of such an odd nucleon on the vibrational
excitations of a "core" possessing spherical symmetry.

1
It is well known that )-a weak coupling of a particle

-ty

of spin j to a pure even-even nucleus excited "core" state
of spin I vproduces 2j+1 (for j ¢ I ) or 2I+1 (forI< j )
states. These states are predicted to be at energies such
that a "center of zravity” rule is obeyed. De Shalitz)
has used this idea to describe the systematics oi excited
states in several nuclei. Like Reference 1), no specific
"core" excitation mechanism is assumed. For a nucleon

+ o .
coupled to the 2 first excited state of an even-even nucleus,

~11-
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all levels obtained in the weak coupling should have equal
B(ER)'s to the ground state. In addition these transitions
can have no M1 component.

To explain the fact that such levels do indeed possess
in many cases rather large B(Ml)'s, Braunstein and De ShalitB)
allowed for a modicum of configuration mixing. This was
also able to justify the observation that the j excited
state to j ground state B(E2) was weaker than that from
the other excited states to the ground state. Despite the
above mentioned merits, the weak coupling scheme does not
appear to providé a systematic descriptipn of the excited
states of odd mass nuclei. In fact, it is very hard to
understand the spin ordering in any simple way. 7or example,
a naive prediction of spins would place the level of highest
spin lowest; the next level would have smaller spin, and
finally the highest energy level would be that of smallest
spin. This is seen by considering the odd nucleon as "caught"
in the attractive potential of the "core", so that the higher
the total angular momentum, the more likely is the particle
to be moving with rather than away from this attraction.

2
03 has

This is not in accord with observation, e.g., Tl
a 1/2° ground state followed by 3/2+ and 5/27 states at 279
and 401 kev respectively.

Coulomb excitationb)

has long been known as a mechanism
for producing excited states of a collective nature. In-

elastic alpha scattering experiments with odd mass tarzets
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can yield anomolously larse cross sections that are also
indicative of collective excitation.5_7) Because of the
enerzy separation of these levels the idea of weak coupling
seems questionable.
. . 63

In particular, recent experiments on Cu have shown
a disagreement with the weak coupling.scheme, 8c 1t appears
a general investigation of the properties of an odd mass
nucleus in the vibrational region is indicated.

The weak coupling of the odd proton to the 2+ state of

111 0% predicts a quartet of low lying levels of spins, 1/27,

3/27, 5/2°, and 7/2°. Of these only the 1/2°, 5/27, and
7/2” have been found by Goves) to have measurable B(E2)'s

to the ground state. The 3/2 level should be present if
the idea of Reference 1) is correct. Even an admixture of
the 3/2' sinzgle particle in the excited state is inadequate,
for then too high an M1 transition is predicted. Bayman

9)

and Silverberz”’ have shown that such a decrease in 3/27 to
3/27 B(E2) can only be produced in strong coupling.
An inelastic alpha scattering experiment by lieriwether,

0)

et al,l has shown that the low lying negative parity levels
of Cu63 have differential cross sections that are out of

phase with the elastic. Again the 3/27 excited state is not
ldiscernable. Five positive parity levels are found near

3 mev, and all have larze inelastic differential cross sections
62

in phase with the elastic. Weak coupling to the Ni

3.5 mev 3~ state predicts only 4 levels. Thus, while the
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obeying of the phase rule and the magnitude of the cross
‘'sections indicate "collective' behavior, the origin of

this "core" type of excitation must still be explained.

1)

have obtained reasonable

63 by

Bouten and Van Leuvenl
azreement with the energy levels and spins of Cu
assuming a coupling of the 2p3/2-, lf5/2-, and 2pl/2_
single protons to quadrupole surface vibrations of up to
two phonons. They have, however, not indicated where the
other energy levels predicted from their diagonalizations
afe. Indeed, if there were many low lying levels, then some
criterion must be set for selecting the "collective" ones.

Only by fitting'"core" parameters and single proton enerzies
to zive the best agreement with experiment are they able

~ to obtain results. The B(E2)'s that they predict do not
agree well with experiment.

APPFroaches to the problem of the structure of the low
lying levels  of an odd nucleus in the vibrational region
that do not involve arbitrary parameters, and that might be
considered more intriﬁsic to the odd mass nucleus are considered
in the present investigation. Because of the rather complete
data one now has for Cu63, this nucleus will serve as a
test case for the approach&we use. In the next few pages
the stages leading to the basic ideas of this investigzation

will be described in order to provide the proper context.

Recent advances in the many body problem of nuclear
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phvsics have been made by several workers (e.z. Belyaevl )
throuzh application of the work of Bardeen, et allB) in
superconductivity. In Reference 13) the enerzy zap between
the normal and superconducting states in a metal is
described as a result of a pairinzg interaction with the
help of a Bogoliubov-Valatinlh) transformation, i.e.,
conversion of real electron annihilation and creation
operators to those of quasi-electrons. In a similar way,
the larze energy zap between the zround and first excited
states of most even-even nuclel has been explained on the
pasis of a pairing force with such a transformation applied
to the nucleon annihilation and creation operators.

For nuclei that are several nucleons beyond or before
closed shells, however, the first'Z+ state appears at an
enerzy of roughly half the zap. A residual interaction of
a quadrupole nature in addition to the pairing correlation
has been successful in explaininz the enerzy and larze B(ER)

)

of this low lyinz 27 state. 3Such a force was first suzzested

P

. . .16
by Elllot15) and applied by Arvieu and Veneroni ) to the

7)

uasi-particle representation. Kisslinger and Sorenson
pl

howed that such an interaction when treated as a perturbation

@]

ct

0 existing gquasi-particle levels, could not sufficiently
T . . .

lower the 2 state or yield a larze enouzh B(E2). Using

collective coordinates and the adiabatic approximation,

however, they were able to obtain the frequency pertinent
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to such a quadrupole deformation. The systematics of single
closed shell even-even nuclei were then explained by fitting
pairing and long-range force strengths to the available
data.

The method of the random phase approximation as first
shown by Barangerlg) was also able to give the correct
energy and B(E2) for the 27 first excited state. Such a
method assumes that the quasi-Fermions behave "collectively"
like a Boson provided there are not tdonmany Fermions, for
then the Pauli principle becomes of overwhelming importance.
The Boson approximation while lacking the physical picture
implicit in a core vibration, is much more suitable in
showing from what terms "collective' behavior arises.

In a more recent paper Kisslinger and Sorensonlg)
demonstrated the equivalence of the adiabatic and Boson
approximations for energies at about half the gap. Only
the latter is successful, however, in the limit of a very
weak quadrupole interaction. The Boson approximation |
simplifies calculations in that one need never know the
wavefunctions for the various states. This comes about
through application of the Boson commutation rules, and
the use of quasi-Boson creation and annihilation operators
such that, e.g., the ground and first excited states have
respectively zero and one quasi-Boson.

19)

In this same paper the introduction of a neutron-

proton component of the long-range interaction has made
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possible an extension of these ideas to all even-even
nuclei where the quasi-particle picture is applicable
(i.es, not just nuclei of a single closed shell nature).

Kisslinger and Sorenson in their first paper17) only
dealt with one quasi-particle states when discussing odd
mass nuclei. The first attempt at coupling the phonons
~of vibration with single quasi-particles through the
long~range interaction was made by Sorensongo) He
justified the uée of the adiabatic approximation in certain
cases to describe the phonons, but generally concluded that
the Boson approximation is the more suitable approach. For
the first time a diagonalization was necessary, in that
the coupling of odd quasi-particle to phonon removed the
energy degeneracy. In general the energies and spin
assignments he gets for such single closed shell odd mass
nuclei as Pb, Sn, and Ni are not in very good agreement
with experiment.

In the second Kisslinger and Sorenson paper,lg) wave-
functions are derived for the states of odd mass nuclei
using the Boson approximation from the outset. Subsequent

21,22)

papers by Sorenson have met with moderate success in

fitting experimental B(E2)'s in the Ni to Pb region, and
attributing l-forbidden M1 transitions to quadrupole coupling.

23)

Yoshida ‘has used similar wavefunctions as obtained from

both quadrupole and octupole long-range interactions.
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The energies, spins, B(E2)'s, B(E3)'s, inelastic alpha
scattering cross sections etc. that he obtains only agree
in certain cases with experiment. In both that and the
previously mentioned papers, the phonon'plus quasi-particle
coupling schemes can't be depended on to give reasonable
answers for an arbitrary odd mass nucleus.

The inadequacy would seem to lie in the evaluation
of matrix elements. The second paper of Kisslinger and

19) 20,21,22)

Sorenson and the single papers of Sorenson

utilize the zero to one and two to one phonon matrix elements

as obtained by Choudhury.zh)

Yoshida uses those calculated
by Ford and Levinson?s) However, these matrix elements

are based on specific assumptions regarding the weak

coupling of nucleons to surface vibrations. The "collective™
assumptions regarding the use of surface tension and mass
parameters that one has avoided in the Bbsoniapproximatidn
are once again brought out, i.e., the quasi-Boson scheme

is literally abandoned when treating odd mass nuclei.

The aim of the present investigation will be to use
the correct matrix elements, i.e., to apply the properties
of quasi-Bosons to odd mass nuclei. At no time will there
be a reversion to the ideas of an incompressible fluid,
and most importantly there will be no arbitrary parameters
or assumptions relating to a "surface". It will be shown

that without these assumptions only states of large B(ER)
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(and hence"collective”) have form factors, as determined
by inelastic alpha scattering, that seem to be peaked
at the "surface" of the nucleus. Thus Ysurface! vibrations
will be the logical.physical interpretation rather than
the actual cause of the collective properties of the
nuclei under consideration.

In Chapter I there will be a brief review of the
quasi-particle technique for diagonalizing the pairing
plus shell model Hamiltonian. The long-range (i.e., non-
pairing) interaction will then be introduced to include all
multipole orders, and the Boson approximation method for
its diagonalization will be summarized. As a starting
point for the present investigation, the appropriate
wavefunctions for odd mass nuclei will be introduced which
include up to one quasi-Boson. In order to learn just how
good the Boson-approximation is, an alternate procedure will
use wavefunctions of up to three quasi-particles. For
reasons to be discussed in Chapter I, only couplings involving:

(1) a quasi-Boson made up of quasi-neutrons (protons)
plus an odd quasi-proton (neutron), and

(2) two quasi-neutrons (protons)plus an odd quasi-proton
(neutron) will be investigated.

Chapter II will present the general expressions for the
natrix elements in both of these schemes. In particular

certain elements will be seen to vanish because of parity
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restrictions implicit in the multipole order of the long-
range interaction. The two different types of matrix
elements will be compared and the actual terms dropped in
the Boson approximation will be shown to occur naturally
in the two quasi-neutron scheme. In addition, interaction
zraphs will be presented to help visualigze differences in
the two schemes.

In Chapter III the expressioné for reduced electric
transition probabilities will be derived in terms of the
wavefunctions that result from the diagonalizations of
Chapter II. Also expressions for the inelastic scattering
cross sections of alpha particles will be obtained in
both the Born and distorted wave Bern Approximations. The
former will employ a delta function for the alpha-nucleon
interaction, whereas, a Gaussian wi.l be used as the inter-

26)

action in the latter case. Kisslinger used the Boson
approximation to explain some of the experimental features
of the differential cross sections in alpha and electron
scattering from Ni58. This will, however, be the first
application of the quasi-Boson scheme to odd mass nuclel
where the wavefunctions are indeed of true quasi-Boson
origzin. The two quasi-neutrons plus quasi-proton schemé
will also be used throughout this chapter.

63

The specific application to Cu to obtain level schemes,

electric transition probabilities, and inelastic alpha
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scattering cross sections will oecupy Chapter IV. The
relative merits of‘the alternate schemes will become

manifest as one compares predictions with the previously

8)

mentioned experimental results of Gove, and Meriwether,

et alolO)

Chapter V summarizes and discusses the main conclusions

of this work and points out possible extensions.



CHAPTER I

This presents an investigation of the theoretical
properties of the vibrational states in odd mass nuclei,
with particular reference to those nuclei adjacent to

spherical even-even nuclei having one major closed shell.
The following assumptions are made:$
1. To lowest order nucleons move independently in a
shell model potential.

2. The first correction to this independent motion

is a pairing interaction between nucleons.

3. Only pairing correlations between nucleons of like
charge are considered important. This assumption may,
however, be questionable}9)

L. The shell model plus pairing Hamiltonian may be
approximately diagonalized by employing the method of
R7)

quasi-particles.

5. The "collective" properties of even-even nuclei may

-2 -
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be descecribed by the addition of a long-range interaction
between nucleons.

6. The approximate diagonalization of the entire
Hamiltonian (shell model plus pairing plus long-range) may
be obtained for even-even nuclei by means of the so-called
Boson approkimationlS) (also known as the random phase

28)

approximation and the Sawada approximation).

The present work will seek to determine the worth of
the Boson approximation when applied to even-odd nuclei.
This will involve a coupling of the odd particle to the
states of the adjacent even-even nucleus. In addition,
there will be an investigation more intrinsic to the odd
mass nucleus, i.e., the approximate diagonalization of the
entire Hamiltonian without making the Bosén approximation.
This will not be a simple céupling of the odd particle to
the even-even nucleué. A further description of the methods
to be employed will be delayed until Section D) of this
Chapter.

A very brief explanation of the basic ideas behind
the quasi-particle technique and the Boson approximation
is necessary. This will give the proper perspective to
what follows in the. present investigation, and serve to
introduce the equations that will be referred to quite
often. The notation follows very closely that of Bayman27)

whose paper may be consulted for further details.

This Chapter will consist of four main sections, the
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fourth of which, Section D, has been previously alluded
to. Section A) will pertain to the shell model plus
pairing Hamiltonian, and its approximate diagonalization
by use of the quasi-particle scheme. Section B) will
introduce the long range interaction, and Section C) will
summarize the Boson approximation in even-even nuclei.
The original work for even-odd nuclei will commence in

Section D).

SECTION A. The Shell Model Plus Pairing Hamiltonian and

the Quasi-Particle Transformation.

l. General Description:
The energy gap occuring in even-even nuclei between the
ground and first excited states may be explained by
considering a pairing force acting only between nucleons
in the same Lf,} ) shell, coupling pairs of these
nucleons to zero total angular momentum. The approximate
diagonalization of the shell model plus pairing
Hamiltonian may be accomplished by transforming from
the set of real annihilation and creation operators
to a set of operators that annihilate and create
fictitious (or quasi-) particles. This diagonalization
is at the sacrifice of the constancy of the number of
real particles, and results in a smearing out of the
Fermi surface, i.e., single real particle states will

have certain probabilities of being occupied. Excited
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nuclear states are obtained by creating quasi-particles
into the quasi-particle vacuum, and the number of
such particles is the analog of the term. seniority
(or number of tunpaired particles). In no case may
the number of quasi-particles exceed the number of
real particles.

2. Notation Conventions:
Before giving a summary of the pertinent equations,
a few conventions in notation to be used throughout
this paper shall.he 'staslished for simplicity.

a) The letters N and ‘P when used as subscripts,
superscripts, or argw:ents dencte neutron and proton
respectively. The neutron or proton referred to may
be real or quasi, depending on the context.

b) The letter }f with appropriate subscripts shall
be used to represent the angular momentum of a single
particle (real or quasi). For example, }%V is the
angular momentum of a neutron in the single neutron
state of energy, é@y , or of a quasi-neutron in the
single quasi-neutron state of energy, Ea._ .

c) The 4 component of 4 will always be referred to
by the letter, m ,with the same subscripts as f .

For example, m » is the 4. component of 4, .
L4

%y
d) The orbital angular momentum of a single particle
will always be written as £ with appropriate subscripts.

Hence, Lo

,» 1s the orbital angular momentum associated
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with the total angular momentum, %a, .
e) The single particle radial quantum number will
be written asm with the desired subscripts. This means

that the radial quantum number associated withj@V is

ma./ .

f) Whenever j' is referred to, then / andm are
also implied. Thus, z&, means the angular momentum of
a (real or quasi) neutron that is also characterized
by /Mv and M, . In particular, Zi is the same as 22;;

Ja,, LW, a.
However, m,  will be explicitly written out when a
particular 4 component of ﬁw is desired. _
. . . Y, +7“M

g) When #, is used explicitly as e.g., (-1) ,
then, of course, only the particular value of ﬁ%’is
used (Ma, and da,, being irrelevant).

h) The only occasion for the explicit writing out

&,

of Aa_ will be in terms like (-1) .

N

i) The only occurrence of ma_  will be for matrix
elements such as<m¢,”[£(ztjj Mg > , Where ;/4-) is
some function of neutron (real or quasi) coordinates.

j) The creation operator for a neutron in state, j@y ’
with component, mm will be written ,@f%'ﬁ”)

3. P s My en as A .

This eliminates having to write the subscript M twics.
However, in all other parts of an expression 3; and -
Me, will both be subscripted, e. g.,(-z)nm”"“ ,@ﬁ“()
4

By logical exten31on, a similar notation is used for

quasi-proton annihilators, proton creators, etc.
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3. Summary of Important Equations:

i

Invoking these rules for notation, the shell model
Hamiltonian is given in the real nucleon occupation

number representation by

=2 & Xr 7 (v,)/?r“ (z1)

Shell m,,
Model 1”:&5) ay

and the pairing interaction in this sae representation is

At tm, v, + 4, m* +9
- -G L n % Txy Ty 17 l
Hoair, = -113 an” x’ (> )’&
’)a}:,’ Iy
3’:-1,"’11,"
L7 (0]
X —m,. -, () (T %)

The index?’ may bea or P, and &"; ? 0o gives an attracdtive
pairing force of strength measured byG% « The creation
and annihilatioﬁ operators of nucleons are respectively
X;+(W) and &™) . 1In order to insure the correct
transformation properties under rotations, the

annihilatord () must be replaced by <(™) via

B (o) = AT T R0 () x3)
a

TMa
The quasi-particle creators and annihilators are
F+(W) and PO)with Y (3) (by analogy to (I3)) replacing
the latter via

y“'(ﬂa) = 1) 75 "M P:z )

(IH4)

IE‘MQQ and A?a are transformation coefficients satisfying
) &
the normalization condition
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AU b '

M + . =
7
* 2’4,,7

. , (I5)
+3’(b }:4,

h o
then P’”w (m) and };”w (m) are given by

tre = 1m0 x.?’“ (n) +My /(7 “(n)

and ) \ y ‘
7 ()= aw 7a (n) +en”“m %
m, (m) J'af—,,’c"”q,( ) ) N}‘a.‘, ’6—""@ (77)

(I6b)
The reverse transformations are

+7 + 3 £ '
- '(w)=/‘};°’ ﬂ,,,,l”(w + 6 'n;m }’mf’ (%)

(Iéc)
and

‘ A
21 S R Y
~ ”, (9,) K t?l”;

}3”.' (%) + e, 7
(16d)
In the quasi-particle occupation number representation
(I1) plus (I2) eventually becomes
)‘a..,,‘l""’a }é.
Model K 7"*,,’”’0,,,7 (I7)

where W,,is the approximate quasi-particle vacuum enerzy.

The quasi-particle energy, Ez; » 1s given in terms of

Vet
the reduced sinzle nucleon energy, 6}; , the Fermi
‘)’
enerzgy, 4% , and the semi-gap, A@ s bV
E

. ' - ‘\/ 6; . . A a
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The definition of A

A”) = 6’ i(?a ‘)"“L),w /v}

(TG
4 ,, 14,47 \I/)
and that of é 1s
m
2‘ 2
. - £, _ et
Yoy = “ha, " C2"tu, (T10)
The #, and /; coefficientSmay also be expressed
)a,,, P
in t d b
in terms of é“, ,617 , an 04) v
‘l’
~ L €y —4
My T o L EEZL___;Z__————— (T1:
J'(l..,’ -~ \""'""“)
/\/76}“17 55) 45
ﬂfL _ 4 | - E)'a, B 57)
Y - T
34’0’ V{ %,"S’)) +A7,
and
4
L AV, /V} = ke
@, . ™ 2
TV, -5,V (123)
The quasi-—particle vacuum, | 8:,, > , is defined by
q, g™
)/ (n)] 0y ) =0 (T14)
and is a mixture of states with 0,2,k,4..2/1 breal

particles. The symbol,/l% ,stands for the total number

of pairs and is given by

_ L S (2y +1)
Ay‘ ’“J‘a.,)) “ (115)

A sinzle particle state, 9:a-¢J My s has a probarility

. 3 . ’v L v
of being occupied in )09)>g1ven by



L 05 lﬁj:(w)/&mi“(w)/%) o

(5] 5 ) 7

(I16)
iV

and the average number of particles, /V% , in state }5%;>

is then 2
—~ 7 = (x4, +1 ) o
” (117)
3y the appropriate choice of '65 ’
—_7 /
A/ﬁ = /V% (118)

/
where A, is the actual number of particles.

%

4. Coupling Definitions and Commutation Relations:
The vector coupling of the nucleon annihilation and
creation operators to zive an integer total angular

momentum, I, with«} component, M, are defined by

+é' Ar?:z. r = ) X +7 +‘a.
[ BT ool 00] 2 S L m b 12 o) b,
I’, 11’

(T10-;
,):‘ ;. F ) .
g - : .
['C ( ) e l(’}))JM = i4?,1)”":,,71,,/’”z,,7ll'/‘7 >»C/3:' (’7))/(.3:':" (7))
m m ] n
lq, 3-.,’
(I19b)
and
Th3) )] =S 4y m -
= 7’
[1% ]M »n,imz 2" P ey [Ty ) ()
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is a {lebsch-Gorden

commutation rules are

. ; |
[ L,f,: (m) ,Lmt(v;)L Ry

L 2
[ﬁ-’(ﬂ)% ‘fﬂ] =0
m' M". +

(I20Y%)
(Throughout this paper, a Kronecker delta involvin:

anzuler momenta I 7 thet the angular momenta have

the same parityv, cec..fo=A; is implicit in C o
: S Ee ‘W?I 7’7:, P S;liz

and

T}‘l ".1 - N '
[ H 00, 2 00] =epPom, I4ORZI0)
+ 1 m L

= S' . - 9"11,‘)"/m| '
;)-;) ?2.;) S/m,,)'.)—-/mza)c 1) ' b,

(I20c)
- t+
where[ | means the anti-commutator. For & (%) ang
+ :
£ (%) courled to an anzular momentum (I,M) one then

finds
L

: ; r 7 : . '
[/&*3; (’h),c;"(ﬁ)]ﬂ 2 -e)fiat Fay Tl [6}1(»»)/&.+;l['h{7
| M

- 5?‘»,,}14,) 5»10 St o 17'4,,, +1

(1204)
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Since protons and neutrons will be considered as
non-identical particles, one must supplement equations

(I20) with the commutation rules

[Li‘ (/V),Li:‘ (f’)] = 0

| (121a)
‘f'}“/ +)~:. -
[’?’,,.,, (v) | /@M% (P)] =5
(I21b)
(41 e 6] =
m, Mo,
(I21c)

and

. ' T Y s wIC 4. ot2, 7T
Hiay P0)] T = ot I et )]
477y <0 =6 [ |

(1214)

with®) =N and'))/=P, or vice versa, in the last two equations.
The factor(—u§“j$fﬂin (I21d) comes from the interchange '
of ¥, and }.,,in the Clebsch-Gordon coefficient.

By replacing ,0’*(7;), A () and £(7) by /912%) ,ﬂ(")), and

}‘fh) respectively, sets of equations analogous to
(I19a,b,c,d), (I20a,b,c,d), and (I2la,b,c,d) exist for
quasi-particles. These equations involving the coupling
and commutation rules for quasi-particle annihilation

and creation operators shall be referred to as

(I19'a,b,c,d), (I20'a,b,c,d), and (I21%a,b,c,d).
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is a Clebsch-Gordon

where [ a,h) /ml"7 }10) /mh) } IM>
coefficiente.

For identical nucleons, the commutatiocon rules are

Jjust those for Fermions, il.c.,

7 72 .
[ £ (%) ,Lml(ﬂa)l— =0

(1T2Ca)

+3 + 4
[/(rmf}’ (n), & hh)j =0
/ M, +
(12Ch)

(Throuzhout this paper, a Kronecker delta involvingz

3 thet the anzular momenta have

anzular momenta i 77 ¢

the same parity, e.j.;ﬂ%=ﬂ; is dimplicit in g)};
b 2

and

7, b2 29 ‘ |
[/@/m’ ('),)J ch (7))]+_ :(—9}.’“" My [ﬁ—:’ (w,}{i* (»)]
* +

= g‘ ) ?"l»),‘)"/m' .
;’7) ?1-6 S/m,’,.).-,mz/’) ‘17

C‘Ul
(120¢)

f.
where[ J means the anti-commutator. For XL (ﬁ) and
+

coupled to an anzular momentum (I,I) one then

< ()

finds

\ _ I Fio 5 : \ T
PARORE Ol [szﬂf"/”)j
/\1

(1T204)
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SECTION.B. The Long-Range Interaction.

Consider the long-range Hamiltonian

W = Hyp +¥77 +%°F

L.R,
(122a)
where one defines
- L wvP
Hngp = 2 (7* 4')fﬂ”)
(122b)

in order to insure Hermiticity. The symbol, H/Q;F.f,

stands for the total long-range interaction between neutron
and proton, while H””and ?7’” are neutron-neutron and
proton-proton interactions respectively. The long-range
interaction between two particles,.iy and }3, s is chosen

to be

- - LT 2 zm»(a»-)

5
'Y

" 6. & '

Y (5,00 %) (123)

»},

The minus sign indicates an attractive force, and F , the
interaction strength, is defined to be greater than zero.
Particles4 and } are indicated by the indices (< ,%) , and
the type of particle (proton or neutron) is described by )
and"),for A and 9- respectively. The multipole order is «IL s
and Yj miS a spherical harmonic. The neutron-neutron,
proton-proton, and neutron-proton interaction strengths are
all assumed equal. The interaction (I23) may then be written

for a particular multipole order‘L as
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7)"7/ A A o
Wby = -co™ 47 Ao
e [V (n) v (7 )]0
(124)
with the notation

A
L A 6 A,
[v(.,')v (o,’)] = fo./ml“/mlao>\/h‘-{1l)v (n')
- -m

o m
(I25)
and
A L
V,:‘ (n) = %A’j,) n.m (/14',,) = &i."’m (")‘.)
(126)

In the occupation number representation (I26) becomes

f. L 3 +% \
V: (%) :;’in'g\}’n‘: | & () | VM:: >,!}”"(1»)fr:: (%)
S ™
Fam ™oy (127)
The symbol, % , has been ingluded to distinguish between
neutrons and protons, and 4::'5 is the single particle wave-

29)

function. Using the Wigner-Eckart theorem and equations

- (I3) and (I19c), equation (I27) becomes

L

”mn

4, . t) Iy
VL("') :'Z § (}M' ) [/8- (%) £ (’»)J
m &,

(128)
where ?L(im,itw) is related to the reduced single particle

matrix element and is defined by
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A
l .

= - —— Ly NV (m)
¥ (} % ) > VAET Zﬁ ”}wb>

(I29)

Interchanging 1; and > in (IR9) reveals that
g 7

L,. . Fam-Fa b,
%’ [}m, 9’;»,) =0 ?“'3' (}"’J;"‘b)
(I30)

Equation (I24) may then be written as

')14'?&) = -(-:)IL 47 Liﬁ' {3': 73,) § (}3 }‘,,)

Vike f A
}’ﬁ }q ’
+§: é A’ +} ’ 3 P & °
K [,fr (m) £ "(’»)J [,6— 3(%' )¢ % (9 ):)
G

(I31)
where the indicated coupling of the annihilation and creation
operators is a logical extension of the notation of equations
(I19). Applying the quasi-particle transformation (Ibc,d)
to (I31) yields sixteen terms (prior to any simplification).
These terms are defined to make up three components of

)
H k) , leea,

A 4
7%’ 4 W
n=%_., +M.,, + /
yowE o) 2-:)1) ?:‘) (132)

with



M, 1 phg o gd (
, T -6 17 F (7. 7. ho,
:}Ho) 24+ }',517‘ K ’)\? 4 )
D
}]4,,7'1{1
)3
X [12. t oot ot ‘*',R-&
F"s, Pa_,’ ﬁj,)/ P"l,” )11, K-;, rg X‘L’I]
(I33a)
L o7 L L
= (1) 2.
"5 ) = F 2_7‘ ?1571,,);,[;3,7,’,)
(2n) 2 &+ 9‘,.,,?,.,,
}31,1}9,),

MR Uy J’,,, 9 F%,'F‘* !
A
4
+Af{ + +A+ +
) %9 FL,' X"’ ,11, Xz.’ r?-,’ fq ’
3 4
+-/£. * o+ + ’A
v, A
and
A
H = -(—:)“ q7 F 4 Z ( A
. — T 2. ¥ (3 50
» (ETEE NG AR
37,}49,



LYW FH’;,

FAO, A
f; J’:. ,9+/ + 'f"/%-&-

b) 3 3') ’it{,b/ Fh’ y:.,, x‘?_’, X,_,",
A 4

+ gt oA *+
o P fo b TRl

(I33c)

The sixteen individual terms are given explicitly by

A 0 N
"e * oot gt g+ =€V 7 %:w- vy My +CZ:‘J Pe _] [P F
P") F"? P’?"Q‘ig' 1y ., 3 y )"/ 2) I
(I34a) o
V'3
k _ !l i‘/p / o
LY N Y > RN U’?'(’U)’ )| [}’}’h))’m'}]
Y (T345) o

]l 2;- + 3+’p33' "? *) ) L)
Bin P K,,)/j, - T Ny § ) F ) [(Y ’[a)f('»)
(I34c) 0



p, 'hpq ’ 0

XX))/J’? f’ . - T ?, “i Ty i ,{[Y(w)é’(v;)] [F(-,,')F(a,l)

1/
(I344d)
fy
f g M. M ., 4 +2. ‘ 9
ﬁx a/‘i’ l,, }11' 7’33, )q’ {[F(iljyf‘l,) [F 23[“)'))/()4"")]42
(I34e) ' °

—— by thy., ¢
/Z_p erga =~C1) 7/#};’ M’};.) 73,’/ }v, g[ﬂ( ("))J {)/(9/f(4;’)]z

(I34F) 0
b £, +h, 0
‘ + =-€i *‘- 1',' ;' 4
/ﬂ‘)ﬁ)ﬁx,f Xv,, Ar ""9 ?3 , ?L ‘)/(7') [’G(a{) 3((::))
| (IBhg) o
ﬂ, Db ¥ f":,*-’?"'?;*','i /1'}‘( ’ O
/g. : be ’ =¢) ? ’/U.‘ vy 3}/ ( F
& F’) h F"a’ Py 2y i (Z)Blhg s J

t —I! +l 2
”{P‘s ’Qapﬁ 32,,‘”” a, N {[ﬁ 7’ﬁ2)] [ﬁ‘ “9} Z
. 0

(I341)
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.£+ .
’ + - a. ‘f‘[ /+I‘l + b . +y -4 0
2(-1) RN
%Ea)e%}ﬁ,/ e 5’“’ S #;, g['gm (37)] U(;’)la(;')J
]
(I343)
){A s _C')I ” .
szb:fz;%{’ a"" 72--, }3 ’ ;l{/ (‘!;) (1)} [F IJX("I)]
(I34k)
L - (o )1!.,,1'.133’ JJ"I’/ g
¥ 7 N . N M [h ( J,)f
/{YI‘)X}};;/ "y’ 9:—,, }x., }3.,: 3 ’ (IBhS;J [ (%)J i
b, {...
N
A ﬁﬁxf;‘,,f; = ,%%M}J ” ,{[ﬁ(,,,m] [zii;}”o”']?

Rty 0 o (PN I
ey > “Gay 75, e (9) (9)/(;.{}

(I34n)

f +4 +4 \
vagt 2t 2T My, )
| = (-l 3
’{ X,ﬁf;?' ﬁu},}/ J » Ny W ¥ ; ):, ,?U’(a.)/g( (P('y’)ﬁ( ] 2
y hy Ay,
(I3ho
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A : + :_(‘).H i Ly v A ? [p ] (’.’:)ﬂ%,]l?ﬁ
(h” P‘) (r?'a'r‘lg’ hy Ty "3 v Fol ’ ) 0
(I34p)
The parentheses around the subscripts in (I32) indicates
that not all annihilation operators are written to the
.right of all creation operators. | |
Finally, to obtain 7‘/:_&“ ((122) with fixed A ) one uses
equations (I32), (I33), and (I34) with the appropriate

symbols b , and 7/ s le€e,

n L 1=f 3w Vzw, =P Yw, 1;':” 32 9%p

(135)

SECTION C. Even-Even Nuclei with One Major Closed Shell

and The Boson Approxlmatlon.

The single particle (shell model) plus pairing inter-
éction diagonalization predicts that the first excited
states of an even-even nucleus are those due to the creation
of two quasi-particles of the same type (i.e., both quasi-protons
or both quasi-neutrons). The two quasi-particle energy, E ;t
is ziven by

E.

}'4’?;.,7 = E}‘lq’ +t E )

213 (136)
so that each two quasi-particle state is separated from the

ground state by an energy Z 1~47, with Aﬁ given by equation
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(I9). Any particular two quasi-particle energy (I36) is
dezenerate in total angular momentum, I, (in addition to

the (2I + 1) degeneracy in M , the 4 component of I),

and has the wavefunction, I<?;:;~3§:E/ﬂ ) » with
. ,\\, _ | +31_ L A
] (7,,, Tey)IM )= [ (,,)F [w] )o,, >
}l..'f:.-.) M
(137)

The square root in the denominator is for normalization
(c.f. Appendix Al), énd the ~— over (7“5713) indicates
quasi-particles.

To obtain vibrational levels, one seeks a set of
annihilation and creation operators that obey Boson

commutation rules. First define

+>, ﬂ; A

+4
B, (0, = e [ £ £

7'-:, 711) i—

. (I38a)
and

PN Sl 2T R
2 (41, %,) =€) "3_?(,.,,7;,,%

el N (1380

The 1ndlces } and 4, may be permuted by

8 7‘ (7”,7;‘,) - 7: "'7:.’ B‘I‘L (),_ )

(I39a)
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and

i

C?r [71,7 ?:17) T -

hiyot), ~A A o,
Gr) TRy
') Cy (7yri)

(I39b)
)
From the anti-commutation rules of the ﬁ (m) (I20'v) and
”m

the )’17 (120'a) one has
”m

R, +s . _
[8,, (y72y) \B ¢ (7337.,,,)] -0
(140a)
and

| R,. . S o - [.R,. s
[ C) (7“» ?‘“;) ) Ce (73—7 7"9} ) (8}' (7'77“') JB(O’*) qu”ﬂ ¢

(I40b)
The commutator of ij (. h ) and 8+$(;' 7, ‘)is given by
" € 3y °1)

R, . +5
[BP(/}:,) 724) ) 86‘ (73 7y )] = V6 ks
> 1+45, 5,

[ )17 ?17 )11} ?33
?

— e R+AP 9,12y

. 2.t R
: < a % 7

? YR (15 +1)
Vﬁs}h’?h’ )(1#§ oy o, )

X jg:é‘ﬂ A Se | M > (’ ‘)
T

(I4la)
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with ( )o‘f (I4la) given by

| e g (- 7’6”"‘7 ?"1; hb . *7*! f
( b, 35,51 AL ,17[ Wv)}

I

J.

F5 o cytnthy s % %3 )
9‘*}?9-7 / ? ? ” g[ﬁ«f) (’b)

+$0 ?z)+7v 1R zy 74 *Jq
Y1y 73,1 s Ry PG

‘

L

o L N +a3 R4S (. 7 5, I
t PR 3y T [F ) ?(zv,)],,
R 9: I (Iylb)

R . "
If the sEiond term of (I4la) is neszlected, then, §, (h’ Jas)
and 86‘(31,779) may be considered as Boson annihilation

and creation operators respectively. The first term of

+R /. S50
(I4la) states that 8) (7,,} /2y) and 86 (7;,) /4, ) pertain
to independent oscillators unless A=¢ , R =5 , and either
iy =t3, Fa, = ?.,,7 or }'1,; s ) 2y ‘—}'317 .

The Boson approximation is valid if there are "far fewer"
available quasi-Fermions than there are quasi-Fermion
states. This may be seen very easily. If the number of
quasi-Fermion states outnumbers the number of quasi-Fermions,

then any particular quasi-Fermion state is more probably
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empty'than occupied. Consequently, the annihilators in
(I41b) are more likely to zive zero when operating on
excited states.
Specializing to even-even nuclei with one major
closed shell, one need consider only quasi-neutrons or
only quasi-protons. The shell model plus pairing Hamiltonian

may then be written for independent Bosons as

Hshed +H,.. ~ (#,,) +5
— + E X ' !
Model  Talk 2 ;Z (55 T5) ) 8s G 1)
It, ’:,.7
56

s+e _ S
X 1) ‘ (I42)
C -< (71'7 73.,) .
The "approximately equals" sign, = , alludes to the Boson
approximation, and the associated vacuum is still ’09:> .
The symbols, $ andé6 , are for the total angular momentum
and its 1} component.

Now one introduces the long-range Hamiltonian for
multipole order. A (c.f. equations (I32), (I33), and (I34)
with '5"3’ ) as an interaction between Bosons. Terms

}7’,;‘;) (I33c) and part of 7/.,», (I33b) are dropped because
1) (22)
these terms are really distributed over oscillators of many

rmultipole orders. Then, from equations (I32), (I33), and

(I35) ( LQ even-even is ziven by
Ly -4
74 = —¢1) [ Co
(M., even-even m Z TG, (7,’9,,,)
/3’ }q,,

[Mp,’; o ﬂrr h0,) (e A %A *jrrﬁ F+)]

"(143)"
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This may be rewritten using (I34) and (I38) as

L ’ ~ -&O&ﬁﬁ A ~ho
('HL-R')evemcven \ ATLT F }%‘% (?t [ )‘ﬁ' (73377"))
137)),‘,
(o, L 0
. +
&8 hy Tsy) ren® ¢ ("» 7“’)_] [B (73 )4,) +C) C&“n’” )J
g
(Thk)
with
~ 4 Lay 4 |
(7, 2 NZ D) 2% 0 N[, 2
% ?I,‘) 71.)) - 7 7“)71'5)[ qu’/v}l 1”(0)1-,/5117]
vV /f—$2' .
11771..;)
(I45)

bl e N e s 4
where T (}’ﬁ gzy) is given by (I29). The total
Hamiltonian (considering only the long-range multipole of

order A ) is then

+ (5 )

Paik Rileven-eyen

(I46)
All energies are measured relative to the vacuum energy,

even-even
To diagonalize (I46) a quasi~-Boson creation operator,

s
(Hoy), » in (T42), and (W g) is ziven by (ThkL).

b . . : Loy A
"’7/’" (4;) » 1s defined using B;, (}17715) and C/m (7;‘7 ?"1,))
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from (I38) to be

L A
E(w) = Z[/lfa‘,,, 9;,,)8:, (h, 1) + 005, 40 C,ﬁ (7, t,,)]

9:,) 2 ?;__‘)
(I47a)

t+4
The quasi-Boson annihilation operator, r;" s, would then be

t+4 - )hﬂmi [/L(' . A +4
an (n) = (- ¥ i %) Come (7'3 b)) 2 ()"‘97“») B—,... [’;‘b );s)}

(I47b)
The /L(?':., 7}_.5) and 4,(;‘,7 7'-..,) are a set of numbers and are

obtainéd by requiring

4 L L
| ( chm-even ) F,m (1')] = WLFM (%)

(148)
4 |
where W is the enerzy of the oscillator of order ,A- .

This leads to

(6.4 ) = _G-I)L 5—7{-“' 7‘_%‘ 4,' —'L(My -k
M) S e G ? ”>27 “)[”4%%)-4(‘%]
R T (el
and &
(iy3)= ~p 2 w0 § Cufen
alby2) = I FE. 7EY (2bty X1V "’5’3)["04("’7’3}""{"3’6)}
4y 7 /‘4.52217

(I49b)
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kb, .. o
with § (4»3) given by (745).

The equations (I49) may be simultaneously solved to give

2
G k) s . . ) 2 A+
Z T (Lgh) (B rey, ) = L rt
Ay 2] (E,«‘,,, +qu)" ~(wh)*

(I50)
i A . 4
A plot of the left hand side of (I5C) vs. w with F
as a parameter appears in Reference 27), and the lowest
frequency for a fixed F" is less than the possible two
quasi-particle energies. A fairly complete discussion is

L
also given in Reference 27). The operator, E_L” (W} , thus

creates a quasi-Boson into the vacuum, 135:> « The quasi-
As
Boson vacuum, I%) sis defined via

+h "
| FM (n) | 07> —6  for all b, /m
(I51)
and is different from 13%_> s, the quasi-particle vacuum.

In fact, IOqj> has components with O,4,8.....quasi-particles.

SECTION D. Even-0dd Nuclei.- The Appropriate ‘Wavefunctions.

The essential foundations and equations having been set
up in the previous three Sections, the actual work of this
investigation will now begin.

1. Single Quasi-Particles:

The simplest interpretation of the lowest states of

even-odd nuclei is ﬁhat there are a group of seniority

one levels, i.e., non-interacting one quasi-particle

18)
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is a one quasi-particle energy and Ejz

. . £ 30)
}1-1’ 16

there follows 4

states. If E;
. ' . 11,
is another, then to lowest order in é?lhfé

E. -—g, = C- €y -
iy By = (é} 6}-“)) 91«7+é?.4, 14

) v
2 A J
éi'u, tE - Lo
>4 (152)

This energy difference is much too small to explain
the spectrum of most odd nuclei.
2. Quasi-Boson.Plus Quasi-Proton:

In order to éstablish a convention regarding the
quasi-Boson makeup, this entire paper will assume that
the quasi-Boson is of qgasihneﬁtron origin.

The first approach will be to couple the odd quasi-
proton to the vibrational states of the adjacent even-
even nucleus. If thisAeven-even nucleus has a closed
major proton shell, the coupling Will then simply be
with the quasi-Boson described in the preceding
paragraph. The long-range Hamiltonian (I35) will then
be diagonalized with »~zpect to single quasi-particle
and coupled states. For simplicity, only one Boson

states are used in the coupling. The departure from
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previous calculations 1 be the use of
actual Boéson approximation wavefunctions in calculated
natrix elements. This will eliminate the use of the

empiri~~1 restoring force and inertial parameters,

(Cvu, and (B)W , respectively.
The qiasi-3Boson creation operator of anzular momentun
A (IA?a) consisting of quasi-neutrons may be
written as f}»g (the N denotinz quasi-neutrons). MNow

courple this quasi-Boson to a quasi-proton of anzular

morentum The resulting state of total

J ?cp *
ancular momentum, I » and 43 component, M

may be written as

&, 57,)m) = [F(w)ﬁ+?§)]j/}~;5>

- (153)
. PN "
wnerek%;%>represents the quasi-Boson vacuum, 15; ;> ,
(4™
and the quasi-proton vacuum, lof > « the notation,
x A
((ﬁ, ;gi Iﬁ% is self-evident. The set of wavefunctions

(I53) is orthonormal (Se
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+7 & A
The single quasi-proton state, PM (A " 3 Of’>, is
orthogonal to all the states of (I53). This is seen
from the fact that there is no operator to annihilate

the created quasi-Boson, i.eo.,

. L .
x ~ > +2C J @ A
Fmlego[T et m]” 5 5=

V.4

(I55)

From (I20c) the single quasi-proton states are orthonormal.

~ A 57 + > X A
£ 0, afs £ (P, )13, ;0 > 3573’5,4,‘4’

(I56)
Henece, the state of total angular momentum, ¥ ,and
1 component,M ,may be written as
b SR §
4 +> A " . J /
7MY, , = ks P, 0|8 50 + S 4y, [P‘”’Pcé
OJ,L_ M . ’C'v
A~ e M
X'/ék 4
i D (157)

The notation,leﬂZ‘j indicates the presence of a zero
Boson term and a ;ne Boson term. The latterlﬁpis just
the angular momentum of the oné Boson state in the
adjacent even-even nucleus. The symbols, 4-33-

and a;;@. , are the coefficients of the zero and

one phonon states respectively.
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Orthonormality requires from (I54), (I55), and

(I56) that

LM om> = &1’573’5»4»4'

% o, 4
(I58)
This means that
> QN
‘wZJ2~+ Z:I&Lﬂpj = |
%o
(I59)

L
In addition, the YZ” (#) form a complete set of

orthozonal states in the subspace, léiv >> , hence
, ~ 1 4 AR TPPS gy
L9, }FM/(“)PM6”}5> (160)

This requires (c.f. Appendix AL) that

AN
2. , . bR . .
‘2 [/L (?'4/?1,) - 4 (?14,?1”\:) =1 (161)
4 27;-4/
The sym%ols, /L(Q‘,M 7‘1”) . and, A,(;‘,” }"-v) , have been

defined previously in equations (I49a) and (I4L9Db)
respectively.
The procedure will be to take for a particular
ﬁ; the experimental value of uz“ (defined in
(I48)). Equations (I49a), (I4L9b), and (I61) will then
be solved for the force strength, f:A' , and the

sets of coefficients, /L(}',”’);V), and. A(ﬂ}ﬂ;) The

o
-+,

values of the quasi-particle transformation coefficients,



-51=-

6“34’AGL)’ may be obtained by using (I1l), (I12),

and théqtables of Kisslinger and Sorenson.l7) They
list the single particle energies, Gf“ﬁ , and
pairing parameters, Gﬁ , '5ﬁ , and A

3 .
One may also obtain the quadrupole force strength from
Reference 17). The long-range Hamiltonian (I35) will
be diagonalized with respect to the set of states (I57).
This will yield not only the eizenvalues but via
(I57) and (I59) the sets of coefficients, a,:i; and

d.i_}'c' « Electric transition probabilities and
inelastic scattering cross-sections can then be
calculated.

3. Quasi-Boson Plus Quasi-Neutron :

The coupling of a quasi-neutron of angular momentum ,
ix” s (created by P+&Ow) with a quasi-Boson of

angular momentum A  (created by‘rjivﬂ) is much more
complicated. First of all, the quasi-Boson vacuum,

| gb)» , and the quasi-neutron vacuum are not
separable as are ,3‘#> and | 5; > in (I57).
Secondly, the coupling of F+);(”) with each component
quasi-neutron particle and hole of rj‘T#)_ must be
considered§ this implies a worsening of the validity
of the Boson Approximation. 1In order to pursue this
coupling in detail, one must have detailed knowledgze
of the quasi-Boson vacuuﬁ, Iéi,} . Now a prime

advantage of the Boson approximation was to preclude
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~
knowing specifically the makeup of |5)’> o Clearly
the coupling of a quasi-neutron to a quasi-Boson
(consisting of quasi-neutrons) is against the very
spirit of the Boson approximation. Such an
approximation conceals the Fermion nature of the
constituent quasi-neutrons; whereas, the odd quasi-
neutron enhances this nature. An alternate procedure
(Sections DAL.,5) will shed some light on this situation.

L. Three Quasi-Particles (two quasi-neutrons and one quasi-

proton) :

Consider an even-odd nucleus with one proton outside
of a major closed shell. The long-ranze Hamiltonian
(I35) should ideally be diagonalized relative to all
states of one quasi-proton, one quasi-proton =lus two
quasil = neutronS,.sess...0ne quasi-proton plus 71v
quasi-neutrons, whereZ%,is even and equal to the
number of neutrons. States containing more than one
quasi-proton and states containing more than.}lv quasi-
neutrons are spurious. Only states of one quasi-proton,
and one quasi-proton plus two quasi-neutrons shall
be considered in the present invéstigation. The algebraic
complexity involved in the treatment of states with
components of one quasi-proton plus more than two quasi-
neutrons is the reason for this limitation. While
more than two quasi-neutrons would appear to be at too

hizh an energy to mix with lower configurations, the

’



possibility should not be overlooked. An indication
of the importance of considering more than two quasi-
neutrons would be the extent of disagreeﬁent between
the method of this section and experiment.

Consider a state of two quasi-neutrons of angular
momenta -, 3"«.” . and g,'}” s respectively and a quasi-
proton of angular momentum, 3—',_', . If the three
quasi-particles couple to total angular momentum,y with

7 component,M ,then this state may be represented by

Plvs 4. 2 ;.”
I va si-p )cp
(152)
The set, M, o , are expansion coefficients.
’ P2, 1%,)% tep ’

The two quasi-neutrons couple to intermediate angular
momentum, J, , and the quasi-proton couples with 7,
[a %
to produce 77 M . The quasi-neutron vacuum, Loy 2,
A
and the quasi-proton vacuum, | % D s are separable.

An alternate representation of | T/"') is

Ty = S X ([F ]

(Pay Yep) T, 73,
lv 2 w /¢
'%Ccs,i-f ia, :&, o, r
<p
+4 3
’&- e ~
o f M)M 2 5% (163)

Equations (I62) and (I63) are not independent. This is

shown mathematically in Appendix C, and is not
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unexpected in that the Pauli principle is obeyed in
both (I62) and (If3). Clearly, the way one couples
three particles (two of which are identical) to a
total angular momentum,JM ,ic independent of the inter-
mediate coupling state provided the two particles
remain identical. Another way of lookinz at this is
that the total number of states before courling must
equal the number after coupling} Since the former is
dependent on the Pauli principle, the only stipulation
after coupling is that this principle be still obeyed.

Equation (I62) is reminiscent of the expression for
a quasi-Boson coupled to a quasi-proton (I53). For
this reason (I62) is considered now as the form of the
three quasi-particles contributior. to the state,l‘.'f /"]7.
The sinzle quasi-proton contribution to the state, 7%@),10

> +7 "
lvM)stl,_p =a,, ﬁM ) | o 55 >
(I64)

The orthogonality of the set, (fﬁ )‘L(//)F 71%( )] /9(0) ”).;;>

is shown in Appendix A2. This is represented as follows

~ “ \ / l/ 'J;/ N/ 7/
o T L ] )
M
) uA +)‘» T4\ . S
[/3(”) c/v)] P ik } U "f> 8o o (,
M %3,

M /V’ 26,‘-’ ;c,o

X (3/ . L ___7‘@” ;&1— B
te, ?Q”Sj&”}/?w (-1) 0;)@ i 57& h) I65)
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From Appendix A2 the normaligation factor for the

a +?‘4. 'f’)} +}C > H ! I
states, (Cﬁ b o) P(P)) is — . Hence,
1705 78,

(5 ([P Yoy P ;I,WJ ’gacm> (Cﬂaa,(,,,ﬁ %) ?ﬁ));

: = 1+§, .
by 500 Yan Pho (166)
Cbviously, the set, | jUM;%% vas; (I6A) and the set,
J 771>g‘$0‘” o (I62) are orthobonal.

Plus 1 quasi-P .
The total wavefunction of state [1JM > is then

/ [“7 U S 2] (%
IM > = g C R—— ()P (/V)
> 03 Iy - (9%”'”)333(’0 1/1+5}, "
RN 4% %
70,?‘(10

F(f’)) Jlo o,,> (167)

Note the similarity between (I67) and the corresponding
quasi-Boson equation (I57). The set (I57) is ortho-

normal, and the set of coefficients, s, with

L, o .
@e,2t,)% Fep

the sinzle quasi-proton coefficient 403, satisfy the
relation
| 2 ! l
+ Z . = |
07) ( ' .
)4 __7%_ 24'4’?"'4«)3; }CI’
TAHS
7; )72’0 (*Lb)

The procedure will be to diazonalize the lonz-ranze
Hamiltonian (I35) with respect to the set of states

(I567)e The necessary pairing parameters, single varticle



enersies and “orce strenzth (if quadrupole) may he

.
obtained from Kisslinger and oorquon.*7) As a
- . . . j
consequence oif the diagonalization, the set, :C(-
- - Yo, 8% hc, )
7 . . I
as well as d;aj , will be determined. Elsctric
transition preobabilities and scattering cross-sections
mnay then e determined.
5. Thres Quasi-Neutrons:
For three ouasi-neutrons of ancular nomenta ; f
Cud 7',5- A

the normalization equation analosous to (I66) is,

el

from Appendix A3, ziven by

: : s ‘ : C N7 o
A ([P+h(”)f+%{”)]D}Pﬂ‘(”)),q ([Fﬂ‘(f')lm("’)foPm("’)l,}”»&

& Y, % T 703
- . . + . . s . . + €y 76 o
= | + S‘}CL” 7)‘_” + (7—7(; ‘) [- g;a'v }C” To 7/6-””%‘, §?‘ky 76’ 3, S;d.”,C”

> 0,3,

+2 .

%, 70,

824 ?J— Y S '
74, %, 74,7,
(159)
An attempt to obtain an orthozonality rslation

Faly

analozous to (I65) yields from Appendix A3

l(fﬁzm) mf 72)) ([F’b(,)ﬁ )"'( )_fof ov)) }Z’>

- Sg‘lj S ’ §~’ . S 7 VN .’ —_ jﬁ*’:&-"‘)o .
P MM )cpﬂcf I, 70 (SZ&‘.V ?4&‘, S;dy 7'04’ C') NNV (5’;;7;”53,‘;}"
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, — _ 2:{.”-]- 5, (7 J . 0
=955 ‘SM'/"I (o) (23,7%1) | € " ?74,,, e, 701;

Yo +3° .
X (~ ) ! 70 );&. ?‘ ’ 57 . S , + (_“)?4 »
w lh ¢, YAy PA LW ngw 7'4” g 7;” 74; 5)

' v /

Y % .
9{” 70 ?-L ‘f‘)‘c -1-70/
+ . ‘ /) (=) v

ZQv ?qy R

hy g 57‘;,” . § ,~c”m) (173)

The first term is recoznizable as the analog of the rizht

90y 1oy $4,_ 14, § o bl

hand side of (I65). The second term, however, states
that for 7, % 7,7 , the two different states of
three quasi-particles are not orthogonal. The
mathematical complications that result from trying to

obtain an orthonormal set from linear combinations of

states, ([lgﬁ‘q")P"u{”}Jj’ /9*5%9) ); , thwart pursuing
this method.

Considerable information may, however, still be
obtained about the three quasi-particles. Consider
the diagonalization of the long-range force for two
quasi-neutrons plus one quasi-proton (Section DiJ).
Certain matrix elements will be independent of the odd
quasi-proton's presence. These will be the terms that
will give information about the validity of the Boson

approximation of even-even nuclel, and hence

If the coupling of the odd quasi-uncutron to the other
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two quasi-neutrons is small, then, the results from the
cdd quasi-proton case will he avproixinmately applicable.
In other words, aside from the Paull principle the
couplinz of an odd neutron to two other neutrons is

like the coupling of an odd proton to the two neutrons.

ey

ust how well these arguments apply, will be determined

in the ensuingz chapters.



CHAPTER II
THE MATRIX ELEMENTS OF THE LONG-RANGE INTERACTION

In this chépter the long-range Hamiltonian (I35) will
be diagonalized. This will be done specifically for the
case of nuclei having one proton and any number of neutrons
outside of a major closed shell.

In all of the following work, the validity of the shell
model and quasi-particle representation is assumed; hence,
the eigenvalues of the single particle plus pairing
Hamiltonian (I7) are considered as already known.

Section A) assumes that the long range interaction
between neutrons has already been diagonalized. This gives
rise to the quasi-Boson representation. The neutron-proton
long-range interaction matrix elements will be obtained
with respect to states of one quasi-proton, and one quasi-
proton plus one qﬁasi-Boson.

Section B) includes the matrix elements of the long-
range interaction between neutrons as well as between neutron
and proton. " The set of eigenstates will include states of
one quasi-proton and two quasi-neutrons plus one quasi-proton.

Section C) points out some important differences between

even and odd multipolarity long-range interactions. Parity

~59-
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arguments will show that for odd multipolarity many neutron-
proton matrix elements vanish.

Section D) serves to compare the expfessions of
sections 4) and B). In particular, terms dropped in the
Boson approximation will be seen to occur naturally in the
work of Section B.

Section E) is concerned with zrapholozy. In this way
the inherent properties of the long-range Hamiltonian and

its matrix elements can be illustrated quite clearly.

Section A. Quasi-Boson Plus Juasi-Proton.

4

The Hamiltonian for the single particle plus pairing
and long-range interactions between neutrons (IL6) has
already been diagonalized in the Boson-approximation.lg)
The eizenvalues for a particular quasi-Boson order b are
the energies)w‘!“) 2 WJL ,vreee s With the energy WL defined
in (I48). All enerzies are relative to the ground state,

l§”> (I51). The seterepresents one phonon vibrations,
there being a single phonon for each mode A . In this
scheme the presence of quasi-neutrons in the ground state
is indicative of zero-point oscillations of an even-even
nucleus. The creation of quasi-Bosons produces "collective”
states in these nuclei..

Now consider the addition of a single quasi-proton to
an even-even nucleus. This, of course, means that one has

an even-odd nucleus. Suppose one attempts to explain the

spectroscoptic properties of this even-odd nucleus by still
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retaining the Boson-approximation. If the odd proton in
this even-odd nucleus is the only proton outside of a

major closed shell, then the set of eigzenstates (considering
only one phonon contributions) is given by (I57). For a
state of total angular momentum,j}witha_componenpfﬂywhich
contains the contribution of*a quasi~-Boson of ordquL,this

was just
T ptd A, a) P()Phj

X !5t -é\‘;>
Vo F (157)
where the quasi-Boson is made up of quasi-neutrons.
Since there is only one proton outside of a major
closed shell, there is no proton-proton lonzg-range interaction.
The,z)ﬂ1multipole of the neutron-proton long-range interaction

is given by (I32) and (I22b) as

et o o) o ( 1L 3]

(40) (a2 (31 (46) (23, (1)

where (as mentioned in Chapter I) the parenthesis indicate

that not all annihilation operators have been written to

: A 4
the right of all creation operators. The terms 7tvp , 7pr ,
)3 i 2 J (Yo) (12)
M ae s W ) Yo , and 77/,,” are ziven
) 39 (Ho) (2a) ; (31) 4
in (I33) for the appropriate % and 2" . Tﬁe term;,?iﬂf
A | 4 4 4 CHs)
and  Wpy , plus parts of Hyn . ¥ s N » and 4
" eHe) (3'7) £, () ey

. oy . . . €22
involve the annihilation or creation of” two quasi-protons. /
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These terms all zive vanishinz matrix elements with respect
to the set of states (I57) since each state has only one
quasi-proton.
b
From the equations (I33) the parts of 7-/,,’,,) (17 N, ¥=F of 9=P,7 /V)

(31)
that will give non zero matrix elements are those involving

/4%“ TRt (I341) /lﬁ + 4 (I343)
Fl") Fl’) F"b’ X")/ 3hl ’ Pla, P:.-;’ X?.,/ P"l.,' J

A
/X.a’a‘y‘"ﬁ, f%, (I34k), and Ad’h,)’;,,z’ayﬂ:,,/ (I341)

Use of the commutatlon.rule for an annihilator courled to
/ P *L('- .
a creifor (I204), and the definitions of B/”, }@7; and
C (7 ft) (I38) enables one to combine these teTuis.
m 1T

If in addition one uses the results of Appendix C {Introduction)

then
! [ 4 4
= 7| Vap tH ]:(—4) H7__ g b
Ghortay T Yevill 2 Vg, 5, # 4 )

}v?w,o
2— . . ’?l
X g (73f;qf)(~l /r w w¢(¢ + (1) /p )?[C(’w )
1) 3(;, 1,] [ﬁ(,,) cp)] )Z (I11')

[
Use has also veen made of the conservation of parity

conditions

A, v A,
1) ’)T—L = (»l)!?3’+’?71,’ th

(IT2)

The followin~s definitions are useful:



#o t =M M, T F Y
(II3a)
and
aim (Yo, Tty Yz opn aw koA A
y ~ Tey) o, Fan = V) Fey (113p)
with
. — A
M”Lwﬁ = ?‘a’”
s /&_47 . N,"}Jo-,,) (II3c)
and
For/ ) = .
/)L“"v - M:'r‘n.,,
Lod = .
Ay = M,‘% (I13d)

For ease of nbtation, the subscrﬁgﬂbilshall henceforth be
dropped when dealing with the (A*g/r) coefficients, e«.3.,
,w}-% 240, and /v"&"a /v;;ﬁ . Equa‘tlon (II3a) has been
used in (II 1').
For one proton outside of a major closed shell, a
quasi-proton and a proton are the same, i.e.,/“ap =1 , and
”GL, -0 (c.f.(Ié)). Thus (II 1') may be simplified
further. From (II3a), the expression W(&,ﬂ—i-el/&'qzq )is
f

unity and (II 1') becomes finally

A _ A H7r L‘l’_-—-——* 4 4,
H’V,F = 1) 'Vm 32' ‘+§;a‘,‘,9‘;’y ?' [9‘1”91”)? [a?,oo‘lf)

(31) e
},f 7‘1P
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A, Y WS §
) ”ﬂﬁ,,;"”w g[c(}‘”%”) ren™ B (91”91”)]

+5 ) 4 ¢
FELCIC) 2
’ (TI4)

From the equations (I34) the only terms from 7%5?/
(22)
(withﬂanJbt=P or vice versa) that will give non zero matrix

elements are those involving

4

e + (I34e) (I34%),
ﬂl@ r:-;, ﬁ"»‘)’ ()/‘f.y’ ° j’ﬂla, X1a, X?@ P“'"}

4

ky,

(I34z), and
11’ F‘L? F?’/ J/y"l

A
//{ + * (I34h).
Lr/,,, Fl X? lﬁq"/

One now uses the commutation rule (I20'd), as well as (II3a),
oo (¥ 3+ #yp) =t » and the results of Appendix C (Introduction)

to zive for one proton outside of a major closed shell

HAIP = é:[j?{wf +1yfA, ] "‘-&ﬂ)lL VZ’ L.ji Ve )/ J

(1:.) 2a) (22) :_,L-H 3 7*

. ;’Pg‘f,o
x#{}‘,ﬁg‘#) %, ?[F"(m)}”‘(w)] (F ’3(@)"”0)] }
(115) o

- Thus, the long-range neutron-proton Hamiltonian (II 1)
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becomes for order I.L
N T 4
H”zf’ B H/VJP T HNJP
(31) (22) | (116)

'y
with HNF and H}P given by (II4) and (II5) respectively.
) ]
‘3 ,) (2-1-)
In order to calculate the one quasi-proton to one

quasi-proton plus two quasi neutroms matrix elements, certain
comrﬂutatlon rules are necessary. Since/ 0”1 r‘ (/y) =0
where P (®)is the quasi-3Boson creation operator, one may

write

- <516 a,,,h ), r;’*m] %>

(117)

From (I47a), and the Boson commutation rule for the operators

‘ rd
B+£’ 9», /N ) and B/m (7‘1,,?‘:'), (II7) becomes
m .

pAERSICT DRSNS TR (L5
v, (I18)

Using the 3oson commutation rule (I4l), and the normalization

e
~

condition, <at” ) 0, ) =1 , one gets

A+
ZAL(QI 7. )f QD) ”"SMML&L/(S‘ oo
3’4 771 |+ 57‘ 7, v v 935 9
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L+m

7‘! +9:7. ')"L —_— VA
v ’ Sa.w a:’ Sa_z”é"/v)J =) Sm_,‘/m / S,LLI /_g_(a Ly 93,./)

—_(1)

(119)

Hence,

~ /. 4 e . b+m , o,
<6;V18tm/g; (?’A/’ ?'2;)]’—‘/;” (N)l0”> = =€) S""J-’”’ Sill'a‘(gl”jz/)

(II 10)
Similarly,
:: ) LI AR " X — L+ﬂ" A
(ENC a E) ) ]0,> 260 § o Sy 207,
(IT 11)
4
The matrix elements of H//,f’ are evaluated in Appendix
(31)

Cla, with Hermiticity substantiated by the Introduction to

Appendix C. The result is

I 4

X iy ' .&. < ~ v
<(0 )' ?CF) ?"oMCP )H':’f')] (A’ L?Cf )3—/‘1 >

'~ ~ A x ~ .
:Z (’R'M .; 9(,: )-SM} H/Vf I(”m )‘7Cf)7€f/m¢f’>
31)
L 4 l I YT 4,
=~ —Y7NF 4 (\;cf, ‘)‘)52.“5 /»r‘rM.i V___._-—"'—; 7-.(?,”92”)(_,) %

+ 1 N
710205, 13, 2,

X A,v'n(’ﬁl”-r- ’)L,_”) [/L (;‘IZ'V ;‘1’) - (_—l)&'A— ()‘,” 7'1,)]
(IT 12)

where the notation follows (IL3b), and the factor, 53-;-"‘ 5"'""‘/"’
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simply provides the statement that Hﬁ:p is a scalar,

Of particular interest in (II lé;hgs the separability.
There is a part involvins only the quasi-proton and the
total angular momentum, J . The factors after the summation
sigzn involve only quasi-neutrons. One would expect some~
thing like this if the properties of the even nucleus are
to be retained in the couplinz to the odd proton.

The matrix elements of f%gi)(ITE) should be quite small.
This follows from}ivpcon81st1n: of single quasi-particle
scattering terms. gglse terms can easily be shown to be
distributed over many oscillator modes rather than just
the A'th mode?7) This would zreatly diminish the size
of the terms. In fact, the analogous terms in the neutron-
neutron interaction are neglected in the quasi-Boson
description for an even-even nucleus.

The presence of single quasi-neutron operators precludes
the use of lozv> » the quasi-Boson vacuum, with H,,, p}' .

(1.L

The correct procedure is to obtain an explicit expression

Eald
La

for | 9, 7 in terms of O34s8eeeeessquasi-neutron states.

But from the remarks of the precedinz paragraph, the contri-

) L
bution from Ff would hardly seem worth this effort.
(11)
Hence, the maurix elements of fh,f will be obtained by
(:.2.)

approximating Iﬁ > by the quasi-neutron vacuum, IO,V>
This weans that F (») (IL7a) is approximated by Z/’»(?,,,,?z,,)
91”_91”

X B (?M,?%J « The result (from Appendix Clb) for one

broton outside of a major closed shell is :iven for order J&
k4



A8

by

5oy A ~
=LA 5 )3 m e V(K 7)) oM >

(22)
2

~ 1 » - L L b
- (1'&-’-")“,7): fL(?.C'o?Cf)(—UQCP-’-jg,'Cf v/ jzgjjljfﬂm/

Je

9:1 %-? 74, 7(,‘,)(1'1’52& 7‘ )

5 s
R RVIC . :
vl b la ) y

Vid ?a‘” ?}4‘ 7£”

(IT 13)
The Hermiticity stated in (II 13) is also shown in Appendix
Clo. One notes that (II 13), like (II 12), is separable
into quasi-proton and quasi-neutron parts, but in (II 13)
each part is weizhted by six~-j symbols. Again 53.3/ 5/")/‘1’

4

just states the scalar nature of H,.,Jp .
(232)

Section B. Two QJuasi-lNeutrons Plus One Juasi-Proton

The assumption is made that only the single particle
"Hamiltonian and the palring interaction have been diazonalized.
This then leaves the entire long=-ranze Hamiltonian (I35) o

ce clzzonalized. Since the present investization deals with

one proton outside of a major closed shell, there is no



proton-proton interaction. Then }k.R is ziven (c.f.(II6))

ny
A A A
)i = H/vp "‘H/vf +W(A)
L.R
‘ (31) (22) (IT 14)

The eizen function for a state of total anzular

momentum, J , and /} component, M , is ziven by

1 —IM> [4403- (P) +2 /C(aa”?}”)-y ?
(7, >¢71,) ,9‘,,

ﬁ(f’)) ]}0” % (167)

Since all components of the state,|JM),involve one

[ (wF(/v

quasi-proton, the same reasoninz applied in the preceding
section holds. This means that .z only pertinent neutron-

A

proton interaction terms (c.f. (I32)) are HA/F and H . p
(z:.)
ziven by (II4) and (IT5) respectiveliy. The besﬁ’form for

}1A%f is, however, that which emphasizes the sinzle-
quas:L( néutron nature. The operators, B+ and C ,in (IT4)
are not assumed to obey 3Boson commutation rules in the
present situation. Usinz the definitions of Bd-and C (138),

equation (II4) becomes for force order,éL and one proton

outside of a major closed shell

£y Fh
b oA T

(31) b+ 7,0,

Ly 3.4’
93# 7Hf

(‘U?ﬁﬂ’%] renk [P’}Zj > ) [P 33(?))/"’(?)]

(IT 15a)

>

]

o



-70-

where
RN _ n
( [X(,v; 3:;)} +{-1)A [9”'(”)3"31(,\,)]
. ' g | |
-Ly 3.(,\,)39,,(”]!« Fenb [P % ) Pf’*(zv)]

(IT 15b)
The long-range interaction between neutrons is just

(I32) with }=%'= N , i.e.

&y A 4 4
WUk =7//WV "'?/,W/ T W/VA/
(40) €>3) (3
(IT 16)
4 - .
and of these terms only 7'/””) can give non-zero matrix
(2
elements. The vanishing of the matrix elements of 'H,é:,,
(4s)

is due to the existence of only zero or two quasi-neut-~rs
in the component states of the basis considered. Since W, ,
its élF contains four quasi-neutron uvperators, all of whichmo)
are annihilators or all of which are creators, the matrix
elements must be zero,
At first glance there would seem to be a possibility
of matrix’ elements of 77 notvanishing. The elements
would be between states o?gne quasi-proton and two quasi-
neutrons plus one quasi-proton. Since 7"”” does not
involve quasi-proton operators, such operai:gc;}rs will come
only from the states themselves. In particular £ o'o U’JF )c (,)'00
would occur in the matrix element 4 T/M I 7/'5- | 3-/\17 .

Using the commutation rule (I20'c) "’)

A%

¥ +5 A .
£ op } Y_ﬂ (f)ﬁ,:“ () |op > :55-,-"’ SM/m¢P<-1)?"°+m¢f

(1T 17)
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From (I67) one sees that M= M requires that the 4

component of J, be identically zero, where T, is the
~angular momentum of the two quasi-neutron state. The inter-

mediate anzular momentum, J, , itself must then be zero,

(o

i.e., the two quasi-neutrons must be paired to zero. If

I7M7,is spurious,

such is the case, then the excited state,
’}for the quasi particle picture requires this to be the

)ground state. Thus, in order to avoid the introduction of

: spurious states the matrix elements of JfAuV must vanish.
c31)
The Y su terms (I34) may be divided intc two classes.
(22)

~ One of these consists of coupled annihilation operators and
coupled creation operators (I34c and d), and the other con-
sists of annihilation operators cqupled to creation operators
(T4 . %, 5,h).

In the equations (I34) , 7,_ , ;'3/ , and 2y, are

' dummy indiées representing 31n51e quasi-neutron angular
momenta. One may then, e.z., interchange jbv and }%” in
(I34d), and fk’ and 2y, in (I34¢). By also using the
interchanze rules for 7ﬁL(I30) and Clebsch-Gordon coefficients
(a2.7), plus the parity conservation rule (II2), eguations

(I34:2,d) combine to =ive

)7]/1/4/ Cclass 1) = ‘M-F i j’A(?' A )fi(;z 9‘1)
(23) 1/;_171 ¥, 7a,
J

3, 04,

DA IS {f ﬁ"m/" ] (Vo Pt
+f)( 1Y m] (£ 2 2“’(/@]

(IT 18)



-72-

The notation (Class 1) in the left hand side of (II 18)

will distinguish (IT 18) from the terms consisting of

annihilators coupled to creators. The terq}LﬂClass 2),
L4

. )
may also be reduced to a simple form. This is done by

. interchanzing éhv and 73” with j%” and jq”
respectively in equations (Iib6e,f,z,h) in a way similar to
L
that used in obtaining Wrvsr (Class 1) (IT 18). If
(232)

one also uses the commutation rule for a coupled annihilator

and creator (I21'd), the result is

4 A k. .
W, Cassny -t 1 pd 3 50504
(232) 2 bt }j,?‘z”
;ZV?Q,
: 1 et 2 gh)C
A Laﬁ,(ﬂ‘,”'l'#-w) m(,’},'}'"‘y”)g[P*?'(”) )/7:.(,;;)} (F(j) ‘!(/V)J 2
(1T 19) °
‘Hence, the total long-range Hamiltonian for multipole

order A (IT 14) may be written as

A /g. A 177 . »6. —4.
}/L.P, = H.,v)p 1— H”)'D T 7/ (A‘) - H"’;)D L HA’;P
(31 (2,2) (31) (22)
3 I3
+ W, (eassi) + ) (class 2)
(234 (22)
1120
2 L 220)
with Hap ziven by (IT 15), Hap by (115), %7
G L ) (a2)
(Class 1) by (II 18), and

o (Class 2) by (II 19).

(a.:.)
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The matrix elements of (II 20) are calculated (Appendix
C2) with respect to the set of states (I67). The Hermiticity

. 4
of H,” (Classes 1 and 2) and H,v,o are also checked

"-"' 4- [:_].)
in Appendl*c C2 while that of H/vf is verified in the
t3 1)

Introductlon to Appendix C. In summary the matrix elements

of (IIZQ) afe as follows ;

<f(9:,, %) 7«-]”“’ HNP | [(?a ;*’)7,’;‘:,’] M)

(32)

=< [ (?:; 3;”’)7;5‘;”)3';11}-}/;5 I[(}tﬂ )3-,)7’ ;:f.] )

(22)

/

4
= (1) (Sj-)- SNM )1177’= j’L(?cfﬂcf)(. ) '}-'5 3 4
}‘,o 7:
f

l
X ’\/—(_::;w)(z.‘)' 1
‘ Vi, 72, (1455,

20, )
[ z' (?4, 74 )144-( )(._, )76. 1‘71,. { A 4 )
ke %

Por 22y,

/g- . ‘ 7 : P) Tc, 3.0 /L-
t ¢ (?x,,, Yaw) “or (Fy 44,2 )e)™ A A S 92’
| s g A L 4 v



3""4' ail }'c' 54&” ?QM

L4

’E' \ 4 ¥ ./ /
-—%‘ (}a-”arby)m (4,@4’4.4_}'.”)(_’)?&”‘,'9}‘_’+j-0/§70 TO ﬂ.? ' ,

— 42.. Y < . s Vi
3’ (9;3.” ?}_’) m_(¢}” +¢.};)(__')?a—”‘f‘?}yf%‘f§"

5 3, A
x ' 7 . g : ./
3’/9.” 9'3'4/ }%v 34,~ ?a;v

(Il/)

oyt o [ (5 5V %
» QCPm,,IHC»?ZJf(h_; 1)% 5, [Im>

=[G By 2 Jm [ ) my
(31)

= - A‘ s A .7 ¢ s
1mF . %L(};I,T)ﬁ- (}ay?}y)w)")%

Nz h+D(5+)

I M}')m $> bep S,,,,,,(P TEX

(IL 22)
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/~

G ) 3] | W class O[5 33575

[1‘-)

“<{(?a 5, )% 0]

7/” (clasﬂ))((’}a ?’4 79C,¢]IM>

(22)

= (Sj' 7’5/‘1/1')% —ﬂ F (?'a ?4?"4/)

2 b+

(?a 7)2»)

¢ ‘),?,e,”d}; i (
X Adm /)La”.;-,&”) Aim (/Faly -r,t;"v) g7° % /SSO’A SJ :

74 ’E/

4 | E
~ F=(I+ z
17 ( g} ?k) 57 3, ;)cl’ﬂcﬁ 570 74, 57/3- b [% (}’ ?1 J
>)2

I+ $}~w7‘1”

. 2
X 4o (’l—,”-l- /)‘,w)

4
LR ET U PR
6% Jep i, ('Jrgé‘ay?;&,) S}“»"“m 57'&,«7"‘///



s ( (9G], .

3}, 2 9,&-” +
Ly o - )
' “ (2, 7"”)] Un'(, + o) . RN
“—:_;;T I/(l.,.g}.q”)"&”) (l‘)"S)q; }}”)

(IL 2.3)

andl

< {( 21, 3 ;ija'm} 77’ (class 2)

(1:.)

[(a 7!;) ;CJTM>

<[(?4~ ﬂr ’ }c,,JTM I 7/ ((55 2)

(2.2.)

[ (7, ﬁ,)% ?’:J 7/9 |

_.L',?’F (H-S}*}bw)ga 7« 53,(’_ 9;, 52:,"7: 53;3/

A,
'z <[ F Lt %17, )

?}y =2t
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(446, 50,0
L P *, *”‘w))
* Ya, 1

- 'g' .o/ / f«&”"'?a; % b, . i, .
§7 F S;CP ?Cf g;—a 3, ) [C"') %L[)a” 7&:,) % (2&- }b

. . 5

xb{fﬁr(/fq f’)‘q, Uilf +-¢,&~/) 91:'4/ ?4,« [7
/4 A/) 'b;" d 2, 9'/

o T, b

F e 70) 4G ) e (ta e )

y! : J
X xo2 ('fq” ‘f")‘%:) 4, O 63 }
5. ik

' DY 9’-

L4

X

Viirs.

du, 50, ) (P55 540

537/5/\4/\1/

(L 24)
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The notation,

[( 9{:”3:';,”)')'0 ;:f’] '5/‘1) » refers to a

particular component of the state,l‘)ff} s Viz; that of

two quasi-neutrons, jm and gjb, , coupled to 7; which
N

then couples with the quasi-proton, ij sy to give D ,Iﬂ .
It should be noted that the normalization factor, = ’
VIF.
A ~ ‘
~is included in this notation. The statej O _;9", ;;;.:>"&”

contains no quasi-neutrons and one quasi-proton of angular
momentum, j‘P » with 4 projection, m., . Krc-acker deltas,

in (II21), (1123), and (II2{), and 55;,

3 3y’ SMM SMMCp

of (II22), emphasize that jf (II20) is a scalar. MNore
will be said about these matrlx elements in the following

Sections,.

Section C. Parity Restrictions on Matrix Elements of the

Lonz-Ranze Interaction.

From (I23) the long-range interaction for the,xféhrmllti-
pole is seen to be proportional to é YLM (A )Y,L,,.. {A)
Where Yk_ is the spherical harmomic and £ and 4 refer to

s) .y . - ] 4 - M
the 4'th and ) 'th particles respectively. Since Yj.m =¢!) YA)-/M
one ma writezg)

ELYL»» (N, )YL....(JI Yi(ﬂ ) )ﬁ(j) (1T25)

Th t 1 t of (II25; bet tat .
e matrix element of ( etween states, l(?,‘ 7;)IMI> ’

is ziven bv 29)

() ;J Nr'ML| Y ls) &(9)1(",J)IMI> _(_,)9,‘+)2 +I
§11/ 5/‘1;/‘11’{;_ :’., ;‘.’, 24 HANG Z'Xf)}- RO 2))( IT26)
where 2, and 2, are the anzular momenta of particles <

andéﬁ respectively. These angular momenta couple to total



angular momentum, T s with 3. component, Mt « The double
barred matrix elements are the usual reduced matrix elements
of a spherical tensor. Conservation of parity then requires
that for A even, V.2 = 7. and 7, = 777-. « Whereas
% FA ’) /
for A .0odd, one must have 7‘ X M. and ./ ST, -
’,(' 9? i,'
Conservation of parity 1ntroduces still another

restriction when one calculates the matrix elements of the
long-range interaction between states like I(’;” 2},) M) .
The symbols, 12 and ?;P , are integer and odd half
integer respectively, and couple to give a total angular
momentum, Yy -, with 4. component M . To make this discussion
more appropriate to the matrix elements of the preceding
sections, let ;Cf represent the odd quasi-proton. Also

let TL(”) -UL(P) be a term in the long-range interaction

between a neutron and a proton in the quasi-particle occupation

number representation. Then analogous to (II26) one has
f\-, ’:’ 7 P ‘&_ . L ~. ?‘
<(?,” Y, )3M ]T () -y | (3, Jeo ) TM)

< 7C ’o
= e )'1—?’1-’533 ‘Sam gi 7" 2o ? ITH”)l‘j

« L V‘(P)M,,) (1127)

and,

(A 7, )3m | T .u‘*(p)] (& ; ) 7MY

4

- (_,)‘&"")‘clo +J

X <}:,"

T s A7 X, "
o337 SMM’ A }:_’ fe 3<’&” | T&(/V)"L’>

NP > (I128)
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The symbol, 4‘? s in (II27) and (II28) refers to the
odd quasi-proton. In (II27), 7 , represents the angular
monientum of two quasi-neutrons coupled together. The
angular momenta of the individual quasi-neutrons are
irrelevant to the present discussion and are not indicated
in (1I27).

l. Two Quasi-Neutrons Plus Quasi-Proton:
| The implications of (II27) in the matrix elements

A
of H,V,p (IT21) are

(»2)
for AL even
?7-); :7')'0’ ) //?}f: 777:,0 (1129a)
for A 9d,d 77'); = 15,7 7’)}.’9 = i.qoi

} (II29b)
For the matrix elements of fbhp (IT22) equation (IIR7)

(31)
requires that

for L even

- 7’;p (IT30a)
for ,&. odd
7/
. ’ ”~; .

’ /9::,0 ? 7,7 J //).Cf =X 7/-]90 (TI30p)

2. Quasi-Boson Plus Quasi-Proton:
/7
- There are two possible values of A in (1128), i.e.,

/
' &_ = L or L'-‘-‘O o« The former indicates matrix

4
elements of HAGP (IT 13) and the latter matrix elements
(22)
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A
of H,?p(II 12).
(31)
The restrictions on the matrix elements of H/v,p (IT 12)

due to (II28) are (3
for K even 7/—2}/[, = 75 = 74.%
and | (II31a)
7/ /
for b odd 7;?},0 X7 Wi'cp = Tyep
| (II31b)
The restrictions on the matrix elements of H A (1T 13)
m,P
due to (II28) are (>2)
for ,L even il f‘P - 7)-:"
and | (I132a)
for }, odd
7 e X 7 (II32b)

Equation (II32b) implies that the matrix elements of H/v;/’
- €39
(IT 13) must vanish for A odd. This is seen from the

L .
fact that H”Jp can only have matrix elements between states

(22)
of the same total angular momentum.

Section D. Comparison and Discussion of the Matrix Elements

of Sections 4) and B).

A
1. The Matrix Elements of H,v,p :

. (31)
When H”'P is written in the form of (II4) its matrix

€31
elements are gi)ven by (II 12) in the quasi-Boson plus quasi-

proton picture. For H”f written in the form of (II 15)

(% .
the matrix elements are given by (II22) in the two quasi-

"y
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1]

neutrons plus quasi-proton scheme. Comparing (II 12)
and (II 22) one sees that they are quite similar, the

only difference being

! 4/ A, . | L
Zm ¥ (?:4,71” 1) aum (’)','”'I"fzy) [4(9.1”7.:,,) ) 4-(;;”?‘,»,&]
. Wiy,

3,29, ,
V. 4
quasi-Boson plus quasi-proton

4

'ea.y . ’ ’

‘L ( .y
— ¢ (%, 14,)
two quasi-neutrons plus quasi proton
This is what one would expect since the use of the quasi-
Boson scherme involves a "weizhted" sum over the relative
contributions of the possible two quasi-neutron states.
The "weizhting® is represented by the sets, A(3 ¥a,)
V. 4
and 4.(y, 7. ) s (I49) which are the coefficients in the
definition of the quasi-Boson creation operator (I47a).
A
From equation (I49) with w < F,. rE , one sees that
P 4 '&-
each 4( 3, ¢a,) and the corresponding ¢1) 4,(;‘,’ 73.)
always have opposite sizns. This means that o (, 4, ) and
s . o 4 1 : 1
‘¢(4mv93”) add coherently in (II33). The "collective
character inherent in the Boson approximation is thus
further emphasized. 3Both the right and left hand sides
of (II33) are related to the electric transition
probability in the adjacent even-even nucleus. (c.f.Chapter III).
One sees that for arbitrary IL the degeneracy in total

anzular momentum, ) , is removed in both schemes by
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L
HN,e (c.f. equations (II 12) and (II 22)). The

sepgz!g.bility of (II 22) into quasi-neutron and quasi-proton
parts indicates the possibility of "collectiveness" arising
from the quasi-neutrons plus quasi-proton technique. One
may make this statement since the quasi-Boson plus quasi-
proton scheme haé the same property of separability (II 12).
The matrices to be diagonalized in the two quasi-neutrons

plus quasi-proton method will be much larger than the quasi-
Boson plus quasi-proton matrices. Thls is due to the
diagonalization that has already been performed in the
quasi-Boson scheme, 1.e., the sets, A (p,, 9;_”) and

a( ) I 7'1”) , are already supposed known from the
adjacent even-even nucleus. In the two quasi-neutrons plus
quasi-proton scheme the "weighting" of the g—"(;‘q; ;}L)M ((F‘:.,.P'f/‘:.v)
terms (II 33) will occur as a consequence of the entire

dlagonalization.

2. The Matrix Elements of H'” P
A
L (22)
The term, H,v”o » (II 5) has matrix elements in

the quasi-Boson plué,'a't)zasi-proton picture given by (II 13).
The matrix elements for the case of two quasi-neutrons plus
one quasi-proton are given by (II 21). The effect of HA/,P
is restricted in the quasi-Boson'plus quasi-proton scheme‘ )

to even L (II 13) because of the parity requirement (II 32b).

In the two quasi-neutrons plus quasi-proton scheme, however,

the matrix elements of H,vJ [4 need not vanish (II 21).

(22)
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This 1s due to the fact that the angular momentum of the
two cuasi-neutron state need not équal the multipole order, A .
For €venhi:he basic difference is that the gquasi-~-Boson plus
quasi=-proton scheme involves é weighted sum over single
quasi-neutron states; whereas, the other scheme does not.
Both equations are separable into quasi-neutron and quasi-
proton parts, and each part is proportional to a six-j symbol.
As previously mentioned, in both cases the elements depend
on the total angular momentum, 7J ; consequently, states of
different J will not be degenerate.

Also of interest are the dependencies of (II 13) and
(IT 21) on m(ﬂ‘q” t#,,) types of terms 'ra.ther than am (‘7-4”1'41,.#)
as in (II 12) and (II 22). For quasi-particles near the
Ferml energy ,J; y A~ and ~ are approximately equal
(I 11, 12), and from (II 3a)m('f-‘”+¢*”) approaches zero.
In this same region, however, the Awn (4.."1‘4;(,”) term
would approach a peak since Aun > (#a,T%,) +M"(’)§,’+%‘)=l.

In (II 21) one sees that J, and 3, ’ , the angular
momenta to which two different two quasi-neutron configura-
tions couple, need not equal L or each other. This
implies that there are many off diagonal non-vanishing matrix
elements in the two quasi-neutrons plus quasi-proton scheme,

It is such elements that will make the matrices of S/%€S
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even larger than would be expected by counting the number
of available states for each of two quasi-neutrons.
The Matrix Elements of ﬁ,f:, (Class 1):

The term, Zﬂf: (Class gjt)is given by (II 18), and
its matrix elemgzgs by (II23). These elements are not
dependent on the value of the total angular momentum, 3 .
The presence of the odd quasi-proton is manifested only
in the S} y; requirement. This just means that the
quasi-protcon does not influence the quasi-neutrons, the
only restriction being that matrix elements must be
between states containing the same quasi-proton.

There are no correspondinz matrix elements in the
quasi-Boson plus quasi-proton scheme. ks mentioned
before, this is because the neutron-neutron long-range
interaction is already diagonalized in the Boson
approximation. |

Equation (II 18) is seen to consist of suff over

+
[ 6 2 h) A 73, 7'..,,)]: and [ ¢ &(a'.,, 7.) ch:',,,ol.,ltype
terms. The latter maj be rewritten in terms of

[B "(9,"),”) CL(}. ,‘SJ oy us:z.n'T the commutation rule (I4l).

This will introd th [-
is will introduce the l+53: ra S”‘ ’”053’”73 s’:,}"l,%; 75

term and alsc single quasi-neutron scattering types oif

terms. These scattering terms are dropped in the 3oson
approximation but are kept in the present instance. The

y 3
7i”w, (Class 1) expression (II 18) thus contains termgs

1)

proportional to sums over '1[ BL(?,,,?; )¢ (3,‘, 2.,”)]

nd e
a.‘ l+s ’ [ 23”71 S”o’?y 53'”’.' S;a ’, (—])”0*73” ])

J;;‘A]
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and alsc Svms due to the single quasi-neutron scattering
terms. This is shown in detail in Appendix C2, and leads
to identification of the specific terms in (II23) as

follows

/]
Contribution due to Z [B (714,7; )CL(?} 7;1,)]
Tt YT

-57 ¢4
2 A+

—
o~

i, . ) RN ’
F auin) 3l 180 e o ow il gy

x,u}n.( 'I”}y) SJ’,J‘ SJ',L S, 7C,o S-;-:"SNM
(II34a)

|
Contribution due to i 1+$ A [ 2;,711,57, 7, 5;,”7%5 -(' ""
’ 2,4”1 '4’ 2,

Aii}

A |
= MIFZ S 558 pmme 5::,’54;,7;,'(”’5;;,,2:») S

4, S;j;v?'.l-;
A 2
A i7,[$' (9:” 7:.,,)] (4' LN )H'S (II34b)
N .

Contribution due to single quas:.-neu‘c.ron scattering terms
(negzlected in the Boson approximation) =

i , ] . .
PP §357 SmS337 55,000 (1455 1) %o trs S 10,

Lr. . 2
o S (LT ira iy H(9AGLA]
hy N o
(II34c)

M { ¢ly1-¢4 )
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Equation (%Ith) is of opposite sign from (II34a)
and (II34b). If one associates (II34a) and (II34b) with
“the matrix_eleménts involved in the Boscn approximation
diagonalization, then (II3L4c). would be expected to raise
Jthe eizenvalues. There is obviously more to the Boson
approximation diazonalization than is evident in (II34a)
and (II34b). Since only up to two quasi-neutrons have

been used there has been no contribution from 71f%, (I43a),

(40)
whereas the Hamiltonian (I56) diagonalized in the Boson
approximation does include '}yj}) .

| (4o) -

Equation (II34c) is seen to involve couplings between
the angular momenta of the quasi-neutrons comprising the
state considered (i.e., ja andg}-) and other possible
quasi-neutron angular momenta. There is a sum over such
couplings; hence, (II34c) might not be negligible. The
test of the ideas of these past few paragraphs will be
a specific numerical example presented later in this
papers. Before one can analyze the effect of an odd
quasi-neutron on the Boson approximation, the validity
in the presence of two quasi-neutrons themselves should

be considered.

4
L. The Matrix Elements of 7{”0 (Class 2):
4 (3a)
The term, X,, (Class 2) is given by (IT 19), and its

(>22)
matrix elements by (II24). This Hamiltonian term is

nezlected in the quasi-3oson picture (c.f. (I43)), and

one would expect it to be quite small. The form of
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(II 19) is similar to that of Hpp (II5); however,

the matrix elements of Qdﬁ; (Claé;t%) are incapable
of removing the degeneracé?;g the total angular
momentum, 2 . This is to be expected since the total
angular momentum, 2 , arises from the presence of the
odd proton anyway.

Equation (II2L) consists of two parts, one of which
is dependent on six-j symbols. This term involving
six-j symbols does not involve a sum over quasi-neutron
states; hence, it is limited in magnitude. The other
term involves a sum over single quasi-neutron states,
but is proportional to m‘('h,ﬁ,g.,) types of factors.
By reasoning similar to that mentioned in Section D2)
this term should also be almost neglizible. Indeed,

the dependence on the square of the cosine supports

this idea.

Section E. Graphology.

The differences between the quasi-Boson plus quasi-
proton and two quasi-neutrons plus quasi-proton diagonalizations
are vividly illustrated by using interaction graphs. In
addition the nature of each long-range Hamiltonian term
becomes recognizable in terms of real protons and neutrons.
tven though the number of real particles is not a constant
in the quasi-particle picture, the graphs are a convenient
way of gaining insight into the nature of the interaction.

The complete long-range Hamiltonian including terms

whose matrix elements vanish is (c.f. (II 14), (II 16), and
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(T 20))
£ _ )f”" + ’))IL (class ’+7YA (classa
WLR = A, o ) VN )
T (40) (22) (22)
h A
+ 7#2&? t F,”Gf +’}tv r
¢31) (22) (31)

(II35)
The first index in the subscript is the number of quasi-
particle creation or annihilation operators. The second
number is the number of quasi-particle annihilation or
creation operators. In other words, the second index is
the number of creators if the first index is the number of
annihilators and vice versa. The meaningsof (Class 1) and
(Class 2) will become apparent from the different graphs
used to represent them.

From (I29), %ﬂﬂaa ijis related to the reduced matrix
element of the A'th nilcipole term of the long-range Hamiltonian
expansion. The states with respect to which the matrix
elements are taken are those of single quasi-particles. The
quantum numbers of these states are not only those of real
particles but also those of real holes, i.e., a quasi-particle
is part real particle and part real hole. The (4 #) trans-
formation coefficients (I6) indicate how much of the quasi-
varticle is particle and how much is hole. 4ll long-range
Hamiltonian terms involve terms like %.'9"[9'“17 9;&1’) 7_&[%7’?‘/{)
multiplied by four (/0,ﬂ7 coefficients. If 4”¢3 appears

then ?@ refers to a real particle, and if 7,  occurs
” K
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?a pertains to a real hole. Similar associatiocons hold
. . . :
for )hﬁ ) 9, and de,. The question of whether there
is annihilation or creation is arbitrarily resolved as

31)

follows, In ?"(')‘4" 9},‘,)11‘ the first index, 7'%7 s refers
to a real particle then the real particle is pictured as
being created. If the second index, 2@3 s refers to a real
particle then the real particle is annihilated. Conversely
the first index, 4, , implies real hole annihilation and
the second index, ?;ﬁ s, pertains to real hole creation.
1. Graphs for the Lonz-Range Hamiltonian:
The non-simplified 7yLJﬁ (I34) best shows the origzin
- of the graphs. First the neutron-neutron interaction

shall be considered. With'the horizontal arrow in the

following graphs meaning Mmay be pictured as™ one has

}}L - ‘ Z Termg ,'Ike
(/I\;I‘V) (z34 e, &) jj .

ih 2,

and

(IT 36 a)



-91-

A

}I (cl‘(sj |) ‘ > Z TC)'M5 lixe
o .
(22) ! (T34 4,d) 7"’7’.
9.3” ?‘1”’
h, 73 L and - - -
a;,v 9"'”
(T 36 &)
Hﬁ/ ( class 1) — 2 rerms lixe
(22) ’l” ?.2”
73fv }."/V
)_'” ' N ?"ly
— — —— - - B ) . )
;':w 73m
?2/“ - - //7‘/4/

(L 34<)
end Py
. ¥,
Wi : Terms like \o 20
w w "
6347) (139, ')Jl,»";/”’/”i 4P) j;,,jz,
i N :
9‘” 93”

D AN ke,
}"v 7’." ’qk
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(I 35 )

One sees easily from (II36b) and (II36c) the difference
" - between Class 1 and Class 2. The former involves the
| creation and annihilation of particle-hole pairs. This
may be looked at as a direct interaction. The latter
represents the scattering of particles from one state
to another, and the similar scattering ol holes. This
may be looked at as an exchange interaction and should

be weaker than the direct one.

The terms, ¥,, and 7;’,:9; (Class 1), are diagonalized
_ ' (4o) €23) 4
in the even~even nucleus Boson approximation and )ﬂmv

(2,
(Class 2) is neglected. In the two quasi-neutron /

diagonalizatioﬂ ?iwv gives zero for its matrix elements
4 ¢4o) 'y

and »,, (Class 1) and M .. (Class 2) both contribute.
¢22) (ax) '

The term, 7JMM, gives zero between non-spurious states

(31)
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of an even number of quasi-neutrons (c.f. .discussion
following (II 16))

When one considers the neutron-proton interaction
for a proton outside of a major closed shell, the
proton and quasi-proton are the same. This means that

’“’}‘P =l and ’V}-p"—' 0 . From (I34) the only non-vanishing
Hamiltonian terms are parts of fHup and Hawp
¢2'2) (i)
with the former being of (Class 2) rather than (Class 1)

nature. The graphs are as follows

4 2 Terms Jike
H/VJF : ?
{;_1) (IBLI‘?)%) 2! 71‘,
| 73f3qf

(L 374)
and -
A . 2 Terms line
Hp (L3494, 4)
(31) 7!,.,3;”
. 2 7
%v P Tup |
9; %40

— me—— o—
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‘
.

2. Graphs for the Matrix Elements of the Long~Range Hamiltonian:
The resultant matrix elements of QV”A, (Class 1) |
(ITI23) may be replaced by graphs simil;?ﬁko (I136a,b).
It is very éignificant to see that }*gﬁ; vypes of terms
appear, for this agrees rather nicelycagkh the similafity
between the matrix elements in the two schemes. 'These
terms are due to éhe-Kronecker deltas that arise from the

Fermion annihilator -creator commutation rule (I20'c).

¢ [(7/';” ?";”)3;7";} 7/\7} );?LW (Class 1) [(;;’ ?;"/ ):yo’;"c;] ‘5‘M>
12.)

> Sums, over terms lixe .

N ) | .
\/” : | \/yy ’“P . . ;(P
—_— —— — .. ) /\_ o ’

N . N .
2e & ~ N
b /)47\XRA/ ?cP
\

v T '
V }C,O . ' A £ P a.‘P
— ——— — r : - - . _ A
"/\” A '
?‘P W \¥ o
. : cp

(IL 3§)

In the above and following graphs the actual neutron

quantum numbers are omitted (just an N is indicated)
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for simplicity. N
The matrix elements of 7¥~w' (Class 2) (II24) may

(212)

be replaced by graphs like (II36c), i.e.,

U A 3, ol 317

ll:.)

. sum over terms lire
V4

} | Z %ep
A/ . 4},0
o | (IC 39)

To avoid repetition the neutron arrows have been omitted.
In both (II3%) and (II39) the odd prbtdn is seen to
remain in ti.e same staue.

The matrix elements of f*;ﬁp (IT 12) in the quasi-
Boson plus quasi-proton sche;z)may be written as a

sum over terms like (II37b), i.e.,

p ~ A -
< (,2_/ > Fep )TM 'H"’P,("’ J'?c,o)}ﬂ/m",

€31)

3y Svm ovEer terms lixe

by

X 7 ]};; *

n

(IL 40)
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In the two quasi-neutrons plus nus’ l-proton method

the matrix elements of H,Vp (II22. ) do not involve a

IBD
sum, but may also be written for evci lL like (II37Db).

Hence
< [(’)4 7}” )30 2tf]3-/1 }H”f)‘ v ,?cf, (f>
3[
; no,
v e | dep
—— — — - I'ld —_— . — -y
F PL.
| %= w\¥ \"f-j
4 . : (IL4)
The matrix elements of M (II13) in the quasi-

‘1’

() |
Boson plus quasi-proton scheme give a sum over terms
like (II37a). The neutron arrows are omitted for ease.

Hence

5y e Vi )

(2.1)

. v Y

> Svm over terlms like _
’ v/
v - ep

(IL 1)
Similarly in the two quasi-neutmm plus quasi-proton

A

scheme one zgets for the matrix elements of HA»P (I121)
(2

terms like (II37a), only without a sum, i.e., )

LG a7 Wag \L Gy ) 50 ] 571

. \ Pep
——> Terms like
// \ %

(T 43)
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A

One notes that ‘{Acp is of a direct neutron
(31 4
interaction type; whereas, HAGP is of a neutron
(22)

scattering type.



CHAPTER III

The diagonalizations described in the preceding Chapter
vield the wave functions that describe the nuclear levels
of our model. These wave functions will be used in this
Chapter to calculate: (1) the electric transitions and
(2) the inelastic alpha particle scattering cross sections.
Only by such calculations will one be able to determine
which states are 'collective! Of particular importance
will be the probing of the structure of such levels.

Indeed, the techniques used in Chapter II do not guarantee
a priori that coherent vibrations will be present.

We shall see that only certain states have prominent
electric transition probabilities. These same levels will
also have large inelastic élphé particle scattering cross
sections. Before discussing these results, the relationships
necessary for the calculations will be presented. In this
way the role of the various components of the wave functions
we have generated will become evident. Coherent states will
be those whose components contribute additively to the
resultant transition rates and scattering cross sections.

These expressions will also show that essentially the same

~98-~
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terms that speed up the former also increase the latter,.i.e.,
there is a correspondence between enhanced electric trans-
itions and enhanced scatterihg cross sections.

Section A) will deal with electric multipole transitions.
This will be done for both the quasi-Boson plus quasi-proton
and two quasi-neutroﬁs plus quasi-proton schemes.

Section B) will treat the inelastic scattering of alpha
particles in the Born Approximation. Of interest here will
be the relative sizes of the different cross sections for
inelastic alpha particle scattering from the various levels.

For comparison Section C) will treat the inelastic
scattering of alpha particles in the Distorted Wave Born
Approximation. The shape of differentiél cross section
versus angle curves for each level will be dependent on
the detailed nuclear structure. Hence, these shapes, in
addition to magnitudes, may be directly compared to
experiment. This and the preceding section will deal with
scattering in both the quasi-Boson plus quasi-proton and

two quasi-neutrons plus quasi-proton schemes.

Section A. Electric Multipole Transitions.

The reduced transition probability for an electric

multipole of order A , B(FA) , is ziven by 32)

B(EA) :w T 47{;)\“2/94,4 Yy (6, ,,,,)”3'),

I. >
4 t (III 1)
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The initial state has a total angular momentum, Z); , and

‘the final state a total angular momentum, 3} « Transitions

will be considered as going from excited states to the

ground state. This means that J+ refers to an excited

state, and T{_ pertains to the ground state. This distinction

is very important because in the literature B(E,&) often

refers to an excitation from the ground state. These will

be referred to as B(E&) , and in coulomb excitation

experiments this is {he quantity that is measured. With Tf'

still referring to the ground state spin and J; to the

excited state spin equation (III 1) and B(FA) are related by

Tf.’-&_

B (EA) (x3.+1) =8 (5,2.) (zjfﬂ)
3:‘- -%'?' f‘ ~):J'

In equation (IIT 1) the symbol, m , is the particle

(ITI2)

index, while ‘1) stands fornp or P i.e., neutron or proton.
The symbol, YL s is the spherical harmonic, while 2.7 is
the charge of the % 'th nucleon, and £ is just the unit of
positive charge. The notation, /L‘g' , implies the.& “h power
of the radial coordinate, A . _
When dealing with the wave functions of the states
involved, a different form for BT{FZJ (III 1) simplifies
7

calculations. The reduced matrlx combénent of the electric

transition overator of multipole order z&. may be written as
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| | N . |
<%l ,.,,iq, Ayt Yo (0 0, ) %

. A+3 -5 [ -
< 4/ :.3“1-) (-1) 4 (4}; %-74'_/‘1-17.{. Tt/ )

x4y Mivg | & E_X,,,A. YAz_((’ ¢ )]7/‘1)

(II13)
One may replace (III 1) by

| . .
BEL) = NG Mergli B oy g 0, 20D
3, -37{* (23, +i) ‘41.1. 3 M, }3} f*‘M;)‘" .

(II14)
_ a A
The units of both (III 1) and (III3) are (length) .

Expanding over the index, % , gives

A
4 2
Y ”;2"' “74‘»»,) Y.L’. (6""5 ém ) =

it

4
2 am Yy O ) + 2 Sy May(o,

(II115)
The symbol,&v , stands for the effective neutron change.
The problem of calculating the charge involved in a trans-
ition involves a detailed description of the polarizing
effect of M on the core. By using an effective neutron
charge, this calculation is assumed td have already been
carried out.

The proton term, Z /L Y,&_ (‘9m ,¢ , of (III5)
A .
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may be written in the proton occupation number representation

as

. L |
2, S0, e |4 Yoy (orh)] ey g7
plp FLorP)l Ly, my P L
o ‘ o) A, BT ()
2& ”mb

(II16)
One now transforms to the quasi-proton repreéentation for

one proton outside of a major closed shell {(u=l,v-0), and

introduces z_"{?;f,yw) (I29) so that (III6) becomes

3% (74,» Yy ) Z<’¢ﬂ Map T4 ”"17117-719 (P) ]j" (p)

Yap 4o
72, 7.4-
Z?‘ (7.,,9sp [P ® Y (')]
_ (IT17)
: 1
In a similar way the neutron term, !:_{__; m Y&f, [9,.,” fm’),
of (III5) may be written in the neutron occupation number

representation as

) Ly ' | Y AL
L }:{_”‘” 0, ™) a )2}(,, ,,)}u,_m&)@:u(ﬂ,,&:#[/w
2&4@; - ’

(1118)

and in the quasi-neutron occupation number representation as

‘ i A . . i ' .
. ’ X

m”»
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Ay % 7, |
X (—u O (%) Y gy () = ﬂ%“(»), ﬁ;’* (,v))
tunlr, tay )P, a“(/v)lf (,,)]

(II19)
The form (III9) is easily obtained by applying the quasi-
particle transformation (I6) and the definition of %-‘(9‘4” 7)‘6-1)
(129) to (III8).
1. Quasi-Bos_on Plus Quasi-Proton:

| Equation- (III9) may be writtén in a form more appropri-

ate to quasi -Boson calculatlons as

’&V. z ?— ("q l&- )f (,.,)

Y [E*’ Co (?b %)

Bf& (7 7 : : '
+ % 7,,” 1}”)] v l{-SJ-{w’-}” t m{f‘”.;..&”) fp:%(”))ﬂb(,.,)

My

(III 10)
+4
where C [34 ”.”) and 8 [74 1,@) are defined in
(138). The state, lT/"] ) , 1s written as | TeM; >,L in

the quasi-Boson plus quasi-proton scheme and is given

by
' A 7.
B = oy T 1258 1 2 [Tl )]

~ I.
Al O ;3'
[0 2% (157)

‘y-
The coefficients, 4 ‘ .. and 4 % s are determined from
o073, A?c

the pertinent diagonalizations of Chapter II.
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From (I57) and (I4) one has

an ). “‘/Z -?.
Py A (4™ /é.
+ S CLA,, » )op/[P ("’)F jc(f)] j'-f'
Jep Moty
(IIT 11)
ith at , h il
wit!l o3, and a,* o determined in the same way as 03,

and ﬂfz,,)-p of (I57).
Tue matrix element, < 'J'{_ M+ ?} + NZ"'Q 4 YA_g.{Gm ' )}7/‘1
from (III4) becomes via (III5) through (III 10), (I57)

and (III 11)

. | ) ) A
| L R 1.34_ )
oi 3 M, 1-9_1 55’)}02. (?4,7&,0) [F(P)X(f)] 4
/?/y }i? g(’)x/&” [CI} C (74 7,6;)
4o
7%,

. ) ‘ )‘.&.
. B’Lf (94,,7»4,)]’1/_—_—! o *+ toa( 7“'4/*7.‘17«)/],:2"(”)% }(/v)%

RUOS (1T 12)
Equation (III 12) is evaluated in Appendix D1) and

when the result is inserted into (IIIL4) we obtain

8 (EL) //*p +8p +(, + 0, f‘.’t:i)
X > et

(IIT 13)
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where
A 3 4 I+
= * TN (=) *
Ap 2E0 4, a,”f (7 Ty " F ’/gﬂl
(ITI 13a)

BP ~("’) ’]/(1)+,)(1A+’) Z‘A,)'f d’e('

| A v 7‘ -J: | .
O T
Ao %p Jep
(IIT13b)
— A, C‘!)A ,a'.‘{ &7} . +*3, /Ly -H L 3 T,
(, = == 4 T, +G) 3y +
v £ 03, (a.y{rg., /—47"’{-

v S ¢t (52 1r-—"'“ it [ g4 yckp 40
S ¥ W) LG 3, )0 )

_ (IIT 13c)
and with /L(?;w Ten) and /L(Zé—”?‘(,) given by
(I59) "
D/y = ’g_'f_ (‘))* (1A+‘))/ (1) +1) Z a',& él-jj 444
Jip Pep /l—ﬂc,o % 7
e d S 4R o Vs,
¥ (P, 24,) ”‘59

24 &/)B‘ (9

. \ M N ’4— ‘&- 'L ) . |
A (?q,,, Vo) Aok, 9e,) W—(ﬁw‘* /f’g'ﬂ)??\q % 7, ;(,,,)4&,*’7‘”

(ITITI 134d)
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The term, AI" , (IIT 13a) is the contribution due
to the single quasi-proton parts of |3; M, >o,*_ (157)
and 4 7{' Mty | (ITI 11). 1If the transition were

P
1ndeed pure single quasi-proton then 4 “3 = a,a‘é =] with
A

all other coefficients identically zero. Then B (F L)

would be given from (III 13) by Eiadt’s
B (Eh) S.e. rhtl [‘i"h(:’i'v )J
I~ Iy 27T,
(III 14)

This is readily verified from De Shalit and TalmiBZ) with
the definition of ?’L (I29). One notes that the origin
of Ap is the proton multipole term (III7).

The term, Bp s (III 13b) is the contribution of the
one quasi-Boson plus one quasi-proton parts of both the
excited and ground states, and is expécted to be quite
small. The proton multipole term (III7) is again the
term describing the transition.

As given by (IIT 13c), C, is the term that one expects
to be the prime contributor to the resultant B (Ehk) .
This is readily seen from the fact that the B(FTA_-; * of

an even nucleus is (Appendix Dlc)

B(EL) = A S gh( — |
Y i 2‘”;% 74”1;4,)4/7’_?_ (.l) b

", Lot +4,,))
N &-I)A/L(jq” ")~ (9',,” ?j&,}]? *

(ITIT 15)
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Thus, B (EL) ~ occurs naturally in (III 13c) with A being
the an*ular momentum of the one quasi-Boson state of the

adjacent even-even nucleus. The interpretation of the

A +7 v, T e
oefficiént, {: {' SRR S R ¥ "7’” T
coe c Q a,U.J‘. ¢ l) ( - ) "’l’ [LA.‘S{_
in (III 13c¢) is clear. The second term is what one

usually ‘calls-the "core'to ground state transition. A
single’ proton of spin, ’J'{- » coupled to a ®core!” of
Spll’l,}l- has a transition to the single proton (spin 7{.
part of the ground state. In the most naive case

7 q T

= = an

a’o?f aﬂL}% =1 abh_;.
term, 5. a -, relates to the single quasi-proton

o
( 3. ) part of the excited state and the one quasi-Boson plus

b/s .
= a,ﬂ,‘ =0 . The first
A

quasi-proton (');-) part of the 9 |)0vund state. One would expect
this contribution to be rather small.

The origin of CA, is, of course, the nev*ron
multipole term (III 10). But comparison to (II 12)
shows that the sum in the expression for BJ{PI.) (IIT 15)

is exactly the one that occcurs in the matrix element of

H/VP (IT 12 ). This results from the nature of the
neutron)electrlc transition operator, T§4 ),/&}_(9 )
Aa

in (III 5). This operator sans also occurs with respect
to the long-range Hamiltonian in equation (I26). Incidentally,
if the Ycore™ part of an excited state interacts strongly

with the single particle part of the ground state and this
interaction is via the A 'th multipole of the long-range

Hamiltonian; then, a relatively large B (= A) is

‘3' . __7—-
expected. “ ')f
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Lastly, D, (III 13d) is due to theisingle quasi-
neutron term, Fﬂ::“'(,y) X:ﬁ(ﬂ) , of equation (ITI 10).
Hence, a rigorous ‘quasi-Boson calculation like that
performed to get C, is not possible here. The approx-
imation (Clb.3) of using 10%> in place of l;’t,y> is
made. The fact that this scattering type of a term is
neglected in the Boson Approximation for an even-even
nucleus means that its contribution must be small. In
essence, Jf,, represents the transition from the one
phonon part of the excited state to the one phonon part
of the ground state. It differs from Bp (ITI 13b) in
that the former is due to the neutron multipole term
(ITT 10) while the latter is due to the pfoton multipole
term (III 7).

The components of excited and ground states that
contribute to the A 'thelectric multipole transition

are restricted by parity conservation. Thus

In (IIZ 13a) for A even 772, :77;,.*

for A odd Ty % 7’/— (TTT 16)
In (III 13b) forh even 7;7.‘; - 7,%0

for A odd 777{,, x 777},, (TIT 17)
Also .(IIT 13d) = 0  for £ odd (IIT 18)

Equations (IIT16) and (III 17) result from the transition
being due to the odd proton. Egquation (III 13c¢) has no

restriction since the transition is due to the quasi-Boson
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| itself. 1In other words, there is a transition from a
one quasi-Boson to a zero quasi-Boson level with the
quasi-proton remaining in its same state. Equation
(IITI 18) arises from the requirement in (III 13d) that
the odd quasi-proton in the initial and final states
remains the same,

2. Two Quasi-Neutrons Plus Quasi-Proton:
‘The proton multipole term is given by (III7) and the
best form for the neutron multipole contribution is

(III9). The state, | 3 M, ;> , is

. . — 34' "'j;' '
}-J:¢M,,>—-[‘Lo‘7'ﬁ [,o) +Z Lj«(. . ___!___\___

w 14,7.1
%, 7%
t9, kg 3 ot <o
x ([F (P o] °F "(P)) 155 %
M,
(167)

and, hence

bl = & ey I e 2
4"'{. Metg] = 4,5, 1) 7 }<0 JOP]KM,{- (r)

+ i w1 [ gte
’7,; (74 ?},y)’a 7 m’: <0 ) o,l (fﬂ(j)' " )] Ig(,o)
T

0)”(/o J.’%

(ITII 19)
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| 3, 3,
The coefficients, &, , & . _ . s a1
_3_4 “ 2, 7),.4) % Jcp 0 3

and ~ are determined from the appropriate

(3)4; 72”) : ’C
d1a~onallzatlons of Chapter II.

Using (III5) through (ITII9), (I67), and (III 19), one

may write

<y motgl 554 e Yoy (b, )] 3M>

=43, M,org] 2 403, 7;,)[19 "‘m) X""m]

Qp bp

A A P R D
’ﬁﬂ

i,

1y ’ i
X {}%,) w;u, ﬂCi ) f 4‘6@)X1&(’) '7ﬂ+za)ﬁ ‘bﬂg)

Vs /"y

Fion (7 114,) PP 0 L (] )31

(TTI120)
Equation (III20) is evaluated in Appendix D2) and when
placed in (III4) yields

/ V4
BEAL) = | Aet B +C 40 ,g(wtﬂ )
A Y 20 H
(I1121)

where Ap is given by (III 13a), and
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J BJ
(3 )bty 2 < 7

AL
220, Tn) s, o S
ootff’cp
. 7 | JUE 3_ 7.
By ) e %% {1 L7
)0 7(/3/ 7'cp
(IT1223)
I 5) | T4y
C,,,/ = Aw C—UL.Z , [‘%3. 4,%- . - rent T
T Az O Ga ),

&(17;“)'/1 Ty

L
<, — Yo 0,
‘)..3‘.7'} a’o?’— (74” gb.”)A 3-%] m}:ﬁ&y % / qe ’lﬂv)

l%” N
) Ty M»”‘u*'fﬂ,) (IIT22b)
and
/
D, = )_?,: )

P) ‘l/(l’b") (’-?‘,H)(x'%’w) {:.;.f-:)

S
A 7('p 3
7‘41,7';.* 42* ﬂ" 7‘ s) 7a 95/ (76-4, 7 )‘J‘ ;( 1) f ?
S, 70 '7“,0 ‘ .

by )
X 7. (2%’7&») V(l"'S?"”"‘”)(I'f‘S}‘&??;’) 404—[454”7\'1‘44')
A
?qu )lv 7

Cne notes the strong similarity between

j.

1 ) Bet de, 2137 (ITT22¢)

(ITI122) ang

the quasi-Boson plus quasi-proton results (IIT 13). The

single quasi-proton contribution (IIT 13a) is the same

in both cases as it should be. The term, Bp » (ITI223)
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is the cohtribution of the two quasi-neutrons plus
quasi-proton parts of both excited and ground states. The
troton multipole term (III7) produce$S this term just as
it does Bp (III 13b), and one expects this contribution
to be small.
The neutron multipole term (III9) is the origin of both
C;/(IIIZZb) and 0)/ (ITI22¢c). The former is analogous to
<, (IIT 13c) and the latter to 0, (TTT 13d). The
important term, since it relates to the "coré; is Chf .
One notes the Eimilarity between the matrix elements of
‘+é$ (IT22 ) and the expression for CA: (IITI22b). This is
(31)
again due to the similarity between the transition onerator
and the long—rangevinteraction. The part of (II22 ) concerned
with pairs of quasi—neutronvstates is 7,# (74,: ¢j;)(-:)£a'”lm{7‘4;+¢,,;)—i—
/ ‘ VRS,
and (, just sums over the possible ( 9}”')9}: ) combinations. %
The weightings of each couple,(jilj9);), are the pertinent
coefficients from the excited and groud state wave functions.
The long~range Hamiltonian term, l}:%p s is quite important
in removiﬁg the energy degeneracy ig;gxcited states of
different spin in an odd mass nucleus. Thus (, or Qy/ is
expected to be prominent in determining the electric transition

probabilities of these levels.

7T /7 s
The & T % term of (, (III22b) describes
° T T ia,I8) A4 |
the transition from a two quasi-neutrons plus quasi-proton
~ part of the excited state to the single quasi-proton part of
the ground state. Since one sums over such weighted

contributions, the technique is somewhat analogous to

the quasi-Boson method. In the quasi-Boson method the
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very concept of the phonon itself is based on these

sums having been alreadj performed.

The 4 % 4 ’.’f , term of (] (III22b)
°% Ve, i, )4 3,

represents the effect of the transition from the single
quasi-proton part of the excited state to the ground

state. Here the pertinent part of the ground state is

the two quasi-neutrons plus quasi-proton component. This
contribution like the corresponding term of C‘A, (11T 13c)
is expected to be small.

The term, A”, , (III22c¢c) may be calculated exactly
within the confines of the two quasi-neutrons plus quasi-
proton basis. This ma& be done since single quasi-neutron
operators occur and the vacuum is just |3;/> , the
quasi-neutron vacuum. Like [, (III 13d) this term will
probably be almost negligible. |

Parity conservation imposes certain restrictions as
to which compoﬁents contribute to the A 'th electric
multipole transition, Hence

In (III22a) for A even 'ﬁ*p = ‘7/,.‘(,

for 4 odd /7 L/
Jeo > Tep (II123)
In (III22c) for A even Ny =Ty s
o o
for A odd T3, %0,

(TII24)
Equations (III23) and (III2L) result respectively from

the quasi-proton and quasi-neutrons making the transition.
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There is no restriction on (IIIR2b) since the pair of
quasi-neutrons make the transition, and they are coupled
to )& « In other words the initiai state has two quasi-
neutrons coupled to }L s and the final state is the quasi-

neutron vacuune.

Section B. Inelastic Alpha Scattering in the Born Approximation.

The Born Approximation will be used to determine the
relative cross sections for the inelastic scattering of
alpha particles from different nuclear levels. In this
way "collective! levels will be evident from the prominence
of the differential cross sections for their excitation.
| Alpha particles are used for simplicity since they are
Qf spin zero. The nucleon—projeétile interaction will be
assumed to be spin independent and of zero range. The
differential cross section for inelastic scattering may be
written as

kS

de _ M
AN A < =M A0

(I1125)
The symbols, K and K), stand for the wave numbers of the
incident and scattered alpha particles respectively, while
M is the nucléon reduced mass and 3} is the ground state
spin of the target nucleus. The 4. component of ?} is PQ}
and ‘M, is the 9_ component of 3 , the excited state spin.
The reason for the use of the notation, 7 and 1% , is to

tie in with the results of the previous section. The target
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nucleus. is elevated from its ground state, ‘J%_ s to an

excited state, J. . Hence, the process is the opposite

A
of an electric multipole transition which de-excites the
nucleus from state, 7, , leaving it in the ground state, Tﬂ— .

9’)’7 is the transition matrix element given in the Boson

approximation by

Ay S s ) LR
7h - fﬁ “ " i‘&-m ZHV(MM’: Ax l)c

* JET(’M oLZ,\ A7
r (ITI26)

The vector, ;2} s is the alpha particle coordinate, while
.ﬁv}M} is the wave function for the target nucleus in its
ground state, and i’M is the target nucleus excited state

wave function. The interaction is EEVQ(' —/1;)) swhere
‘ilb is the nucleon coordinate. ThZ symbol, % , again is
v or P (neutron or proton), andm is the particle index.

The differential volume element for the nucleus is ol7 .

If 6ne assumes a zero range interaction, i.e.,

- —~ -
zv, (14, -2,1) =v, 55(4, -2})
m my .7

(I1127)

one gzets for (III26)

- -
AP m ,
= fo':n 7%7/\4 A7
” 1) 4 /—

(II128)
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with

(I1129)
A ?/i?,,,

Now the expansion of the plane wave & M is given by

/‘.-5./1\') dba)/e ?' (ﬁ'/)' ip VA,? (9 A
A A = 2 G G B An) SV e )Y, (4,09,
(IT130)

The integral (III28) is independent of 4§y , ¢o so that one

can evaluate it at any value of 5‘/» « If #p=0 , then

(4 (=0, 44) = 5,0, VI

(11131)

and ™ becomes

Y
=V Vaqiar '/"{ * : £ d
RS R P L STENIANEE,
P
_ - . g \ ¥4 -~
=V, J’% VWGt 4 L3 M, )m% % (fvl%)‘(o (4,,54’,,,7)]),/‘1(,)

(I1I32)

One should not confuse the imaginary A and the excited

state subscript,i , in the label, 7{, ,/"L' « The orthogonality

of the spherical harmonics gives from (III32)

¥ 1
™ = 17 2 G| ) S (et W 00 )

(ITI33)
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‘Introducing the reduced matrix element via Edmondszg)

T4 j:lﬁxin,i") 7,}(1’/1—,,,7) Y;( (ﬂm‘, 4'4',’)} ?;M+>

=6t L3 M 3N 120> 3 S 9p(pn y/( I
o s - ' ,f
_ ., ) L T ma, /"4)) | ﬁm"*m,) ?/-
. (I1134)
and thus

) . - .
< 2 y ' >
S It =amt LU 3 5 (g 3y 0, 4, 5|5
iy ' ‘

. ' T) My 1> ‘
DF TN M s, M A
x@im{’[ ] | IR

2 & ' | ‘ 2
=47V < 7. (1 A ‘ >’
7 Yo E,I ,ﬂg?x )Y (4, 40, )1 |

(11135)
Finally from (III25) and (III35) the differential cross
section becomes

de 4> ELME V23l X 22 7Y s, 4 \I7D)
AN T A1 K GF ‘ ™7 ) /4’7%})1 }>)

Y]
M
‘o
S
S

£ (ITI36)
where (#) is the differential cross section for multipole
n R
order 0 .
. y A
The similarity bet 2 plra 4 |
é similarity between " A /n,’) Y ('"‘) ¢'m3) (or3b)
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and the electric multipole operator X mz?'e 4/» YL@,,‘Q(III 1)

" s obvious. The only difference is that the former has

, ¥ A
A ¥ T .
9:e (F‘ Moy ) and the latter has = 1, ){L( M?,%”))

The expressions derived for 8(5,[,,) may, therefore,

ST .
simply be applied. Hence, if we define

— 5 S
83‘()\1—) = ’-71-! I< m% A[ﬂ/L%)‘(L(P,,,?e}%)});)}
/"7’3:/- '
(III37)
then from analogy to (III 1) and (IIIR)

B(xd) = ZItlL B(ak)

Y . 2.5 41 ?}—3'7

$ % 4 v (I1138)

The ( &A ) notation implies excitation of electric multipole
order, - L s due to the incident alpha. From (III36) one

may also write

GCxk) =2 m THT k1 ()
¥ —;:;~" P <’ V,z ) J&
/,"-)'5%_ 3,1 0
(II139)
and insertion into (III38) gives
[4€) =y 22 K 8 (ak)
qx7’s ' 77 i -~
//,é‘ K J‘ﬂ"}?{'
(ITIIL0)

Thus using (ITI38), (IIIAL0), and the analogy between
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B (k) and B (E.4) the differential cross sections may

=7,
be s:.m}thy 1nferrec§? v

\ 3 ’& ] .
Define %(43:)[9“’7“’) by analogy to % - (;,1’ 7._“’) (129)
as :

I \ .
P Gia ) = 7y O IV
where
Uk, (0) = 04 (ra)) Yy (8,4
A + b %) (1112)
l. Quasi-Boson Plus,Quasi-Proton:
From (III38), (III4L0), and (III13) one has
(G50 = 1A e 6 e il
(IIIhB)
B(z.) (;)

In (IIT43) Afoa) , , and Dy are given by
Ap (11T 13a), Bp (IIT 13b), G (III 13c), and Uw
(IIT 13d) respectively provided %ﬁ) (ITI41) is used
in place of %L (129).

2. Two Quasi-Neutrons Plus Quasi-Proton

N ow use (III38), (ITI40), and (III 21) to give

) A8 b 4 b v o
h

d N 7HY
(IIT44)
(*)
Here Ap 'is the same as in the Quasi-Boson plus quasi-
1(3)

/
proton case. The terms, Bf(}) , C”a) , and 0,
/ Vs
ziven by Bf (III22a), C,/ (III22b), and 9 (III22c)
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respectively provided z—f (ITIL1l) is used in place of
*)
7"' (129).

Section C. Inelastic Alpha Scattering in the Distorted wave

Born Approximation (DWBA).

The DWBA has been adequately described in the literature.

33-35)

We shall summarize this method briefly, however, in order to
establish the proper context for the present work. In
essence, the elastic scattering is the dominant effect and
other direct processes are treated as perturbations. For
the present purposes the direct process of interest is the
inelastic scattering of alpha particles. The relative motion
of the target and alplaparticle is described in terms of
distorted ﬁaves. These waves include the elastic scattering
as determined from a (supposedly known) optical model |
potential. The transition matrix responsible for the in-
elastic scattering is then treated to first order only and
is respoﬁsible for the inelastic scattering. The shapes of
the differential cross section versus angle curves turn out
to be severely dependent on these distortion effects. Of
particular interest will be the differences between inelastic
scattering from "collective!” and "non-collective™ states,
and the reasons behind these differences.

Consider a nucleus left in an excited staté of angular
momentum ,'ZL ,/Wlf, as a result df inelastic alpha
scattering. If the nucleus was ofiginally in the ground state

of angular momentum,'jaA_, A%A»’ then the transition amplitude
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from Bassel, et a1,35) is

(=)
T]hggum °L4' :Kiy ('&>:/€;) <:'3;¢ ﬁu¥)\/b£; ’if)ljébeﬁlas

+
A 7‘;1 (5, &) (1T145)
Here the subscript, 22 , refers to the excited or final
state, and the subscript, 4.4. , pertains to the initial
or ground state. The symbol, K , is for the initial wave
number of the alpha while K’ stands for the final wave
nurher. The vector, ;ZA » represents the positi. = »f the
alpmrégrget reduced mass in the center of mass system 3

and \E represents internal coordiantes of the target. The

(+) -
wave functions, (K) ) and ')l}:‘) (l?/, /Z-?a), are
distorted waves given by
P .
(47 = =\ _ AR 4 KA
xo, (9,4 )= e
)2 | A
A
(IIT46a)
and
V) o/
X, (K43) =2 -8
P
(ITI46b)

where ‘9K and 0K/ are the respectlve angles of elastic
(t) > -)
scattering, and ( ) and TL [F?' }) are
the wave functions whlch are solutions of the Schroedinger
equations
x L xMU(n 2 *) , > »
+ 4 A) - M r) -

L+ Vola)lx, 7 (K, A )= o

H> - ,
’# (ITTL6c)
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and
[v T+ KT =24 VM) 2M y ()] L ) (I?:/ZZ): o
h> y Bad (ITI46d)
respectively. The symbol‘, M , stands for the reduced mass of
the alpha-target system, while U(’tk) is the optical potential
and [/, (/&) is the coulomb potential. & Woods-Saxon form
is used for vV (/L)‘) in both the real and imaginary parts.

Also each part will use the same distance parameters. Hence,

D) =~ I”‘.;. +1 [UA ha UIM]

A (ITT47a)
with
A4 =R
-~ TA
4%3 @ (IIIL7b)
and
R=a A
~ (ITTIL7c)

In (III47), V4 and U, are the amplitudes of the real and
imaginary parts respectively. The parameters, A, and 4 ,
refer to the smallest nuclear radius and diffuseness parameter
respectively, while A is the mass number of the target.

The coulomb potential, V/ (/l;), is taken to be that

due to a uniformly charged sphere of radius Rc . Hence,

- 25 % 2
V. (4,) = Z2Eat" 4, Z R
Aax

(ITI48a)

- 2 2

VC (’t;\) = 2& ZaAL (3 "4_.;_‘_1> ) /la~ <R
:2../QC R, ¢

(ITIL8D)
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.With

(II148¢c)
where /l“is a parameter, and & is the proton charge. The
symbol, - }A , Stands for the atomic number of the target,
and 2). =2 is the atomic number of the alpha particle.
In (III45) the alpha-target interaction, \/(/t;, )'g) ,
will be taken as
-
v (43 J%) = MZ V(“A"Lm,,”)
" | (ITI49)
- o
where A, has the same connotation as in the previous
7 — ‘
two Sections. Each V(I/t';\"/ln ]) may be expanded in terms

, 7
of Legendre Polynomials, F/g[mtﬁm) 'y as

V("&“ ", ]) 5‘4’[43) ” ) Be(‘ﬂﬂ.m)

(II150)
The angle, 9).4,1’ » 1s between the alpha-target reduced
mass and the Ma 'th nucleon. Equation (III50) has been

written out for future comparison to an expansion by

36)

Swiatecki. A more useful expansion is in terms of spherical

harmonics, i.e., ‘
Hz A

v (1434, 1) f (4. )25 Yo { orstnn Whm (44,

351

leave out the u in their expansion

20+
analogous to (III51).) The symbol, Ypm » is the spherical

(Bassel, et al,

harmonic, while 09,,,‘,, 4’,,‘7 are the angles for thema'th nucleon,

and 4y , ¢,  are the polar angles of 4-3\ .
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Define Vp and Ap E( via

i = T Vet Y G, ¢
(ITI52)
and
j( }.) 20+ yﬂ
(I1153)

35)

Bassel, et alj use a slightly different definition of the

reduced matrix element. As a result of this and their
47
2 0+

analogous to (III53) does not contain

previously mentioned omission of » their equation
1 I '
2 04 Vet

The symbol, F/e y, stand for the form factor and ,_41 is just

interpreted as a'Strength factor". One notes that Fp is only
dependent on 4, . This comes about because"j‘,,; and <71¢)[
are nuclea;- states and the nucleon radial coordinates, 4, ,
are integrated over in calculating (III53). Only Y,?(a“) ¢ )
of (III52) really utilizes the reduced matrix element
properties 1-n (-3!4 | Va3, 4'> (I1153).
(+
Now expand ')Z ) (P A)J in terms of partial waves

T RAR) ST F A SNl ) Y b )
and (IIsHa)
-)A "') — (+) —-ﬁj 1
’)1;4 (I\ 1) =Xy (=& )
(III54b)

In (ITI54a) 9’( # are the polar angles of K , and

similarly &IS 4/ would be the polar angles of K upon
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‘ ~>
expansion of (III54b). The K axis is chosen as the 3,

. . . s - =3 .
direction and the ﬁ} axis is along KxkK” This means

- - 7
that Gl is the angle between K and Kk . For ease,
/

let b = & (III55)

Finaliy (IIIZ‘.S) becomes
| L‘)’W E 4 )] 2. A /«, _./v’ p) /\1
}M.’a‘A, (k/)l ’e ) >

Y g4, My-My.e. |
x (x4+) A RO e (p) (TTT56)

where

} _ y _
/’1’ M=oy = oyt ™ e g g0~/

L M- 1,,,.
- r* /1%V“*9.4. AL
- s I, P ‘(w%;

- Y5
5 LOL ‘L JMA’; M;A._
| (II157)
. Moy~Mya L
with fu’ (9) being the associated Legendre poly-
normial, and f the redial integral defined by
v

f = Kk’ /
,fL = % ’XL, (K/la_) Fge (A;) 7L(K'43,)0(/la~

‘L
(I1158)
]_7 ’e) MM—M"Q'
The n are complicated coefficients defined by
Bassel, et al.35) The differential cross section for

inelastic scattering is then

(G (R a A
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J
R AL SV VRS
2T, 0t £

(11159)

where M‘,’, has been summed over and M,“__ has been averaged
over. In (ITI59) T,u) 9.2.  is given by (III56) and & (&)
by

2
G = 2 5 e )
-’? (’r’)‘ak’/}'jy /‘1)1" ’.4.

£ My (ITI60)
with P Ve (&)

given by (III57).

Each level to be considered is due to only one multipole
order, A ~« In (III60) M#-M,.d_. isthea component
of /f » and the angular momenta, Jsy and "3',' a o do
not appear in (III60) other than to insure that

- ~
’N’

9.4

(I1161)
In (III57) one sees that ﬁ"-’ﬂ‘;’ Mya (#) , for a given
. - Moy Mg a.
A , is dependent only on 1—:,‘: 5 M’,“'- f > H,"{i), and

L/
’fL:rﬁ . The first two quantities are independent of the

interaction that produced the excited state. Only in %L'L

(I1I58) does an allusion to the interaction appear. This

comes from fie(/f;\) s the nuclear form factor, which is
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defined in (III53).
a
From (III59) it is apparent that }A-,e} is merely
the "weight" or "strength” of the f 'th differential cross

section, € p(#) . Thus, if the particular multipole
order used is A =& (i.e., oniv £zh contribvtes signiticantiy)

Ay - f =h (ITI62a)

| Ag]> =0 A% A (IT162b)
so that from (IIIS9)

ek 4 - 2-_’14'}’)

~ ¢, (8)
— Y
) 2T9.,. !
4 ? (IT163)
Combining (III52), (III53), and (III62) gzives
- 47 Vv
o (1) kv % S 4, A, )Wé‘ k2 R

X D
24 .

(II1164)
Y 77
since “’“‘Wﬁﬁl 1s Jjust a constant.
Equation (III64) is the quantity that is similar to the

electric transition amplitude discussed in Section 4). In
order to clarify the comparison let us change the notation
of the present section slizhtly by reading the symbols, j;.,a.
- . . P

and ‘J’M , as 7{_ and 7J, respectively. Then (I1163)

is rewritteir as

d¢ _ 3t
7;7-, " 1'5",'1‘} q (0-)

(II165)
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and the expression (III64) becomes a matrix element of
order, 11 , between the excited state of spin, J,* , and

the ground state of spin, tﬂﬁ y le€e,

- 17 Vi (2,
)= <3 ”(uw)ﬁ; VRN e
(TI166)
Now from (III2)
B(EL) = %Y gy
5 . 2. ¥+ . ‘
2 A 2 (I1167)
By analozy to (III 1) one also has
‘D e ) L 4 : :
vl L2/ Bl SR ACRLAN) L
A )
(IT168)

Putting (IIT 1) in (III67) gives

L .
B(EA) = ,_;’;;—, | g 2% o (s 4, )11

(II169)

So that comparing (III69) and (III68) gives
' /lj‘ Yo (Bm s ¢ VT D
23l 5 B Ay o Loy )1
| A
= (—1)S L3 i?' mz”y “ /Lm‘; Ya (9’”9 ’4"'*:)I)7/'>

(I1I70)
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s A +7_f_—j .
where (-1)° is the phase. Now multiply (III70) by (-1) -
| .
A "/;;ﬁ_‘;’ yielding
A+ - y, A
L J y _
£ ) e r = m}% v o, Y (&,,,47 9&%)}/ o))

S?%&?‘%} ]

— Z* YA(ﬂ I 13D
1/7 (11171)

It is this form of the reduced matrix element that is

- <:;;J}‘g 1)

specifically calculated in Appendix D)
Thus, one may compare (ITII66) and (III?l) Equation

47 S+h+7 1
(III66) has — in place of 1 ) 3 —
| ,(%"HJ RA * 4 V—;;‘
of (III71), and VJL (A} )/l,,,,’b) in place of 'Q’b/zm.v .
Equation (ITI71) is evaluated in (D1f.l) and (D2d.l). One
may simply employ these results with the above mantioned
changes to obtain )i'{,f;) (III66). This means that
— +hr3~3
(:A(,,a):m%?/"y_nﬁ;.(,_ J % (11171)
(A 4)14T 7 (I1172)
. : 4 X
provided VA(Aa‘)Am‘)\replaces ,(,,)‘ A'"") in (III71)
1. Quasi-Boson Plus Quasi-Proton :
From (D1f.l1) and (III71)
S+Ah+y -3
T L) = 2'( /t,,, (4, 5)
<N 1/;_—% P A &mﬁ)// 7>
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= \’:“)S [ /4P+B'° 1“(,‘1"0,,,]

(I1173)
where Ap , BP » C, > and 0, are given by (III 13a),
(IIT 13b), (IITI 13c), and (III 13d) respectively.

Spin-orbit interactions are neglected, and the
assumption is made that both neutrons and protons have
the same interaction with the alpha particles. Each

—— )
\4 (M;,—/l,,,,, ]) (III49) is taken as a Gaussian
- 2
| (Ma. A D
(5 ~%m 1) =V, " A
- - L——
V(s Moy ) 0o € A

(ITII74)

where V|, 1s the strength and /&' is the range parameter.

The terms, VA(A;,J/L,,M,) , (ITI50) (with A used as

an index in place of A ) are then the coefficients
in the expansion of the Gaussian (III74). Swiatecki,B‘
has obtained the expansion of a Gaussian, but his co-
/
efficients, \CA.Cdan;’Lﬂa') , are defined slightly different.
Namely

|

4

Vi (’t}) /Lm,,’>’-' 2 A+ Va (/La\ )4/»1,,,,)
(III75)

Each VA (/L} )/L,,h,) will contain the constant factor, V, ,

so that one may define

v - (r, 2
A(’L} Ama )= V 2, tms)
P % ~ (IT1176a)
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A
/v],/ (/LN/"M«, Y= i, 79 & Am, )

(III76b)

" with

My (a
A (3‘) Ma, ) ;_)_,_4-; /V:&.MHAM-;,)
(IT1176¢)
Now recall the definition of 3‘4{7‘!4; ;);_17) AT 29 ,Tx6) as

A S N
£ (9,7.,) = v < H/L YLIML

| b
The use of (III72) will introduce the quantity an»veA) (5 s )
’b
. defined by

oy =
(ﬁ(owl})} ,,(9’3 %2,) = TYiaTi <9l Ve (4,1 3 Wally, )

(I1177)
which may be written using (III75) and (III76b) as
Jﬂ- . . L_}_,) , /
Fepvany, Gy Toy) = . CAH) L300 st 31, )
owBA) T Vak+) (11178) +

Since }"b and 7;,§ have been shorthand notations for
the sets of single particle quantum numbers, /”LbJA%ﬁJ ?
and /W19JJL3) jzﬁ , respectiyely, (ITI78) is.more

specifically

co =Y () ,
. _ ¥, ‘
1f(0 WBA))\ (?I'§ 71")) m </h l”’}/bi' //ta )441) }ml.? iz.‘,>

X . (IT179)
X 1‘71," }/rﬁ-/}71~7>
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The matrix element, </";,) /P/,) }”:L/(’L;\ 3 ) m,, ) 4’:_,7>:

is just a radial integral over A, , the single quasi-

K

particle (neutron or proton) coordinate. The reason

that /LA«,,,j

(III78), and (III79) is that (III71) and hence (III72)

has been replaced by 4, in (11177),

are evaluated using the quasi-particle occupation number
representation. In this representation only a typical
single quasi-particle (proton or neutron) matrix element
will appear.

Finally (III72), (II173), (III 13a,b,c,d), and (III79)
give for [, (13)

' (ow BA)
my )= =T S A [ AT
~ | V&) (3 1)
(owBA) (owBA )
FBp ) H G () 0. Ay
(II180)
with
.(owe)}) ),4, T 'T# &) +7{,1/:1‘,:
Ap (1) = 03 %oy =3
XL vl 3L my -,-f_lnr (45 2) | My A S
(I1181a)
(OwBA) Jf_ 7,
Be () =CV 7/(27 ﬂ)(z!u“')}z Ay A7 d’»“?cp

Jep
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: 3. 07 P _
xCal)Ocp“?c'{:' j‘/ %?47010)[Yob‘”7(f>

4‘1‘ 7(,0

x £ My’ jc,,’ )/V',/a-/(’la\,’lﬁ) / Mep "p‘ﬁ’)

(IIISlb)

W 4 a," ray* T A
| C(U BA)(/I),) ‘(—’) [ «L)’ ) (13%}-) 07# —A}.
y 4

| o b oo .
o Mesinre ) [4Gu 1y bty )
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AL a NYpll 33, 74 ma A ) 72 (1, )4”)]”"»1/"r>

(I1181c)

and - 3,
(owBA) ) Vi ()% 1/;_——;— i a,
D, ["—» ) = ¢ I0

2¢p
£ L ’L IA— ? C—I} 9‘? _)/— Z /\/(71‘5;.”)' )(171';% 7!
Abrp ) 3 ,/, Jc,o

67}7(

ALL}

AAa

X /z,(jq’y Te, )% (7,‘&-,,, Je, ) o (75” +%.,) {7;” s 7;”

v o ettt Do, WYAN Gy, > L, da, "ﬁ/("w"»)l’%&»

(IT1814)
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One notes the similarity between (III80) and the Born
approximation expression (III43).

2. Two Quasi-Neutrons Plus Quasi-Proton:

Utilizing the same alpha-nucleon interaction as in
Section Cl.) equations (III72) through (III79) also apply

in the present case. Analogous to (III80) one may write

’:A' (4;) = —]7';7 1/& (“I_)A 3 “)"I' lj}.).’ [ A. (ﬂh;f;A;
é
Vakmayny

/(owAA) - low 8A) y (0M9A)
(IT182)
. . wBA .
The single quasi-proton term, ,&2 Aia% .y is the same
as (III8la). From equations (III22) the other quantities

of (III82) are defined as

— By .
¢ (pwnA) - “/ 1y Z “ f‘
- "}‘) [L"‘) £ ' ) ' £
B () = VORIGA G ), %),

AT 7 % et
f /7 / Ve /
% o},’ 7;,3 < e WAl 3. DL Meplep W (hy Ap) e, A
(ITI83a)

0w BA) A % | |
Oy 2t 2 - s, £ ren>T¥

7,271, (74, )43

Yp ~ T+ 3,
‘(=) c* a?

——

'/
X [ St Tf- % l

L'Jf + Tf‘ f?%y 7,8-,,),‘_ Iﬂ" m—————-

(-~ )!:t v
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inFaut 1) L I, > <m0, ),

(IT183Db)
and

e = 0 VEETD (o ) Gy TS

. 3, | )
X Z L(?j-‘ e T P 373,
%L'Zhvzb, 4y7bv) o:k/ QL&A%,)T§;éO 7' 3
%, 3% | TS

XV Ci+§s . . loa C
VO g )05y 1) b ) g;(, 2, 7.
A 4 /4
de to, +3+%° o
X (‘I ) CIV A 4 ¢ <9av }} Kh” ,7}4,> <’"ay—p4‘,l”l/(/ta )4&) /m.e-y l/&”>

(ITI83c)
The result (III82) is quite similar to the Born |

Approximation result (III4L).



CHAPTER IV

A TEST CASE - Cu®3

In this Chapter for purposes of illustration the ex-
pressions obtained in the preceding.chapters will be applied
to a particular nucleus, Cu63 . We have chosen the example
because: s

l. It possesses 6ne proton outside of a major closed
shell (z= 29), and an even number of neutrons (N =34).

2. There is an ample amount of experimental information
available with which to compare. In particular, energies
of the positive and negative parity levels; B(ER)*'s , and
both elastic and inelastic alpha particle scattering
differential cross sections have been studied.g’lo)

3. There exists é number of quite significant disagzree-
ments between eXperiment and the simple "core" plus odd
proton theory for this nucleus. Hence, the merits of the
methods described so far will face stern challenges. For
exampie, the zround state of Cu63is 3/2-. Naively, excited
levels of spins, 1/2° , 3/2° , 5/2~ , and 7/2~ , should be
expec?ed by the weak coupling of the odd proton to the first

2t level of Niéz, and all four negative parity levels should

~136-
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retain the "collective" features of the 27 state. However,
the 3/2~ excited state is not found in coulomb excitation
experimenté.g) Furthermore, five positive parity states are
found in the 3 mev region of excitation. Coupling of the
odd proton of spin 3/27 to the 3~ "collective” state of Ni62
zives only four levels.

The structure of both the positive and negative parity
states will be considered in detail later in this Chapter
from both points of view (i.e., quasi-Boson plus quasi-particle
and three quasi-particles) and do provide insight into the
poséible reasons for these discrepancies.

4. The protons and neutrons are in the same shell
rezion, i.e., there is one proton beyond the Z=28 major shell
closure, and also six neutrons beyond the corresponding
}PI=28. This means that the single proton and single neutron
energies will probably not differ greatly. The latter are
tabulated in Kisslinger and Sorenson.l7)

5. Other necessary parameters are available from the
same paper. In pafticular,‘the N162 quasi-neutron trans-
formation coefficients, and the quadrupole force strength
may be so obtained. |

6. The energy positions of the first 2% and 3~ states

of N162 are well known.

7. Even thouzh Ni®3 is not stable, the number and

p . : 62 63 37)
energies of levels obtained experimentally in Ni“~“(d,p)Ni

reactions will be of interest. This can be compared, e.Z.,
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to Cu63(p,p')0u63* 38) results. in this way differences
between core plus odd proton énd core pius odd neutron
predicted by theory may be checked.

The outline of the present chapter is as follows:

In Section A) we will obtain the energies of low
lying negative and positive parity states along with their
B(E2)'s or B(E3)'s to the grouhd state.

Section B) will consider‘inelastic alpha particle
scattering in the Born approximation.

Section C) will utilize the Distorted Wave Born
Approximation.

All of these sections will contain results from both
schemes, i.e., quasi-Boson plus quasi-proton and two quasi-
neutrons plus quasi-proton.

Before entering into the actual calculations we discuss
‘the valués of the parameters pertinent to the work that
follows. If one gssumes that the lf7/2 shell is about 3
mev below the 2p3/2, then the lf7/2 proton states do not
contribute to the smearing of the Fermi surface to any
appreciable extent, i.e., 4417/2=C% /V'7/2=l. The appropriate
proton levels are then just those vetween 2t and 50 nucleons.
These states are also assumed to be applicable ones for

if
3/2, 5/2’
2 and lg e The 2 single particle energy is zero

neutrons. The pertinent states are the 2p

and the energies of the other three states are taken from
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Kisslinger and Sorensonl7) for neutrons as 0.78 mev for

the 1f
© Hs5/2 1/2
mev for the lg9 2 state. The quasi-proton will be assumed

state, 1.56 mev for the 2p state, and 4.52
to have the same energies as a qﬁasi-neutron would have
in these states. .
The quasi-neutron transfdrmation_coefficients,(Aqv,tna,
are obtained from equations (I 11 .,I12) and the values

from Kisslinger and Sorenson17)

of the Fermi energy, A ’
the half-gap, 4 , and the pairing strength, G. The quasi-
neutron enérgy, Eys is given by (I8).
These parameters-are'tabulated in Table Ia. "In
addition, Eq  +Eg, , sin(#,, +#,) (II3b), cos (#a +yy,)
Aoy i 94 =k =2 or 3
(II3a), and 4™ (%4, 9, ) (I29) such that 3, +7g =4 =2 or 3
are listed in Table Ib. In determining 3.* (3, 78,) » the
reduced matrix components for Yj are obtained from Edmonds,29)
and the radial matrix is gotten by using harmonic oscillator
radial wavefunctljps.h 0) The units of ¢ (94 %,) are
4 jk Y
(47) i, ) 5 where »m is the nucleon mass and W,

is the harmonic oscillator frequency.

Section A. Energy Spectrum, B(E2)'s, and B(E3)'s.

l. Quasi-Boson Plus Quasi-Proton:
a) Quadrupole Interaction =
For£'=.2 the possible total angular momenta for
negative parity excited states are 1/27, 3/27, 5/27, 7/27,
and 9/2°. This follows from the coupling of the one
qﬁasi-Boson angular momentum, 2+, to the single quasi-

proton 1/2<, 3/2~, and 5/27, spins. The only possible
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spin 9/2° excited state is that due to the coupiing of
the 27 o the 5/2° single q;ué.si-i)roton spin. This
state will have no B(E2) to the 3/2'; ground state of
Cu63.

The perti~ent matrix elements depend on the expansion
coefficients, A(3,,73,) and a(y,, 7. - These are
simply obtained frow the sets of A(j , 7,) and a( Yia 7;)
equations (I49), the normalization equation (A5.5), and

(x)

the energy, W °, of the 2° state in ¥i%? known to be

(~

The values of 2(y 7,,) and a(y,,%s.) are listed in

17)

- Table II. From Kisslinger and Sorenson the quadrupole

(A =2) long-rarige interaction strength is given by

o 1
F | Cm“ﬁw.

4s shown in Chapter II the only contributing long-

% -
\ =oo0tiY{meVv
(IV2)

range Hamiltonian terms are H:;Jp (II4) and H,‘:’)‘o (115).
Their matrix elements are givceir;) by (II 12) and ‘7}% 13)
respectively. With the ‘h.elp of Table I these elements
have been calculated, and are listed in Table III. The
arbitrary phase for 4(7, 72,) and @ (3, %,,) ( ableII)
corﬁes .about from the normalization equation (A5.5.. This
arbitrariness carries over into the matrix elements of

A
H’”'p (Table ITI), and the "collective contributing
€31) ' :
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term to B(EZ2), Cy (IIT 13c). Henceforth, the bottomlsign
(Table II) will be used.

The sizes of the'ﬁaprices to be diagonalized are
J=1/27(3x3), J=3/2"(4x4), J=5/27 (4x4), J=7/2"(2x2), and
J=9/27(1x1). Now let us write down an eigenfunction in the

quasi-Boson plus quasi-proton scheme for a state, (J,M) as:

> ] +J +4°173
A !jﬂzz* (a'03 PM (P) +a""i [P[”)f(f)}/”
PS5 X
+ a. Wt Y- [P(”) F(P) +£L +57[P(~) (P)] )'”/ f>
' (IV3)
with
4.37 S0 ek FEYT, 9,7 (IVLa)
@y - =0 Fob 3" Y Y- (1Vp)
and | a—_;),,; =0 Feb T=YT (IVie)

Once this diagonalization has been performed, the B(E2)'s
may be calculated via (III 13). |

The eigenvalues and eigenfunétions are presentéd in
Table IV, and the B(E2)'s using an effective neutron charge
of 1 are listed in Table V in units of 10"525q.cm. In this
latter table, B(E2)l = B(E2) (IIT 1), i.e., the B(E2)'s
R

for de~excitation are tabulated, and the nomenclature
follows the interpretation in Chapter III of the terms of
eéuations (IIT 13). The column labeled "single proton"
contains Ap (ITTI 13a). That labeled "one quasi-Boson

exc. St. to one quasi-Boson gd. st. (due to the proton)",
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contains Bp (IIT 13b) and is so named since the transition
is due to'the quasi-proton multipole operator (III7) between
the one quasi-Boson parts of both excited and ground states.
The label "one quasi-Boson exc. st. to one quasi-Boson

gde. st. (due to neutrons)", refers to Dy (IIT 13d) and is
due to the quasi-neutron multipole operator (III 1i.) “=tween
the same components as mentioned above for Bp. “2epo quasi-
Boson exc. st. to one quasi-Boson gd. st. (due to neu.rons)"
refers to CN(l) {D1d.2). This is the contribution due to
_the neutron multipole operator_(III 10), and is between the
zero quasi-Boson and one quasi-Boson parts of the excited
7Aand zground states respectively; The "one quasi-Boson exc.
st. to zeprs quasi-Boson gd. st. (due to neutrons)" column is
Cy (D1d.5) and is the usual contribution from the "core®
part of the excited state to the single quasi-proton part

of the ground state.

The last column is the ratio of B(E2) to the pure single
quasi-proton transition (III 14) from a 3/2' excited state
to the 3/27 ground state. This particular pure\single |
quasi-proton transition is arbitrarily choseh, and all such
ratios in this investigation will be relative to this same
transition. The energies, spins, and B(E2)'s of all levels
are illustrated in Figure 1la.
| Table V (or Figure la) indicates that there are only

five levels of reasonably large B(ER)'s, viz., the 0.797
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mev 1/27, 1.40 mev 7/2~, 1.48 mev 5/2 , 1.5L mev 3/2°,

and the 0.740 mev 5/2°. However, the B(E2) of the 1l.54
mev 3/27, and the 0.740 mev 5/2~ are only 58% and 35%
respectively of the next lowest B(ER), that of the 1l.48 mev
5/27. These five'states are shown in the level scheme of

Fizure 1lb. which also contains the predictions of the

2)

weak coupling model of De Shalit, as well as the experi-

mental levels obtained in coulomb excitation.s) The weak
coupling levels were normalized by setting the 1/27 energy
equal to the corresponding quasi-Boson plus quasi-proton
prediction. In addition, Figure 1lb includes the B(E2) of

the 27 level of Ni62 as obtained from (Dlc.?7). This is

17)

compared with the values of Kisslinger and Sorenson and

63

8)
experiment. The agreement of the Cu ~ quasi-Boson plus

quasi-proton levels and the N162 level with the corresponding
experimental values is quite good.

It is of interest to know the sensitivity of the

2 (2)

predicted energies and B(E2)'s to the value of . Now,

2
the quasi-Boson frequency, u}z), is a function of F )(IBO).

(2) :
Thus a change of F requires a corresponding change in

the energy used for the 27 state of Niéz. However, for

2
moderate force strengths the change in.bé ) is not very

27) p. 47a). Assuming a constant u}z),

(2)

the dependence on F of the energies and B(ER)'s is

much (c.f. Bayman

given in Figure 2. 1In this curve, the level of zero émergy is the

pure 3/2” single particle state. This means that the
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actual energy of a level is the ordinate minus the energzy
of the Cu63 ground state.
b) Octupole Interaction -

For .ﬁ=3, the matrix elements of Hj:}; (IT 12) exist
only for J=9/2+, since that is the oni%uavailable single
quasi-proton of positive parity. The matrix elements of

HAgr (IT 13) vanish because of the parity requirement
(If;;%). Thus, one cannot obtain a set of positive
parity levels of different spin in this scheme.

Two Quasi-Neutrons Plus Quasi-Proton (Quadrupole Inter-
action and Negative Parity Levels):
a) The Two Quasi-Neutrons Coupled to Arbitrary Angular

Momentum -

The only excited states having B(E2)'s to the
ground state have spins of 1/27, 3/2~, 5/27, and 7/2 .
One is primarily interested in the B(E2)'s as indications
of collective behavior. This consideration plus the
difficulties involved in setting up extremely large
matrices suggests we limit ourselves to only the above
mentioned spins.

The sizes of the matrices to be diagonalized are
J=1/27 (25x25), J=3/27 (42x42), J=5/2 (47x47), and
J=7/2" (L2x42). Thé bases with respect to which the
matrices are diagonalized are listed in Table VI.

Parity conservation requires that the matrix elements

vanish between states in which the odd quasi-proton and/or
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the coupled quasi-neutron pair are in different parity
states. This means that each matrix in Table VI can be
broken up into two sub-matrices. One will involve two
quasi-neutronz coupled to an evén,parity‘angular\momentum,jz,
and then J, coupled to an odd parity quasi-proton. The

other will haveJ, of odd parity coupled to a 9/2% single
quasi-proton. This latter sub-matrix will involwve two 9/2+
quasi-particles, and consequently energies between 7 and 8
mev along the diagonal. Since these energies are much
greater than those with which this paper is concerned,

and the aforementioned parity restrictions (III23 and IIIZ24)
forbid B(E2)'s from such levels to the ground state, these
levels will no longer be considered. This leaves matrices
of sizes J=1/2"(19x19), J=3/2"(32x32), J=5/2-(35x35), and
J=7/27(30x30). These are diagonalized using the same inter-
action strength as for the quasi-Boson plus quasi-proton
scheme (IV2) and the param-t:rs of Table I.

The matrix elements of Hae {TI21) are of order 1072
to 1073 meve The specific vaiizs are so small and numerous
that these matrix elements are not tabulated. The major
contributor to removing the degeneracy in total angular |
momentum, J, is H;:f whose matrix elements are given by

(’)) 1

(II22). These elements are of the order of 107" mev and

are listed in Table VII.
. A
The matrix elements of MW, (Class 1) (II23 or II3L)

E%Y

are listed in Tables VIII and IX. Table VITI contains the
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9 0
contmbutlon due to )‘[ (Quy')z,,)C (7 7v,j IIB‘Ta In

34,.,71” o
Table IX are the cont—iutions of 1 ___ [
8919

S pine — D A
‘*57'7%v$$w5$vj (ITI34Yb) and the 81n4ie duasi- neutron '
scattering terms dropped in the Boson approxim:tion (II3Yg).
The matrix elements of ’)},.,4,,‘; (Class 2) (II24) are listed

in Table X. )

We next calculate the B(E2)'s. There is found to be
only one level of large B(EZ2) for each of the total anvular
momenta, 1/2', 3/27, 5/27, 7/27, and the energzies of these.
"ecollective™ levels are R.26, 2.08, 2.05, and 2.13 mev
respectively. The corresponding ratios of B(EZ)J, to
pure single proton are, in the same order, 1.70, 2.15, 2.15,
and 1.96. Since there are so many levels for each spin, only
the results for one typical angular momentum are tabulated.
The 5/27 spin is arbitrariiy chosen and constitutes Table
XI. In this Table the third, fourth, and fifth columns

correspond to A_ (III 13a), Bp' (IT122a), and Cy' (ITI22Y)

P
respectively. The term, D’ (ITI22c), is neglected in the
entire proceedings. The justification for this is that its
calculation is quite unwieldy and a typical value is about

a hundreth of B ' which is itself small.

One notes En Table XI that there are 21 levels below
the 2.05 mev state. This is quite different from the quaéi—
Boson plus quasi-proton results (c.f. Table V) in both
number of levels and energy of the level of hizh B(E2). 1In

the quasi-Boson plus quasi-proton scheme the level of hizh
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B(E2) was at 1.48 mev, 0.57 mev below the present value.
The energy discrepancy is actually greater than that, i.e.,
the "center of gravity" of the 1/27, 3/2~, 5/27, and 7/2°
states of prominent B(E2) is 2.13 mev in the present case.
This is in contrast to the 1l.17 mev 27 state of N162 which .
served as the origin for the states in the quasi-Boson plus
quasi-proton scheme; The 1 mev energy difference is
attributable to the terms drqpped in the Boson approximation
(c;f. the last column of Table IX) and will be discussed
further in Chapter V. |
The dependence on the quadrupole force strength appears
in Figure 3. Here the changes in the average energy of
the quartet of high B(E2) levels, the B(E2)'s themselves,
and the nature of the Cu63 ground state are indicated. The
outstanding feature is the ioss of the entire "effect" for
interaction strengths greater than about 0.0148 mev. Above
this strength there ceases to be any levels of high B(E2),
and the ground state is no longer of spin 3/27.
b) The Two Quasi-Neutrons Coupled to Angular Momentum 2+ Only:
The question arises as to how important the assumption
of an arbitrary two quasi-neutron angular momentum is to
the results just described. For one thing, the use of
only a 2T intermediate state would enable a more direct
comparison to the quasi-Boson plus quasi-proton scheme,
and secondly, the matrices and subsequent calculations

involved would be considerably simplified.
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Bf using only a 2+ two quasi-neutron state, the
matrices for spins, 1/27, 3/2-,.5/2', and 7/2°, are reduced
to sizes (13x13), (19x19), (i9xl9), and (12x12) respectively.
The bases for these diagonalizatioﬁs are just those states
in Table VI for whichf§ =27, Similarly the matrix elements
(exclusive of those of H:;:F ) are theJ; = ’,/ =2" terms
from Tables VII through'szz)
| Using the same force strength (IV2) and the parameters
of Table I, the eigenvalues and B(E2)'s are presented for
J=1/2", 3/27, 5/27,-and 7/2" in Tables XIIa,b,c, and d
respectively. 'The quantities listed are the same as iﬁ
Table XI. Again'one sees that there is oniy one level
of large B(E2) for each of the four spins. The "quartet”
of levels occurs at approximately the same energy as that
predicted from arbitrary J, . For J=5/2" there are now
only 9 levels below the quartet member compared to the 21
for arbitrary J, . All of the J=1/27, 3/27, 5/27, and
7/2° levels of Tables XII are indicated in Figure lc, with
only the spins of the ¥quartet' explicitly written. The
experimental levels are again presented for comparison.
Also included ére the positive parity states (c.f. Section
AL).

Figure 4 depicts the dependence on interaction strength
of the same quantities that were considered in Figure 3.

The close similarity between the two curves clearly suggests

the primary importance of the 27 intermediate state. In
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addition; the quasi-proton energies were changed by as

much as 75% and altered the energies and B(E2)'s by only
about 5%. The feature of a ‘‘quartet™ of large B(E2)

still remained.

Two Quasi-Neutrons Plus Quasi-Proton (Octupole Interaction
and Positive Parity Levels):

For an octupole, (&=3) interaction, the matrix elements

b
of H”Hf (IT 22) exist only for J=9/2+. For all
3
- other leveis the only way to remove the degeneracy in
total angular momentum, J, is through Hwp (1121),
: {(~)

and one can expect this term to be small in general.

By analogy to the preceding section, one need only

‘use the 3~ two quasi-neutron intermediate state. The

only way to. obtain this state is by coupling the 9/2+
quasi-neutron to either the 3/2” or 5/2~ quasi-neutron.

The interaction strength may be obtained from the quasi-

62

Boson results in Ni¥“, even though by parity conservétion

the quasi-Boson plus quasi-proton method is not applicable
to Cu63 (cefe Section Al.b of this chapter). The value

(3) is 3.50 mev, the energy of the 3~ level in

of w

2 C o
Ni . Using the equations for the expansion coefficients,/t(),”)z
and  a(3,,7,) (I49), and the normalization equation

(A5.5), the interaction strength is found to be

3 <
ay (A =
F (.__ \ C, 00501l meyv

MW (IV5)
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which is about a factor of 2 less than the quadrupole
strength(IV2).

The use of (IV5) and the parameters of Table I enables
one to calculate the matrix elements of 71:2 (Class 1)
(II23) and 7},?,3 (Class 2) (II24). Theseh;;e listed
in Table XIIi;:) In this .table the diagonal elements are
also added to the appropriate two quasi-neutron energies
(c.f. Table I). One sees that the resulting diagonal
elements are only of the order of 0.3 to O.4.mev. The
addition of the odd quasi-proton and the subsequent
degeneracy removal via Hd?r (I121) (orl+jéb (IT 2X) for
J=9/2%) could hardly be eégzgtedlto produéznlevels even
as high as-2 mev. Since experimental positive parity-

10)
states of Gu63

are in the 3 mev region,‘the use of
the octupole interaction is not adequate to produce such
statese. |

Two Quasi-Neutrons Plus Quasi-Proton (Quadrupole Inter-
action and Positive Périty Levels):

The use of the quadrupole rather than octupole inter-
action turns out to produce levels in the correct energy
region. Again the assumption is made that only the 3~
two quasi-neutron state need be considered. From the
quadrupole interaction strength (IV2) and the parameters
of Table I the matrix elements of HL:;)., (Class 1)

(22)

“)

(I123) and H ma (Class 2) (II24) are calculated and
(22)

tabulated in Table XIIIb., The sums of diagonal elements
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and the appropriate two quasi-neutron energies are also
listed and are of the order of 3 mev.

Parity conservation requir~—=2nts cause the maﬁrix
elements of ' H,::}; to vanish (II29a). Hence only H,:;v TV ES
the degeneracy(;;)total angular momentuﬁ, J, via (If;T).

The possible values of J are 1/2%, 3/2%, 5/2+, 7/2+, 9/2",
and 11/2+, and these involve 2x2, Lxk, 6x6, 6x6,'hx4, and
2x2 matrices respectively. There will also be a pure single
quasi-proton level of spin 9/2+.

Despite the fact that these levels have been obtained
by using a quadrupole interaétion, one must bear in mind
that the trapsition to.the ground state is still octupole.
The B(E3)'s are particularly easy to calculate. The ground
state is a mixture of 3/2° single quasi-proton and 2+ coupled
to quasi-proton. The excited states have only components
due to 3~ coupled to quasi-proton. Thus the contributions

: . (1)
of AP (IIT 13a), Bp' (IT22a), and C_' . (D2b.4) are all

N
zero. This comes about as follows: both Ap and Cy' (1)
require a single quasi-proton part of the excited state,
and B_' requires both excited and ground states to have the
same two quasi-neutron angular momentum. The contribution .
of Dy' (III22c) is expected to be so small that it is neglected.

This leaves only C! (2) (D2b.9), i.e., the transition from

N
- - + -
3 plus 3/27 to O plus 3/2°, where 3/2" refers to the single
quasi-proton, and 3~ to the two quasi-neutrons. This is,

in essence, a Ycore" transition.



-152-

The eigenvalues, expansion coefficients from the
eizenfunctions, i.e., ((;ijﬁwyjj@’ and B(E3)'s in
units of 10778 cn® are listed in Table XIV . The B(E3)'s
are obtained from (IIIR21) assuming an effective neutron
charze of 1, and compared to the B(E3) due to a pure
single quasi-proton transition (III 14), viz., 9/2+ to 3/2°7.
Nine levels are found to have relatively large B(E3)'s, bﬁt
one of these is just the 9/2+ pure single quasi-proton
state at 4.61 mev. The other eight consist of two each
of spins, 3/2%, 5/2%, 7/2%, and 9/27. All of the levels
of Table XIV are indicated in Figure lc, with only the spins
of the nine levels of large B(E3) explicitly written. The
positive parity experimental levelslo) are also presented
for comparison. The fact that there are more than four
such states near 3 mev agrees nicely with our results.
The four levels predicted above 3 mev have B(E3)'s larger
than the other four levels by a factor of about five, and
are lower in energy than the experimentally observed. ones. An
investigation of the dependence of the nine energy levels

of large B(E3) on interaction strength appears in Figure 5.

Section B. Inelastic Alpha Scattering in the Born Approximation.

The expressions for the cross sections have been given
in Chapter III, Section B. Evaluation may be accomplished
"

by using the eigenfunctions obtained in the preceding

section, and the parameters of Table I. One needs, however,
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. -
to relate the momentum transfer, f . (III29), to the
energy of the incident alpha particle and the pertinent

Cu63 excited state. The relation is 41)

aflx = 1.9] Xlo‘“: [Ea/ +E, +2 ']/E;—E; wep] cm™
(IV6)
where @ is the angle of scattering in the laboratory
system, and Ea.and E&’ are respectively the incident and
scattered alpha energies in the laborapory system. The

latter energy is given by

E
=

= [o. 0597 VE, Llond + V& (0.8%0 40,0035 4 Lox 6 )~0.9'1W
(IVv7)
with W representing the energy of the excited state of
Cu63.
l. Negative Parity States:
a) Quasi-Boson Plus Quasi-Proton Scheme -
The differential cross section is given by (IIIL3),
but only relative values shall be calculatéd, i.e., noO
attempt will be made to obtain the alpha-nucleon inter-
action strength. The curves for the relative differential
cross sections vs. angle are presented for J=1/2~, 3/2°,
5/27, and 7/27 in Figures 6a,b,c, and d respectively.
An incident alpha energy, Eqs Of 50 mev is used.
The important feature of these curves is the occurrence

at the same angle (~15°) of a peak for the five levels

found to have large B(E2) (c.f. Figure 1l). Of these
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five'the 1.54 mev 3/27 and 0.740 mev 5/2° have their
peaks smaller than the other three by about the same
ratio.as in the case of the B(E2)'s. All other levels
have cross sections that are dwarfed by comparison

to these five.

b) Two Quasi-Neutrons Plus Quasi-Proton Scheme -

The results obtained in Section A) indicate that
only the 2% two quasi-neutron state need be considered.
‘The differeﬁtial cross section is given by (IIIL4), and
again only relgtive magnitudes of the cross sections are
calculated. Using 50 mev incident alpha particles, the
differential cross sections for certain levels of spins,
1/2°, 3/27, 5/27, and 7/2°, are plotted in Figures 7a,b,c,
and d respectively. In particular, the curves for levels
found earlier to have prominent B(E2)'s (c.f. Tables XII
a,b,c,d) are drawn. For comparison two other typical
levelé of each spin are also plotted, one at a nearby energy.
and one in the regioﬁ of 1.20 mev.

Only the large B(E2) "quartet" members have large cross
sections. The dominant feature is the peaking for all
"quartet! members at the same angle (~15°). This is also
the angle at which high peaks occurred in the quasi—Bosoh
plus quasi-proton scheme. The other two levels in each
Figure are typical of the remaining states of each spin,
and are seen to have peaks that are at most about 1/200

of those of the "quartet”.
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2.»Positive‘Parity States:
Again using the results of Section A only the 3"

two quasi-neutron state is considered. The relative
differential cross sections for 50 mev alphas may be
determined from (IIIL4). The levels investigated are
those arising from the quadrupole interaction (c.f.
SectionAlk).

| The nine levels previously found to have large B(E3)'s
(c.f. Table XiV) are the only ones that have prominent
peaks in the differential cross sections. One of these,
the 9/2+ single particle level, is at too high an energy
to be of interest. The other eight levels have the
differential cross sections for their excitation plotted
in Figures 8a,b,c; and d for spins, 3/2%, 5/2+, 7/2+,

and 9/2+, respectively. For each spin, in addition to
the pair having large B(E3), the cross section curve for
a typical level is drawn. Such levels have cross section
peaks that are at most about 1/200 of the other eight
states. Again the large peaks occur at the same angle
(~15°), and one cannot directly distinguish the levels
of 27 and 3~ origin. As mentioned in Chapter III a
detailed description of the differential cross sections
can only be meaningfully made by employing a more
detailed study of the alpha-nucleon interaction. This

will become evident in the next section.
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Section C. Inelastic Alpha Scattering in the Distorted

Wave Born Approximation.

1. Introduction:

This method has been described in Chapter III,
Section C)ﬂ In particular, one expects the differential
cross sections for inelastic alpha scattering to reflect
the "multipole érigin" of the level concerned. Since
the quasi-Boson plus quasi-proton scheme does not work
for positive parity levels (c.f. Section Alb), the two
quasi-neutrons plus quasi-proton method must be employed
in order to obtain a comparison between states of opposite
parity. This means that the "multipole origin" is not
the interaction order (this is always quadrupole), but
the angular momentum to which~the two Quasi-neutrons are
coupled. This angular momentum is the multipole order
of the electric transition to the ground state provided
one uses the results of Section A, i.e., negative and
positive parity states may be considered as due only to
2+ and 3- two quasi-neutron states respeétively.

The total eigenfunctions that have been used thus
far are based upon the use of harmonic oscillator single
particle radial eigenfunctions. However, one would like
to have a better approximation to the correct single
particle eigenfunction when using the DWBA. As a com-

promise, the expansion coefficients (I67) and (III 19)
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are those used right along, but the single particle radial
matrix elements (III79) are calculated more exactly. In
particular, these single particle radial wavefunctions are
obtained from the progranm ABACUSAZ) using a Woods-Saxon
well with additional spin-orbit interaction. The entire

well is then

_—V' v 1l 2Ry Nt} 1 & Vo
Vir e, "V L (=) (222
(IV8)

The spin-orbit well depth, V

S.0 is fixed at 10 mev, R "1is
® L) O
1/3

given by 1l.25A with A=63, and a is chosen as 0.5 Fermis.
Given the binding energies of the states, and an initial
well depth, V_, ABACUS searches on V_ to obtain a matching
of the external and internal logarithmic derivatives at the
boundary; The binding energies are obtained from Cohen et al,hB)
and are -9;52, ~8.7L, =7.96, and -5.00 mev for the 2p3/2,
lf5/2’ 2p1/2’ and lg9/2 states respectively. ChogSing an
initial value of 45.0 mev for VO, the finally used values
of V, in mev were 47.7, L8.9, 49.2, and 46.2 for these
states in the 6rder abovementioned.

The optical model and coulomb interaction parameters
(III47 and III48) were obtained by the best fit to the
experimental elastic alpha scattering from the ground’state
of Cuéi 10 The theoretical results were obtained by using

40 partial waves. Figure 9 contains the comparison of the

- optical model prediction and experiment. The parameters used
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are
UR = 42.5'mev (IV9a)
U m= 18.5 mev (IV9p)
A, = 1.585 Fermis (IV9c)
A = 1.585 Permis \ (IV9d)
and '
@ = 0,5 Fermis (IV9e)

These values will be used for both entrance and exit
channels in the DWBA inelastic alpha scattering calculations.
The DWBA results are obtained by using the program, JULIE,
a modified version of SALLY,hh) that allows for the
introduction of an arbitrary form factor (III82).

2. Results:

The difféfential cross sections for inelastic scattering
of 50 mev alphasfrom various excited states of Cu63 were
determined. Figure 10 contains several features, one of
which is a comparison of the experimental results for
the 0.961 mev 5/2- siate and the theoretical prediction
for the 2.05 mev 5/2° "quartet™ member obtained in the
two quasi-neutrons (coupled to 2" only) plus quasi-proton
scheme. The latter differential cross section was
normalized to the experimental curve: by equating the
cross sectiomsarbitrarily at 37°. The magnitudes of
the differential cross sections for all other levels

were also changed accordingly. The agreement between
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the 5/2- experimental and theoretical curves is excellent.
Also shown in Figure 10 are the differential cross
sections for two of the "collective® states of positive
parity (arbitrarily the 5/2+ states are plotted). These
states were obtained by the two quasi-neutrons (coupled
to 3~ only) plus quasi-proton.scheme. They are out of
phase with the 5/2_ curve and in phase with the elastic
‘scattering curve of Figure 9; thus, the parity pha&e ruleBS)'LS)
for the strongly oscillatory parts of the angular distributions
'is obeyed. This agrees with the results of Meriwether.lo)
A typical cross section for a "non-collective state of neg. parity
(arbitrarily the 1/2° state at 1.18 mev) is included in
Figure 10 for comparison. The peaks of this curve are
considerably smaller in magnitude than those of the "collective"
states, but the parity phase rule still appears to be obeyed.
In Figure 11 the differential cross section curves for

all of the negative parity Yquartet members are shown.
Again the "non-collective” 1.18 mev 1/2° curve is included
for comparison. The "quartet"™ consists of the 2.25 mev

1/2°, 2.08 mev 3/2°, 2.05 mev 5/2°, and 2.06 mev 7/2  states

as obtained earlier in the two quasi-neutrons (coupled. to |

2+ only) plus quasi-proton scheme. The four curves oscillate

in phase with each other and have comparable magnitudes.

The angles of maxima and the corresponding cross sections

agree nicely with experiment (c.f. Table XVa) except for
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the predicted value of the 3/2” cross section; it is too
large by a factor of about 8.

The differential cross sections for the eight positive
parity "collective” states are pictured in Figure 12.

These states were obtained earlier using a quadrupole inter-
action in the two quasi-neutrons (coupled to 3~ only) plus
quasi-proton scheme. There is an apparent break up into
two groups of four. The four curves of largest cross
section represent the higher energy levels and are due
primarily to the (9/27, 3/27)3~ intermediate state, while
the other four curves are due mainly to the (9/2+, 5/27)3”
intermediate state (c.f. Table XIV). All eight curves
oscillate-4in phase with each other. This agrees nicely
with the experimental results (c.f. Table XVb). The

pure 9/2+ single quasi=-proton state at 4.61 mev has a
differential cross section curve of magnitude comparable
with these eight and oscillates in phase with them. (This
is not included in any of the Figures.)

The absolute values of the form factors (III66 and
I1182) for the negative‘parity "quartet members and some
typical negative parity states are plotted in Figure 13 in
arbitrary units. All states are based on the two quasi-
neutrons (coupled to 2" only) plus quasi-proton scheme.

The shapes for the "quartet! members are the same, and all

four levels have form factors of comparable magnitude. Of
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the curves shown in Figure 13 for typical levels, only

the 1.973 mev 7/2~ and 1.974 mev 5/2° states have form
factors similar to the "quartet'. This would mean that

the shape of their differential cross sections would
resemble those of the ®quartet™. The 1.18 mev 1/27 state
has a form factor that tapers off sooner than these afore-
mentioned levels, but even it produces a differential cross
section curve (Figure 10) that is in phase with the "quartet™
members. The 1.19 mev 5/27 level és shown in Figure 13 has
an oscillating form factor; hence, the 1.18 mev 1/27 level
produces an "intermediate" form factor with shape somewhere
between the "collective” kind and the oscillatory kind
(represented by the 1.19 mev 5/2° level). Of course, all
of the "non-collective" states have form factors that have
peaks much smaller in magnitude than the "collective®
states.

In Figure 14 the form factor for a typical "quartet"
member in the quasi-Boson plus quasi-proton scheme (III80)
is displayed (Arbitrarily the 1.48 mev 5/27 state is
presented). Comparison to the curve for the 2.05 mev 5/2
"quartet' member in the two quasi-neutrons (coupled to 2t
only) plus quasi~-proton scheme shows that both will produce
similar differential cross section curves. Also included
in Figure 14 are the form factors for two "collective™ and

two typical positive parity states. These states are
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obtained from the two quasi-neutrons (coupled to 3 only)
plus quasi-pfoton scheme. The magnitudes of the "collective"
form factors (arbitrarily the 2.77 mev and 3.19 mev 5/2+
states are represented) are more than 20 times greater than
the magnitudes of the form factors for typical positive
parity levels. The curves for the 3.47 mev 3/2+ and 3.53
mev 5/2+ states are arbitrarily displayed. The shapes of
these typical form factors imply that they also would obey

the phase rule.



CHAPTER V

CONCLUSIONS

In this chapter we review the main conclusions and
implications of the calculations that we have carried out
for the test case of Cu63. For convenience Sectionsia), B),
and C) will summarize the results that have been collected
so far. In particular Section A) will refer to the energy
levels, Section B) to the B(Ek)'s, and Section C) to the
inelastic alpha scattering cross sections.

In Section D) sum rules involving the energies and
B(Ek)'s will be presented and discussed in connection with

§,10) (The derivationsof these

available experimental data.
are to be found in Appendix E).

A discussion of the contents of Secticns 4), B), and
C) will comprise Section E). The differences between the

two coupling schemes are summarized in Table XVI.

Section A. Enerzy Levels,

l. Quasi-Boson Plus Quasi-Proton Scheme:
a) Negative Parity States -

Using a quadrupole interaction, there are only Z levels
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predicted below 2 mev in Cu63 (Figures la,b, and Table V).
b) Positive Parity States -
Because of parity restrictions (II32b) this scheme is

unsuitable.

2. Two Quasi-Neutrons Plus Quasi-Proton Scheme:
a) Negative Parity States (arbitrary intermediate angular
momentum) -

Using a quadrupole interaction, 85 levels are predicted
below 2.3 mev. (The 5/27 levels are typical of those of
spins 1/27, 3/27, 7/27, and are listed in Table XI.)

b) Negative Parity States (2  intermediate angular
momentum only) - |

There are 42 levels predicted below 2.3 mev on the
basis of a quadrupole interaction. (Figure lc and
Tables XIIa,b,c,d)
c)vPositive Parity States (3~ intermediate angular momentum

only) - |

Again using a quadrupole interaction, 25 levels are
predicted between about 2.5 and 5 mev (c.f. Figure lc and

Tables XIV, XV).

Section B. B{Ek) (k=2 or 3).

1. QuasifBoson Plus Quasi~ Proton Scheme Applied to Negative
Parity States:
Only 4 (and possibly 5) levels have largze B(E2)'s to



-165-

the zround state (Figure la and Table V). The four
levels are between about 0.7 and 1.6 mev and consist
of one each of spins, 1/27, 3/2~, 5/2~, 7/2~, with the

B(E2) of the 3/27 level being only 58% of the next
smallest. The results are compared with experimentB)
in Figure 1lb.
Two Quasi-Neutrons Plus Quasi-Proton. icheme:
a) Negative Parity States (arbitrary intermediate angular
momentum) -
Of the 85 levels mentioned in Section A2a) only 4
have large B(E2)'s to the ground'state, there being one
each of spins, 1/27, 3/27, 5/27, and 7/2°. (The 5/2°
levels are typical and are listed in Table XI) The
four levels have approximately equal‘B(EZ)'s and all
are in the 2 mev range.
b) Negative Parity States (27 intermediate angular momentum
only) -
Of the 42 levels referred to in Section 42b) only 4
(one each of spins 1/27, 3/27, 5/27, and 7/27) have strong
B(E2)'s to the ground state. The 4 levels are in the 2
mev region, and the 3/2 state has a B(ER) about 20% less
than that of the next smallest. (Figure lc and Tables
XITa,b,c,d).
c¢) Positive Parity Staﬁes (37 intermediate angular momentum
only) -
Of the 25 levels mentioned in Section AZc), there are

- +
g8 (two distinct 3/2%, 5/27, 7/27, 9/27 "quartets™) that
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have strong B(E3)'s. Of th~ose 8, the four of lowest

energy have the smaller B(E3)'s (Figure lc and Table XIV).

Section C. Inelastic Alpha Scattering Cross Sections.

1,

2.

Quasi—Boson Plus Quasi-Proton Scheme Applied to Negative
Parity States:

Only the levels of large B(E2) have prominent cross
sections. Figures 6a,b,c,d show that the 3/2 level
turns out to have the smallest cross section, being
about L4L0% below that of the 5/27, which is the next
smallest. The peak for the 1/2° curve (Figure 6a) is
arbitrarily set equal to the 1/2~ cross section obtained

10)

at 26° by Meriwether, et al, (the maxima in Figures
6b,c,d, and Figures 7a,b,c,d being adjusted accordingly),
and the four quasi-Boson plus quasi-proton peaks are
compared with the experimental diffraction maxima in

Table XV,

Two Quasi-Neutrons Plus Quasi-Proton Scheme:
a) Negative Parity States (2+ intermediate angular momentum
only) -
Again only the states of strong B(E2) have large cross
sections, and the 3/27 cross section is comparable to
those of the 1/27, 5/27, and 7/27 states (Figures 7a,b,c,d
and 11). Comparison to the experimental results of
Reference 10) is made in Figure 10, and Table XV,
b) Positive Parity States (3~ intermediate angular momentum

only) -
The levels of strong B(E3) are the only ones that have
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large cross sections, and again there are two distinct
3/2+, 5/2+, 7/2+, 9/2+ "quartet s"(c.f. Figure 12).
Comparison to the experimental resultslo) is made in
Table XV, and the parity phase rules are illustrated via

Fizures 9 and 10.

Section D. Sum Rules.

In Appendix E), the following sum rules involving the

excited state, 7; , and ground state, 7} , are derived

in the quasi-Boson plus quasi-proton scheme.

S B(EA) X ]a,o?#}‘z [g(f:‘)a.)s’,,' f-BA(_Liﬁ)J

%3, 00 3 0} Y OEY ()
and
J2 I1x S 3
SRR SL L BT AP XL DA
% I “2%5 7 °f X kS
B(r ), + ey an) BEY ] (v2)

The symﬁgl &:&. , indicates the particular member of the
state of total angular momentum, J, » that is considered, and
‘E 4. is the energy of that state. The left hand sides of
(Ylj.and (V2) are exact sums, while the right hand side is
not. (The neglected terms involve, e.g., "core' to 'core'"
transitions and are shown in Appendix E) to be quite small.)

" The sum rules (V1 and V2) involve sums over all states
obtained via the appropriate diagonalizations. The ground
state single particle coefficient,' a.:?;, , 1s, of course,

7.
nearly unity (e.z., I a,a g‘*} .=0,937 for Cu63). One
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notes also that provision for the single particle transition,
8 (Ej-)s‘p_ , occurs naturally.
% Ty
If one makes the following approximations:

(i) S =lang SPUE E;J. (there is only one level of each spin)
9.7‘, 4

(ii) B(eA)p - o (there is only a "core" transition)

;'—33}

(iii) 24 |2 (pure single particle ground state)
‘ (/] y‘_) =

(iv)
| a, % }k:co

(pure "core' excited state)

o
W
et Nt Vst i e

(vi) EA,. = By.= 6,.1'- +F w +A EA-(j;c’)

( 'é’ is the single particle enerzy, # W  that of the "core",
and  AFp () the shift of the level of spin, T , due

to theh "th multipole of the "core" - particle interaction).

(vii) ?-(2'?."‘ H) 0B (3:)z0 ("center of gravity' rule)

A
then the weak coupling sum rule of De Shalitz) follows from

(V,>, ioeo,
B(sh) = B (F4)
DA X A=t (V3)

while (V2. becomes

: (x3+1)E. B(EL) = (kuté (
g 3 N ( /3 )?&iﬁi %[125.1-;)

A

(V)
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Let us now apply the sum rule (V1) to the results of

the 27 quasi-Boson plus quasi-proton scheme for Cu63. The

B (F:") values and l 7"') are obtalned from
% )a -534' 0 34
Tables V and IV respectlvely) B (F2) from Figure 1lb , and
k-0
B(Fl), P is given by (III 14). The result is that

% ->3/" o.a.
the dropped terms on the right hand sn.de of (V1) are only

aboit 7% of the total left hand side, i.e., to within.7%
(V1) is an equality. (In a sinilar way the dropped terms
0:. the right hand side of (V2) may be shown to be negligible.)
It is also interesting to nute that the 4 "conllective" levels
account for 92% of the left hand side of (V1) and 8_+(513+accovnt5
For about 89% of the rizht hand side. e

Next, the sum rule (V2) will be applied to the

experimental results of Gove.s) Assuming that there are only

a quartet of levels, then his B(E2) values and B(E2)

*5_-‘..,7{‘ 2t o
(Fizure 1b) indicate that B(E2) is only about 28% of the
L X%

average B(E2) of the 1/27, 5/27, and 7/2" states (in obtaining

- kS
this result, the calculated Ia}/? a )and B(E2)s,p. values
S e T AT 393,

were used). If again use is made of the calculated wave-

functions (Table IV), then the sum rule (V1) predicts that

B(E2) increases as E3/2- increases, €.Z., 4t E3/2_"-3_.2 mev,
3 —:,74‘

B(E2) vanishes, and even at as high an energy as E -~
=3 3/2

5.2 mev, B(E2) is only 2 single particle units (less than
sy
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1/L of the average B(E2) of the 1/27, 5/27, and 7/27 levels).
The fact that Gove®) does not observe the 3/27 level.agrees
nicely with our results. In addition, the fact that
Meriwether, et al,lo) observe a émaller (by about a factor
of 7) inelastic alpha scattering cross section for the 3/2‘
level than for the "quartet" level of next smallest cross

section (Table XV) also fits in with our predictions.

Section E. Discussion.
1. Quasi-Boson Plus Quasi-Proton Scheme:

From Figure la, the only low lying levels predicted
in the quasi-Boson plus quasi-proton scheme are those
of large B(E2). This fits well with the experimental

8)

results of Gove”’ (c.f. Figure 1lb). Hence, the quadrupole
coupling of a quasi-proton to the 2t quasi-Boson gives a
quite reasonable descripﬁion of the low energy spectrum

of Cu63.

In this scheme the levels of givenJ are split apart
mainly through the interaction term, Hy:; (II4), except
for J=7/27 (Table IIIa). This makes poggible the maintenance
of "collective™ properties for some levels even in strong
coupling'despite the dispersing of the levels. It is,
thus, quite necessary to take mixing iﬁto account.

The dependence on force strength, as shown in Figure II,

illustrates that the 3/27, higher 5/27, and 7/2° states

consist mainly of the (2%, 3/27) admixture. This is also
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evident from the components of the eigenfunctions as listed
in Table IV. By contrast, the 1/2° level is due about

~ equally to the 1/2° single particle and (2%, 3/27) components.
It is this (2%, 3/27) admixture that relates back to the

idea of a 2% "core" coupled to the 3/27 ground state.

The présence of a fifth level (of lower B(E2) than the

others) is due to the 5/27 single particle state.

From Table V, the one quasi-Boson to zero quasi-Boson
(i.e. "core") contribution to B(E2) is the most important
as a rule. The other contributions are not always in-
significant, however, and in some cases are larger than
that of'the'boréﬁ esZey the single proton part of the
B(E2) of the 2,77 mev 1/27 state, and the one quasi-Boson
to one quasi-Boson (due to the proton) contribution to
the B(E2) of the 3.04 mev 5/2° state. The effect of coherence
is quite evident from this Table, e.g., the 0.797 mev
1/27 rather than the 1.78 mev 1/2” level is "collective"
for this very reason.' All contributions have the same
sign in the former case, whereas the "core" contribution
in the latter is opposite in sign to that of all the other
components that determine the resultant B(E2). The 1.78
‘mev 1/27 level is thus labeled as "non-collective" despite
the fact that its "core" contribution is comparable to
that of the "collective" 1/2° state at 0,797 mev.

One may also learn something about the one quasi-
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: AN /e -

Boson 2° state itself. The large values of(:j) (95,71p)

2
(

+
in Table II indicate that the B ~(N) (I38a) terms in

' 2
the definition of r7 (#) (N) (IL7a) are much more

(2)(N) (138b) terms. This sub-

important than the C
stantiates the approximation [7;: (N) =

}.i _,'f' (71 ?;”) BT»: (?;, f’w) made in Chapter’ IT in computing
tig;ﬁgkrix elements of the interaction term, H£Q£> (IT 13).
In this same Table it is seen that the ( ?ly::iév =5/27)
state is weighted at least L5 times :tron.:erthan any other
state in contributing to f7 * (N). This is reasonable

in that the 5/2- quasi-neutron energy, E5/2-, is the
smallest, so that 2E5/2_ is the two quési—neutron enerzy

closest to the 1l.17 mev W (2).

Comparisoh of the Two Quasi-Neutrons Plus Quasi-Proton
and Quasi-Boson Plus Quasi-Proton Schemes (negative
parity levels only):

The comparison is best made when only the 2% two
quasi-neutron configuration is considered. That the 73
intermediate state is actually the dominant one may be
readily seen as follows: the matrix elements of Hﬁ:;
require that the single quasi-proton couple only tolgﬁg

+ . . .
2 two quasi-neutron state, and it is these terms that

are the prime removers of the degeneracy in the total

(3)

angular momentum, Je. The }4A5p terms are so small by
(a2 )

comparison that they really need not have been considered
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from the start. In essence, dropping the contributions

of two quasi-neutrons coupled to an intermediate angular
()

momentum other than 2° amounts to discarding 'ﬁngf .
(12)

These matrix elements are calculated via (II21) and are so

copious, yet small (of the order of 10'2 mev), that they
()
are not tabulated. The matrix elements of PLmP are calculated

{31
from (II22) and comprise Table VII. The diff;%gnce between
{») &5 "’
H/v,r and H,v,f is best respresented in the graphs
(31) ) '

of Chapter II, Section E).

The analogies betweeﬂ the matrix elements of the two
quasi-neutrons plus quasi-proton scheme and the quasi-Boson
plus quasi-proton scheme have been described earlier in
Chapter II. The results of the two schemes as applied to
Cu63 have many similarities. In particular, both schemes
predict the existence of a Ycollective quartet" of levels.
These levels possess in both schemes large B(E2)'s and
also have large excitation cross sections for alpha particle
scattering. There are, howéver, some differences between
the "quartets! of the two schemes. In the two quasi-
neutrons plus quasi-proton scheme the 4 levels are above
2 mev and all are within about 0.2 mev of each other
(Figure 1lc), whereas in the quasi-Boson plus quasi-proton
approach, the energy spread is from .794 to 1.54 mev.

One can try to understand this difference in a qualitative

way. The quasi-Boson plus quasi-proton scheme is based upon
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knowing the energy of the one quasi-Boson state. To this
one simply couples the odd quasi-proton and then diagonalizes
the interaction'with respect to a basis of single quasi-
protons and a 2" quasi-Boson. The quasi-Boson is the result
of coherent contributions from all pertinent two quasi=-
neutron states. This establishes the inherent collective
nature. By creating the quasi-Boson into a vacuum that has
provisions for containing not only O, put L38y124000eeequasi-
neutrons, one is in effect including the contributions of
states of more than two quasi-particles,.i;e.,the quasi-
Boson and its associated vacuum are a complete diagonalization
of the long=-range Hamiltonian with respect to a basis
consisting of all allowable numbers of quasi-neutrons.

If one were to perform a two quasi-neutrm: diagonalization

. 62

of the long-range Hamiltonian in Ni“%, one would get too

hizh an energy for the 2% state. The extra "collectiveness"
and subsequent lowering of the energy comes about only
by including more quasi-neutrons. In coupling an odd

quasi-proton to the possible two quasi-neutron states,

. 62

one is essentially first solving the Ni problem. This

(1.)
is manifested in the interaction term,.,7Vpur) (Class 1) (II 18).
[3) - lan
The Qtw, term (c.f. (II 16)) gives vanishing matrix elements,
(4o) ‘
- but this vanishing is due to the use of an incomplete basis,

and really amounts to dropping 7¢(fi_ . The separation

, ! | (40)
of the long-range Hamiltonian into neutron-neutron and
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neutron-proton parts thus leads to the diagonalization of
the latter, subject to the erroneous basis obtained by
diagonalization of the former.

The last column of Table IX contains the values of
matrix elements that result because one considers only
Fermi commutation rules for the individual quasi-neutrons,
rather than Boson commutation rules for their aggregzate.
These energies are all positive and raise the reference
level to which one refers when coupling the odd quasi-
proton. In fact, the energies are of the order of 1 mev,
just the order of magnitude by which the levels are off
in the two quasi-neutrons plus quasi proton scheme.

The association of the "quartet" from one scheme with
that of the other thus becomes more reasonable.

It is important that only the energies are affected.
The B(E2)'s of the "quartet" in the two quasi-neutrons
plus quasi-proton scheme, while somewhat smaller than those
of the "collective" levels in the quasi-Boson plus quasi-
proton scheme, are still the only prbminent ones. However,
the fact that one is dealing with such large matrices, yet
still has only four levels that may be called *"collective”
is interesting and perhaps somewhat surprising,.and indicates
the importance of coherence among the different configurations
that make up a level. Indeed, the very illustration of the
origin of "collectiveness" via the coherent superposition

of the eigenfunction components serves to illustrate what is
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glossed over in the quasi-Boson scheme. The existence,
€eZey Of a 5/2' level at 2.04 mev as well as at 2.05 mev
with only the latter being "collective” (c.f. Table XI) is an
illustration of the coherence effect. Hence, a state of
‘many components (due to an abundance of configuration
mixing) may not be readily identifiable as collective from
its eigenfunction, and even a large "core" B(E2) may be
annulled by the sum of other contributions.

The many clusters of 4 levels (two quasi-neutrons plus
quasi-proton scheme, Fig. lc) come frczm the removal by H;:)P of
the degeneracy in total angular momentum, J, for each tm%gﬁuasi-

()
particle state. The effect of H/v,p is essentially to shift the

(3 .
., clusters via the interaction of levels of the same J. The

closeness (within about.2 mev) of the "collective” levels is
due to the fact that while there are more off diagonal elements

(¢Y : ‘
of H‘,V)),o than in the quasi-Boson plus quasi-proton scheme,
(31)

such elements are smaller than those in the latter scheme,
Comparison of Tables IIIa ahd VII shows that typical matrix

()
MmMP

(&)
proton scheme are'ébout 1/10 the size of typical diagonal

elements of H in the two quasi-neutrons plus quasi-
elements. Whereas in the quasi-Boson plus quasi-proton scheme
the factor is about 1/3. It is not unexpected, then, that

the spread of the "collective" levels in the quasi-Boson plus

quasi-proton scheme (about .75 mev) is larger.
It is interesting to see just how "collective® the 3/2°
excited state is in the two quasi-neutrons plus quasi-proton

scheme. Comparing Tables XIIa,b,c,d indicates that the 3/2°

"quartet” member has a B(E2) of 1.99 single particle units
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compared to 3.08, 2.43, and 2.56 for the 1/27, 5/27, and
7/2" collective states respectively. Thus, while the 3/2~
state is not retarded as much as in the quasi-Boson plus
quasi-proton scheme, the effect still remains. However,
the cross sections for excitation by alpha particles

(Table XV) do not indicate that the 3/2~ state has a
reduction in its "collectiveness”. This would imply that
the electric quadrupole transition matrix elements are less
sensitive to the structure of the nuclear eigenfunctions
than are the scattering matrix elements. This is reasonable,
since the wave numbers involved in the alpha scattering are
'maﬁy times larger than those in the electromagnetic decay,
and hence take a more detailed look at the structure of the
nucleus.,

Let us next consider the existence of the critical force
strenzgth in Figures3 and 4. Above this strength "collective™
levels cease to appear and the ground state ceases to be of
spin 3/27. This could be due to the fact that a large
interaction strength, and hence a strong attraction amongst
Fermions, enhances the Boson description of Niéz. The
manifestation of this would be a lowering of the Niéz 2"
quasi-Boson energy. In that event the two quasi-neutrons
plus quasi-proton scheme would become entirely inadequate,
i.e., not only eigenvalues but also eigenfunctions would
start to deviate strongly. This means that higher quasi-

particle confizurations would need to be included in order to
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recapture the "collective" essence of the Boson
approximation.

If the interaction strength were to be increased

. even more, however, one would expect the entire quasi-

Boson description itself to fail. For as the ground
and 2% states get closer, the average numbér of quasi-
particles in the former increases, and this enhances
the Fermion nature of all available particles, i.e.,

27)

the "Fermions begin to get in each others way".

Two Quasi-Neutrons (Coupled to 3~ only) Plus Quasi-
Prdton Scheme:

The positive parity states of Cu63 can only be obtained
in this scheme., Removal of the degeneracy in total

angular momentum, J, is brought about in a quadrupole

Q)
interaction by means of H/%P (II21). The other
degeneracy removing teim, () ;} (I122), cannot con=-

tribute because of the requiremégg that the single quasi-
proton and that coupled to the 3  state be of the same
parity.

The use of only the 3~ intermediate state is done by
analogy to the 2% intermediate state's being the most
important contributor to the negative parity states.

One would certainly expect the 3~ two quasi-neutron:
state to be the most significant because of the B(E3)
that such a state would produce, i.ec., a "core" type

of transition (and hence a connection to the usual idea
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of a "collective" contribution) can only be realized in

a 3~ to O+ transition involving the quasi-neutrons.
It is interesting to note that experimentally there
are more than 4 levels of large cross section which are

in phase with each other and the elastic scattering.lo)

This is just what our model gives (c.f. Figures 9 and 12).

While the 3~ two quasi-neutron angular momentum does

: 62

agree with that of the octupole vibration state of Ni“%,
the (9/2%, 3/27)3~ and (9/2*, 5/27)37 states while in the
right energy region are not at the same energy as either

w (3) o each other. This would seem to imply collective

,
properties of Cu°3 which are intrinsic to it, and not

directly connected with the known 37 energy state of Niéz.

There exists a "collective quartet" of states associated
with each of the ways of getting a 3~ two quasi-neutron
state, i.e., (9/2+, 3/2=)3~ and (9/2%, 5/2-)3~. From Table,
XIITb, one sees that the two different 3~ states are shifted
by approximately equal amounts ( =-2.44 mev for the former

®

and -2.57 mev for the latter) due to Has. (Classes (1 and 2)).
(23)

so that their energy separation remains due primarily to

the difference in energy ( 0.28 mev) between the 3/2~ and
) |
Hap (1I21),

‘ (az2)
breaks eack 37 stat€ v into the various components of

5/2~ quasi-nev:rons. The interaction term,

total angular momentume.

The matrices that must be diagonalized in the 3~ situation
are much smaller than those of the 2% case. This is
directly due to the fact that all but one of the single

particle states available in the pertinent section of the



-180-

_Shell model are of the same parity. In the 28-50 particle
region, the 3/2", 5/2;, 1/27, and.9/2+ single particle
states are present. The'3' two quasi-neutron stétes can
only'be obtained provided one of the two quasi-neutrons

is the 9/2+, and this immediately imposes a restriction
that was not present in the 2" two quasi-neutron statés.

Because of the small number of components of each
eigenfunction, one may readily discover which cbmponent
is the prime contributor to "collectivism”. From Table
XIV, the couplings (9/2*, 3/27)37, 3/2" and (9/2*, 5/27)37, 3/2°
are clearlj'the most important. This is reasonable in that
a B(E3) from the excited states to the 3/2  ground state
is of pure "core' nature when the odd.quasi-proton remains
in the same state. Each of the "non-collective" states in
the present case is characterized by negligible (9/2%,
3/27)37, 3/%- and (9/2%, 5/27)37, 3/2” components.

Let us also compare the B(E3)'s, inelastic alpha
scattering cross sections, and form factors for the two
"quartets". From Table XIV the "quartet" of primarily
(9/2*, 3/27)3" origin have B(E3)'s that are a factor of
L, or 5 greater than those of the "quartet" of (9/2+, 5/27)3"
origin. A similar situation holds for the Born approximation
curves of Figure 8. In the DWBA curves of Figure 12 the
factor is seen to be about 8. The reason for this is
primarily the difference between the reduced matrix elements,

%(3) (9/27, 3/27) and 7_(3) (9/2%, 5/2~) (Table Ib). The
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former is larger by a factor of 3 because of the reduced
matrix element of the spherical harmonic, i.e., in the one
case one has < %%_H Y—s)}ﬂ/‘)(nb spin flip), and in the other
4 s, Y3 }/},71> (spin flip) with the latter about a
factor of 3 smaller than the former.

As is evidenced by Figure 10, the two "quartets" both
obey the parity phase rule. The form factors (Figure 14)
for the "quartet" of 27 origin are all peaked at a smaller
radius than the levels of 3~ origin. This is due to the
overwhelming importance of the 9/2+ single particle wave-
function in the latter case, i.e., the radial part of the
lg9/2+ wavefunction is peaked at a larger radius than that
of any of the other single particle wavefunctions. Also
evident from Figure 14 is the peaking at different radii
of the form factors for the members.of the two different
37 "quartets". 1In pafticular, the (9/2+, 3/27)3" "quartet"
yields peaks at a larger radius than the (9/2+, 5/27)3".
This is again primarily due to the lg radial wavefunction
which is weighted much more strongly in the former than
latter case. Opposing this effect somewhat is the latter's
1f radial wavefunction which peaks at a larger radius than
the first peak of the 2p radial wavefunction.

The wide range of form factor curves for the 2" state
(Fizure 13) does not occur for the 3~ state (Figure 14)
becaﬁse of the smaller amount of configuration mixing in

the eigenfunctions of 3~ origin, and the omnipresence of
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the 1g9/2+ single particle state.

Possible Consequences and Extensions.

1.

Nuclear "Surface": |

The DWBA calculations show that one may indeed picture
the collective excitations as surface phenomena inso-
far as the form factor curves (Figuresl3 and 1) show
that all of the states of large cross section have peaks
near the "“surface™ of the nucleus. For all of these
"collective™ states the dominant contributions to the
cross sections come from partial waves of order near

Lo =20 = KR, , where K is the wave number of
incoming alpha (at 50 mev) and Ro = 1.585x(63)l/3
Fermis. Because of the overlap of such incident and
outgoing waves with these states, one obtains the
characteristics of the inelastic alpha scattering

differential cross sections for collective states.

Differences Between "Core" Plus Proton and "Core" Plus
Neutron:

The difference in spectra of two odd mass nuclei, the
one of "core" plus proton and the other of "core" plus
neutron origin, may possibly be understood via the
relative degree of validity of the Boson approximation
in the two cases.

63

6
Consider, e.g., the case of Cu ™~ ws. Ni 3. As pointed

out many times, the low lying negative parity states of
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63

Cu ~ are fairly well described in the Boson approximation.

% 38) .
Experimentally via Cu63(p,p)Cu63 3 only 6 negative parity

levels are found below 2 mev, whereas Niéz(d,p)N163*

37) Although the experiments are of a different

predicts 12,
nature, it might well be that the larger number of low

lying levels in N163 indicates that the Boson approximation
is not good in that case. This would be reasonable in that

63

as a "core" plus odd neutron situation, Ni~Z would have an

extra available quasi-neutron as compared to the case of

Cu63

with "core™ plus odd proton. The matrix elements of

the long-range interaction in the two quasi-neutrons (coupled
to 2T only) plus quasi-neutron or quasi-proton schemes

would only differ in details of cqupling. This would come
about from the non-commutability amongst the three quasi-
neutron annihilation and creation operators. The previous
results for the case of Cu63 in this scheme would then be

63, i.e., there would be many low lying

applicable to Ni
states and the "collective" states would be too high.
Conceivably for Cu63 the "collective states are lowered

due to ?/;Z, (i.e., the consideration of wavefunction
componentstﬁﬁ more than two quasi-neutrons), and this would
serve as a verification of the applicability of the quasi-
Boson scheme. For Ni63, however, if the Boson approximation
is not good, then higher numbers of quasi-neutrons would not
lower the "collective" states. From Tables XIIa,b,c,d there

are about 40 levels (for all spins) predicted below 2 mev,
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but Figure lc illustrates that mény of these levels are
63 37)

nearly degenerate. Thus, the 12 measured levels in Ni

63 38)

7

below 2 mev as opposed to 6 in Cu seem to support the

preceding interpretation.
For an indication of the validity of the Boson approxi-

mation in the presence of an odd particle, one calculates

< 2;" J Z; } -1 ‘5 )’1,— (%) [C‘ (2., %,) (33 77,),)

Tk ”' ()0 ,5 (V1)
where % =N or P, From (I41l) there are single quasi-neutron
scattéring terms that are dropped in the Boson approximation.
Such terms still contribute nothing to (V1) if #» =p
because of the rules for the commutation of operators
representing different‘types of Fermions (I21'). For
7 = N, however, the scattering terms may indeed couple

with the odd quasi-particle. Such couplings are proportional

to which is to be expected from the Pauli

2 ]
pr1nc1p§:,+;.e., for small.)r there are less available
'"Q; states for quasi-neutrons, and consequently more
likelihood of their Fermion nature being important. Provided
that jhv is an angular momentgm present in a scattering
term, the element (V3) can change value by anywhere from 17%
( 75, = 5/27) to 50% (Zkv = 1/27) which are non-negligible

amountse.



-185-

3. Dependence on Shell Model Region:

The results of this calculation would seem to indicate
that the systematics of an odd mass nucleus can be
rather dependent on its relative place in the periodic
table in the following senses:

(i) The pertinent single particle wavefunctions
determine the degree of overlap involved in single
particle matrix elementse.

(ii) These same wavefunctions also determine the
relative signs of such matrix elements, and consequently
the amount of coherence.

(iii) The possible values of the total angular momentum,
J, of an energy level, and the ways that one may couple
to get each J are determined by the available single
particle spins and parities.

(iv) Implicit in (iii) are the sizes of the matrices
to be diagonalized, and hence the number of energy levels
produced and the degree of configuration mixing involved
in their eizenfunctions.

(v) The (4,4 ) coefficients associated with the
sinzle quasi-particle states are important in determining
the relative magnitudeé of matrix elements, i.e., these
coefficients help determine which long-range Hamiltonian
terms are important.

L. Nuclei Away From Closed Shells:

A calculation for the problem of a non-~deformed odd



5.

-186~

mass nucleus away from closed shells would present
greater difficulty. The solution would depend on
knowing the origin‘of the 27 state in the adjacent
even-even nucleus (i.e., whether that state is due to
quasi-neutrons or quasi-protons). In addition, the
makeup of the 37 intermediate states in the odd mass

nucleus itself must be knowne.

Summafy:

In summary, the gzeneral conclusion reached in this
investigation is that when applicable, the quasi-Boson
plus quasi-particle scheme is much better than the three
quasi-particle approach in describing the low lying
states of odd mass nuclei.

The two quasi-neutrons (coupled to 27) plus quasi-
proton scheme is unable to give the correct energies
of "collective"” levels (these are too hizh and too
close, c.f. Figure lc). Even though the B(E2)'s come
out enhanced, and the inelastic alpha cross sections
are larze (and have the right shape vs. angle), one
gets larger B(E2)'s and cross sections in the quasi-
Boson plus quasi-proton scheme (and the same cross
section shape vs. angle). The indication is that to
obtain the optimum "collectivism", to lower the energies
of the "collective" levels, and to disperse them, the

quasi-Boson plus quasi-proton scheme is necessary.
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In order to obtain comparable results in a scheme just
using an assemblage of interacting quasi-particles one
would have to consider configurations of more than three
quasi-particles. However, for the case of the 3~ inter-
mediate angular momentum state involved in making up the
positive parity levels, it ié unlikely that higher numbers
of quasi-particles will produce a much better answer. This
follows from the fact that there are no large terms
analogous to the ones that raise the levels in the case of
a2 intermediate angular momentum (c;f. Tables XIIIb and
IX), i.e., for the 2" case these terms are the ones that
must be dropped to make the Boson approximation. The
reason why these terms (II34c) are small for the 3~ case

is that the number of ways of forming odd parity intermediate
states is limited by the number of single particle states
of the correct parity available to the quasi-neutrons in

the region of mass number around A=63.



APPENDIX A

Orthonormality

The following expressions are written for the case of
quasi-neutrons as the identical particles. The odd particle
is considered as a quasi-ﬁfoton. The results are also valid
for quasi-protons as the identical particles and aﬁ odd-
quasi-neutron. Simply make the pertinent changes in wording
and notation.

1. Two Quasi-Neutrons:
Let ;kv and /g _ be the angular momenta of the two
quasi-neutrons, J, the total angular momentum to which
they are coupled, and M, t‘he 4 component of ’70 .

The two quasi-neutron state is written as

[,9*7‘%) )6:"22-(”)];0 B
| ,

(A1.1)

(7, 74,) 7,

. . . . A
where is the normalization, le:> the

(r ]
7,75.)3, .
quasi-neutron vacuumn, and[gﬁﬁ the creation operator of
a quasi-neutron. To show that the set (4l.1) is ortho-

gonal, compute

-188~
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~ 47,7, t+ 9,7 +3'”’ +)! + 94 >
255 | LB »@)]Ma, [£'%,,8 0] 105>

(Al.2)
with 74,: s P, s 3}/ , and /‘1,’ representing another
set of quantum numbers. Equation (41.2) may be written
using (I20'c) and (I4) as |
Ny A , ‘
/wz my, ”'?,,m: e o &,,, i 1B LGy e, 4y g, |50

/V

“2* ’ / _ . /7 ~ ?
ey T T LG o 0

\-/”W

, 17 (A1.3)
The 1dea is to get all X(/')operators to the right
of all ﬂ [,v) operators and then utilize (Il4). For ease

7 Y n ‘. via
in notation define terms like 54» 4, and S%, d,

7
Sela, = 538, Bary O™ M4, (4l.4a)

5“,;)"‘44, = S;}’ 7;” YMQ,,/,)_MQV (A1.4LD)

Continuous use of (I20'c) yields

| )4
¥_—\/~\/ = [)7,&- (#) 14) [/v) ) /V>54 a, U))é + M,

A ) 4 A
— Oy ‘
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7,&- ‘f‘”’)j, 74 + :
— v v v 4
=& ” (‘51* /?»,,,’54”4; “"g L e 4’)
a4 Ty
ot (AL.5)
- Tty +), g
with = )T we T4, 1% s (Al.6a)
N %a/b‘ S}""&.’V, 54”4,/
and | \ my  +9% Fm (A1.6b)
: (}q /&_ = - )o"mﬂ_ o 74,‘)" b Sa,,,hf g}’ivaw'
Insertion of (Al.6) into (4l1.3) gives
2 247;;07:/7};/'»/5 1%,/ > 2 .
my "" v 7 Sy 0 Je i 130
' Ao M /

A /- /
M T = e T (%Mwu,)

- <7 ‘ ", : -
T L i P Y L 7y g
§ ) ) S ] + \ /
o 40 S50 )
(1.7,
where use has been made of

-7 / 4 / / N ’
4 7)4” Man, Nen "W | % > = (._,)?"' te, td
R L by Doy Mo, 1% M > (a1.8)

’ with 3,7 an i.teger.
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The orthonormality of Clebsch-Gordon coefficients

requires that (41.7) becomes

S ., , ‘ , Pa, i+, .
S %" 9My My (53% (¥ g‘u,,,ﬂ},, -y 37;,,”&: 57‘}4,7«,;

Thus, from (Al.2) we have the orthogonality relation

[ wJ " [F7 ?m] 1oy

| Gt +3
_ —~ . . —] 4 w0
= S35 om0 a0l — )

£ (41.9)
To ob )ayh”" S”?f g ) A
0 obtain the normalization constant, (,ja”,)}y}g ,
let ?ay = )a,y s 7},', -:.;,;.4’ , 50/-;70 , and ”a/:’“’a

in (Al.9). The right hand side of (Al.9) then becomes

,Q/V’J'y
and the right hand side of (4l.9) is just | + [ .

. If Qq”:}j.” » then 7, is even,

Hence
‘ | bR A +7, *.4 :}',"'
| A sy 3,3, L [P e P ”"’”)_)M

apnpt o) |0y =
[‘e ]”” | A%%)% ) ((11*1%“ 7, )

For the risht hand side of (Al.10) to be equa. .0 1,

A, =
Ga, .0% “Virs. (A1.11)

70,0,
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From (Al.1l), (41.9), and (Al.11) the set of ortho-

normal states of two quasi-neutrons is then

12, +) DS
——— | f )}//’)]Ma [0, >
b (51.12)
Two Quasi-Neutrons Plus One Quasi-Proton:
Consider a quasi-proton of angular momentum, {,"(F ’
coupled to the two quasi-neutron state, (7},4’7'1”)76 s
of Appendix Al to give a total angular momentum, J, and

3. component, M. The orthonormal set of states is just

x ( [F %) ,9*7:}'”)]79 F %[P) )i’ / Z, 55>

1495 24, (42.1)

This may be readily shown. Quasi-proton and quasi-neutron

operators (annihilation or creation) commute; thus,

equation (A2.1) may be written as

‘ . J +; “‘4. T oA
2 <M, ?cp’”'cp) 71> Vire . . (_-P a@)/ /”)]’:p 10"’>)

I+§

My m’c'o 8,74,
) ™~ N\
X (P,,,,’z (P) W>) (A2.2)
\ < J
where ) [ T4 )X ] 0 r'>;s itself an
) B (™ 4%

orthonormal set of two quasi-neutron states (4l.12). With

the notation of (Al.L)

~ 2 e +7'( ~
£ op //3M " (r) /3,,,,( ff’))”P> =5c,c/
¢ (42.3)
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Then, using (A2.2), (41.9), (A2.3), and the orthonormality

of Clebsch-Gordon coefficients, the orthogonality of the

set (A2.1) is verified via o
| | A 12,7 ptgg’ 2 ot g’
e —— £ op ;% / [ﬂ Q?M f ”'(”)J ’ ﬁ ;((P)
Vir§yrn 1 Y
da ! Virly g, ~’
e gt 7% ,30...N 1 aN 1
X ([:ﬁ (”))Q (/V)J f a((P)M Oy ) 0P> - S’)/5MM/
(1+§ 5
, 4
A | 556 5(/ g (S - AR K ‘ ?‘ ! 3
@,y Pou Y0, f%, w —€D ""*””*)”M,n’
A 59},, D0 ) 532, Teo” (42.4)
For % 3% 4 %y cdan 0 Dk W 0 Juy ey 13337

and l=M', the right hand side of (A2.4) becomes

‘ (i
X 1"5 . ' ) -
H.f ! 7"&7/& l '
W) , (A2.5)
verifyinz the normality of the set (A2.1).
Three Quasi-Neutrons:
Consider the three quasi—neutfon state
[F7oa BT 70 7% g7 T >
J }R v
M .
(43.1)

3ince there are only quasi-neutrons, the N notation is

omitted for simplicity. The three quasi-neutrons have
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angular momenta, 24 ’ 7'# , and 7( . Two of these,
?4 and 2@ s, couple to give 3} » which is in turn coupled
to f& to yield a total angular momentum, J, of‘g_component,

Me To see if this is an orthogonal set calculate

> ([F175p% 0y J% ) ([ﬁ"?a,a*u] Ja/mc) [

= i< 2T D Mo 1358 Gy g Ml 5705 3 LB M g, m,
Mymes

m,
”"4"‘ mymy

/

A 47« s /"”}/7/‘70/>Cu ACTIC ~my, ‘=4,

X ( )  (83.2)

with use made of (I4), and with ( ) defined via

~

( ) )(76 )/__ )/?“ ,/ f*ai)@“)-

Ma /M’}_

(43.3)
If continual use is made of (I20'c) and (I 14), then in

the notation of Al.4
¢ ’i&,&’

—_ 5’&‘/‘5;“"/);4&/ ‘“(S‘c‘/‘gq’&'/-5‘“0'{43-’)5}.4/
i ( S}" 541” Xy <’ {}}’);ca,/_] (43-4]

‘]

N

3‘/1/
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The right hand side of (A3.2) becomes

2 LM, m IM><y ; an ‘
Mo, %Mo Te Me | 7 <7, ™a - My | 3;9”14>Z<7¢””a,?)1"”;'133'”0,
my, m}- /10/0”‘/ ’

’ rd
M ™Mb

4 VO 2 /7 7 . . “ -
XKD T T mENSHD. o X (1)4(2)+(3)+(4)+(5)+(6))

with (A3.5)
(1) = 54“/5,9.}/5“‘/ (A3.6a)

(2) =~§y +ScprSea’ (A3.6b)

(3) = =S e San Sps” (43.6c)

(L) = Sacs §cb’ §pa’ (43.6d)

(5) = 5}4/5‘,}/$¢4/ (A3.6e)

(6) ==Fq./ ,fu' Sea? | (A3.6f)

Terms (1) and (3) involve no coupling of )‘¢ or 94
to 7}_ , and are just the non-normalized analog§of (42.4),

ioeo,

’ . ."-I ' ' 9‘0*.)..&*’
$c 2 (59470 Siwx/"‘"} b TR (43.7)

* S- ] ;. .
N 9208 d5g e’
The remaining" ‘er)ms are more complicated and involve

S“j‘o 30/

six~-j symbols. The evaluation of one typical term will
suffice to indicate how all of these terms are computed.

Equations (A3.6b) and (A3.5) give for term (2)

> 1470/‘1?""".}3»4 Ly ‘
M, M MU Pree %34 " 7&"”,&./7,/‘10>

/7
MO

X LT M gy mpl SHO LG Mg 13 ) > (8348

S Sy S,
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SinceM,, pm, , My , MMy, and,wb’ are not all independent,

(43.8) may be written as

< ) )
2 L3, Memmg g m 3MD>LY, M= =My Py my. )3, M=,
™Mg-Me |

A LM -my gy mp ) TMD L % M-m=my 9, ] 5,0 M—m,.;

S S o A3.9
(2 X ?c}b’gybd&/ (43.9)
The calculation is simplified if three-j symbols are used.
2
The three-j symbol is defined as 9)
9 72?3 V03, =m -
() 3 e Y4 :
(/m, . (27 t ) 42//»1'71/»»;];3 -/m3>
m, +/m, + /m3 =0
(A3.10)

An even permutation of the columns of a 3-j symbol doesn't

change its value, but an odd permutation does. From
Reference 29) |
Wy = [T 9 )= (7; 7 %
My My My Ma my M, My My

(A3.11a)

74 7 13 ) @) 7, +71.+?3 'R ?'-,_ 4‘3 )

m, mo /»..3 */"" —-m, -—mMm3
(A3.11b)

The use of (43.10), (A3.11l), and a simplification in the

exponent of (-=1) zives for (43.9) .
¢ Jo T )

. P S o i A
(2% 41)(23,741) mfcc—i)" ATTY | Mo, m, ~p
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X Y (a3 (2a3%1) Z(__‘,]%*a}*%%@ +my

| , )
) 7o T 37 A
M

- - /
" " My M Em, M =M Mty

}k ?C 70 /
! MAm_+m, - M—-m 59' 2 'SJ' ”5' v/
¢ M A Flc 9T Y7aq, (A3.12)

This is simplified by the relationship from Reference 29)

5 @ )X’, AR B R R A Y A ) (/h 72 ’P3>

Ay Mz/"B ” ‘M‘J ) M2 My
A A 73 7‘, 92 ?3 7 b9
i "‘Mq. /"\3 ‘ ! ,’" ,m / 1 A3
‘ (A3.13)
where ?}' 7 9‘? is a 6-3 symbol. Using (A43.13), (43.12)
Y /"11!3 J ym b | ED . ’ o

then becomes

t -~
"\/'[;_7,*,){'2_-3./4_,) (l +,)(2-70 +') (_,) d(f 7(,")'7+ T,g Z (76 ?é D] )

(.

" ( ) 4 o - S? c}, /{
™M —m, ~/1im, 4 -3 7. i 2% % % (AB 14)

-
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.The‘orthonormality condition for 3-j symbols 1529)

f( 7‘3 i N 75 A
o, g ) m ) =(27,+1) 5,275 m

) Tmem m;/
(43.15)
Finally, (A3.11) and (A3.15) simplify (A3.14) to give the

contribution due to term (2)

. | 7}&*; +3+ 37 gj 7‘6 %
] L' c s ]
V(2%4)(2%'+1) €1) S e

x ' ] ' [ ’ [} ‘ '
57».9/ 575 9y’ So. 5’ $557 JM/»/ (A3.16)
The contribution of terms (6) and (4) may be lumped together

as

_ T ¢ %% (
1/6.30!—;)(‘1-5,‘*") g’/" ?&. ja/? 94 7‘ 1.6-7} 7 9 d

....6-:) 2/(’ "'305‘

e S)&?")S”/S"‘"" (43.17)

and that due to (2) and (5) as

9 >

o {3y
94 a%’ 9¢

(5 5 Sa t i+ %,

V7 (_—l
)4 .’&'/ ’ Ja ) 5’ »'r 5’47 ) (83.18)
Equation 4(A3 17) is due to the coupling of jewn:h the odd

§337 Smm Va3, 4) (23,3))
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particle's angular momentum, }'( , while (A3.18) represents
the coupling of ’)q’with }C . As a check one sees that
(43.18) is just —(-1)7'4 Yi4+ T times (A3.17) provided

7'“ and 74 are interchanged. The minus sign comes from
the anti-commutation rule (I20') for operators, and
(-1)?:“*7"('*' % from the interchange of & and 4 in the
Clebsch-Gordon coefficient, £ 4, m, 7 er/’o,/"o) (A1.8)
Hence, combining (A3.7), (A3.17), and (43.18), one gets
for (A3.2)

’(EF‘Ma pioa 1% gt )’/([l”’%/ﬂ”‘] /m‘) 7>

=533 D i S 0P

X jjs’gmm’
537 dmm’ V}j ) (2% 1) [{J e 7

2&-947/ 9::7'5’

P4’ 2
(S:”_ 0(%,9 , — F1)7%4 A ch} 5;;&92/>

_ 2‘q+9}-}~7o gj 7;' jo? Vo ( '
1) Ju 1 38059 (5 05

\/ L
) Sy w5 %’ )] (43.18)
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This result says that the set of states (A3.l) is not
orthogonal. This is due to the intermediate angular

momentum, " , and can easily be seen, e.z., by letting

Yo’ =0p = J4/=gc=n’ 5 9 =", and M =M.
Both J,7 and <3, must be even and (A3.18) becomes

. — — (3 ), 3
L. Svo Jp7 +4 V(:.‘S,’-;.))(:.Sa-v-l) ? ‘ 3:: o?
' 2 9 B
(A3.19)
- which does not necessarily vanish for 3, %X 3/ .
The normalization factor for (A3.l1) is readily obtained

P  / ) - \ / ' . - /
by letting 9«.')42 s = 24 v )= 7c/ » 55=% ’
5= 3’ , and M = M' in (A3.18) as

ES | 77;‘5',?,' T ), 3
[( %de) HOH) ({2; 7 % n * g& Je QS,&,;,_

+ ?7 ?‘4 S0 .o, . -l
8 do 24 o 574 74 Su A Sg'c 7'4'] *+ (A3.20)
L. Quasi-Boson:

From equation (I47a), the creation operator for a

quasi-Boson of angular momentum, }.\_ s and 3_ component,

M , is P L‘[’h}where
L
r—,/m ("7) FL ?q,,il B (?q 7))+A()41’7))C (24 2@)

+4 (147a)
and the annihilation operator, r_/’m ("7) s is given by

t+A
r’,m (%)= (—t) [4{24 7%, ) 2 (9., %, 11 Gy 2h,)g 4("7
yq‘,)?’& (I47v) -
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| A,
The operators, B - [)4 32'&) and C m C}% 7,@.4,) s are

defined in (I38), and the sets, /L(?"%’ 7/&_”) . and
f:n.‘(;:% 4/"‘_.’) s are given by (IL9).

To check for orthonormality of the set (I47a), look at

+4 7 A ~
(% )| 4
~ ] !—:n’ / Pma ))()‘2> (Ak.1)
where /0/,;> is the quasi-Boson vacuum, iee.,

+47

OROIA

Equation (44.1) may be written, then, as

(Az,.z)

”~”m

x t4 4 = Y ~
40';)[7%, (% 7 h))@)) ‘-‘~<é [,,,’/[’7)}7 {»)]o‘

(A4.3)
Inserting (I47a) and (IL7b) into (AL.3) gives

L7 rm’ NN
e " 27 ‘ ?'Z’ > (A'(/h" 7 )4(7;"; 7"&3)
7%*)41} 4, '7,&? | :

+4 0, 1 W
[ 8-%,/ (7% ,), 6’M f94 OL,,)] +—/.>.(3;1’
a7
* [Q\M,/ (lay 2 ) Cm [7 5 %) ]+4[’4 94 )1 (7, »72,)
L0 36 L] e
om0y )80 ()| 4003, 5, ) 0 0y

%5,)
Al /7 ) /7 ,‘ N ' (AZP‘A')
X [C_M/ (714,,, 24, )J (/m (7%7,;1,)])
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Usinz the commutation rules (I40) the first and fourth
téms of (A4.4) vanish. Noting that
i = Z '{-59'417 74‘5"),
94 27, 7"'774' > (44.5)
and using the Boson commutation part of (I4l), (AL.4)

becomes

g S )59}4, Z 74,(”5%’%’)[”%“7»»,)

—_ |
A [ ————— R / ' /
RS Y /'2'(7“ ,7} }4‘(7‘ ' ( . .
aﬁ,,’)) Y Y ‘l,, 7/&'-») S?q" ?‘a‘; 57)‘, 9:’.’/

,’

Yan t7b,+4 S

-~ 1) o, Wb, 5;,,'% 7;; )

.
+ H.S;./o'.&/ /L(?a,, 7., )4[24'5 74‘))(5734,7;9’5

s "y 72":7’} d

3

Va 1ok, +A
G S )]

j
Y S/mm /
1 51,_;,, )?%,(H-S '57}‘») ( ?q '?4 513. M __6_1)7’4,,*71, +h
A 57%?/& 53,; % ’) 0(9 i )4{% Z‘&,,)—d—(W,?’L,)A(/}a ’)h)_} 64‘1 [’)

This shows that F (q,)ls an orthogonal set. The form

A .
of (A4.6) may be simplified, since I—l (”i) (I47a) may be

rewritten using (AL4.5) as

F }"(“)J _1 i (s, 2e) [/L(;a,,,%,)B (941,714;)
&7 (AL.7)

FA0L %) 2 (e ]
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Interchanging the dummy indices 4, , ). , gives
yda, 0 /4,

[ 2 byt £ (1955 5 \[aty, % )67 (3, 50) +2.05,_ 7, )

%))

T «Cifu,,ﬁq,)] (A4.8)

Equation (I39) involving Bh& (“ and
”~ kJ

) CE uy i)

enables (AL.7) to be rewritten as

[ (%) = a’:fﬂf ’*5;;,,,%»)[-(-'f’"v*"’w%(;;,
£

7, )B:f (74, 2,)
%27

~F1) 0‘4.,7‘9;1,%4,(;;,7,'&,,) c,ﬁ, (72;,;'4,,,)] (44.9)
so that comparing (A4.9) and (AL.7) yields For any _A

A e gy P4yt
4 (?;@..,’ 74,,’)- ~&) /L[ﬂm,?‘*») (AL.10a)

L ey Pan L, A |
A_(mqﬂ%): 1) Yy T4 2 (g %')(M .10b)

Inserting (A4.10) into (AL.6) gives

.L . 1 ' ' * *
e 5/""/»1/ S)aA’y‘Z ‘ (/+S?44, k) [42()41, 74,) *41[74'» 7}»)_:}
424, (AL.11)

Using (A4.5), (A4.11), and (A4.3) one gets finally for (alL.l)

e '}' / ~
BT oy T 8D 26 Sa

X 3 [41[)417 7}1,) a (7&,’ u-o,)]
941\, ’le

so that for ,&, A7 and m :,y,,/ » the normalization condition

(a4.12)

(A4.12) becones

t+4 s ~
> ()| 5> = (2. .)-220i. %
Z o,‘)) r. (%) FM W)lq?> o _)%’ Jay )" (i,

y
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Quasi-Boson (made up from quasi-neutrons) Plus one
Quasi-Proton: |
The set of states of total angular momentum, J, and
’} component, i, obtained by coupling an odd quasi-

proton to the quasi-Boson (made up from quasi-neutrons)

is
A 7, P ~ A
[V (v F (P);}Mlo,y,c’f>
x (153) |
The quasi-Boson vacuum, IQM‘> , and quasi-proton

A .
vacuum, IDp:> , are separable, and 7cp is the angular
momentum of the quasi-proton. Equation (I53) may be

rewritten as

~o

Lo N
3 Lhmy, mep ) T 15 F/m (i > *P m (P >

(A5.1)

[Pi (v) , FZ; CP)J =

(A5.2)

the orthogonality condition for (I53) becomes
o L’ '-)-)‘/ 7/+ .& +4' J
sl TR PR O]0 T im0,

~ A . 4 PSPV A
P

s ph, T A | B () e p) | 5
*ZOA/V} r:,(w) {—': w0 7 L 9P Iﬁm’ (if;)"‘( } P



-2C5~

From (A4.12), (A2.3), and the orthonormality of Clebsch-

Gordon coefficients (A5.3) becomes

. , 1- ‘ )
A YT TN ERY T
L4, 50 }[ (»)f (P)]ﬂ/ [P(w) F ‘(/’)]M ld, 3 )

~

=3 '57/51‘1/‘1’5.&,&,’ 5;;f,9;f’

X Z [41(7;” ) 2 (7'., 7'}”)_]
%, -?2"_”

(A5.4)

which verifies the orthogonality of the set (I53). The

expansion coefficient se’c;s,/z()"i 7'1’») and 4_(7; )

are ziven by (I49).
To obtain the normalization condition, let J = 57 ,

/'1'.:/‘4’ ’ L:,&,/ , and 7‘tp - 7“P, in - (A5.4) ziving
. ' + 4 *a, | T\~ A
~ A + p) ) -
& sl [T ptn)) T [ PF ] 16 %)
= 5 (2 Gy 2 0 0uisn] =)
a2,
(£5.5)
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This is the same normalization as for a single quasi-Boson

(A4 413).



APPENDIX B

The Arbitrariness in the Intermediate Coupling for Two
~Quasi-Neutrons and an Odd Quasi-Proton

Consider two quasi-neutrons, one of angular momentum,
j“h/ s and the other of angular momentum, jy. . .
Let them couple with each other and with an odd quasi-
proton of angular momentum, icf . If there are
~ many possible states, Yao ’ 7£bv s

and ) then, the state of total angular momentum,

}Cf
J, and q component, M, may be written as

> -f)
e 73& i
a,[ ( (v) (M)] f 9, ;
-V’ p) > CP ) f
» 7 [] )

(B1)
The normalization is contained in the coefficients, (
e, 74‘ )‘%}t’

An alternate representation of the state of total:

angular momentum, J, and 1L component, M, is

~207-
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5
(9‘: e 9&')#)’ ([F h()Fh(P)J P("’)) { v

%ﬂ) %,
with 3@”—- )}'
- . (B2)
£ : :
where (Q&WQtp) 2ky is another set of expansion

coefficients including the normalization. From (I21') the
quasi-proton and quasi-neutron operators commute, and from

(I20'p) the quasi-neutron creation operators anti-commute.

Equation (B2) is then

— +j ‘,'j +A jﬂ ’ )T A 3V
Z C')a ALY ('9 (’5[‘3 “mf 7c”’ﬂm,,’ , | o, 3 D
(94 (f>7 9.} .
(B3)
with }‘%23}”

29)

From Edmonds (B3) may be rewritten as

Vet +7,.+7 Y 9, 7
Z (_ Z(_,)Xr 24, e 1/?;_3”1‘-‘)(1_’ ) g 4, 74y°5

(34,,?@7 e VA7, 4, % Yo T %’
AT Y *y +q 2" vV A A
with 9 ?7},, X ((ﬁ &(’V)F ’4("’)] ﬁ, P (?";) )6/‘; J 0F>
M »
(BL4)

Usinz the anti-commutation of the quasi-neutron creation
operators (I20'b), and rewriting the Clebsch-Gordon coefficients

coupling ’):‘” and 7:&” (A1.8), equation (BL4) becomes
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. . { 2N /\/(1-3' 7
{)d"'?(ﬁ)%/z&” }q” 7Cp) 50 7# 5;:/ -’-‘)(‘)_‘5 }.}.)

R "
Z < ic et 7+3 9@ 9-4”3,/?

' (( P ptiew)]

wﬁﬁ.%y?&v

PAREN N
M, (f)) )0"-‘0”)

Performing the sum overj;/ first, (B5) may be written as

/B |
(;223 )):"' 4—71») 7 (L ? ’{‘(/V)P+7’(’[y] ) /9+)((P)) ,ﬂﬂ.«
Ay

(B6)
where
v TM N I e
a., = E‘) /\f———’,;" ljo. +I (}' ,)‘)T/.
* ) 0o 7 +i / ‘” ( -
(?ay’%v)j,; Jep * % rho 24
(h, e,
;‘Cﬂ > 7 (B7)

Since T,/ is a dummy index, (B6) may be written as

) F 3 R 1% gt )T ;5
Z A'(Mvu,,)'-‘ % (U ‘w)f /”)] M, f c(f”,,, 4, ”’>
(30,2 %)% . o
w/ 6 Fcp (BS)

which is the same as (Bl).



APPENDIX C

Calculation of

The Matrix Elements of the Long-Range Interaction

Introduction:

From equation (II1l) and the fact that only one quasi-

proton is ever present, one may write

L _
=z L A
(»2) cw (22) (3 n
(c1)

The only terms from (I34) that w111 contribute to (C1)
are given by (I34i,j,k,1) for :V~P p and 7Vﬂy , and by
L G v
(I3Le,f,z,h) for Wyp  and 7/,,”
(23) (22

By appropriate interchange of thé dummy indices 1 and

2 for 3 and 4 respectively, it is easy to show that

A A
Wop = Vew (c2a)
(1) (22)
and
A h
Hwp = LY
(31) (31) (C2b)
so that

e = L[%’ff’ *%fi] =W,

(3 1) 31) (31) (3'(C3a)
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and
A yy 4
/V)f’ = o » , t ("'F
(11) (22) ‘11) a2)
(C3b)
L 3 >
The actual expressions for H /VP) and H” f, . are then
(3!
simply obtalned from (I34) by just calcufatlno‘ W”f
. (v
and W”P . respectively.
(22)

The Hermiticity of H”x'f (II5) will be shown in
" Appendices (Clb) and (C2b), wh)lle that of Ha,P (II4 or
¢31)
IT15) will now be verified.

From Chapter II, one has

4 4 b b
H - 1) i’L’/_ Z Ir (7. 7 (43074 )(') v M
o Vikel 3 e T (el T,

73p 7‘1,0

5( [rPerhee] ve* [P w]) [ £ Y o) } ‘

o
(I115a)

The contribution of the -[ YQI(”)(%.(”)J part of (IIl5a)

may be written in expanded form using (Cla.3) as

y 4
._54)‘17‘ F 2 4 (0h) ¢ (G, T )e S Lo m gm b
i A w % 2
Vil ,"” o my
g | ™3 Myp

- . L_ : ‘
% L T3p M’/”hpm"f’)‘g‘ -7‘)Lﬂ (x”z‘ (”)):31 ) (Ch)
y ) o

} t%; ’)
f m, (7) }/m: (»)



-212-

Using (I4) zives for the operators of (Ck)
?14, ”1") Sl + m
1 2 9Wp “4p (/ﬁ, / 647/3 ﬂ”)’g 3(R)f?‘f(P/)

(C5)
The Hermitian conjugate of (C4) using (C5), (I20'b), (Al.8),

(=1)

the appropriate interchanze of dummy indices, and the

expression governing reversal of signs in a Clebsch-Gordon

. . 2
coefficient 9) becomes

. s ) ‘ lhv
T B o S ¢4, 5, ) 3§40, ) e " s,
sz‘*‘l )_"”7'1”
)3P?"ff

. ‘ ' . . . A 5]
cerk{Caio g m] L0 ye]

(c6)
, +y w) v’y
Now (C6) is just the contribution of the (—-i)%‘fﬁ )l(m)P 7"(#)_}

term of (IIl5a) so that Hermiticity is verified.

1. Quasi-Boson (of quasi-neutron origin) Plus Quasi-Proton:

8.) H 'A’
w,f
(31)
. 4 . .
The long-range Hamiltonian term, H”p , (cef. Introduction
631)

to Appendlx C) is

AT by s ?f G D8 7,7
H'N)P = (=1) 1455, ) ,,,9,,,,)(,)
(31) A+

lnl2y

o w o he 7" "-OIIM
vy [C (7:4,7:4') et B M'”,)’] [P(P) (I’)}
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The set of states of total angular momentum, J , and 3

component, M , 1s given by

J
P +). J ‘:"\_.,\_
x[r’ mFw] " )6 55 >

One wishes to calculate

+ A~ o~ 7
17M), , = o F, [P))0”30/2 + Eu,;,,

(157)

-~ N 4 X,
4 (0/1/ ;?C‘p)?c’,/m(p) H/V,P l (A,V ;‘7(/0 )TM>
(3) (Cla.l)
where the notation follows (I53).
Tn II4)
| . A oty ' G
g [cG sy ren 8T G )] [F 5m ) "’(m]"‘?
(7]

A- N L
= 2 g._,_)_j: [ ( ()',”9‘1”) +L'J)AB [31,92’)} 2493,,”"3,0’)'-1,”"9,)}&-35

b Vadn b gm,
By e (c1a.2)

where use has been made of

A~
4A¢Z,A—3,}w S 2 ) +
Vakt (Cla.3)

Equation (Cla.l) becomes (using (I4)) just R x S with

R defined by

ok 1T RA S RG0S agm g
R= el VLt T30 Mup P "”;,,’”'vp’? e 4™ vl b 4>
A if"'/’n ')\c; /l'"c’/o ’—)'M} i(ﬂ)‘k"i— 40’;)} (_’)—)cf'fmcf
™ o, Py L

4- F‘l‘)} 7“7 +a,/ A (Cla.l;_)
¢ (r) :
Yo L ek )] o)
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and S defined by

= 5 VL >, VL +403,,7,,) f—n)j‘”,,,;/,w AT

f—u)"B (31,71,)] F () | ” ) (Cla.5)

Using the Fermion Commutatlon rule (I20'c), equation

(Cla.L) becomes

R - ‘-)"/7 i ?L{jyfal.]f) ic )) 7(/"/”'(.,;_?'
2t 7?107"# ™3 "‘t’
™ Mup

X £ y}P my, ?"/ MHP}A_%><£ Z—m ,).; ,m(’f 1M )

/
e *’"'fp

Sa',,'icﬂ S"n My c-:) +’"”f G, 5 (l)

9(,0 Dup Om

- ﬂ FL ?-A(?( /)c‘o) i )c’ C,o 7.6; -m'(; }'L“%>

2LA+ mmiyq

x £ b a‘c;’”‘c;)—}/"l> ) 7-"’(f+ﬂ"(p
| (Cla.6)

Equations (II10) and (II1l) allow one to write

(Cla.5) as
A br. . R Am
5 - ;fh'v H-S,)," 7' (9 l, 7%)@) "’/V;A/Wz,,,("’f §MJ 4

[l iy -t oG]
(Cla.7)

Now maltiplying R (Cla.6) by S (Cla.7) enables one to
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use ,
‘ =4 9, tm ] , 7 . .
ST e T g G i Ly <k m g 3

/M/mé‘F

Ve, +m ., +h
KE‘I)L-’.Mng_? oy 2/'(“’) f P(?cp’m 7(,0 ’"'cp | &)
M ™
X L hm ;;,,’ meg 137> (Cla.8)

The Clebsch-Gordon coefficients imply that

mvc,o:/vy aand /m:/’"/mc/

(Cla.9)
(Cla.8) then becomes

Sm.m 2 (“')’cp T b 4 “?;c,o M Jep ‘M’fﬂ/ |4 21-mp >

’[’ m/

‘)’ , , ,
A - c M
29)
From Edmonds one may write

R TN
Lep M dip = ey | H=mp 7= i (l;t +))
f

/ 7/ / .
A <LM"”(P "f M‘f’)‘fm> (Claoll)
The orthonormality of Clebsch-Gordon coefficients then

gives for equation (Cla.l10)

Dot Yep (1A )

SM‘PM 5;;,3 ) 234

(Cla.12)
Utilizing (I30) to permute the indices of }A()'cfp‘q:) ;

one gets for (Cla.l)

A 4
v F ¢ ()C/’ 3) S’q’j (Z V1 ;, 72 ?’ () ):.)

V{2 h+)(2TH) T




-216-

In | A
X 1) Ny M, [/1,(7’” Tan) - (ﬂ)&.

2I,¢ ’1”

x (9, 'jw)] )

(Cla.1l3)
The quantity in parentheses may be written in terms of
2'7 to give finally for (Cla.l)
L,'ﬁﬁ~
X . A X oA~
< (0"’) 2"?) 7Cp/mcp )H,V)p ] (‘w 5 7o )7M>
: (3/1)

_ !
S Y/ F:&L 754'(790") S; ) Sony,ﬁq > ‘V};]é; p
« 4*(), 71,)(:)""%, (# _+4,) )

[/L(?:v ');,) -1 A_(g, 714/)] (Cla.l14)
where (II3b) has been used. :

Qw.74'

Equation (Cla.lk) is readily checked if one calculates

~ ~ ~
Lk )M R, 1062 3% ) Gigmmep>
Gy (Cla.15)
The procedure is so similar to that just carried out
that the details will not be shown. Equations (Cla.li)

and (Cla.l5) combine to give (II12).

A

b)
H ”)P
(22)
4
The long-range Hamiltonian term , )+A¢p is given
¢22)

(cef. Introduction to Appendix C) by
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4 : 4
N R S BV
(1) | Vab+ 7»,?1}~ s :.) ¥ ()3/’7"’/’.)

930 Pup .
e (2, +0,) gﬁﬁ’“"()ar’z(”)] [ 7’(P)X"’(f)_]?

o

(II5)
According to the reasoning of Chapter II, Section A.
(just prior to (II13)), the quasi-Boson vacuum ]é >,
is approximated by the quasi-neutron vacuum ) )('/\' ,,,) .
In essence this is due to the presence of single quasi-
neutron operators.

The set of states used in calculating matrix elements

of H/V’ . in the approximation mentioned above is
(22)
T +2 x~ a(
4,5 ﬂ,, (f)) O f’> f“uz;[;%, s, 7‘,)
‘*‘- . % | , "‘7‘ 5
*B B ) ] o, a,) (Clb.1)

The use of ] 04, 7 13'>has caused the ( A(}',::')z;) components
of FOVJ (I47a) to give zero contribution. Now-vanishing
matrix elements only result from the one quasi-EBoson
plus quasi-proton components. Hen.ce, the matrix element
to be evaluated is .
x “
o~ ]L[A'g")v”
. ¢ M D
L (h, 370)7M H,,,J,, (4, 5 74" )7
(22)
(Clb.2)

where

~ Ao A . T oA A
I (A” ;)cp’)j/\?>'_:_ [P (”’)Paff)]M }a” J'OF>

s 1 (7.’ % rho oo, +7.7 T~ A
)‘. >;‘ Ta )B (’)5'4, 2‘»/) /ﬂ c(lo)]M }6#‘ ;0'4 >
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The calculation is made eazier if one replaces jf 1 (7 7&K)

27
by 3 ;£7('+5 47 ’10}%3 Using the deflnltlon of “
B L (IBSa), the state (Clb.3) becomes

| (£, 7"?/)7’»4’7 * 271//+‘—sf 7 207 90)
J5 %,
« 2. /<’9s, 74, M | b > L o ;)C,,/mc,. |7 M )F (j
m
/”1,

+ 1) .
Jf x [9”:‘,(4/} fm).,(/o))afv/af’> (C1b.k)
Similarly

< (B 5 7p)5m| = £ 3 VTF5, 5 0, 00,)

2r Qy
< 95, ™ < : —y -
R m%mglfv Sv ? éy)‘&'/»’ V A m 9’/’ M‘-F} 7/‘1)6_)) )(f’ Mo
”m M(f 7 ?
1y -, =1 - L ’_(
Xc#))av €v7; M%»‘< 3 orq y’(ﬁ)a’ 6%“X n)

e (C1b.5)
where (IL) is used.

Combining (II5), (Clb.k)
for (Clb.2)

» (Clb.5), and (Cla.3) gives

~ 7 R S L W, e by, ) Vi

2 bt 2'140 9‘”

ji'o "‘P
95” 7‘”

A

2% I)‘V '

NI L Y
X Hs?f.y 2. /L[QC: l)‘nlv ) 4(?’:' 7‘”) i’ij 2, gﬂ"i’/m‘ ’
/m3 A;”l.‘”m '/ m

7 Tgp ™ Mg,

X %7‘),‘, 7:— ly}'Lf-)( 4;/) ip )"IP "I,ol'&- 9‘>‘<7' /M ]‘ }‘- ’”’ P
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x LA /m’;;',,,' me | 7'M'><7;; My N, P ul Am>

A LA m JepMepl TM> ) Vo oy T T W0, T
A ) +7. ) Cats .
x Lopl Zj‘ (P) f,,,,a’ /f‘))’?" (P) FM ‘ () 05>
14 my 4
~ 1y ’5 +2, 22, Wt B ) o
x {0, | }’_m‘ w) ¥ e Flm (M)Fm’/ WP, Mz Jaw >

(Clb.6)
One notes the separability into a product of a term
consisting of quasi-proton operators and a term made
up of quasi-neutron operators. This results from the
commutability of quasi-protons and quasi-neutrons (121'].
The commutation rules for ﬂf(a)and )’/’I}IZO'C) are now
used for the terms of (Clb.56) involving these operators.
After maneuvering all annihilation operators to the

right, one gets in the notation of (Al.4)
£ op )" (P)P & f)X’"’fP)/"": (] >
x Ly W‘ (/v) 7 P"’// )ﬂzwﬂ ”ov)f’ M) 0> =

(= l)’3f’+ ir +7c,o 1'?, Fm, 'r?;” +m’ 97‘ -)-MAV-chp
‘p ">-tp SaPJ‘C/’

X ( ’ - -$
(Clb.?)
Insertineg (Clb.7) into (Clb.6) yields after performing

some summations

- 7 phghl ) 5 3 FLR el )

24+ 7) 9:,7,—*9‘

> by
Vo g, V! /L(,, (s ) 2 5

-7‘4’
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8 L0, e T o L > gy A

P, oy, ) beom > E1) The TSI R o ) oy,

A 4?'5-# M

Vs, tm,! - %
Ky o TTew TN I 4 M= g ~r pm? | = om Fom D

rd . 7 /
Rl am’ ), M-’ ) 5m7 > L m 2¢, M-m | 2M> )P +M =’
LG Se =SS5 )sn -5 = (S i sis

= O, $es ) Sy ,ma, ] T @) HU) Re) HE)

(C1b.8)
(a) is the term due to 56,’, 6, 5,”5-” Ss;,)__,w
(b) is the term due to ~Sime, 4L 5 S50,
is the t t -
(c) is the term due to 5’5.;’ 'y S’”%S'b,v),l” and
(d) is the term due to Si,6, S,—'”;” S, -2m
Since m_s are dummy

7/ v/ ' . ’ /
ta %4, %5, 3%y ) ™S4 3™ p ™50 s TSy
indices, an enormous simplification of (Clb.8) is

7 in

. . - U4 7 . .« /
possible. By interchanging ). ,m;/ with 9" > ™6

(c) and then utilizing (AL4.10a) and (Al.8) one sees that

(c) = (a)
(C1lb.9)

A similar procedure involving (d) shows that

(d) = (b)
(C1b.10)

If now ?}/ ™5, and 7£)m,,” are interchanged in (b) and
 d
again use is made of (A4.12) and (Al.8) the result is

(b) = (a)
(Clb.11)
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Hence

(Clb.12)

which may be readily verified by direct calculation
of (Clb.8).

Only one arbitrary term in (Clb.8), e.g., (a) need
be evaluated. In (a) the number of summation indices
may be reduced since not all these indices are independent.
Ify in addition, the Clebsch-Gordon coefficients are
transformed to 3-J symbols (43.10) one has

(a) =~ XL phob(y 52)5 ¢ k(5,7 ) e (%45 ) V775

IA-’.’ Qly’,"v b
174 — v . , : 2 =
I+S3'I/J'Ly < (714, 75.,,)4'(/) Iy 74,‘, [- (VL*') 1/[;_ 7+/)(:.)‘ 1)
A f 1) Vo= [ Tep 7’@’ ( > /)
m’

M=-m +mm ranpg M=o =M

( ) ic-u e, (T 72, 4
” /‘7""’ 1 ”""”"L” ""9”—»»/ —m

A 714, 9“ ?\z,,, A Iy, ) ¢
( ‘)'nw Mtw) ("/m +M‘/V m T MM
| (Clb.13)
Application of (A3.13) to the sum over the last
three 3-J symbols in (Clb.13) produces

2 é_|)?~,w-—/m6” ' 72, A ,)('L , “7:.” , 7‘,,,)

mg W ™y ~m ™ T T b my

R S R W
mimy My e =t
N b p L (Clb.1k)
i'y 7‘)‘” ?‘M

s
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Inserting (Clb.1lh) into (C1lb.13), and applying the
orthogonality of 3-J symbols (A3.15) gives the expression
for (a). Multiplying this expression by 4, one has
(Clb.8), and hence (Clb.R). The result is

b4
= (2h+1) 47 F }j* (790 ?(,)cug‘f’*j{:k ‘s Z

A(- :
#*7,, 92,) m?(os,,ww) Vitsy o VG o A5 )
20 G) )7 Rt h CA L4
337 Omm

7‘0 » 7;.0 7’5 »

(Clb.15)
Rewriting 2(J),4) via (AL4.10a) and letting the dummy

indices I,.,):L,,, 6, be replaced by y)’z-"’) ~ gives finally

(K 7y b L (B, 55 3 >t akiyyrrt

lo.z)

oL L A A )
C g g e Yot gam Y —53 573 9’

5§50 0,) (Pt WVarG N (175, 5,) P %)
744,?} Qr,,,
Y
A4y da,) Y, T, 9o

. C Deo = (11 9o 30,7 R A W
Since 7"6.( 9(P 9(/’) ) ¢ =) p )(/’ ;_’5-{;(,‘ ;(f)f.,) ‘f:i_ {9(”79’)61) {
one easily verifies that

(B wyem hE ) (L % )M >

(22)

:4(»2.”} )TM)H/VP[[AA’); )7/M/>

').L)

(Clb.16)

(Clb.17)
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Equations (Clb.16) and (Clb.17) thus verify (II13).

2. Two Quasi-Neutrons Plus Quasi-Proton:

A
a) rTAQP
(31)

The best expression to use for the long-range

Hamiltonian term )7ﬁo (cefe Introduction to Appencix C) is

. (71)
T L 4 4
hae =e0™ 22 pd 5§23 12, )¢ (7,,7 éu _
;v;l) Vbt 7:,,7;4, " ” ) ol
736 2up
* 93
{( D’m (»v)] +(‘)£[F+a’(”) f h(/v)]) [ﬁ ) J(p)] ?
| (IT15a) |
with

. | \ ‘ 4
(-Lym Y] +e SF79m) f’*"(w)])

i
[Mf) Yoo ] ek (B0 £7 ]

(II15Db)
The set of states with respect to which the diagon-

alization is to take place is >

_ pa + 3> L.,
’7M> - [&'03 p M (f) + }‘Z>"‘. (’%’7'&#)70.;(",0 I-I-S
J?C,o

([ F’"“(m)f* u(ﬂ)J £ Jl” L0 >

(167)
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One wants to calculate

~ _r\. ~ 7~/
40”)- ‘f)H/VP}[()q/V 74 j”?cp]j/v)>
(31)
(C2a.l)
with (4_ '\‘) L,
o, Ao )% Ve 71> 2 e
) [ 4 (4 Cf’] > ﬁm
122 o0 13 ~
(LPEFEI 05 ) 15,5 >
M
(CRa.2)

92 ) )
Only the [.)}wg m |term of (II15) will contribute to
(CRa.l). Inserting (IIl5), (CZa.Z), (I4), and (Cla.3)

into (CRa.l) gives

S R /o 1(97 & C), »
m 2t f),iva,j ) {%P?W) ’Wi

;}M'”J
o 23074 "3/ 0p
( ) r < 7, ™\ 7"‘4'””",«)',&9.) ' m,qu b
»

XL 7‘3p Map ')"l/’ M‘!,PIA ‘f-> £ 1;/:/ ’”'q; 7}.4:/)"}; [ '5',;41’)

/o, y, ~ : ) " 147 1A
ML G, mep Iy L 9p | V6 (/’)f:fj (») )’”f;f WF* mls,
¢ i
~ . ?‘ + ./ \ J . A
X Z%) )’,;)"(,v) )/M: {,v)F»::/ (v) )s;%l [,v))o,,>
A

(CRa.3)
By using the anti-commutation rule (I20'c), applying
the resultant Kronecker's\Sinvolving quasi-protons,

and using 3-j notation (A3.10), one may write (C2a.3)
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as
: . . Tep ~Tep 4
Vitos, 0, 0 % 7’3 <P

?[ 9( 7 _.
c~|)'”- ey VT4 Z( e %o .,,,,)( lep 3 >
’ m’ M-m’ =M

"Mfm ’”'c
cey’ S o 7':,.;"23,1"”'::'"“' (4»/ Fou 4
(.'_I ) ) m,’ M;” m"t’—ﬂ ’_m/

™ol My

Yoy s 307 )( |
)( nﬂ < 4 / - — ,
m 7 ’” d S"’,y) by S‘I 5n )~ le S,;.*_J_-zy-)
(CRa.L)
where the notation of (Al.4) is used. The orthagonality
of 3-j symbols (A3.15) applied to the sumsover My, , M2,
M’J“"V ) mu,; requires 5 A3,7 o By again applying
(A3.15), the parity rule (II2), and the rule for index
- . . A A4
permutation in ¢ [944,74,) (I30), one gets for the S};,*’,Sa,’,“;,,
terms of (CZa.h)

L 17 phebe o ]
Jep 3 €1 ", v
H'so‘z 7-/' 24+ r ‘¢ ‘) 7. (74 7“ ) “% 570
X S;,,,'J dme, M Sk (C2ao5)
One may easily verlfy thag the-sa/ —:,S,. faterm of (C2a.4)

should be just -(- )a“vﬁ“‘ +h times (C2a.5) provided one
Pat U, T

interchanges 3,/ and 4. in (C2a.5). The (-1)
- (e d
comes from permutation in a 3-j symbol. Thus this term is

53<5‘5 n$3h a0 b
Lo CelO%d vy LA #2 G % (14 2k, 7a))C! )" ) ) ! vyt ting vl

1f+$ Y V2k+ Vi3 FT (CZa.é)
Invokln** the parity rule (II2), and the permutation rule (I30)
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in (C2a.6) yields
| 4“7 A A(7
’VH-S; % 1/—7;"',_ ~ P

7)7‘&(7% n )

L,
A v—;::, p ey 1 S50k
(C2a.7)

Combining (C2a.5) and (C2a.7) one has for (CRa.l)

A ‘7
4/1/)7(f c,o}hlp}[[ya7 )% 77'—]7/‘7)
(31)
! =k by s
- - ~— 477 N [7r/)j)%' [%( 26-/)
VIES,, 2% yakmas) -

£,
K ats (2ol F205) S35 Srmes SB.%7
" 7 ep M”?CSa.S) 0

b) H&P

(22)

This long-range interaction term is given by

2 by A 4
Myp == L pd 5 ¢80, 5 4,5
’(V,’J ) ’V 2h Dyt i)
‘73»07'1,0
v e (2,40, ) §LF+(~) Yam)h [P0y (/’)]*l?
(II5)

The set of states (I67) used in Appendix (CRa) is

also used here. In particular one calculates

4 [(?’a,,%, % 7<f]7»1] p)[(%, i )3, ;c,]Mf

1:—)
(C2p.1)
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The bra and ket notation of (C2b.l) are defined via
(C2a.2 ) anc tts adJeint. Inserting (II5) into (C2b.l1)

involves the calculation of

Caell ?C (f)ﬂ ’3(,0))7"(0)" ‘(p)} 7> x

3
+
LRy g B 16>

where use has beean made 0T equatlon (Ih) Now (C2b.2)

has been evaluated previously in Appendix (Clb) is from
(C1b.7)

¥ m I / . . 7 7
(—1) V30T ™31 0cp "“””cﬁ *71,*"“':,"’%,"‘””4;"'3},;« +’”’}w/

%

X SCP’J-HP Szp)?p [ (SB;V’ ,&-y S:,q” —31,3;,, S,}”/q”)gq‘{;

(3 G by S a, “‘Sq*&v Sq,/a,)]

(C2b.3)

where the notation of (Al.4) is used. Applying

S‘fl{'”f’svﬂp ~of (C2b.3) and somewhat simpli-
fying the Clebsch-Gordon coefficients enable one to
write (C2b.l). as

_— - 47 Lg,_( by g
sta”)(,qj,’,,) zLﬂ 7cf?c,o)2?(9:, u)

I/v»v

X Lo (%, w1%5,) i 2 24‘7:,, 1”71 :W}A/m—/m

’
mim m, /mg* m}

0"44' m}
> 4 y /7 / 4 V4 ’ .
“ay ey by mg, )3, m LG My T4, "h T m >
R TN R R AR B o LR Y N Rt
AG1) 2 10, "M ThT T, 4 a, T 78, v

L F, M 9},, ~Mtm’ | hommim’ 2
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* 4'3,,//»:/ 7‘6,0/ /‘1—/»;'}'5”/‘4 V& T, m 7'(,0 M-rm ) oM

. Fep HM-m”
XG1) ' SMM/" [ (S}Afle'/v quy-gwiys,&,,,’%)gq’ )—24,

~ (b St = St Sga) S0 0,]
(C2b.4)

s o term
4%,

One need only evaluate the 5&”%_”5'/”

since the other groups of Kronecker deltas are merely
. . Vs ,

permutations of this term. This 5}”&quygq'/’.2‘vtem
is evaluated in a completely analogous way to term
(a) of (Clb.8) with two exceptions. First, in the
present case there is a sum over only two dummy angular
momenta 2 . and %, rather than over 9;’ ’ 7’,_* , 7'%’ ,

* ' . 7 . .

’)}v > a7 sand w, - The other exception is the
absence of the /L(Q'%')},V) and /L(?};,’ 2%,) coefficients,

which are only germaine to the quasi-Boson calculation.

The er;}* S'I”Q‘,qu,)'zm term becomes

— . 10 +53
‘“L’WC‘")A FL 1/7;‘% f’)(ﬂ-’a'i-l) ?L(ﬂy?qo ) "3
/7 3, ys ‘ . .
' g iy </ g ?’é(?‘w /',Q:)m (¢% 1.7‘4;) (-/)944/*7}‘4«
Yep Tp 7
| S>3 8m v
S&w 7,&,: — 717
VOS5, 33 X138, 7 542 )
(C2b.5)

" ? 3,7 73, &
Ya, 7‘«:, 08,
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The second group of Kronecker deltas, - Swl’ S"c. 0,
" Sq s, in (C2b.4) leads to simply =( ~1)%a, vika
XQ‘I) o times (C2b.5) provided one interchanges ?“"}v
and 94, - in (C2b.5). The result is

_ . : %/ 5,4
v pent A Vigag o ?A( Joo 1 )€1 P77 g o 3>

)(,o;c,j
I %% A
RSP T D U TR
qm) 4 2} 9%;% ;4,;,7

X S35/ mm’

(I+ ¥ \ J W/ .
V3§, S9ay 300 ) (14374 3. ) (€2b.6)
The third group of Kronecker deltas, - 54” /&v S/”%
XS} 2 in (C2b..4) implies just =-(-1) Ja, iy, +3,7 times
(CRb.5) provided 44, .and 713-4» are interchanged in

V(CZb.S). The result is

— 47 C"l),,a- F" ’[/(;-;;ﬂ)()_);/.,_,) % A(?;,?;f/)(“l

)9}F+5

3, / T, y3 " j .,
)( / y Y’ . . / - 44/7"7,&4,
g Tep % T; 1 (?4"’ . M(%‘w*/)‘z%)cl)
-5-0/ -50 L ')'a S)"j" ;M/y/
9 i) S?,@,,, n ——
(4850, 28, Foi0, 24,)
(C2b.7)

The last group of Kronecker deltas, 51”,9,4/ 54,,, a, S,h,)

“2p,
3G +2;, -r")'

in  (C2b.4) gives -(-1) times (C2b.6)

with ?‘a; - and 4;3.; interchanged in (C2b.6). Also

SO
this last group of deltas yields =-(-1) Pau Tt times
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(C2b.7) with 7'4,' and 3'1,” interchanged in (C2b.7).

Either way the result is

- 1t PRy e 34 (5, 5 )
2‘. + 3 Jo / ’J'o A A )

x €& P g ) v 7

33 4

‘ v/
X oo (7 +'Ao,’,,)c-f)""~*”~ { e =
i 9'6& 7‘;, ;4,./

3 3,0
A6 ’ ’ gquﬁ‘qv’ ST‘J’ S,\,M/

W+S~ ) )(l"'s"/ 4
24, 784 )ﬁ,., > (C2b.8)

To check for Hermiticity one interchanges 3"‘*?’“/ ,
};3});, %+ 3,7 , and finally;'q, q,.;',;, s in equations
~ (c2v.5), (C2b.6), (C2b.7), and (C2b.8). By invoking
the rule for permutation of the indices of ‘}A(IBO),
one easily gzets that:

(C2b.5) remains (C2b.5)
(C2b.6) becomes (C2b.7)
(C2b.7) becomes (C2b.6)
and
\ (C2b.8) r'em.ains (C2b.8)
This means that combining (C2b.5), (C2b.6), (C2b.7),
and (CZb‘.S‘)vproduceé
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<Ll )% 7, 15m |1 oo | [ (727

t;u._)

?’J— ,)7 yc JDM

=<LOw )% 5 ] om bk | [ 5) 3, ) om)

/7-3-)

= et (5: > S ) imrd

X (2-3;')-/)(:.;1}-))

?CP ? >

7 (7(‘;"7(f/€"1)99°+);7 TA?

V(i *57;4,7},,)(/7‘53'4; 73 ) 1 (944, 7a,y ) oo ( %, . T7% )
da, 12 |
X (=) %% T, S
g?%’ 70 )}% )}‘V 7’9'4’ +}‘.(23' 9%)(03@) ‘)‘7 )

v

X 1) % ?’a/ % L‘g
2. 274 P . - A, .
b 4% | M Ay ﬁ— [2"’« 2&,,,’)@1 (,)‘G,,, * % ')

x ) Qa0 i, #3, f’o’ % & ;
Vo, 71, 280 a2,

N (74 74,.)

“enlry +4=,, ) eyt utind v 4%’ jo’fo 4 ?

9,6' 7} 74
X 59“‘” ?‘a,,’ ]

(IT21)
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c) ‘HL

4
(22) (Class 1)

‘.
This long-range Hamiltonian term is

~ Y% FA '
H oy Cc143s 1) 2 1070545, 0)

(>2) V2t 9)4,?:4,
934 74,
Ay +4 1) ptis V4
X M,lyNaIVMBA’ ’V,,’” -1) ty n g[ﬁ (A”)F (/V)_)
S /

6
' ) ) . . ' . , ‘.
LyeM )t e [ YR e AT }
| )

(I118)
The matrix elements to be considered are with respect

to the set (I67) and are typified by

£ [ ) 3y Jom |3, comsml 655

X, VN
" e ] R > (C2c.1)
~ - ’ \
with [ (74, /?:& /)'5,’7?;/]7H%efined in (C2a.2) and with
4 f()ay ;}”)7 ?‘PJ 3‘/\1 ehe ddSoint 6f (C2a.2).
Equation (I1]8) may conveniently be broken up into

two parts (A) and (B) where

£
(A) = 17 F‘- Z l"{?w% )7_ [)3 9%) '4«”5- Avj/v- 1) lm"'jiv
Vbt 9.,,7;,,,

230? Yo

0 BT e BT

(CRc.2)
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© and

. YR :
(f?) = H/Vf:A' j;z) 7:h(au/p;~5)?'{b3y 7my)ﬂgﬁlﬂgvuéyﬂqb
" lI‘}' aid2,

?34¢ QVIV .

\ 1 Fr 14
ot (1 v ][00 0] )

(C2c.3)

Tnserting (A) into (C2c.1), and using (C2aeR), .

(I4), and (Cla.3) gives

_V:”AFAA' ) £L :z: ?ﬂh(ah,.;%V) 7:&{)} '71K)64 a»}Jg

2 A+ 90v7%v
73, P4a
X, A, My "’%«f i Z<?‘y 7 J£$->
m;,,, 0"30‘).,” /”!&,mmgo

? %/!g, on,nr

XLy My ay Mia | B TE LG, ] ga) g |3 >

X ‘ij%lhm’)}pjy”"q: | 3‘97/:>'<')i’ﬂmt7)~ﬂ@p):%/”1:>

X LTy M7 Mep| SM> (= )_’4' "0 Iy D™ Mep ~§
N J «

?C 35 0

x L& pld m)/” ‘o) P>,)/(I+§;b T

~m c

7"71,,’)
X 40/1/] f A—(”))f 7“(”)/9 ’//’)F )’ [A«]]?"(ﬂ)
AFH“ (ﬂ)ﬁ i () )ﬂy)
mg my’

(C2c.4)
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By repeated use of the commutation rule (I20%c) all
annihilation operators may be brought to the right.

This leads to

by ph 5 ghG,5) 40, ) o b e
24t QtMQz

,” 2” 3,« "”
V(H. Si‘q‘, 7)‘0) (H'Sj ' ’) l/r "4' ”m mv}_
: m My, m
3o 4 Q. /MJ. ”m

d 4244,”’74” 7/(’4/”"/9'»/) ””7[')
x L 3, meMFM Jop Hmm)3 M > LM Gy M ] T
x$ 3.(/: Tep (51” a, 5:,}3.” - 51,‘, 9,,.51», »v) (Sa,/;‘{” Ny

_ S‘&'”,)_‘tv 50”’ -3 ) (,’)?‘4: f‘m"q: -}‘/;&_0/ .,—/)07/9:«/
* L Gi, iy G m, A G LG my Fy, mq”ii -4 >
* 4?4,., /’"a, 71,:, M,»,J’J’ m-pMmt+pm’ S
(C2c.5)
in the notation of (Al.L4).

Only one term of (C2c.5) involving Kronecker deltas
need be evaluated. If, for example, one calculates the
term involving gzwﬂwsk&qué“ﬁ} thsf,grthen one notes
that the other terms differ only in permutations of

indices.
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Calling the S:,,a, Sl”}” Sa’/')_.q” S,{;/:)_-%temja,there follows:
The-S,”q’g,_”j_ g%z)_.,” S};;?:‘em — _¢1) 9“'0”:"»*;? » provided
Qqand ?} are interchanged in A .
The-;‘1 \Sin 2,98, -V”S‘ s3verm = - &)
')a and ').&- ‘are interchanged in & .

The §1,9,34,8, $8; 4%, berm )
dq and 3'5_ in addition to 9,” and 9'('4 are interchanged

/ . 7
+ 7.
%, ”"Sf , provided

4”1')),4, 34 1'2; z

prov1ded

in 3 « These conditions are just due to the Clebsch-
Gordon coefficients.

The determination of term A is quite easy in that
these coefficients may be grouped iri pairs. Thus & becomes

17 pAgd(, 5 44 Y +hh,
a7 ) 3o, %4,)0)' “BMa,

% 0y 83,9743 AS’,;?Q' Sum’§33" 1/(l+§3 7oy 3(“‘59‘ o’ W)

J CO

Combination of 3 as given by (C2c.6) and the other three termg
mentioned in the above paragraph gives for the matrix

element of (A)
A ~ Ny, s~ PV
L LG ) %00 ] 7ml (WL (35) ) 375 ]3>
S LA W Y SR VAP R 1Y
2 At % (24,,, ;/&y) 7’ (?44, 2&0 ) ¢ I)

Kadm (%43 R,) an (%] + ) S5 %" 3 S
X ! —
VG, i) (1500 2.7)

0 7'ep”

MM’S)‘ 3’
(C2c.7)
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: . 4 A « 2 /
By interchanging 9&,,," 94” s 7}74’ ¢ s, ’ /,(,.y b@&l,)
i / * . * C . '

Yy 7% , and finally Jd¢p and ?9:’ Hermiticity

is verified, i.e.,

< Lo 3, )37 35 ) 7w (] LU, ) %]

(\" :L ,\\' "‘— / :\'/ ’ 7\-/ s N
=< [ (i )%y 5 (W) [ (0,3 )3 75157
Ve _
| | (C2c.8) |
Inserting (B) (C2¢.3) into (C2c.l), using (C2a.2)ang
itadJoint, (I4), and (Cla.3), and finally summing over
qﬁasi-proton indices gives 4
o kyy A& Lo
-1) LT F S ll Z +20(3.,75,)
| 439, 94) (1783, 2987 ) 2,5
R ! ~ 734,7""
| s A, +
A%L (93”;.,”)(-,) I TA3 a2 7, 2
| | .,
Miv’”"l,v
Ma 0 mp,
’”@V”ﬂh,”“;

XL By My Fr e |G OL5, ey G ) B>

5 L 3y ol b 8B M LGy e gy gm >
x(—;)’fq,,, My, P i Pk P L7 m-r M’ Jis M—MJ‘:’M'>
X L Fym gep Mm] T M2 S,\CP%/<0; ) KZM)C,%_ ‘

T oy P2 8703, 8 g by s
e i A L
: :
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The evaluation of the matrix element involving operators

in (C2¢.9) leads to (in the notation of (Al.4))

13’7‘1 () )’_f,f,[”))"{m))"/m)f ’ mF. 7"())9 ’“{w

X P ‘”’ ) g, > = (a,})’ 4 /m))f”’{w))g ’/m)
X ﬁ"’z(/v)f”wa”"mﬁ”’f /Mﬁ Tl ) 0w >

+ (40 P X”U)”/)P"“wﬁ WLEE )i,

7
x&v b0 e 25 T o) 2 m’m

0,
- X ﬁ "( )]9 ) (,V)F ;‘" (,v) a,,>§i = (_,)hw')"”':w)
/D'

+{(o k"‘( ))’“’() 19 "(m))”w)ﬁ 2 (w/’"

’-
X )om >5 )73, ¢ )9‘?"”"'” ~ <oy U’?"' (W)y% (#)

xf ’(m)a' "(4,) ﬁ”h( )7 )!r ") I 5, _3(,)9”»:»)

(n) () +@)

(C2¢.10)
where(/L)is the first term of (C2c.10) and contains eight

operators. The symbol)(A—) ,stands for the second term

" and consists of two matrix élements-; each of which has
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six operators. The two elements differ only in the
permutation of 3, ,,/m, and ), ., . The symbol (X))
stands for the third and last term of (C2¢.10). It

also consists of two matrix elements of six operators
each, with the two elements differing in the permutation
of 3;1/) M. and ?‘1.,‘,) Moy .

The symbol)(n,))is just the quasi-neutron operator
matrix element appearing in the matrix element of (4)
(C2c.4), and leads to the same result as (C2c.7). One
sees that this is the direct result of placing [/3’1)/(”) J"
to the right of [ﬁ ?3 +7L’//V):) in (II18). Or in the

and ( } ) (I38), one puts
1, 710 %y

language of B_;‘ {73

99’}
CA'

the to the right of B"t

The term (&) (C2c.10) may be converted to the form
of ®)(C2c.10) by a single use of the commutation rule
(I20'c). If this rule is invoked several more times
the contribution of part of @) and all of &) to the

-evaluation of (C2c.9) becomes

)
_ et AT 0,5 ) )0 T

2.h+) 2,* Ta,
7} %4,
xw(”‘:m*”‘z,y) S i 4/7;” ™y b, ™ SRS
m .

M3 My, /»14” m&y m

1

X‘<9\3 M3y 74a Myl =~ > T
i V(/‘l'g) 7 )(H'S 2&")



-239-

/

X Lo, May Ty My |0 mrt e 2L gy g 15 m
Y >
x 273,  m ~rM3m’ Jep M| ML m Fep M= ) ZM>

X C_I)-pq»y —MQ,V ‘}J‘ly "'/”1)4,‘]')[” +;2=1/ +74 +/m / +iy&)/+/m}

$Sip g ain O 40) (10 So b =5, 0 S020)
X SQ;}'—%V - ('Sa/:<ﬂuv S:W,Jav "S:;VCL, &%:,ka)

X S/kl//)_.%‘/ ] SI,V) ..3,‘/

(C2c.11)
The notation of (Al.4) is again invoked. .
As has occurred many times before, one need oniy
evaluate one set of Kronecker deltas in (C2c.ll). Doing
this and combining all of the groups of Kronecker deltas

in (C2c.l1ll) leads to

oy}
Y7 F S.‘J‘ 7/ SMM’§70 %’ S?cp v)c (l S)‘lyﬂ’*) S?q 74
‘ [ M/ }'V * . "’
b s ‘ ' A
+ [ % QWQM)] me( ey ))
B “! IV *524 76..) (”‘59‘ 78, )

(C2c.12)
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The part from(2)that has not yet been used is

A yda 2% T’ @i, o
Lopl ¥ Y () P wla>
X gltn "'tv("’ ) Pt Sly)-azv (7',)?1”‘,. My (C2c.13)
The contribution of (C2c.l3) to (C2c.9) is similar -
to (C2c.1ll). The important difference is that
M’,VMV,V (s é,lyﬁ; S{;/ ‘4, —55'; 5 SL; 4,,) S/M)_l”VSzW) 3
replaces

4 (¥, %,) L(Saza, S1, 4, ~53,4, Shik,) S0t

~( 84 0, Sty 52,0, 5080 ) 003 1n (020.11)
The result is _
“TEAS s S i 1)

Va5, v (55 0,0)

——

& S35 Siepied St sl S = 445, 2.0]

. L

| (C2c.14)
The Hermiticity Of'(CZC.IZ) and (C2c.1%) is easily
seen under interchange of Q'q”'-H;; , 7},* ¢9}‘/, y 7, 7
and finally ?;pd'?'cp/ .
There is an important distinction between (CRc.li)

and (C2c.12). The former results from (C2c.l3) which
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is simply a set of Kronecker deltas sandwiched between
two different two quasi-particle states. The latter

resulted from single quasi-neutron operators being

4
v

between the two states. This means that [-)’LM)}’ELM{]
and [ﬁi)yﬁl)ls y (ﬂ)]_’_ (or C 4 (’),”7;,‘,) and
)8 (7? 7%) (138)) upon commutation with each

other glve rise to a set of Kronecker deltas and also
single'particle operator terms. The dropping of the
single particle scattering terms, and hence the
neglecting of (C2c.l2) is what has been called the Boson
Approximation (c.f. (I41)).

In summary, doubling (C2c.7), and combining with
(C2cs1l) and (C2c.12) gives

<[5, 75,)% % PRI WL Celass | [(537 35)5 050

(23)

"([(? ?}, 7;, ]’D’M /WMV (c/assi)l

(23
{ (70»v ?}4‘)7 ?(p])/")> - S'J')' —-&2’

b gy, St 3ok P, ’3«')
VERPLI J-,y'} lnv
X 42090, 904 Y - (% o ) i (%] 1))

53‘0 30/53&,6.5;-"07(/ ——“7?)'F‘4(H-§?\ :
990, S5 L 4207, 5
v 7}'4, 2’ Z[ (?” 2 2 . 2
e 2 77 )”>] i (A "’)‘:w) |

————

. I+$7'”7-1
7(,' 7¢P (]7"5;4 7‘ )S‘hy 7‘ S’& ?\ ’ 22 ([l% (’lm]&,))

Cpam (#
X odn I‘M+¢,‘y> ﬁé- (qw 7“”)3 X 4t (7‘ a
> J8,t | 3,

22 ivtt,)
i ) ‘\/—"57« ) ¥ )
(IC 23)

A
+HYNF S,a,a
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d)

b
7’} wn (Class 2)
(2*)

This long-range interaction term is

W Celassz) = —entuzrs Z?LOW%‘)? (3,94
(22). 1/‘13) P14 P
73, 7'

X wa(#,+4 )m(o«ww.,,,) g [ g "(~)b”l(~)]
([ #5m }’vmj g

o (I119)

One wants to calculate

| L }f}:&)% ;:PJTM) f;” (cmsz)f

. (22)
[ (74,,, Yo )7 ?cp ] M (C2d.1)

The set of states involved in the dlagonallzatlon is
given by (I67). In (C2d.l) the notatlon[(}a* 74,)7 7(, ]7’/'1
is defined in (C2a.2) and L[ ().” 7,&,)—5 7;,-]7/‘115 the
adjeint of (C2a.2n). |
Using (I4) and (Cla.3), the insertion of (II19)
into (C2d.1) produces A
-47 FLZ ?L(m Da) $2( 3y 94.) o2 (F 12, )
2b+ ;,,, 3
| /)3/2 744' |
X Lot (A, +4,) YC

Syeain) (115507 200
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X :Z: ii :Z <o ™

oy 7"41 ’wl‘&i'><)3v 7"4« y )h"‘b

 am? e
Miym‘ly il M" Cﬂ ,

X Lys, Moy M M )3 M> L M )y Mep] M
b - - . +47
X (1) o " g, D ”"‘f< o5 | Wc () P (7)) >

x40, | 3/7“”))/7“()19* ’f)k’*(m)ﬁ ’MWV())? (»)/’mm}

)

(C2d.2)

’ /
Now the use of the commutation rule (I 204¢) shows that

Ny T gt o tm
Z 2 | )’_M‘c () ,‘M‘/ (r) lor) = 57(’ Yep Sy, mep €)1 7P

(C24d.3)

and

' . o * .,." .
VAR SR S T C NIV T
<] mﬂ“" m)i> =6 Yt Tt 1

xc-’)ﬂ’l‘d”*)‘jw')‘/m}m ((R)"'(S))

(C2d.4)

where, in the notation of (Al.4)

(Ry= [ﬂqu@}/—s;g.&’&>$
- (51 a, SJ- .4,/ - ,} Sn,, ”)S J_q”jgzw 2, (C2d.5)
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and

()= (S I 34«} S A 534 >(S ,g,’—‘f

B S}ﬂl;-l_ﬂ' 5‘1,,,/)-'14/)
(C2d.6)
Siﬁce any one group of Kronecker deltas in (C2d.5)
is obtained by permutation of the appropriate indices
in another group, only one group need be explicitly
calculated. As shown in preceding sections, this is
due to the fact that a pair of pefmuted indices appear
together in a Clebsch-Gordon coefficient. The same
statements ho}dﬁfor the groups of Kronecker deltas in
(C2d.6).
For example, one may put (C2d..) and the group of
Kronecker deltas (Sl,vﬂ,,, S,O:,/lf ! “SL,}}”SQW&”/)S%')—%S'gw-;‘_ h
from R)(C2d.5) into (C2d.2). After reducing the number
offa_component suﬁmation indices this gives
I
17 ph 1 7‘1/7 2P0, 70
/\/f')'Sg‘q b )(H'% 7} ) 24+ » W /o,

. /
Con (P2 ) st 3 L) S 54"'0 e Jep™ep|3 )

xé M-mp Vp Mep ) TM> 2 42 M o My, T, |

% MWD L q5, M 'MC/?"’",LV W, Mol T 0>

A m% LJa,, Moy 9'14,’"‘24,)1 Ma,t M =g=my

" m, N, ~pm, g A, >C")°‘z”‘}%‘:
X L7, ™ T Mty L T e T )
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For simplicity, one should use3-Jsymbols (A3.10).
. * > - . /
The summation overnnyvls proportional to S7Q,7Q. .
The application of S)b 7@v’ to the summation over
Ld
"k, yields Sjoja/ , and finally the use of 5707,/ in
the sum over /., gives $557 In this way (CRd.7) be-

comes

- / ) ) z
B TS ST P 7 L5400, 30] wety om,
L9a, + f\/(7+374vob,,)(/+3¢¢7%) T v

X §

Yep Yep” S”’m 1%, S’% Ta, S’o % |

(c2d.8)
One then combines (C2d.8) with the results from the
other groups of Kronetcker deltas of (C2d.5). This
gives for the total contribution of (R) (c2d.5) to the

matrix element (C2d; 2)

T FR S S N |
: TI MM ‘_(I+5744/9}4’>370”7444/57'}4,9}4’/"

V840, 50,) (FS500500)

&7, 0.))°
b Sfcﬂ Teo S'X, R Z g /.vu’ J wz//x’v-}%)
?M/ }?}rv +l
+ E?h {’)‘mz ’)“‘fv)]l WL(’A,‘,"")‘(«M))

2> )ant!
(C2d.9)
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Under interchange of }.,,,I.Vand 7'4; » 74 _and 1% 5 3,
and 7;/, and finally ;)'C',: and 72;, expression (C2d.9)
remains the same. This confirms Hermiticity.

To find the contribution of (8)(C2d.6) to (C2d.2)
one may, e.g., just use the group of Kronecker deltas
s;‘,q‘, 5'3”% SQ‘,’)-’Z,,, S)y/,_qy « Inserting this group
and (C2d.3) into (C2d.2) gives upon reducing the number
of 3 component summation indices and using3-J symbols
(A3.10)

47

A A ' v 7 b . .
J'-.,:’ F 9 (?44/ 444;) ? (9,3_4’ 7}4/)/‘44-(444’./-44”/)

V%, 1,) (85,0 9.0

x YT Yowry 2 (e e ?
/W:”_,) 2> +z)(7_?0+))(;_3; ) ‘/"'(,o M-, i, 1

o ) 2 ( Jan 3, %
X ( ..,,,,c /Y"(,o -M Mg, M=Mep=m,  ~MFMep
2 ( 944' 71ﬂy Je d ‘/):94« ?bv/ A \
/r»

. -~ /
/ m a, ‘M —m, '/)"0 Dd +m(f Mﬂ’y /”‘04/ -7)'“44’ j'qu; J

7] 247 3

. N

4y , N\ )?a,v +9/F,y/ +M +/"'qo—m44,+m4
X\ Mo G, T,

(C2d4.10)
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First, the sum over M‘: via (A3.13) is performed,

and then one does the sums over m,, and/mgf ~in
that order. The orthogonality of 3-j symbols thus
produces for (C2d.10)

]
Va+Ssy, 100) (4 700 100
awFhe b (G0 50 ) 4R 000 W) contr, 1))

L (4},7» 20 )8 37 { %, T4, %
24 70, H

“S7S'SMN-’

’le’ ot T [

o 7(/7{;

(c2d.11)
Now using (C2d.1l) and the results of the other groups
of Kronecker deltas (C2d.6), one gets the total contribution
~of (5) (C2d.6) to (C2d.2) to be |
1

Vi a1 ) (1#552 2)

X 5 - /G-m+7 ' ! .
P /(- l) "/V [(_,) o ’L()q* 7‘”)’_4‘.(7"»7’}')M(¢ ‘M“ l)

om0y § P R ;A(mm.)#(a.ya Vil 3%;)
x[an(of, +¢}/){3- v %, 7'% | (c2d.12)
Interchange of ";3’.., ":' , ,:‘_ 4.,}0 Tt ‘I'and lastly

. .7
4(,0* 9({) show that (C2d. 12) is Herm:l.tlan.

T 533’5,\,,.,/

x9 7 rd Sit
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Combining (C2d.9) and (C2d.12) gives the final r?fult
X . "
g "m]’/v)?va (6“551)}[6’%’ ’/9},,’]2
< [(h,, T, )% Yo A
cmt > = L[y dn )39 3w 10 (dassy)

(13)

a [ (20 )% % 70N =8, S §—w*
57070 Z [94{7 &]

. :?kafj
' \- A
X cont (’)74,7‘ f)f,w) -+ [?f (?/,,, 7%1] ml %t 74»/))

>4, +1

. o T A
-5 7F 57‘:,:%/ 57,, 37 ) et e [G}) 0% ,("44/7“’:)

X (”’ )4, 7}4,> 5:74 %4,/ gu?« 74, Sf}ﬂrp

‘ ‘ ) 1 14 -J-
X ¢ A( 24, 78, ) cra( T+ 4, !) <oa (% 3 %) g j} 7'4”/:2
| 4,

g A/% 9;,4,’)¢,’L[72,”7)¢,,')m (4, +'¢4Aj) ol v % )

. g/ Qa‘ ) oé?!] ) I
;le 9)&: )&, 1/(G+“§;%y:uh) (?fé%%;:zk;:) K

(TI28)



APPENDIX D

B(Ek The Reduced Electric Transition Probabilit

Introduction
The reduced electric transition probability of multi-

pole order b is given in Chapter III by

B(eh) = IZ‘J{_“ *i’q”) m, Y&(G f' )[T->!

J
2T .
.A
(IIT 1)
The ground and excited state angular momenta are respectively
7 and J; , and the transition indicated in (IIT 1) is
from 3+ to 'I* -+« The reduced matrix element in (III 1)

is given by

?"-7

(L ,,4 y b, 03> = s et TR

(a L s
<hFIM |-: 7.+m 7)4 T M, *H i @,YA (a,,,#,,,‘,){ 7“./4/.>

: (II13)
and the procedure will be to calculate the non-reduced matrix

element in (III3).

The sum over ? is broken up into separate sums over

-24,9-



-250-

protons and neutrons, i.e.,
7 i’e"‘j’)f&[(r ¢ )~54,”Ly (6,14 )+"’~Z4£y [
my 0y Sy )= 2 Thg e tep ) T T, g LG, )

(II15)

For the case of one proton outside of a major closed shell

v
Mr,o a4
A L Jap "’“ap ?x,,,mp b g F, "mr”’ (r)
- + ‘A
=T TR th (1117)
where (III7) is written in the quasi-proton occupation
number representation.

l. Quasi-Boson Plus Quasi-Proton:

The neutron term of (III5) is best written as

5N ey et e 2

Ay Lok %o
Y g (~;) Vn, Vi [C‘U 'ﬁ‘ (}a ,) 1‘8?_ (7'%’/"}”)]

| +j
Y z+59-q””” t W(O‘;,Md- *s,) ,8””4 % () )//3’: (/v)?

(ITII 10)

where the qua31-neutron occupation number representatlon

is used and C [7%/ 74,) and 1_ (7@,, 7.&w)

are defined in (I38) in terms of the quasi-neutron
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annihilation and creation operators respectively,
The state, |7 M ,is written as |7 M >o 4 and

is given by

[
~

. jc ‘)‘Zc /\' 34
3. M, ~ a. . P 1o, %>+ 3a,”,
% i p = 4, ﬁMz (e | Joo ip

,0
[F (v) P ,}‘( 17165 5%) (157)

The expansion coefflclents, a i and a, s are
20 ’& 9‘/’
determined by the appropriate diagonalizations of Chapter II.
From Chapter I, Ij 4Lp@ is the quasi-Boson creation operator
m

given by

rh,
P 3.[”) - 2 &(7 7%2,) B,m [;,”9,”)-:-4_(;‘,”?;”)(& 3, ?;")]
)bv>aHr el

(I47a)
where /L[;;” 784) and a( 76';,,, 7.) are expansion
coefficients (I49).

The state, 4’)4_ M,«' rg.] s is written as 6446. 3'4_ M, ?'ﬁ-)

and is

_T, M. 7, %
e e F TV o X (P)
o4h,7‘ﬁ' M""ff)‘() [L”ﬁ-<o P! 2

’ M,, i )
| ' IT11)
with [7 ) LV) beingvthe quasi-Boson annihilation operator
e bym, Atm’ L o,
[7 re () = 1) " ZiEL( v a )C-/m’(”# 7.
”m d 7/, >7 ’

(AL.2)
+ a'[')lzv 7 )B.}'L (7I,y 93mﬂ
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The matrix element to be evaluated is then from

(ITI7) and (III 10)

5Tt g 2 oo, )] 20>

‘ Y 14
:ai ’t MX"’%} 'i %‘h[g‘ip 2%) [ F %(P)} 2}00)]?*

" 2 § P b 4
o )Euf ( ?4,710./); Ve, [C") Colu )

A .. . '
O G NS et

X 32 TM.
)//nw, (”);} DY (IIT 12)
with "i T Mt and |3y My 70 4 given by (IIT 11)
and (I57) respectively.

The matrix element (III 12) may be written as the sum

of four terms _

Lhg 3, »1/.)—5{’ }+MJ'>[AP+ 8o +C, +8] (D1.1)
with

<hgoim, )34 g Ap 1) 7*"”"’%40;

x 2.6y 5% | 7 * (p) j ?L(’)“p?ﬂp)[ﬁ s )”«’f[p)Jh v

M 1‘ aﬂ,ap Jﬁ (P) ”Jé
| (0;1)
b 3 M, - 2k
£ }—-J'/ﬂ / 7y ;,+/4~‘75¥,::;., ‘<5; )@9 [-f7agfa@

)
X i? /74.«,71,»)[# tf))‘ "”) : j D’(,v) lgfciﬁj ]”” %
Hethy & (01.3)
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L hg T 7 gy ¢, = LG Mg 12,0
% (C,Iy(l) _}_Cm(\.)) N (Dl.h)

such that |
Che M IT g s e, B iG] né)# fpj
y 7(; Ay

X A i 7' (7‘1.,,9'& )g C'} Yy, M, [L"') Cg G )

4~ dy

.J +)J

+B”"(74,¢&y)] V i+SM o 2 (P)I ' 71?1 5)
and |

“hg Ml g >, = IR t ﬂ’wf

y 40” L6 o [y)/_ %(P) & z ‘7,4[94,,7},«)§-e-:) 1'/“,%/*/3,“

X [ C—#)L C h (?4,,, 78») T 3 (7%75'42),7 ‘/’_'*—g:u %

. [ e ¢ ‘(f)] i >
?ff
(D1.6)

and finally
('Afj/ﬂ)7+ 1.-)'/‘/ >D = 5 @t <p}\.;5;}

T&(h) pt2cloy7t3 7
77' )q,;)gb i<

Aﬁjﬁ“ [/v) }7#[,,) Z @ I,
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| (D1.7)
a) Evaluation of Ap From Equation (D1.2) - .
From (D1.2) and the commutation rule for B (7) andb%%)
(I20'¢c)

Lhg M) M5 =
pR -
4 3, 5"03} TR )Qi Z’L (ﬂ'a, %)
P

X 5 <; * .
Mg, Pap Abp Myp /M) SQPJ,I_ &P) 3. () M, ARV

(Dla.l1)
where the notation for the Kronecker deltas follows (Al.L).
Equation (Dla.l) is simplified by permuting the indices

in the Clebsch-Gordon coefficient via (4l.8) to give

A3 %
<hg %M g Az 0 ”f 35 Cpoen™
2bH Lhag T, M) %M,
V:; F 2 Ml 3 Mg
(Dla.?)
so that

o 7 T 4 43, [1&
Ap=C) a"o%,- a o’f‘ (3{_3')()) r 1’.;');‘:

(III 13a)
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b) Evaluation of Bp From Equation (Dl.3) -

Writing (D1.3) in terms of Clebsch-Gordon coefficients
and using (IL) yields
P
wyf, 24 3 40, s s ? |
9'2/ by 7% Lf’ff Tap Tty #7%) 244,,,, T ™ | MUt
<P onnn;
mﬁp’”’)p

e 13 M DL, P Map Tbp Mpo) b D (ﬂ)"”/""’fﬁ/
7, ')
% Lo /{m‘,("’ ﬁ 4 (f)/"’ (,o)ﬁ 2 (9)) % DS s

(D1b.1)

- with éﬂw m  resulting from (AY.x) and (AY.13) via
A pth b X\ - |
Pad W ) ]0 = ’
45‘74/1 Ivﬂb/ (w) rlh ( wr;> M.

/.
(01b.1)
Now using the commutation rule (I20'c) in (Dlo.l) gives

in the notation of (Al.4)

/77 (p) P 7“'0’))”’(?)}9 (p)] b

/mc/ . Q C

=9 %p = Arp So'cf’ , 4p 1370 TR s et
(D1b.2)
One may now write the coupling coefficients in (Dlb.1l)
as 3-j symbols (A3.10). Invoking (D1b.2) and introducing

the 6-j symbol via (A3.13) may be easily shown to give
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A RN
A g ccx’., W) () 2.)@) % = !

7 p By Aoy t s (f'\) B g 7cf?
X Lhg T M5 g7 (D1b.3)
so that

Ry
BF = f—l)”‘-W 2 Ny 41" 9_ [7(/7'(,»)
;fpoltpj ° P
SN . >
Ceyfo (A 2
S
(ITI 13b)

c)'B(Ek) of the Adjacent Even-Even Nucleus -

This calculation is presented to show that Cy (D1.4,
Dl.5, and D1.6) contains the very matrix element that
gives this B(Ek). Also this result will make possibie
the comparison of B(Ek)'s of even-odd and adjacent
even-e#en nuclei.

The expression for B(Ek) is obtained from (III 1) by
letting 3; = O and '75. = L as

8ty - | <A 557 W" o))
o«jjl

S

(Dlc.l)
i)
where 4:)»’ is the one quasi-Boson state. The matrix

in (Dlc.l) is obtained by

CE Iy 7 4 2, AN )n”“

- LT <K% 5 20 4 fip (o))

(Dlc.2)
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which is t' : analog of (III3) for the case of no odd proton.

~e
The state, (L ‘}—) , is that of one quasi-Boson and is

given by

~ ~ + A
B =<Lél [, W
<A7—l o r (Dlc.3)

The only nucleons present are neutrons and hence from

(III 10)

IO A +h
L4, 9,1 T 2%, Y%(ﬁ Gy =L & Nz

¢ 1 4G, ) (*')f wg,y, [en®C

( b,
X 79»\«74- ? ?a”‘ﬁ)

g 4 /?r, mﬁm e ‘:%‘-' ;%V?A();y}:&w)

Vs ~ g, Py |
s T, L6 | Tty T e i
+4 /. P
+ 8 ?,CHVQLV)J 10? >

(Dlc.4)
Interchanging the dummy indices, j; and 72_ , in
A 4
(Dlc.4) gives for (Dlc..)
—_ /P/v i '{'-[7” %' )(—1)} A M
i » Mo AJrS
A 9"# v Ly 5744/7“»?

Wy
~ Co A X
X Lo, | F;L[A/) [C;(iqy 74,) -:-L")AB; (7;,,7}”)]10y>

(Dlc.5)
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Minus —%—/ times this very expression comes about in

the calculation of the matrix elements, & (I ; 31',) A [H:v e |
( 31)

X (6':-, J 9':9 ) }.‘P M._-P 7 (Cla.15). The reason for
the minus sign is that the long-range force includes a
minus sign to indicate the attractive nature‘of the long-
range interaction. Because of (A 4. 2), equation (Dlc.5)
may be rewritten in terms of [ r’% J ‘

(( (h e ) T ) B (3'« ?/,”)) ] so that using
(147b) and the Boson part of (I§la) then gives

Aw

(4 [ﬁv Z/L'L (5m”¢m”)l€,>

-

b4
= —(-I)L%i %h(?q )( 1) q”AJM (f'q + “s )

L 4 4’

VTS " [ (d, 7'»,,) - el AQ‘.,?L)J
v (Dlc.6)

Hence, from (Dlc.l), (Dlc.2), and (ch 6)

B(EL) - (,_“,)(z,, ( S ¢ [z, a,,)t-')j?“”m (% 4

0'3

One may also calculate from (III 1)

B(eh) = o <ol 3 ZX% [5‘,4.5)””KN>/

Lo
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This will serve to verify equation (III2). Again the only
nucleons present are neutrons (III 10)

From (III3) and (Cla.3) there follows
2R ) ~ A-
Lo, 172 I 4, Yaule, 9, M4 €1 F
V2 b+

- A A, 4"“ =
404, } z 2 My YL%/B,"M%”M)}KM?)(D]_C.g)

since
A

~ A x
‘»Q,,“‘b? :P_ (”)-)”//>
- F (D1c.10)
one has, using (Dlc.10) and (III 10) with the indices, 9;4’
and 'f»” s interchanged

“L

£ x| A s /Lf;” X&g—(%,y ¢,.,/) )Ly¢ 4. D

0,‘/ /Q ”

hpy 4
— “'"p A 2_ [oqpv ?}M) €1 U AAm [7 + .

~ + b, b o\ x
(N [k Gy ek 8 G T ol 2

(Dlc.11)
This is simply 7"’ times S , where S is defined by (Cla.5)
in the evaluation of the matrix elements of‘Tth in Appendix

(31
Cla. Hence &

LoFI S Ay Nyl 4, )b 1>

A+
_ 3 y by 4,
- (1) 2y b3 Vit 72 r (944, 2,)1) P
2“/"?)*&4, sliiice
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XamlPrt0,) [a(h, a0,) - €0*aly, g, )]

(Dlc.12)
'so that from (ch.9)
{ dk | = Ju’ ZTXA/ /L Xil[9 UJ%/ >
4,
- — YV Ii4 ('9_'2) VTE;%C/; (‘/’w?g,)m w
» Ly
X Yoy LT [4(70”')5 )y - &1) 4(7,”7}”)]
: (Dlc.13)
" Then using (Dlc.8)
B(ER) = [Ary* Uar
Ao ( ) i: WP T (}4 Z%y)e“)ikv

?“:y ,f,./y

; o L . ' e
X N?ﬁm%;fr, L/L()a,y”w) ~ENTa (7“4' 7’{’”)-])
(Dlc.14)

Comparing (Dlc.l4) and (Dlc.7)

B () = (2h+)B (EL)
0 > h A >0

which corresponds to (III2). ‘
'd) Evaluation of Cy From Equations (P1.4),(D1.5), and (D1l.6) -

Equation (D1.5) is just



Iif ] 154 Py 4 e

% G
7 ~ ‘ + 3, A _ &
LG F gy 07
° P a, 74,
A2
X (~ ) 4 [
) VI 3, b <o,,, F (#) C (74 71,,,)
b, +h
+ )% ; [7,, I ):)
| (D1d.1)
where }gd, and 2&v , the dummy indices, have been

interchanged. The quasi-Boson portion of this matrix element
has already been calculated (Dlc.6). Using the commutation

rule (I20%'c) then gives

. {
Dokt S o LR g
C, = A5 @ 3, g 2 % ’7,:,4, b he) w1 )

AT [+ -0 t4,3,0)]
(D1d.2)

Equation (D1.6) may be written as

o p) 3, ‘
(-‘-I) JF % a’o '.J"{;. f QA‘ 72,9 /MZM; A i )rl’ /"Ic’o} 3:‘ /VL'>
& 2o 115D ﬁ Ve )25 - K 735917‘()'@ i, Yer e
A ”Z H*S;‘ 7’3_4’ 4 0#)[ (B'(o'q”’):a,”) 1~(—-1)j'"

x,g+L (9”””)] an (,)] > (D1d.3)
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where the indices, 7‘44; and 9}0 , have been interchanged.
‘The quasi-Boson part of this has been evaluated (Dlc.12).
Upon using the commutation rule (I20'c), equation (D1d.3)

becomes

7
‘a RA v
L,y QJJ»I— Lh~4 Jpt;rg) o>

. .
K‘Q*I)’L*-?‘ {-%: ?.zz"’v—’*-s 7}- % [?4,97/&4,)

wenton ni (n, t44,)

"(D1d.4)
X [ [74” %) -1 L'A-(ﬂw 7.'0-4*)_] -

Rewriting the Clebsch-Gordon coefficient in (Dld.4) produces

G)y_ . Ot 2T+ () ATt
C, a, % “'1,.7’, Y Z""f.,,, (1)

Au 4,
NE ')bzzu,,v_—":.hv 7 [74 7"’)Hj W o (7, 1 70)

v [0, ) —co®els,, i)

(D1d.5)
so that from (Dl.4), (D1d.2), and (Dld.5)

- & 35 3}‘+)'+(=-J~H )"’- % 3,
€, = - a : 4T -'
v " x [ Loy “og TV AT ﬂb?f]ﬁ&
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X L Vi ?A[ Y, 240s) F')j"" TERTTY
94,,, o,
VA, 5 )~€~')/&4-(7'4 2w ]
| v o - v (IIT 13c)
e) Evaluation of bN From Equation (D1.7)
This follows very closely the work of Appendix Clb

with the approximation

_ _"
A~ /L(Q 4 B( N "
[f’ () f "m] g Nl v [2 i "”f””] -t
- (Dle.l) d
Now expand (D1.7) in terms of the individual quasi-neutron

opera’cors via (I38) and invoke (I4). The calculation is

"~ simplified if for the time being p IR (2,,., Ba.) and
) ); v
% '1'[9[” 7:,.-,) are replaced b};' a2 ;2 ('4'5),‘,,,');”)4(71.« 7%)
1o a P,
( 1/ \ /’
and % i, (I+S ,,,} )A') }respectively. Equation
‘ 7)/’, ”
(D1.7) is then 1/___________
> I+S R A
A 5 'a',&f»j/ / 2 A0 920 ) 2 ,i,
V4 ?;P/ (f ?I” 7% /”';V m‘,
-m /m’/

’< 4 ?;M/ /m’wj4zy 2, }’A ><J'/m/7.cp/ M(p/ }Tf Ml' ')"f\->

Ve

. - /.... , /7 4
X (1) Tep Mo law q’"’i:’ iy M i ‘Z’A(% 7,&,,,)

7°;v7/r
X MZ <9y e, T, Mh//&}>m(¢{w

44

me.,

LW
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¥ @fh%A7'”M’” 7;.4, /m%’),&./m) <A m 7;,0/»1({,} T Me D
m Mep
5 <ol (n«)) mﬂ ‘a ))”7*@)/’# /m)/m)o »

l/ + N
x Loy | ¥ 7 1p) ﬁm’c (p) ) op>
4

m,

(Dle.2)
The procedure is so similar to Appendix Clb that it will
not be presented here. In essence, after commutating the
operators via (I20'c), use is made of 3-j symbols (A3.10)

and the sum rule (43.13). The result is

¢

3 Yo% Rk
O %Cﬁu& (2bv1) ™23, )‘Z a*’“’# 47 g:‘. 3, o

ke e" kS 71‘()4 N )VFS,

74 9} 7(

)(A,(u_ 7.,) oo (% F ”)574 %(J)
b C,V

4 Yo J 0, 7,
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f) Summary -
From equation (III 3), (Dl.1l), and (III 12) there

follows

<l g 24 4,,. AN ARVERN

- &1—7--7
= 3 - 4 1B, +¢
ﬂ/?.W 1) F [ As (ﬁlfﬁﬂ
and finally from (III 1)

B(eh) = 2T | Aet8o+c, 4, |”

27
(III 13)

where Ap, Bp, Cy and Dy are given by (ITTI 13a), (III 13b),

(IIT 13c), and (III 13d) respectively.
If 7{_ and J; are interchanged in {(III3), and use
is made of the permutation rule for ?B' Cj{—’;) (130),

then it is not difficult to show that

B (CL) (L3 +1) = B(FL) (5 Add

-)7 - '3'
¥ f (I112)

2. Two.Quasi-Neutrons Plus Quasi-Proton

The neutron term of (III5) is best written as

’va s & ) . Ly ' ,(’,e.

X day t ( Qv}’ffv)mi )4#”"4& 28;, M/kv/ &2-) [(:-l ) % " o

S ’é)fmh(”)}/ % ()~ B g1k ) + en (#orn )ﬁ “Y M]
¢ ™ Ta My (1119) ™
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The state, ‘75 /4 ;7 ,is glven by

W= 2 ca.,,a,)vncfi/—lﬁr ([ 1o 5)°

?'”77%)
¢ A AN TL + 3, )2’.;’>
ﬁtm) lo, vor ) T+ “oj.FM'Cf) w 3 °P
M, o 4 (167)
while £ 7{_ M;,“i'?’ is written as-

, - A | J
> . - . :
< 4' NA +¢', - 2’, 1 ‘C(),”’;;‘:)j;/;c’/ 1 f“'l+§)

)l,'l, 71 (75 7‘(’ l&)l

7 .
+ + %’ : -M-i,
X o . +§< atey t
Lo ;5 ([ Feay B2 1° Fid X ; )
M,
X 40” ”f'lb/ 2 (P) (IT119)
A useful relationship involving the coefficients of

the two quasi-neutrons plus quasi-proton coefficients is
5 S B
N A T
?‘&-'V 4"”‘) % 7‘? (;'40 7,:‘4) %7
(D2.1)
This may be seen as follows. First rewrite the summation
notation as
> ( * 94, p 77 *9,
L ro : f (») (v)| ¢ (
2 [74u94)y):0 7(p [ ] F

X
90,2503 7. ez f>

tia p1I87% p10c
i(H—S, _8) ,c(h 3.)% Tep (fﬁov) (m) w)

f;,*n ¥, (D2.2)
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By permuting the individual quasi-neutron creation operators
(I20'p) and interchanging the indices in the Clebsch-Gordon
coefficient ( Al.§), equation (D2.2) becomes

%, - 3 3
i [/+S} u,”) 1) by =t :

%WQ}V) [ZQ,QZ»)T%;Zr

)4 +9‘ PANRY) ~
([m SIE) ey

If the dummy indices, }%r and ﬁzwf s are interchanged

in (D2.2) then one gets

L 5 (1+§ ( ;C)
* G, )37, ) £ (n )3 3 S, PP o

X)‘ O 3% D

Now comparing (D2.4) and (D2.3) gives (D2.1)

(D2.4)

The matrix element to be evaluated is then from (III7)

and (III9)

<3p Merg | B0 4 s Vo (0, 00371

=L Mgl th (e, 7),)“ 4p) 3’”7)]

%p Tp
v A Zogheh, )T A 1
)¢v > el %
X [(—l )/P,&y NV - )’ ?q ( )”:&'
“ap o “) My ”) ™y (») (11120)

" ¥k +25 L g
- w ) 7 -
Pmi) %(;) ) + M(O‘qy-!-’égw) )i@(,.,j ij(/v)][)}w‘)
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with M, nH and |7, M;> given by (IIT 19)
and (I67) respectively.
The above matrix (III20) may then be written as the

sum of four terms

& Ay T gy [herBe HGT0 ]
(D2.5)

The first term, 4,};?'}“. /«1"/3} g+ M;') AP » has already
been mentioned (D1.2), and in Appendix Dla one finds

- A T3y L
= @) 4 4 +7, /1L+1
A'.o * v a’oT{r F 03 ) &) J B
(III 13a)
The second term, Li f—Z’Mx')jﬁ %’%MA’> Bp', of
(D2.5) is given by

LAy %] 7y grre 7B =
o, | 4; Lo |

' s
Z ' LA )?’790
Vi
(%y-k )'— /' +$‘9

>

-I—j" T
([13 (w) ﬁ ‘[A,)J)o {3 ?‘(P))f‘
Mot+§
X 2. % (74,00»,)[ "’“(P)X“’ (P):)
. prol +1
LS 4y I (e 9]°P“‘w)

0:,«4:»)7 9‘
Yt (D2.6
(5, 20,3, 1+5 VoA

1o T 20

lard ,1’\‘
lo, 3%/
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The third term, {.A ¢ T; /1] R FH> Oyt of (D2.5)

may be broken up into two parts such that

o'z ¢ Mpg ™
(D2.7)

with CN’(l) defined by

41% 1l 3 ¢ - > .=

—

(7’”7-; ),5/?- ’ ) f (Cﬁ [/A')J
4 25.)35,7 %) e VirS g

kS
Il >,

-’-
/3 +7¢ (f’)) T’f' 14" Z %L[% 7'&' ) i <;4 26- Mg }Lﬁ')
M 4’3— A 94«7} .

j’& _’_; . +7J -
A EC—-I} Y e Uy ok o ! 0 o
«y%ﬁmk”&}["’] CEN PRI

(D2.8)

and CN"(z) defined by .
Chp Ml UG M ) R ?a, £0,,5%|

X ()’_Mf’_ 0] X’” 2 ?’L(?a 7}”) Z 24,5 %, ”"},/Ag.)

X [(") Yhy A’ ’
4, 1) =y P, )%(M](?’Z-h o..o,,,m,, Ny

‘f) g A {‘ (I 4
N (CFZ?»' Fos T Pid ) 0 "’P) A
The last tem,<Lz_ M,!’J‘{, ¢ M D DN', from (D2.5) is
defined by I
- %, L
14 L% M l’é ?"'M 79 / IZ L 3lv]z’)7 }é, 1/,_’_; ’ G Joﬂ J
, ' #3, (%) V%4 7"“
ﬁ }I +2.7 '5 A o '
( ( () (4,; /9 (Pj a L Z 4 [74, %, ) Z<74 . ™ /‘-f
/‘1“’7‘ A ’ﬁvv?;g, Mﬂm”}” ey
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Xw(?‘f-f?‘})f( /,.,)Z 'Cao _ ’

O %o V
71.‘«792 )o (‘,0 4 I+S7l.v?1

(P PBTEE) 1 5y

a) Evaluation of Bp' from equation (D2.6)

Writing (D2.6) out in detail, and u31ng7§f) (rfS;Mlozy)
lh #3,
and ﬁl T (HS::"M: 2 ) in place 5 and z,
210 Pae 720 % 2%,
respectively, gives v

% < b3 < 7y

A ' \WARY \ <

A AV TES Y 1/ Sya Z< 7;,%,;,);‘{ i )G >
m’ m!
ml:,”’:a.’
K < ' m . ”m , 7 ”m >(_, -).Zﬁlr 'Ml/—7‘ ,-‘/'" 4
?'/y [y ?1’ 2y 0 ) "’ o [P
2 v ptd +). _—
Lo NP2y P R w5 4 M, )
' A af?d';g
X i S Sy m iy ey | 34 M P >Lm Y Mep) 5 M

mmep MG My,

(D2.10)

X 426,’ Map 4, My )/’17-? - )H;’(” —/m(; 40;] )'f;i:glfp)
e ) ~
x Fmi‘“ (p) )’mfﬁ (f))‘m:‘, (0) 1op )

(D2a.l)
The quasi-neutron operators upon application of the

commutation rule (I20%'c) give
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PR ) SN
AR M)/ v’ RIS
I B

/

= , 2+, 1)
[gzm;,yf S’r ’4’/ —-S,’ 1”/5;» ’#,)C'I) iat Tim P, ”‘f'/”)l’k

(D2a.2)
The Kronecker deltas are in the notation of (Al.4)e In

a similar way

4 Cp ld’ 7’ (P) )3 h(f))""'(ﬂ (ﬂ)l"f> ;,’,pt,f

% 4p
{ ) Peet e rovg g | - (D2a.3)
Inserting (D2a.2) and (D2a.3) into (D2a.l), one may
utilize the separability of the quasi-neutron and quasi-
proton parts of (D2a.l). The former involves just the
orthonormality of Clebsch-Gordon coefficients. The lattér
is a little more complicated, but can be readily obtained

by using 3-j symbols (A3.10) and introducing the 6-j
symbol (A3.13). The result is

S
= V(23+) b+ f_ Gy ’

2 e %, Bl )g
’ 7(/,9C’
7
A ?L(ﬁrf 7(,9) iy P Lt "l" JuRrA
Ta 7‘p 7(/’

(I1I22a)
b)Evaluation of Cy' from equations (D2.7), (D2.8), and
(D2.9) -

Wwriting Cy' (1) (D2.8) out in explicit detail, and temporarily



~272-

réplacingj ig"’)‘ , by ?f .L (i +3 D 7’») gives
‘0- %4 ,’
L3 4 c /
/ V2 P /
2 (7'”7;_/.)7 7;, (01..73. ))07C b 17"5? 7 7 m? ?I, 1”72 z’)jpﬂ”)
M’m"

, _'u —at /___ 7 —
K L3 m 2 g | 19D 1, T e ALl

~he 5 gL En) Z<h my 2h, s, s 50 B,
X ;" %, m)_

X a,:; L am/)’7‘ ())": (,y) £ ”ﬁ)ﬁj‘//}oy
X (o')'}:);j‘, ® f,,,l‘f w)w>  (D2b.1)

The commutation rule (I20'c) yields in the notation of (Al.4)

¥

~ ’ N A
| Y_m’, (#) )_m"', I f mF. (005 >

= - Ga,T ™y, +
— 6‘}”’1”/ S‘q”, Iy’ qu,-“”l g}r, ‘”/ ) €) 4y . & 7}” ‘}'MJ-”
(D2b.2)

and

40}°JX. (P)f (P))”P) 57,%,5 ‘(,a) Vi
"#(p2v. 3)
Inserting (D2b.2) and (D2b.3) into (D2b 1) and invoking
orthonormality of Clebsch-Gordon coefficients gives
2G) _ ~Ra T "; y,
P R AT A L A ¥
o “ > N ) aa" %, 7- (?" u’»’) & )Ma.y ”:"v
(D2b.4)
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which may be wri_tten. as

s et ’

a; S Qa ok s e ?L(%’u)
“ 7“4")71@ v % 28,

Cu

/(,J | L,?A,
~1) N
X
XD oty (St F8) (D2b.5)
. 1
Now also writing Cy (2) (D2.9) in detail, and

temporarily replacing 2 by X 4 (l+$9;~7;~ gives
QM,-?)- )l‘,,%

5 07%’ (—-:):34' M f-/;,y 2: gh(ﬂqy ')1,) 2494 " 0", oS
?Jw ””Jw

2y Ty ‘
X)) Y o o i 'C(")’ YIRS,
W o R Jep Fo>0)% Tee Pins,

MIyM >p

XN

A ] ‘ ' +7;. N\
X )‘}L‘(ay i )/':Z (w) )’:j{,y)ﬂ*hz‘: {fr)ﬁmy () }O,V>

A Zo,o l)_’_{" (P)ﬁ“‘ w) L0p

f

(D2b.6)
Using the commutation rule (I20'c) in the notation of

(Al.4) shows that ,
~ oy 7 e + 7, t7. A
L0, 1t 0% (v &y (#) PM, ‘il ) | >

:. (SI”J—Q” S’”J_}” _—'S’,V _—/‘;V) (__,.)714','/”’)»4’-)2’7'%24‘

S 0%,

(D2b.7)
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ahd

, ~y oF | Vgt
40’0 ’)“M.—f- (P) ’3 C (P.)) 0’ > g /”‘(,)H ’_i-e.') M(P

A

(D2b.8)
Now placing (D2b.8) and (D2b.7) into (D2b.6) and using

the orthonormality of the Clebsch-Gordon coefficients

leads to
Y 343 (20, Q
(”():C"l) :%: (-“) {'(17+'H) 07/‘
| 3, l A £
s & 3 (05, 100607 %,
'~ v v |

(D2v.9)
Finally,.combining (D2b.5) and (D2b.9) produces from
(p2.7)°

)m ("')L Z [ 'J' (?’,' )L’ -}.(..;‘)-J:l""}l~
2 70,208, P |
.._—*—-— 7
(1’41" "% e, G4 ’/—J VitSya, it P
el ?‘MM (74”,_ Fn) ~ (III22b)

The quantity not in parentheses is just what one would
have in the case of the adjacent even=-even nucleus.
¢) Evaluation ofIDN' From Equation (D2.10) =~

This calculation is quite similar to that of the matrix
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- 4
‘elements of IT#,p in Appendix C2b. The details will
(2%

not be presented here, but one may infer the answer by

comparison to Appendix Dle. In particular in (Dle.2)

replace
X
7,4’7‘1 Yeo P ), 2 7hv7‘*,v) » Tep
L ‘ ‘V%V?a)'hp (D2 1)
and

2 2 a 7{ v < 7%
* ‘s A [; ) I) ‘ Z ("‘blﬂi‘o ‘7
\rs v /7 ? / A;( la 9"" v s k4 ’(,
3)” 4‘:.,, (44 r ﬂl‘, 724’ (%’)7tp
(D2¢.2)
One must also in (D12.2) replace the intermediate angular

momentum,‘é s Of two quasi-neutron states by ?% or 7, 7

whichever is appropriate. The result is

b, = //%: ) VL) lan iy tag 125y

L, %
?,-7, (& %77
i [74 94 )J‘p 7‘.’, [9}_ 99) 72,0 <t) Cp A ? e

)44’ %, e 7 3, Y.
2% Zy

T —

e AN
e, ) m(%y-}-oa(’q,) ‘ )i' 2

Ve, 2, T3’ (TIT22c)

X %£{744¢?*9'v) ,VCH‘% P ){H-

X 1)
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d) Summary -

From equations (III 3), (D2.5), and (III20) there follows

4

< E 25 A (o, )5

. b+~ ;o ,
- zl/—z?-fj_l (*-I_) “ '/'[ Ap')'fp +G ‘/'D,,, ](DZd.l)

and hence from (IIT 1)

- -Lj s / P
B(Rh) = 24T | A+ 8, 40"+
2.7.4+)
= (I1121)
with Ap, Bp', CN’, and D' given by (III 13a), (III22a),
(III22b), and (III22c) respectively.
By invoking the "permtitation rule for ?.’&“(77{. 3) (130)

there follows after a little work

8 (EL) (27.+1)=B(EL) (»%¥)

T3,
5.7 >4
«7°F (ITI2)



- APPENDIX E

Sum Rules

l. Orthonormality Relations:
For a particular total angular momentum,'?} s, one

may write the orthonormality relation -

( b
;_y > ) :A ﬁ [9.3- ) y" A'/Siépfrp'
4 (E1)

where 6&& (;7 ) is an expansion coefficient in the
Icp

eigenfunction of state, (1&, /%,) » with eigenwvalue,

E; » satisfying
3“.

Py
“Qc(

L”
?qo (£2)

The index, ),_5 , (usually implicit) indicates the QJ.’th
u %
state of total angular momentum, 7y, 6 - .
A
In the quasi-Boson (of angular momentum,i ) plus

quasi-proton scheme, AL/ may equal either.4 or.0 , and

the eigenfunction for state, J, , M, , 33 , is
“ 4 3
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T, A X
[3M LY 5. [%3) Pm,( (/) 19, 5%>
'):' ( /& "1') A ~
d¢
9cp / Ay
| (3)
so that equation (E1) implies
2 ‘U, (3‘1)4- (l;.)fg,ép,,};
(Eha)
j}.:' . —5/
% a,”.‘:?(l-,l.) a,“.c;(l,l.) =6
(E4b)
and |
Z )(baj (lj ))
A
(Ehe)
Results:

The expression (in the quasi-Boson plus quasi-proton
scheme) for B(Ek) (III 13) where 3, and‘ﬁ_ are respectively
3; }3—)7
the angular momenta of the initial and final states may

be expanded to give

B (=) = 3th [1a)™ HBpl" A Hy
Z} — ¥ 7-) +|
o (E5)

e Be) +(Ap G) +Bp B F(8 W+ (5,0,)+(c,0,))
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In (E5), Ap, Bp, Cy» and DN are given by equations
(III 13a,b,c,d) respectively and all are functions of Ay, .
A
Summing over )'y , and applying the orthnormality relations
A

(Eka,b,c) gives for the individual terms on the right hand
side of (E5)

23t LAl ,.,#] (#(:p)) (zu-)

el ARV -,4* 17+

, 1 B (ed),

3
7% (E6a)

where (III 14) has been used

17E+( Z[BP}l - (:_‘:f-)-l)(zk'ﬂ) [i a,

2 3t R-’,(. )w?cf ;Cf

./ . y - "- -):I' )
* 7"(990 7<f3("')°‘p - {ﬁ Yep fq’?}

{_ 4’49 ¥ (?J/),,,,)c') 3’{( 4 % QU
y

’;l?l,o g—7df’)

X f ;(,.(3':)4494 (37) ~(1);+»)(,_L_+;)i_ %4 2t
Jqo;('o’olf 79,0 #9/,0

WA ;;Il ' ){ :‘/. ‘{.?
" ?f"p?_‘f)f (Bpdep){ a 38 o, (56)
94& ﬁf

\ljﬂ-}_ 5 ¢ I [}a, ’-')'-rn ]ao—s-:iﬁ

:.3_“--H 3.7
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where use has been made of (III 15)

A gy - |
P A ST M (%) (1)z+1)?(>-3‘;+1)

R

PA
L% LA
i} L7( ) {)‘. P ? i_ %l(?ay ﬂh’)
Iep £ 1t 4 % )
XV 1+§,

¥, Pt '
Ja, b, 4 Sj,p,yz;;” 4/”(74,, 7(1)4(7}4,7}/)

X Lo (vt 2y,)) \l A4 C“l))“ 9&«}“
244, 9’} 4C4/ '

(E6d)

1'5{‘*" Z (j-\p Bp) =0

2T3,H Ay,

(E6e)

£ (o) - et §A )

ey ¥ T H mm(z)fw) ]/ 8 (FA)

ATt
- 7 L3 (E6F)
0% A,’J,,

> 3 (Ap0,) =0

2T+ 3“!'. . (E6e)
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s
Z (9;0(/1/) = -€n) /’/(7-,&1-')(13:‘_1") Zd'

2 3;--H >3, Ip o
46. 7 5 /6’ 3". 7&'
Aot (9“ 7) i I Py g f Tj' G(-:t?"
(E6h)

23,4 33“.

icad 3 (8,0,) = (- A+1)* (2T r1) A
A

-3, L Jp 7
x 2 “Ah t {70’ Vo)1) P
gcf’(f JCI' 2(,0

Zj}‘()q W)Y+ $74.9

5 (4 % &?
X Ay
,a 9/&;,,}(,

A 7( o .Zl' Tf ’fC‘o

$ VikSy g 2da, 1) 2 (Joge) con (1,

A L4 E Ya,+ e
{94 7} /)c” (“) (E6i)

and flnally

5 - 4
235 (¢, = L) (24h+1)" "2 aa07+}/8(E,L)

3o

ca (A AR 32% BT0) VTG, 3, VS,

JLQ B AR %, g

w
’RY)
z (’)a,v')c,y)/t‘ (U- 7<m)401(4 +’*J- )g LA A € 4,”(‘,
4” 7}4’ 7‘/
(E63)
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The terms (Eéb,d,i, and part of c) are proportional to
sums over the products of two coefficients that indicate
quasi-Boson plus quasi-proton contributions to the ground

state, while (E6f,h,j) relate to one such coefficient and

I/.BA{ZLL . Thus, such terms can be expected to contribute
P
little to a sum over ljJ._ on the right hand side of (E5).

If each term in the equations (E6) was multiplied by Ea_’;
prior to summing over J\.;. » the orthonormality rules
(E4a,b,c) could not be used. However, the resultant terms
corresponding to (E6b,d,i, part of c,f,h,j) would again be
almost negligible. Hence, in both cases the only significant
contributions come from the "core" term (the l ﬂao{;‘ }k

part of Ebc) and the single proton term (Eéa). Finally,

summing over Jp gives

2 Z 8(eh) &1%2/‘2(8%5, glet)]

1, %, 3 %
pA + | f (V1)
and (after first multiplying by 273+ )
. - 3:’_ R
S (23.+1) Eay, B(ed) . )a, 3
Z ’JZ‘ ):'.J)'?,'——’ -):;



TABLE I

~A

QUAST-NEUTRON PARAMETERS "A"
Quasi-neutron - Quasi- 2 2
rais, | felsive|  Sratomation | oviren | s o)
State mev En
v, v, mev
2p3 /o~ 0 0.LE0 0.892 1.43  |0.203 | 0.797
1fc /5~ 0478 0.716 0,698 1.15 | 0.513 | 0.487
2py fo~ 1.56 0,901 - { O.h3k 1.h6 | 0.812 | 0.188
leg /ot L.52 0.990 0.1L1 L.09 [0.980 | 0,020
TWO QUASI-NEUTRON PARAMETERS "BM
5(3;,,’) b")
. : upits o L
Q'am ')’bw Ey, " Ebw ,i,,(qc'“ by ) M(fan.f'fbn) i)' (n%\i'h,) A
mev
(k = 2)
3/27 | 1/e” 2.89 00999 0.018 =l 02
3/2 | 3/2” 2.86 0.802 ~0.5% - L. 02
5/2 | 1/2 2,61 0.939 0.342 4410
5/2 3/é" 2.58 0.953 -0,301 2,19
s/2 | /2 2,30 0.999 0,02 5.26
o/ | 9/2*| 8.8 0,279 0.960 8.55
| (k =3)
o/2 | 32| 5.5 0.948 0.319 16k
o2t | /2" 52y 0.792 0,512 -5.96
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TABLE TIIT (cont.)

MATRIX ELEMENTS IN THE QUASI-BOSON PLUS QUAST-PROTON SCHEME

(c.f. equations (IT 12) and (IT 13))

QUA DRUPOLE-QGUATRUPOLE LONC RANGE INTERAC TION

cuP3 k=27
ngn -
] x SIVS W
jo | 3g | 3 | < (K stp dom ) H?';g)l@r} )
s/2 | s/2 | 172" -0.03L4
3/2- -0,0123
5/2 | 0.0123
/2 0.0209
9/2 -0,00919
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TABLE VI

TWO QUAST-NEUTRONS PLUS QUASI-PROTON SCHEME

BASES FOR 0063 STATES OF SPIS 1/2~, 3/2=, 5/2°, 7/2~

(conte)

l2Y-Ya)

J=1/a" T =3/27 T =5/ T = 7/2"

NO. ?an, f,&,y J, hp ay 7:5-,,, 9o 3'02 7&.,,, B |9 7‘cp 7‘3.” 7‘,&,, 9 3‘cp
1| === | === 0% [1/27 f-mme|-===|ot |3/27| mmmm| -=—=| OF |5 /273 /5 [ /57| H| 5 /2
213/27 | 1/27 f1t /2= |3/ /et /2~ 3/ | /et |3/ s /2|3 /2 1t 5 /o
313/27 | 1/27 |1t I3/e= [3/0- /o= it |3/2- |3/ |1/ |t fs/e |3/ u/z | Y 5/7
L|s/2 | 3/2 (1t /e |3/ [/ its/2 (527 |3/2 (it |3/ |3/ /e | 2| sse
s|s/e | 22 |1 |ase— s/ |37z it/ |72 (377 1ts/s 3/5 13/5 | 2] 58
sl 3727 | 1/E |t |3/27 [s/27(3/2 |2t |3/27|3/2 (12 et/ |3/e 3/ | ot s/
13/2 | /8 (ot [s/e s/ |3/2m|ats/z 3/ |17 |2t 3/ s/ /s | 2 3/
rl3/27 | 3/2 |2t |32 |3/~ v/ |t (/e |3/ |0/ |2 ts/e |5z (/7 | | s/e
of3/77 | 3/2 |o* |s/2m |3/27 [\ |2t |3/2 |3/ |3/ |2t e |5/ /e | #| 3/
vels/s | vz ot |32 sz fyz otz |3z |72 | ot sy s e 13 | 2] 572
1)s/2 | /2 |2t |s/2= |3/ |3/7 |etla/e |3/ 3/ et s e 5 2 s /| A 372
12| 5/2 | 3/2 |e¥(3/27 |3/2 |3/2|et|3/2 |s/e 1/ | et/ s/ sz | ] s/
1215/2 | 3/2 |2t |5/2— (3/2‘ 3/ | 2t|8/2 s/ |1/o| 2t 3 /2 9 /2t o /2 | K 3/2”
W s/5 | 5/2 |2t 32 |syz 1/ ||y s/ e |2t |s s [sat ort | 2] s/
15l 5/ | s/2 |2t (/2 |s/z [/ o35 |sre |3/ | e tye s/ oz | 3| a7
16| 9/4 : Yeil Eal EVe ol CVeal el P LYo EVon EVen P BVl EVEM IWCA B Yo
1) 9/8 | 9/ | ot |s72m |s/e|3/5 2F0/7 [ /o] 3/e e Ms e | s/ |y A s/
18)5/27 | /2 | 3t |5/27 V s/ |3/ | et 3/T |5 /2| 5/2 e ta/z |5/ |3/ M /T
19[s/2 | 3/2 |3+ |s/27|5/5|3/7 |et|s/5 s/ 5s5| M asa| /e (32| B 32
20| 9/7 | v/Z | |o/2t |5/ (/7 |2H|1/7 |s/5 s/e T e s/ s/ |38 3T 5/
el CVoul ISVl Dl UVoan EVem CVedl Pat EVZS EVCL BV Pu BWon EYZu EVZa BY V2R
2zh 72 IV Il CVAR Ve Vea P B EYES BV B EYex B2 EVea Bh I Ven



. TABLE VI (conte)

TWO QUAST-NEUTRONS PLUS QUASI-PROTON SCHEME

BASES FOR CUP> STATES OF SPINS1/27, 3/27, 5/27, 7/2°

Terr | 3= Tesf- [ T/
WL Tany| 78] 5 | tcp |8 | 38a] > |2 [Ba| 5l [fop | Yo 7B 3] G5
23| 972t /| s —os2t o/2 |o/2t 2+‘1/2‘9/2 o/ Ms/2ls/27|3/27| L 5/2
o | 9/2H|3/ s |9/t loselosat| 2t s/zls e/ A 2s/E |5/ Ll v/
o5 | o/2tls/e s T9/2tles2 Mot 2 /25 e/ H3/2ls/e|5/2 Nl
26 | s/o—h /= 31 3/205/2|0/q s/2ls/a s/ |5/
27 s/2 e 35/ [
28 s/~ |3/ 31 2/27
29 5/27[3/27 51 5/2]
30 s/ /e s/
31 5/2715/7] it 572
32 | g/t o/ r /e /2
22 o/eH3/5 3T 5/2e/7]
3l g/e¥|e/7] 37 o/
35 e za i BV
36 5,2 /5 5] /7
37 B Vas Vea BN EYEL
36 52/ s To/7
39 B Ve Ven ou Ve Y
1O o/ 5/ 57 9/
l1 At LR bararattk
L2 oot sz | 5 o/ Rt 1/ sto/Blo/at| /| T 972
L3 o/8 3/ sto/2'
: A A
ub | 9/q5/q 6]9/2]
bty o/25/4 T 9/2%




TABLE

VII

TWO QUAST-NEUTRONS PLUS QUAST-PROTON SCHEME

k=2
MATRIX ELEMENTS OF Hm 5 (Cef. equation (II 22 )

LONG RANCE QUADRUPOLE?C’;EADRUPOLE INTERAC TTO
Cu63 '
~ o ~ PR S
(@%N'}&a)\]'o?c au| Hg,,?'”mi %L‘U'"’tp’ M
}'&ﬂ ‘) g | % ;‘cp T=1/2" | 7=3/27 | T=5/2
3/2= | 1/e~ | 2t 1/2” 0 mev| 0,165 mev | 0.137 ‘mev
3/27 | 3/2° | ~0.132 -0.110
5/e” | 1/2” -0.158 -0,131
5/~ 3/2" ~-0.0857 ~-0.0715
5/ 5/2~ ~0,216 -0.180
o/t | o/a" d A 10,0979 0.081)
3/2 1/2” 3/2°7 -0.233 0.165 -0.0733
3/27 3/2" 0.187 -0.132 0.0589
5/2° 1/07 0.223 -0.158 0,0702
g/2” | 3/2 0.121 -0.0857 0.038
/27 | s5/2° 0,306 -0.216 0.0960
o/2F | osst 8 0,138 0.0979 -0.0Li35
3/27 1/27 5/2” 0.238 0.,0898 0.1276
3/2° 3/2° -0,191 -0,0721 ~Ca1l1
s/2° | 1/2” ~0,228 -0.0840 -0.168
5/27 3/2” -0.124 ~0.0L65 -0.0915
5/2" 5/2" \L -0.311 -0,118 -0,230
oot | 92" | ¥ 0.111 0.0533 0.10L



TABLE VIIT

TWO QUAST-NEUTRONS PLUS QUASI-PROTON SCHEME

MATRIX ELEMENTS OF_I_-!!K (Class 1) (c f. equations (ITI23) and (I134a))
(21) - T
Cu63 LONG RANGE QUADRUPOLE-QUADRUPOLE INTERACTION

Jd = 1/2-5_ 3/27, 5/27, or 742_

| /;L-a;,’=2 1cq

- 2= \
Tan, | 78] Fay VY Q(hn?ﬁ,,)'rokjﬂq H s ot (class 1)_ [(?a,a?ﬁxg::t% 23)“>
3/27 | 1/2] 3/27 1/2" 0,296 mev
3/27) 3/27 , -0.237
5/27) 1/27 ' -0.282
5/27| 3/27 -0.153
] 5/2°| 5/2° -0.386
v || |22 0175
3/2™ | 3/2] 3/27| 3/2 | 0.190
5/27| 1/2” 0.227
/27| 3/2° 0.123
5727 | 5/2" 0,310
9/2| 972t ~0.1l1
'5‘/'2’ 1/2 15727 | 1/2° 0.270
5/271 3/2° 0.147
5/27 | 5/27 04370
J J« o/2t | 972+ 0,168
5/27 | 3/27|5/27 | 3/2° P.0795
l 5/>" | 5/2” 0.201
¥ & losst]oet | - —0. 091G
5/27 |5/27|s5/27 | 5/2” | 0.506
A TR EYA BV {0,230
/2t |9/2t|oset | 9/2t 0,104
Pert (a) indicates that only the term due to 2 2 [-B"(n@h?zn)c(ﬂ)(@ ?a')]
Y 'is considered. 7.4
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TABLE IX

TWO QUASTI-NEUTRONS PLUS QUASI-PROTON SCHEME

. "
MATRIX RLEMENTS OF ﬂggl(glass 1)(cef. equations (II 23),(II3Lb ), & (IT 3kLc))

)

LONG RANGE QUADRUPOLE-QUA DRUPCOLE INTERAC TION

o3 g =1/2-, 3/2°, 8/2° or 7/2"

Jo =3y Fotle [ =120, 327, ox 5/27

. B . a AN ? !
. , A R”a,"&,)%ic;]a"p’m(ch" 1)]((9%%“)3; gp].m}
Tay By | 20y |2y | T D)

: Part (b) Part (c)
3/2° 1/2” 372- 1/2” 1+ <2.,62 mev | 1.06 mev
5/27| 3/27| 5/27 [3/27 | 1* -2.62 06713
3/27 | /27| 3/2” |1/2” | oF 2,62 1.06
3/2° | 3/27|3/27 |3/2" | 2¢ -5.2) 1.42
/e | 1/2-|s5/27 |1/27 | of -2,62 1.06
/2| 3/27|5/2= |3/2" | ot -2.62 0.71L
/27| s/2=|s/2 |5/ | ot -5.2 | 1.3
9/2F| 9/zt] 9/2 |92t | ot : -5.2L 040521
g/e=| 1/2=|5/2= |1/2- | 3t -2.52 1.06
5/2= | 3/27|s/27 |3/27 | 3t -2,62 0.71L
s/2=| 3/2=|5/2= |3/2= | Lt =262 _ ~0.71h
5/27| s/27|s/27 |s/27 | uT . =5,2} 1.13
orH| 9/2t| spet|eoset| 1t -5.2); 0.C521
9/2t| os2t| 9fet | osat | 6t ~E,2) 0.0521
g/ t| o/t| oot |opzt | 8* -5.2l; 0.0521
Part (b) indicates that only the term due tn jli‘)a.:-i‘]fS‘ : CSJ;,'SQ, §7."7.M

— )’)w"‘ %1, 5‘?;;)-%37.‘” ») is considered. CO 0 e

while Part (c) considers only the contribution due to single -quasi -neutron
scattering terms (neglected in the Boson=-approximation),
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TABLE X

IO QUASI-NEUTRONS PLUS QUASI-PROTON SCHEME

()
MATRIX FREMENTS OF ¥ g (class 2) (c.f. equation (IT 2b))
(33)
LONG RANCE QUADRUPOLE~QUATDRUPOLE INTSRACTION

=1/27 4 3/27, or 5/27

. e

L3

J =1/27, 3/27, 5/27 or 7/2”

. . I8 sl
S| T8 | as, | | To| ooyt T ternss 2 (G T Jm >
3/27| 1/27 | 3727 | 1727 1t -0,11h mev
3/27 1/27 | s/27 | 3727 1t 0.0273
5/27| 3/27 | 5/27 | 3/27] 1t -0.08l
3/27] 1/27 | 3/27 | 1/27| ot -0.114

3/27 1/2= | 3/27 | 3/27] ot -0.00278
3/27 1/27 | 5/27 | 172~ o 0.00186
3/27| 1/27 | 5/27 | 3/27| ot -0.0568
3/27| 1/2° | 5/2” | 5/2=| ot ~0.0276
3/27) 3/27 | 3/27 | 3/27| ¢ -0,132

3/27| 3/27 [ s/e” | 3/e7| &t -0.0268
3/27| 3/2= | 5/2= | s/2=| 2+ 0,0017L
5/e7| 1/27 | 3/27 | 3/27| oF 0.00163
5/27| 1/27 | 52 | 1/2-| oF -0.0664

5/27| 1/2= | 5/27 | 3/27| of ~0.00579
c/27| 1727 | s/27 | 5/0-| & -=0,00350
5/27| 3/27 | 5/2= | 3/27| oF ~0.0971
5/2‘ 3/27 | 5/27 | 5/2° st -0.00188
5/27| 5/2= | 5/2” | 5/0°| ot -0,080

o/2t| oset | 9/et | o/F | oF -1.97

s/ 1/27 | s/o7 | 10| St -0.030

c/27| 1/27 | 5/2= | 3/27| 3t 0.0135
5/271 3/27 | 5/27 | 3727 3t -0.0928

(cont. )
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TABLE X
(conte)
‘ . L o . o o
b |y (7o, | | 7o (G e M gutetnes (G ]
s/2”| 3/27 | s/ 3218 ~0.0875
5/°7 | 3/2° | 5/27 | 5/27 0.00166
5/27| 5/27 | 5/27) 5/27 I -0,080
o/et| 9/2t| 9/2F| 9/2 M -1.19
o/ 972t | o/5t| 9/ & ~0.57L
o7t et ot o/ @ ~0.9L6
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QUASI - BOSON PLUS QUASI - PROTON SCHEME QUADRUPOLE

— QUADRUPOLE INTERACTION
/ -

372 0.00282

/72~ 277 1.74

5/2~ 2.36 0.0758

3/2-

———————— 2 2| 0.338

72- 0.0002

i72- 1.78 9.35

3/2- 4 63.8

5/2~ .48 1o

7/2- 40 167

9/2” 116 o)

1/72= 0.797 226

5/2" 0.740 383

3/2 - 0o

spin Energy B(E2)
units of
|0’52sq.cm.

Cu 63

Figure 1a
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ENERGY IN MeVv
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l.4— ENERGY DEPENDENCE ON QUADRUPOLE INTERACTION STRENGTH

Energy in Mev Relative to 2P
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in Mev—»
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Average Energy of the Large B(E2) "Quartet"
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TWO QUASI-NEUTRONS (COUPLED TO ARBITRARY ANGULAR
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Dependence of the Average Energy of the J=% % 3
"Quartet’ on Quadrupole Interaction Strength
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Quartet, J=

Average Energy of the Large B(E2)
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Relative Differential Cross Section

10

QUASI-BOSON PLUS QUAS|I-PROTON SCHEME

Born Approx.
*
cu®(a, d)cu®®
Incident Energy = 50 Mev
J= z

Symbol | Energy of Excited State
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° 1,78
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Fig 6a
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Relative Differentiol Cross Section —»

QUASI-BOSON PLUS QUASI— PROTON SCHEME
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Relative Differential Cross Section ———»
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Relative Differential Cross Section

TWO _QUAS! - NEUTRONS (COUPLED TO 2
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ELASTIC ALPHA SCATTERING Cu

'x = Experiment ( Ref 10)

o = Prediction of Optical Model
with coulomb Interaction due
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