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Abstract

This dissertation investigates some information theoretic aspects of communication
over wideband fading channels and their applicability to design of signaling schemes
approaching the wideband capacity limit. This work thus leads to enhanced under-
standing of wideband fading channel communication, and to the proposal of novel
efficient signaling schemes, which perform very close to the optimal limit. The po-
tential and limitations of such signaling schemes are studied.

First, the structure of the optimal input signals is investigated for two commonly
used channel models: the discrete-time memoryless Rician fading channel and the
Rayleigh block fading channel. When the input is subject to an average power con-
straint, it is shown that the capacity-achicving input amplitude distribution for a
Rician channel is discrete with a finitc number of mass points in the low SNR regime.
A similar discrete structure for the optimal amplitude is proven to hold over the entire
SNR range for the average power limited Rayleigh block fading channel. Channels
with a peak power constraint are also analyzed. When the input is constrained to
have limited peak power, we show that if its Kuhn-Tucker condition satisfies a suffi-
cient condition, the optimal input amplitude is discrete with a finite number of values.
In the low SNR regime, the discrete structure becomes binary.

Next, we consider signaling over general fading models. Multi-tone FSK, a sig-
naling scheme which uses low duty cycle frequency-shift keying signals (essentially
orthogonal binary signals), is proposed and shown to be capacity achieving in the
wideband limit. Transmission of information over wideband fading channels using
Multi-tone FSK is considered by using both theoretic analysis and numecrical simu-
lation. With a finite bandwidth and noncoherent detection, the achievable data rate
of the Multi-tone FSK scheme is close to the wideband capacity limit. Furthermore,
a feedback scheme is proposed for Multi-tone FSK to improve the codeword error
performance. It is shown that if the receiver can fecdback received signal quality
to the transmitter, a significant improvement in codeword error probability can be
achieved. Experimental results arc also obtained to demonstrate features and practi-
cality of Multi-tone FSK.
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Chapter 1

Introduction

1.1 Motivation

Recent years have witnessed intensive study of information theoretic aspects of wire-
less channels, including not only capacity but also efficient signaling schemes which
can approach the capacity. This rising interest in the information theorctic analysis
of wireless channels is motivated by the successful commercial deployment of wireless
communications, the rapid technology advances in wircless technology and the nced
to use scarce resources, such as bandwidth and power, as efficiently as possible under
wireless communication conditions.

Information theoretic measures such as capacity and error exponents provide the
ultimate performance limit for communication systems. We usc them as benchmarks
to which the performance of practical communication systems can be compared. Fur-
thermore, with the recent discovery and development of codes that operate very close
to the Shannon limit, such as LDPC codes and Turbo codes, information theoretic
limits have gained practical relevance.

Although the capacity and other information theorctic aspects of fading channels
were investigated as early as the 1960’s ( [1]), it is only recently that information the-
oretic considerations of wideband fading channels under various practically related
input and channel constraints have received much attention. One reason bhehind

this interest is that wideband communication techniques are fundamentally differ-



ent from the narrowband communication techniques because they employ extremely
large bandwidth to communicate between transmitters and receivers. Another factor
fuelling this intensive research interest is the imminent market demand on wideband
communication techniques. In February 2002, Federal Communications Commission
(FCC) approved the use of Ultra-Wideband modulation (UWB) for communications.
It allows the signal to extend over a large bandwidth (several gigahertzs). Figure 1-1

shows the bandwidth allocation for the UWB and 802.11a (Orthogonal frequency-

division multiplexing, OFDM).

A 802.11a (100 MHz BW)
3 Part 15 limit
2 UWB (7.5 GHz BW) (-41.3 dBm/MHz)
(=9
E
<

: >
3.1 GHz 5.725-5.825 GHz 10.6 GHz requency

Figure 1-1: The bandwidth allocation of ultra-wideband applications

This introduction provides a brief overview of wideband communications, start-
ing with Shannon wideband capacity limit. Next the discussion turns to the possible
signal structures achieving the wideband capacity limit, including the literature back-
ground. The discussion in this chapter eliminates the common misconception about
wideband communications. It examines the strengths and weaknesses of wideband
communication techniques. Furthermore, the main thread of this thesis is explained.

The chapter ends with a concise overview of the chapters in this thesis.

1.2 Wideband Capacity Limit

As shown by Shannon ( [2], [3]). the capacity of an additive white Gaussian noise
(AWGN) channel is a function of the average power P and the bandwidth " given

by
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where Ny is the spectral noisc density. When the bandwidth grows to infinity, the
capacity mathematically approaches a limit decided by the average power:

) P P
WyichIn <1+ NOW) = NE

We call this limit as the Shannon wideband capacity limit or the AWGN wideband

capacity limat.

It is well known that the channel capacity of multi-path fading channels is upper
bounded by the AWGN capacity. Kennedy [1}, Gallager [4], and Telatar and Tse [5]
further proved that the capacity of a multi-path fading channel approaches the AWGN
wideband capacity limit when the bandwidth grows indefinitely. That is

P
lim C fading =

—. 1.1
i No (1.1)

The limit on the right hand side (RHS) of (1.1) is called as the wideband capacity
limit throughout this thesis without specifying the channel type. This result is true
even if the receiver does not have any channel state information (CSI).

Given a fading channel’s bandwidth is large enough, the capacity of the fading
channel approaches the wideband capacity limit. We should be able to find a signal-
ing scheme whose achicvable data rate is very close to the wideband capacity limit.
Indeed, in this thesis, we proposc a family of signaling schemes whose performance
approaches the limit.

If the bandwidth of a channel is W and the transmission duration is 7', the degree
of freedom of transmission is 2W T, i.e., we can transmit 2W T symbols during the time
period T in the specified bandwidth according to the Nyquest Sampling Theorem. If
we index all symbols as indicated in Figure 1-2, we can obtain a symbol scquence as
that in Figure 1-3.

The average power constraint P restricts the expected energy consumption during

17



Frequency

L A I S

T

.
>

Time slot

Figure 1-2: Index symbols in both frequency and time

\

Degree of freedom

Figure 1-3: The indexed symbol sequence

time 7" to be PT. While bandwidth W increases as required by the wideband as-
sumption, the energy per symbol PT/ (2WT) = P/ (2W) decreases inversely. When
the bandwidth is very large. the signal to noise ratio (SNR) ﬁ is very small such
that the achievable data rate of the scheme is mainly limited by the power. Results in
this thesis are generally concerned with the power-limited case, le., communications

in the power-limited region are considered.

We also assume that channel state information is not initially known at ecither
the transmitter or the receiver. In this case, as the average signal energy in cach
coherence bandwidth decreases, the cost of estimating the channel fading coefficients
hecomes more and more significant. While the capacity of non-coherent channels is
the same as that of coherent channels in the wideband limit, the lack of CSI severely

affects the performance of many commonly used signaling schemes in the wideband

regime.
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1.3 Signaling Schemes

To answer which kind of signaling schemes can achieve the wideband capacity limit
in fading channels, we summarize the main signaling schemes considered in the liter-
ature by categorizing them into four classes: no peakiness in either time or frequency,
peakiness in frequency but not time, peakiness in time but not frequency, and peaki-
ness in both time and frequency. Although any set of orthogonal signals achieves the
capacity limit for the unfaded Gaussian channel, orthogonal signals that are peaky
in time or frequency are needed in the presence of fading {4, Sec. 8.6].

For wideband fading channels, the frequency selective effect caused by the channel
delay spread should be considercd because the frequency coherence of the channel,
denoted here as F, is usually small compared to the system bandwidth. Also, we
assume the time length of the transmission is larger than the time coherence of the
channel such that the channel fading coefhicient is changing over time. The time
coherence is denoted as 7.. The frequency-selective time-varying block fading channel
model is used.

In Figure 1-4, 1-5, 1-6, and 1-7, we plot the fading channel in a frequency-time
plane. The width and length of the squares are the frequency coherence and the time
coherence of the channel. The different colors of the squares indicate different fading
coefficients. The transparent shadow is the distribution of the signal’s energy density

over the frequency-time plane.

Without Peakiness in either Time or Frequency

The first category of signaling schemes spreads energy over time and frequency as
shown in Figure 1-4. This kind of schemes employs symbols occupying the whole
system bandwidth, and transmits symbols continuously without duty cycle.

One example is the bandwidth-scaled spread spectrum signaling defined by Médard
and Gallager in [6]. When the bandwidth W increases, the energy and fourth moment
of the signal in each fixed frequency band scale with 1, /W and 1,/W? respectively.

To put it simply. the signaling spreads the signal energy evenly over the available

19



—

Frequency

Frequency coherence

‘Time coherence

Figure 1-4: Signaling schemes without peakiness in either time and frequency

bandwidth and time without peakiness in either. Such signals encompass Gaussian
signals, which are optimal in the coherent case (perfect receiver CSI). However, al-
though bandwidth-scaled signaling has a good performance in the coherent case, it
performs poorly in non-coherent scenarios. It has been shown by Médard and Gal-
lager [6], Subramanian and Hajek [7] that, as the bandwidth increases, the achievable
data rate using bandwidth-scaled signaling in fact decreases to zero. Therefore such
signals, including most common DS-CDMA schemes, are not suitable for wideband
transmission in frequency-selective fading channels. Intuitively, this is due to the fact
that when we transmit over a large bandwidth, we are essentially transmitting over
a large number of independent channels. If signal energy is spread evenly over the
available bandwidth, then the capacity of each channel decreases very fast as the
bandwidth increases. Decreasing in the average power per channel causes the lack
of channel state information which severely affects the performance of the signaling
schemes. And. despite the diversity gain. there is a severe performance degradation

in the limit.
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Peakiness in Frequency but not Time

In the second kind of signaling schemes (Figure 1-5), the signal energy is peaky in
frequency but not time. The signal’'s energy is distributed over a small portion of the

whole bandwidth.

—

Frequency

Frequency coherence

Time

Time coherence

Figure 1-5: Signaling schemes with peakiness in frequency but not time

Many narrowband schemes have the pattern shown in Figure 1-5. They cannot
achieve the wideband capacity limit, because these schemes are designed for the
bandwidth limited region. Some signaling schemes using several parallel narrowband
channels were proposed for improving data rates in wideband channels. For example,
the OFDM signaling scheme uses a bundle of subchannels. However, if we assume
the bandwidth for each subchannel is W, and the number of total subchannels is n,
the capacity of the scheme is bounded by the Shannon capacity with bandwidth nW,,

not achieving the wideband capacity limit.

P
C' < nW;log (1 + W)

If the number of subchannels n increases. we go back to the previous case without

peakiness in frequency. the performance of these schemes deteriorates significantly.
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Peakiness in Time but not Frequency

The third class of signaling schemes spreads energy over frequency, but is peaky in
time (Figure 1-6), for example, some low-duty cycle pulse-position modulation (PPM)

signals.

Frequency

Frequency coherence

Time

Time coherence

Figure 1-6: Signaling schemes with peakiness in time but not frequency

According to Porrat ct. al. [8], this type of signaling schemes can achieve the
wideband capacity limit. However, the achievable data rates are limited by the chan-
nel uncertainty. They considered direct sequence spread spectrum and pulse position
modulation systems with duty cycle, and proved that these two schemes achieve the
channel capacity if the increase of the number of channel paths with the bandwidth
is not too rapid. They showed that PPM systems have zero throughput if ﬁ — 00,

where L is the number of independently fading channel paths and W is the bandwidth.

The property that the achievable data rates are limited by the channel uncertainty
imposes a big constraint on these schemes’ application in wideband fading channels.
In [9]. Rusch et. al. presented residential channel characterizations from 2 to 8 GHz
and showed that the increase of the number of channel paths appears to be sub-linear

in bandwidth.
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Peakiness in both Time and Frequency

Another set of interesting signaling schemes is peaky both in time and frequency
(Figure 1-7). The frequency shift keying (FSK) scheme used in the literature [4, Sec.
8.6] [5] to achieve the infinite bandwidth capacity of multipath fading channels belongs
to this category. Since the scheme transmits with a low duty cycle and its signals
burst like flash light, we call it flash FSK. In [5], Telatar and Tse used the flash
FSK scheme with a threshold decoding rule to achieve the wideband capacity limit

in general multipath fading channels.

B

Frequency

Frequency coherence

Time

Time coherence

Figure 1-7: Signaling schemes with peakiness in both time and frequency

The Multi-tone FSK scheme which is introduced later in this thesis extends the
family of peaky signaling schemes. It will be referred to as “capacity achieving,” since

it achieves capacity in the wideband limit.

1.4 Dissertation Outline

In this thesis, we first consider the capacity-achieving input distribution of fading
channels. We prove that in the low SNR region (as we pointed out that wideband

channels will be in). the binary amplitude distribution is desirable for a set of channels
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and this generalizes what is known for other channels. We also consider a Multi-tone
FSK scheme in which each tone has binary amplitude distribution and all tones are
coded over frequency and time. We prove that the Multi-tone FSK scheme is capacity
achicving in the wideband limit. Furthermore, we study how feedback can help to
improve Multi-tone FSK’s crror performance and define a feedback scheme which
reduces the crror probability significantly. Finally, we implement the Multi-tone FSK
scheme on an ultra-wideband test bed and show the practicality of the scheme.

The organization of the dissertation is as follows:

In Chapter 2, we study the structures of capacity-achieving input distributions of
noncoherent memoryless Rician fading channels and Rayleigh block fading channels.
We show the discreteness and finiteness of the optimal input amplitude distributions
when the input is imposed an average power counstraint or a peak power constraint.
The discrete structure of capacity-achieving inputs is proven to hold in the presence
of only peak power constraints for general channels satisfying a sufficient condition.
In addition, we provide numerical results for optimal input distributions in Rician
fading channels.

Chapter 3 concentrates on the Multi-tone FSK scheme. We propose the Multi-
tonce FSK scheme, which employs low duty cycle multi-frequency FSK symbols and a
noncoherent receiver. We investigate the performance of Multi-tone FSK and derive
its capacity limit and error exponent. We prove that the Multi-tone FSK scheme
achieves the wideband capacity limit. A similar analysis is also conducted for the
Multi-tone FSK scheme with receiver diversity, and its capacity limit and error ex-
ponent are derived. Moreover, we present numerical results to show the performance
of Multi-tone FSK at finite bandwidths.

Chapter 4 is devoted to the investigation of the Multi-tone FSK schemes with
feedback. We introduce a Feedback Multi-tone FSK scheme in which a feedback link
is setup to monitor the transmission quality. We prove that, using a small amount
of feedback, the scheme has much better error performance than the Multi-tone FSK
scheme.

Chapter 5 includes conclusions and directions for future research.

24



Finally, in Appendix D, we present some of the experimental results we obtained
by testing the Multi-tone FSK scheme on an ultra-wideband platform. By imple-
menting the Multi-tone FSK scheme, we verify the idea of Multi-tone FSK and the

validity of model assumptions.
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Chapter 2

Structure of Optimal Input

Distributions

2.1 Introduction

The effort to seek information theoretic guidelines for designing efficient signaling
schemes dates back to the birth of information theory. Proved by Shannon [2], the
capacity-achieving input distribution for an average power limited AWGN channel is
a Gaussian distribution.

Smith [10], Shamai and Bar-David [11] considered the peak power limited AWGN
channel and proved that the capacity-achieving input amplitude distribution is dis-
crete with a finite number of mass points. The change in the power constraint
markedly effects the structure of the optimal input.

Recently, Katz and Shamai [12] considered the noncoherent AWGN channels
where the input is distorted by phase noise and have shown that the optimal in-
put amplitude distribution is again discrete but with an infinite number of mass
points. This result has been extended to the block-independent case by Nuriyev and
Anastasopoulos [13].

Among channel models, it is of particular intcrest to consider the case when the
channel experiences [ading, which is a realistic assumption especially in mobile com-

munications. Recent work on noncoherent fading channels, where neither the receiver
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nor the transmitter knows the fading, has led to many intercsting results that are sig-
nificantly different from those of unfaded Gaussian channels.

In [14], Richters conjectured that the capacity-achieving distribution for discrete-
time Rayleigh memoryless channels is discrete under an average power constraint. The
conjecture has not been rigorously proved until 1997. Abou-Faycal et al. have proven
in [15] that, for this basic channel. the capacity-achieving amplitude distribution is
discrete with a finite number of mass points.

Gursoy et al. investigated communications over a noncoherent discrete-time mem-
oryless Rician fading channel in [16], and showed that, under an average power con-
straint, the optimal input amplitude distribution is bounded. They also studied
Rician channels with peak power constraints and fourth moment constraints for am-
plitude, and proved that the amplitude distribution is discrete with a finite number
of mass points.

Moreover, Marzetta and Hochwald [17] characterized the optimal input distribu-
tion for the multi-antenna Rayleigh block fading channel as a product of two statis-
tically independent matrices: a random matrix which is diagonal, real and nonncg-
ative times an isotropically distributed unitary matrix. For the single antenna casc,
Palanki 18] proved that the optimal input amplitude distribution for Rayleigh block
fading channels is discrete.

In this chapter, we consider the noncoherent discrete-time Rician fading channel
and the Rayleigh block fading channel, and study the optimal input structure.

As mentioned before, the optimal input amplitude distribution for the average
power limited Rician fading channel was considered in [16], and proven to be bounded.
Our result in this chapter is much stronger. We characterize the optimal input am-
plitude distribution as discrete with a finite number of mass points under a low SNR
condition. We show that, there exists a threshold, for a Rician channel subject to
an average power constraint less than the threshold, the support of an optimal am-
plitude distribution is not only bounded, but also discrete with a finite number of
mass points. For peak power limited channels, we find a general principle for the

optimal input amplitude distribution. The principle provides a sufficient condition
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for the support to be discrete with a finite number of mass points. According to this
rule, for most common channels subject to a peak power constraint, including Rician
channels, capacity-achieving input amplitude distributions have discrete amplitudes
with a finite number of mass points.

In (18], the optimal input amplitude distribution for the average power limited
Rayleigh block fading channel was considered, and proven to be discrete. We prove,
in this chapter, that the optimal input amplitude distribution is not only discrete but

also with a finite number of mass points.

The organization of the chapter is as follows. In Section 2.2, we introduce the
Kuhn-Tucker conditions with different power constraints, which are used to elimi-
nate impossible distributions for the optimal inputs. In Section 2.3, we introduce
the memoryless Rician fading channel model, and characterize the structure of the
capacity achieving input distribution when the channel input is subject to average
power and peak power constraints. A similar analysis is conducted for the Rayleigh

block fading channel case in Section 2.4. Scction 2.5 contains our conclusions.

2.2 Kuhn-Tucker Condition

To describe a channel statistically, we often use the conditional probability density
Pylz(ylz), where z is the input of the channel and y the output of the channel. From an
information theoretic point of view, the goal of efficient signaling scheme design is to
maximize the achievable data rate for reliable communications, subject to some input
signal constraints, such as the average power constraint, E(|z]*) < P,,, or the peak
power constraint, || < Fpew. The signal constellation and its associated probability
density, i.e., p.(z), is the function which needs to be optimized upon. For example,

with an average power constraint, the optimization problem can be formulated as

. b ]r(l i‘C)
C'= sup //p (ylz) n =L dyp, (z)dz,
pe(T) Y py(l/? Pz)
E(|z]|?)<Par
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where py(y;p,) is the probability density of the output y which is determined by
the channel input density p.(z) and py.(y|z). The double integral in the objective
function is to calculate the mutual information between x and y, which equals to the
maximum achicvable data rate for rchiable communications.

To find analytically the optimal input constellation and probability density, p%(z),
for most cases, is an impossible task, owing to the intractability of the optimization
problem which has an infinite number of degrees of freedom to work with. In this
chapter, we manage to rule out continuous distributions and narrow the scope to a
searchable size.

For example, we show that, in the low SNR regime, the optimal input amplitude
distribution for the average power limited discrete-time memoryless Rician fading
channel is discrete with a finite number of mass points. In [19], Gallager showed that
binary inputs are optimal when the energy per degree of freedom goes to zero if only
discrete inputs are considered. Thus, the optimal input amplitude distribution in the
low SNR limit is binary, which can be found numerically. Many practical algorithms
for this purpose exist in the literature.

To prove the optimal input amplitude distribution is discrete with a finite number
of mass points, we show that all other cases are not possible, because otherwise the
Kuhn-Tucker condition, which should be satisfied by the optimal distribution, will be
violated. In the rest of this section, we will establish the Kuhn-Tucker conditions for
our particular problem.

For average power limited channels, the Kuhn-Tucker condition has alrcady been

derived by Abou-Faycal et al. in [15]. We cite the result here after rewording:

Proposition 2.1 (Abou-Fuycal et al. [15]) For a channel with an average power con-
straint, E(|z|?) < P, (Pw > 0), an input random variable X* with density function

p* achieves the capacity C' if and only if there exists a v > 0 such that

W) = y(|z]? - — x nM'
k() = (2] = Po) + C ]p(y! i 2y = 0 2.1)

for all z. with equality if x is in the support of X*. p(y; p*) is the probability density
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of y with the density function of X™* is p

The proof of this proposition is in [15]. Note that + is the slope of the capacity
versus average power curve at the given average power F,,.

For peak power limited channels, we prove the following proposition:

Proposition 2.2 For a channel with o peak power constraint, |:c|2 < Preak (Ppeak >
0), an input random variable X* with density function p* achicves the capacity C if

and only if

=C- / (y|z)In ylxiyzo (2.2)

or all 7 located in |x|* < Ppour, with equality if = is in the support of X*. Note that
2

*

. 2
p* is only non-zero on the range |z|” < Ppeak-

This Kuhn-Tucker condition is customized for peak power limited channels. Please

see Appendix B for the complete proof of this proposition.

Proposition 2.3 For a channel with an average power constraint, E(|z|*) < P,
(P,, > 0) and a peak power constraint, l:c[2 < Poeak (Ppear > 0), an input random
variable X* with density function p* achieves the capacity C if and only if there ezists

ay > 0 such that
kap(2) = 7(J2|* = Pu) + C - / ply | z) y | l)dy >0 (2.3)

for all \z|” < Ppeak, with equality if z is in the support of X*. p* is only non-zero in

the regime [:z:i2 < Preak-

The proof directly follows that of Proposition 2.2 by limiting the support of p* to
2] < Preak.

Remark:

1) z can be a scalar input, a complex input, or a vector input. For complex inputs
or vector inputs, }3:\2 stands for the squared norm. An example of the vector case is

a multiple-input multiple-output (MIMO) chaunel;
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2) |1|2 < Ppear is interpreted as a peak power (amplitude) constraint in the scalar
and complex cases, while in the vector case, it imposes a constraint on the total power
of the input vector. For the MIMO example, it is the total power constraint for all
transmitting antennas;

3) The equalities in (2.1), (2.2), and (2.3) are only necessary conditions for & being
in the support of X*, not sufficient.

In (2.1), (2.2), and (2.3), for referential convenience, we use kq(z), kp(z), and
kup(z) to denote the functions on the left hand side of the inequalities. The sub-
scripts stand for the average power constraint, the peak power constraint, and both,
respectively. In cases applicable to all three power constraints, we omit the subscript.
When the optimal input phase distribution is uniform on [0, 27) and independent of
the amplitude distribution, the value of k(z) will be determined by the amplitude of
z. Denote the amplitude as 7. We explicitly write the function as k(r) instead of

In the following sections, we will derive k(r) for Rician channels and Rayleigh
block fading channels with different power constraints. By studying the Kuhn-Tucker

condition, we rule out impossible distributions for the optimal input.

2.3 Rician Fading Channels

Wireless channels often exhibit fading and dispersion. The fading effect is usu-
ally modelled as Rician distribution when line-of-sight (LOS) input propagation is
present alongside a Rayleigh component. Additive White Gaussian Noise channels
and Rayleigh fading channels are two extreme types of Rician fading channels. In the
first, only the LOS component is present. In the second, it is altogether absent.

In this scction, we consider transmission over a discrete-time memoryless Rician
fading channel for capacity-achieving distributions. We prove that, for an optimal
input, the phase distribution is uniform and independent of the amplitude. Based
on this result. we obtain the Kuhn-Tucker condition for Rician channels subject to

different power constraints. And by using the Kuhn-Tucker conditions, we show that,
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for an average power limited Rician channel, there exists a threshold such that, when
the average power is less than the threshold, the support of the optimal amplitude
distribution is discrete with a finite number of mass points. Moreover, for peak power
constrained channels, we provide a sufficient condition for the supports to be discrete

and finite.

2.3.1 Channel Model

The output of the discrete-time memoryless Rician channel we consider is
y=m+r)z+w

where z is the input, m + r is the channel fading coefficient, and w is the additive
noise with zero-mean complex Gaussian distribution CN(0,02). m represents the
effect of the line-of-sight propagation, and is invariant. 7 stands for the effect of
the large number of independent scatterers, and is a zero-mean complex Gaussian
random variable, CN(0,0?), which changes independently from symbol to symbol
due to the nature of rapid fading. We assume that m is observed by the receiver and
the transmitter, whereas r can be observed by neither the receiver nor the transmitter.

The probability of y conditional on z is

Pyelyle) = e (——'tf‘—’—) | (2.4)

m (02 |z]” + 02) o |z + o2,

where z and y are complex.

2.3.2 Phase Distribution

Using the conditional probability (2.4), we show the following proposition for the

phase distribution.

Proposition 2.4 In a Rician fading channel. the phase distribution of the capacity-

achieving input is uniformly distributed and independent of the amplitude.
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Proof: Assume that ® is a unitary complex number. Then 3y = &y and 2’ = $z are

variables obtained by rotating y and z on the complex plane by .
We obtain
by substituting ®z and ®y into (2.4). That is, the conditional probability is invariant

when x and y have an identical phase shift.

By the definition of mutual information, we have

py]z(y|$) *
I{y; ®x) //pylz ylz) In py(y pz(q)x))dypm(@:c)dx.

The notation p,(y; pk) denotes the probability density of the output y when the input
density is p% (z). Similarly, p,(v;pi(®z)) stands for the output density when the

input is ¢z.

Change variables by letting z = ®~'z’, and notice that the Jacobian |®~!| is 1.

pylx( I(I) ) %/ 1 ’
I(y; @z) = //sz‘bll/ ——————"dyp, (' )d".
ui=(l py (3:p (D)) P

Noticing that py.(y|z) = py. (Py|Pz), we have similarly py, (Y|P~ 2') = py(Pylz’).

In addition, we have
py(y; pi(P)) = / Pyl (Ylz)p;(Px)dx
- / Dy (4] ® ) (2) da
= [ruc@sialpi (o
= py(Py;p;).

Thus,

[@p(@y[:r) PN 1
Hy; ® //pl®y ———=dyp.(z")dx".
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Substituting ¥’ for ®y, and using the fact that the Jacobian |[® ! is 1, we obtain
I{y; ) = I(y; ).

Hence, the mutual information I(y;z) is invariant to a rotation of z. For any

probability density of z, p, (z), there exists
1 W
Hy;z) = ¢ —1(y;€’“z)dw.
27
The concavity of mutual information and Jensen’s inequality implies

1 ,
j{%I(y; e“r)dw < I(y; ") (2.5)

where z* has a probability density

pi(z) = %%pw (ej“’:v) dw.

The equality in (2.5) holds if and only if p, (e/*z) = p% (z) for any w. It is clear
that I(y;z*) is the capacity of the channel, because it is an upper bound for all
possible mutual information, and can be achieved by letting p, (z) = pi (z). pi(z)
has a uniformly distributed phase independent of the amplitude, and the proposition
follows. m

The independence between the phase and the amplitude greatly simplifies our
discussion of the capacity-achieving input distribution. Notice that we did not assume

any specific power constraint in the proof.

Corollary 2.1 In a Rician fading channel, the capacity-achieving input generates an

output with o uniformly distributed phase independent of the amplitude.
Proof: The output probability density is

pylyips) = /pylz:(wm)]?; () d.
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Notice that py,(y|z) = py(Py|Pz) and the phase of p; is uniformly distributed,
p; (z) = p; (®z),
puvirs) = [ puc(@yios (90) do

Performing the change of variable &z = x’ yields

pwirs) = [ (@il (@) d

= py(®y;p;).

Hence, p,(y: p:) is invariant to rotations of y and

1

py(y; %) = oy fpy(ej‘”y;p;)dw,

which implies that the output has a uniformly distributed phase independent of the

amplitude. =

2.3.3 Amplitude Distribution

By definition, if the input z has a probability density pi(z), the mutual information

between output and input is given by
M = //py\m(ylx)lngﬁ(—z’l—'x—)dypi(m)d%
py(y;13)

By substituting (2.4) into the above integral, we obtain

M = —/ln (7 (o7 lz]® + o2)] pi(z)de — 1

N // Pyl=(ylz) In py (y; P} ) dyps (z)dz.

Denote the modulus of the input. |z|, as ¥ and the absolute square of the output, ]y[z,

as p. By using Change of Variables Theorem, we change coordinates from rectangular

to polar. (v, 6,) and (p. 8,), where 8, and 6, are the phases of the input and the output.
1

The corresponding Jacobians are v and 3. respectively.
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Notice two equations:

1) Since the input has a uniformly distributed phase which is independent of the

amplitude, we have equation

1

B (a0, 0.)) = 5P ()

where p’(v) is the input’s amplitude pdf;

2) Since the output has a uniformly distributed phase which is independent of the

amplitude, we have
1 N 1 .
5Pu(y (0.0,):P2) = 5-pp(p3 P2),

where p,(y: p%) and p,(p; pk) are the probability densities of y and p given p.

The mutual information is then

v

27 oC oC . ¥ ¥
o Jo Jo T 27

27 o0 *
M = —/ / In |7 (o2 +a2)] pl’Z(V> dvdf, — 1
o Jo

where ,
miy 2/ pmv
exp l:‘f;z_/?—{—cr?] ]O (Uzﬁﬁ-az )
l/ — T w r ur 2‘7
o(plv) e (2.7

is the Rician distribution. Ip(+) is the modified Bessel function of the first kind, i.e.,

Io(z) = / L exp (zcosf) db.
0

T
The expectation of a Rician random variable is
o
Eplv) = / pg(plv)dp
0
= m2?+ 031/2 + oi,.
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By integrating (2.6) with respect to 8, we obtain

A,J:/O [ (a V2 + 0, )
- [ atob) lnpp<p;p;>dp] L () (2)

Average Power Constraint

The KTC for an average power constrained channel is given by Proposition 2.1. For

a Rician channel with an average power constraint, the K'T'C is

bav) 2 [ ol ogpp(pir)dp+ 1+C

(@
+ In(e2?+0L) +v(v* — Pa) 20, (2.9)

where C is the channel capacity, v the Lagrange multiplier, F,, the average power

constraint, and

polp;p*) = /OOO g(plv)p(v)dv.

The condition &, (v) > 0 is satisfied for v > 0 and the equality holds for all v in the
support R of an optimal input distribution.

Our derivation will use the following lemma, which was proven in [16].

Lemma 2.1 With an average power constraint, E (v?) < P,,, a capacity-achicving
amplitude distribution for a discrete-time memoryless Rician fading channel has a

bounded support.

Bascd on this lemma, we assume that the support R of an optimal input is in
[0, 4], where u is the supremum of R such that [ pj(v)dv =1, [ pi(v)dr = 0, and
[ pp(v)dy < 1 for any € > 0.

In the KTC, ~ is a Lagrange multiplier. As such, it represents the slope of the
optimum of the object function as a function of the constraint value. In this case,
is the slope of the capacity versus average power curve ' (P). The range of v is given

by the following lemina.
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Lemma 2.2 For a discrete-time memoryless Rician foding channel with an aver-

mz—k—off m2+alf
ciul+oi ' ol

age power constraint E (v?) < P,,, v is located in [ ] where u is the

supremum of R.

Proof: We first prove v < m’

2
(7.“,

The capacity of an AWGN channel with a channel gain m?+0? isIn |1 + (ﬂ-:—aﬁ} ,

w

which is evidently an upper bound to the capacity of the Rician channel.

From the convexily and monotonicity of channel capacity in terms of P, the largest

slope of the capacity curve happens at 2 = 0. The slope of In {1 + L’”_Jil_:l at P =0

w

is —%’L Because the capacity is a continuous function of power P, if v > T—chﬁ- at
U)

P =0, we could find a small enough P such that the capacity of the fading channel

would exceed the capacity of the AWGN channel. As this is not possible, we conclude

that v < T%Ti at P = 0. Hence, v < %ﬁ for all P > 0.

m +cr
Second, let’s prove v 2 5oz

We can obtain an upper bound for (a) in (2.9). Given

2.2

o [ e ()
D, = / In / po(v)dv | g(plv)dp
0 0

20,2 2
oiv° + 0,

we have
(@) < Dy 22 4+ ol + o2
@ =" o2u? + o2 ’
r w
Since Iy(xz) > 1 for z > 0,
77721,2
U [ ‘7' v +oiw
D1 > In / mpu( )d?/ . (21())
0

The right hand side in (2.10) is a constant.
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On the other hand, because Iy(z) < exp(z) for z > 0,

D, < Aw<mm%fm“p

UJ
2 u2

v e of “2+‘7u, ( )d
x In _p v
0 o400

= o(v?). (2.11)
From (2.10) and (2.11), we conclude Dy = o(?). Therefore,

m? + o2
k‘a (V) < In (UEVQ + O_?y) + (’\/ - m) 1/2

o?u?

C‘f“"-_‘“‘——r -+ 2 _ﬁPav- 212
O+ i o) = (2.12)

If v < 2420 the limit of (2.12) as v — oo is —oo, which conflicts the KTC. By

olu?402)?
.. +
contradiction, v > —’%‘—ﬁ"—;— ]

From the lower bound of the range,

m?+o
7 o2u? 4 g2’
we obtain
1 /m?+ o2
MZT(——J—ﬁ. (2.13)
o ¥
From the upper bound,
m?+o
Y O%U )
we have
2 2
m°+
mA 2,

~
;

which lets the RHS of (2.13) be always positive. Thus, we conclude that small o2

requires large u?, i.e

, the peak power of a capacity-achieving scheme need to be
extremely large when the Rayleigh component is very small. This is consistent with
the case of an AWGN channel. An AWGN channel has a zero Rayleigh component,

and its u? is infinite.
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Having determined the possible range of v, we study the capacity-achieving dis-
tribution for different .

First, we show a lemma.

Lemma 2.3 When k(v) is analytic in the region v > 0, a sufficient condition for the
support SR of the capacity-achieving distribution, p* (v). to be discrete with a finite
number of mass points is that, there exists an vy such that for any v > o, k(v) is not

equal to zero.

Proof: We prove the lemma by ruling out all other cases outside the lemma:

1) Assume the support R of p* (v) has an infinite number of points and thesc points
increase on a bounded interval. Continuous distributions satisfy this assumption.

Since k(v) is analytic in the region v > 0, by the Identity Theorem [20], k() = 0
in the region. Hence, the Kuhn-Tucker condition is satisfied with equality for all
v > 0. This conflicts with the given assumption that k(v) is not equal to zero as
v — 0.

2) Assume the optimal distribution has an infinite number of mass points but only
finitely many of them on any bounded interval.

Then k(v) should be equal to zero infinitely often as v — oo which also conflicts
with the assumption that k() is not equal to zero as v > vy, ®

Next, we show the following proposition.

Proposition 2.5 There exists a Py > 0, such that. for oll P, € (0, ], the support of
an optimal amplitude distribution of a discrete-time memoryless Rictan fading channel
with an average power constraint E (v?) < Py, is discrete with a finite number of mass

poinis.

. . . 24,2 2, .2
Proof: According to Lemma 2.2, v is located in the range [ e, ke ]

T
2t gl 2
agru +ay, Tt

First, we assume
2 2 .2 2
m° + o; me + o;

<7y S (214)

24,2 2 2
oLu” + 07 oz,

We prove that the capacity-achieving distribution is discrete and finite in this case.
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2 2

. . 2yoZ . . . . X

Given (214) since 72” 3 072 is a continuous function of z, we can find a Ug such
’ gire+oy, ?

2 2
m +U<
P ~ — d r_.
that ~ = e

Noticing that Iy (z) > 1 and the logarithm is monotonically increasing on (0, 00),

we bound (a) in (2.9) by

@ = [ o] [ stowiia]

uo
m2v? + o2? + o2

24,2 2
05Uy + T

v

Dy — (2.15)

where

2,,2
u EXp (—agzziai) "
Dy =1In Py (v)du
wo =~ ORUt O

D, is a finite real number. By substituting (2.15) into k, (), we obtain a lower bound

of k, (v) given by

ko (v) = (ol +ol)+ Gl
v n\o.v g G
¢ - : v g2u + o2

+Ds +C — ~ Py .

The lower bound diverges to infinity as v — co. Because k, (v) is an analytic function
over [0, 00), according to Lemma 2.3, the support is discrete and finite when -y satisfics
(2.14).

. . R . 2 2
Therefore, a sufficient condition for R to be discrete and finite is v # %
As we know, the asymptotic capacity of a Rician channel as the average power P
2
goces to zero 1s m—zﬁ—cEP + 0 (P). To achieve the asymptotic capacity as P goes to zero,

we need the kurtosis of the norm of the input to increase unboundedly [21].

m2+0',2
a% u2+cfa. '

Suppose that v =

Recall that ~ is the slope of the capacity versus average power curve. Then

. . . . . mz—}—a'% ..
approaching the asymptotic capacity, ie., v — -+, requires u

wr

2

— 0. However,

u? — 0 prevents the kurtosis from growing unboundedly. Thus, there must exist a

m2+0;2.
olul+ol,

Py > 0, such that. for all P, < Fy. the assumption vy = can not be true, and

thus R is discrete and finite. The proposition follows. m
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Peak Power Constraint

In [16]. Gursoy et al. have shown that, for a Rician channel with a peak power
constraint, the support of an optimal amplitude distribution is discrete with a finite
number of mass points.

In this subscction, we show an cven more general result for channcls with a peak
power constraint.

Using Proposition 2.2, we obtain the KTC of a Rician channel with the peak
power constraint |z| < /P

kp(v) = /0 g(plv)logp,(p;p")dp+ 1+ C

+ (o34 at) 20 e [0,/

Notice that k, (v) is an analytic function.

Proposition 2.6 For a channel with an active peak power constraint, v < /Py, a
sufficient condition for R lo be discrete with a finite number of mass points is that,
k, (v) in the KTC is an analytic function over [0,00). When the sufficient condition

holds, R has one mass point at \/ Ppy.

Proof: The peak power constraint is active means that increasing or decreasing P
will strictly increase or decrease the capacity:.

Suppose R contains an infinite number of mass points (including continuous cases).

Because there are an infinite number of points in the bounded interval, [O, \/'}m,
we can find an infinite sequence with a limit. According to the KTC, k, (v) equals
to zero on the sequence. Since k, (v) is an analytic function over [0, co) and equals
to zero on an infinite scquence with a limit, it equals to 0 on [0, 00) according to the
I[dentity Theory [20].

However, we can prove that there exists some v > /P, such that &, (v) < 0.

Suppose that all v greater than \/ﬁ,; have k&, (v) > 0. Then, we can find a P,
larger than F,, such that in the interval [\/Fp;, \/;);}, we have k, () 2 0 for all v.

Let a new peak power constraint be I),. Then, under the new peak power constraint,
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the original input still satisfies the KTC, i.e., k, (v) > 0 for all v € [0, A /P;;k]' This
means that, even with a larger peak power constraint, we still have the same optimal
input, and thus the same capacity, which conflicts the fact that the peak power

constraint is active. Thus, there must exist some v > \/P_pk such that k, (v) < 0.
Since k, (V) does not equal to 0 on [0, 00), R cannot contain an infinite munber

of mass points in [O, \/P—pk]. The only possibility for R is to be discrete and finite.
Now, we will prove that R has one mass point at \/75},;.

Because fR is discrete with a finite number of mass points, we can index all the
polnts,

O0<rp<r <~ <ry < Ppk'

If ry < \/YD:;C, i.e., R has no mass point at \/Fp,; then we can pick a new peak
power constraint P;k such that ry < \/}; < \/P_pk. With the smaller peak power
constraint, we still have the same optimal input and thus the same capacity. As
this contradicts the fact that the peak power constraint is active, the assumption
Ty < 4/ FPpr cannot be true.

Hence, R has one mass point at /Fp. ®

Based on Proposition 2.6, we conclude that R for a peak power limited Rician
channel is discrete and finite, with a mass point at \/PT,],C .

In fact, a channel with a peak power constraint is a special case of channels with an
average and peak power constraint, E (12) < P, and v < \/E; , by letting P,, = oo.

The KTC of a Rician channel with an average and peak power constraint is given

by

b (7) = [ alol)Yogp(pip)do - (o207 4 %)

b O 149~ Py) 20 VUG[U, Ppk].

kap (v) is an analytic function, and according to Proposition 2.6, R is discrete and
finite, with a point at \/Fp.

Proposition 2.6 can be applied to any channel with an analytic Kuhn-Tucker
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condition k, (v). Aslong as the peak power constraint is active, the capacity-achieving

distribution is discrete with a finite number of mass points and one mass point is at

V.

2.3.4 Numerical Results

In [19], Gallager studied the optimal distribution problem by considering the reliabil-
ity function. By restricting power-limited channels to discrete inputs, he showed that
binary inputs are optimal in the wideband limit (the low SNR limit). We have shown
that the support of the optimal input amplitude distribution is discrete with a finite
number of mass points. Hence, in the low SNR limit, the binary input distribution is
optimal regardless the discrete input restriction. When we use numerical algorithms
to search for the optimal input distribution in the low SNR regime, we can first start
with binary inputs.

Without loss of generality, 02 + m? and o2 have been normalized to 1 for all
numerical results.

In an average power constrained Rician channel, suppose 02 = 1072 and P,, =
1078, A numerical optimization indicates that the optimal binary amplitude pair
is (0,2.371) with probability (0.9999822,0.0000178). Regular vector optimization
methods, such as those introduced in [22], can be used to search the optimal support
and probability.

In Figure 2-1, we plot k, (v) for the binary signaling. As we can see, k, (v) > 0
for v > 0 and k, (v) = 0 for v = 0 and 2.371, which means that the binary signaling
is really the optimal input. The support R = {0,2.371} is discrete and finite.

During the numerical process, we first search for the optimal binary schemes with
a zcero symbol (once of the two points is at zero). By substituting the obtained optimal
points into the Kuhn-Tucker condition, we can check if &k, (v) > 0 for v > 0. If
satisfied, the binary scheme is optimal; otherwise, we increase input levels. This is
because that the entropy of a binary symbol is limited by 1 bit, binary inputs are
no longer optimal as the SNR increases. To achieve capacity, we need to consider

schemes with more input levels.
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Figure 2-1: The Kuhn-Tucker condition k (v) for 62 = 1072, P,, = 107, A = 0.99015,
and p(v) = 0.99998225(0) + 0.00001788(r — 2.371).

In Figure 2-2 and Figure 2-3, we plot the obtained location and probability of the
nonzero mass point in the binary signaling for a range of average power. Different
values of o, correspond to different Rician channels.

Schemes with no point at zero are also included in our search algorithm by simply
setting the probability of the zero symbol to zero. Optimal schemes in Rician channels
subject to a peak power constraint can be searched by using a similar method.

However, when we need to search the optimal distributions with a large number
of mass points, the computational task involved is formidable. We have to resort to
suboptimal methods. In [23], Huang and Meyn introduced a class of algorithms based
on the cutting-plane method, which generate discrete distributions that are optimal

within a prescribed class.

2.4 Rayleigh Block Fading Channels

Discrete-time memoryless fading channel models are often used to model wireless
channels that exhibit fast fading. For a channel experiencing slow [ading, the fading

coefficient, changes slowly and remains alimost the same for a period of time. Hence,
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to model the channel’s behavior, the channel coherence should be taken into the
consideration.

Block fading channel models take the channel cohercnce into account. In these
channel models, the fading coefficient remains constant for a coherence time and
changes to another value in the next coherence time. In the following section, we
consider the Rayleigh block fading channel, which is a commonly used model for slow
fading channels.

In this scction, we obtain the Kuhn-Tucker condition for the Rayleigh block fading
channcl and show that, for the average power limited Rayleigh block fading channel,
the support of the optimal amplitude distribution is discrete with a finite number of
mass points. Moreover, for the peak power constrained channel, we also show that

the support is discrete and finite.

2.4.1 Channel Model

We write the Rayleigh block fading channel between the complex input z, and the
complex output y; as

Y = hx, + wy

where the channcl fading coefficient, b, is a complex Gaussian random variable,
CN(0,1). The additive white Gaussian noisc samples, {w;}, are independent, iden-
tically distributed (i.i.d.) complex Gaussian random variables, CN(0,1). The sub-
script, t, indexes different time samples. The channel fading coefficient is invariant for
a coherence time, 7', and changes to another value in the next coherence time. Each
value is independent, identically distributed. We assume that neither the receiver nor
the transmitter knows the value of A, i.e., neither has channel state information.

We can consider symbols in the same coherence time altogether since they multiply
the same fading cocflicient, and writc the channel model in a vector form for derivation
convenience:

Y=hX+W
where Y, X. and W arc T' x 1 complex vectors. Each entry of X is a symbol in the
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coherence time.
With an average power constraint, F(|X|?) < P,,, the vector form of the channel

capacity over T' symbols is

C = sup //pY!X Y| X) I , Prx(VIX )dY % (X)dX.
PX(X) ( )
E(|X|?)<Pay

To obtain the capacity with other constraints, we only need to change the subject
function accordingly.

Since the channel exhibits strong correlation between symbols within a coherence
time, the transmitter can detect information carried not only by symbols’ amplitude,
but also by the relative difference between symbols. To express this rigorously, we
consider the vector of symbols in the same coherence time. The vector can be decom-
posed to be a unitary vector times a non-negative real number. The unitary vector
indicates the direction of the original vector, and the non-negative real number is the
vector’s Euclidean norm. We call the unitary vector the vector's “phase” and the
Euclidean norm its “amplitude”. Clearly, information can be carried not only in the
amplitude, but also in the phase.

In the following sections, we study the phasc distribution and the amplitude dis-

tribution of the optimal input in the Raylcigh block fading channcl.

2.4.2 Phase Distribution

According to [17], we can decouple the phase distribution and the amplitude distri-
bution when we consider the optimal input in the Rayleigh block fading channcl. The

following proposition gives the optimal phase distribution.

Proposition 2.7 (Marzetta and Hochwald [17]) The optimal distribution for Rayleigh
block fading channel should be a magnitude times an independent isotropically dis-
tributed phase. i.e. lhe input is

X =rd,
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where v is a non-negative real number, and ® is an independent isotropically dis-

tributed unitary vector.

Please see [17] for the proof. Proposition 2.7 is the single antenna case in their
result.

The received signal can be then written as
Y =hr® + W = VRO,

where R is a non-negative real number, and ®, is a T'x 1 complex unitary vector. Since
® is isotropically distributed, it is straightforward to show that ®, is also isotropically

distributed.

2.4.3 Amplitude Distribution

The mutual information between X and Y is calculated as
1(X;Y) = h(Y) = h(Y]X),

where h (Y|X) and 2 (Y) arc given in the following discussion.
h(Y|X): Conditional on X = [z, x5, - ,a:T]T, Y is jointly Gaussian distributed

with the density:

1
YIX)= ——o —yiy-ty 2.16
p( l ) ’/TTdet (E) GXD( ) ( )
where ¥ is the correlation matrix:
l$1|2+1 .I'l.’l,’}
3 =
2Ty . le|2 + 1

The entropy of multivariate complex Gaussian random variable is In(we)? det (X).

Hence, the conditional entropy is given by

AY|X) =In[(re)" det ()] . (2.17)
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h(Y): To obtain h (Y), it is much easier for us to use the polar coordinates.
Define R = |Y|* and r = | X].
Because ® is an isotropically distributed unitary vector independent with r, the

joint distribution of r and ®, p,¢(r, ®). can be written as

1

pra(r, @) = pr(r)’—a'- (2.18)

Moreover, since the input X is a function of r and ®, by the Change of Variables
Theorem, we have

pra(r, @) = rpx (X (r, ®)). (2.19)
Combining (2.18) and (2.19) gives us

1

X(r,®)) = p(r)—. 2.2
pr(X(r.9)) = p(r) (220
Since ®, are also isotropically distributed, we have
pRﬁ’y(Ra@y;p*X)
= pris,(R|®y: pX)pe, (P4 Pk)
= pr(RipX) - (2.21)
o,

where pgrjo, (R|®y; p%) = pr(R; p% ) due to the homogeneity of the output on direction.

By the Change of Variables Theorem, pr.s, (R, ®,:pX) can be expressed in the form

of py (Yipk):
* 1 *
pra, (B Py px) = 5y (Y (B, ) p). (2.22)
Thus, the equation
* * 2
py (Y(R, ®y);px) = pR(R§px)‘_|(I) l (2.23)
y

is obtained by combining (2.21) and (2.22).
By the Change of Variables Theorem, pg g, jne(R, @ylr. @) can be derived from
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])y|X(Y|X)I

1
Pra,re(R Byl @) = Spyix (V (R ®,)| X (r, ). (2.24)

Further, according to the Total Probability Theoremn and the definition of marginal

probability, we have

PR®, o (R, Pylr, @
prpr(RIT) = // ”"plcbl / )d<I>yd<I>. (2.25)

Hence, by using (2.20), (2.23), (2.24), and (2.25), the entropy of Y is

MY) = — / / pyix(Y1X) lnpy (V: pi)dY pi (X) dX

= —//per(er)lnpR(R;p})dRpr(r)dr+1n|-(1;—y|. (2.26)

After we obtain A (Y) and h (Y|X), we calculate I (X,Y). By substituting (2.17)

and (2.26) into (2.27), the mutual information is given by

1067) = [ |- [ omelRin) mpn(Ri iR

—In(1+ %) = In(we)T + In =L |© yl pi(r)dr. (2.27)

In (2.27), prpr(R|r) can be derived by using the fact that pgy,-(R|r) does not depend
on ®, which is obvious by (2.25). Asaresult, we can choose an input with an arbitrary

direction during the derivation of pgy(R|r).

We pick the input Xo = [r,0,- - .,()]T with & = [1,0,--- ,O]T, which give us

241 0
=
0 1
and
det (X)) =72 +1 (2.28)



in the conditional density (2.16). The inverse matrix of ¥ is

a0
o=
0 1

By substitution ¥ into (2.16), the probability of Y conditional on X is

. 1 |y1|2 2 2

The form of this joint distribution implies that {y;} are independently distributed

with densities:

X 1 1 |”
= —— —
P (il Xo) m(r2+1) xp ( r2+1/)’°

and
plulXo) = Zexp (—wl) (1 71).

By changing the variables, n; = |y;|°, the densities become

P = e o (g )

and

p(mlr) =exp (—m) (i#1).

. T . . . . .
Since R = >_;_; 7 is the sum of independent random variables, we can obtain its

characteristic function from the characteristic functions of {7;}, which are

1
- I—jw(r2+1)

o1 (w)

and

R
1= jw

bi (w)

(i #£1).

The characteristic function of pgp(R|r) is the product of the characteristic functions



of {n;}, given by
or (W) !
w) = .
a 1= jw (2 + 1)) (1 — jw)T !

Expanding the rational form of ¢ (w) gives

U1 Hi
= + ——
Pr (@) l—jw(r?+1) 1-jw
M2 Hr-1
b ey
(1 - jw)? (1—juw)™
where
1
Hr—1 = el
Hr—1 (7"2 + 1) re 4+ 1
Hr—2 = 2 A
pr—o (r*+1) (r*+1)
/‘LT~‘3 - 7'2 - 7'6 I
YGRS N (R )
H1= r2 T pAT-n
and

2 T-1
2 (r*+1)
vi=—p (¥ +1) = gty

After taking the inverse transform of ¢r (w), pg|, (R|7) is obtained:

I— Rz 1
pri- (Rlr) }: exp (—R)

I vy o R
xp [ — )
r? + 1 P re 41

(2.29)

(2.30)



Average Power Constraint

By substituting the mutual information obtained in (2.27) into (2.1), we get the KTC

for the average power limited Rayleigh block fading channel:

ka(r) = ~(r?—Pn)+C+ /pRIT(RIT) Inpr(R; pl)dR

L S
—

(b)

+ In(1+7%) +In(re)T — In @ > 0. (2.31)
Notice that, the average power constraint, F (r?) < P,,, imposed for the block
fading channel, is an power constraint on the vector X. It is the sccond moment
constraint for r = |X|. It is equivalent to an average power constraint on a single
symbol with the upper bound I—D}E Hence, results obtained for the first constraint
case are applicable for the second constraint case.
By using the KTC, we would be able to prove that the optimal input amplitude
distribution for the average power limited Rayleigh block fading channel is discrete
with a finite nunber of mass points.

First, we prove that, the optimal input amplitude distribution is bounded.

Lemma 2.4 With the average power constraint, E (r?) < P, and the time coher-
ence, T < oo, the optimal input amplitude distribution for Rayleigh block fading

channel has a bounded support.

Proof: Let’s assume the support R is not bounded, and later we will show that, the
result derived based on this assumption will violate the KTC.

Based on (2.30), pgjr (R|r) can be rewritten as

R
PRI (R|r) = exp (—712 n 1) fi(R. 7).
where _
L R PR "
Si(Ror) = () exp( r2+1>+r2+1'



Substitute p,’s and v into fi (R, 7):

szl r +1T 1 Ri-l R (r2+1)"7?
h (R 2T P\ Teg) T

T-2 (Iﬂ)l 2p 9 T-2
r , 1
= |1- E—O —i;Tl— exp (— L ) (" + 1) . (2.32)

r2+1 r2AT-1)

s

I ©

Notice that (¢) in (2.32) is the cumulative probability of a Poisson random vari-
able. By definition, the cumulative probability of the Poisson distribution, p, (i) =
o -exp (—v), is

It can be rewritten as

P,(t<k) = -Tl—/ “le~*dx
_ Tk
= S (2.33)

where T (k, v) is the upper incomplete gamma function given by I' (k,v) = [° 2% le~*dz.

By substituting (2.33) into (2.32), we obtain

— r’R
_ (TQ + 1)T ? = T-2 _ —=z

which, after change of the variable in the integral, becomes

7‘2

) — (rr+)" PP T2 2R
H(R,r)= T (T 1) /0 R 7z’ 7fe .

By using some real analysis arguments, it can be proven that, for any real number
v satistying 0 < ~ < 1, we can find a positive number b, such that for Vr > b,

! . IEETEN 7.2 ¥ 1 k e - . IR EVEION s -
the inequalities 5 > 3 > T hold. Based on the inequalities, fi (R,r) is lower
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bounded by

(T2+1)T—2 T T T- R
2T (T 1) J, R 7z TfeT

(? +1)" e RT! / =7
T Z.
r2T-D0 (T — 1) 0

f]_ (R 7')

(2.34)

Since we assume that the support R is not bounded, the following inequalities

must be true:
/ pr(r)dr > 0,
b
and
/ pri~(R|7)pr(r)dr > / prir(Rlr)pi(r)dr. (2.35)
0 b
Hence, for any 7 > b, the part denoted as (b) in (2.31) can be lower bounded as

o -

® = [ pwBim| / waMRnaw)p:(aI)daz] dR

per(er) In \/b exp (_azjj’ 1> fl (R az)p:(ar)da’m] ar

i
(\:\3‘%

> i R R -
pRIT(RIT) In Lexp <_bTﬁ - 12—) RT 1] dR + D3
P2+T v+ T)
= Err o thirel)

The first inequality is based on (2.35), and the second inequality is from (2.34). The

term D is given by

1 20 2 r-2
1
D3 =1In /2 wT_Qdcc/ 2((;%1;_ ) pr(az)da,
0 b Az rr-1

and the term o (r?) represents a function growing much more slowly than r*:

/ pa-(RIr) m RT R = o (r?) .
0

By substituting the lower bound we got for the part (b) in (2.31), we obtain a
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lower bound of k, (r) when r > b:

r2+T_'y(7"2+T)
b +1 2

ko(r) 2 4(r? = Pa) +C

+D5 + 0 (r*) +In(L + %) + In(re)” — In % (2.36)

In (2.36), D3 is a finite rcal number determined by p}(r). Hence, the right hand

side of (2.36) is of the order of (% — bgil) r? as 7 — oo. Recall that b is so picked
that J > b21+1. Thus, the lower bound diverges as 7 — oo. This lower bound becomes

active when the condition r > b holds (which is true as r — 00). Hence, k, (r) diverges
to infinity as » — oo, and k, (r) # 0 for large enough r. This implies the support of
the optimal input is bounded, contradicting the assumption that the support is not

bounded. =

Based on Lemma 2.4, we prove the main result of this scction:

Proposition 2.8 With the average power constraint, E (r?) < P,,, and the time
coherence, T' < oo, the optimal input amplitude distribution of a Rayleigh block fading

channel has a discrete support with a finite number of mass points.

Proof: To show the optimal distribution has a finite number of mass points, we use

a proof by contradiction.

Assume there are an infinite number of mass points in the distribution. Obviously,
continuous supports arc included in this case. Then by Lemma 2.4, the support is
bounded. We have an infinite number of mass points in a bounded interval. It is easy
to show that, out of these points, we can construct an infinite sequence with a limit.
Since k, () is analytic and equals to zero on the infinite sequence, according to the

Identity Theorem, k, (r) = 0 on the whole domain [0, co).
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By substituting (2.30) into (2.31) and letting &, (r) = 0, we attain

Tl T-1—1

(r*+ 1) . .
Z F(’L r2(T i) /R 1CXP(—R) hlpR(R;pT)dR

1=1

2+ R L
/ 2T P\ T Inpr(R;p;)dR (2.37)

2,

+ A(r* = Pu)+C+1In(l + TZ) + ln(vre)T 5

We define a new variable s:

Because r > 0, s is located in the interval (0, 1].

Substitute r* = 2 — 1 into (2.37):

_Z q /Ri_lexp(—R) Inpr(R; p;)dR
— 9
+/(1—_'1>—T_—16Xp(—38) Inpr(R;p;)dR

1 P
4+9(==1=P,,) +C —Ins +In(me)T —In 12—1" = 0. (2.38)
s

Move all terms on the left hand side of (2.38) to the right hand side except the second
term, and multiply (1—_5? on both sides:

/ exp (—Rs) In pr(R; p)dR

1— Tt (1_ T 1
y(-s) " (1=s) Ins

52 5
+£l___88)T__1_ [7(1 +P,)—C—In(me)T +1r lq;y|
Tl i |
+ ; CT() / RV exp (—R) Inpr(R; pr)dR. (2.39)

Notice that, on the right hand side of (2.39),

P,
A/<l + Pav) - - hl(ﬁ@)T +In %l



in the second term and

| R e (R pa(Rip)aR,

m the third term are constants. Thus, we can rearrange and write the RHS of (2.39)

as

RHS = —vs 2+4aps ' 4+a1+ass+---+ar_ 5772
1
+£“i +blns+byslns
s

4+ 4 bp8T 2 ns

where a; and b; are coefficients determined by the input distribution and channel
parameters. We can treat them as constants here because their values will not change
with s. In the follow derivation, we will only list the valuc of a coefficient whose value

matters in our proof.

The LHS of (2.39) is the Laplace transform of In pp(R; p*). We use inverse Laplace

transform on both sides:

npr(R;py) = aj+ai8(R) +apd™ (R) + - - + a7 672 (R)

. d
~yR+(~Cz ~InR) + b, = (In R)
2 -1

/ d / dr
+b2ﬁ (h’l R) +ee+ bT_lc—iﬁﬁ (hl R)

where C is Euler’s constant, a] and b, are constant coefficients. Taking exponential

on both sides yields:

l / / /
pr(Ripy) = I exp [ao + a6 (R) + %5(1) (R) +---

+alp_ 18T (R) — R — Cp
by b by

tEt ot
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where b are constants, and the value of 0 _; is
1
71 =0T —1).

Now, we calculate f01+ pr(R;pt)dR. We don’t need to consider § (R), ... , 672 (R)

in the exponent of pgr(R; p}). because they are only nonzero at £ = 0. In the rest of

11
br_,
RT-1

terms, will dominate other terms when R — 0%. Since b7, > 0 and

f01+ pr(R; pr)dR diverges.
We have

oc 1
/ pr(R;pr)dR > / pr(R;pl)dR = .
0 0

"

This conflicts with the fact that pr(R;p}) is a probability density.

Hence, the assumption that there arc an infinite number of mass points in the
bounded support is not true. The only possible structure for the support is discrete
with a finite number of mass points. m

Note that, in the proof of the proposition, we assume the coherence time T' <
oo. Otherwise, if T" = oo, the fading coefficients can be estimated precisely from
previous transmissions, and both the transmitter and the receiver have the channel
state information. Then the optimal input would be Gaussian distribution, the same

as that in the average power limited AWGN channel.

Peak Power Constraint

Pcak power constraints for a Rayleigh block fading channel could be imposed because
of a maximum amplitude limit for each symbol or a maximum norm limit for cach
symbol vector. The former limit is commonly used because transmitters and receivers
have physical limits on the maximum amplitude they can handle. The latter limit
makes sense when the transmitter does joint power detection over a coherence time

and the power combiner has a maximuwn limit. In the first peak power it case, the
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optimal input phase distribution is no longer isotropic, and we do not have a tractable
KTC. Hence, in the following discussion, we will use the second peak power limit.
Although the peak power constraint on a vector of symbols is not as common as the
peak power constraint on a symbol, it is still valuable for study becausc it provides

us insights into transmissions in a channel imposed a limit on symbols’ amplitude.

By substituting the mutual information obtained in (2.27) into (2.2), we get the
KTC for the peak power limited Rayleigh block fading channel:

kp(r) = C’+/pR|T(R|7")InpR(R;p:)dR

+ In(1+7%) +In(we)’ —In % > 0. (2.40)

Since there exists a peak power constraint, the amplitude is bounded. We prove the

following proposition:

Proposition 2.9 With a peak power constraint, r*> < Py, the capacity-achieving
input density of a Rayleigh block fading channel has a discrete support with a finite

number of mass points.

Proof: To show the optimal distribution has a finite number of mass points, we use

a proof by contradiction.

Assume there are an infinite number of mass points in the distribution. Clearly,
continuous supports are included in this case. Owing to the peak power constraint,
the support is bounded. We have an infinite number of mass points in a bounded
interval. From these mass points, we can construct an infinite sequence with a limit.
Since k, (r) is analytic and equals to zero on the infinite sequence, according to the

Identity Theorem, k, (7) = 0 on the whole domain |0, co).
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By substituting (2.30) into (2.40) and letting k, (r) = 0, we obtain

T-1 T 14
_ Z TQ(T / Lexp (—=R)Inpr(R;p2)dR
i==1
(7 +l
/ Ty 1) exp Inpgr(R;pr)dR (2.41)
<I>
+ C+In(l+7%) +In(re)” — ' i = 0.
We define a new variable s:
1
TR +1
Because r > 0, s is located in the interval (0, 1].
Substituting 7* = % — 1 into (2.41), rearranging the terms, taking an inverse

Laplace transform, and doing an exponentiation, we obtain:

pr(It ;) =

1

7 XP [co + 16 (R) + 8V (R) + -+ cr 16T D (R)
dl d2 dT—l

Cpt ottt oy

where ¢; and d; are constants, and
dr1 =T(T—-1).

Now, we calculate fol+ pr(R;p¥)dR. We do not need to consider § (R), ...
5T-2 (R) in the exponent of pp(R;pr). because they arc only nonzero at R = 0.
In the rest of terms, % will dominate other terms when B — 07. Since dp_; > 0

and

llo ! dR = oo,
or R Xp RT-1

f01+ pr(R; pl)dR diverges.
We have
o 1
/ pr(R;pl)dR > / pr(R; pr)dR = 0.
0 0

+
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This conflicts with the fact that pgr(R;p;) is a probability density. Hence, the
assumption that there are an infinite number of mass points is not true. The only
possible structure for the optimal input amplitude is discrete with a finite number of
mass points. |

For Raylcigh block fading channels with with an average power constraint E (r?) <
P,, and a peak power r < \/—Pp—k , we can also prove the optimal input amplitude
distribution is discrete with a finite number of mass points. The proof is similar to
that of the average power constraint case.

By substituting the mutual information obtained in (2.27) into (2.3), we get the
KTC for the average power and peak power limited Rayleigh block fading channel:

kap(r) = (% — Pa) +C + / prp(RIr) Inpr(R; p?)dR

. P
+ In(1+7?) + In(re)” ~1n '—QLI > 0.
By assuming that the support has an infinite number of mass points, we construct
a contradiction. Thus, the only possible structure for the optimal input amplitude is

discrete with a finite number of mass points.

2.5 Conclusions

We have considered the capacity-achieving distributions of memoryless Rician fading
channels and Rayleigh block fading channels. We have shown that, subject to an
average power constraint, the optimal input amplitude distribution for Rician fading
channels is discrete with a finite number of mass points in the low SNR regime. For
memoryless Rician fading channcls subject to a peak power constraint, or Rayleigh
block fading channels subject to average power and peak power constraints, the op-
timal input amplitude distribution is discrete with a finite number of mass points.
Moreover. for peak power limited channels, we provides a sufficient condition for the
optimal input amplitude distribution to be discrete with a finite number of mass

points.  According to this rule, most channels subject to a peak power constramt
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have discrete and finite optimal input amplitude distributions.

Our results, altogether with the results in [10 12,15]. lead to the conclusion that
the continuity of the optimal distribution for AWGN channel is in fact a very special
casc. For practical wircless communications, the assumption that the channel has no
fading and the signal have no peak power constraint is unrealistic. Thus, searching
constellations with discrete and finite amplitude levels can actually lead to optimal
solutions. In particular, combined with Gallager’s result [19], our results show that
the binary input distribution is optimal in the low SNR regime.

These results provide basis for two research areas: optimal input distribution
searching and optimal signaling scheme designing. The discrete and finite character-
istic of optimal input distributions makes numerical algorithm a possible candidate
for optimal input searching. Also, knowledge on the optimal input distribution helps
us in designing capacity-achicving signaling schemes. For example, for a wideband
channel, degrees of freedom (2WT) is very large and cnergy per degree of freedom is
very small (the degrec of frecdom of a channel is determined by how many samples
we can obtain according to the Nyquest Sampling Theorem). By the results provided
in this chapter, we know that the binary input distribution is optimal, which leads
to on-off signaling on each sample (degree of freedom).

In the next chapter, we propose a family of capacity-achieving schemes in which

binary amplitude distribution is used for each sample.
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Chapter 3

Multi-tone Frequency-Shift Keying

3.1 Introduction

The study of communication in wideband fading channels dates back to the 1960’s.
In [1], Kennedy has shown that, for a given average received power, the capacity of
a Rayleigh fading channel has the same limit as that of an additive white Gaussian
noise channel as the bandwidth approaches infinity. Telatar and Tse [5] generalized
this result and showed that Shannon’s wideband capacity limit [2] is indeed achievable

with any distribution of the channel fading cocthcicnts.

A signaling scheme used in [4, §8.6] and [5] to achieve the capacity of fading chan-
nels at the infinite bandwidth limit, is a special impulsive, or “flash”, FSK scheme,
which transmits FSK signals with a low duty cycle and a high pcak power. The flash
FSK signaling does not spreads the signal energy cvenly over the available bandwidth.
Instead, its signal energy is peaky both in time and frequency. Because each symbol
in the scheme has only one frequency, we call the scheme Single-tone FSK, compared

to the Multi-tone FSK scheme that we will discuss later.

In [21], Verdd has shown that, in order to achieve the capacity of a wideband
non-coherent fading channel. signaling must be peaky. In particular, let us consider,

as in [21], the Taylor scries expansion of capacity at vanishing signal-to-noise ratio
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per degree of freedom, corresponding to the wideband scenarios,
C'(SNR) = C(0)SNR + C(0)SNR? 4 o( SNR?),

where SNR is the SNR per degree of freedom, C'(0) and C(0) are the first and the
second derivatives of the function SNR — C(SNR) at SNR = 0. For a general class
of channels, when CSI is not available at the receiver, flash signals are necessary in
order to achieve the first order optimality, C(0)SNR = SNR, which is the Shannon’s

wideband limit for coherent channels.

A number of flash signaling schemes are first order optimal. They achieve es-
sentially the same capacity limit as the bandwidth approaches infinity. However, if
one is interested in the performance at a large but finite bandwidth, it is not clear
whether or not the above asymptotic analysis provides a close approximation. In fact,

different signaling schemes may have different constraints at a finite bandwidth.

For Single-tone FSK, the data rate at a finite bandwidth, or equivalently as the
SNR per degree of freedom increases from 0, is quickly limited by In M (nats/symbol),
where M is the size of alphabet, i.e., the number of total frequency points. Some re-
sults concerning the practicality of Single-tone FSK in finite bandwidths are even
more discouraging. From a pcak power perspective, Lun et al. [27] [28] have shown
that codeword error probability of the Single-tone FSK scheme decreases roughly in-
versely with bandwidth, leading to the need for very high peak power toncs for a
small codeword error probability or very large bandwidth. From a capacity perspec-
tive, Verdi [21] has shown that, for flash schemes, the second derivative in the Taylor
series expansion of capacity goes to —oo as SNR — 0, so that the wideband capacity

limit is approached extremely slowly as the bandwidth increases.

The Multi-tone FSK scheme discussed in this chapter can achicve the infinite
bandwidth capacity limit, and more importantly, it provides flexibility on spectral
efficiency such that the achievable data rate region for Multi-tone FSK is broader
than that for Single-tone FSK. For the same bandwidth, the number of symbols in

Multi-tone FSK is more than that in the Single-tone FSK scheme. Thus, at a finite
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bandwidth, Multi-tone FSK can do better if the data rate 1s mainly limited by the
size of alphabet.

Multi-tone FSK signaling schenes include Single-tone FSK as a special case. and
the results derived for Multi-tone FSK are more generalized than those for Single-tonce
FSK. We characterize the performance of Multi-tone FSK at both the wideband limit

and a finite bandwidth.

e We generalize the results of [29] to derive an upper bound and a lower bound of
the codeword error probability for Multi-tone FSK. These two bounds lead to
the error exponent of Multi-tone FSK, which depicts the effect of bandwidth,

data rate, number of tones, and duty cycle of the scheme on the error probability.

e We present analytical performance evaluation and numerical results to show
that simple Single- and Multi-tone FSK schemes with hard decision can yield
rates approaching closely the wideband capacity limit at large but finite band-
widths, although we know that attaining rates arbitrarily close to capacity re-

mains clusive.

The capacity of certain FSK schemes has been studicd in other contexts. In [30],
Stark determined the capacity of FSK schemes under non-selective Rician fading with
receiver side information. In [31], non-coherent FSK was considered for Rayleigh
fading channels with erasures. We consider instead an FSK scheme with duty cycle.
The channel model we used is a frequency selective block fading model with no CSI.

This chapter is organized as follows: In Section 3.2, we introduce our channel
model and the Multi-tone FSK scheme, calculate the bounds of error probability,
and derive the capacity limit and the error exponent for Multi-tone FSK. Finally,
we present numerical results to show the performance of single- and Multi-tonc FSK
at finite bandwidths. In Section 3.3, we introduce the Multi-tone FSK scheme with
receiver diversity, calculate the bounds of error probability, and derive the capacity
limit and the error exponent. In Section 3.4, we discuss Multi-tone FSK's bandwidth

occupancy and its multiple access ability. Section 3.5 contains our conclusions.
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3.2 Multi-tone Frequency-Shift Keying

3.2.1 Concept

In FSK systems, different symbols are represented by sinusoid waveforms tuned to
different specific frequencies. For the Multi-tone FSK scheme, we use different com-
binations of multiple frequencies as symbols. For example, from a pool of M tones,
i.e., M mutually orthogonal frequencies over a symbol time, we can use different
combinations of @) tones to represent different symbols. We fix the number @ of
concurrent tones that form a symbol. The scheme using @ tones is called the Q-tone
FSK scheme. Particularly, when @ equals to 1, the scheme is Single-tone FSK, the
flash FSK scheme used in [5] and [27].

In the Multi-tone FSK scheme, transmissions take place in a low duty cycle fash-
ion. The transmitter concentrates power over a fraction 8 (0 < 6 < 1) of time, and
transmits on predetermined symbol slots. We refer to 8 as the duty cycle. The main
reason for using a low duty cycle is that transmissions with insufficient power over
tading environments are not desirable, and that the channcls we consider are power-
limited with respect to the number of degrecs of frcedom. Therefore, we purposedly
usc a low proportion of the degrees of freedom for transmission, leading to a low duty
cycle. A repetition code of length N (N > 1) is employed, i.c., cach symbol will be
repeated N times.

At the receiver side, we use a non-coherent receiver to demodulate and decode
Multi-tone FSK signals. The receiver employs a bank of matched filters with their
central frequencies tuned to each of the M tones, respectively. The output of each
matched filter is the corrclation of its tuned frequency against the received Multi-
tonc FSK signal. Since the M tones are mutually orthogonal over a symbol time,
the output of a matched filter is proportional to the amplitude of the associated
tone. Thus, we can view the M tones as M frequency-division subchannels. For each
subchannel, the time average of received power over the N consecutive symbol slots
is obtained to compare with a threshold. Tf exactly @ tones exceed the threshold,

then the corresponding symbol is decoded; otherwise, the receiver declares an crror.
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Note that, we do not seek an optimal detection/decoding rule here, which may
lead to a better performance but more elusive analysis. Our goal is to provide a
feasible scheme with first order optimality, which achieves capacity in the wideband

regime.

3.2.2 Mathematical Model
Consider a multipath fading channel with input z(¢). The output y(¢) is given by

L
y(t) = D)zt — di(t)) + 2(1), (3.1)
=1
where L is the total number of paths, the random processes o;(t) and d;(t) arc the
gain and the delay of the Ith path, and z(¢) is complex white Gaussian noise with
power spectral density Ny, /2.

Wireless channels change both in time and frequency. The time coherence, 7.,
shows us how quickly the channel changes in time, and, similarly, the frequency
coherence, F,, shows how quickly it changes in frequency. The selective fading in fre-
quency is caused by the different delays of path. The frequency coherence is reciprocal
to the multipath spread, £. The major effect in determining time coherence is the
Doppler shift, D, which causes significant changes in channel gain. The relationship
between the time coherence and the Doppler shift is reciprocal.

Assuming that the multipath spread £ is much less than the time coherence 7.
(an under-spread channel), and the gain and the delay of a path are constant within
each coherence block and change independently from block to block (block-fading),
we obtain a frequency-sclective block fading channel model (see Figure 3-1).

If two symbols are transmitted within the same square, they have the same fading
coefficient; otherwise, they experience independent fading.

For ()-tone FSK, since there are (‘\Q[) possible ()-tone combinations from M tones,
the number of total symbols is (g) We let S denote the complete set of symbols,
and S, a symbol in the set, i.e., S,, € S. That the kth tone is non-zero in a symbol

S, is denoted as k € S,,.
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\4?_* ) ’t

Figure 3-1: Block fading channel demonstrated in a frequency-time plane

Assume the symbol time is 7, which satisfies £ <« T, < 7. (this is possible

because of the underspread assumption). To send a symbol Sy, z(t) is given by

z(t) = Y exp(2nfit), 0st<T (3.2)

kESm
where j =v/—1 and {fi} are M frequencies orthogonal over [£,T;]. Let T; denote
T, — L. For a system bandwidth W, there exist M = WT] frequencies mutually

orthogonal over [£,T;| which are integer multiples of 1,/T5.

Let us consider the channel output over the interval [£,Ts]). Owing to the block
fading channel assumption, the gains {a;x(t)} and the delays {dy x(t)} are constant
during this interval, denoted as a; x and d;x, where the subscripts, [ and k, are the
indices of path and tone, respectively. Hence, by (3.1), the received signal over [L, T

18

L
y(t)y = Y > apexp(y2m filt = di)) + 2(t)

k€Sm =1
P y - —_
= Y guy| mpepliznfit) +2(8). LtsTs (3.3)
kESm QB
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where P denotes the average received signal power, and g the aggregated channel
gains for each tone,

L

Qo :
Gk — _S_ Qlk 'FCXP(—JQWfkdz.k>~

=1
We assume that the number of paths is very large and there is no dominant path.
Based on this assumption, g are zero-mean complex Gaussian random variables
according to the Central Limit Theorem. Their variances have been normalized, i.e.,

El|gx|?] = 1, by putting the average received power term alone in (3.3).

Figure 3-2: Matched filters used to demodulate Multi-tone FSK symbols

At the receiver, the matched filter (Figure 3-2) tuned to the kth tone outputs

T
\/]_\1/7 /C exp(—727 fut)y (). (3.4)
0+

After manipulation, we obtain yy,

Yr =

PT!
Gk Q(;[\SIO + Wy, k¢ 87717

Yk = (3.5)
Wy, otherwise;

where the wy, given by

1
VT

8

Wy =—

Ts
/ exp(—j2n fit)z(t)dt,
c
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are mutually independent zero-mean complex Gaussian random variables with unity
variance, because they are obtained by correlating white noise against orthogonal fre-
quencies. With no requirement of phase information, the scheme is noncoherent. The

phasc error has already been considered in the calculation of the fading coefficients

{9k}

According to (3.5), an equivalent channel can be obtained for the kth subchannel:

Yk = GrTk + Wk,
where the inputs xy are given by

PT!
i
QONy k € S’rns
{Ek =

0, otherwise.

As gr and wy are independent zero-mean complex Gaussian random variables, the

equivalent channel is a Rayleigh fading channel.

For the Rayleigh channel, the transition probability between input z, and suffi-

cient statistic 7 = |yi|” is

1

e LI (3.6)

Prifay (r]2) =

We sample the outputs of matched filters and thus obtain samples by subchannel
for each FSK symbol. To distinguish samples at different time slots, we use one
more subscript n (1 < n < N) to index the N iterations. The symbols, zj n, Yk,
Tk Gkne and Wy, stand respectively for the input, ontput, sufficient statistic, fading
coeflicient, and additive noise of the kth subchannel at symbol slot . Owing to the low
duty cycle, successive symbols are far apart in time (see Figure 3-1). We thus assume
different symbols experience independent fading. i.e.. the gains g, (1 <n < N) are

independent, identically distributed (1.i.d.).
The decision variables obtained at the receiver are the averages of ry ,, over the N
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iterations, denoted as Sk,
N
1
S/: = N Zl Tkn- (57)
n—=

By substitution, we rewrite Si as

2
S _]%f Ef:/:l lgk,n 6%% + Wen| ke Sm, (3 8)
k= ’
7{7 22:1 lwk,n|2 ; otherwise,

which in cither casc are x? random variables with 2V degrees of freedom.

Since the average reccived power of the non-zero tones and the zero tones are

éZé@ + 1 and 1 respectively, we select the threshold A to be
PT!
A:1+(1_6)Q91\S70’ (3.9)

where € is chosen over (0,1). If there are exact @ of {Si} exceed the threshold, the

corresponding S, is decoded; otherwise, the receiver declares an error.

Since the scheme transmits In (g ) nats of information in N7, 76 seconds, the data

rate R is given by

6 M

The value of @) is chosen from the integers satistying Q@ < M 72, because, for any
integer () greater than M 2, we can find an integer M — @ which leads to the same
number of total symbols and a higher peak power per tone. In Multi-tone FSK, we

pick the value of Q) to be much smaller than M /2.

3.2.3 Error Performance Analysis

As we know, an error occurs if Sy > A for k ¢ S, (called type I error), or Sp < A
for k € S, (called type II error). Let Ey be the event that an error occurs at the kth
tone. For notational convenience, we define

Pe.1 £ Pr (Ek) for k ¢ Sms
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and

Pen = Pr(Ey) for ke S,

We will use the same techniques used in [27] and [28] to derive upper bounds and

lower bounds of p.; and p, 2, denoted as pg‘l), pgug pgl)l and pil)Z

Derivation of pguf
To get the upper bound pguf we use the Chernoff bound

Peq = Pr(NSy> NA)

< inf E [V N4]  (Chernoff bound)

e NEA), (3.11)

where s € [0,1] and ® (A) is given by

1
$(A) = sup [SA - N]n (B [eSNS"D] : (3.12)
Further simplifying ®(A), we obtain
1 N 2

— N 83 et Wk ml ‘ ‘
P(A) = sup [SA N In (E [e D} (3.13)
= sup[sA+1In(l — s)] (3.14)
= A—l—lnA, (315)

where (3.13) is obtained by substituting the value of Sy into (3.12); (3.14) is based

on the fact that |wy ,|? are independent, exponentially distributed, and the moment

N

gencrating function of 77,

(A—1) /A, We have

lwinl? is (1—s)™"; (3.15) is derived by picking s =

piul) =cxp(—N(A-1-1nA)]. (3.16)

Note that. A —1 —1InA > 0 because A > 1. The upper bound pf,f‘l) decreases to zero

as N grows.
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Derivation of pf_,“2)
We use the Chernoff bound again to get pfa“Q) . We have

Pe2 = Pr (NS/C S NA)

< infE [eS(NS’“_NA)] (Chernoff bound)

s< ()
— e NeAY, (3.17)
where
A
A = —57 (3.18)
L+ QONg

The derivation of (3.17) is as follows,

inf & [eS(NS’“_NA)}
s<0

= i1<1£ exp [—SNA +1In (E l:eSZ;w1 rkn] )} (3.19)

= iggoxp (—N {SA +In (1 - [1 + 50/3\}30} S)D (3.20)
= exp[-N (A —1—1n4") (3.21)

b

where (3.19) is obtained by substituting the value of Sy and rearranging; (3.20) is due
to the fact that ry ,, are independent, exponentially distributed, and £ [exp (s 22’21 Tkvn)}
is the moment generating function of Y~ 7 .: (3.21) is the result of optimizing

(3.20) over s. We have

P =exp[-N(A'—1—1nA"). (3.22)

Since A’ € (0,1) and A" — 1 —In A" > 0. the upper bound pi?;) decreases to zero as

N — o0.
. !
Derivation of pg)l

Since Sy, are x? random variables with 2V degrees of freedom, we can use the result

in {32, §2.1.4] to evaluate the cumulative distribution functions. The probability p.
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18

it
o
%=
o]

[
=
=

(3.23)

by dircctly applying the formula in [32, §2.1.4]. Since (NA)* k! is positive for all k

’

we have Vot . Nt
> WA, WA (3.24)
k! (N -1’
k=0
which leads to Noi
NA ™
Pe1 = exp |[=NA+1In <ﬁ)j| (3.25)

by using (324) in (323) App]ying Stirlingvs apprOXimatiom
VIRNNYe(-Nmtan) < N1 < VarNNYe(-N+ii),

we obtain
p = exp(=N[4A—1-InA+o (N)]), (3.26)

where 01 (N) is a vanishing term as /N increases, given by

1

1
o1 (N) = N In (27 N A?) + SNE" (3.27)
The lower bound pg)l decreases to zero as N — oo.
e !
Derivation of pi%
For the probability p. o, we have
N 2
P'T,
Pe2 = Pr Gkn : + Wkn < NA
2 ooy 7+
(VAN
= oxp(—~NA) Z ( k") : (3.28)

k=N
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Since the inequality

i (N;!x')k N (NANY (3.20)

NI

holds as (NA’)k/k! is positive for all k, we can bound p.o. by applying (3.29) to

(3.28),
Pe2 2 €XP (—NA’ +In {(—%D : (3.30)

Using Stirling’s approximation, we obtain

pl) = exp[=N (A =1~ In A + 0, (N))], (3.31)
where
(N) = - In(27N) + — (3.32)
o2 T g N e 12N? -

is a diminishing term as N increases. The lower bound Pi)z decreases to zero as

N — oo.

Observe that, the difference between pi”l) and pg)l is a vanishing term in the co-
efficient of N. Therefore, these two bounds decrease in the same order as N — .

! :
For the same reason, pi“z) and pg)Q also decrease in the samc order as NV — oo.

We represent pile)./ piuz) pg)l and pgl)z as functions of N. In fact, for any given

data rate, N is dircctly related to M, the number of total tones, according to (3.10).
The value of N is monotonically increasing with M. In the following discussion, we
will frequently substitute N with M by using (3.10) to show the effcct of M on the
scheme’s performance. In particular, we are interested in writing the probability of
error as a function of M. This way, we can characterize how the infinite bandwidth
limit is approached as M tends to infinity, and hence obtain the insights on how to

design the optimal signaling at a finite but large bandwidth.
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3.2.4 Upper Bound on Codeword Error Probability

Using the union bound, the codeword error probability is upper bounded by

Pe S (A[ - Q) Pen + Qpa,?- (333)

Since all symbols have the identical union bound, we need not to average the bound

all over the symbol set.

Noticing that the inequality

is always true for M > @, we have

M\V@
(M_Q>pe,l S Q( > DPe,1

M L/Q Y
<o) A (3:34)

Denote the upper bound of (M — Q) p.; in (3.34) as piug) . By substituting the
expressions of p(“) A, and N into (3.34), we obtain

el

(w) _ . B M (1—¢) PT! B }_
Pesn = Q“"p( m(@) [ ONoRT, O

6 (1—¢) PT’
“RL ™ (1 o, )D |

On the other hand, an upper bound of Qp., is given by ng‘g), denoted as p

Substituting A" and N into pff? we have the expression of psgm,

{u)
e,Sm*

M
9 oo O () [ —ePT!
e.Sm RTS QQNO + PTSI

ePT!
—In(1 - —s ,
QON, + PT!
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Thus, we can write an upper bound of the codeword error probability as

pe <09+l (3.35)
This upper bound holds for any ¢ € (0,1). Since our goal is to derive an upper
bound, picking any specific ¢ will serve this purpose. Instead of the optimal value of
€ minimizing the sum, we pick a value simplifying our analysis. Yet, as we can see
later, the corresponding upper bound is tight in the wideband regime.

(u)

Notice that piug) strictly increases with e, while p, 5 . on the contrary, strictly

decreases. We choose the value of € letting these two bounds equal, which is

. _ QONo+ P [1 _ RNT,

PT! PT)
QON, PT!
o1+ gaan )| (3.36)

To keep €* € (0, 1), the data rate iR must in the range

PT' Q6 PT!
0<R s 22 s ). :
R (1 + Q()No) (3.37)

With (3.37) holds, by substituting €* into M p(u)m, we obtain an upper bound

e,Sm €,

of the error probability

M
Pe < 2Q oxp (—ln (

Q)E,(M Q. T, R,Q)) , (3.38)

where

E.(M.Q.T, R,0) =

=T (3—1—-1Inp). (3.39)

and

NoTs  QON, PT!
o RNT G Oln<1+ ) (3.40)

=P T PT GON,

By examining (3.40), we conclude that 3 > 0 for any feasible choice of (M, Q, T, R. 8).

. PT, ¢ :
On the other hand, becausc the data rate should satisfy R < N for reliable commu-
4 8

nications according to (3.37). and the duty cycle 8 decreases to zero with increasing
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bandwidth as we suggest, we have 3 < 1 in the wideband regime.

3.2.5 Lower Bound on Codeword Error Probability

The codeword crror probability could be lower bounded by

IV
(]
3

— Y Pr(E.NE))

k=1 k#37
> (M- Q)p% + Qo) — (M — Q) Qpl)pt)

M ’U.2 u
(M5 - () 41

Recall that, pgul) p((;g pg)l and pg)z arc all decrcasing functions of N. (M — Q) pg)l

Pe

and (M — Q)p 1) decrcase with NV in the samc order, and so do Qp(l) and Qpe YOIt
(M — Q)pe 1 decrease faster than Qpez in N, then the lower bound (3.41) is of the

order of Qpe 5, and all other four terms are dominated. Otherwise, the lower bound

has the order of (M — Q) p(, - That is,

Pe > Mmax ((M Q)pe 1,Qp(l)) ) (3.42)

As N approaches infinity. the coefficient of NV in the exponent of (M — @) pg)l is

given by
(M- Q)plY]
A N
_ lnpfz)1 In (g)
_npl}  RT,
S AN g (3.44)
RT.
= 3 3.45
To obtain (3.43), we used
(M -Q) . (g)
LN T M o



where @ is predetermined, and, for a given data rate, M increases with /V according
to (3.10).

As N approaches infinity. the coefficient of N in the exponent of ng,)z is given by

In (Qpl)
N

= —A+1+mnA. (3.46)

The values of (3.45) and (3.46) are both negative. The value of (3.45) strictly
increases with €. Therefore, the larger € is, the slower (M — Q) pg)l decreases with V.
The value of (3.46), on the contrary, strictly decreases with e. The larger € is, the
faster ng,)z decreases with N. Thus, the lower bound (3.42) depends on the value of
¢ picked.

If we pick the value ¢* given by (3.36), then the values of (3.45) and (3.46) are
equal, which let (M — @) p§f>1 and ngz decrease with NV in the same order. Other
values of € will let one of these two terms decrease more slowly. Since (3.42) is
determined by the larger term of (M — Q) pg)l and Qpig, the value of € other than €*
will lift the lower bound upwards. Conscequently, by picking ¢*, we get a lower bound

for p. in the wideband regime for all € € (0, 1),

M

Pe = Qexp (—ln (Q

)ET(M, Q.T,, R, 9)) , (3.47)

where E.(M,Q,Ts, R, 0) was given by (3.39).

3.2.6 Capacity-Achieving Property

In [5], Telatar and Tse have proven that, in multipath fading channels, Single-tone

FSK can achieve the capacity of an AWGN channel with the same average received
power at the wideband limit. We now prove that Multi-tone FSK has the same

capacity-achieving property in the wideband limit.
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Proposition 3.1 Multi-tone FSK can achieve any data rates that satisfy

L\ P

with an arbitrarily small probability of error over a multipath fading channel with

average power constraint P, by using large enough bandwidth.

Proof:
Since the inequality 8—1 > In Fholds for all 5 € [0, 1), we have E.(M,Q,T,, R,6) >

0 in (3.39). As a result, the upper bound (3.38) decreases to zcro when M increases
to infinity, as long as (3.37) holds. That is, for the data rates in the range defined
by (3.37), we can use Multi-tone FSK to transmit data with arbitrarily small error
probability by using bandwidth large enough.

The data rate R can get arbitrarily close to ]C;—TT;S, ie., (1 — T%) —1%, by letting ¢
decrease to zero as the bandwidth increases to infinity. Hence, as long as the data
rate satisfies (3.48), the Multi-tone FSK scheme can achieve arbitrarily small error
probability by picking bandwidth large enough. =

Recalling that the channel is assumed to be underspread and £ < T,, we con-
clude that the capacity of Multi-tone FSK approaches Shannon’s infinite bandwidth
capacity limit Nﬁo

In the proof, we let § decrease to zero as the bandwidth increases. However, 6
must decrease more slowly than 1,/ In (g) as M increases. Otherwise, by substituting
(3.39) into (3.38), we can verify that (3.38) will not decrease with M. Intuitively, it
is because decreasing 8 will reduce the information rate. To counteract this effect, we
need to increase the information bits per symbol, i.c., increase In (g ) If 6 decreases
too fast with M, the achievable data rate will be compromised.

At a particular finite but large bandwidth, the capacity of the Multi-tone FSK
schemes with different @) may vary. In such cases, considering the whole family of

the Multi-tone FSK schemes, inclnding Single-tone FSK. has the benefit of more

flexibility in the tradeoff between the spectrum efficiency and the energy efficiency.
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3.2.7 Error Exponent

In [27] and [28], Lun et al. discussed the error exponent for Single-tone FSK. We will

discuss the error exponent of Multi-tone FSK in this subsection.

The merit of the study of the error exponents for these schemes is, as will become
clear later on, a characterization of how the error performance is affected by the

channel parameters including the SNR, rate, duty cycle, bandwidth, and Q.

Proposition 3.2 As bandwidth increases to infinity, Multi-tone FSK has the follow-

ing relation between the error probability p. and the total number of symbol (‘g) :

. —Inp.
Jim o E.(M,Q.,T,, R.9), (3.49)
where E.(M,Q, T, R, 0) is defined in (3.59).
Proof: According to (3.47), we have
. —Inpe
< . .
N%linoo ™ (g) < E.(M,Q,Ts, R, 6) (3.50)
The reverse inequality follows from (3.38),
) In p.
: > [ ar
Al{linm ™ (M) > FE.(M,Q,Ts,R,0). (3.51)

= |4

Combining the inequalities (3.50) and (3.51), we obtain (3.49), thus completing the
proof. =

Therefore, E.(M,Q,T,, R.0) represents the true exponential dependence of the
error probability on In (AQ[) for M sufficiently large. We call E.(M,Q,T;, R, 0) the

error exponent of Multi-tone FSK which is analogous to the treatment of random

block coding over diserete memoryless channels by Gallager [4, §5.8].
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3.2.8 Numerical Results

In the previous sections, we have studied achievable rates and error probabilities of
Multi-tone FSK. We now proceed to evaluate the capacity of Multi-tone FSK schemes
with a simple hard-decision receiver for particular parameter choices. We show that,
even with finite bandwidth, our scheme yields achievable rates that are for practical
purposes very close to the wideband capacity limit.

Recall that, there are (g]) possible symbols in a @-tone FSK scheme. We can
use an equivalent discrete memoryless channel (DMC) with (g) inputs and (1(\,2[)
outputs for capacity calculation. Owing to the symmetry of the DMC, the capacity-
achieving input for the DMC is uniformly distributed. If we can obtain the transition
probabilities between the input and the output, we can directly calculate the capacity.
The transition probabilities depend on the detection rule, and arc, for most of the
cases, intractable. We restrict ourselves to the Single-tone case and the Two-tone
case using a symbol-by-symbol detection scheme based on the maximum-a-posteriori
(MAP) rule.

The symbol-by-symbol decision is optimal from a symbol detection point of view,
since the channel is memoryless, but may not be optimal from a codeword decoding
point of view. In effect, we are considering a simple hard-decision decoder instead
of a soft-decision decoder. Hard-decision decoders have information loss during the
symbol-by-symbol detection, while soft-decision decoders use these information to
decode symbols jointly. Our results show that, even with a simple hard-decision
receiver, Multi-tone FSK yields achievable rates very close to the wideband capacity
limit.

As we know, the capacity C' of a fading channel is bounded by the AWGN capacity,

< W1 1 .
¢= “( ‘LNOW)/

where W is the bandwidth of the system. We call this bound the power-limited
bound, because the capacity of Multi-tone FSK is tightly bounded by this bound in

the power-himited regime.
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Another upper bound is derived from the DMC model. Because the entropy per

M

Q). the achievable data rate is bounded by

1 M
< — .
=7 1“(@)

This bound is tight when the system has a “less than enough” bandwidth. We denote

input symbol is In (

this bound as the bandwidth-limited bound.

First, we consider a Single-tone FSK scheme and a Two-tone FSK scheme with
the same bandwidth constraint. We compare their performance in terms of capacity
versus signal-to-noise ratio. We assume the symbol time, Ty = 10us, the multipath
spread, £ = 1us, and the system bandwidth, W = 1M Hz. The SNR (NDLW) ranges

from 1072 to 10°. We plot the capacity curves and the upper bounds in Figure 3-3.

8 Bandwidth-limited bound for two-tone FSK
103 Bandwidth-limited bound for single-tone FSK
)
@
% g Capacity for two-tone FSK
§ 10" Capacity for single-tone FSK
z
15
e
o]
=
a
0 Power-limited bound

SNR

Figure 3-3: The capacity of Single-tone FSK and Two-tone FSK for T, = 10us,
L=1us,and W =1MHz.

We can make the following observations from Figure 3-3:

e The capacity of the Single-tone FSK scheme and of the Two-tone FSK scheme

are very close to the upper bounds both in the power-limited regime (the SNR
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ranges from 1072 to 1) and the bandwidth-limited regime (the SNR ranges from
1 to 10%).

In the power-limited regime, the performances for these two schemes are very
close, and the power-limited bound is tight in this regime, which is roughly
2 dB higher than the capacities. Comparing to the capacity of CDMA [7],
OFDM [33], and PPM [34] in the wideband regime, the capacity of Multi-tone
FSK is very close to the AWGN capacity. Notice that, this gap between the
capacity curves and the power-limited bound can be closed up if we use a large
enough bandwidth, althrough we use a hard-decision rule. This is because that,
we use the cumulative received power in decoding the repetition code, which is

essentially a soft-decision strategy although we do hard-decision block by block.

In the bandwidth-limited regime, the performance of Two-tone FSK is better
than that of Single-tone FSK because of its larger input set (higher spectrum
ctficiency).

In Figure 3-4, we assume the average power is fixed, where T, = 0.1s, £ = lus,

and Nio = 40H 2. The bandwidth ranges from 100Hz to 10K Hz. We observe that,

in the bandwidth-limited regime (from 100Hz to 1K Hz), the performance of Two-

tone FSK is better than that of Single-tone IFSK. In the regime that the bandwidth

is smaller than 100H z, however, Two-tone FSK shows no advantage at all. This is

because that the number of total frequencies, M, is so small that (1;[ ) and (’\24) are

comparable.

Our examples illustrate that, even for finite bandwidth, Multi-tone FSK schemes

can yield rates that are appreciably close to the wideband capacity limit. The ability

to vary the number of tones according to the transmission condition {average power,

bandwidth constraint) provides a useful design parameter which can he adapted to

different operating regimes.
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Figure 3-4: Capacity versus bandwidth curves for 75 = 0.1s, £ = 1us, and 1{; =40,

3.3 Multi-tone FSK with Receiver Diversity

In this subsection, we discuss the performance of Multi-tone FSK when the receiver
is equipped with multiple antennas (receiver diversity). The achievable data rate is
improved by a factor of the order of diversity. As we know. the wideband capacity
limit is also increased by a factor of the order of diversity. Hence, Multi-tone FSK

can achieve the wideband capacity limit in the case that the receiver diversity is used.

3.3.1 Mathematical Model

Assume the receiver has L antennas. Let y. be the output of the /th antenna, gt the
fading coefficient, and w,ﬂ the additive with Gaussian noise. An equivalent channel

for the kth subchannel is described as

Y= gloy +uwt, fork=1,..,M,l=1,..., L
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The fading coefficients gi are assume to be mutually independent with standard

complex normal distributions.
.. e I 2 . i
A sufficient statistic is then r, = 37,7, Iyu , whose probability conditional on zy,
is
ka

'r'L'le_ 2251

(L) (22 +1)%

Pry |z, (TlSIJ) = (352)

As in the case without receiver diversity, the inputs z; are given by

PT! X
00N’ k€ S,
I =

0, otherwise.

We still use a subscript n (1 <n < N) to index the N iterations, such as xy,.
We assume different symbols experience independent fading as before, i.e., the gains
grkn (1 <n < N) are independent, identically distributed.

The decision variables obtained at the receiver are the averages of . , over the N

iterations, denoted as Sy,

N
1
The value of Sy is
2
LSy SE 'g’ AT 4 gl k€ Sm,
Sk _ NL n=1 1=1 k,n QBNO k;,’n (3'54)
Tvlf Zﬁll ZlL:1 iwi,n|2 ) otherwise,

which in either case are x? random variables with 2N L degrees of freedom. The

average received power of the non-zero tones and the zero tones are QIZ\S;O +1and1
respectively. The threshold A is given by
PT!
A=1+(1- =, 3.55
(-5 (3.55)
where € is chosen over (0, 1). The data rate R is given by
0 M
R=——1 . 5
N7 n (Q) (3.56)
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3.3.2 Error Performance Analysis

As we discussed before, detection errors can be classified as type I error and type

(w) () ()

Il error. Let pey, Pes, Pey, and pg)z be the upper bounds and lower bounds for the

probabilities of type I and type 1I error.

(w)
e

Derivation of p,

We use the Chernoff bound to upper bound pe ;:

Peq = Pr(NLS,>NLA)

< infFE [es(NLS’“‘NLA)} (Chernoff bound)

¢ NLe(A)

where s € [0, 1] and ® (A) is given by

B(4) — sup [3,4 (B [esNLSk])} |

Further simplifying ®(A), we obtain

O(A) = sup [SA — jv—lz In (E [es PRI ZIL=1|“’IZ<~,n|2] )]

= sup[sA+In(1— )]
= A—-1-InA,

(3.57)

(3.58)

(3.59)
(3.60)
(3.61)

where (3.59) is obtained by substituting the value of Sy into (3.58); (3.60) is based on

the fact that |wy,|? are i.i.d. exponential distributions, and the moment generating

function for SN S°F |wf€’n|2 is (1 —s)7 5V,

By substituting (3.61) into (3.57), we obtain the upper bound

p) = exp[~NL(A—1—InA)].

Since A — 1 —1In A > 0, the upper bound pgﬁ) decreases to zero as NL grows.
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Derivation of pfiug)

The upper bound p,(;g) is derived as

Pe2 = Pr (NLSk < NLA)

< infF [eS(NLSk#NLA)} (Chernoff bound)

3

s<0
_ NI (3.63)
where
A
1+ —LQQ N

The derivation of (3.63) is as follows,

inf B [es(NLSk »NLA)]

s<0
STt D1 hn
= igg exp [—SNLA + In (b [e Fror B, })] (3.65)
. P'T,
= ;ggexp (—NL [SA +1In (1 - [1 + Q@No] 5)]) (3.66)
= exp|[-NL(A"-1-1n4"), (3.67)

where (3.65) is obtained by substituting the value of Si; (3.66) is based on that
ri., are independent, exponentially distributed, and E [exp (3 25:1 Zle rfmﬂ is
the moment generating function of ij:l Zle rfw; (3.67) is the result of optimizing
(3.66) over s.

The upper bound p,(;‘z) is thus given by (3.67):
pfiuz) =exp[-NL(A"—1-InA")]. (3.68)

Since A’ € (0,1) and A’ — 1 —ln A’ > 0, the upper bound p(e"g decreases to zero as

N — oo.
Derivation of pg)l

. N L 112
Slllce Zn:l Zl:] lu}kﬂl

to evaluate the cumulative distribution functions of the x? distribution and rewrite

arc x? random variables, we use the formula in [32, §2.1.4]
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the probability p.; as

(33l >

NLA)

Per1 =
n=1 =1
NL AN
(NLA)
= exp(=NLA) Z — (3.69)
k=0
Because (N LA)k k! is positive for all k, we have the inequality
N:le (NLA)* _ (NLAM! (3.70)
kKt — (NL-1)!"° ‘
k=0
which leads to N1
(NLA)™ ™™ ,
De1 = €Xp [—NLA +In <m ) (3.71)
Applying Stirling’s approximation, we obtain
ply =exp(~NL[A—1-InA+o0, (NL)]), (3.72)

where 0y (NL) is a vanishing term as N L increases.

!
The lower bound pg)l decreases to zero as N — o0.

Derivation of pfil)z

Using the formula in [32, §2.1.4] for the cumulative distribution functions of the

x* distribution, we rewrite the probability pe» as

2
N
en = Y +wi,| < NLA
Pe,2 nz;l 12:]: Q9N0 k,
_ N (VLAY
= exp(~NLA') Z — (3.73)
k=NL
Since the incequality
2L (NLAYE (NLantt
Z( L), (NLAY (3.74)
k! (NL)!
k=NL
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holds as (NLA')* /k! is positive for all k, we can bound De,2 @8

) . (3.75)

plh = exp[-NL (A =1 —In A" + 0y (NL))]. (3.76)

(NLAYNE

I
Pe2 = €XP (—NLA + In (NL)

Using Stirling’s approximation, we obtain

) . . 7
where 02(N L) is a diminishing term as N L increases. The lower bound pg)z decreases

to zcro as N — o0.

3.3.3 Upper Bound on Codeword Error Probability

Similar to the case without receiver diversity, we use the union bound to upper bound

the codeword error probability
Pe < (M — Q) pe,t + Qpea. (3.77)

For the data rate R in the range

LPT! LQO PT!
0<R<—2=- In(1+4+—2=1, i
<R< NT. T n ( + Q@NO) : (3.78)
we obtain an upper bound for the error probability
M .
Pe < 2Q exp (—ln (Q>Er(JV[,Q,TS, R,Q,L)) , (3.79)
where
E(M,Q,T;, R,0,L) = 8~ 1 —=1nf], (3.80)
and
RNyT, QON, PT’
3 = Infl . i
S = Y = R eI A (3:81)

Note that 3 > 0 for any feasible choice of (M, Q. T, R, 0. L). Thus, 3—1—In3 > 0 and
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E.(M,Q,Ts, R.0, L) is always greater than zero. The upper bound (3.79) decreases

to zero as the bandwidth grows.

3.3.4 Lower Bound on Codeword Error Probability

The codeword error probability could be lower bounded by
M
Pe 2 ZPY(E;;) — ZPY(Ek N E])

k=1 k)

Consequently, using the similar technology we used to derive (3.47), we get a lower

bound for p. in the wideband regime,

Pe = Qexp <- In (g) E.(M,Q.Ts, R, 0, L)) , (3.82)

where E,.(M,Q,Ts, R,0, L) was given by (3.80).

3.3.5 Capacity-Achieving Property

The Multi-tone FSK with receiver diversity can also achieve the wideband capacity

limit.

Proposition 3.3 Multi-tone FSK can achicve any data rates that satisfy

L\ LP
1— =)= '
R<( T3> N (3.83)

with an arbitrarily small probability of error over a multipath fading channel with av-
erage power constraint P, by using bandwidth large enough, when the order of receiver

dversity is L.

Proof: Since the inequality 5 — 1 > In g holds for all 3 & [0.1), we have
E (M, Q. Te,R.6,L) > 0in (3.80). As a result, the upper bound (3.79) decreases to

<ero when M increases to infinity, as long as (3.78) holds. That is, the data rate R
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s LPT, . .
can get arbitrarily close to 5, le., (1 — L) %:—, by letting € decrease to zero as
the bandwidth increases to infinity. m

As in the case without receiver diversity, we can also show that, the upper bound
and the lower bound are tight, in the sense that, they are the same order in In (g)
in the widcband limit. Therefore, E.(M,Q,Ts, R, 0, L) is the error exponent and
represents the true exponential dependence of the error probability on In (g ) for M

sufficiently large.

3.4 Resource Usage

In this scction, we characterize the ability of Multi-tone FSK to co-exist with pre-

existing systems and its multiple access compatibility.

3.4.1 Flexible Bandwidth Occupation

Different from the PPM scheme, the Multi-tone FSK scheme doesn’t have low spec-
tral emission. Instead, on the bandwidth occupied by Multi-tone FSK, we have
high peak power, low duty cycle, narrow bandwidth occupancy symbols. When the
scheme overlaps with other systems in bandwidth, it will cause strong interference
to other systems. However, Multi-tone FSK still have very good compatibility with
pre-existing systems due to its flexible bandwidth occupation. Since the only require-
ment for the frequencies used in Multi-tone FSK is that they are orthogonal over a
symbol time, we can use frequencies apart in bandwidth. The Multi-tone FSK signal-
ing scheme can thus be fitted into discontinuous bandwidth while most other systems
require a trunk of continuous bandwidth.

In Figurc 3-5, we show how the Multi-tone FSK scheme coexists with two pre-
existing systems, A and B. The peaky columns distributed alongside the systems A
and B represent the tones in the Multi-tone FSK scheme and the columns with a
different color stand for nonzero tones. They occupy a discontinuous frequency band

without interfering existing systems.
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Figure 3-5: Resource Usage of Multi-tone FSK

3.4.2 Multiple Access

From the multiple access perspective. the resource usage of Multi-tone FSK is also
very good. The Multi-tone FSK symbols are transmitted in predetermined time slots
with a low duty cycle. This feature enables Multi-tone FSK to be extended to the
multiple access case easily. By using time division multiple access, we can incorporate
different users in the same frequency band without interfering with each other. Each
user can achieve the wideband capacity limit. Figure 3-5 demonstrates the multiple

access scheme for three users, 1, 2. and 3.

3.5 Conclusions

In this chapter, we introduced a class of Multi-tone FSK schemes for non-coherent
communications in wideband Rayleigh fading channels. For a Rayleigh fading channel
with infinite bandwidth. the AWGN capacity limit can be achieved by using Multi-
tone FSK schemes.

We derived an upper bound and a lower bound for the codeword error probability.

These two bounds lead to the error exponent of Multi-tone FSK. which describes
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how the error probability depends on the different parameters. According to our
results, Multi-tone FSK has comparable error performance as Single-tone FSK. We
also calculated the achievable rates of Single- and Two-tone FSK schemes with finite
bandwidth. The numerical results show that the achicvable rates is very close to the
capacity in fading channels.

Furthermore, we consider Multi-tone FSK’s performance when receiver diversity
is incorporated into the system. We showed that Multi-tone FSK is still capacity-
achieving when multiple receiver antennas is used.

Multi-tone FSK is a practical scheme which possesses some good characteristics,
such as flexible bandwidth occupancy. Also, thanks to the low duty cycle in the
transmission, Multi-tone FISK can be easily extend to multiple access cases by using
time division multiple access.

Here, we do not claim that the Multi-tone FSK signaling scheme is optimal. For
example, if we consider soft decoding/partially soft decoding in Multi-tone FSK,
by tracking all/several multiple-symbol codewords over a certain period of time, we
could further close the gap between the achievable data rates and the capacity limit.
Instead, Multi-tone FSK is a robust and practical scheme which performs very closely
to the optimal limit. In the next chapter, we study how feedback can help to improve
Multi-tone I'SK's error performance and propose a feedback scheme which reduces

the error probability significantly.
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Chapter 4

Multi-tone Frequency-Shift Keying
with Feedback

4.1 Introduction

In Chapter 3, we used the Multi-tone FSK scheme in a wideband fading channel to
achieve the wideband capacity limit. We noticed that, the codeword error probability
decays slowly with bandwidth. In this chapter, we consider a modified Multi-tone
FSK scheme which cmploys a feedback link. We show that, the feedback scheme
improves the error performance significantly.

For AWGN channels without bandwidth constraint, Schalkwijk and Kailath have
shown in [40] that feedback can significantly reduce the codeword error probability,
a “double exponential” decay in code length compared to an exponential decay oth-
erwise. Although the capacity of a memoryless noisy channel cannot be increased by
feedback according to [39, Theorem 6], we greatly improve error performance by using
feedback.

In the following discussion, we present an Multi-tone FSK scheme with feedback
for memoryless wideband Raylecigh fading channels. We call this scheme as the Feed-
back Multi-tone £SK scheme. The purpose of feedback is to reduce transmission
error, and not for channel measurement and tracking.

Although both Multi-tone FSK and Feedback Multi-tone FSK have codeword
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error probability decreasing roughly inversely with bandwidth, the latter makes the
codeword error probability vanish much faster as bandwidth increases, leading to a
lower requirement for bandwidth at the same codeword error probability and data
rate.

This chapter is organized as follows: In Section 4.2, we introduce the concept of
the Feedback Multi-tone FSK scheme. In Section 4.3, we study the power consump-
tion of this scheme, and prove the feedback mechanism will not increase the power
consumption in the forward link. In Scction 4.4, we provide an upper bound and a
lower bound of the codeword error probability to derive Feedback Multi-tone FSK's
error exponent. In Section 4.5, we prove that Feedback Multi-tone FSK achieves the
wideband capacity limit. In Section 4.6, we compare Feedback Multi-tone FSK with
Multi-tone FSK on their performance. In Section 4.7, we discuss the peakiness re-
quirement of Feedback Multi-tone FSK and Multi-tone FSK. The conclusion follows

in Section 4.8.

4.2 Feedback Multi-tone FSK

We assume a frequency-selective time-varying block fading channel model with time
coherence 7., frequency coherence F,. and multipath spread £ as in Chapter 3. Sym-
bols not in the same coherent bandwidth or time interval experience independent
fading.

The forward link of the Feedback Multi-tone FSK scheme still uses Multi-tone FSK
symbols and repeats each symbol N times as the Multi-tone FSK scheme does. That
is, we pick @ tones out of the total M toncs and use the combination of frequencies to
represent a symbol. At the receiver side, we use a non-coherent receiver to demodulate
and decode Multi-tone FSK symbols. The receiver employs a bank of match filters
with their central frequencies tuned to each of the M frequencies. The output of each
match filter is the correlation of its tuned frequency against the received Multi-tone
FSK signal. Since all the M frequencies are mutually orthogonal on a symbol time,

the output of a match filter is proportional to the amplitude of the associated tone.
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We can treat the M frequencies as M frequency-division subchannels.
At the nth symbol time, the input and output of the kth subchannel, 7, and

Yk.n, have the following relation:
Yren = PenTen + Wi, for 1 <k < M,

where hyp, is the fading coefficient, and wy , is a zero-mean complex additive white
Gaussian noise with a variance o2, CN (0,02). The variables {hg,} and {wy,}
are mutually independent. Under the Rayleigh fading assumption, A, is a complex
Gaussian random variable, CN (0,07). The elements in {h4,}, can be considered to
be independent if two symbols are far apart in time.

Letting xp n = Tkn0h,/ 0w and T = |Ykn/” awlz, we obtain an equivalent channel

with the transition probability

e = (4.1)

p’f‘k,-n.iirk‘n<rl1.) = 22+ 1

Similarly to the Multi-tone FSK scheme, the Feedback Multi-tone FSK scheme
transmits in a low duty cycle fashion. The transmitter concentrates power over a
fraction 6 (0 < 6 < 1) of time, and transmits on predetermined time intervals. The
parameter @ is the duty cycle. A Feedback Multi-tone FSK symbol is also repeated
N times to obtain diversity. However, the amplitudes of tones are no more constant.
The receiver will adjust the amplitudes of different tones to counteract the fading
effect, which will be introduced in detail later.

The reverse link is, as the forward link, a fading channel subject to additive noise.
Here, we assume that we have enough power (e.g., power consumption is not crucial
for bascstations) and enough degrees of freedom such that the capacity of the reverse
link is much larger than the feedback data rate. Thus, we can receive feedback
information with negligible crror probability. Throughout this chapter, we assume
that thc feedback is crror-free.

Note that, in wideband channcls, we have sufficient degrees of freedom to establish

feedback links from the recciver to the transmitter. Figure 4-1 shows a possible scheme
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Figure 4-1: The forward link and the feedback link

when the duty cycle @ is low. That is, the feedback link uses the same M frequencies
in the forward link and transmits in the time slots right after the forward slots.

As we mentioned before, one major difference between the Multi-tone FSK scheme
and the Feedback Multi-tone FSK scheme is that, for an Feedback Multi-tone FSK
symbol, the amplitude of each tone is repeatedly adjusted according to the feedback.
After each forward transmission, the receiver sends 1 bit of information back for each
tone to indicate the reception quality. The transmitter adjusts each tone’s amplitude
accordingly in the next iteration to reduce decoding errors.

We use S to denote the complete set of symbols, and S; € S (i = 1,2,3,...,|S])
for a symbol. We use k € S; to indicate the kth tone is one of the non-zero tones
in S;. For a Q-tone Feedback Multi-tone FSK scheme with total M tones, there are
(g ) combinations of @ tones available, i.c., the size of S, |5/, is (g )

Suppose we send a symbol S, from the receiver to the transmitter. In the forward
link. if a tone k ¢ S,,, i.e., the kth tone is set to be “0” in the svmbol &,,. then
Ty, = 0 for all the N iterations regardless of the feedback. Otherwise, k is one of the
@ non-zero tones and Ty, is determined as follows.

For the first iteration, let z; = Z, where T is determined by average power P:

PT,
Qo

8l
I

where T, is the time length of a symbol and 6 is the duty cycle. The receiver obtains
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Tk.1. 1 71 is greater than 272+ 1, then the receiver feeds back “17 in the kth feedback
subchannel; otherwise, it feeds back “0”.

At the [th iteration (I > 2). the receiver compares the cumulative received power

!
Vii = ) Tk, (4.2)
n=1

with the threshold
A= (1+1)7T + 1 (4.3)

If Vi, is greater, the receiver fceds back “17; otherwise, “07.
To decide xy,4+1. we use the following power control algorithm: if the feedback is

“17, &g 141 = 0; otherwise,

&3

; if Tkl = 0:
Triy1 = 5 = )
\/Zi; +ZT°+ 1,  otherwise.

After the NV iterations, the receiver forms the average received power Sy y

1
S!c,N = N‘/}c,l\/v
which are compared with the threshold
A=1+(1-¢e7% (4.4)

where the parameter € is chosen over (0, 1).

For each of the M tones, the same procedure is executed. The time averages of ry ,,
over the N iterations, Si . arc obtained to compare with a threshold. If exactly @
tones cxeced the threshold, then the corresponding message S,, is decoded; otherwise,
the receiver declares an error.

In Figure 4-2, we illustrate the underlying mechanism of the feedback scheme.
Note that, since we use power detection for each tone, and for zero tones, we cannot
cancel out the noise’s power after we receive it, we do not use adaptive transmission on

zero tones. The purpose of the feedback scheme is to improve the transmission quality
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Figure 4-2: The cumulative received power with and without feedback

on nonzero tones by using adaptive transmission based on feedback. For a nonzero
tone, we plot cumulative received power (Vi n) curves in terms of repetition length
N, alongside the threshold curve (NA) and the cxpected received power (N (1 + Z2)).
The dashed line is a sample path of the cumulative received power without feedback.
In this case, the cumulative received power has an increasing variance because it
is a sum of i.i.d. random variables. The solid zigzaging line is a sample path of
the cumulative received power with feedback. Since transmission power is adjusted
according to the received signal quality, the curve is bounded around the expected
received power. The boundedness is proved in Appendix C. Clearly, the feedback

scheme can significantly reduce the detection error.

4.3 Power Consumption

Since the amplitudes of tones, zj ,,, are determined in run time, power consumption
in the Feedback Multi-tone FSK scheme is a random variable. In this section, we
prove that the average power consumption in the forward link converges to P as N

grows. For a large N, the average power approximates /2.
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Notice

and

Elrgal =i, + 1.

By substituting (4.6) into (4.5), we obtain

SkN Ziﬁkn—l—l.

It can be proven that, for a non-zero tone,

Nlrim E(Viny — ANl < o0

for arbitrary N > 1. The proof is available in Appendix C.

Based on (4.8), we have the limit
1
1\}1_13100 N E|[Vin — Anll =

On the other hand,

1
im — “VkN - ANH

N—ooo N
= A;g%oiE[[NSkN—(HN)
= Jim E{|Sey ~ (2 + 1)

which, combined with (4.9), leads to

lim F HSk N — (352 + 1),] = ().

N—oc

Equation (4.10) implics
lim E[Sgn] =1 +7%

N—oo
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Substituting (4.7) into (4.11), we have, for a non-zero tone k.

N-—oo

N
1 _
lim ;:1: T, =T (4.12)

Considering 72 occurs with a duty cycle 6 in a symbol time 7T, the average power
Y ) s

in the forward link converges to Q8z%,/T, = P, as N grows.

4.4 FError Probability

During transmission, an crror occurs if S; y > A for some ¢ ¢ S,,, (type [ error), or
Sen < A for some k € S, (type II error).

Using the union bound, we upper bound the codeword error probability by

A

Pr (Uz'géSmSi,N > A) + Pr (Ukesmsk’jv < A)

(M —Q)Pr(Siy = A) + QPr (Skn < A). (4.13)

De

IA

The first term in (4.13) has been bounded in Chapter 3. We cite the result here:

(M = Q)Pr(Sin = A)
< Qexp (—ln (M> [M .

Q) L QNoRT, — Q
SRYANErL AN w1y
where R 1s the data rate,
R= NLTS In (g) (4.15)

Nj is the noisc power density, and 77 is the effective symbol time which equals to the
symbol time 7, minus the channel delay spread £. The reason that we call 77 the
effective symbol time is because we setup a guard time which equals to £ at the head
of each symbol to avoid intersymbol interference and only detect signal power over the

time interval [£.7}]. Note that, in the derivation of the upper bound (4.14), we have
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considered the channel delay spread £ which is not incorporated into the model that
we used for Feedback Multi-tone FSK in this chapter. However, it is straightforward
to extend our model to the case considering the channel delay spread. All conclusions
will remain the same. Hence, in the following discussion, we will use (4.14) dircctly,

and thus consider the channel delay spread in our results.
As for the second term in (4.13), we derive an upper bound as follows:

Define m as
eNT? — 1 (4.16)
m = —_— . .
1+7 )
Since € is chosen in (0, 1) and T2 is positive, we can pick N large enough such that m

is a positive integer. Based on (4.16), we have
eNT?> > mT? +m + 1. (4.17)

Multiplying the two sides of (4.4) by N, we obtain NA = N + Nz? — eNT?, which,

combined with (4.17), generates the inequality
NAS(N-m)Z*+(N-m—1)=Ax_m_1. (4.18)

where A; is defined in (4.3).

The inequality Vi ny < NA, derived from Sy ny < A, yields Viy < An_m-1 Dy

applying (4.18). Noticing that Vj; is monotonically increasing with 7, we have
Vkﬂ' <AN—m—-1 forz':N~m—1,...,N. (4]9)

Since Si v < A is a sufficient condition for (4.19), its probability is smaller than that

of (4.19), i.e.,

Pr(Sen < A) <Pr(Vivem-t < Anvem—1- Vin < Ayom—1)

AN—m-1 N
B / H Pr(Vii < Axom-i|Viior < Ayomon, vk,N-ﬂnfl)ka_N_

0

m—1
t=N—-m
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where (4.20) is obtained by applying the Total Probability Theorem, the chain rule
of conditional probability and Markov property of {V,;}. It can be proven that, for

1=10,1,....m,

Pr (‘/k.N—m-l-i < Ame—lle,N—m+i~1 < AN—m—]; Vk,N—m—l)

<1 - exp | — AN—m—l - V;c,N—m—l
- ANcmtict — Vinem-1/

Substituting the bound into (4.20), we have

N~—

H [1 — cxp ( AN—A’”_—IU—)] dv.

(4.21)

AN m—1
Pr (Sk,N < A) < / PV/«,me 1
0

Since 1 — exp (—‘gii) is a concave function of z when 0 < z < a < b, the function

= I oo (-252)

1s also concave. By applying Jensen's Inequality to (4.21), we obtain

N—1 4 ¢
Pr( A) < 1— _DNomel s 4.22
1 (Skn < )‘611:}14[ exp( a5 )J (4.22)
where £, = Pr (Vin-m-1 < An-m-1) and & = E Vi n_m—1|Vivem 1 < AN_m_1].

Define a function

:——Zln e (2] (4.23)

where the constant

AN m—1 _£2
——— > 0.
b = T2+ 1
We rewrite (4.22) as
Pr(Seny < A) < &exp|—mEs(m)]. (4.24)
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For i > 1, we have the following approximation:

_ &
—In (1 —e 75%) ~In (i + &) —In (&) .
Hence, Ef () is of the order of In (z) as x increases.

Based on (4.16), we have

eNZ? — 1
m -~ T—F (425)
Rearranging (4.15) yields the equation
6 M
= — . 4.2
M= gt (Q> (426)
By substituting (4.26) into (4.25), we obtain
M Oez? 1
>1 — . 4.27
me= (Q)RTS(IJrTZ) 1+ 72 (4.27)
Applying (4.27) to (4.24), we upper bound the sccond term in (4.13) by
Q Pr (Sk,N < A) < le exp [—m (.]\[ R, 9, 6) Ef (m (M R, 9, E))] . (428)

where Ey (z), defined in (4.23), is of the order of In (x) as x increases; &; is a constant

satisfying 0 < & < 1; and

M Oex? 1
m (M, R,0.¢) =1n (Q)RTS(IanE) Rt

As discussed in Chapter 3, 8 and ¢ nced to approach 0 to achieve the AWGN
capacity in the wideband limit. Since Ey (z) is of the order of In(z) as z increases,
we may make m (M, R, 0,¢) E¢ (m (M, R, 6. €)) grow faster than In (AQ[) as M increases
while keeping 0 and ¢ decreasing. Therefore, the second term in (4.13) is dominated

by the first term and the codeword error probability is upper bounded by

’ , (MN[0 PT, 1 o (1 —¢€)PT! .
PESQLX})< ln(Q) [W——é ~ET In <l+————~Q9NO ):D (1.29)
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in the wideband regime.

On the other hand, a lower bound of p, is derived by using

pe > Y _ Pr(one error occurs) — Y Pr(two errors occur)
= (M —-Q)Pr(Siny = A)+QPr(Sin < A)
—(M - Q)QPr (S, n = A)Pr(Sen < A)
—(M - Q)(M - Q- 1)Pr(Sin > A)* /2
—Q(Q — D)Pr (Sen < 4)* /2. (1.30)

Notice that, among all the terms in (4.30), the term (M — Q) Pr(S;x > A) decreases
slowest as M increases. Thus, the lower bound (4.30) is dominated by the term
(M —@Q) Pr(S;nv = A) for a large M. We omit other terms in the lower bound

calculation.

According to Chapter 3, Pr(S; v > A) is lower bounded by

| M\ [(l-ePT. 1
Pr(S;y > A) > exp( hl(Q) [W—a

QR?TS In (1 + (122;—;\;:7’) + o(N)D S (@3

where o(N) is a term that vanishes as /N increases,

1
12N2’

1
o(N) = ZN—IH(ZWNA:Z) +

and R stands for the data rate of the forward link. Noticing

(M -Q) ()"
M—-Q+1

M-Q=

we derive a lower bound of p. based on (4.31),

M- Q
Pe = M-—0+1 X (4.32)

M\ [(1—e)PT! 1 g (1 —¢)PT! .
exXp (“]H (Q) {W— 6 - RTS hl (1 + —QQT) +()1 (/\)j,) .
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Comparing the upper bound (4.29) with the lower bound (4.32), we conclude that,

in the wideband regime,

M
peoxp (<10 () B () (1.33)
where

‘ (1-aPT 1
E, pprsg () = ONJRT. O
(1—¢) PT!
— | 14+ —F—2).
R, " ( 00N,

(4.34)

The function E ., ... (R) describes the true asymptotic dependence of the error
probability on M. We call it the error exponent of Feedback Multi-tone FSK which is
analogous to the treatment of random block coding over discrete memoryless channels

by Gallager [4, §5.8].

4.5 Capacity-Achieving Property

In Chapter 3, we have proven that, in multipath fading channels, Multi-tone FSK
can achieve the capacity of an AWGN channel with the same average received power
at the wideband limit. We now prove that Feedback Multi-tone FSK has the same

capacity-achieving property in the wideband limit.

Proposition 4.1 Feedback Multi-tone FSK can achieve any data rates that satisfy

L\ P
1 — — | — 4.35
R < ( Ts) N (4.35)

with an arbitrarily small probability of error over a multipath fading channel with

average power constraint P. by using large enough bandwidth.
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Proof: For the Feedback Multi-tone FSK scheme, the capacity is the maximal data

rate that keeps F,.(R) > 0 in (4.33), which is

O = (1_6) PTs/ @In (14_%) . (4.36)

TN, T, QON,y

For any data rate less than (4.36), the upper bound (4.29) decreases to zero when M
increases to infinity. That is, we can use Feedback Multi-tone FSK to transmit data
with arbitrarily small error probability by using bandwidth large cnough when the
data rate is less than the capacity defined by (4.36).

The capacity C can get arbitrarily close to %%, ie., (1 — T%) zv%v by letting 0
and e decrease to zero as the bandwidth increases to infinity. Hence, as long as the
data rate satisfies (4.35), the Feedback Multi-tone FSK scheme can achieve arbitrarily
small error probability by picking bandwidth large enough. m

Recalling that the channel is assumed to be underspread and £ < T, we con-

clude that the capacity of Multi-tone FSK approaches Shannon’s infinite bandwidth

. . . . . P
capacity limit -

4.6 Gain from Feedback

In Chapter 3, we derived the error exponent of Multi-tone FSK. In the following, we
compare the performance of the two schemes using their error exponents.
First, we define two paramecters to rewrite the expressions of error exponents such

that they can be compared under a unified framework. We define a parameter s as

Capacity

~ Wideband Capacity Limit’

which is the normalized difference between the capacity and the wideband capacity
limit. The wideband capacity limit refers to the capacity achieved by using an in-
finite bandwidth. As we derived in Chapter 3, the wideband capacity limit for the

Multi-tone FSK scheme 1is {DOTT, The Feedback Multi-tone FSK scheme has the same

wideband capacity limit as Multi-tone FSK.
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Define another parameter 7 as

Data Rate
Wideband Capacity Limit’

which is the normalized difference between the data rate and the wideband capacity
limit. Note that 7 > k. since data rates should be lower than capacity in order to

achieve reliable communication.

In Chapter 3, we have obtained the capacity of the @-tone FSK scheme,

PT 0B P’
LT AT s )
C=NT T ”( +Q9No)’

and its error exponent,

g
ET,IUFSK <R> = BT (ﬂ —1—In 6) )

where 5o BN Q0N (. PTy
- TP1 TR Q0N )

The asymptotic dependence of the codeword error probability on M is described by

Pe ~ exp (— In (g) B, e (R)) . (137)

Thus, for @-tone FSK,

QON, PT
= Inf1 2 4.
K P n( + Q9N0> , (4.38)

and 7 =1— %J,X%. By defining 9 (z) as
1
J(z) =zl (—+1) ,
x

and Y1 (z) its inverse function, we obtain

Framran 7] = Q—ﬁ(lll% e == In(l+r—7)] (4.39)
R4 . . 2
~ 0 ;Qh()l(i T)"v) (Taylor expansion). (4.40)
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Since ¥7! (k) and the first-order derivative of 97! (k) are both 0 at k = 0, 97! (k) =
O (k?) by a Taylor expansion.
For the Feedback Multi-tone FSK scheme, the capacity is the maximal data rate

that keeps E,.(R) > 0, which is

C:w_@ln(1+(_1ﬂ>_

NOTs Ts QeNo
Thus.
&ONy (1—¢) PT!
o= In{l+-—7 =" 4.4
K=¢€+ PT7 n + 00N, , ( 1)
and 7 =1— 5%%. The error exponent of Feedback Multi-tone FSK is
T—K
B, pnrsi(k,T) = 00 =7 (4.42)

After we write F, .o and E ., ... as functions of 7 and &, we compare the two

schemes’ performance.

4.6.1 Improved Error Performance

In both Multi-tone FSK and Feedback Multi-tone FSK cases, the capacity converges
to %ﬁ% as bandwidth increases. and thus x approaches 0 as M grows, while 7 is kept

constant as long as the data rate 1s unchanged.

When & is very small, the order of (4.39) in terms of  is determined by 97 (k),

because, according to (4.40), the remainder of the error exponent is approximated

by z(cg(?j) which is a value determined by 7 when x goes to zero. Hence, when
7 is fixed, the error exponent of Multi-tone FSK E _, .. (k. 7) is a function of
in the order of O (x?), and decreases to zero as bandwidth increases. To let the
codeword error probability decrease with an increasing bandwidth, the decrcasing

rate of the error exponent should be slower than the increasing rate of In (29[) such

that In (g)E“MFSK(R) — 00.

For Feedback Multi-tone FSK, the error exponent (4.42) converges to a limit

'Q(TT—?) as k goes to zero. The limit is always greater than zero if 7 is greater than
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k. Hence, for Feedback Multi-tone FSK, as long as the data rate is less than the
capacity. the exponent in (4.33) satisfies In (g) E . rex(R) — 00, and the codeword

error probability decreases with bandwidth.

The ratio of £

nFMFSK

(K, T) W0 B, pop (K, 7)is 07! (k) (T — k) /2. Clearly, the error
exponent of Multi-tone FSK is much smaller than that of Fecdback Multi-tone FSK,

Er,MFSK (R’ T) << Er,F}WFSK <I‘C7 T)’ (443)

for a small x and some 7 greater than x, because 97! (k) <« 1 and 7—x < 1. Since the
dependence of error probability on bandwidth is characterized by the error exponent,
which is a function of data rate (recall that 7 is a parameter determined by the data
rate), we can find the tradeoff between error probability and data rate by substituting
the error exponent into the error probability. Here, by (4.43), the Feedback Multi-
tone FSK scheme has a better error probability-data rate tradeoff than the Multi-tone
FSK scheme when any other conditions are equivalent. Or, equally, Feedback Multi-
tone FSK provides a better error performance when both schemes have the same data

rate.

1

By substituting (4.42) into (4.33) and noticing (‘g)‘2 ~ M when Q <« M, we
conclude that the error probability of the Feedback Multi-tone FSK scheme decreascs

roughly inverscly with bandwidth:

1

De ~ M Cxp (—QEW',FA'IFS'K(R>) .

The crror probability of the Multi-tone FSK scheme decreases in bandwidth much
more slowly than the inverse of M. owing to the scheme’s vanishing error exponent.
In Figure 4-3. we plot the crror prohability curves of Multi-tone FSK and Feedback
Multi-tone FSK in terms of the number of total tones A7. Note that M increases

linearly with bandwidth.
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Figure 4-3: The error probability curves of Multi-tone FSK and Feedback Multi-tone
FSK for k = 0.001 and 7 = 0.4

4.6.2 Smaller Bandwidth

As we pointed out, the vanishing crror cxponent of Multi-tone FSK causes a very
slow decaying rate of the codeword crror probability as bandwidth increases, while
the error exponent of Feedback Multi-tone FSK tends to a constant value greater than
zero, causing a much faster decay rate. From the bandwidth perspective, Feedback
Multi-tone FSK needs a smaller bandwidth to achieve the same error performance as

Multi-tone FSK when all other conditions are equal.

Let Multi-tone FSK and Feedback Multi-tone FSK have the same error perfor-
mance when their data rates are the same, i.e., (4.33) and (4.37) have the same
exponent when 7., ... = T, .sx = 7. Then, the following equation can be obtained
by substituting (4.40) and (4.42) into (4.33) and (4.37) respectively, and equalling

them:

11,1 MJ\VTF‘S}\' 19“1 (I{/J\"IF'S}\’) (T _ I{J\/[FSK )2 — ln A4PVA1FSI( .
Q 2(1 —k Q

In the wideband regime, the capacities of Multi-tone FSK and Feedback Multi-tone

FAJFSK)

F'SK approach the same wideband capacity limit, i.e., K., . = K00 ~ 0. Thus,

considering 7., .o, = Ty pen = T, We TOUughly have 7 — K., 00 = T — K, a0 = T
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which lead to

II] <A1‘7\IF‘SK> 1971 <’<’1\1F‘SK) (7_ — K’I\’[FSK) ~ ].11 (A'{F1\1F3K>
Q 2 Q J

where 9! (k

M

wrsk) K land 7—k,, ., <1 asdiscussed previously. Hence, M,, .., and

rursy Satisfy the inequality

M M
ln }\/{F‘SK) >> 1n < FA{F’SK) ,
(s ;

> M

and as a result, M FMEFSK

M FSK because logarithm is a monotonically increasing
function. That is, Multi-tone FSK need much more bandwidth to achieve the same

crror performance for the same data rate.

4.6.3 Lower Average Power

From the average power perspective, Feedback Multi-tone FSK needs a lower average
power than Multi-tone FSK to achieve the same error performance because its better
performance.

Let the Feedback Multi-tone FSK scheme and the Multi-tone FF'SK scheme have
the same bandwidth, duty cycle, and data rate. Substituting (4.40) and (4.42) into

(4.33) and (4.37), equalling them, and cancelling out the equivalent terms, we obtain

9! (K/MFSR) (T — K’J\JFSK)z — 7 — K (4.44)

2 FMFSK"

Noticing that 97 (k,, 4, ) = O (K%, ,,,.) and ks, < T, we derive an inequality from

MFSK
(4.44) for K small enough:

MEFSK

3 e
. (T QKJIWFSK) > T KFAJFSK' (445>

By rearranging the terms in (4.45), we obtain

<T3
5

T = Rparpsk

T = Kypsx
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Considering 7 < 1, the above inequality leads to

T—K

FMFSK < 17
T~ Byrsk
which is equivalent to
RA’IFSK < K;FAIFSK'
We use P, .. and P, ... to denote the average power for Multi-tone FSK and
Feedback Multi-tone FSK.
From (4.38), we obtain k,, ., as
QNyb P T/
= ——————In |14 AESKE_s ) 4.4
KMFS}& PMFSRTS/ 1 + QN00 ( 6)
Similarly, by using (4.41), #,,, ¢, 18 Obtained:
QNyb P T
= —————In |1+ (1 —¢)EMESE_s 4.4
KjF{WFbI\ € + PF‘A/[FSKTS/ n + ( E) QNOQ ( 7)

> 4
PF}WFSKTS

QN8 Prroi T
Rpatrsx — P—OT/ In{1+ —FZ}J—;—\Z)KQ— . (448)

FMFSK™— S

Note that € i1s a parameter chosen to be € € max (1 —@M——). (4.47) can be

approximated as

Comparing (4.46) with (4.48), and noticing that ZIn (1 + z) is a monotonically
decreasing function of z, we have

P

MFSK

> PFMFSK’ (4.49)

viz., when bandwidth, duty cycle, and data rates of Multi-tone FSK and Feedback
Multi-tone FSK are equal, Feedback Multi-tone FSK needs a lower average power to

achieve the same error probability.
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4.7 Requirement on Peakiness

In this section. we consider the Multi-tone FSK scheme and the Feedback Multi-tone
FSK scheme’s requirements on peakiness.

We use a parameter a to denote the ratio of @ to M, ic., a = % which charac-
terizes the peakiness of Multi-tone FSK and Feedback Multi-tone FSK in frequency.
The smaller a, the peakier the schemes in frequency. In the following, we prove that,
both the Multi-tone FSK scheme and the Feedback Multi-tone FSK scheme need
peakiness for vanishing error probability. Moreover, the requirement on peakiness is
less strict for Feedback Multi-tone FSK, owing to its better error exponent.

For the Multi-tone FSK signaling scheme and the Feedback Multi-tone FSK

scheme, the codeword error probabilities are

Pe ~ exp <~ In (g)g%ﬁ_fi—)[nq_m(un—ﬂ]), (4.50)

Pe ~ €Xp (— In (g) -&i’%) , (4.51)

Applying Stirling’s approximation,

and

respectively.

VI NNV (Vi) « N1« VIR NNV e~V w),

L
we obtain an upper bound for (g) 9 given @ = aM:

— l—e

a(l—a)™

1 1 1 Puvd
(M) %<6Xp (ma?z\.ﬂ T (2aM+1)aM [12(]\'[~a}\'l)+1]a1\f]> ( 1 )aM

Q 2nMa(l —a)

1
and a lower bound for (g) LR

l—a

a(l=a)-=

1 N 1 1 1 a M
<M> Q>°Xp (aM(lzaMH) T (2aiad [12(1\‘17—@;\1)](1‘«1) ( 1 ) Y

© 2nMa(l - a)
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L
Note that limy/_e (2)™ = 1. We obtain the limit

. 1 ]\/[ l—-a
1\}1}}1005111 <Q> = —Ina(l —a)

where

Hy(a) = —alna— (1 —a)ln(l —a)

is the entropy of a Bernoulli distribution with the parameter a. By substituting (4.52)
into (4.50) and (4.51), we get

De ~ €XP (_éHb (a) @19(_1—8%5 k—7—In(1+Kk— T)]) ) (4.53)
and
Pe ~ €XP (‘%Hb (a) (I — f)) : (4.54)

In both (4.53) and (4.54), to let p, — 0 in the wideband domain, we must let a — 0.
Hence, in order to have a decreasing error probability as the bandwidth increases,
both the Multi-tone FSK scheme and the Feedback Multi-tone FSK scheme need
peakiness (a vanishing ratio of @ to M). Another observation based on (4.53) and
(4.54) is that, to achieve the same error performance, the Multi-tone FSK scheme
need a smaller a than the Feedback Multi-tone FSK scheme. In the exponents of

(4.53) and (4.54), we have the inequality between the two error exponents:

(1—7)

0" (k)
Q(l—7)

k—r—In(l+r—7)]

Thus, the value of 2 Hy (a) in (4.53) should be much larger than that in (4.54) to have

the same error probability in the two schemes.
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4.8 Conclusions

In this chapter, we proposed a Feedback Multi-tone FSK scheme which achieves the
wideband capacity limit. We derived an upper bound and a lower bound for the
codeword error probability. These two bounds lead to the error exponent of Feedback
Multi-tone FSK. which describes how the error probability depends on the different
parameters. According to our results, in the wideband regime, Feedback Multi-tone
FSK cnjoys a better error performance than Multi-tone FSK, although the capacity
is not improved by using feedback. From the resource usage perspective, Feedback
Multi-tone FSK requires a smaller bandwidth or a lower average power to achieve the
same performance as Multi-tone FSK.

Our results show that, in power limited scenarios, even if channel measurement
and tracking are not feasible, feedback could still significantly improve the error per-
formance.

Note that, our results introduced in this chapter are based on the error-free feed-
back assumption which is unrealistic. In the future rescarch, we can investigatc the
feedback scheme by incorporating a noisy feedback link and study the impact of

fecdback link quality on the scheme’s performance.
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Chapter 5

Conclusions

This dissertation has investigated the information theoretic aspects of the communica-
tion over wideband fading channels where neither the transmitter nor the receiver has
channel state information. First, the structure of the optimal input signals has been
explored for the discrete-time memoryless Rician fading channel and the Rayleigh
block fading channel. We have proven that the optimal input amplitude of the fading
channels has certain discrete structure when the input is subject to an average power
constraint or a peak power constraint. In particular, it has been shown that binary
inputs arc optimal in the low SNR regime.

We proposed a Multi-tone FSK scheme, which is capacity achieving in the wide-
band limit and has a vanishing codeword error probability when the bandwidth in-
creases. Furthermore, considering the slow decay of the codeword error probability of
Multi-tone FSK in bandwidth, we proposed the Feedback Multi-tone FSK scheme to
improve the error performance. We have been shown that, with a small amount of
feedback, Feedback Multi-tone FSK has a much better error probability than Multi-
tone FSK.

Although using peaky signaling for transmission of information over widcband fad-
ing channels is justified from the theoretic point of view, there exist doubts regarding
these schemes’ practicality (peakiness, bandwidth. etc.). Compared with other peaky
signaling schemes, such as the PPM and the flash FSK. Multi-tone FSK has many

desirable features.
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First, Multi-tone FSK can achieve the wideband capacity limit in general multi-
path fading channels regardless the increase of the number of channel paths with the
bandwidth, while many other schemes, such as the PPM, perform greatly depending
on the channel uncertainty. As we have proven, the achicvable data rate of Multi-tone
FSK is (1 — :_,,45—) N%./ which is related to the multi-path effect by the channel delay
spread £. Since £ is determined by the time difference between the first arrival path

and the last arrival path which is almost invariant with respect to the bandwidth,

the increase of the number of resolvable paths has no impact on its performance.

Also, in the case that the number of channel paths increases very fast, signaling
schemes requiring multi-path tracking and combining become infeasible due to the
incrcasing receiver complexity. Multi-tone FSK, on the contrary, is still practical

because it requires no channel tracking.

From the symbol generating point of view, Multi-tone FSK symbols are easy to
generate. When the bandwidth is very large, schemes like the PPM requires extremely
short pulses, which is difficult to generate and catch. In Multi-tone FSK, the symbol
time is much larger than the inverse of the bandwidth, and the increasing bandwidth
only leads to an increasing number of tones, which poses little difficulty for symbol
generation.

Conceptually, Single-tone FSK shares many characteristics with Multi-tone FSK.
In practice, however, Multi-tone FSK presents advantage of providing the choice of
using more than one tone per symbol. For example, when the duty cycle is fixed,
Multi-tone FSK can provide a higher achievable data rate than Single-tone FSK, or
alleviate the need of large bandwidth, owing to its larger alphabet set. Also, in this
case, with the sane average power constraint, Multi-tone FSK has lower peak power
per tone than Single-tone FSK, which reduces the schemes” requirement on peakiness.
As we have shown in Chapter 3, owing to its flexibility on spectral efficiency, Multi-
tone FSK cnjoys a better performance in many occasions.

Feedback Multi-tone FSK scheme provides an even better performance if feedback
links are available between the receiver and the transmitter. By using a small fraction

of the available degrees of freedom for the feedback channel (e.g. Figure 4-1) and
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power from the receiver, we can improve the error performance of the forward link
greatly. This kind of transmission is desirable if the transmitter is highly power-
constrained and the receiver has an abundant power supply.

The concepts of Multi-tone FSK and Feedback Multi-tone FSK combine theoret-
ical principles with practical considerations in providing promising signaling schemes
for wideband fading channcls. By choosing more sophisticated coding schemes, detec-
tion rules, or other designs, the performance of the schemes can be further improved
beyond the performance we provided in this thesis. These are topics for future study,
which are out of the scope of this thesis. Rather than seek optimality, we provide
robust and practical schemes which perform very close to the optimal limit. Also, in
future research, we can study the feedback scheme with a noisy feedback link.

Besides theoretically studying efficient signaling schemes, experimental research
is also necessary because a theoretically sound idea may not be implementable. In
Appendix D, we include some cxperimental results to endorse the Multi-tone FSK
scheme. To fully study the performance of Multi-tone FSK in practice, further ex-

perimental investigation is needed.
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Appendix A

Existence and Uniqueness of the

Optimal Input Distribution

In this Appendix, we establish the existence of the optimal amplitude distributions for
the discrete-time memoryless Rician fading channels and the Rayleigh block fading
channels. We also prove the uniqueness of the optimal amplitude distribution for the
Rayleigh block fading channels. The method that we use in the following is similar
to the approach used in [10] and [15].

If X is a normed linear space, then the set of continuous linear functionals on X
is called the dual (or conjugate) space of X and is denoted X*. In our optimization
problem, we consider distributions as elements of the dual of the space of the bounded
continuous functions. A distribution D (z) € X* acts on a bounded continuous func-
tion i (x) as (i (x), D (x)) = [i(x)dD (z). For discrete random variables, the density
includes mass points, which can be represented as ), p;6 (x — z;). The distribution
> ;p;u(z — z;) is a linear functional which acts on i (x) as 3, p;i (z;). This approach
includes not only the continuous random variables but also the discrete ones into the
consideration. Optimization results are then obtained using the weak-star topology
on X* {22, Sec. 5.10].

Existence and uniqueness can be showed by using the following theorem, which was
proven in [15]. The remainder of this Appendix establishes that the sets of distribution

functions and the mutual informations meet the conditions of the theorem.
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Theorem A.1 (Abou-Faycal et al. [15, Theorem 1]) If I is a real-valued. weak-star
continuous functional on a weak-star compact set 0, then I achieves its maximum on

Q C X*. If furthermore S is convex, and I is strictly concave, then the maximum

C =maxI (D)

De

s achieved by a unique D* in Q).

A.1 Convexity and Weak-Star Compact of the Sup-

port

Let D denote the set of all distribution functions, and let ,, Q,, Q,, € D be
the distribution functions of nonnegative random variables with an average power

constraint, an peak power constraint, and both, respectively. That is,
Qp = {D € DD (07) =0 and / z%dD (z) < Pm,} ,
0

Q={DeDID(07) =0and D(P},) =1},

and

Qp = {DeDID(07) =0,

/ z%dD (z) € P,,, and D (P;;ak) = 1} )
0

(), was shown to be convex and weak-star compact in [15, Appendix 1.A]. We
prove €1, and €),, are convex and weak-star compact as follows.

0 For any Dy, Dy € §, and A € [0, 1], the lincar combination D = AD; +
(1 — A) Dy is nondecreasing, right continuous, with D (07) = 0 and D (P;:ak) = L
Hence, D is still a distribution function in €2, and €, is convex.

To prove that {2, is weak-star compact, we first show it is tight. Then. because

the weak-star topology on distribution functions can be metrized by a metric (such as
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the Lévy metric), Prokhorov’s Theorem [25, Sec. I11.2, Theorem 1] can be applied to
show that €2, is relatively compact, i.e., every sequence of probability measures from
1, contains a subsequence which converges weakly to a probability mecasure. By
proving that the limit probability mcasurc belong to the original class, we cstablish
that €, is sequentially compact, which leads to that €1, is weak-star compact.

For K > 0, the interval [0, K] is a compact set on the real line, the probability of
the complimentary set is 1 — D (K) + D (07). For every € > 0, if there is a K > 0
such that

328 (1-D(K)+D(07)) <e,

the set 2, is tight. By setting K = Ppeq, it is straightforward to show that €2, is
tight.
Because D (07) = 0 and D (Pptak) = 1 which follows from [25, Sec. III.1, Theorem

1], the limit distribution function D* is in €,. Hence, €, is weak-star compact.

Qap: For any Dy, Dy € §,y, the linear combination D = AD; 4 (1 — A) D, satisfies

/O " 224D (2)

= / z2d\D, + / z2d (1 - )\) Dy ()
0 0
< AP+ (1= X) Po

Py

With D (07) =0 and D (P

peak) =1, D is still a distribution function in €2,,. Hence,

{2, is convex.

We use the same argument as that of proving that {2, is weak-star compact to

show that §2,, is weak-star compact.

The set 2 is tight if, for every £ > 0, there is a K > 0 such that

sup (1 - D{K)Y+ D(07)) <e.
D;}g;p( (K)+D(07)) <

By setting K = Ppear. we show that g, 1s tight.
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It remains to prove that the limit distribution function D* is in €,,.

D(07) =0 and D (P}

peak) = 1 follow from [25, Sec. III.1, Theorem 1]. Morcover,

it is clear that D* satisfies the peak power constraint. To show that D* satisfies the

average power constraint, we use the same argument used in [15]

/ z2dD* (z) < lim inf/ 2%dD (z) < P,,.
0

n—oc 0

Hence, the limit distribution function D* is in €,, and §2,, is weak-star compact.

A.2 Weak-star Continuity of Mutual Information

Weak-star continuity of a function f is defined as
Dn, — D = f(D,) — f(D).

We prove that the mutual informations for Rician fading channcl and Rayleigh
block fading channel are weak-star continuous. In the following discussion, the mutual

information resulting from an input distribution function D, is denoted by I,,.

A.2.1 Rician Fading Channels

As we derived before, with an input distribution D,, the mutual information in a

Rician fading channel can be written as

L(z;y) = —/0 [ln (airi + 05]) + 1} dD, (r;)
— /OG pr(R; D) Inpr(R; Dy)dR (A1)
where
pr(R: D,) :/0 g(R|rp)dD, (r;) (A.2)

and g(R|r.) is defined in (2.7).
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Let D, — D. If we can show that the first term in (A.1) satisfies

/ Mo (ofrl +02) + 1} dD, (rz) — / [In (o;rZ+02) + 1] dD () (A.3)
0 0

and the second term satisfies

/pR(R;Dn)lnpR(R;Dn)dRH/ pr(R; D) Inpr(R; D)dR, (A.4)
0 0

then, as the difference of these two terms, the mutual information can be proven to

be weak-star continuous.

The proof of (A.3) is as follows:

We must show that

/Oocln (——r +1> dD,, (rs H/ (—3’? 1) dD (ry) .

This follows if the integrand is uniformly integrable in D,,. That is, if the function

0 for r, <0,
q1 (rx) = o2 )
In (;%rg + 1) . forry, >0,

is continuous, [ |q1|dD, < oo, and

oc 2
- Th .2 ) =
banolc/b In (8—2—.1} + 1) dD, (r,) =0 (A.5)

w

uniformly in n.

2
The function ¢; is continuous. Moreover, since In ( byl + 1) 3 rﬁ forr, >0
U) ’U.’

a2

2
a . . .
/ o il dD el in the average power limited case
q1 n S ¥
0 U—gjppeak

in the peak power limited casce

2
for every n. To verify (A.5), note that, for r, large enough, we have In (0_ng + 1)

r.. Therefore, for b large enough.
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oc 2 o
/ In ("—;rg + 1) dD, (r)) < / rod Dy, ()
b Ty b

1 xk

< —/ rngn (ry)
b Jy
P, P,eu

< g“ or pb k.

The bound is independent of n and converges to 0 as b — oo in either the aver-
age power limited case or the peak power limited case. Hence, ¢ (r;) is uniformly

integrable in D,,. and the first term in (A.1) is weak-star continuous.

To show (A.4), we need to establish

lim pr(R; Dn) Inpr(R; Dy)dR — / lim pr(R; Dy) Inpr(R; Dp)dR - (AL6)
and
im pr(R; Dn) Inpr(R; Dr) = pr(R; D) Inpr(R; D). (A7)

n—od

To prove (A.7), note that the integrand in (A.2) is a bounded continuous function
of r,. Hence, pr(R; D) is a continuous function of D for all R > 0. Since zlnz is

continuous, pr(R; D) Inpg(R; D) is continuous in D. Thus, (A.7) holds.

To show (A.6) is more complicated. We need to find an integrable function g, (R)

such that
[pr(R; Dy) Inpr(R; Dy)| < go (R) . (A.8)
First, we consider the average power limited Rician fading channel:

Since Iy (x) < exp(zx), for Vry >0

1 —2 - m?r?
o(RIra) € o exp | - BRI i) (A.9)

= 2.2 2 2,.2 2
gpTs 4+ a0, oLrs+ o5,

We first establish an upper bound of g(R|r,) in the form of (272 + ¢2) f2 (R)
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where f
. 1 R — 2V Rmr, +m?r?
f2(R) = m exp | —

oir? + ol (A.10)

f2 (R) can be obtained in different forms. A straightforward way to get a form

of f2(R) is to use the first order condition (FOC) and obtain the maximum of the

RHS in (A.10). The value of r, maximizing the RHS in (A.10) is determined by the
equation

vV Rma?

v — 2ot + VRmr,ok + m?o? + 20702 — Ro}. (A.11)
Tz

The closed form solution 7% (R) for (A.11) is very complicated. However, if we can

find a lower bound f3 (R) to 7% (R), then the inequality

1 - 1 R— 2\/ﬁm7‘; + m27“;2
2 2 22_(2*2+22exp—
(Uth (R> + U’w) Oplz U?_u)

20.%2 2
o, + o,

clearly holds. Hence, instead, we can define f, (R) as

1
f2 (R) - 2 2
(O'}ZLfg (R) +O’i)

2
To find a lower bound f3 (R) to r%, we assume [Rrﬂq— = u in (A.11). Then 7}

must satisfy the following equation
220t + VRmro? +m2o? + 20%0% — Ro? = . (A.12)

Since rf is a non-negative real number, (A.12) can be rewritten as

1
= (\/SU + Rm? + 8Ro} — 8m?02 — 160202 — V Rm) (A.13)
4o7;

by solving (A.12) and keeping the non-negative solution. Note that u is non-negative.

A lower hound for r? is

1 5 .
T, > 5 <\/Rm2 +8Ro? — 8m?02 — 160702 — \/§m> .
- Aoy, /
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Define the RHS as f3 (R):

f3(R) = o7 (\/Rm2 + 8Ro? — 8m202 — 160702 — \/—m) :
h

Since f3 (R) > 0 over R € ( Mo 4 202 oo), we only use f5(R) to get fo(R) on
h
this range.

For R € ( ru 202 oo) we can obtain an upper bound for g(R|r.) as
Th

9(Rlrz) < (ofri+o )fz ()

O'th + Ow

(02fs (R)? +02)"

For R € [O, —”i—;’i + 2012”], we get an upper bound for g(R|r,) directly by omitting
h
the exponential function in (A.9) and letting r, = 0: g(R|r;) < 517 Hence, we get

. 1 ifRe[o.’-’iﬁJrza?], |
PR R~ Dn g azPa:+a'2 (A14
(U%f.‘%(R)z—f—U:i,) ithe ( h * 20 OO)
= g3(R)

by simply integrating the two upper bounds with respect to the probability measure.
Since z log x satisties the inequalities
|z log z| < 4%/, if z €[0,1},

(A.15)
|z log z| < 22, if z € (1,00),

we define ¢o (R) = max (4 (g3 (R)** g5 (R)2> which is an integrable function. Thus,

(A.6) holds for average power limited Rician fading channcls.
Now, we prove (A.6) for peak power limited Rician fading channels:

Note that, for R € [0, 00),

| R 2V RmP k
e Lo peak } A
Q(R|7$> — 0-2 (‘(p [ Uippeak + U?x;jl 10 ( O-i ) ( 16)

w
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It is straightforward to show that

pr(R;D,) < -1— exp [~ R ] I (Qﬁmppeak)

2L 2 2
a; T, Fpeak + 75, T

w

>

g1 (R).
Using (A.15), we have

[pR(R; Do) o pr(R; Dy)| < max (4a1 (R)T a1 (R)*) .

Define ¢3 (R) = max (4(14 (R)% ,q4 (R)z) which is an integrable function. Hence, (A.6)

holds for peak power limited Rician fading channels.

As a conclusion, the mutual information of a Rician fading channel under an

average power constraint or a peak power constraint is weak-star continuous.

A.2.2 Rayleigh Block Fading Channels

As derived before, with an input distribution D,, the mutual information in a Rayleigh

block fading channel is

I,(X)Y) = /{——ln(l.+r2)—ln(we)T%—lnl-(—};—yq dD,, (r)

- / pr(R; D) Inpr(R; Dy)dR (A17)
where
pr(R: D,) = ] pri (RIr) dD, () (A.18)

and pgjr (R|r) is defined in (2.30).

Let D, —~ D. Wec must show that the first term in (A.17) satisfics

/Ooc [— In(1 +7%) = lu(we)" + In %] 4D )

— /OO [— (1 +7?) — In(me)” + In I_‘I;_y}] dD (r) (A.19)
0
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and the second term satisfies

‘/pR(R;Dn)lnpR(R;Dn)dR—»f/ pr(R; D)Inpr(R; D)dR. (A.20)
0 0

For average power limited Rician channcls and peak power limited Rician channels,

the proof of (A.19) is similar to that of (A.3), which will be omitted here.

To show (A.20), we need to establish

lim pr(R; Dy) Inpr(R; Dy)dR — / lim pr(R; D,) Inpr(R; D,)dR  (A.21)
and
lim pgr(R; Dy) Inpr(R; D) = pr(R; D) Inpr(R; D). (A.22)

n—0o0

In order to prove (A.22), we first show that the integrand pgy, (R|r) in (A.18) is

a bounded continuous function of 7.
Rewrite pgj- (R|r) by substituting all coefficients into (2.30),

T—i—1 Ri_l

PRir (R[T) - Z— I:<T ;(t; r2(T—1) exp (_R>jl
+<T2 +1) -2 ox ( R ) ‘ (A.23)

r2(T=1) 24l
It is straightforward to show that pg. (R|r) is continuous over r € (0,00) for all
R > 0. Now, we show that pg), (R|r) is also continuous at r = 0. That is,

lim pry- (R|7) = pryr (Rlr = 0) .

The characteristic function of pg, (R|r) is

1

e T T

which is a continuous function of 7 at 0. For any R > 0, we establish the following
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inequality

'pR[r (B‘E) — PRjr (H“))I

o )
l/ ( ' ‘]uJE . T) eAjuRdw‘
27 Joe \[l = jw (2 + 1)} (1 — jw)

2 o

3

o —
21 J o 1 = jw (24 1)] (1 — jw)T

dw, (A.24)

where the integral in (A.24) is integrable. For arbitrary ¢ > 0, there exists an € > 0
such that |pgi- (Rl€) — prir (R|0)] < ¢ for all R > 0. Hence, pgyr (R|7) is continuous

on [0, c0).

To prove that pgy, (R|r) is bounded, we notice that, at r = 0,

RT-Vexp(—R)
(T -1)

pryr (Blr = 0) = (A.25)

is bounded for all R > 0. From (A.23), we know that, for every R > 0, as r — o0,
the limit of pry, (R|r) is zero. It is then straightforward to prove that pgp (R|r) is
bounded.

Now, since pgy- (RB|r) is a bounded continuous function of r, pr(R; D) is a bounded
continuous function of D for all R > (. Furthermore, because xln z is continuous,

pr(R; D) Inpr(R; D) is continuous in D. That is, (A.22) holds.

In order to prove (A.21), it suffices to find an integrable function g5 (R) such that

lpr(R; Dn)Inpr(R; Dy)| < g5 (R). (A.26)

First, we consider the average power limited Rayleigh block fading channels:

Note that. if r_zll"lpmr (R|r) is viewed as a function of r with a parameter R, then
there exists a Ry > 0 which satisfies the following statement: for all R > R,. we can

find a rq > 0, the value of » to reach the maximum of the function is in (ry, 00). We
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denote the value of r to reach the maximum as r*. Thus, for K > Ry.

[ PRI (R|r)dD, (r) (A.27)

oo 1
pR<R§ Dn) :/O (7‘2 + 1) r2 4+

T-1 2 T—i-2 2 T-3
+ 1) R (r<+1) R
= |74 { ST 0Xp<‘R)} + e P <_7~*2 +1)
(6)
X / (r*+1)dD, (r) (A.28)
0
(r2 + 1) exp (— i)
= 2T (2 1) (Pav + 1) (A.29)
2 l T-1 —92
< o + 1) i (Pow +1). (A.30)

T(Z)(T—l) R2

(A.27) holds by definition. (A.28) is from point-wise maximization of the integrand.
(A.29) is obtained in two steps: First, we note that (e) in (A.28) is negative and we

Z.i__l)T—l

can omit (e) to get an upper bound; second, ( p is a monotonically decrcas-

ing function of z, we substitute rZ for 7** where r§ < r*2. (A.30) is obtained by

maximizing (T—Q{FP exp (— ) over [0, c0).

_R
241

Define a function g (R) as

(r¢ + 1)T*1 4e~2
ds (R) =0 2(T-1) R2 (th + 1) :
Ty

Based on (A.15), we define the upper bound of |pr(R; D,) Inpr(R; D,)| as

max (pr(R; Do) npr(R; D,)) it R € [0, Ro),

5 (1) = i
q ( ) max (4q6 (R)Z;Q(B(R)z) it Re (R(),OO).

Since pr(R; D) is a bounded continuous function for all R > 0, max (pgr(R; D,) Inpr(R; Dy,))
is finite. g5 (R) is an integrable function. As a result, (A.21) holds for average power
limited Rayleigh block fading channels.

The proof of (A.21) for peak power limited Rayleigh block fading channels is

similar. The only difference is that F,, in (A.29) is changed to Ppas. Define a
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function g7 (R) as

: T-1

(ro+1) 7 4e?
- (R) = Prear + 1)
QI< ) T(Q)(T_l) R2 ( peak )

Then the upper bound g5 (R) is given by

max (pr(R; D) Inpr(R; D,)) if R e [0, Ry,

5 (1) = :
g5 (R) max (4q7(R)Z,CI7(R)2) if R € (Ry,0).

Since g5 (R) is an integrable function, (A.21) holds for peak power limited Rayleigh

block fading channels.

As a conclusion, the mutual information of a Rayleigh block fading channel under

an average power constraint or a peak power constraint is weak-star continuous.

A.3 Strict Concavity of Mutual Information

In this section, we prove that the mutual information of the Rayleigh block fading

channel is a strictly concave function over 2. Recall that the mutual information
[(X;Y)=h(Y)—-h(Y|X)

where h(Y') is a strictly concave function of p(Y; D) and the second term h(Y|X) is
linear in D. If p(Y; D) is an injective linear function of D . then A(Y) is a strictly
concave function of D which implies 1 (X;Y) is a strictly concave function of D. In
the following discussion, we will prove the operator D — p(Y; D) is injective. That
is, given pr(R; D) = pr(R; D'), we prove D = D',

Let pr(R; D) = pr(R; D). Then the characteristic functions of these two PDFs

are equivalent:

/exp(—RS)pR(R;D)dR: /exp(~Rs) pr(R; D")dR.
Change the order of integrals, and note the characteristic function of pg,(Rjr) is
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given by (2.29). We obtain

1
dD(r A.
/[1—jw(r2+1)](1~jw)7“*1 ) (A-31)

= / . 1 ——dD' ().
[1—jw(r*+ 1) (1 —jw)

Cancel out a ]1)T - on both sides of (A.31):

1 1 /
/ 1— jw(r® + 1)dD (r) = / Y 1>dD (r). (A.32)

Because PDFs and characteristic functions are invertible, we inverse transform both

sides of (A.32) and have

e7+1 e:m
/r2+1 / LR (A.33)

The equation (A.33) means that, for a channel whose transition probability is pgj-(R|r) =

e 7 i . the output R’s distribution under the input distribution D (r) and D’ (r)

is the same.

Let w = r? + 1 be a function of r. Then R can be described as an output of a
multiplicative channel R = wz, where w is the channcl input determined by D (r)
and z is independent of r and has a probability density function p (z) = e™=.

Let w and w' be the inputs corresponding to D (r) and D’ (r), respectively. The
outputs R = wz and R’ = w'z are equal in distribution according to (A.33). There-
fore, the functions In (R) = In (w) +In(2) and In (R') = In(w’) + In (2) are cqual in

distribution. Equivalently, In (R) and In (R’) have equal characteristic functions

¢ln(w)¢1n(z) - ¢ln(w’)¢ln(z) .

This implies that @iu(w) = @) everywhere except at isolated zero points of ¢,
Given that characteristic functions are continuous, () = @) cverywhere. There-

fore, w and w’ are equal in distribution and hence so are r and r’. which proves

D(r)=D"(r).
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We have proven that, pr(R; D) = pr(R; D'y = D = D’. Hence, I (X;Y)is a

strictly concave function of D in Rayleigh block fading channels.

A.4 Existence and Uniqueness of the Optimal In-
put Distribution

Q,, p, and (2, arc convex and weak-star compact. We have proven that, under
an average power constraint or a peak power constraint, the mutual informations of
Rician fading channels and Rayleigh block fading channels are weak-star continuous.
Furthermore, we have proven that, the mutual informations of Rayleigh block fading
channels are strictly concave functions with respect to D.

According to Theorem A.1, the optimal distributions exist in Rician fading chan-
nels and Rayleigh block fading channels under the three power constraints. In

Rayleigh block fading channels, the optimal distribution is unique.
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Appendix B

Kuhn-Tucker Condition for Peak

Power Limited Channels

First, we give the definition of weakly differentiable, which is used in the proof of the
theorem.
Definition: Let p* be a fixed element in a convex set P, and A a real number in

[0,1]. A functional f on P is said to be weakly differentiable at p* if the limit exists

£ (p) = tim L (L=N)p"+p) — F(p")

Y .
A—0 A ’ pep

If is [ weakly differentiable in P at p for all p € P, f is said to be weakly
differentiable in P.

For a weakly differentiable funtional which achieves its maximum in a convex set

P, we have following theorem.

Theorem B.1 (Smith. [10]) Assume [ is a weakly differentiable funtional and achieves

its maximum n a conver set P.

1) If f is concave and fi. (p) <0 for all p € P, then f achieves its mazimum at

2) If [ achieves its mazimum at p*, then f,. (p) <0 for allp € P.

We have proven that the set, €2,, of possible distribution functions with the
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bounded support |:1:I2 < Ppear 15 a convex set. Then the mutual information [ is
a functional defined on 2,. In {15], I is proved to be weakly differentiable on the set
of possible distribution functions with no peak power constraint. Using the same ar-
gument, we can establish that I is weakly differentiable in €2, and the weak derivative
is

L. (p) = /i(x;p*)p(ﬂ:)d:c—f(p*)

where

i) = [ oty 2 |22 4

p(y; p*)
Hence, according to Theorem A.1, a necessary and sufficient condition for p* to achieve
the maximum of [ is

that is

/ i (z: ") plz)dz < C. (B.1)

Now let us prove that (B.1) is true if and only if
i(z;p*) < C, V]z]2 < Ppeak (B.2)

and

i(z;p)=C, VzelS (B.3)

where S; is the support of p*.

The proof from (B.2) to (B.1) is straightforward. For the converse, assume (B.2)

is false. Then there must exist an zy such that
i (zo;p") > C.
If p(z) is a delta function at zg, then

/z' (2;p") 0z — zp)dz = i (xo;p*) > C
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which contradicts (B.1).

Assume (B.2) is true and (B.3) is false, then there exists zq € Sy such that
i(zg;p") < C.

The inequality is strictly satisfied over a non-zero measure neighborhood §’ of g,

since i (x; p*) is continuous in .

C = /Soz'(x;p*)p*(as)dx

_ /SO_Sli(x;P*)P*(x)der [ i@ v @

St
< C’/ p*(:c)dz+C/p*(:z)dx
So—8' S
< C

which is a contradiction.

Hence, (B.2) and (B.3) are the necessary and sufficient conditions for an optimal

distribution.
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Appendix C

Boundedness of the difference

between Vj; and A,

In this Appendix, we prove the inequality lim;_o, £ {|Vi; — Ai|] < oo. Recall that
{A,} are the thresholds
A=010+1)7+1

The inequality means the differcnce between the random variable Vi ; and the thresh-

old A; is bounded.

We first prove a lemma.

Lemma C.1 Let the kth tone be a non-zero tone. For any integer{ > 1, there exists a
function 8 (Z*) < 1 such that the conditional probability Pr (Vi < Ay | Vig—1 < Ai-1)

is bounded by the function:
Pr(Vi) < A | Vi < Aisq) < 8(7%).
Proof: For notational convenience, we use {[;} to denote the intervals
L= (AL A

Assume Vi € [11-,. Since {Vi;} is monotonically increasing with I, we have the
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inequalities

Viden-1 < . € Vo SVipo 1 < A

According to the scheme, the inputs must satisfy 3, , > Z°, 3, ., > 27%, ... |
a2,y > nZ? and 23, > (n + 1)T°. Since the output of the channel is exponentially
distributed conditional on the input, the probability Pr (Vi, < Ay | Viy-1 € Li—1-n) 18

bounded as

Pr(Vig < A | Vig—1 € Li—1-n)

A= Vi1
< 11— Sl S 2 Ut
v eXp( (n+1)5c‘2+1>
(n+2)T2+n+2
< T—exp|— , .
= eXp( (n+ )72+ 1 (C1)

The derivative of the bound (C.1) with respect to n is given by

n T2 4n
1 - exp (45251

dn
—4 (n+2)T2+n+2
(17" exp (——mrr)

- C.2
(22 +nz? +1)° (©2)
When 72 > 1, the derivative (C.2) is negative for any n, the maximum value of the
bound (C.1) occurs at n = 0, and the probability Pr(Vi, < A; | Viyo1 € Lim1-p) is
bounded as

Pr (Vk,l < Al t Vk,l—l < [l—l—n) S 1 - exXp (——2) )

When 72 < 1, the derivative (C.2) is positive for any n, the maximum value of the
bound (C.1) occurs at n = oo, and the probability Pr (Vi < A; | Vig-1 € l1-1-0)
satisfics

T

72+ 1
Pr(Viy <A | Vg1 € [i1n) S 1 —exp | — = _
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Define 3 (7?) as

5 (_2) 1 —exp(—2), 72> 1;
H I = —
1—exp(~%}ﬁ>, 0<z® <.

Then Pr(Viy < A | Vig1 € Limion) <08 (%) for 22 > 0 and the bound does not

depend on the value of n. Hence,

Pr (Vk,l < Al \ Vk,l—l < Al—l)
-1
= ZPT Vit < A | Vg1 € Limyn) Pr (Vigior € I1-12)

n=0

B (7%).

IA

Proposition C.1 Let the kth tone be a non-zero tone. Then the difference between

the random wvariable Vi, and the threshold Ay s bounded
llim E|Vin — All] < 0. (C.3)
Proof: Using the Total Expectation Theorem, we rewrite E [|Vi, — A/]] as

EflVia — Al =

E[\Vip — Al | Vig < A Pr (Vg < Aicy)
+E[|\Viy — Al | Vo € L) Pr (Vg € 1)
+E[|Viy — Al | Vg = A Pr(Vi, = A)).

The inequality (C.3) is true if the following incqualities hold:

lh—}};E“%’z — A[l { %,l < Al—l] PI(VL/ < Ag_l) < 0O, <C4)
ZTB&EHV;CJ — Al | Viu € L] Pr (Vi € ) < o0, (C.5)
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and

lliln E ka,l - Azl ’ VkJ > Al] PI‘(V)CJ > Al) < 00. (CG)

We first prove (C.4).

By definition,

ElWVei— Al | Viu < Aii]

= / Vk,l — A p (Vi ‘ Viep < Aiq) AV,

Vi l<lzz+l 1
-
< (n + 2) (33 + 1) Pr (Vk,l el_1_, | Via < Ag_l) , (C7)

n=0

Il

where (C.7) is obtained by upper bounding |V;; — A;| on subsets Vi, € I, 1,. In
(C.7), the conditional probability Pr (Vi; € L1y | Vky < A;3) is equivalent to

Pr(Vig € fioion | Vg < Ai-y)
Pr(Vig € fi-1n, Viea < Aily)

Pr(Vi, < Aimy)
Pr(Viy € L11-5)

- * , .8
Pr (Vk,l < Alfl) ( )

where (C.8) is obtained because the event Vi; < A, is implied by Vi, € L1_1_,.
Further, the probability Pr (Vj; € [;_;_,) in (C.8) is bounded as

Pr(Vig € I_1)
< Pr(Vie < 4iiy)
< Pr(Vigeno1 € Ay o, Vi < Aisin) (C.9)
< Pr(Verons < AitmoVer 1 < Ay) (C.10)
< ZPr (Vegei < A= | Vg1 < Aiors) (C.11)
< :9 (}2)”7 (C.12)

where (C.9) and (C.10) are derived by using A C B = Pr(A) < Pr(B); (C.11) is

based on the Markov property of Vi;; (C.12) is attained by using Lemma C.1.
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Hence, by substituting (C.8) and (C.12) into (C.7). we have

IEI?GE[IWC,J — Al | Vit < A Pr (Vi < Aiy)
-1

< lim Z (n+2) (72 +1)3 (552)71

l—oc
n={

< 00,

which proves (C.4).
The inequality (C.5) is obviously true based on Vi; € 1.
Finally, we prove (C.6).

Again, we usc the Total Expectation Theorem:

E|Via— Al | Vg > Al
!
- Z K (]Vk-,l ~ Al | afi,z = (n+ 1)727Vk,1 = Az)

n=-—1

xPr(z}, = (n+ 17" | Viy > A, (C.13)

where we consider all possibilities of the input xil In (C.13), the conditional expec-

tation B (|Viq — Al | 23, = (n+ 1) 2%, Viy > A)) is equivalent to

E(Vig— Al l2n, = (n+ 1), Viy = A)
= B (Vk,l | sz‘l = (TL -+ 1)52, vk,l > Al) - Al

= (n+1)7°+1, (C.14)
and the conditional probability Pr (:cil =(n+1)7% | Vi > Ag) is given by

Pr (Iil =m+1)7 | Vi > Al)

Pr{ai, =(n+1)7% Vi, = A) c1s
Pr (Vs = Ar) ‘ (1)
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The probability Pr (23, = (n+1)7%, V4, > A4;) in (C.15) is bounded as

Pr(zi, = (n+1)7° Via = A)

< Pr(Vigen-1 € Aicions ooy Vo < Air) (C.16)

< ZPT (Vig—s < Aimi | Vo1 < Ajsi) (C17)
=1

< B(z)". (C.18)

where (C.16) is derived by using A C B = Pr(A) < Pr(B); (C.17) is based on the
Markov property of Vi; (C.18) is obtained by using Lemma C.1.
By substituting (C.18) and (C.15) into (C.13), we obtain

}LI&E Vii— Al | Vg =2 A Pr (Viy > Ay)

{

< 3 (e )2+ 1) 5 (@)’
< 00, R

which proves (C.6).
Hence, (C.4), (C.5), and (C.6) are true and hence (C.3) holds. =



Appendix D

Experimental Results

In this thesis, we have discussed theorctic principles underlying the wideband capacity-
achicving signaling schemes and proposed a family of Multi-tone FSK schemes de-
signed to achieve the wideband capacity limit. By using theorctical analysis and
numerical results, we have shown that the achievable data rate of Multi-tone FSK
can be very close to the capacity limit.

However, in general, a theorctically sound idea may not be implementable owing
to problems of over-simplified analysis, rough approximations, inappropriate assump-
tions, or unrealistic requirements on the system implementation.

In this appendix, we show some experimental results to endorse the Multi-tone
FSK scheme. By using the ultra-wideband platform provided by the Ultra-wideband
project in Microsystems Technology Laboratories at MIT [45], we have realized the
Multi-tone FSK transmissions in an indoor environment. Since this thesis is not an
experimental thesis, exploring performance of Multi-tone FSK to a full extend is out
of the scope of this thesis. The experimental results shown should be deemed as

demonstrations supporting our theoretical proposal.

D.1 Ultra-Wideband Platform

The ultra-wideband platform is divided into three distinct sections: the transmitter,

the receiver, and the baseband processing. The transmitter and receiver communicate
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through air using a wideband horn antenna.

The transmitted ultra-wideband signal is synthesized by using a programmable
4 GS/s arbitrary waveform generator (AWG) and a vector signal generator (VSG).
The arbitrary waveform generator generates a baseband modulated signal, and the
vector signal generator up-converts the signal to a center frequency of 5.355 GHz.
The analog bandwidth is 500 MHz, therefore the synthesized Multi-tone FSK signals
can at most occupy a bandwidth of 500 MHz. Figure D-1 is a simplified diagram of

the transmitter.

I o~

Baseband FSK signals

5.3 GHz 4 -%

Figure D-1: The transmitter used to test the Multi-tone FSK scheme

At the receiver, the received signal from the RF front-end is amplified by two
cascaded LNAs. Then the signal is split and applied to two identical passive mixers
which perform 1/Q direct conversion. The baseband signal is filtered by low-pass
filters and amplified with an adjustable gain.

The baseband I and Q signals from the front-end are sampled by a dual-channel,
8bit, 1 GS/s Analog to Digital Conversion (ADC) board that interfaces to a com-
puter directly through the PCI bus. The received baseband samples are buffered and
captured to a waveform file, later to be processed by baseband processing programs.
Figure D-2 is a diagram of the receiver. The gray block in the figure is the baseband
processing section implemented by software in a computer.

We use Matlab for the baseband processing. Once the sampled waveform files are
read into Matlab, virtually any baseband algorithm not requiring real-time control of

the system may be tested.
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D_ » ADC
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Y

ADC

5.3 Gllz

Figure D-2: The receiver used to test the Multi-tone FSK scheme

The baseband processing part for the Multi-tone FSK scheme is a bank of matched
filters as shown in the gray box in Figure D-2. The received baseband waveform is
correlated with the central frequency of cach tone, and integrated over a symbol
time. Since all tones are orthogonal over a symbol time, the outputs of all matched
filters will be close to zero except the ) nonzero tones. The outputs are sampled and
decoded using a threshold detection rule.

Since the Multi-tone FSK signals are short sinusoid waveform pulses with a low
duty cycle, we don’t do phase synchronization at the matched filters. The scheme is

noncoherent.

D.2 Coding and Decoding Scheme

The input of the arbitrary waveform generator at the transmitter is from the channel
coder: the channel coder generates a bit string which selects one of the (g) symbols
and the arbitrary waveform generator produces the baseband waveform accordingly.

One important aspect in designing the channel coder for the Multi-tone FSK
scheme is the code scheme’s ability to combat burst errors. Since (g) is usually a
large number (M is very large for wideband applications), one symbol error is likely
to cause a large number of bit errors clustered together.

We give an example of the coding and decoding scheme for Multi-tone FSK in



Figure D-3 and D-4. The Serial to Parallel converter (S/P) in the diagram gencrates
a signal to choose the Multi-tone FSK symbol by mapping the bit sequence to one of
the (AQ[ ) symbols. At the receiver side, if a symbol error occurs, the Parallel to Serial
converter (P/S) will produce a wrong bit string which may cause burst errors. Our
strategy is to use interleaving. The interlcaver scrambles coded bits such that, after
de-interleaving at the receiver, burst errors will be scattered. Then trellis codes and

CRC codes can be used to deal with the non-burst errors.

01101 | CRC —a| TS L Ll fnterleaving || SP
Encoder

Y

Figure D-3: An encoder for the Multi-tone FSK scheme

. . _ | Viterbi .| CRC
1 P/S [ Deinterleaving ™ Decoder check —» 01101

Figure D-4: The corresponding decoder for the Multi-tone FSK scheme

D.3 Experimental Results

In the following section, we show some of the experiment results attained in our
tests. These results illustrate some typical scttings of the Multi-tone FSK schemec.
From the observations, we find that different tones experience different fading and the
fading coefhicients dramatically change in time. It justifies our frequency selective time
varying fading channel assumption. Moreover, we caught some of the Multi-tone FSK
signals corrupted by unknown strong interference. The demodulation result shows
that the Multi-tone FSK waveform survived the severe scenario and was decoded

properly.

D.3.1 Multi-tone FSK Waveform

In Figure D-5, we plot baseband waveforms which were captured at the output of the

ADC (Point (a) and (b) in Figure D-2) when the receiver is demodulating Two-tone
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FSK symbols. The top waveform is from the I-Channel and the bottom waveform is
from the Q-channel.

In the Two-tone FSK scheme. the symbol time 75 is 1000 ns and the duty cycle
6 is 1/6. The baseband bandwidth is 500 MHz, and we use frequencies 5 MHz apart
(i.c., 5 MHz, 10 MHz, ..., 500 MHz). The value of M is 500 MHz/5 MHz = 100 in
the scheme and because it is a Two-tone FSK scheme, the value of @ is 2. The total
number of symbols is (3) = 4950. The Two-tone FSK scheme uses a repetition code
with length N = 10.

| Channel

T T T T T T

Amplitude (mV)

1 1 1 1 1

0 1 2 3 4 5 6
Time (ns) x 10"

Q Channel
195 T T T T T T

Amplitude (mV)

1 2 3 4 5 6
Time (nS) X 104

_195 1 A1 1 1 1 1
0

Figure D-5: Bascband waveform of T'wo-tone FSK symbols

The Two-tone FSK waveform is showed in Figure D-5. A Two-tone FSK symbol
is a short pulse. Each pulse includes sinusoid waveforms with different frequencies.
The pulses in Figure D-5 have two frequencies: 5 MHz and 100 MHz. One symbol is
repeated over time to get time diversity. We magnify one pulse in Figure D-6 so that

we can see the 5 MHz component (the large wave) and the 100 MHz component (the

157



short zigzags on the wave).

| Channel
117 T T T T T

78 1 | E

39 I | o
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=
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0 200 400 600 800 1000 1200

time (ns)

Q Channel
117 T T T T T

781 ' .

39_ ‘l | I | I -

Amplitude (mV)
2

117 1 1 1 1 1
0 200 400 600 800 1000 1200

time (ns)

Figure D-6: A Two-tone FSK symbol

Multi-tone FSK symbols are easy to gencrate: pick sinusoid waveforms corre-
sponding to the central frequencies and add them together. There are many off-
the-shelf components available on the market which make the implementation of the

Multi-tone FSK scheme very easy.

D.3.2 Frequency-Selective Time-Varying Fading

To demodulate symbols. the I and Q signals are correlated with central frequencies
and filtered. After that, the I and Q outputs are squared and power-combined. The
combined outputs (as shown in Figure D-7) are sampled with a period of symbol
time 7,. Then the sampled values are cumulated over N repetitive symbols and the

averaged value is compared with a threshold to decode the symbol.
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The sampled outputs of the combiners are the received power of faded tones.
Their magnitudes are determined by the channel fading coefficients. In Figure D-7,
the sampled outputs (corresponding to the peaks) indicate that the 5 MHz tone and
the 100 MHz tone experienced time varying fading, because the output magnitudes
change very fast with time. Also, when we compare the values of these two tones at
the same time, we find the fading coefficients are different for these two tones, which

is an indication of frequency selective fading,.

% 10° 5 MHz

T T T T

[s)]

&~ o,
T
L

Amplitude
w
T
1

0 1 2 3 4 5 6
Time (ns) x 10°

X 105 100 MHz
3 T T T T T T

Amplitude
o
T
1

AN A ]

0 1 2 3 4 5 6
Time (ns) x10°

Figure D-7: Frequency selective time varying fading

Hence, it appears that our frequency selective time varying fading channel as-

sumption in the previous chapters is reasonable.

D.3.3 Strong Interference

Besides Two-tone FSK, we also tested Single-tone FSK, Three-tone FSK. and Four-

tone FSK on the platform. During the tests. we occasionally observed very strong
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unknown interference alongside the Multi-tone FSK waveforms (as shown in Figure D-

8). Not surprisingly. the interfered waveforms can still be demodulated properly. This

is because the Multi-tone FSK signals are peaky in time and frequency and not easily

to be submerged by interference. Even very strong interference is encountered and the

receiver is saturated so that the Multi-tone FSK waveforms are partially cut off, we

can still demodulate the tones correctly. The reason inhabits in the characteristic of

sinusoid waveforms: when a sinusoid waveform is cut off by saturation, the remainder

will still exhibit a very strong frequency component with the original frequency.

Amplitude (mV)

Amplitude (mV)

195

-195

195

(@]

L
[<e]
[4)]

| Channel

__.:;

1 2 3 4 5 6
Time (ns) i
Q Channel

Time (ns) i

Figure D-8: Multi-tone FSK waveform corrupted by strong interference

Figure D-8 shows an interfered Four-tone FSK signal, the symbol time 75 is 1000

ns and the duty cycle @ is 1/6. The central frequencies remain the same (5 MHz, 10

MHz, ...,
MHz.

500 MHz). The four nonzero tones are 10 MHz, 40 MHz, 60 MHz and 100

160



The waveform deteriorates badly due to the interference. The signals are almost
jammed. However, the demodulated waveforms (Figure D-9) are still good over the

period in which the interference prevails.

x10° 10 MHz x 10° 40 MHz
2 - 10
8
1.5
3 1 "g;
& < 4
0.5 /\ o h
0 L 0 Y
0 1 2 3 4 5 6 0 1 2 3 4 5 6
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6 T 3
5 25
o 4r o 2
e R
2 2
=3 B 15
£ E
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1 A [ 0.5
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Figure D-9: The demodulation results after the Multi-tone FSK waveform was cor-
rupted by strong interference
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