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Abstract

A rate and temperature dependent crystal plasticity model with a physically-based
constitutive law for slip has been proposed. The predictions for simple tension of
single crystals for two different forms of hardening models has been investigated. The
extension of the forms to represent hardening of polycrystalline response and the
modifications required are examined. The predictions of the polycrystalline model
are compared with experimental results for a non-homogeneous deformation at an
elevated temperature. Also, the problem of ear-formation in deep-drawing has been
addressed and the predictive capability of the model for the same is demonstrated for
face centered cubic single-crystals and a polycrystal.
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Chapter 1

Introduction

The foundations of crystal plasticity date back to the early 1900’s. Orowan [1934],
Polyani [1934] and Taylor [1934] proposed that plasticity was due to the glide of
dislocations, which are line defects on crystallographically well-defined slip planes.
Taylor ([Taylor, 1938]) was among the first to propose a theory for single crystal and
polycrystal deformations based on some careful experiments done on aluminum single
crystals and polycrystals ([Taylor and Elam, 1923]). In his polycrystalline model, he
assumed that in an aggregate of randomly oriented grains, the deformation in each
grain was the same as that at the macroscopic level, and he predicted the tensile stress-
strain behavior of the polycrystal based on the single crystal response. His assumption
that each grain in the aggregate underwent the same homogeneous deformation
satisfied the compatibility requirement by definition, however, the equilibrium of
stress across grain boundaries was violated. In his model, he assumed plasticity to
be rate-independent and the hardening to be isotropic i.e., all slip systems hardened
at an identical rate which was a function of the total accumulated shear strain on all
the slip systems.

It had already been established that any arbitrary strain in a polycrystal could be
accomodated by just five independent slip systems in each grain([von Mises, 1928]).
The availability of more than five slip systems (e.g., twelve in an fcc metal) posed
a non-uniqueness in the choice of active slip-systems. Taylor postulated that the

active set was chosen by minimizing the net work of plastic deformation done on the
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crystal. Though this reduced the number of candidates for the active set, there were
still some indeterminacies in the choice. In spite of this ambiguity, his predictions
for the macroscopic stress-strain behavior based on this hypothesis agreed reasonably
well with experimental observations.

In more recent years, Asaro and Needleman ([Asaro and Needleman, 1985])
extended the regime of application of Taylor-type models to rate-dependent
plasticity. The rate-dependence of slip was assumed to be power-law viscoplastic
([Hutchinson, 1976]). The latter serves as a constitutive relation for determining
the shearing rate in each slip system unambiguously. The validity of the
Taylor-type model and its capabilities to predict texture evolution has been
amply demonstrated with extensions to non-homogeneous, non-steady deformations
([Bronkhorst et al., 1992]) and modeling of complex metal-forming processes like
rolling, deep-drawing etc ([Chastel and Mathur, 1991] and [Becker et al., 1993]).

An aspect of significance in the modeling of deformation of crystalline materials is
the understanding of its hardening with continued deformation. As has already been
stated, Taylor assumed an isotropic form for the hardening of the slip systems. The

general form of the hardening relationship is

N
*=Y"r?F a=1,2,...N; a=12,..N (1.1)
=1

th slip system; h* are the

where s¢ is the slip system deformation resistance on the «
instantaneous hardening modulii which are themselves functions of the deformation
and 4# is the shearing rate on slip system 3. The diagonal terms in this hardening
matrix refer to self-hardening while the off-diagonal terms refer to cross-hardening.

Taylor’s isotropic hardening rule implies that
B =h; a=1,2,..,.N; 8=1,2,....N (1.2)

Other kinds of hardening that have been proposed include the independent hardening
(purely diagonal form for the hardening matrix) ([Koiter, 1953]) and kinematic
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hardening ([Budiansky and Wu, 1962]) where

h*® = hn®.-n®; a=1,2,..,N; =1,2,..,.N (1.3)

th

where n® is the normal to the yield surface of the a*" slip system.

Pierce, Asaro and Needleman [1983] have used a form of hardening

r8 = h({q+ (1 — @)bup}; @ =1,2,...,N; B =1,2,....N (1.4)

h(¥) = hosech? {;—;—%—;:’7] (1.5)
where ¢ is the latent hardening parameter chosen in the range 1 < ¢ < 14
([Kocks, 1970]); h, is the initial hardening rate; 7, and 7, are the critical resolved
shear stress and the saturation strength respectively; and 4 is the accumulated slip
strain.

Kalidindi, Bronkhorst and Anand [1992] have used a similar form of hardening

with a different form for the self-hardening,

hof = plB)gP (1.6)

Ss Ss

8 @ 8
h® = h,|1~2—| sign (1 _3 ) (1.7)
Here, s is the deformation resistance on slip system (8 and s, is the saturation slip

system deformation resistance. [¢®P] is the latent hardening matrix represented as

follows .

A qlA q;A qIA
A A qgA g4
(7] = | a A q , (1.8)
qlA q;A A qlA

24 gA gA A

where A is a matrix fully-populated by 1’s and ¢; is the latent hardening factor which
is 1 for coplanar systems and 1 < ¢; < 1.4 for the non-coplanar ones. Kalidindi

et al [1992] have shown the capability of this form to predict texture evolution and
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stress-response in various deformation modes.
More recently, Bassani and Wu [1991] have proposed a model for hardening
in single crystals based on some careful experiments on copper single crystals

([Wu et al., 1991)]) in which the hardening modulii take the form

1+ % P ta.nh(f (1.9)

o = [(ho — h,)sech? {éo———hi'y“} + hs]
=" p=1pa Yo

h*F = eh™; a# B; ek 1 (1.10)

where 7, is the stage I strength, i.e., the breakthrough stress level at which large
plastic flow initiates; h, and h, define the hardening slope immediately following
initial yield and during easy glide, respectively; € is a small parameter which defines
the off-diagonal terms and f*# is an interaction matrix that depends on the nature
of the junctions formed between slip systems o and . Wu, Bassani and Laird [1991]
argue that the activation of secondary slip during stage Il deformation before tensile
overshoot, is inconsistent with the notion of strong latent hardening during single slip
for most crystal orientations. They interpret the experimental results as showing a
very small latent hardening but high active hardening rate on latent systems. This,
they claim, has been overlooked owing to the back extrapolation methods used to
estimate the critical resolved shear stress. More recently, Bassani [1993] has proposed
a hardening form to include the effects of stage III hardening by assuming that A,
depends on the total accumulated slip ¥ = ¥, ¥ on all systems,

By = hy! + (h,"T - h,f)tanh(ﬂu) (1.11)

where 4,77 is approximately the accumulated slip at the onset of stage III

deformation; kT and B,

are the hardening modulii at the beginning of easy glide
and stage III deformation respectively.
Plasticity is inherently rate-dependent. The rate effects are due to the thermal

activation of various flow processes and therefore plastic flow is also intrinsically
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temperature-sensitive. Hence, there is a need to cast the constitutive law for slip
based on these considerations. Such a form would not only be more physically-based
but also dispense with the issues of non-uniqueness of solutions encountered in the
rate-independent framework. The slip-system hardening laws are crucial in predicting
observed phenomena such as premature secondary slip, tensile overshoot, etc. in single
crystals, though these are not very critical in polycrystal deformations. Finally, there
is a need to exercise the sophisticated models in hand and gauge their success in
predicting macroscopic shape changes, loads and defect formation during industrial
forming operations. These are the issues that this work has tried to address.

In the present study, a rate and temperature dependent single-crystal plasticity
model has been outlined. The framework for the constitutive model based on the work
of Kalidindi [1992] is presented in Chapter 2. The specific forms of the constitutive
functions used are also described. Here, an alternate form for slip based on thermally-
activated motion of dislocations is discussed. The Bassani et al [1991] hardening
form is investigated in this rate-dependent framework. The predictions for monotonic
tension of single crystal copper are presented and discussed. The results of the same
are compared with those obtained using Kalidindi et al [1992] hardening form. The
feasibility of extending the forms to represent hardening of polycrystalline response
and the modifications required are discussed in in Chapter 3. Predictions of the model
for high temperature polycrystal deformation and their comparison with experiments
are also shown. The capabilities of the model to predict shape changes and evolution
of crystallographic texture in complex bulk-forming processes is illustrated with deep-
drawing as an example in Chapter 4. The earing of single crystals and polycrystals

is studied. The conclusions are summarised in Chapter 5.
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Chapter 2

Single Crystal Plasticity

In this chapter, the framework for a finite-deformation, rate-dependent, temperature-
dependent constitutive model for single-crystal plasticity is described. It is essentially
an extension of the model proposed by Kalidindi et al [1992] to a temperature
dependent framework. The specific constitutive forms for the slip and hardening
on individual slip systems and the motivation for the same are also discussed. The
predictions of single-crystal response for various orientations using the hardening
form of Bassani and Wu [1991] implemented in a rate-dependent framework is
also presented and compared with predictions from Kalidindi, Bronkhorst and

Anand [1992] form of hardening.

2.1 Constitutive model

The basic framework for the constitutive model is as proposed by Kalidindi et
al [1992]. The stress response of each macroscopic continuum material point is
governed by the microstructure associated with it, the latter comprises of the crystal
lattice orientation at the material point concerned.

The constitutive equation for the stress at each material point is given by the

hyperelastic relation ([Anand, 1985)):
T =C[E*— A(6-0,)] (2.1)
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where E* is an elastic strain measure given by
* 1 * T 1 *
E* = -2—(F Fr—1)= E(C -1) (2.2)

C is the fourth-rank anisotropic elasticity tensor; T* is a stress measure work-

conjugate to the strain measure E* related to the Cauchy stress T by
T = F*"{(det F*)T}F*T (2.3)

A is the thermal expansion tensor; C* = F*TF* is the right Cauchy Green tensor; 8
is the temperature of the material point and 8, is a reference temperature.
The local deformation gradient F is multiplicatively decomposed into an elastic

part F* and a plastic part F? ([Lee, 1969], [Asaro and Needleman, 1985]) as
F=F'F?; detF* > 0, detF¥* =1 (2.4)

According to this mathematical construct, the crystal deforms solely through plastic
shearing on crystallographic slip systems from the reference configuration to an
intermediate configuration by the plastic deformation gradient F?. The elastic
deformation gradient, F* then stretches and rotates the crystalline lattice to bring
the crystal to the final configuration.

The evolution of the plastic deformation gradient F? is given by the flow rule,
F? = LPF? (2.5)

where L? is the local velocity gradient referred to the isoclinic configuration.
L? is assumed to arise only from the plastic shearing ! of individual slip systems

of the crystal defined as
N
L? =) 4*S2 (2.6)

a=1

!Plastic flow is assumed to be only through crystallographic slip. This assumption is reasonable
at low homologous temperatures for fcc metals.
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th

where 4 is the shearing rate of the a"" slip system. The slip system basis S is given

by
S = m® @ n2 (2.7)

where m¢ and n¢ are orthonormal directions along the slip direction and slip plane
normal respectively. These are time-independent as they are referred to a fixed
reference configuration. The particular form of S depends on the structure of the
crystal.

The plastic shearing rate on the slip system « is given by a constitutive relation
4% = 4o(1%, 5%, 0) (2.8)

where 7% is the resolved shear stress and s® is the slip system deformation resistance.

The plastic work rate per unit volume is given as
& = (C'T) - I = Y{(CT") - $71 = ¥ 7o (2.9)
The resolved shear stress in turn is defined from above as
% = (C*'T") - 8¢ (2.10)
Since the elastic stretches in metals are small, C* = 1, thus,
7%~ T* . S¢ (2.11)

Positive plastic work during slip on a slip system requires that 4* be in the same
direction as 7%.
The constitutive law for slip system hardening is defined through a set of evolution

equations for s%,

s@ =Y hP| 4| (2.12)
B

where h*? is the hardening rate on slip system « due to shearing on slip system 3.
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2.2 Specific Constitutive Functions

In this section, the specific forms for the various constitutive functions and the
motivation for the same are discussed. The forms are general and pertain to
mechanisms of plastic deformation in crystals with sufficient number of slip systems
i.e., greater than five. In this chapter and in later chapters, these forms are presented
and tested for fcc materials. But, the same forms could also be used for bcc materials
with appropriate changes in the crystallographic planes and directions of slip, the

number of slip systems and the material parameters.

2.2.1 Anisotropic elasticity tensor

Due to the nature of crystal symmetry in fcc materials, their elastic properties can be
described through three independent elastic constants, C11, Ci2 and Cy4 ([Nye, 1957])

which are defined in terms of the elasticity tensor as :-

Ci =(e°®e°) - Cle:® ® e,°], (2.13)
012 = (elc ® e1°) . C[e2° @ e2c], (214)
Cus = (e1° ® €2°) - C[2sym {e,° ® e,°}], (2.15)

where e;°, ¢ = 1,2,3 is an orthonormal basis aligned with the [100], [010], [001]
directions of the fcc crystal lattice respectively. The values of these constants in this
work have been obtained from Simmons and Wang [1971].

Also, for cubic materials,

A=c,1 (2.16)

where a. is the coefficient of thermal expansion.

2.2.2 Constitutive law for slip

Plastic deformation is assumed to occur only through slip on well-defined

crystallographic planes and directions. For fcc crystals, these are the twelve
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{111}(110) slip systems®. These slip systems are shown schematically in Figure 2-1.
Here, we follow the Schmid and Boas convention ([Schmid and Boas, 1935]) of
labeling the slip systems. The slip plane normals and the slip directions referred
to an orthonormal basis in the crystal lattice are tabulated in Table 2.1.

The constitutive function for slip in each slip system 4*(r%,s%,6) in 2.8 is given

by

Y 0 if | 7 |< st @.17)
v = Seflra] ¢ M
Y, €Xp (_ég_élg_élil) sign(t®) otherwise

where 4, is a reference shearing rate, s** is a threshold slip system resistance, kp is
the Boltzmann constant, 4 is the temperature and AG”* is a thermal activation energy

([Kocks et al., 1975]) given as

s =R{i- (L__':._)} (218)

Sa

Here, F, is the Helmholtz free energy and p and ¢ are fit parameters related to the
“shape” of the obstacles on the slip plane a ([Frost and Ashby, 1982])

Motivation for the form of the constitutive law for slip

The motivation for the constitutive equation for slip 2.17 has its underpinnings in

thermodynamics and kinetics of plastic flow.

Thermodynamics and Kinetics of slip

We now study the kinetics of slip and endeavor to establish a basis for 2.17 based on
the fundamental principles of thermodynamics.

Let P be a representative volume element (RVE) of volume V in a body B. Let «
be the index denoting a slip system. The RVE is assumed to deform under a uniform
macroscopic stress by straining locally at numerous sites ([Kocks et al., 1975]) as

shown in Figure 2-2. If the crystals were assumed to deform only through

2These comprise the planes of the greatest atomic density and the closest-packed directions within
these planes
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crystallographic slip, the sites are dislocation loops and the strain transformations
are the shear transformations associated with the glide of these dislocation loops. Let
us consider a dislocation loop with a Burgers vector of magnitude 6%, area a® = wr*?
and thickness t on the slip system a as shown in Figure 2-3. Here, r® is the radius of
the loop. The shear increment associated with each shear transformation on the slip
plane a (see Figure 2-4) is given by
b
7a(tr) N (2.19)

The macroscopic plastic deformation Fp’a(tr) on the slip system o associated with

this shear transformation is thus,
FP 1 = 1° (1) (S ® 1) (2.20)
1% (tr)> the volume associated with each shear transformation, is given by
Va(tr) =a*h (2.21)

Let N* be the number of sites undergoing shear transformation on slip system ca.
The macroscopic velocity gradient in the RVE due to the shear transformations can

now be written in terms of the microscopic variables as

L7 = FPRe-! = -1‘; {; F”'“(tr)(N"‘V“(tr))'} (2.22)

Substituting for FP* (tr) and Va(tr) in the expression above we get,

o N\ o O ey X2 .
Lp=z[{9—]1’-‘72ﬂ_}w+{b’;" }N"] (m® @ n) (2.23)

o

Thus, the macroscopic shearing rate on slip system « can be written as

1" = Aglide *+ Fhuc (2.24)
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where ‘7211 de 15 the shearing due to the glide of the dislocations represented by the
first term in the square brackets in 2.23 and 4§y is the shearing due to nucleation
of shear transformation sites represented by the second term in the square brackets

in 2.23. Hence,
LP = > iglide(me” 1) + X Huc(mo” ® n.°%) (2.25)
Under the assumption that plastic flow is glide-controlled,
;/glide > Ynuc (2.26)
Thus, the expression for the macroscopic velocity gradient reduces to
L7 =3 4*(m®n,*)~ ) ‘3'glide(mo°' ®n,*) (2.27)

th

where, the shearing rate on the o*" slip system 4* is given by

¥* = p%, 0% 0% (2.28)
N N*2xre
Pm =~

% = 7

Here, 7* is the mean expansion velocity of the dislocation loops on slip system a and
p°,, is the mobile dislocation density on slip system a. Eqn 2.28 is the generalization
of the classical Orowan’s relation for finite viscoplastic deformation.

The movement of dislocations is impeded by the presence of two kinds of obstacles:
extended obstacles which are also termed as long-range obstacles e.g., dislocation pile-
ups within a glide plane and local obstacles, which act only over a few atomic distances
e.g., dislocations threading a glide plane. Only the local obstacles can be overcome
with the help of thermal fluctuations, under the action of a stress. Fig 2-5 shows a
schematic of the two types of obstacles on a slip plane.

Let us now consider the movement of dislocation loops on any one slip system. In
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the following discussion, we will drop the index a for convenience. Let the macroscopic
deformation process be characterized by an experimental time 5. As the dislocations
glide on a slip plane, they encounter local obstacles (see Fig 2-5), which can be
overcome after a mean wait time tw < tg. The dislocations travel between two
obstacles in a mean flight time ¢ty < tg. A useful estimate for the mean dislocation

velocity is
Ir
tw +tF

v =

(2.29)

where Ir is the mean separation distance between two successive local obstacles on

the slip plane. Under the assumption that tF < tw, we can write 2.29 as

DR —l— = lFtW_l (230)
tw

From statistical mechanics, the mean time required by a dislocation to overcome a

local obstacle through thermal energy fluctuations at a temperature 6 is given by

twl=v [exp {———ﬁfof} — exp {—?BG; }] (2.31)

where v is a frequency factor expressed as a fraction of the Debye frequency vp,
v =~ 1072 — 10~ vp; vp ~ 8 x 10'%sec™®; kp is the Boltzmann constant; AG; and
AG, are the activation energies for the forward and the backward jumps, respectively,

between the ground point and saddle point in front of an obstacle. From 2.28, 2.30

and 2.31,
o AGy\ AG,
4% =b%p®,, lpv [exp{ kBH} exp{—kgo}] (2.32)

Since, the jumping of a dislocation over a local obstacle takes place within a very
short period of time, the activation process can be assumed to occur at a constant
stress and temperature. This implies that the approriate choice for the activation
energies AGy and AG, in 2.32 is the activation free enthalpy.

In order to evaluate the activation free enthalpy and its dependence on the resolved
shear stress on the slip system, let us consider the RVE as the thermodynamic system.

Now, let us consider a small variational shear increment §v on one slip plane with slip

24



direction and slip plane normal m and n respectively due to a unit plastic process
i.e., jumping of a single dislocation line over a local obstacle. The corresponding

variation in the free enthalpy of the thermodynamic system is,
§G = 6F — §W (2.33)

where §F is the variation in the Helmholtz free energy of the system and §W is the
variational work done on the system. The variation in the free enthalpy with shear
is shown schematically in Figure 2-6. The activation free enthalpy change, AG*, as
shown in the diagram, is the free enthalpy change in the system when the dislocation
moves from the stable configuration (ground point) to the unstable configuration
(saddle point).

Let 1 denote the specific energy per unit mass of the thermodynamic system under
consideration. The variation in the free energy of the system can be decomposed into
the variation in the interaction energy between the dislocation line and the local
obstacle, § F; and the variation in the free energy of the rest of the RVE 6{f,, pp dV'}

as follows,

6F =8 |Fi() + [ o dv] = 6F(n) (2.34)

where F is the deformation gradient and S is the first Piola-Kirchoff stress that is
work-conjugate to F related to the Cauchy stress T by

S = (det F*)TF 7 (2.36)
Using the multiplicative decomposition of F in 2.36, we have,

S = (det F*)TF* " TprT (2.37)
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Also,
OF = §F*F? + F*6F? (2.38)

Since we have assumed that the stress is constant during the unit plastic process,
the elastic strain which gives rise to the stress is also constant, meaning that the
elastic deformation gradient F* is a constant. Hence, the first term in 2.38 is zero.

From 2.38, 2.37 and 2.35, we get,

W = /V tr [(det F*)TF*~TF*~TsFPTF*T] av
= ]V tr [(detF*)(F*TF*)F*-l'rF*"T(aFPFP-l)T] dv
= /V (C*T*) - (SFPF*~1) 4V

- /V (C*T*) - 64 (m, ® n,) dV (2.39)

From the definition for the resolved shear stress 7 on slip system «, 2.10, the above

equation reduces to

oW = .
/V T 6y dV (2.40)
From 2.33, 2.34 and 2.40,
— 6F. _ 9F(v)
6G = 8 F; /V T8y dV = By oy — /V 6y dV (2.41)

As the resolved shear stress 7 is a constant during the variation,

G = Q%_(;ﬁ by — 1V by (2.42)

Dividing both sides of 2.42 by V,

AT EE

The dependence of the variation in the free enthalpy of the system on the resolved

shear stress is evident in 2.43. The two equilibrium positions 7, and 7, are the roots
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of the equation,

{.‘17 31*;§7)} Cr=0 (2.44)

The term in the curly brackets in 2.44 has the units of stress and is a measure of
the resistance to the glide of the dislocation line considered. We shall denote this

quantity by s4 and call it the glide resistance on the dislocation. Thus, 2.43 becomes,

é‘—/q = 848y — 18y (2.45)

The glide resistance on the dislocation changes as the dislocation moves on the slip
plane and can be represented schematically by a glide-resistance diagram as shown
in Figure 2-7. The stable equilibrium configuration 4, and the unstable equilibrium
configuration +, are represented by the points A and B, respectively. The free energy
change per unit volume required for the dislocation to move under an applied stress
7 from A to B, -A—é?—', is given by the area under the glide resistance curve between A
and B. A part of this free energy change, shown by the hatched area in Figure 2-7, is
provided by the work done per unit volume by the applied stress 7 during the change,
égi. The remaining part of the free energy change, shown as the cross-hatched area
above the s; = 7 line in Figure 2-7, represents the activation free enthalpy change

per unit volume, —A—g—: (see also Figure 2-6). The activation free enthalpy change is

thus expressed as,

AG" =V [/w 8467 — /:u 'r&y] (2.46)

Vs
Thus, the activation free enthalpy change, AG* required to overcome a local obstacle
is a function of the applied stress 7 and the glide resistance s;. The absloute value
of the maximum of s; is the slip system resistance s on the slip system considered.
Hence, AG* = AG*(| 7 |,s) where 7 is the applied resolved shear stress on the slip
system and s is the slip system resistance. The foregoing result can be extended to

th

all the slip systems (now we introduce the index a to specify the o' slip system) as,

AG* = AG*(| 7 |, s%) (2.47)

27



Any phenomenological form for AG* must reduce to the free energy change AF*
under the absence of an applied resolved shear stress 7® and must become zero when
| 7* | = s®. Keeping this mind, a variety of forms can be proposed which are shown
schematically in Figure 2-8. For boz-shaped obstacles ([Kocks et al., 1975}), this takes

a simple linear form,

AG*(| 7% |,5%) = F, (1 | :a I) (2.48)

where F, is the activation free energy change. F, is a measure of the strength of the
local obstacle. An order of magnitude estimate for the F, ([Frost and Ashby, 1982])
is given by

Fy~aub® (2.49)

where 4 is the shear modulus®, b is the magnitude of the Burgers vector and « is a
small factor. Ashby [1982] has suggested different values of o based on the strength
of the obstacles. In this study, a ~ 0.5 was found to give good predictions for the
mMacroscopic response.

To account for changes in the shape of the obstacles, Kocks, Argon and

Ashby [1975] have proposed a form,
S(] o | o =1\
AG*(| T |,8*)=F, |1 — P (2.50)

where 0 < p < 1 and 1 < ¢ < 2 are shape factors to be determined by fits to
macroscopic response. In this study, we adopt this form together with 2.32 to describe
the constitutive behavior of slip. Under a large applied resolved shear stress, the

reverse activation in 2.32 can be neglected and the constitutive law for slip reduces

o _ 1o a AGH(| |, )
¥* =% p°,, lFrv [exp{— tn 0 (2.51)

to

2.51 takes the form of the constitutive law defined in 2.17 with v, = b* p*,, Ir v.

Yo 18 a reference shearing rate which can be considered to be constant

8For cubic metals, p = {Cas 1(C11 — C22)} 3
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([Frost and Ashby, 1982]) as v is not very sensitive to changes in 4, for large values
of AG*.

Thermal activation cannot produce slip when the resolved shear stress is below a
threshold value s, ([Kocks et al., 1975]). sy here represents an athermal resistance
and is due to long-range internal stresses. As this value is quite small for fcc materials,

s, was neglected in our calculations.
Relationship between the viscoplastic power law and the exponential form
for shearing

The viscoplastic power law form for the slip is given by the relation

([Kalidindi et al., 1992])

§o = :y,,{ = I}Esign(r“) (2.52)

301
where m is the strain-rate sensitivity parameter.

At a fixed temperature, a rate-sensitivity parameter, m may be defined as

_6lnl")'°‘|

1
m Ol |t Ilg (2.53)

A definition of the strain-rate sensitivity parameter in the lines of 2.53 for the

exponential form for the shearing 2.17, gives

L _Fpaf,_fIr ]\ [l =s*
= hed [1-{ s pos (2.54)

For simple box-shaped obstacles (p = ¢ = 1),

Ly L i, B 2.55
m kg s [ kph (2.55)

2.55 shows a linear dependence of m on the temperature.

29



2.2.3 Constitutive law for slip system hardening

Slip-system hardening is accounted for by an increase in slip-system deformation

resistance with slip. This is given by
§*=Y"h* 4% (2.56)
B

The hardening matrix A*® contains information about the interaction between
dislocations on various slip systems and, hence, is very complicated in form.

In theory, knowledge about the interactions between dislocations can be obtained
through a calculation of forces on each dislocation due to the elastic stress field
of the others. Even with the availability of powerful computing resources, this
is a formidable task owing to the large number of dislocations which increase
dramatically with strain. Hence, the hardening behavior has to be inferred
through macroscopic measurements on single crystals. However, direct measurements
of the evolution of the hardening moduli with plastic strain is difficult due to
limitations in simultaneously measuring stress and strain increment on different
slip systems. Instead, indirect measurements are used to infer hardening rates on
different slip systems. This procedure usually involves loading a single crystal in
single-slip orientation to activate the most highly stressed (primary) slip-system
followed by a secondary test wherein a previously latent slip-system is activated
([Kocks, 1970],[Wu et al., 1991]). Such an experiment provides information about
the hardening on active systems and also about the hardening on latent systems due
to activity on active systems.

In this work, two forms of hardening are studied:-

(i) Kalidindi, Bronkhorst and Anand, 1992 :-

hoP = q*Pp(P) (2.57)

where ¢®” is the latent hardening matrix which accounts for the interaction between

different slip systems.
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For fcc crystals ([Pierce et al., 1983]),

A qgA gA qA
A A A gA
=4 * s ast (2.58)
gA qgA A qA

@A gA qA A

Here, A is a matrix fully-populated by 1’s and ¢; is the latent hardening factor which
is 1 for coplanar systems and slightly greater than 1 for non-coplanar ones. In general,
1 < ¢ < 1.4 ([Kocks, 1970]).

The form for the self-hardening rate, A* ([Brown et al., 1989]) is given as

Ss Ss

® ° ®)
B® = h,|1——| sign (1 . ) (2.59)

where h, is the initial hardening rate and s, is a saturation value for the deformation

resistance s. To account for the rate sensitivity of s, the following form is adopted,

8s =38 {l :f | exp (k];oo)}" (2.60)

where, § and n are additional material parameters.

(ii) Bassani and Wu, 1991 :-

- N ~B

ho® = [(ho — h,)sech? {uﬁf“} + hs] 14+ ) ta,nh(’Y— } (2.61)
81 — 8o f=l1a Yo

P = eh®®; a # B ek 1 (2.62)

where sq is the intital yield, s, is the stage I strength, i.e., the breakthrough stress level
at which large plastic flow initiates; h, and A, define the hardening slope immediately
following initial yield and during easy glide, respectively (Figure 2-9); € is a small
parameter which defines the off-diagonal terms and f*? is an interaction matrix that

depends on the nature of the junctions formed between slip systems « and 3.
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The interaction matrix f*? for fcc crystals ([Bassani and Wu, 1991)) is given as

( 3

0CcCC S GHNGGHSG
C 0CGNGGSHSHG
ccCoHGSGHSGGN
S GHOCCGNG GG GSH
GNGCOCSGHGHS

js_|H G SCCOHGSNGG]| 2.63)
NGGGSHOCCHG®GS
G SHNGGCUOCS GH
GHSGHSCCOGNGQG
HSGGGNHSGOCC
S HG S HGGGNCOC
|G GNHSGSHGCC 0|

where
N = gy (No junction)
H = a2 (Hirth lock)
C = a3 (Coplanar junction)
G = a4 (Glissile junction)
S = as (Sessile junction)
Here, a3, aq,, a3, a4 and as are parameters whose values depend on the relative
strengths of the junctions.
The Bassani and Wu form differs from the Kalidindi et al form in that the former is
based on accumulated slip strains which is not a good state variable. Also, by virtue
of a small cross-hardening parameter, the 2% matrix is rendered positive definite

owing to its diagonal dominance.
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2.3 Time-integration procedure

The time-integration procedure involves the efficient and accurate computation of
the stress T and the state vector ¢ at a time 7 = ¢ + At, given T and ¢ at time ¢
and the deformation gradient F and the temperature 8 at time ¢ and 7 = ¢ + At.
The state vector here comprises of the plastic deformation gradient F? and the slip
system deformation resistance s at every material point. Hence, the time-integration
procedure requires the updating of the vector {F?,s* T} for each time step. The
macroscopic stress can then be evaluated from 2.1. The crystallographic orientation
at each material point can be obtained from F(7) 4, F?(7) using the relation for lattice

rotation as

m®*(7) = F*(r)m%; n%(r) = F* 7 (r)n, (2.64)

and using the relation 2.4 for F*.
In an implicit finite element method, Newton-Raphson iterates are used to improve
estimates of F(7) so as to satisfy the principle of virtual work to some tolerance. This

necessitates the evaluation of a Jacobian ° which is defined as

oT

J = 9AE,

(2.65)

which is a measure of the changes in the values of the components of stress T at a
material point with small changes in the incremental strain E;. The details of the
time-integration procedure are given in Appendix A. The objectivity of this procedure
for large time steps has been demonstrated by Kalidindi [1992].

The time-integration procedure has been implemented in a user-material
subroutine UMAT in ABAQUS-5.2 version IMPLICIT finite element solver and the

calculations in the following sections have been performed using the same.

4F(7) is the deformation gradient at time 7 in an explicit finite element solver and is the estimated
deformation gradient at time 7 in an implicit finite element solver

5In an explicit analysis, however, owing to the non-iterative nature of the solver, a Jacobian is
not required. See chapter 4, for a detailed discussion of explicit integration schemes
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2.4 Predictions of the model for deformation of
single crystal

In this section, we simulate isothermal, monotonic tension of a single crystal of OFHC
fcc copper at room temperature using the model and the computational procedures
presented in the previous sections. In this context, we study both the hardening
forms (Bassani et al [1991] and Kalidindi et al [1992]) and their ability in predicting
the slip systems’ activity, tensile overshoot and macroscopic response.

The simulations reported here were performed using a single 8-noded C3D8 finite
element. The tensile direction is aligned with the element axis. The load faces of
the cube are constrained to remain parallel to each other and perpendicular to the
loading axis. These boundary conditions simulate a stiff-testing machine in which the
clamps are prevented from rotating.

The elastic properties of OFHC copper ([Simmons and Wang, 1971]) are taken as
Cn1 = 170 GPa; Ci3 = 124 GPa; Cyy = 75 GPa

for both forms of hardening.

2.4.1 Bassani and Wu hardening

The form of hardening is

—_ N 5B

hoe = [(ho — h,)sech? {.’}_"___’fi:/a} + hs] 14+ Y f# tanh(l) (2.66)
81— 8o B=1#a Yo

hoP = eh®*; a# B ek 1 (2.67)

We use the hardening parameters suggested by Bassani and Wu:
h, = 90s, ; hy = 1.58,
51 = 1.38,; ¥, = 0.001; € = 0 (no latent hardening)
a1 =ag =az = 8; a4 = 15; a5 = 20
In order to obtain the parameters for the shearing rate 2.17, we fit the macroscopic

response of our simulation of monotonic tension with the loading axis along the [111]

34



direction with those of Bassani and Wu. Since the simulations are for isothermal
conditions, we use 8 = 6, = 25°C. The fit obtained is shown in Figure 2-10. The
parameters for the shearing rate obtained from this fit are :-

Yo =10 sec™; F, =4.7536 x 1070 J; p=¢ =1

8, = 1.15 MPa gave a good fit.

The slip-system activity for this orientation and the rotation of the tensile axis
for the same are shown in Figures 2-11(c) and 2-11(b) respectively. The tensile axis
does not rotate since this is a stable orientation. Figures 2-11(c) and 2-11(d) show
equal activity on six slip systems, B5, B2, C5, C3, A3, A2. The material parameters
obtained from the fit are used to predict the response in some other orientations.

Figure 2-12 shows the response in a multislip orientation where the loading axis is
along the [001] direction. Eight slip systems, namely, B4, B5, C5, C3, D4, D6, A3, A6
are equally active as shown in Figure 2-12(c). Though the stability of this orientation
in tension is well-predicted [Figure 2-12(b)], the macroscopic response does not show
non-linear hardening and saturation.

Figure 2-13 shows the evaluated response for the single-slip orientation [236]. For
this orientation, the primary slip system is A3. Stage I (easy-glide) is manifest as the
initial region of low-hardening rate in the 7-v curve for A3 in Figure 2-13(d). During
stage I, the tensile axis rotates on a great circle towards the primary slip direction
[101] of A3. Figure 2-13(c) shows fine activity on the conjugate slip system B5 during
stage I. Since latent hardening is absent, the hardening matrix [k*?] for the stage I
is diagonal with

h

R = [(h,, — h,)sech? {%‘-’—’—"——-"ﬁl} + hs] (2.68)

1~ S
~1
h%® = h, [1 + f tanh(g—)} (2.69)

Here, the index 1 represents the primary slip system and o represents all the other
slip systems. Eqn 2.69 implies that the conjugate slip system B5 shows high active
hardening during stage I. By the time the tensile axis rotates and reaches the
symmetry boundary [001]-[111], B5 hardens much more than A3. As a consequence,

the loading axis overshoots the symmetry boundary even in the absence of latent
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hardening [Figure 2-13(b)]. At about a tensile strain of ¢ = 0.1, the conjugate slip
system Bb5 begins to show significant activity. Since the shearing rate on both the slip
systems after this strain is the same, the tensile axis rotates in a direction parallel to

the [001]-[111] symmetry boundary.

2.4.2 Kalidindi, Bronkhorst and Anand hardening

The form of hardening is

hef = ¢*Fp () (2.70)

A qgA qgA qA ]
A A qA gA
¢*° =4 @ QA q > (2.71)
qu q(A A qu

@A g4 A A

7
Here, A is a matrix fully-populated by 1’s and ¢; is the latent hardening factor which
is 1 for coplanar systems and 1 < ¢; < 1.4.

© ¢ @)
B = h,|1— 3| sign (1 _2 ) (2.72)

ss s

Following the work of Kalidindi et al [1992)], the hardening parameters are obtained
by fitting the macroscopic response to the experiments of Kalidindi [1992] of simple
compression of copper single crystal along [011] direction [see Figure 2-14]. The
hardening parameters are:-

h, = 300 MPa; s, = 19 MPa; s, = 215 MPa; a =2.2;n =0; ¢y = 1.4

For the purpose of comparison, the parameters for the slip rate equation, vy, = 10°
sec™!; F, = 4.7536 x 107! J; p = ¢ = 1 are the same as used for the Bassani et al
model.

The stability of the [011] orientation under compression is well-predicted [as
seen in Figure 2-15(b)]. Figures 2-16 and 2-17 show predicitons for the multislip
orientations [001] and [111]. The principal difference in the predictions of the two

different hardening forms is in the form of the macroscopic response. Bassani et al
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hardening shows linear hardening [Figure 2-12(a)] while Kalidindi et al hardening
shows non-linear hardening and saturation [Figure 2-16(a)].

Figure 2-18 shows predictions for the single-slip orientation [236]. In comparison
with Figure 2-13, we see that the tensile overshoot in Figure 2-18(b) is larger than
in Figure 2-13(b). This is due to the strong latent hardening in the latter. The
conjugate slip system B5 becomes active at a tensile strain which is slightly larger
than € = 0.1. This is followed by the rotation of the tensile axis. But, the rotation
is not quite parallel to the symmetry boundary due to the slightly different shearing
rates on A3 and B5 (seen in the slight difference in slopes in A3 and B5 after e = 0.1 in
Figure 2-18(c)). The stress-strain response [Figure 2-18(a)], however, does not show
a region of low hardening, as seen in Figure 2-13(a). This is because of the difference
in the nature of the self hardening terms in both the models. As is evident from
Figure 2-9, the Bassani ef.al form has a region of low hardening while the Kalidindi
et.al form lacks such a facility.

In conclusion, we see that although the Bassani et al form captures easy glide,
tensile overshoot etc., it lacks a non-linear stress-strain response and saturation of
stress at large strains. Also, the hardening is dependent on the accumulated slip 7
which is not a good state variable. The macroscopic linear hardening is a consequence
of neglecting the stage III effects. Bassani [1993] has suggested a way to include the
effects of stage III hardening by assuming that the hardening slope during easy glide
hs evolves with the accumulated slip ¥ = 3°, 4 on all slip systems,

he = ho! + (BT — h,I)tanh(%ﬁ (2.73)

where 4,’!l is approximately the accumulated slip at the onset of stage III

deformation; k.’ and A’

are the hardening modulii in the beginning of easy glide
and stage III deformation respectively. This form has not be investigated in this
study. In contrast with the Bassani et al form, the Kalidindi et al form exhibits
non-linear stress-strain response and saturation of stress at large strains. It predicts

the response in multislip orientations well, however, it does not capture easy-glide for
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single-slip orientations.
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Figure 2-2: Representative volume element with sites of strain transformation
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Figure 2-3: A representative dislocation loop on a slip plane
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Figure 2-4: A dislocation loop emerging out of the crystal and forming a slip step
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Figure 2-5: Schematic representation of the gliding dislocations on a slip plane (from
Teodosiu et al [1976])
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Figure 2-6: Schematic diagram of the variation in the free enthalpy with shear
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Figure 2-7: Schematic diagram of thermal activation of a unit plastic process
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Figure 2-8: Schematic diagram of variation of AG*(| 7* |,s*) with I for different
values of parameters p and ¢
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Figure 2-9: Schematic diagram for the Bassani and Wy [1991] form of hardening
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Figure 2-10: The fit for macroscopic response for simple tension of copper single
crystal with the loading axis along the [111] direction, Bassani and Wu [1991]

hardening
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Figure 2-11: Simple tension of copper single crystal with the loading axis along the
(111] direction, Bassani and Wu [1991] hardening: (a) The macroscopic stress-strain
response (b) The evolution of the orientation of the loading axis (c) The accumulated
slip vs. macroscopic strain for active slip systems (d) The shear stress-shear strain
response on active slip systems

47



80 - - r T + Initial orientation

X Final orientation
111
<
¥
2
5
001 011
(a) (b)
0.10 -~ - . r 50 ——
B4, B5, C5, C3, . 40 B4, B5, C5, C3,
D4, D6, A3, A8 1 - - D4, D6, A3, A6 -
. - 1 Q“_" 30 -
>~ 0.05 ¢ {1 2 ! ]
= 20 | -
10 .
0.00 . . . L 0 —_—
0.0 0.1 0.2 0.00 0.05 0.10

(c) le] (d)

lyl

Figure 2-12: Simple tension of copper single crystal with the loading axis along the
[001] direction, Bassani and Wu [1991] hardening: (a) The macroscopic stress-strain
response (b) The evolution of the orientation of the loading axis (c) The accumulated
slip vs. macroscopic strain for active slip systems (d) The shear stress-shear strain
response on active slip systems
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Figure 2-13: Simple tension of copper single crystal with the loading axis along the
[236] direction, Bassani and Wu [1991] hardening: (a) The macroscopic stress-strain
response (b) The evolution of the orientation of the loading axis (c) The accumulated
slip vs. macroscopic strain for active slip systems (d) The shear stress-shear strain
response on active slip systems
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Figure 2-14: The fit for macroscopic response for simple compression of copper single
crystal with the loading axis along the [011] direction, Kalidindi et al [1992] hardening
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Figure 2-15: Simple compression of copper single crystal with the loading axis along
the [011] direction, Kalidindi et al [1992] hardening: (a) The macroscopic stress-strain
response (b) The evolution of the orientation of the loading axis (c) The accumulated
slip vs. macroscopic strain for active slip systems (d) The shear stress-shear strain
response on active slip systems

51



T r r + Initial orientation
X Final orientation
200 111
o
aly
S
&) 100
O o1 oz 001 011
0. A .
(a) (b)
le]
0.10 - r — r 100 —
B4, B5, C5, C3,
D4, D6, A3, A6 =
I 8 I ]
= 0.05 { & 50¢ B4, B5, C5, C3, -
= D4, D6, A3, A6
! ) i ]
0.00 — o+
0.0 0.1 0.2 0.00 0.05 0.10

©) . @

Iyl

Figure 2-16: Simple tension of copper single crystal with the loading axis along the
[001] direction, Kalidindi et al [1992] hardening: (a) The macroscopic stress-strain
response (b) The evolution of the orientation of the loading axis (c) The accumulated
slip vs. macroscopic strain for active slip systems (d) The shear stress-shear strain
response on active slip systems
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Figure 2-17: Simple tension of copper single crystal with the loading axis along the
[111] direction, Kalidindi et al [1992] hardening: (a) The macroscopic stress-strain
response (b) The evolution of the orientation of the loading axis (c) The accumulated

slip vs. macroscopic strain for active slip systems (d) The shear stress-shear strain
response on active slip systems
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Figure 2-18: Simple tension of copper single crystal with the loading axis along the
[236] direction, Kalidindi et al [1992] hardening: (a) The macroscopic stress-strain
response (b) The evolution of the orientation of the loading axis (c) The accumulated

slip vs. macroscopic strain for active slip systems (d) The shear stress-shear strain
response on active slip systems
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Chapter 3

Polycrystalline plasticity

In the previous chapter, the differences in the predictions of the Bassani et al
hardening form and the Kalidindi et al form for single crystals were studied. In
this chapter, the model is extended to polycrystalline plasticity invoking the Taylor
assumption. The predictions of both the forms for simple compression with regards
to the stress-strain response and the texture evolution are investigated. Finally, the
predictions of the model for high temperature polycrystal deformations are presented

and compared against experimental results.

3.1 Constitutive Equations for a Polycrystal

The Taylor assumption [Asaro and Needleman, 1985] is invoked to evaluate the
response of a polycrystal. A polycrystal is considered to be an aggregate of single
crystals. Local deformation in each grain F(®), k = 1, N is homogeneous and is the
same as the macroscopic deformation gradient F.

The macroscopic stress at a material point is the volume-averaged stress over all

the grains constituting the material point,

N
T=)Y uT® (3.1)

k=

where T(¥) is the Cauchy stress in the k** grain and v® is the volume fraction of the
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k* grain. When all grains are assumed to be of equal volume, the stress T is just the
number average over all the grains.

The texture at each material point at any instant of time 7 comprises of the
orientations of the lattice {m"‘('r)(k), n“(r)(k)} of the individual grains at the material

point.

3.2 Simple Compression of a Polycrystal

In this section, simple compression of annealed polycrystalline copper is considered.
The numerical simulations are carried out for both the hardening forms based on
the single crystal data obtained in the last chapter. In these simulations, the
simple compression experiments are approximated by the following isochoric motion
with repect to a fixed rectangular Catesian coordinate system with origin o and

orthonormal base vectors {e; | i = 1,2,3}:

1, 1, .
X = exp{—-iet} ner + exp{-—-Q—et} D2€2 + exp{et} Ds€3 (32)

with é = —0.001sec™!. The response from the Taylor-model to the isochoric motion is
the volume-averaged stress behavior T' = T+ pl. Since the pressure is indeterminate,
it is determined from the boundary conditions, namely, the lateral tractions are zero.

The axial Cauchy stress is thus,
o= T33 = T33, —-p (33)

where p = ‘%(Tn’ + Tzzl)

The initial isotropic texture is represented numerically by 400 random grains (see
Figure 3-1). The macroscopic response obtained from the simulations is compared
with the experiments of Kalidindi {1992] in Figure 3-2. Both the hardening forms
predict the polycrystalline response poorly. This is due to the neglect of the effects
of grain-grain interaction and grain size that come into play in polycrystals. The

Bassani et al form shows linear hardening even in polycrystals. This emphasizes the
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need to take into account the stage III hardening which their model does not. On the
other hand, the Kalidindi et al form shows saturation in the stress at large strains
which is in qualitative agreement with the experiment.

An interesting observation is that the textures at large compressive strain obtained
from the two hardening forms are different. Figure 3-3 shows the texture obtained
from the Bassani et al hardening compared with the experimental texture at € = -0.99.
The prediction is not very accurate — the calculated texture is diffuse’. On the other
hand, though the texture obtained from the Kalidindi et al hardening (see Figure 3-
4) is sharper than the measured texture, it is in closer agreement with the latter.
The poorer prediction of the evolution of texture using the Bassani et al form can be
attributed to the linear hardening response shown by their form. But, this can be
ascertained only by studying the texture predictions of the Bassani [1993] form which
includes the effects of stage III hardening. Such a task has not been undetaken in
this study.

The results based on the single crystal data imply that the polycrystalline response
cannot be inferred from the single crystal response using either hardening forms.
Either the hardening forms would have to be modified or the hardening parameters
need to be altered to take into account the additional features of grain-size, grain-grain
interaction etc. Owing to the simpler nature of the Kalidindi et al form and also due to
its better prediction of evolution of texture, it is retained in preference to the Bassani
et al form. However, the hardening parameters are altered to fit the polycrystalline
response as done previously by [Kalidindi et al., 1992] and [Bronkhorst et al., 1992].
Figure 3-5 shows a fit using this form to a strain-rate jump test. The hardening
parameters obtained from this fit are:

h, = 190 MPa; s, = 19 MPa; § = 173 MPa

a=2;n=0;q=14

The shearing rate parameters are the same as those for the single crystal:
¥ = 10%sec™?; F, = 4.7536x107° J; p=¢q =1

The prediction of the stress-strain response using the new set of hardening

Lthis is an interesting fact since Taylor model is known to give sharp textures
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parameters (see Figure 3-6) is reasonable.

3.3 Polycrystalline plasticity at elevated
temperatures

The prime objective of a rate and temperature dependent form for the shearing on slip
systems is to allow for a good predictive capability for a wide range of temperatures.
In order to test the same, in this section, homogeneous and non-homogeneous
deformations at moderately high temperature are discussed. The primary interest
is in the prediction of the texture evolution and the load.

All the experiments here were performed by Kalidindi [1992] on annealed 1100-
type aluminum which has an fcc crystal structure. The experiments were done at a
temperature of 250°C which is about 0.56 times the absolute melting temperature
of Al11100. This temperature is low enough to assume that plastic deformation
occurs primarily by crystallographic slip and high enough to observe a significant
rate sensitivity of plastic flow.

The initial texture is quite random as shown in the {111} and {110} pole figures
in Figure 3-7(a). The initial texture is represented by a set of 100 grain orientations
Figure 3-7(b). The next task is to evaluate the material parameters required for a
Taylor-type model.

The elastic constants for Aluminum crystal at this temperature are:-

Cn = 97 GPa; €2 = 58 GPa; Cys = 24 GPa [Simmons and Wang, 1971]

The slip hardening and shearing rate parameters are obtained from fitting the
stress-strain response to strain-rate jump tests. The fits obtained are shown in
Figure 3-8. The material parameters for Al1100 at 250°C obtained through the fit
are’:-

Yo = 10%sec™!; F, = 2.3 x 10719 J;
ho, = 150 MPa; s, = 25 MPa; § =44 M a=2.1;n = 0.004; ¢, = 1.4

2An approximate value for F, comes from F, &~ aub®. For Aluminum at 250°C, p = 222.365
GPa; b = 2.86 x 10719 m => pub® = 5.232 x 10~1° J. Here, o = 0.4
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The predicted stress-strain curves using these parameters for simple compression
at three different values of constant true strain rates with the Taylor-type model on
100 crystals is shown in Figure 3-9. The predicitions are fairly accurate demonstrating
the accuracy of the model for high temperatures. Figure 3-10 shows the comparison
of the numerically calculated and experimentally measured textures for a constant

true strain rate of -0.001 sec™!

at a true compressive strain of ¢ = -1.0. The two
agree qualitatively. An interesting observation is that the model captures the diffuse
nature of the texture (Figure 3-10). This is a consequence of the increase in activity
in the slip systems at elevated temperatures. The {110} pole figure does not show a
‘hole’ at the center as seen previously in copper (recall Figure 3-4). This implies that

the accuracy of the Taylor model improves with increase in temperature due to the

accompanied increase in the rate-sensitivity.

3.4 Non-homogeneous deformation

Following the line of study presented by Kalidindi [1992], in this section, the
comparisons of the experimental results and numerical calculations for a simple non-
homogeneous, non-steady, axi-symmetric forging on annealed Al1100 at 250°C are
presented.

The schematic of the axi-symmetric forging experiment done by Kalidindi [1992] is
shown in Figure 3-11(a). The part of the plunger that is in contact with the specimen
has a slight depression to hold the top of the specimen. The dies were ground smooth
and well-lubricated.

Figure 3-11(b) shows the finite element mesh for the simulation. Each element
in the mesh is an eight-noded reduced integration, axi-symmetric element (CAX8R).
The interface between the top of the specimen and the depression in the plunger is
modeled by restricting the motion of the nodes on the interface in the radial direction.
All other interfaces were modeled as frictionless.

The material parameters used in the simulation are those previously obtained

from fitting the stress-strain response for simple compression. The calculations are

59



based on a Taylor-model with 100 crystals at each integration point.

Figure 3-15 shows the comparison of the calculated load-displacement curve with
the experimental results. The prediction is reasonably accurate. The experimental
and simulated {111} and {110} pole figures at three representative material point are
compared in Figures 3-12 - 3-14. Figure 3-14 shows that a material point near the
axis of the specimen has essentially undergone a simple compression as seen from the
similarity of Figures 3-14(a) to the compression texture Figure 3-10. The prediction
for the other two material points which undergo more complex deformation history
are in good agreement with the experiments.

The discussion above demonstrates the capability of the rate and temperature
dependent model to predict loads and texture evolution for homogeneous and non-

homogeneous processes at elevated temperature fairly accurately.
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Figure 3-2: Simple compression of polycrystalline copper based on single crystal data
and comparison with experiment
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Figure 3-3: Simple compression of OFHC copper at room temperature [Kalidindi,
1992]: (a) Experimentally measured texture at ¢ = -1.0 (b) Numerical simulation on
400 crystals (Bassani et ol hardening)
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Figure 3-4: Simple compression of OFHC copper at room temperature [Kalidindi,

1992]: (a) Experimentally measured texture at ¢ = -1.0 (b) Numerical simulation on
400 crystals (Kaldindi et al hardening)
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Figure 3-5: Simple compression of polycrystalline copper: Fit to strain rate jump
experiments (Kalidindi et al hardening)
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Figure 3-6: Simple compression of polycrystalline copper based on parameters from
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Figure 3-7: (a) Experimentally measured isotropic texture on annealed Al1100
[Kalidindi, 1992] (b) Numerical representation by 100 crystals
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Figure 3-8: Simple compression of Al1100 at 250°C: Fit to strain rate jump
experiments (Kalidindi et ol hardening)
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Figure 3-9: Simple compression of A11100 at 250°C: Prediction and comparison with
experiments (Kalidindi et al hardening)
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Figure 3-10: Simple compression of Al1100 at 250°C at a constant true strain rate
of € = -0.001/sec [Kalidindi, 1992]: (a) Experimentally measured texture at ¢ = -1.0
(b) Numerical simulation on 100 crystals (Taylor type model)
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Figure 3-11: Axisymmetric forging of Al1100 at 250°C: (a) Schematic of the
experiment (b) Finite element mesh used for the numerical simulation
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- (c)

Figure 3-12: Axisymmetric forging of Al1100 at 250°C: (a) Experimentally measured
texture from the deformed specimen (b) The corresponding numerical simulations (c)
The deformed mesh and the point of texture measurement. e¢ = 1.410
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Figure 3-13: Axisymmetric forging of Al1100 at 250°C: (a) Experimentally measured
texture from the deformed specimen (b) The corresponding numerical simulations (c)
The deformed mesh and the point of texture measurement. €? = 0.6442

73



{111}

— (c)

Figure 3-14: Axisymmetric forging of Al1100 at 250°C: (a) Experimentally measured
texture from the deformed specimen (b) The corresponding numerical simulations (c)
The deformed mesh and the point of texture measurement. €? = 1.647
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Figure 3-15: Axisymmetric forging of Al1100 at 250°C: Experimental and predicted
load-displacement curves
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Chapter 4

Applications to deformation

processing

In the previous chapters, a rate and temperature dependent crystal plasticity model
was proposed and its predictions for simple deformations in single crystals and
polycrystals were studied. Since the primary objective of this study is to build
a capability to model and design deformation processing, in this chapter, the
applicability of the model to actual industrial forming operations is investigated. For
this purpose, the earing of single crystals and polycrystals in deep-drawing operation
is examined.

The solution of large problems with complicated tooling can be computationally
very intensive, making the choice of a suitable computational procedure very
important. Hence, at first, a little discussion on the computational procedures
available and their advantages and disadvantages are presented. Later, the predictive
capabilities of the model in the earing of single crystals in two different orientations

and a polycrystal are studied.

4.1 Implicit vs. Explicit procedure

Implicit procedures for solving boundary value problems, with implicit integration

schemes like Euler-backward method, permit large increments in time due to the
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unconditional nature of these integration schemes. The accuracy, stability and
speed of such procedures in solving complex bulk-forming processes has been amply
demonstrated by Kalidindi et al. [1992], Weber et al. [1989]. However, the time
required to solve a problem cannot be estimated apriori, since the time incrementation
usually varies markedly during the course of the analysis due to the iterative nature
of the solver. The analysis time is roughly proportional to the square of the size
of the problem, the latter can be estimated from the number of finite elements
used ([Nagtegaal and Taylor, 1992]). This poses a severe constraint in solving large
problems or in resolving finer details like localization phenomena etc. An additional
drawback stems from evaluating changes in contact conditions between the work and
the tool which demands that the number of contact changes during an increment
be small. The foregoing considerations emphasize the need for explicit schemes to
solve large, complex problems involving complicated tooling. Since even a few dozen
finite elements with a hundred grains at each material point could make the solution
procedure computationally intensive, our model would profit substantially from its
implementation in an explicit solver. In addition, the contact conditions between
deforming bodies are easier to satisfy. The gains in speed are complemented by the
added capabilities to solve dynamic problems e.g., high rate forming processes like
explosive forming etc.

The disadvantage in any explicit scheme is that the time increments are bounded
from above by stability requirements. The stability limit for an explicit operator can
be given in terms of the highest eigenvalue A4, in the system of ODE’s e.g., for an
Euler-forward operator,

At < Ajw (4.1)

An approximate estimate of the stability limit can be obtained from evaluating the
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time required for a dilatational wave to cross the most critical finite element ! as

TV (4.2)
Cd

where L is the characteristic critical element dimension and ¢4 is the dilatational
wave speed of the material given as ¢; = \/a—n—:m (ABAQUS [1993]) where C13 and
Cy4 are elastic constants? and p is the density of the material i.e., the time increment
must be small enough so as to ensure that a perturbation does not propagate through
more than one element in that interval. A recommended way (ABAQUS [1993]) of
surmounting this obstacle is to decrease the time period of the process by increasing
the rate of the process. Due to the rate-dependent nature of the model, adopting such
a procedure would alter the response. Hence, an alternative method would require an
artificial increase in the density of the material, thereby, decreasing the wave speed
and increasing the stability limit. The increase in density is, however, limited by the
requirement that the inertial effects be small. A good estimate for the latter has been
found in this study to be a small ratio of the kinetic energy to the internal energy
(approximately 0.01 — 0.05).

The constitutive equations would also impose stability restrictions on the time
step. Usually, the restrictions imposed by the wave speed of the material are more
severe than these. However, it has been found in this study that the stability limit
imposed by the constitutive model becomes more critical near the rate-independent
limit owing to the stiff nature of the constitutive equations in this case. The task of
apriori-estimation of the stability limit for the constitutive equations is a formidable
one due to their non-linear nature.

In the present study, the problem of estimating the stability limit for the
constitutive equations has been overcome by using an iterative Newton-Raphson
method at the constitutive level to evaluate the stresses T* and s* in each crystal

(see Appendix A). This has been found to allow for larger time increments obtained

1Critical element is the one which has the smallest characteristic dimension. Different elements
may become critical at different times as the deformation progresses
2For an isotropic material, Cys = %(Cu —Clu)=p
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through appropriate changes in density at the global level.

In the current study both, the implicit and the explicit schemes have been used
wherever appropriate. The implicit schemes were found to be efficient in simple
deformations. The simple tension, compression and axi-symmetric forging were done
using the implicit scheme. The deep-drawing problem has been studied using the
explicit scheme through a user-material subroutine VUMAT in ABAQUS 5.3. The
explicit procedure exploits the vectorization capabilities in modern workstations so
as to gain efficiency. Also, the boundary conditions were found easy to impose in the

explicit procedure.

4.2 Earing in the deep-drawing of fcc single
crystals

The development of ears in the deep-drawing of sheets is known to be due to the
planar anisotropy of the sheet. Since the anisotropy is the most severe in single
crystals, the earing in single crystals is worth studying . The motivation comes
from the pioneering work of Tucker [1961] who performed extensive experiments to
study the earing patterns of deep-drawn single crystal cups of Aluminum in different
orientations. Figure 4-1(a) shows the fully-drawn cups arranged in the standard
stereographic triangle. It can be seen that there is a wide variety in the number of
ears and their position and heights. There has been a lot of effort in the recent years
to numerically simulate the earing in single crystals and predict the positions and
heights of the ears. Barlat [1991b] have incorporated the material anisotropy through
an anisotropic yield surface. This enables them to capture the earing phenomenon,
but the model does not capture the effects of the evolving texture on the deformation.
Becker [1993] have incorporated the latter through a crystallographic texture model
and have shown that their predictions are in good agreeement with the experiments
done by Tucker. Their model is based on a simple power law hardening on each

slip system. Also, they neglect effects due to latent hardening. In this section, we
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investigate the predictions of our crystal plasticity model of the earing behavior for
two corner orientations 3, nameiy, [001] and [111]. The choice is based on the different
earing patterns observed in these orientations (see Figures 4-1(b) and (c))

The geometry of the cup-drawing apparatus (Figure 4-2(a)) assumed for the
simulations is the same as the one used by Tucker for his experiments. Circular
blanks of 0.81 mm thickness and 79 mm diameter are considered. The blank-material
is OFHC copper. Recall, the material properties for the same obtained in Chapter 2:
h, = 300 MPa; s, = 19 MPa; s, =215 MPa; e = 2.2; n = 0; ¢ = 1.4
4o = 108sec™!; F, = 4.7536x107° J; p=¢ =1

Figure 4-2(b) shows the finite element mesh used for the simulation. Note that
as both orientations [001] and [111] possess rotational symmetries about the punch
axis, only a sector of the circular blank need be considered for the analysis. The
blank is meshed with C3D8R and C3D6 elements. The interfaces between the punch
and the blank; the blank and the blankholder; the blank and the die are taken to
be frictionless. The die, blankholder and the punch are treated as rigid surfaces.
The blankholder is assumed to be clamped at a fixed distance from the die surface.
This is different from the boundary condition in practice where a uniform pressure is
maintained on the blankholder [Becker et al., 1993]. But, the displacement boundary
conditions were found to be easier to incorporate in the numerical simulations. Since
the inplane-deformation of the sheet is of primary interest, only one element is taken

through the thickness of the blank. The punch speed is taken to be 1 m sec™.

4.2.1 Drawing in the [001] orientation

This orientation has 4-fold symmetry about the punch axis permitting the use of a
45° sector of the blank. The 0° and 45° planes are symmetry planes and are free of
shear traction.

Figure 4-3 shows a schematic of the earing pattern observed in fcc single crystals in

this orientation. Four ears form at 0°, 90°, 180° and 270° along the [100], [010], [100]

3The orientations mentioned refer to the crystallographic direction that is normal to the blank
and aligned with the punch-axis
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and [010] respectively. This is clearly evident in Tucker’s experiment (see Figure 4-
1(b))

Figure 4-4 shows the final shape and the equivalent plastic strain contours on the
fully drawn cup. For the sake of clarity, the entire cup has been shown. Figure 4-4 also
shows the final shape of the Aluminum single crystal cup in this orientation (Tucker
[1961]). The cup from the simulation has been rotated so that the view coincides with
that of Tucker’s photograph. It can be seen that the prediction of the number of ears
and their position is accurate. No attempt has been made to compare the heights
of the ears as the materials are different. The emphasis is only on the capability
to predict the formation of ears. Figures 4-5(a) - (d) and 4-6(a) - (d) show the slip-
system activity in the outermost row of elements?. The element located on the 2.8125°
plane has 4 active slip-systems, namely, D1, C1, B2, A2 (Figure 4-5(a)). The same
slip-systems are active in the 8.4375° and 14.0625° planes (Figures 4-5(b), (c)). In
the neighborhood of the 22%‘7 plane, 4 additional slip-systems D6, A3, B4, C5 become
active(Figure 4-5(d), Figure 4-6(a)). Along the planes at angles higher than 221°
slip-systems D6, A3, B4, C5 are the only ones showing significant activity (Figure 4-
6(b) - (d)). These results are in agreement with Tucker’s first-order predictions where
he identified the slip-systems with maximum resolved shear stress based on the slip-
system geometry. However, there are no strain discontinuities near the 22%0 plane
in our predicitions owing to the operation of additional slip-systems. The activity is
also not the same in all the active slip-systems due to the anisotropic nature of the
hardening matrix. Based on slip-system geometry and assuming a diagonal form for
the hardening matrix with parabolic hardening on each slip-system, Tucker showed
that due to such a slip-system activity the radial strains are the maximum along the
0° plane and minimum along the 45° plane which explains the formation of ear on the
0° plane and a trough along the 45° plane. The material in the ears is not constrained
laterally to the same extent as that immediately below the troughs, allowing material

to flow laterally resulting in spreading. This results in higher accumulated plastic

“The planes under consideration are the radial planes that pass through the centers of the elements
in the outermost row of elements
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strain in the ears as seen in Figure 4-4.

4.2.2 Drawing in the [111] orientation

In this orientation, the punch-axis becomes an axis with 3-fold symmetry allowing the
use of only a 60° sector of the circular blank for the analysis with symmetry boundary
conditions imposed on either ends of the sector. Figure 4-7 shows a schematic of the
earing pattern observed in this orientation. This is evident in Tucker’s photograph
reproduced in Figure 4-1(c).

Figure 4-8 shows the predicted final shape of the cup with equivalent plastic strain
contours. It is compared with the results of Tucker. The number of ears, namely, six
and their position are predicted accurately. Again, the accumulated plastic strain is

the maximum in the ears.

4.3 Earing in the deep-drawing of fcc polycrystals

In industrial practice, cup-drawing operations are performed on polycrystalline
material. As the blank is cut from a rolled sheet, its properties are not isotropic.
The planar anisotropy results in the formation of ears during deep-drawing. Cold-
rolled fcc metals are known to give ears at approximately 45° to the rolling direction
(RD). Figure 4-10 shows a schematic of the earing of fcc polycrystals with initial
rolling texture.

Here, the deep-drawing of polycrystalline OFHC copper is simulated. Recall, the
material properties of the same are:-
ho, = 190 MPa; s, = 19 MPa; § = 173 MPa;
a=2n=0;q =14
Yo = 10%sec™!; F, = 2.06x1071° J; p=¢g =1
It is to be noted that in order to alleviate the numerical difficulties in the rate-
independent limit, the rate-sensitivity has been increased slightly through a decrease
in F,. However, we do not expect this to affect the qualitative aspects of the results.

The initial rolling texture is approximated by the plane-strain compression
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texture. In sheet rolling, the strains related to the increase in the width of the material
in the transverse direction (TD) are small compared to those due to the thickness
reduction in the normal direction (ND) and the elongation in the rolling direction
(RD). Hence, the plane-strain assumption is a reasonable one. The initial texture is
obtained by carrying out a plane-strain compression simulation on a polycrystal of 400
initially random grains to a strain of e = —1.0. The resulting texture is represented
by a weighted® average over 21 components using popLA [Kallend et al., 1991].

Figure 4-11 shows the cup with fully-developed ears and its comparison with the
experiments by Wilson and Butler [1961] on polycrystalline copper with initial rolling
texture. The position and number of ears are accurately predicted. However, the
severity of the earing is overpredicted due to the representation of the initial texture
by a few ideal components. Becker et al [1993] have shown that an assumption that
most of the volume fraction of grains contribute to random components is more in
agreement with the experimental results. A quantitative comparison is meaningful
only when the initial texture is properly characterized.

In conclusion, the study has established a capability to predict the formation of
earing defects in deep-drawing. The same capability can be used for finding a feasible
approach to reduce earing. It is clearly evident that the initial texture of the sheet
plays a dominant role in the formation of ears. Figure 4-12 shows the effect of initial
texture on the final shape of the cup. It shows that the presence of cube texture
and rolling texture in balanced amounts reduces the severity of ears. Hence, the
issue is to design the deformation processing scheme to get a desirable texture for the
sheet. The task is a challenging one as the cube texture is known to be unstable in

rolling [Rollett et al., 1987].

S A weighted representation has been found to be reasonably good and saves a lot of computational
effort
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Figure 4-1: (a) Deep-drawn cups from single crystals of pure aluminum arranged on
stereographic projection of unit triangle [Tucker, 1961] (b) Drawn cup with the [001]
direction along the punch axis (c) Drawn cup with the [111] direction along the punch
axis
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Figure 4-2:

(a) Geometry for the single crystal drawing simulations [based on
experiments done by Tucker, 1961] (b) Exploded view of the finite element mesh
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Figure 4-3: Schematic of the earing pattern observed in the drawing of fcc single
crystals with the [001] direction oriented along the punch direction
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Figure 4-4: Equivalent plastic strain contours on a fully-drawn copper single crystal
cup with the [001] direction oriented along the punch direction and the drawn
aluminum cup in the same orientation [Tucker, 1961)

87



0.10 . - . n 0.10 r
- D1
B2
= 0.05 } 1 & 005} 1
3 Cl -
A2
0.00 . : : . 0.00 - ’ : '
0 10 20 0 10 20
Punch displacement (mm) Punch displacement (mm)

(a) (b)

0.10 0.10 T

=~ 0.05 | 1 & 0.05 ¢ -
B4

i A2 1 ]

CS

0.00 — 0.00 — A2,
0 10 20 0 10 20

Punch displacement (mm) Punch displacement (mm)

(c) (d)

Figure 4-5: Slip-activity at different positions on the outer periphery of the blank
in the [001] orientation: (a) 2.8125° plane (b) 8.4375° plane (c) 14.0625° plane (d)
19.6875° plane
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Figure 4-6: Slip-activity at different positions on the outer periphery of the blank in
the [001] orientation: (a) 25.3125° plane (b) 30.9375° plane (c) 36.5625° plane (d)
42.1875° plane
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Figure 4-7: Schematic of the earing pattern observed in the drawing of fcc single
crystals with the [111] direction oriented along the punch direction
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Figure 4-8: Equivalent plastic strain contours on a fully-drawn copper single crystal
cup with the [111] direction oriented along the punch direction and the drawn
aluminum cup in the same orientation [Tucker, 1961]
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Figure 4-9: Initial rolling texture for the deep-drawing of polycrystalline copper
represented by the plane-strain texture obtained by a plane-strain compression
simulation on 21 weighted crystals with initial isotropic texture
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Figure 4-10: Schematic of the earing pattern observed in the drawing of fcc
polycrystals
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Figure 4-11: Equivalent plastic strain contours on a copper polycrystal cup with
fully-developed ears with the rolling direction from left to right and the experimental
result of Wilson and Butler, 1961 on copper with initial rolling texture
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(a) (b) (c)

Figure 4-12: The earing behavior and maximum cup depths obtained in deep-drawing
of copper [Wilson and Butler, 1961]: (a) Initial rolling type texture (b) Initial balanced
texture (c) Initial cube texture. The arrow indicates the rolling direction in the sheets
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Chapter 5

Closure

A rate and temperature dependent crystal plasticity model with a physically-
based constitutive law for slip has been proposed. The predictions of the same
for simple tension of single crystals for two different hardening forms have been
investigated. Though some key aspects of the single crystal behavior are reasonably
well-predicted, the hardening parameters do not directly carry over to the predictions
for polycrystalline response. For the polycrystalline behavior, the form of the
hardening used by Kalidindi et al has been found to give better predictions of evolution
of texture and, hence, is retained.

The macroscopic response and evolution of texture are well-predicted at elevated
temperatures where the material shows significant rate-sensitivity. The predictions
of evolution of texture and load-displacement response are in agreement with the
experimental results for the non-homogeneous deformation of axi-symmetric forging.

Finally, the predictive capability of the model in the formation of earing defects
in cup-drawing of fcc single crystals and polycrystals has been demonstrated. The
results are in qualitative agreement with some experimental observations.

The work is primarily directed towards a better design of deformation processing
and the results have shown that a capability exists for the same. Future work
along these lines would be to utilize the tools made available here to address some
crucial practical issues like the optimization of mechanical properties (both at the

macroscopic and microscopic levels), shape and loads. In particular, there is a need
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to design a thermo-mechanical processing history so as to get a desirable initial state
that would eliminate defects like earing.

Another matter of importance is the failure of products during processing e.g.,
tearing, wrinkling etc. in deep-drawing. There is a need to incorporate some first-
order measures of damage accumulation in the model in order to predict the most
probable modes of failure. Finally, experiments have to be conducted to validate the

results quantitatively.

97



Appendix A

Time Integration Procedure

A.1 Time Integration Procedure for the Taylor-
type Polycrystal Model

The time-integration procedure may be stated as follows. Let 7 = ¢ + At. Then,
given

(1) F(2), F(r), 0(2), 9(7)

(2) (m%*,,n%,) — time independent quantities, for each grain,

(3) {F®(¢), s*(t), T(t)} in each grain,

calculate

(a) {F?(r), s*(7), T(r)} for each grain,

(b) volume averaged macroscopic stress T = S8 | v, T®*),

(c) texture at time 7 from

m?, = F*(r)m% = F(r)F"" (1)m%,

and march forward in time.

The steps in part (a) are ([Kalidindi et al., 1992]):-

98



(i) Compute

A = FP ) FT(r) F(r) F*7 (1), (A.1)
™ = ¢ -;—{A——l}], (A.2)
B® = AS%, +S% A, (A.3)
(o3 — '1 o
c = EB] (A.4)
(ii) Solve
T*(r) = T -3 Ay*CY, (A.5)
(1) = sa(t)+§ﬁjhaﬂ(q—)|mﬁ|, (A.6)
with
Av* = 4%(1) At, (A.T)

for T*(7) and s%(7) using the following two-level iterative procedure.
In the first level of iterations, solve A.5 for T*(7), keeping s%(7) fixed at its best

available estimate using a Newton-type iterative algorithm as follows:

T*n—f—l(T) = T*H(T) - jn-I[Gn]a (A'S)

where
G, = T*(7) =T + ) Ay* (T*.(7),s5(r)) C°, (A.9)
T = T+L00 o AP (T 0, (A0)

where the subscripts n and n + 1 refer to estimates of T*(7) at the end of n and n+1

iterations respectively, in the first level of the iterative scheme. The second level of
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the iterative procedure involves a simple update (without iterations) of s*(7) using
s = 571 + 28 (K1) 1 A7 (Tr (1), 5(7) | (A.11)
B

where the subscript k refers to the value of s*(7) at the end of the k™ update in the
second level of the iterative scheme.

In the rate-independent limit of plastic flow, i.e., for large values of AF, the set of
equations A.5 becomes very stiff and it becomes necessary to apply constraints to the
Newton corrections ( A.8) in the first level of the iterative procedure. In this work,
the following constraint procedure has been adopted:

Let

| A ax(7) = maxa| A3(7) | (A12)

If
| AY* lmax < A%l (A.13)

then accept the Newton correction, else
(T5)n41(7) = (T5)a(7) + 0 AT, (A.14)

where 7 is a small factor. A value of 7 of 0.25 was found to give good results in the
calculations in this study.
(iii) Compute

FP(1) = {1 +> A'y"Sj} F7(¢). (A.15)
o
It was necessary to normalize F?(7) by dividing the computed values of each of its
components by the cube root of the computed determinant so as to ensure that the
determinant of F?(7) is unity.
(iv) Compute

T(r) = det—F(TjF(T)FP“*(T)T*(T)FP‘T(T)FT(T) (A.16)
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After calculating the Cauchy stress in each crystal T(7), the Cauchy stress is
averaged in part (b) and the orientation of the lattice is updated using part (c).

A.2 Time-stepping algorithm

In the implicit finite element procedure, the time-stepping is automatically controlled

based on the maximum value of the slip increment. A parameter R = %%?ﬁx is used
as a measure for controlling time-increments where Ay, ax is the maximxi? value of
A~* over all the crystals and all the integration points in the finite element mesh and
A|;y, is a prescribed value of slip increment based on the desired accuracy. A value of
A~y = 0.02 was found to give good results in this work. If the value of R is greater
than 1 then the time-step is repeated with a time increment, Atnew = %Atold' If
0.5 < R < 1, the value of the time-increment is maintained and if B < 0.5, the time-
increment is doubled i.e., At 43 = 2At,. The efficiency and speed of the scheme
depends on the rate- sensitivity of the material. The equations A.5 become stiffer in
the rate-independent limit requiring more iterations to solve for the stresses.

For the explicit finite element scheme, a time-stepping scheme is not required and

the problem is solved with nearly equal increments in time subject only to slight

variations due to changes in the stability limit arising from changes in the geometry.
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