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Abstract

The large amplitude surge-sway-yaw ’slow-drift’ motions of a floating body con-
strained by weak restoring forces in random waves are considered. A multiple time
scales approximation is employed to separate the fast time scale associated with the
linear motions from the slowly varying motions. The ideal fluid free surface flow is
approximated by a perturbation series expansion for small slow-drift velocities and
wave-steepness, and is solved around the instantaneous position of the body. The lin-
ear zero-speed and forward-speed velocity potentials are solved for arrays of vertical
cylinders, using exact interaction theory. The horizontal mean drift forces and the
wave-drift damping are obtained, and results for realistic configurations are compared
with well-established methods.

The surge-sway-yaw equations of the slow-drift motions are solved numerically
in the time domain under the influence of short-crested, random waves, including
viscous forces. The random wave-signal is generated by the filtering of white Gaussian
noise. The slowly-varying forces are obtained using the Newman approximation and
double summations of time series. The use of a robust random number generator
and the Fast Fourier Transform allows for efficient simulations of long records of
the slow-drift motions, and the study of its statistical parameters. The sensitivity
upon the simulation length, transients, drag-coefficient and directional spreading are
demonstrated.
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Title: Professor of Ocean Engineering
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Chapter 1

Introduction

The purpose of this thesis was to develop a method for evaluating the slow-drift
motions of floating offshore structures.

Floating production systems have become a very important part of the exploration
and extraction of hydrocarbons from the sea-bottom, and are considered the only
feasible solution for safe and cost efficient oil and gas production at large depth.
Unlike gravity platforms, such systems undergo large excursions from their mean
position, due to the influence of wind, waves and current. It is vital for the design of
moorings and riser systems that the magnitude of the motions are predicted well and
that they are kept within preset bounds.

The motions of moored floating platforms in deep water are typically character-
ized by two distinct time-scales; the fast and the slow time-scales. The former is of
the order of 10 seconds, which is the dominant period in the wave-spectrum. The
slow time-scale is defined by the natural period of the system, which is an order of
magnitude larger than the wave-frequency due to relatively large mass of the sys-
tem and weak restoring forces. The fast-scale motions are typically much smaller
than the slow-scale (slow-drift) motions, which are caused by slowly varying forces
from the environments. A major contribution comes from the second-order difference
frequency forces, which are due to the interactions of waves with nearly equal frequen-
cies. The wind and current do also contribute to the excitation of the system. The

resonant slow-drift motions are only bounded by the relevant hydrodynamic damp-
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ing of the system. The damping is due to both ideal fluid effects and the damping
associated with the viscosity of the fluid. Ideal fluid effects are dominated by the
wave-drift damping, which is linear in the slow-drift velocity and second-order in the
wave-amplitude. The viscous forces mainly arise from the flow-separation around the
structure and also by the non-linear forces on the mooring lines. The main part of
this thesis is devoted to the second-order forces, in particular the wave-drift damping.
Viscous effects are included via a Morison type force in the simulations of motions.

A large number of articles have been devoted to the second-order wave forces which
do not depend on the forward-speed. A partial list of studies includes, Pinkster and
Van Oortmerssen (1977), Faltinsen and Lgken (1978), Molin (1978), Ogilvie (1983),
Eatock Taylor and Hung (1985), Korsmeyer, Lee, Newman and Sclavounos (1988),
Sclavounos (1988), Chau (1989), Nielsen, Herfjord and Lgken (1990), Kim and Yue
(1990) and Lee, Newman, Kim and Yue (1991).

The wave-drift damping is defined as the damping force proportional to the for-
ward speed U and the wave-amplitude squared for small U/. The relevance of the
damping term was first introduced by Wichers and Sluijs (1979) upon their experi-
ments of the extinction rate of ship model motions in calm water and in waves. Sev-
eral theoretical studies have followed, where the diffraction problem has been studied
with a small forward translation of the body. The derivative of the resulting mean
force with respect to U is either derived analytically (Nossen, Grue & Palm 1991;
Newman 1993) or by numerical differentiation from computations with small forward
speed (Zhao & Faltinsen 1989). The wave-drift damping is derived analytically in
the present study. Except for Newman (1993), the above studies accounted for the
forward speed in a quasi-steady manner, by considering the added resistance of the
body in waves due to a small forward translation. In Newman (1993), the wave-drift
damping was derived from a perturbation analysis where the low-frequency body
oscillations were superposed on the diffraction field. The results for the wave-drift
damping was found to be identical to results of the present study. The wave-drift
damping moment due to a slow yaw rotation is of similar interest as the wave-drift

damping due to a slow translation. The effects of a slow yaw rotation was stud-
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ied in Newman (1993) and Palm & Grue (1994). The slow-drift motion in all three
horizontal modes of motion (surge, sway and yaw) are included in the present study.

The motions of floating structures in real sea-states are considered random pro-
cesses, due to the random excitation and damping of the system. It is therefore
necessary to get sufficient information about the statistical properties of the motions
in order to predict extreme motions. There exist statistical models, based on the sta-
tistical properties of the driving forces of the system (Johnsen & Naess, 1991). The
applicability of the models are limited, however, due to simplifications of the physical
model and the complications of solving the Fokker-Planck (-Kolmogorov) equation for
multi degree-of-freedom systems. Slow-drift motions in the frequency domain are also
used in the design of floating production systems. A major limitation of this method
is that it accepts only linear terms in the motions, which excludes, for example, re-
sponses to Morison type drag forces. The use of time-simulations combined with
statistical models have proven valuable in the predictions of extreme motions, due to
their flexibility with respect to non-linearities in the physical model. The slow time-
scale of the slow-drift motions require however that the length of the simulations are
very long, in order to obtain useful information about the statistical properties. The
hydrodynamic forces are obtained from time-series of the frequency-domain forces,
since the direct solution of the linear and second-order problem in the time-domain
would lead to a prohibitive computational task.

In the current study, an efficient routine has been developed for the simulation of
the slow-drift motions. Realizations of the random wave-elevation is achieved by the
filtering of white Gaussian noise and the second-order forces are evaluated by the use
of products of single Fast Fourier Transforms.

Chapter 2 formulates the boundary value problem of a general body with a slow
translation in surge and sway and slow rotation in yaw. A perturbation expansion is
proposed in the small wave-amplitude A and the surge-sway-yaw slow-drift velocities
U, V and Q, respectively.

Chapter 3 derives the analytic solutions of the linear zero-speed and forward-

speed potentials for arrays of vertical cylinders, employing the theory of Linton &
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Evans. The body is allowed to oscillate about its mean position with small amplitude
(linear) motions in surge, sway and yaw.

Chapter 4 presents the hydrodynamic forces on the body in regular waves. The
expressions for the linear and second-order mean forces are first obtained by pressure
integration. The wave-drift damping is obtained by the momentum conservation, and
the proof of a conservation law, which enables the far-field expressions to be evaluated
on the body, is presented.

Chapter 5 illustrates the forces and motions in the frequency-domain of a few
geometries.

Chapter 6 presents the equations of the slow-drift motions in the time-domain.
The methodology of generating the random wave-elevation and second-order forces
are also presented.

Chapter 7 illustrates the results of time-simulations of a platform in a real sea-
state. The sensitivities of several parameters upon the slow-drift motions are studied.

Chapter 8 gives an overview of the thesis and compares the method with previous

studies. Some extensions of the present method are discussed.
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Chapter 2

Mathematical formulation

This chapter derives the leading order boundary value problem for a structure un-
dergoing large-amplitude translations in surge and sway and rotations in yaw due to
the interactions with gravity waves. The structure is free to oscillate at the wave-
frequency in all six degrees of freedom about the instantaneous slow-drift position.
An inertial Cartesian coordinate system X = (X,Y, Z) is defined at the mean
undisturbed position of the structure, with the Z-axis pointing upwards and the
Z = 0 plane coinciding with the calm water surface. A second Cartesian system
¢ = (z,y,2) is fixed on the mean slow-drift position of the structure. The vector
X, = (X.(¢),Y.(¢),0) defines the position of the origin of the slow-drift frame relative
to the inertial frame. The respective slow-drift velocity u and rotation §2 are defined

by

u = (u,v,0)" =

(210,850,

do(t)

2=(0,0,0)" = (O,O,T)T. (2.1)

The coordinates in the slow-drift system are related to the inertial coordinates by

e = [S)(X-X,) (2.2)
X = X, +[8= (2.3)

15



where [S] is the transformation matrix defined by

cos® sin® 0
[§] = | —sin® cos® 0 |, (2.4)
0 0 1

which has the property [S]™* = [S]".

The boundary value problem will be formulated in the slow-drift coordinate system
(z,y,z). Denoting by U = (U, V,0)" the slow-drift velocities along the (z,y, z) axis,
it follows that

v = [S]°U. (2:5)

The slow-drift yaw rotation velocity §2 is the same for both coordinate systems.
In the two following sections, the boundary value problem for small wave ampli-

tudes and slow-drift velocities will be derived to leading order.

2.1 Free surface conditions

Assume irrotational flow and introduce a velocity potential ®(X,t) satisfying the

Laplace equation
Ve = 0 (2.6)

and the nonlinear free-surface condition

d*® dve
Eﬁ+g¢z+zv¢-%+§w.ww-v¢) — 0 2.7)

16



enforced on the exact position of the free surface z = ((X,Y,t) defined by

1(d®
(=—- (—— +3;Vo. V<I>) , (2.8)
g\ dt ¢

where g is the acceleration of gravity and all time derivatives are understood with
respect to the inertial frame.

Let ¢(=,t) = ®(X,t) be the velocity potential with respect to the body fixed
coordinates. Time derivatives between the two coordinate systems are related by the
Galilean transformation

dd 0
— = [E — f-A] b, (2.9)

. ( 6.’13 ay. :

The time derivative on the left hand side of equation (2.9) is with respect to the
inertial reference frame. The substitution of ¢(@,t) = ®(X,¢) and the Galilean
transformation into equations ( 2.7)-( 2.8) allows us to express the boundary-value
problem with respect to the body fixed coordinates.

Two independently small parameters are introduced, the characteristic wave slope
6 and the slow-drift parameter r;. The latter represents the slow-drift velocities and
is defined as: 1, = w,U/g, 7, = w,V/g and 1, = w,Qd/g, where w, is a typical wave
frequency and d is a typical spacing between the cylinders. In the following equations,
terms that contain 7; must be summed over j = 1,2,3. Small values of ; correspond
to small slow-drift velocities relative to the phase velocity g/wp of the wave. The
characteristic frequency for all three modes of the slowly varying motions is an order
of magnitude smaller than w,, and terms proportional to dU/dt, dV/dt and dQ2/d¢
are therefore neglected in the following analysis. Interactions among the slow-drift
velocities, of O(7;7;) are also neglected.

Assume the existence of a perturbation series expansion for the velocity potential

and the wave elevation,
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¢(a’at) = ¢01(m’t) + ¢1o(a3)t) + ¢u(a3at) + (ﬁ,o(w,t) + 4’21(3:15) +ee (2-11)

o(73) 0(s) 0(é7;) 0(8?) 0(&275)
((=,9,8) = Gol®, 9, 8) + G (@, 45 8) + Gao (2, 45 8) + G (2,9, 8) + - - (2.12)
0(6) 0(673) o(#) o(&*r;)

The first index in the velocity potentials and wave elevations corresponds to § and
the second to ;. A Taylor expansion of the right-hand side of ( 2.8) about the z =0
plane and substitution of ( 2.11) and ( 2.12) in both sides of the equation, leads to

the following definition for the two first wave elevations (;;:

_ l a¢10
o = =3 ( Yy )z=o (2.13)
_ 104y o '
Cll — _—g at f A¢1o + V¢1o V¢l:|1)z=0- (2.14)

A similar Taylor series expansion of the free-surface condition ( 2.7) combined with
the Galilean transformation ( 2.9) and the wave elevations ( 2.13), ( 2.14) leads to
a sequence of free-surface boundary conditions for the velocity potentials ¢;; applied

on the z = 0 plane:

a‘1501 _

0 =0, (2.15)
62¢1o a<ﬁm _
B 99, O (2.16)

P¢u | O0bu . A% | 9% 8¢, OV ¢y

o "9, A T o g Vg (21D)
a$20 _ __a— 13¢10 6 V az¢10 a¢10 7
59z = Tpr(Vhe Vou)+ E[ 9 95z | (2.18)
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where f-A is defined in equation (2.10), @,, is the steady part of ¢,, and the over bar
means average with respect to time.

The double-body potential ¢,, is the leading order approximation for the steady
flow for small ;. ¢,, and ¢,;, are linear in § and represent the zero speed potential and
its leading forward speed correction, respectively. It would in principal be necessary
to include both of the second order potentials ¢,, and ¢,, in the analysis in order
to calculate the leading order exciting forces and damping coefficients in the slow
time scale. In a narrow banded sea-state, however, we can make use of the Newman
approximation for the slowly varying forces and thereby avoid solving for the time
varying parts of the potentials ¢,, and ¢,,. Only the steady part of ¢,, will be
included, which appears in the expressions for the wave-drift damping forces. Terms
of O(7}) may contribute to the slowly varying forces for finite values of 7;, but are
not considered in this study. Terms of O(é77) do not contribute to the leading order

forces in the slow time scale.

2.2 Body boundary conditions

The free-surface conditions ( 2.15)-( 2.17) must be supplemented by a correspond-

ing sequence of boundary conditions satisfied by the velocity potentials ¢;; on the

body boundary. The conditions are derived along similar lines to Ogilvie (1983) and
Sclavounos (1994).

The body boundary condition, which states that the normal velocity of the fluid
must equal the normal velocity of the body boundary enforced on the exact position

of the body, is written
N.V&=N.V,, (2.19)

where N = (N,, N,, N,) is a unit normal vector to the body surface pointing out of
the fluid domain and V7 is the velocity of the body boundary. The equation is given

19



with respect to the inertial system. We will derive the boundary conditions for ¢;;
in the slow-drift frame of reference, and must therefore define the normal vector and

the velocity of the body boundary with respect to this frame.

Py

Figure 2-1: Definition of inertial and slow-drift coordinate-systems

Let X be the position of a point on the body relative to the inertial frame and
@ the corresponding point relative to the slow-drift frame, see Figure 2-1. If the
point denoted by # moves in some prescribed way, we find the corresponding time

derivative of X using equation (2.3):
Vi =X = X, +[S]e+Qkx (X -X.), (2.20)

where k is the unit vector in the z-direction and the dot (-) denotes differentiation
with respect to time. In order to write V', which is given with respect to the inertial

frame in terms of the slow-drift coordinates, we use the relation
Vb = [S]T'Db, (221)

where v, is the velocity of the body in terms of the slow-drift coordinates. Trans-
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forming equation (2.20) into the slow-drift frame then gives

v, = @+U+Qk xe, (2.22)

where U is defined in equation (2.5). Going back to equation (2.19), we have that
N .V® = N -V, on the body boundary with respect to the inertial frame. Since

these are scalar quantities, we also have

n-V¢ = n-v, (2.23)

on the body with respect to the slow-drift frame. n = (n,,n,,n,) is here the unit

normal vector in the slow-drift frame.

a,

Figure 2-2: Definition of slow-drift and body-fixed coordinate-systems

We now want to expand the quantity (Vé — vp) in a Taylor series about the
slow-drift frame, since the body undergoes small amplitude oscillations & = (¢,,¢,,¢;)
along the (z,y, z) axis and the small amplitude rotations & = (@, a,, ;) about the
(z,y, ) axis, respectively of O(5). Define @' = (z',3',2') to be a point on the body
in the body fixed coordinate system, see Figure 2-2, and n' the corresponding unit

normal vector. The equations for @ and n with respect to the body-fixed frame are
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then

e = ' +é€+taxa, (2.24)
n = n+axn, (2.25)

where we have neglected terms of O(6?). Applying the vector form of Taylor’s theorem
for (V¢ — v3) in equation (2.23), where the distance between the ’exact’ body surface
and the slow-drift surface is given by # — @', leads to the following expression for the

boundary conditions in the slow-drift frame

(n"+axn'+.--)-(Vo+ [z —2') -V|Ved+--) =
(R +axn' +--)-(E+axe +U+Qkxe), (2.26)

where equations (2.22), (2.24) and (2.25) were used. The boundary conditions for the
potentials ¢;; can now be derived from equation (2.26) by expanding quantities that
depend on the small parameters § and 7;. The expansion for ¢ is given in equation
(2.11) and the linear motions £ and a by equation (4.21). Collecting terms of the

same order gives the following set of boundary conditions for ¢y, ¢,, and ¢,;:

O(r;) :
n-Vo, = n-(U+Qkxe),
)
B;: = Un, + Vn, + Q(zn, — yn,). (2.27)
0(8) :

n- V¢1o = n- (é(O) + & x a’)a
)
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3¢10

= g‘;f')n,. + & (= x n);. (2.28)
n

O(é7;) :

n-Véy = n-(-[(¢"+a® x2) V|V + £ + 4 x a)
—a® x n- (Vo — U — 0k x 2),

3(;;5: = éf.”n,- + dg’)(z x n); + € (m,, my,m;) + &V (m,, my, ms), (2.29)

where
(my,ma,ms) = —[(n-V)Véu], (2.30)
(myyms,ms) = —[(n-V)(@ X Véu]+ [ x (U + Qk x ). (2.31)

0(8?) :

n-Vépo = —axn -Vé,—n-[(E+taxe) V]Vé,+axn-(+axea),
3

0;5: = axn-f+axe—Ve,|—n-[(£+axe) V]V, (2.32)

The primes on n and & have been left out in the above equations. All the above
quantities are to be evaluated in the frame of reference which follows the slow-drift
motions of the body.

The notation (2.30)-(2.31) was introduced by Ogilvie & Tuck (1969), and are
referred to as the m-terms. The m-terms are due to the interactions between the linear
body motions and the steady flow. Some algebra was required to obtain (2.30)-(2.31)
from (2.29), and is shown in Appendix B.

Except for differences of notation the boundary conditions for ¢,, are identical to
equation (2.37) of Sclavounos (1994). The boundary conditions for @,, are identical
to equation (12) of Grue and Palm (1993).
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In addition to the free-surface and the body boundary conditions, the potentials
¢;; also satisfy proper radiation conditions in the far-field, and the bottom boundary

condition

¢

o 0, on z = —h, (2.33)

where h is the water-depth.
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Chapter 3

Explicit solution of the boundary
value problem for vertical

cylinders

This Chapter derives the solution of the boundary value problem presented in Chap-
ter 2 for an array of vertical circular cylinders extending from the free-surface to the

sea-bottom. The structure is subject to a regular incident wave with amplitude A,

Figure 3-1: The slow-drift velocities U, V and § for an array of cylinders, subject to
a regular wave with frequency w, and direction 3
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absolute frequency w, and wave-number . The angle of incidence is 3 relative to
the z-axis in the slow-drift frame, see Figure 3-1. The structure is free to respond
with small linear motions in surge, sway and yaw about its instantaneous slow-drift
position at the encounter frequency w.

Section 3.1 presents the solution of the zero-speed potential ¢,,, using the method
of Linton & Evans (1990), which solves the diffraction problem for an array of cylin-
ders accounting for all interactions effects between the cylinders. The method is here
extended to include the radiation potential.

The analytic solution of the forward-speed potential ¢,, is derived in Section 3.2,
which involves the v-derivative and the Weber-transform of ¢,, as particular solu-
tions of the free-surface condition, and wave-maker theory for the body boundary

conditions.

3.1 The zero-speed potential ¢,

The boundary value problem for the potential ¢,, is identical to the problem of a freely
floating body oscillating about its mean position with small amplitude motions. The

slow-drift velocities U and V are present only via the frequency of the oscillations
w = wy—kUcosB—xVsing. (3.1)

The linearity of the zero-speed problem allows the decomposition of ¢,, into a diffrac-
tion part and a radiation part. The diffraction part consists of an incident wave and
the scattering of the restrained body, while the radiation part consists of the radiating
waves due to the forced motions in otherwise calm water. The time-dependence of

all linear quantities are assumed to be time-harmonic, and we can therefore write the
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potential ¢,, as

¢1o — Re [(Peiwt]

4 '
Re [li (o +<Pn)e“"t] ; (3.2)

I

where the factor igA/w, has been factored out in order to make the diffraction and
radiation potentials non-dimensional. Write the diffraction potential as a sum of the

incident wave and the scattered wave,

Yo = ¢rt¢s (3.3)

and the radiation potential as a sum of the forced motion potentials for the different

modes of motion,

Pr = V Z £ 0%, (3.4)
1=1,2,6
where v = w?/g and £ is the non-dimensional linear motion amplitude, defined in
Section 4.2. Substituting equations (3.2) - (3.4) for ¢,, in the boundary conditions
(2.16) and (2.28), results in the following boundary conditions for ¢, and ¢%:

0
—vop + % = 0, on z =0, (3.5)
0
% = 0, on Ss, (3.6)
., 99
—vpl, + 8—: = 0, on z =0, (3.7)
0y;
_BTR = N, on SB, (3.8)

where n = (n,,n,,0) is the unit normal vector on the body pointing out of the fluid
domain, and ns = zn, — yn,.

A local frame of reference (x;,y;, 2;) is defined at the center of cylinder 7, and is
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related to the slow-drift frame as follows

T = T;+ x,
y = §i+y; (3.9)
z = z;

as illustrated in Figure 3-2, and with the corresponding cylindrical coordinates (r;,6;)

defined by: z; = r,; cosf; and y; = r;sinf;. In the following analysis, the z-dependence

Figure 3-2: Configuration of the cylinders

of all potentials will be represented by a complete set of orthogonal functions, defined

as
2k 2 cosh k(z; + h)
folz) = (nh/ cosh® kh + V/n) cosh kh (3.10)
2k, Y2 cos k. (z; + h)
falz) = (knh/ cos? k,h — y/k,,) cosk.h Lyey00, (3.11)
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with the following orthogonality properties,

[ fehe)ds = 1, (3.12)
[ e ez = 1, (3.13)

0
/ Fu(z:)fa(z))d2; = 0, f m#n, m=0,...,00, n=0,...,00, (3.14)
-h

where k, is defined as the successive solutions of k, tank,h = —v,n =1,...,00.

3.1.1 Diffraction

The incident wave potential ¢;, expressed in terms of the slow-drift coordinates

(z,y,2) and the local coordinates (z;,y;, 2;), respectively, is written

M e—in(m cosf3+ysinf)

pr = cosh kh
cosh K’(zi + h) e—in(i,- cosf+3; sinB)—irr; cos(6;—B)
cosh kh
= Lf(z) Y (=)™Ja(kr;)emE=8), (3.15)
2 1/2
I, = ("h/ °°Sh2 kh+ v/ N) ¢ in(2; cosp+7; sinf) (3.16)
K

where I; includes the 'phase-factor’ associated with cylinder 7 and a factor to cancel
the square-root term in the definition of f,(z;) in equation (3.10). J.(xr;) is the
Bessel-function of first kind. The derivation of the scattering potential ¢, using the
method of Linton & Evans (1990), follows.

The general solution of Laplace’s equation given the homogeneous free-surface

condition in equation (3.5) and outgoing waves at infinity, is of the form:

folz) D0 @ HO(kr)e™ + 3 fu(z) Y. ), Kn(kar;)e™?, (3.17)
n=1

m=-—00 m=-—00
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where a’  are unknown coefficients determined by the body boundary conditions,
H®(kr;) is the Hankel-function of second order and K,,(k.r;) is the modified Bessel
function. The boundary condition for ¢, equation (3.6), is such that the second
term in equation (3.17) is exactly zero. The waves associated with the scattering

from cylinder j can thus be written

ve = folz) Z Ay 2 HY ()€™, (3.18)

m=—0o0

where Z7 = J! (ka;)/ H?”(ka;) is multiplied to simplify the algebra and AJ _ are the
interaction coefficients to be determined by the body boundary conditions. The total
diffraction potential ¢, written as the sum of the incident wave potential ; and the

scattering potentials ¢’ from all cylinders, is written
N .
$p = @1t Z P (3-19)
Jj=1

Using Graf’s theorem for Bessel-functions (Abramowitz & Stegun, page 363, equation
9.1.79.), we can write equation (3.19) in terms of the coordinates (7,6,) and then

apply the boundary conditions which are

Oep
ar,

0 onr, =a,, k=1,..,N. (3.20)

Some algebra leads to the following equations, which determine the interaction coef-

ficients A%

N oo
Aot D 30 ARZIECTNHE (kRy) = —Le /),
7j=1 n=—o00
~—~
#k

k=1,...,N, m=—o0,...,00, (3.21)

where N is the number of cylinders. Equations (3.18), (3.19) and (3.21) can be used

to write ¢, in terms of the coordinates (r;,8;, z;). Some algebra leads to the following

30



simple expression:
o = fo(z;) Z AQM[ZLHE:)(WJ')_Jm(ﬂrj)]eimoj, (3.22)

where the use of Graf’s theorem requires that »; < R;, for any j and k.

3.1.2 Extension of the method by Linton & Evans

The determination of a linear potential with more general body boundary condi-
tions than ¢g, requires new sets of interactions coeflicients, which will be discussed
next. Consider the generalized radiation velocity potential x, subject to the Laplace

equation and the boundary conditions on z = 0 and on each cylinder j, respectively

0

_VX+5§ = 0, (3.23)
O0x ;
a_rj = 4/(6;,2), (3.24)

where u’(6;, z) admits the Fourier decomposition

(e o]

wW(b,2)= Y ul(z)em™d. (3.25)

m=—0o0

The solution of this boundary-value problem will be carried out by extending
the Linton & Evans interaction theory to the radiation problem. Only the wavelike
interactions between the cylinders will be accounted for, while interactions arising
from the non-wavelike components (the evanescent terms) of the radiation solution
around each cylinder will be omitted. These components are omitted since the non-
wavelike components are associated only with the near-field of the cylinders, which
generally are configured with relatively wide spacing.

The potential ¥ may be decomposed into two components. The first component is

the sum of wave disturbances ‘radiated’ from single cylinders acting as wavemakers,
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and is subject to the boundary condition (3.24) on cylinder j. This component is free

of interaction effects and around cylinder j is defined by

o= Fu(5) Y B HD(kn) ™ + 3 fu(5) Yo BiiKn(kir)e™.  (3.26)

m=—0o0 n=1 m=—oo

The coefficient 37  is obtained by combining equations (3.24) - (3.26); multiplying
by fo(z;), fa(z;) and integrating over z from —h to 0. This gives

, 1
mo — W‘/ m(Z)fo(Z )dZ, (3.27)

B = kil )R =1, (3.28)
The second component consists of the ‘diffracted’ wave disturbance around cylin-
der j due to the waves ‘radiated’ by the other cylinders and may be expressed in the

form

X = fo(z) Y, Ci Zi HP(kr;)e™?, (3.29)

m=—00

where C’? are unknown interaction coeflicients and the interaction of the evanescent
terms are omitted. The total potential y, may therefore be written as the sum of all

radiated and diffracted wave disturbances, or

N
x=>(xi+x)- (3.30)
j=1

The unknown interaction coeflicients C?, may be determined by enforcing a homoge-
neous boundary condition on each cylinder for the velocity potential x,. Expressing
X: in terms of the coordinates of cylinder j requires the use of Graf’s addition theo-

rem for Bessel functions. Algebra analogous to that in Linton & Evans leads to the
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following system of equations for the coeflicients C*

N oo

Ct+ 3 Y (073 + Bi) ™ B (kR;) = 0,
e
#k

k=1,...,N, m = —o00,...,00. (3.31)

Following the determination of the ‘radiation’ interaction coeflicients C?, Graf’s
addition theorem and equation (3.31) allow the total potential x around cylinder j

to be expressed in the form

x = fo(z) i (C3.Z% + B2) H (k) — C2. T (kr,)] €™ +

m=—0oc0

S 15) 3 BaKa(kur) e, (3.32)

m=—co

where r; < R;, for any j and k.

3.1.3 Radiation

In the special case where x and u/ (z) are given by x = ¢, and v/ (z) = n;, cf
equations (3.7) and (3.8), then equation (3.32) supplies the solution to the surge,

sway and yaw radiation potentials and is given by

er = Y ((A5.Z5+B2) HY (k1)) — AL, Jo(kry)) €™ +
Do falzs) Yo B Kon(kary)e™, (3.33)
n=1 m=—oo
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where the interaction coefficients A} must satisfy the following equations:

N oo
Ag, + 3 >0 ALZICTRHD) (kR;) =
j=1 n=—o00
Ny
*k

N
=Y [Ba N HE) (kR ) + B2, €TV HE) (kR
7=1

~
#k

00, (3.34)

The coefficients 57 are evaluated using equations (3.27), (3.28) and (3.8), with the

components of n; given by

n, = — cosb,
n, = —sind;,
ne = —&;sinf; + Y, cosb;.
. . . 1, 1. _in. . W) s
Employing the identities cosf; = 3(e'% + e7%) and sin; = —5('% — e~

cients 8 for n = 0,1, ..., 00 are written

:}:Jln = iﬂl""
i:{n = _iﬂln,
4. = —(&; £§,)Bun,

BgY = 0, Im|#1, i=1,2,6,

where

% 2v
5 ?
/f.:EHl’(naj)\/nh/ cosh’ kh + v/K
i WVE(-1ry
k3 K{(koa;)\/koh/ cos? kb — v]k,

ﬂm =

34

n=1,...,00.

(3.35)
(3.36)
(3.37)

'), the coeffi-

(3.38)

(3.39)

(3.40)



3.2 The forward-speed potential ¢,

The potential ¢,, is linear in the slow-drift velocities U, V and () and is the leading
order correction to ¢,,. The boundary conditions for ¢,, on the free-surface and on
the body-boundary are given by equations (2.17), and (2.29), respectively, and will
in the following section be derived with respect to the local frame of reference on
each cylinder in regular waves. The consecutive sections present the solution of the

boundary value problem.

3.2.1 Boundary conditions in the local frame

From the free-surface condition in equation (2.17) and the harmonic time dependence

of ¢y, in equation (3.2), we can deduce that ¢,; must be of the form
¢11 = Re [1/«' eiwt] . (3.41)

In order to evaluate the time-derivative of ¢,, correctly to order é7;, consider the

time-derivative of ¢ as follows,

a¢ 0 iw
3 - Rea[¢ol+(90+¢'+---)e t—l—---]
_ . do 9d -
= Re (1w(¢+¢_|_...)+E%(¢+¢+...))e +]
. . . . dy. .
= R o o) — I o e P (7 ]
e [(iwop + 1wy — i5(U cosfB + Vsinf)yp Qaﬂ)e | + o(é7;),
O — .
O(é7;)

(3.42)

where the frequency of encounter w is given by equation (3.1). Notice that time is

present both via the harmonic term € and the angle of rotation ©(t). The term
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0/00 was replaced by —8/3f in the above equation, since ® + 8 = f3, is constant
with respect to time, where 8, is the angle between the wave-heading and the inertial
X-axis. Using equations (2.17), (3.2), (3.41) and (3.42), the free surface boundary

condition for % in terms of the slow-drift frame, is then written

oY Jp Oy Bcp gi %0
- - h— v 2 - 2 —Q — o1 °
1/1/J+az 91 U3m+ gV3y+ p 30 qu Ve
390
—2n—U cos 2 —V 21— — 3.43
p Be —2x—VsinfBp — 1 98 (3.43)

The decomposition of ¢ into a diffraction potential ¢, and a radiation potential

©r, cf equation (3.2), suggests the equivalent decomposition of ¢, written as

Y = lgA (¢D+¢R) (3.44)

The radiation potential 15 is proportional to the linear motions. As will be seen later
in this chapter, one part of 9 will be proportional to 8£(”/87, such that 1, will be

written

b= v 3 (e Govr @) (3.4
i=1,2,6
The potentials ¢, and @y are given with respect to the local coordinates (z;,y;, z;) on
cylinder j. It is therefore appropriate to define the potential ¢’(z;,y;, z;) = ¥(z,y, 2)
and translate the boundary conditions for % into the local frame in terms of 9’. From
equation (3.9) we can infer that differentiation with respect to z, y and z in the slow-
drift frame are identical to differentiation with respect to z;, y; and z;, respectively
in the local frame. The corresponding relations for the cylindrical coordinates (R, ©)

in the slow-drift frame and (r;,4;) in the local frame, are given by

9y A L A

8—35 = I; awj + Y; ay] + r; 873 y (3.46)
.a_"A o 3¢J _ a,q[)J 61/)1
30 ~ %oy, Yoz, T 36 (3.47)
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Equation (3.46) will not be used in this analysis, but is included for the sake of
completeness. The boundary conditions for v, %3 and %7 on the free-surface and

on the body can now be obtained from equations (3.43), (3.44), (3.45), (3.47) and
(2.17), and are as follows:

0
—vp + 1/)” = f» (3.48)
Bi,bp _
B = 0 (3.49)
i)
e =g (3.50)
(?'gbR _omy
O iw, (3:51)
Bi
— B 4 s _ 2% 0t (3.52)
0z g
oy _
S =0 (3.53)
where
_ .o _ a‘PD dpp Opp
fr = 21g (U - Q) +2 (V+ Q) 3, )
—9% (kU cosf + &V sinﬂ) + 2i-—Q&PD ~ 2%V, -V (3.54)
g 2 ) PRE T p 01 ®p, (9.
_ Wy % ¢
fra = 212 (U y,ﬂ)(9 g(V+ z;00) y,+2 900
——ZTg— (kU cosf + nV sin) @3, — 912 VqSM Vi. (3.55)
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3.2.2 Outline of solution

The solution for the potentials i, ¥ and %57 are simplified by considering the

potential ¥/ with the following boundary conditions:

—v¥i 4 %‘I’ = Lo+ ¢V - Vo, (3.56)
Z;
i
e = ) (3.57)
where
9]
L = cl—i—c,—a——i—c,—g——l—c,-——{—csi. (3.58)

3:l:j ayJ aaj aﬂ

The constants ¢, - ¢; and v(z;) must be determined by inspection of equations (3.48)
- (3.55) for the potentials ¥, ¥¥ and 945”7, respectively. The determination of ¥’ can
be decomposed into a sequence of problems, and is written as a sum of the individual
potentials ¥, ¥ and ¥J. The two first potentials combined satisfy the free-surface
condition in equation (3.56), but do not satisfy the body-boundary conditions. The
potential ¥ corrects for the normal velocities that are induced by the solutions of
U/ and ¥; on the body-boundary and ensures that the condition in equation (3.57)

is satisfied. ¥, ¥’ and W! are thus subject to the following boundary conditions:

. oW
vV + az-l = Ly, (3.59)
ow’
i = v,(z) (3.60)
A 2
_"VW‘; + az2 = Csv¢01 * Vw, (3-61)
o’
o = v,(2;), (3.62)
A £
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)
ar, v(z) — v(z) — va(2), (3.64)

where v,(z;) and v,(z;) are the normal velocities induced by ¥’ and ¥, respectively
and are given by equation (3.81).
The particular solution of ¥! can be found by inspection. Take first the v-

derivative of the linear zero-speed free-surface condition and then apply the linear

operator L:
—1/(,0-{—?—4'e =0 (3.65)
0z
U
dp Fp
_V?37+31/8z,- - ¥ (3.66)
4
Oy e
—vL 3 + Lauaz,- = Ly (3.67)
3
w s g, (3.68)
0z

The above equations prove that the particular solution of equation (3.59) can be

written

d¢

1

(3.69)

The determination of ¥’ is simplified if only the far-field component is needed.
This will be the case if conservation of momentum is used as in Section 4.3 in order to
evaluate the slow-drift damping coefficient. Therefore, the remainder of this section
seeks to determine the wavelike component of the potential ¥/, which are dominant

in the far field.

In order to solve equation (3.61) we first expand ¥J in the Fourier series

W= Y U, (3.70)

m=—oco
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and invoke the Weber transform pair for ¥ (Davies 1978),

B k) = [ rdn () Walkn), (3.71)
i _ e Iyi WM(kTJ‘)
V) = R ) G e e (-7
where
W.(kr)) = Y.(ka;)J.(kr;)— J.(ka;)Y..(kr;). (3.73)

The Weber transform exists here due to the rapid decay of V¢, as ;, — oo. This
would not be the case with equation (3.59) because of the 1/4/r; decay of the forcing
term in the free surface condition. The transformation of the Laplace equation,
the free surface condition and the bottom boundary condition for ¥, leads to the

following set of equations for ¥i_(k):

a2

B4 —m =, in the fluid,
9z
—v¥ + Wi _ F.(k), on z; = 0, (3.74)
9z
oW -
3—z,- = 0, on z; = —h,
where
F(k) = o [ rdnVéu - Vo Wa(kn) (3.75)
= Y F(k)em,

is the Weber transform of the right hand side of equation (3.61). The solution of the
boundary value problem in equation (3.74) is obtained by standard methods, and is

written

- coshk(z; +h) F..(k)
amo coshkh ktanhkh — v’

(3.76)
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The solution for ¥/ _ then follows upon substitution of ¥  into equation (3.72),

7( k kF, (k) W (kr;) cosh k(z; + h)

Ftanh kh—v T (ka)f + ' (ke coshhh 77

with the path of integration intended above the pole at ktanh kh = v, denoted by
k = k. The identity

(3.78)

W (kr;) — i(Hf:)(k"j) _ Hfj)(krj))
[T (ka,)? + [Yi(ka,)]" — 2 \H(ka;) H'(ka,)

allows the deformation of the contour of integration in the upper/lower k-plane for

Im(k)

4
Y

Re(k)

Figure 3-3: Path of integration in the complex k-plane

the first/second terms in (3.78), as illustrated in Figure 3-3. As r — oo, the wavelike

contribution to ¥}  arises from the residue at k = x, and takes the form

U = fo(z;) i v H®(kr;)ei™5 (3.79)

m=—oc0

—m\/5Fi(x)

Hg)'(na,-)\/n,h/ cosh® kh + y/n,

VL =

(3.80)

which represents outgoing waves satisfying the homogeneous free surface condition.
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The solution of ¥’ was derived in Section 3.1.2 with x = ¥J. The body-boundary
condition for x, cf equations (3.24) and (3.64), which includes contributions from ¥

and ¥, is written

u(z;) = v(z)— —?—Lg—t — kfo(z;) Z 7;Hf:)'(naj)eim0". (3.81)

or; e oo

3.3 The potential ¢,

The boundary conditions for ¢,, in regular waves are here presented with respect to
the slow-drift frame. The free-surface condition was given in Section 2.2 by equation
(2.18) and the body-boundary condition by (2.32). The expressions for the potential
¢ and the linear motions €, « in regular waves with frequency w are given by
equations (3.2) and (4.20), respectively. Substituting for ¢,, in equation (2.18) and
taking the time-average, the first term on the right hand side is immediately found
to be zero. By interchanging the order of differentiation and using the free-surface
condition for ¢,,, the first term inside the brackets of equation (2.18) is also found
to vanish. Using equation (A.13), the free-surface condition for ¢,, then takes the
following form,

0  wo 0 p*
% —2gIm ((,o 57 ) . (3.82)

The body-boundary conditions follow from equation (2.32) and are written,

9w _

o 3Re (&*xn-[iw(é-f—&xm)—Vgo]—n-[(é—l—&xz)-V]ch*).

(3.83)
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No attempt has been made in this thesis to solve the boundary value problem for ¢,,
as presented above. The potential is however consistently included in the expressions
for the wave-drift damping. The reader is referred to the paper by Grue & Palm
(1993), where the effects of ¢,, are considered, without having to solve the boundary

value problem.
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Chapter 4

The hydrodynamic forces

The pressure in the fluid with respect to the slow-drift frame is provided by the
Bernoulli’s equation and is given by
_ d¢ 1
p = —p| 5~ FAS+IVEVotgz), (4.1)
where f-A is defined by equation (2.9). From Bernoulli’s equation and the expansion

(2.11) for ¢(=,t), it follows that the pressure in the fluid domain may be expanded

in the form

p(z,t) = Pw("’) + pm(?!, t) +P10(“3a t) +P11("’a t) +on("’7 t) + pa (e, t)+---(4.2)
S N S N e N e sy e
o(1) O(7j) 0(é) O(é7;) 0(%?) O(8%7;)

where p,, is the hydrostatic, p,, the linear and p,, the pressure due to the double

body flow. The remaining components are defined by the relations

Pu=—p [agtu - f'A¢1o + V9{)10 : V¢01] ’ (43)
00
P20 = —p [ 6¢t + %Vﬁbm ‘ V¢10] 9 (44)
8 st
D21 = —p [~_¢5tﬂ - f'A¢2o + V97501 " V¢2o + Vﬁbu * V¢10] . (45)
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The hydrodynamic force experienced by the body may be obtained by integration
of p;; over its wetted surface or by the appropriate enforcement of the momentum
conservation principle. It follows that the corresponding expansion of the force on

the body becomes

F(t) = F1o(t) + F1i(t) + Fao(t) + Fau(t) +--. (4.6)
o()  Oo@m)  0@)  O(5r;)

Here Fo(t) is the linear exciting force for the fixed body and F,,(t) the leading
order correction due to the slow-drift velocity 7;. Fo(t) is the second order exciting
force while F'5;(t) is the corresponding correction due to the slow-drift velocity 7;. In
monochromatic waves, the forces Fo(t) and F2(t) are the second-order mean drift
force and wave-drift damping, respectively.

In the following section, the forces F;;(t) are derived by pressure integration. The
section thereafter derives expressions for the mean forces by the enforcement of the

momentum conservation principle for arbitrary slow-drift velocities U and V, but

with Q = 0.

4.1 Pressure integration

The forces on the body are here obtained by integration of the pressure over the
wetted surface of the body. The body is allowed to oscillate with the small amplitude
motions § = (§,,&;,0) and rotation @ = (0,0, a;). The expressions for the forces and

moments on the body are written

F = | PNds, (4.7)

M - /;B’meNdS, (4.8)
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where P is the pressure at the instantaneous position of the body and IN the unit
normal vector measured in the slow-drift frame. Due to the small amplitude motions
¢ and a, the pressure P is expanded about the mean position of the slow-drift frame

in a Taylor series, and is given by
P = plsy+(§+aXx X) - Vplg, +---, (4.9)

where p|3, is the pressure on the body evaluated in the slow-drift frame. The normal

vector N and the position vector @ in the slow-drift frame are transformed into the

body-fixed frame as follows,

N = nt+axe, (4.10)

e = ' +¢é+taxe, (4.11)

where n is the unit normal vector in the body-fixed frame and @' is defined in Figure 2-

2. The linear forces and moments follow directly from equations (4.7) and (4.8) by

Fli = _ ph- n dS, (4.12)
Sp

M, = / pue' x ndS, (4.13)
Sp

for 2 = 0,1. The time average of the second order forces are obtained by substituting
the expressions for P, N and @ into equation (4.7) and (4.8) and taking the time
average. The wetted surface Sy is divided into the mean wetted surface S, and the
surface between z = 0 and the wave run up. The integral over the latter surface
is Taylor expanded about z = 0 and results in an integral along the mean water-
line, denoted by c,,. The linear motions £ and o admit expansions in the slow-drift
velocities as given by equation (4.21). Collecting terms of second order in the wave

steepness § and zero’th and first order in the slow-drift velocities 7;, respectively gives
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the following expressions for the mean forces and moments,

F, = f_ [(pzo + (&9 + a®@x 2') - Vpl.,) n + p, al® X n] ds +
Sp

%pg}{ {Znd,

V. = /S' [on + (9 +avx &) - Vploj (2' x n)dS +
B
[ @ e )] s+
Sp

%pg]{ G, (=" x n)dl,

F, = /5' [(Pn + (5(0) +a®x @')- Vpu) n + py, af® % n] ds +
B

/_ [(e(l) + oall) x m’) . pr n+ Pro ol % nj ds +
Sp

pg § Calandl,

M, = ‘/S lp“ + (€9 + a® x ') - Vpu] (2' x n)dS +
B

[ T aWx &) - Vo (&' x n)] dS +
Sp

(4.14)

(4.15)

(4.16)

/_ [pu (5“” X 1+ a®x (2 X n)) + Pio (E“’ X 1+ a)x (@ X n))] ds +
Sp

pg f G (' x n)dl,

(4.17)

where the following vector identity was used in the expressions for M,, and M 219

' x(axn)+(axe)xn = (a-n)e'—(a-2')n

= ax (' xmn).

(4.18)

More detailed expressions for the linear and the mean-forces on a floating structure

in monochromatic waves are given in Appendix A.
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4.2 Linear motions

Due to the linear excitation from the ambient waves, the body will respond with the
small amplitude motions §;(¢) in mode j, where the index 7 = 1,2, 3 refers to surge,
sway and heave, respectively and rotations ¢;(t), s = 1,2,3 about the corresponding
axis. Only the surge, sway and yaw modes of motions are considered here. To simplify
the notation in this section, the rotations a;(t) are denoted by §;,;. According to
Newton’s law, the motions can be determined by,

d?¢;(t)
d¢?

M, F(®), (4.19)

where F;(t) is the linear force in direction ¢. The linear forces are time-harmonic and

the motions are therefore written,
&(t) = Re (§,¢). (4.20)

Equation (4.19) will next be written with respect to the slow-drift frame. Time
derivatives of a quantity in the slow-drift frame are given by equations (2.9) and
(3.42). However, the term f-A in equation (2.9) equals zero since §;(t) is a function
of time only. Expanding the linear force F(t) in the slow-drift velocities, cf equations

(A.1) and (A.2), suggests the following expansion for ¢ i

& = & +& +o), (4.21)

where égo) is the zero-speed linear motion and é;l) is the correction due to the slow-
drift velocities. Using the above equations, the equations of motion with respect to

the slow-drift frame are now written,

M;; |—w; + 2w,k(UcosB + VsinB) — 2i9%] (t:;o)+ éi-l)‘*' .. ) = FO 4 FO ...

(4.22)
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Using the expressions for F{* and F!" in equations (A.3), (A.7), and consistently
. . . 2 2(1)
collecting terms of O(1) and O(7;), respectively, the linear motions f;o) and ¢ J.l are

obtained from equation (4.22) as follows,

2(0)

[« (M + AD) +iw B + C) € X, (4.23)

[~w? (M, + AD) +iw, BY + C,)] €

XM — k[U cosB + V sinf) [Zwo (M,-j + AE;)) — iB}J‘,’)] éio) +
2(0)

(w2 AD —iw, BO) £ — 0 [2iw, (M,; + AD) + BY)] aag_é, (4.24)

where 3&0)/ 00 is determined by,

o0& X
;b = —6['7’ (4.25)

[~w? (M + AD) +iw, BO + C,]

and the added-mass, damping-coeflicients and the exciting forces are defined in Sec-
tion A.l. The coefficients C;; are the linear restoring coeflicients, which for the hori-

zontal modes of motion are due to external forces such as mooring lines.

4.3 The momentum conservation principle

As an alternative to the pressure integration over the wetted body surface, the hori-
zontal mean forces on the body can be calculated using the momentum conservation
principle. By this method, the force is expressed in terms of an integral of hydrody-
namic quantities over a control-surface at some distance away from the body.

The momentum conservation principle is here first applied to a body undergoing
arbitrary slow-drift motions in surge and sway in order to obtain the drift-forces

of second-order in the wave-amplitude. The expressions are then perturbed in the
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slow-drift velocities, assuming U and V are small, and expressions for the zero-speed
drift force and the wave-drift damping are obtained. The angular velocity € of the
slow-drift yaw-rotation is assumed to be equal to zero throughout this analysis.

The expressions for the mean drift-force in surge (1), sway (2) and yaw (6) were

derived in Faltinsen (1990) and are written,
F, = —/fg [pn: + pv,v,]dS, 1 =1,2,6, (4.26)

where the control-surface S, was assumed fixed in space. The formula applies if S,
is fixed in the slow-drift frame of reference and the pressure p and the velocities v;,
v, are given relative to this frame. The pressure is then given by equation (4.1) and

the fluid velocities by,

% _

u o= o U, (4.27)
9¢

v, = —a; — V, (428)

Ve = TV, — Yv;. (4.29)

The unit normal vector n = (n,,n,,n,;) is pointing out of control-surface S, while
the yaw component n, is given by ns = zn, — yn,. The control-surface is here taken
to be a vertical circular cylinder centered at the origin of the slow-drift frame, with
radius B — oo. Due to the oscillations of the wave-elevation, S, is time-dependent.
The control-surface is therefore written, So, = So + AS, where Sy is the surface
below z = 0 and AS the surface between z = 0 and the wave-elevation ¢. Assuming
the wave-elevation is small, the integration along the z-axis on AS is expanded in a

Taylor series about z = 0 as follows,

J[. s / ) / ‘Wz

_ /cw (C(*) +%C’%:—)+--') di, (4.30)

2=0

where (x) denotes the integrand in equation (4.26) and c,, the intersection between
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Sew and z = 0. In order to obtain the drift-force correct to second-order in the
wave-amplitude, the potential ¢ and the wave-elevation ( are first expanded in the

wave-steepness § as follows,

¢ = ¢+ M 4¢P 4 o(8), (4.31)
(W 4 (O 4 o(87), (4.32)

where the steady wave-elevation ((*) was omitted assuming the steady potential ¢*
can be represented by the double-body flow. Substituting the expression for ¢ into
equations (4.1) and (4.27) - (4.29), and the expression for ( into equation (4.30), the

drift-forces in equation (4.26) of second-order in § take the following form,

o= o[ |[(6-F-89+3V9-V6+ g2)n,—(8—U)(dn—Un,—Vn,)| S
=0/, [ [~(VIR)GD + 594 Vgrm, — gD ds -
[¢

[

(1)¢(1) n, 2(V/R)¢§‘)¢‘” P/ C(z)U(Un1 + Vnz)dl +

U240 60, + VgD gy _ 2(V2/R)¢(1)¢§;)+2Uv¢(‘)¢‘”n2] dl + o(8%),
(4.33)

— r
Bo= p// _(¢t~‘f'A¢+ %V¢'Vq{’+gz)nz—(¢y_v)(¢n—Un1—Vnz)]dS
= P/f. (U/R)$Y) + 3V0 -Vgtin, — ¢¢2] dS —

606, + 2U/R)$ 48] dl — p / (OV(Un, + Vn,)dl +

U2¢(1)¢(1)n —|—V2¢(1) (”n,+2(U2/R)¢(1)¢(1)+2UV¢(1) gll)nl] dl + o(8?),
(4.34)

B = —P/fsm (2(¢y — V) ~ 9(¢c — U)) ($n — Un, — Vn,)dS
=~ [[ [P = Wn V)0 + WU — V)] a5 +
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£ [ |8 (U1-8m, + ) — VigPn, + 0a]) | et +

5/ U260 (¢n, — ¢00y) + V24 (¢0n, + $P0z)| dl +

2 [ oV (606m + dmal + 6016 — ) at +

p / (@(Un, + Va)(yU — 2V)dl + o 6). (4.35)

Notice that in the integrand of equation (4.26) there are only terms of O(6?) on Se
and terms of O(§) and O(1) on AS. The steady double-body potential ¢ behaves
like a dipole as R — oo and does not contribute to the forces in the above expressions.

The drift-forces F; are next expanded in U and V, assuming the slow-drift veloci-
ties are small. This allows the drift-forces in equations (4.33) - (4.35) to be expressed
as a sum of the zero-speed drift-force D; and the wave-drift damping coefficients B;;

as follows,
F'.' = D,‘ - B,'jUj + O(U?), (4-36)

where U, = U and U, = V. B,; is defined as the leading order correction to the
drift-force in direction : due to slow-drift motion in direction j. Expressions for B;;
are obtained by further expanding the potentials ¢*) and ¢ in U;, keeping terms
of O(U;) only, and substituting into equations (4.33) - (4.35). To leading order, the

potentials ¢'*) and ¢ are written,

¢(1) — Re [(‘P+¢)eiwt] +0(6Uj2), (4.37)
87 = 6+ O(8T;). (4.38)

The potential 1) depends on the slow-drift velocities U, V and 2, cf Section 3.2. Here
shall be used a notation which allows explicit expressions for the wave-drift damping

coefficients B;;. Define,

Y7 = Ylw-1,v-0a=0), (4.39)
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1/)" = ’d)l(U:O,V:l,n:O),

(4.40)

where the subscripts on % denote the values of the slow-drift velocities to replace

U, V and Q in Section 3.2. The wave-drift damping coeflicients B;; are obtained

by substituting equations (4.37) and (4.38) into equations (4.33) - (4.34) and using

equation (A.13) to obtain the time-average. Including terms proportional to U only,

the wave-drift damping due to the slow-drift surge motion is given by,

Bu = o [, [0+ putl" — Vo V4" n ]S +

%P/ 14 (V¢U'n1 - ""'L_UP‘ cosﬂgo*m) di,
Coo [

_ 104
R 90

B = 3p f/s [soyd)f{' + @nthy” — Vo - V7 n, ] dS +

1w,

» w * *
%p/cm @ (V:d;U n, — K,;" cosfo*n, + oR (,oe) di,

091—52 a&zu

— l Us Us _ 0

Bn - zp./:/sm I:(Pe’()bn + Son1/)e 2n1 6@ + 2'!} 67), ] dS +
lpiwﬂ ¥ *
2 fc‘” ¢ (—pon: + pry)dl.

(4.41)

(4.42)

(4.43)

The expressions for B;; could alternatively have been derived from equation (4.26)

employing the expansion (2.11) instead of the separate expansions presented in this

Section by equations (4.31), (4.37) and (4.38).
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4.3.1 Conservation law for the slow-drift damping coeffi-

cients

Expressions (4.41) and (4.42), excluding the potential @,,, will be shown to be in
conservation form, i.e. its value does not depend on the position of the control surface
S This will be shown to be the case for two arbitrary velocity potentials ¢ and %7

subject to the free-surface conditions

~vp+¢, = 0, (4.44)
U v g% Wo
—wvp? + 9. = 21—9—(,0z - 2&; cosf3 . (4.45)

Here it is important to note that all three wavelike components of 3V, described in
Section 3.2.2, satisfy equation (4.45), when written in terms of the slow-drift coordi-
nates. In particular, ¥/ is subject to (4.45), while ¥; and ¥ satisfy the homogeneous
form of (4.45).

We will use the following identity, valid for an arbitrary velocity potential ¢ over

a closed surface S:

I(¢) = Re [[ (.Yt — 14 V4 n)dS =0, (4.46)

where 1, = (n,,n,) is the horizontal component of the unit normal vector on S
pointing out of the enclosed domain and V,, is the horizontal component of the
gradient.

Apply now (4.46) to the potential ¢ = p+1”* over the surface S = S, + 5., + Sr,
where S., and S,, are two vertical, neighboring surfaces and Sy is the annular strip
on z = 0 between the intersecting contours ¢; and ¢, as indicated in Figure 4-1.
The vertical surfaces S., and S, do not have to be circular. Assuming that the flow

velocity vanishes at z = —h, equation (4.46) may be rewritten in the form

Re / / (Y2 Vo + Pn Vo ¥”" — Vo - V" 1p)dS = 0. (4.47)
Sey+Scy +Sr
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Figure 4-1: The vertical control-surfaces S,
¢z, respectively, with z = 0.

and S, and their intersections ¢; and

The integral over Sr, where n,, = 0, can be simplified using the free surface condi-

tions (4.44) and (4.45). The integrand on this surface may be reduced to the form

Y7 Vip + . Vi7" = (vyp¥* — 2i%<p; — 2&% cosfBp* YV + veVpyp?*.  (4.48)

The z- and y-components of equation (4.48) are now treated separately in proving the

conservation law for the wave-drift damping coefficients B,, and B,,, respectively. The

z-component is simplified by employing the identities Re (2¢,¢*) = Re (p.p* + @ip)

and Re (2ip, %) = 0. It follows that

Re / fsp(%zbi’ "+ )dS = Re f st %(Vmb”'—n% cosf pp*)dS

Re }{ (ucmlJU"—/cﬂ cosf pp*) nadl, (4.49)
c1+e¢2 g

where Stokes’ theorem has been used. Combining equations (4.49) and the z-component

of equation (4.47), gives the following equation for the potentials ¢ and 3V*:

U» Uwx Us»
Re [[, o (pe"+ outhl" = Voo V™" mu)dS+
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Re f (vpyp”* — Pudl) cosBopp*)nidl = 0. (4.50)
c1te2 )

Comparing equations (4.41) and (4.50), noting that the unit normal vector m points
inward on the inner surface S, it is found that expression (4.41) is independent of
the position of S, which proves the conservation law for the wave-drift damping
coefficient B,,.

The proof of the conservation law for the coefficient B,, is similar to the above

analysis. The y-component of equation (4.48) is first simplified using the identity
Re [Zip,pi] = Re [iz (pp}) iz (ppl) (4.51)
— = Re [i— —i— . .
e [-2ipyp] 5\ P3) —i5 (PPl
The integral on Sy of the y-component in equation (4.48) can then be written

3 *

Re _//;F(‘Py?b: +¢.9%,)dS = Re /_/;F a—y(u(,m/)* —wyk cosfBpp*)dS +
.Wo 0 . 0 .

Rei~*x / /S ’ [6—m(<ﬁ¢y) - a—y(ww)] s

= Re f e(vyp*n, — K2 cosf p*n, + iﬂcp’l’)dl,
c1tez g g

(4.52)

where ] is the derivative of ¢* along the positive tangential direction of the curves.
For cylindrical coordinates it is given by ¢ = =t 55 for the outer/inner curves.
Combining equations (4.49) and the y-component of equation (4.47), and comparing
with (4.42) proves the conservation law for the damping coefficient B,, in equation
(4.42), excluding the potential ¢,,.

The position of the control surface S, in (4.41) and (4.42) may therefore be
selected arbitrarily. It may for example be taken to coincide with the body surface,
as long as only the wavelike components are included in the definition of the velocity
potential ¥:. The non-wavelike part of ¥ does not satisfy equation (4.45) and must
therefore be omitted. All integrations suggested by expression (4.41) and (4.42) are
carried out over the surface of each cylinder j by employing the explicit local wavelike

solutions derived in Section 3.2.
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Chapter 5

Results - frequency domain

This chapter presents plots of the hydrodynamic forces and motions of Chapter 4
for arrays of cylinders and real platforms. The results from the time-simulations are
presented in Chapter 7.

The computations of the motions and forces were performed by the computer
program SWIM (Slow Wave Induced Motions), which is an implementation of the
theory in Chapters 3 and 4. The code is part of a joint industrial project that was
started for the purpose of studying the slow-drift motions of real offshore structures.

The theory in Chapter 3 was derived for arrays of vertical cylinders with draft
equal to the water-depth. Most real offshore structures, however, consists of an array
of truncated cylinders attached to a set of pontoons. The theory in the previous
chapters was therefore extended to account for the truncated cylinders and pontoons
in an approximate manner. This is discussed later in this section.

In order to verify the results computed by SWIM, comparison has been made with
other computer codes. Zero-speed quantities were provided by the radiation/diffraction
panel program WAMIT (Korsmeyer, et. al., 1988). WAMIT is a mature 3-dimensional
frequency domain program for the analysis of interactions of surface waves with off-
shore structures. Quantities associated with the effects of forward-speed were pro-

vided by a panel program of the University of Oslo (Nossen, 1991 and Grue, 1993).
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5.1 Array of cylinders with draft equal to water-
depth

First an array of vertical cylinders with draft equal to the water-depth was studied.
This geometry may not be of great practical interest by itself, but provides a good
basis for comparison of the hydrodynamic forces and motions. It is also shown later
in the section that this geometry is useful for the study of more complex geometries.

The array of cylinders, referred to as platform I, consists of four equal cylinders
with radii ¢ = 10[m] and draft equal to 3a. Each cylinder is centered on the corners
of a square with sides 7a. The configuration of the cylinders and the sea bottom

are shown in Figure 5-1. The linear forces, the zero-speed drift-forces and the wave-

Figure 5-1: Platform I. The cylinder radii=10[m] and the cylinders are centered on
the corners of a square with sides=70[m]. The draft of the cylinders and the water
depth=30[m].

drift damping due to slow yaw rotations were computed by pressure integration, as
described in Section 4.1. The wave-drift damping forces B,, and B,, were computed
by the momentum conservation, described in Section 4.3.

The comparison with WAMIT and Nossen et. al. are excellent for both linear

motions and the mean forces.
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puted by SWIM and the +’s by WAMIT. Top: [{A(lo)/Al. Center: [éio)/A[. Bottom:
~(0)

&6 /(Ala)l.

59



S
~

w

o]

Surge drift—force

—

o

N

Sway drift—force

— B=15

Yaw drift-moment
o

-2 F T B=30 N N VAR / d 7
+ BZIS ~ o / \ /
~ - / \ _ Ve
_4 1 | ~ | 1 1
0 0.25 0.5 0.7 1 1.25
Ka
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Figure 5-8: Wave-drift damping due to slow-drift yaw motion of platform I, free
to surge, sway and yaw in linear motions. Top: Surge force (Bs/pgA*a(a/g)'/?).
Bottom: Yaw moment (B,)/pgA*a*(a/g)'2.
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5.2 Truncated cylinders

The array of cylinders from the previous section is here studied in deep water, and
is referred to as platform II. The truncation of the cylinders have been accounted for
in an approximate manner in SWIM. The fluid-flow is solved for as if the cylinders
were extended down to the bottom. The forces, however, are integrated only over the
actual surface of the body.

For waves with wave-length less than twice the draft of the body, the truncation
error is not expected to contribute significantly to the forces, since most of the wave-
action occurs above the draft of the cylinders. This can be seen from Figures 5-10
and 5-11, where the corresponding region is for Ka > 1. For longer waves, however,
the fluid-flow near the bottom of the truncated cylinder is not expected to be cor-
rectly modelled by SWIM. These are 3-dimensional effects that in general tend to
reduce the force on the body. For long waves, the drift-forces are therefore generally

overestimated by SWIM.
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Figure 5-9: Yaw RAO (|a,|) of platform I, computed by SWIM and WAMIT for
B = 30°. Top: Draft of cylinders = water-depth. Bottom: Draft of cylinders = 30%

of water-depth.
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5.3 Truncated cylinders with rectangular pontoons

The hydrodynamic forces on a realistic platform are studied. The cylinder configu-
ration and draft are identical to the cylinder array of Section 5.1. The rectangular
pontoons are modelled as illustrated in Figure 5-12. The pontoons have width equal
to the diameter of the cylinders and height=14[m]. The draft of the pontoons equals

44[m]. The platform is referred to as platform III.

=

Figure 5-12: A realistic offshore platform, with the same cylinder configuration as in
the previous section, and pontoons with dimensions: width= , height= and length=

The effects of rectangular pontoons are accounted for in the computations of the
linear motions and the zero-speed forces. The linear forces on the pontoons are com-
puted using a long wave approximation to relate the diffraction forces to the added-
mass and damping coefficients. The Froude-Krilov force is computed with no approx-
imation. The added-mass of the pontoons are obtained from the 2-dimensional values

of the cross-section. Consistently with the long wave approximation, the damping-

69



coefficients of the pontoons are neglected. For the zero-speed forces, a long wave
approximation by Nielsen (1987) was employed.

The flow interaction between the cylinders and the pontoons was not accounted
for, nor was the interaction between pontoons considered. These effects are expected
to become important at resonance of the waves between the cylinders and for very
long waves.

As can be seen from Figure 5-13, the linear motions are well predicted by SWIM.
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Figure 5-13: Surge and yaw RAO of platform III, computed by SWIM and WAMIT.
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Figure 5-15: Wave-drift damping B,,/(p(ga)'/*A?) of platform I with and without
pontoons in deep water. Wave-heading: # = 0°. Comparison between SWIM and

Nossen, Grue & Palm (1991).
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Chapter 6

Time-simulation of slow-drift

motions

The chapter presents a method of simulating the slow-drift motions in time, using the
hydrodynamic forces obtained in the previous sections. A model slow-drift equation
for the surge-sway-yaw modes of motion, based on Sclavounos (1994), is employed.
Realizations of the random second-order forces in a sea-state are computed by the
filtering of white Gaussian noise and the double summation of time series. The
equations of the slow-drift motions are solved numerically by a Runge-Kutta scheme.
The numerical scheme allows for non-linear damping and restoring forces, and the

former has been included in the simulations.

6.1 A model slow-drift equation of motion

Using Newton’s second law and a multiple time-scales analysis to separate the fast-
scales from the slow-scales, the slow-drift equations of motions can be derived. In
Sclavounos (1994), a model based on potential flow theory and small slow-drift ve-

locities was used in deriving the slow-drift surge-sway-yaw equations of motion. This
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Figure 6-1: The inertial frame (X,Y,Z) and the slow-drift frame (z,y,z). The po-
sition of the body (here illustrated by four vertical cylinders), is determined by the
coordinates X,(t), Y,(t) and the yaw-angle of rotation ©(t), relative to the inertial
frame.

model will be used in the following analysis with some minor modifications. The
potential flow forces of second-order in the slow-drift velocities are here neglected.
However, viscous damping is present via a Morison type force.

Denote by X,(t) = (X.(¢),Y.(t),0(t))” the surge-sway-yaw slow-drift vector,
where X,(t), Y,(t) and O(t) are the respective coordinates of the slow-drift frame,
which is following the slow-drift motion of the structure, see Figure 6.1. The magni-
tude of the slow-drift velocities X,(t), Y,(t) and O(t) are here assumed small. How-
ever, no assumptions are made with respect to X,(¢), Y,(¢) and O(¢). The slow-drift
equations will be given with respect to the inertial frame (X,Y,Z). The hydro-
dynamic forces, which are given with respect to the slow-drift frame, are therefore
transformed via the transformation matrix [S], defined below. Based on Sclavounos
(1994) and the above discussion, the surge-sway-yaw slow-drift equation matrix is

thus written,

[S]([M] + [A]) [S)" X, + [SIB()IS]" X, + Fo(X) + [C1X = [S]F(t), (6.1)
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where [M] is the inertia matrix, [A4] is the added-mass matrix, [C] is the linear restor-
ing coefficient matrix, B(t) is the wave-drift damping matrix and F(t) is the zero-
speed drift force vector. F,(X,) is the viscous damping force of O(X,’), as described
in Appendix D. The transformation matrix [S] is defined by equation (2.4). The
quantities (M|, (A}, [B(¢)] and F(t) are given with respect to the slow-drift frame,

while [C] is given with respect to the inertial frame. They are defined as follows,

L, 0 0 Ay A A D, (t)

M= 0 L, 0|, [Al=| A4, A4, Ax |, Fit)=| D) |, (6.2)
0 0 I A A Ag D,(t)
By, (t) Bu(t) Bu(t) Cxx Cxy Cxro

[B(t)] = | Bu(t) Ba(t) Bu(t) |» [Cl=| Cyx Cyy Cyo |- (6.3)
Bo(t) Be(t) Be(t) Cox Coy Coo

The subscripts 1, 2, 6 and X, Y, © here refer to surge, sway, yaw, in the slow-drift
frame and the inertial frame, respectively. I,, = I,, is the mass of the structure and
I the moment of inertia about the z-axis. The center of gravity and the origin of
the slow-drift frame are assumed to be along the same vertical line, such that I,; = 0
fori=1,2,j=6and:=26,;5=1,2.

In order to make the equation of motions more suitable for a numerical solution-

scheme, equation (6.1) is written,
X, = [ (f - Bl - F(X) - [C)4), (6.4)

where [a] = [M] + [S][A][S]7, [b] = [S][B(¢)][S]” and f = [S)F(t). [a]™* is the inverse
matrix of [a]. The second-order differential equation (6.4) can now be written as two
first-order differential equations. Introduce the vector X, = X,. Replacing X, and
X, in equation (6.4) by X, and X,, respectively, leads to the following two first-order
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differential equations for X, and A,

X, = X, (6.5)
X, = [d7(F-[BX - F.(X)-[CIA,). (6.6)

6.2 White Gaussian noise

This section gives a brief presentation of the white Gaussian noise (WGN) process
w(t) and some related quantities that will be used as a basis for the study of the
slow-drift motions in a random sea-state.

The process w(t) which will be used throughout this analysis is stationary white
Gaussian noise with zero mean, unit variance and unit spectral density. The Fourier

transform of w(t) is defined W(w), and the Fourier transform pair is written,

w(t) = % /_:"W(w)e-iwtdw, (6.7)
+oo .
W(w) = /_ w(t) evtdt, (6.8)

where W (w) is a stochastic process in the variable w. Since w(t) is a real process, the

Fourier transform satisfies the condition,

W(-w) = W'(w), (6.9)

where the x denotes complex conjugate. By the statistical properties of w(t) and
equations (6.7) - (6.8) it can be shown that W(w) is stationary with zero mean and

auto-correlation,

E[W(w)W*(w,)] = 2r8(w, — w,), (6.10)
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where the notation E[-] denotes the mean of the quantities inside the brackets. §(¢)
is the Dirac delta function. It can be inferred from equations (6.8) and (6.10) that
W{w) is a WGN process. W(w) is in general a complex process, and will here be

written,
W(w) = Wg(w) + iWr(w), (6.11)

where Wgr(w) and Wi(w) are real stochastic processes. In Papoulis, pp. 306-308,
it is shown that Wg(w) and Wj(w) are jointly normal with zero mean, and from
equation (6.10) and equation (10-158) in Papoulis, it can further be shown that the
processes are uncorrelated. From the above discussion, it can therefore be concluded

that Wg(w) and Wj(w) are independent zero mean WGN processes with variance,

Var[Wg(w)] = Var[Wi(w)] = =.

6.3 Wave-elevation

The linear wave-elevation ((t) in a given sea-state is assumed to be a stationary,
Gaussian, random process. Due to the linearity, {(¢) can therefore be obtained by
linear filtering of the WGN process w(t), described in Section 6.2. The wave-elevation

¢(t) and its Fourier transform Z(w) are defined as follows,

() = /+°° w(7)h(t — 7)d7, (6.12)

Z(w) = W(w)H(w), (6.13)

where h(t) is the linear filter and H(w) its Fourier transform. Given the spectral

density S¢(w) of the wave-elevation, the transfer function H(w) is determined by the
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relation, S¢(w) = |[H(w)|*S,(w), which defines H(w) as,
H() = [Se(@)?, (6.14)

since the spectral density of w(t) is S, (w) = 1. A realization of the wave-signal ((t)
can now be obtained from the expression (6.12), by first computing the Fourier trans-
form of H(w) and a realization of w(t). This approach requires the computation of one
Fourier transform and one convolution integral in addition to the generation of w(t).
An alternative approach, which only requires the computation of one Fourier trans-

form and the realization of a WGN process, is obtained by computing the quantities
listed below:

1. A realization of the process W(w), which is a WGN process.
2. The *wave-amplitudes’ Z(w) = W(w) [S(w)]"/2.
3. The Fourier transform of Z(w):

@) = i/_-:o Z(w) e “dw. (6.15)

2T
Note that the wave-elevation in equation (6.15) is evaluated at X =Y = 0. In order
to evaluate ((t) at (X,,Yo), the factor e*(Xocosho+Yosinbo) myst be multiplied et
in equation (6.15). 3, is the angle between the inertial X-axis and the direction of
wave-propagation. By virtue of equation (6.9) and the identity S.(—w) = S¢(w),
the realization of ((t) is a purely real signal. Also notice that the spectral density
S¢(w) as presented here, is multiplied a factor of 2 compared to wave-spectra most

commonly used in ocean engineering. The variance of the process ((t) is therefore

found to be,

E[C()] = 51; /_J:oS((w)dw. (6.16)
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6.4 Second-order forces

The leading-order slowly-varying forces in an irregular sea-state are proportional to
the wave-amplitude squared. Denote by D(t) the second-order force acting on the
body. D(t) here represents any of the second-order forces described in Section 4. A
realization of D(t) is obtained by a proper filtering of the wave-elevation (, given the

the second-order filter h(t,,%,). The second-order force is thus written,

D(t) = /+°°/+°°<(t1)g (£)h(E — b, ¢ — ta)dbsdE,

= (2x)? f / Z(w,)Z(w,) H(wy, w,) e 1) o dw,,  (6.17)
where h(t,,t,) and H(w,,w,) are the double Fourier transform pair defined by,

400 p+4oo .
h(ti,t,) = (27")_2/ / H(w,,w,) e i1ttt de do,, (6.18)

+oo p+4o0 .
Hwnw) = [ [ hlti,t)ern sz, (6.19)

H(w,,w,) is the transfer function of the second-order force on the body. The ex-
pression (6.17) contains both sum-frequency components (w;w, > 0) and difference-
frequency components (w,w, < 0) of D(t). The former are acting over a time-scale
which is much shorter than the time-scale of the slow-drift motions, and are there-
fore not considered in the following analysis. In order to remove the sum-frequency

components from D(t), the second-order difference-frequency force D=(t) is defined,
+oo ptco .

D-(t) = (2%)_2/ / €(wr,ws) Z(w,) Z (wy) H (wy, w,) e 1+ e, dw,, (6.20)

where €(w;,w,) = 3 [l — sgn(w, )sgn(w,)] and sgn(w) = +1 for w 2 0. The expression

for D=(t) can be significantly simplified by employing the assumption of a narrow-

banded wave spectrum, which will be considered next.
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6.4.1 Narrow-banded wave-spectrum

In a sea-state with a narrow-banded wave-spectrum, a major part of the energy is
concentrated around a particular frequency. This is often the case for severe sea-
states, which are used in designing offshore structures. In this case, the Newman’s

approximation can be applied to the difference-frequency transfer function as follows,
H(w;,w;) = % [H(wi, —w;) + H(wj, —w;)] wiw; < 0. (6.21)

It is here assumed that H(w;,w;) does not vary appreciably near the diagonal w; = w;.
The approximation (6.21) reduces the computation of the full matrix H(w;,w;) to only
the diagonal terms H(w;,w;), which represents the mean force acting on the body.
The computation of the off-diagonal terms generally requires an order of magnitude

more effort than the diagonal terms. Introduce the second-order mean force D(w),
D(w) = Re[D(w)], (6.22)

which represents any of the forces of O(é?) and O(é?7;) obtained in Section 4.3 and
Appendix A.2, A.3. The complex force D(w) satisfies the identity D(—w) = D*(w),
where * denotes complex conjugate. The relation between D(w) and H(w,—w) is

given by,

Hw,—w) = 2D(w), (6.23)

The double integral in equation (6.20) can be reduced to a single integral by substi-
tuting the expression (6.21) for H(w,,w,). After some algebra and using equations
(6.22) - (6.23), the second-order force D~(t) is written,

1

472

+oo . +oo0 .
D (t) = Re [/ Z(w,)D(w,) e 1t dw, / Z(w,) e dw, —

/:: sgn(w, ) Z(w,)D(w, ) e “t*dw, /::o sgn(w,)Z(w,) e‘i“’ztdwz] ]
(6.24)
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Expression (6.24) applies to the forces D;(t) and B;;(t) of equations (6.2)-(6.3), for
i, = 1,2,6, given the appropriate expressions for D(w). In particular, the realization

of the surge wave-drift damping coeflicient B;(¢), is thus written,

1

Bi(t) =

+oo . +oo .
Re [ [ 2@Butw) e o, [ 2w) e, -

—o0

+o0 . +o0 :
/ sgn(w,)Z(w,) Dy (w;) e dw, / sgn(w,)Z(w,) e"“”tdw,] ,

(6.25)
where B,,(w) is obtained from equation (4.41), which is written,
Bu(w) = b0 [ ot + oub? = Voo V47 n)dS +
%p/ 7 (vgb"‘m k2 cosﬂcp*nl) dl. (6.26)
Coo g

The mean value of D~(t) in an irregular sea-state is obtained by averaging (6.24)

over time and is given by,

E[D-(t) = 51; /_;w25¢(w)1_)(w)dw. (6.27)

6.5 Numerical implementation

The expressions for the wave-elevation and the hydrodynamic forces in Sections 6.3
and 6.4 were discretized in time with constant time-step, Atf, at the discrete times,
t;, 2 =1,...,N. The frequency-axis was similarly discretized at the discrete frequen-
cies w;, ¢+ = 1,..., N, with spacing Aw. Due to its computational advantages, the
Fast Fourier Transform (FFT) was used in calculating the Fourier integrals, which
restricts the number of time-steps to be a multiplier of 2. Realizations of the stochas-

tic processes W(w) and hence the wave-amplitude Z(w), were therefore evaluated at
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the frequencies w; for 7 = 1,..., N. A sequence of independent Gaussian numbers was
generated by first using a random number generator of equally distributed numbers
between 0 and 1, and then employing a transformation to obtain the Gaussian distri-
bution. The particular random number generator, RAN1 from the Numerical Recipes

232 independent numbers without repeating

library, is able to generate a sequence of
itself, which enables the simulation of very long records of the slow-drift motions.

An approximation has been made with respect to the wave-drift damping matrix
[B(t)] and the drift force F(t) in the equation of motions (6.1), in order to calculate
the hydro-dynamic forces by the FFT. The simulations in Section 7, were performed
by evaluating all forces at the position X,(¢) =Y,(t) =0 and constant yaw-rotation
O(t). This allows the computation of the forces prior to the simulations of the motions.
The errors introduced by the approximation are insignificant when the surge-sway
translations are small relative to the dominant wave-lengths, which is the case in
most real sea-states. The approximation may be less good for finite values of the
yaw-rotation, since the hydro-dynamic yaw moment and the force perpendicular to
the wave-heading, in general are very sensitive to a change in the wave-heading.

The dependence upon the slow-drift coordinates can alternatively be accounted
for by computing the time-history of the forces for an array of constant values of
X.(t), Y,(t) and O(t). During the simulation of the slow-drift motions, the forces at
the exact slow-drift position can thus be interpolated from the array of data. This
approach allows for the use of FFT, since the slow-drift coordinates appear as constant
parameters in [B(t)] and F(t).

The solution of the slow-drift equations were performed by a fourth-order Runge-
Kutta scheme, which evaluates the forces at half time-steps. In order to use the
time-step At for the forces, the motions are therefore calculated at ¢,;, with time-step

2At. The Runge-Kutta scheme is robust in all practical cases.
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Chapter 7

Results - time domain simulations

This chapter presents the results of the time-simulations that were described in Chap-
ter 6. A sensitivity study of relevant parameters of the slow-drift motions has been
performed and are presented.

The time-simulations were carried out by the module motion, which is a part
of the SWIM program. The module motion is an implementation of the theory of
Chapter 6. The hydrodynamic input to motion is provided by the swim module,
described in Chapter 5.

The time-simulation of the slow-drift motions for a given structure, depend upon a
number of parameters. Some of these parameters are related to the physical environ-
ments, such as the wave-spectrum, the directional spreading of the waves, statistical
properties of the sea-state and the current. Other parameters are related to the
modelling of the forces on the structure, e. g. the drag-coefficient. A third group of
parameters is related to the time-simulation scheme. This includes the size of the
time-steps and the length of the simulations. This section gives a brief description of
the parameters with plots of their dependence upon simple statistical properties of
the slow-drift motions, such as the mean deflection and the standard deviation.

Unless otherwise stated, the results of this chaptér were obtained using a JON-
SWAP spectrum for the waves, with significant height H, = 13 [m], peak period

T, = 14 [sec] and gamma parameter v = 3.3.
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7.1 Wave-elevation and linear motions

The wave-elevation in a long-crested sea-state is given by equation (6.15). This section
presents simulated time history of {(¢) along with the corresponding linear motions
of a platform, computed by FFT. As a verification of the statistical properties of ((¢),
comparison is made between the probability density function (pdf) of the simulated
signal and the Gaussian distribution. The energy contents of the different spectral
components in the signal are compared with the input spectrum. The convergence of
the pdf and the spectrum are demonstrated by increasing the length of the simula-
tions.

Figure 7-1 shows the simulated wave-elevation and the corresponding motions of
platform III, with wave-heading 8 = 30°.

In Figure 7-2, the pdf of a simulated record of length 7' = oKN [sec] is compared
with the Gaussian distribution. The pdf of a the shortest record does not look like
the Gaussian distribution, but the computed pdf approaches the Gaussian as KN
increases. It is here worth noting that the signal ((¢) follows a Gaussian distribution
for any number of discrete frequencies w, since the complex wave-amplitudes Z(w)
are Gaussian.

Figure 7-3 shows the spectrum of wave-elevation records of length T' = oKN [sec]
in comparison with the input spectrum (JONSWAP). The spectrum of the signal
was computed using a maximum entropy method. The comparison is good for a
record of length T = 2!7 [sec]. Some of the discrepancy for shorter records may
be due to difficulties in calculating the spectrum. Besides, the magnitude of the
wave-amplitudes are random variables (following a Rayleigh distribution), and the
spectrum of a single record can therefore not be expected to be equal to the input
spectrum.

The boxplots in Figure 7-4 display the spread of the mean value { and the rms
o, for a number (100) of records with length T = oKN [sec]. Each box represents

the range of 50% of the data. All data were inside the range of the whiskers. In the
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bottom plot, the spread of { and o, are quantified by their rms values.
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Figure 7-1: The four plots show simulations of the wave-elevation and the correspond-
ing linear surge-sway-yaw motions of platform III, for 8 = 30°. The three first plots
are given in [meters| and the last in [DEG].
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Figure 7-3: Computed spectral density of the wave-elevation (dashed-line) compared
with the input spectrum (solid line), for different lengths of simulation.
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[seconds]. 50 % of the data are within the upper and lower edges of the box and all
data are within the whiskers. The horizontal line inside the box marks the average
of the data. Bottom: Rms values of { and o,.
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7.2 Slow-drift motions

Results from simulations of the slow-drift motions are here presented. The equations
of motions, given by equations (6.5) and (6.6) were solved by a Runge-Kutta scheme.
The mean deflection and the rms of the simulated slow-drift motions were computed
and plotted against several parameters; the length of the record, transients, drag-
coeflicient, current velocity and directional spreading of the sea-state.

In Figure 7-5 the difference between the time-scales of the linear motions (fast-
scale) and the slow-drift motions (slow-scale) are emphasized. A comparison of the
slow-drift spectral components in Figure 7-6 and the wave spectral components in
Figure 7-3 illustrates the difference in the frequency domain. A third scale, the slow
slow-scale is introduced by the envelope of the slow-drift motions.

Examples of the surge-sway-yaw slow-drift motions are displayed in Figure 7-7.
Notice the different amplitudes of the slow-drift motions and the linear motions in

Figure 7-1, which were calculated for the same sea-state.
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Figure 7-5: Surge motions of platform I. Top: Linear motions (¢,(t)). Center: Slow-
drift motions (X,(t)). Bottom: Envelope of slow-drift motions. Notice the different
time-scales between the plots.
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III for B = 30°. The two first plots are given in [meters] and the last in [DEG].
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7.2.1 Length of simulations

Estimates of the mean deflection and rms of the slow-drift motions were calculated
for different lengths of the simulations. The mean and rms values for 1000 simulated
records are shown in the boxplots in Figure 7-8. 50% of the data are contained within
the edges of the boxes and all data are within the whiskers. The bottom plot shows
quantitatively how spread the estimates of the mean and the rms of the slow-drift

motions were.
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and all data are within the whiskers. The horizontal line inside the box marks the
average of the data. Bottom: Rms values of X, and o,.
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7.2.2 Drag-coefficient

The derivations in Chapters 2 - 4 were based on ideal flow. It has been found,
however, that viscous flows play an important part in the slow-drift motions. It is
very difficult to include viscous flows in the calculations at a level of the derivations
of the wave-drift damping. The effects of the viscosity in the fluid were therefore
accounted for by a drag-force of the Morison type. This model requires a drag-
coefficient, which depends on both the Reynolds number and the Strouhal number.
Aside from the determination of the drag-coefficient, one must also consider whether
the linear motions are to be included in the expressions for the drag-force. The fast-
scale and the slow-scale equations of motions are in this study separated, and the
linear motions were therefore not included in the drag-forces.

The dependence of the drag-coefficient on the rms of the slow-drift motions is
illustrated in Figure 7-9. The linear motions were not included in the relative velocity

term of the drag-force.
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Figure 7-9: Rms value of slow-drift motions in surge as a function of the drag-
coefficient Cp.
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7.2.3 Current

From the boundary conditions in Chapter 2 it is found that a small current along the
negative z-direction is identical to a slow-drift velocity of the body in the positive
z-direction. The effects of a small, steady current can therefore be accounted for
by adding the current velocity vector to the slow-drift velocities in the equations of
motions. One must remember, however, that it now is the sum of the slow-drift
velocity and the current that must be small in order for the expansion in the slow-
drift velocities to be valid. If this sum is large, effects due to higher order terms and
viscous forces will become important.

Figure 7-10 shows the dependence of the current on the mean deflection and
the rms of the slow-drift motions. A drag-coefficient of Cp = 0.7 was used in the

calculations. The large increase in the mean deflection is mainly due to the drag-force.
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of the current-velocity U.
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7.2.4 Transient

The simulations of the slow-drift motions are started up with specified position and
velocity of the body at ¢ = 0. These specified initial conditions are most likely
different from what would have been the case if the simulations had started at some
time before ¢t = 0. The start-up of the simulations are therefore usually associated
with a transient period, before the motions have reached a ’steady-state’.

Figure 7-11 displays the change of the calculated rms of the slow-drift motions
as a function of time. The rms was calculated for consecutive segments, each of 10
slow-drift cycles. 25000 simulations were performed and the mean value of the rms
is shown in the upper plot. The lower plot shows the rms of the rms. The values are
clearly different for the first 10 cycles. The initial position of the body was selected at
the mean position and the initial velocity an average velocity (based on the average of
the slow-drift amplitudes). A longer transient period was found if the initial position

and velocity were just set equal to zero (not shown in the figure).
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motion (bottom). Each bar represents the rms of approximately 10 slow-drift cycles.
25000 runs were used to obtain the data.
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7.2.5 Directional spreading

The slow-drift motions are often studied in long-crested waves, with response in only
one horizontal mode of motion. In real sea-states, however, the waves are short-
crested and the structure will respond in all horizontal modes of motion. One is often
interested in knowing the difference between the surge motions in long-crested and
short-crested sea-states.

The short-crested simulations were performed in a sea-state defined by the follow-

ing wave-spectrum,
Sw(w,80) = Sy(w) cosNCOS 9, (7.1)

where S(w) is the JONSWAP spectrum and 8 is angle of the wave-direction. NCOS is
usually an even integer between 2 and oo, where the latter limit defines a long-crested
sea-state. Figure 7-12 shows the spreading function for different values of NCOS. The
sensitivity of NCOS upon the surge and sway slow-drift motions are demonstrated in
Figure 7-13. The short-crested waves were approximated by a summation of waves
along the 7 discrete directions, § = —45°,—30°, —15°,0°,15°,30°,45°. A closer spac-

ing between the different 6’s is recommended in the study of short-crested seas.
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Figure 7-12: The spreading functions that were used in obtaining the mean and rms
values of the slow-drift motions in the following figure.
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The peak of the directional spectrum was along § = 0°, which defines the z-axis. Top:
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motions. Bottom: Rms of the sway slow-drift motions.

104



Chapter 8

Discussion

The thesis studies the large amplitude surge-sway-yaw slow-drift motions of floating
bodies constrained by weak restoring forces in random waves. The study divides into
two tasks: 1) The computation of linear motions and forces, the mean drift force and
the wave-drift damping in the frequency domain. 2) The simulation of the slow-drift
motions in irregular short-crested seas. The two tasks are described in the following
paragraphs, respectively.

The boundary value problem in the fluid around a floating body with a small
horizontal translation and rotation about the vertical axis are derived. The velocity
potential expands in the small wave-amplitude A and the small slow-drift velocities U,
V and Q. Explicit solution for the linear zero-speed and forward-speed potentials for
arrays of vertical cylinder in regular waves are obtained using the theory of Linton and
Evans (1990). Expressions for the zero-speed drift forces are provided both by pressure
integration over the body and by momentum conservation principles. The wave-drift
damping, which is proportional to the wave-amplitude squared and linear in the slow-
drift velocities, is given by the two methods above. The momentum conservation
principle is used in computing the wave-drift damping due to horizontal translation,
where the far-field formula was reduced to an integral over the body surface. The
wave-drift damping due to the rotation about the vertical axis is computed by direct
pressure integration. The interactions of waves from different directions are accounted

for in the expressions for the mean forces. The linear motions, the drift forces and
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the wave-drift damping of an array of cylinders are compared with other methods,
and the agreement is very satisfactory.

The second task consists of the simulation of the surge-sway-yaw forces and mo-
tions in the time-domain. The slow-drift motions are decoupled from the fast (linear)
motions by a multiple scale analysis, which allows the equations of motions to be
written in terms of the slowly varying forces only. The latter are computed by the
summation of time-series using the results for the mean forces of the frequency do-
main and the Newman approximation. The expressions for the slowly varying forces
generally contain double time series, but were here reduced to products of single
series, which reduces the computational time by several orders of magnitude. The
time series are evaluated by Fast Fourier Transform. Samples of the random, short
crested waves are generated by filtering of white Gaussian noise, and allows for the
simulation of very long records without repeating itself. The differential equation of
the slow-drift motions is solved numerically by the robust Runge-Kutta scheme. The
simulations of surge-sway-yaw slow-drift motions in a long-crested sea-state of 6 hour
duration, takes about 15 seconds on a DEC alpha station.

The sensitivity of the mean and the rms of the surge-sway-yaw slow-drift motions
of an offshore platform upon certain parameters are presented. The convergence
of the mean and rms are illustrated for increasing length of the simulations. The
transients associated with the start-up were found to last for a few cycles of the
slow-drift motions. The dependence upon the drag-coefficient, a steady current and
directional spreading of the waves are also demonstrated.

The hydrodynamic problem of a floating structure moving with a small slow-drift
velocity in regular waves has been subject to several studies. The wave-drift damping
coefficient due to a slow surge translation was studied by Zhao & Faltinsen (1988),
Nossen, Grue & Palm (1991), Emmerhoff & Sclavounos (1992) and Newman (1993).
The wave-drift damping due to a slow yaw rotation was studied by Emmerhoff &
Sclavounos (1993), Newman (1993) and Palm & Grue (1994). Except for Newman
(1993), these studies assume the slow-drift velocity constant. This assumption is

consistent with neglegting wave-effects of O(U)?. However, terms of O(U)? that are
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not due to wave-effects, for example the added-mass due to the slow-drift motions,
can not be omitted. The dependence on both the wave-amplitude and the slow-drift
velocities must be considered in order to consistently include the leading order terms.
In Newman (1993) the oscillations of the slow-drift motions are considered, however,
the amplitudes of the slow-drift motions are assumed small. The comparison with the
current method gives identical expressions for the wave-drift damping. In the studies
by Zhao & Faltinsen (1988) and Nossen, Grue & Palm (1991), the hydrodynamic
flow was solved by 3-dimensional panel programs. With apropriate discretizations
of the floating body, these programs give reliable results for the wave-drift damping
coefficients for a large number of geometries. The current method applies strictly
only to an array of vertical cylinders with draft equal to the water depth, but the
results for the wave-drift damping are derived by analytic methods. These analytic
results serve as bench-mark tests, and are valuable for the comparison of different
methods. The comparison with the method of Nossen, Grue & Palm (1991) for
truncated cylinders with pontoons in Chapter 5, shows good agreement, and indicates
a wider applicability of the method.

This study considers the horizontal modes surge, sway and yaw of the slow-drift
motions, which are of most importance for structures with stiff, vertical mooring
lines (TLPs). Floating structures with large draft and catenary mooring lines may
experience significant slow-drift motions in the vertical modes heave, roll and pitch
as well. Slow-drift motions in the vertical modes can be accounted for in a similar
manner to the derivations of the horizontal modes. An array of cylinders which
expands the depth of the fluid, models a real structure with truncated cylinders
poorly when it comes to the heave mode, since major contributions to the forces are
due to the bottom of the cylinders. The method of Linton and Evans (1991) can
therefore be supplemented by approximate methods to account for the bottom effects
of the cylinders.

The slowly varying forces that enter into the equations were obtained from the
mean forces, by virtue of the Newman approximation. This approximation, how-

ever, is less applicable in wide-banded sea-states or for the vertical modes, where the
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natural period is not much larger than the dominant wave-period. In this case, the
potentials ¢,, and ¢,; must be calculated. Their boundary conditions can be obtained
by extending the derivation of Chapter 2.

The overall intention of the thesis was to develop a tool for studying the slow-drift
motions of floating offshore structures. This goal has been reached through an efficient
program which calculates the hydrodynamic coefficients of an array of cylinders with
a small slow-drift velocity, and performes the time simulations of the surge-sway-yaw
slow-drift motions in random, short-crested waves. The slow-drift equations accept
non-linear terms, which allow for Morison type drag and non-linear restoring forces.
The efficiency of the method enables the simulation of very long records. This opens
up for more accurate studies of the extremes, and contributes to advance the field of

slow-drift motions.
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Appendix A

Forces (pressure integration)

The forces and moments in this section are obtained by the pressure-integration, as
presented in Section 4.1, for regular waves with frequency w, and direction g relative

to the slow-drift z-axis.

A.1 Linear forces

The linear forces acting on the body in direction ¢ for small slow-drift velocities are

obtained from equation (4.12), and are here written,

[Fu(t)l; = Re [F®e], (A.1)
[Fu(t);, = Re [FMe“. (A.2)

The decomposition of the potentials ¢,, and ¢, into diffraction and radiation po-
tentials, cf equations (3.2) and (3.41), leads to an equivalent decomposition of the
hydrodynamic forces F(® and F*). Consider first the zero-speed quantities with the
super-script (0). Denote by X{® the exciting force in direction i and A, BY) the

added-mass and damping-coeflicients, respectively in direction ¢ due to the motion
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zfﬁ‘” in direction j, cf equations (4.20) and (4.21). The linear force of O(6) acting on
the body is then written

F.'(O) = X© é:O) (_wozAE?) + iwoB.(;)) , (A.3)

where X{*, AD, and B are given by

X = pgA //§B opn; dS, (A.4)

AY = pRe //g oo, dS, (A.5)

BY = —pw,Im //g prn; dS. (A.6)
B

In order to obtain an expression for the linear forward-speed force F® in the form of
equation (A.3), the pressure p,, in equation (4.3) is substituted into equation (4.12),
using the expressions for ¢, and ¢,, in equations (3.2), (3.41). The time-derivative
of ¢,, is given by equation (3.42). F™ can then be written,
FO = X0 - & (~wl A +iw, BY) -
9E;
ap

(1)

7

(—wiaf + iwBY) — £ (~wiA® + iw, BY) (A.7)
where XV, A, B, A2 and Bf are defined as follows,

. 1
X0 = pgA [[ [0+ = (F-Bpo — Voo Vipp)] mids -
09X

wio(Ucosﬂ +Vsinf)X0 R (A.8)
1 J 1 J J
A7 = pRe //SB [sz ~ o (P8¢ =V WR)J n:dS§ —
u%(U cosf + Vsinf3) A, (A.9)

1 1 | .
BY = —ptm [[ [@b;—.—(f-Aso;—Vqﬁm-V%)J n,dS -
S5 1w,
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5:(0' cosf + V sinB3) B, (A.10)

| 0

A% = fRe f/s YAmdS + B, (A.11)

B® = —puw,Im /[5 PP, dS — QAW (A.12)
B

A.2 Zero-speed drift forces

The mean drift-force F,, and moment M,, of O(6*) in regular waves are derived
next. The potential ¢,, is given by equation (3.2) and the following identity is used
in taking the time-average of the expressions (4.14) and (4.15),

Re [Ae“|Re [Be!] = ; Re [AB'], (A.13)

where the * denotes complex conjugate. Substituting for the pressures p,, and p,, in

(4.14)-(4.15), leads to the following expressions for the mean forces and moments,

F,, = —p [53 K%Wao Vo + (£ +a®x 2') - V%q%) n+ %‘iax n] as
_ _’2—’Re fs ] (3¢ Vo' +iw, (£7+ &% &) - Vo' ndS
+%Re f;w o ndl+JRe (&x ), (A.14)
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b0
ot

Mo = - (V@OV¢rué“+w”xw)V )dxnds
B

P s, % («E(") X n+a® x (&' x n) dS + —p—}iw 3;5;0 3;520 2' x ndl
B P 1 * . 2(0) 2 (0) ) * /]
= —ERe/ [2V<p-V<p +iw, (§ + & xa!)-ch] (' xn)dS
&)
pv * (0 1 2 (0) r* 200 fa*
-I-Z—Re}{ pp* (' xn)dl + 3Re (a x M, +§& x Fm) . (A.15)

A.3 Wave-drift damping

The derivation of the wave-drift damping force of O(6%r;) is derived along the lines
of the derivation in the previous section. The potential ¢,, and its time-derivative
is provided by equations (3.41) and (3.42). The term 0¢,,/0t contributes the term
—00¢,,/08, which follows from the analysis that lead to equation (3.42). The drift-

damping force and moment are written,

Fn = _P/ (a¢n - f'AQSzo + v¢o1 . V¢2o + V¢’1o - V¢11) ndS

a¢11
ot

_ (1) 1 ' ¢1°
pf (€ e xe). voiin

+a'® x/_ pandS + a x/_ pondS
55 Sg

B 3¢10 a¢u
+g Cw ot ( ot - f.Aqu + V¢°1 : V¢10) ndl

—p/g (9 4+ a x &) -V ( — Ao+ Ve, - Vq.‘»,o) ndS

ndS

O¢so - - 1
= —pRe -/.;B (_Q 3¢ﬂ — Ay + Vo - Vo + EV(P ) V¢*) mds
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_PRe (é(o) + & x :c') - V]iwyyp* —ik(UcosfB + Vsinf)p*
2 5p

*

g9
— F-AQ*+ Vo, - Vo lndS
85 F-Ap*+V ey, - V'

_PRe / iw, (é(l) + & x a:') -Ve*ndS
2 35
+3Re (6 x F}, + & x F)
. . - p*
+2£j£ wipp” — (U cosff + Vsinf)pp™ —iwn e
g Jeu
—iwp f-Ap* +iw, @V, - Vo*ln dl, (A.16)

6¢21 - f'Aszo + Vd’m ° V¢20 + Vd)m . Vq‘)u) (SB' X n) ds

. (
—p [§B (5(0) + al® x ml) . (6;;1 — f-Ady, + Vo, - V¢10) (ml x n) ds

;Stm (2' xn)dS

— 1) M) x ).V
pfga(é +a )

—|—/_ p11 5‘“’ X n+a® x (&' x n))dS

+/ ﬁ”xn-l—a(l)x(a: xn))dS

—pf 8¢1° a(l) X (&' x n)+ €Y x n)dS

P% 34510 <3¢’11 — fAdy + Vi, - V(ﬁlo) (:c' x n)dl

00 _ ¢ n3 V4 V0.V ) "% n)dS
—pRe /§B (—Q 8,8 f A¢20+V¢01 ¢ +2 ¥ ¢ (m

~LRe [ (€74 & @') - VIiwsp* —ix(UcosB + VsinB)p*
2 Sx
%(2 —f-Ap*+ Vo - Ve*|(2' x n)dS

—gRe /_ 1w, (é(l) + & x a:) Vo' (e’ x n)dS
Sp

- . "% 2(0) s A1) ax
+3Re (&% M, + &V x M, + € x F, + € x F,)

) . O
+%f;w [(Wipp* — wek(U cosB + V sinfB)pp* — iw,Qp 95

—iwep F-Ap™ +iw,pV s, - V'] (&' x n)dl. (A.17)

*
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Appendix B

The m-terms

The m-terms of equation (2.29), defined by (2.30)-(2.31), were obtained as follows:

Four vector identities will be used,

n-(§7-V)Véy = £9-(n-V)Vdy, (B.1)
(n-V)(& X Vn) = nXVy+ex[(n: V)V, (B.2)
n-[(axe) V]V, = a-(2x[(n-V)Vy]), (B.3)
(% n) - Vo = a®-(nxVdy),. (B.4)

The equation (2.30) was obtained by collecting terms proportional to & in (2.29)
and using equation (B.1). In order to show how the expression for (m,,m;,m,)
in (2.31) was obtained, the first term on the right hand side of equation (2.31) is
expanded according to (B.2). Equation (B.3) is further used to rewrite the last term
in (B.2). Using equation (B.4) and the expanded form of (2.31), it is thus seen how
the (m,, m,, m,) term is obtained from (2.29).

The expressions for the m,, m,, m, terms for a vertical cylinder are shown next.
The steady potential ¢,, and its derivatives with respect to the body coordinates z;

and y, for a single cylinder are given by,

b = —=2[(U - 0;)cosh, + (V +03,)sinf) (B.5)
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O, 2 B .

8‘75 = LU - Qg,)cos 26, + (V + Q) sin 26 (B.6)
z; ’

%"5“ = LU - 0g,)sin 26, — (V + Qz,) cos 26, (B.7)
Y; 7']

where the notation from Chapter 3 has been used. m,, m, and m, are then obtained

from equations (2.30)-(2.31),

m,

m,

82¢01
Or,0z,
a]

0 do

r;0y;
—3[(U—ng)sin20j —(V 4+ Qz;) cos 26,], (B.9)
a — 8¢01 — 3¢01 _ . —

8_73 (z; + ;) 3y, (¥ +v5) bz, + cosf;(U — Qy;) — sing;(V + Qz;)
(z; + z;)m, — (g, + y;)m, + cosb, 8;;1 — sinb, %ﬁ: +
cos,(U — Qy;) — sin;(V + Qz;)
T;m, — Y;m,. (B.IO)
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Appendix C

The evaluation of ‘I’{ and \Ilém

The evaluation of ¥’ requires the v- and (-derivative of the influence coeflicients

Ai  and A

T ¥, where v = w?/g is the deep-water wave number and 3 is the wave-
heading. The respective derivatives are obtained by differentiation of equations (3.21)
and (3.34). It was found more convenient to evaluate the x-derivative rather than the

v-derivative, which are related by,

o _ o
ov  dvok
1 0
= — C.1
kh/ cosh’(kh) + v/k Ok (C.1)
where the dispersion relation was used. Define,
. 0A; , 0A; , 0*Al
BJ = Dm F] = Dm 7 = Dm
Dm K an ? Dm aﬂ ’ DD'm. K aﬂaﬂ,
(C.2)
.. 0A:
B =&k 6: .

The radiation coefficients do not depend upon the wave-heading 3, and the respective

derivatives are therefore equal to zero. The k- and (-derivatives of the influence
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coeflicients are then written,

By 43 3 Bi zict-men HO) (sR,) = —I; e mr/2H)
j=1 n=—o00
#k
N oo

- Z Z A-;Jn [naiZ:'H(Z) (K‘RJk) + K'RJkZ H(z)l (K’th)] ei(n_m)ajk’ (03)

=1 n=-o0

~~
#k
N o0 '
C’f,m-i- Z Z CzJ)uZi el m)&JkH(z) (K,RJ-,,) _ __I;ne—tm(-ir/2+ﬂ), (0-4)
NS
#k
m T Z Z Di Zie ei(n—m)ejk f(2) @) (kR;,) = —I™ e—im(n/2+8)
NP
#k
N oo
—_ Z Z C;J'n. [KJGJZ:,H&(RRJE) + KRJ’GZT:HS:.),;(KRJ,')] el(n—m)ajk, (0‘5)
#k
BE 4 Y, 3 BYLZIEC NS (cR,) =
T
#k
N o ) .
B Z Z (7'"0 H‘I(IZ)m(K'RJ") + KR, .JOHT(:Z:.(NRH)) el(n—m)aj
L
#k
N oo

~Y Y A8 (k2P HO, (kRp) + kBWZIHEL(KR,)) €07, (C.6)
o
#k

where the indices k, m in equations (C.3)-(C.6) run over the values k = 1,..., N and

m = —00,...,00. The following notation has been used,
[C' — i Ck (; cos B + §; sin B)] e~ (i cosB+7; sinf) (C.7)
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2
o - \/ﬂh/cosh kh +v/k (C.8)

2k
. 1 v 2 i
c' = 5l [(nh/ cosh kh)” + 1 . (C.9)
vdk
= —— C.10
7 kdv ( )
. J!'(ka;) H®(ka;) — J!(ka;) H?"(xa;)
b L n 3 n 7] n J n 7 . .11
Z, Hf)"(na,-) (C )
I = —il,(m — k&;sin 3 + kg; cos 3), (C.12)
I™ = —iI](m — kZ;sin B + ky; cos B) — I, (—kZ; sin B + kg, cos B), (C.13)
. (1 5 H?"(ka;) 1
j — 3 - . L Shaa ¥ AS—— 14
7mo m0 (0' 2 K'a'J H'(:)'(Kaj) S S) ’ (C )
kh v
= —_— + = C.15
S cosh® kh + K ( )
1 «h
"= ———— (1-vh). C.16
S S cosh? kh (1= wvh) ( )

The Weber transform pair for ¥  is given by equations (3.71) - (3.73). The Weber
transform of the Laplace equation in equation (3.74), is obtained by the following
analysis.

The Laplace equation V¥ in the cylindrical coordinates (r;,6;, 2;) is given by

19 (0w 10 ey
7; Or; E or; r? 00? + 0z2
(i
10 o m’_ . 0
;‘;3-—-73 (Tj arJ ) - —T‘Fq’z + BZ? 0. (017)

The quantity f,(z;)W,.(kr;)e™% satisfies Laplace equation, which leads to the follow-
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ing identity for W, (kr;):

10

T—;—Wm = KW, + —( (C.18)
J

ow,,
3 .

oy
The Weber transform is now applied to the Laplace equation (C.17), using the identity
for W,,(kr;) and integration by parts, leading to the result in equation (3.74).

A o 19 ( 0w, ;
32’ h \/aj rydrs [ ar; ( Or; )——‘I’ ] W
o 19 ( 0w, s 19 ( oW\
= [, [W (5 e w5 (15 o
0w _ W, ais
= [, o, ey " ™ g ] . (C.19)

i
The quantity in brackets on the last line in equation (C.19) vanishes at r; = oo
since the radiation conditions can be applied for ¥] and asymptotic expressions for

W..(kr;) as r; — oo and vanishes at r; = a; since the r;-derivative of both ¥/ and

W..(kr;) vanishes at r; = a;, cf equations (3.72) and (3.73).
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Appendix D

Viscous force

The expressions for the Morison type viscous forces on each cylinder are presented.
Other non axis-symmetric geometries, such as pontoons, are not considered. Interac-
tions of the flow between cylinders are neglected.

The magnitude of the slow-drift velocity of cylinder j can be written,

Ul = (X, —5,0) + (Y, + 7,0, (D.1)

where (Z;,%;) is the horizontal location of cylinder j with respect to the slow-drift
frame (see Figure 3-2). The viscous forces on cylinder j in the global X- and Y-

directions are then written,

-7:31 = %pCDAJ'lUJ'l'X.O’ (D.2)
F, = %pODAjIUj|Y;” (D.3)

v2

Fi, = (=F: sin@+ F’,cos0)z; — (F? cos © + F/,sin ©) ;. (D.4)

where €, is the drag-coefficient and A; is the projected area of cylinder j onto a
vertical plane. The total viscous force, .7:',,(.%.'0) = (Fory Fuzy Fus)” on the platform is

obtained by the summation over all N, cylinders,

N,
Fou = Y. Fi, i=1,2,6. (D.5)

v

=1
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Appendix E

Short-crested seas

E.1 Mean-forces

The expressions (4.41) - (4.43) and (A.14) - (A.17) for the mean forces in long-
crested waves propagating in direction 3 relative to the slow-drift z-axis, are here
extended to short-crested waves. Denote by F the second-order mean-force in the
above-mentioned equations. F consists of products of the linear quantities ¢, ¥, &,
a as well as the second-order potential ¢,. In short-crested seas, pairs of waves
from different directions must be considered in order to account for the interactions
between waves. The linear quantities in bi-directional waves are simply the sum of

the respective quantities in one-directional waves, given by

e = ¢t (E.1
Y = P+, (E.2
& +E, (E.3
& + &;, (E.4

2,53
[l
~— — N N

Q>
(l

121



where the subscripts ¢ and j refer to directions §; and S,, respectively. In order to
obtain the second-order potential ¢,,, which is a function of the linear quantities (E.1)

- (E.4), ¢y is decomposed into the components ¢ as follows,
J’zo = Z _;{n (E5)
4

where the boundary conditions of the potentials ¢ii may be inferred from equations

(3.82) and (3.83),

8¢5  ws 03

5 = —2gIm (cp, 3 |’ (E.6)
00— iRe (&3 n- (€ + & x 2) = Vil = n- (& + & x 2) - V]V5)
on sRe (&jxn-[iw(€ +é; x i ; i ¥i) -

(E.7)

The decomposition of the mean-force F into F; with waves coming from N, different

directions, now follows from the above analysis, and is given by,

Ng Ng
F = ZZF‘.-” (E.8)
i=1 j=1
where the components F;; can be obtained from expressions (4.41) - (4.43) and (A.14)
- (A.17) similarly to the derivation of equations (E.6) and (E.7). In the expressions
for the forward-speed forces, however, the wave-heading 3 appears explicitly via the
terms cos( and sin3. These terms derives from the time-derivative of the potential
¢u:. By introducing the decomposition of the linear quantities in equations (E.1) -
(E.4) into the expressions of the mean-forces before the assumption of time-harmonic
waves, e. g. equations (4.33) - (4.35), the correct index can be put on the wave-

heading 3. Applying this to the wave-drift damping of equations (4.41) - (4.43), the
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; components are written,

Bi = 3o [[ [putl + ot — Vi VoY ni] S +

w *
%p/ Vi (V¢Jf_f'nl — r.',?o cosﬂjcp]-nl) dl,

Bi = 3p f / [soiy¢§-’,: + @intiy — Vi -W’;’ "= 250 dsS +

w,
2P/ o; (u'gb"‘nz - n—;— cosf;pin, —I— o 9010) dl,

B = o[ [m + s — 2m, ;n]d5+

plw * *
2 g° / @i (—Pjom + @) dl.

(E.9)

(E.10)

(E.11)

The component F;; denotes the mean-force due to waves along direction i only, while

the components F,; and F}; account for interactions between directions i and j.

E.2 Wave-elevation

The extension of Section 6.3 to short-crested waves is here considered. In a short-

crested sea-state, waves are generally propagating in all directions. The wave-elevation

¢(t) can in this case be constructed by a linear superposition of plane progressive

waves from a number of directions. Denote by ((¢,5;) the wave-elevation of plane

progressive waves in direction ¢, and [3; the corresponding angle between the inertial

X-axis and the direction of wave-propagation. The total wave-elevation, which is the
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sum of waves from all possible directions is thus written,

Ng
(1) = 24(6B), (E.12)

where N, is the number of wave-directions. N, and B; must be chosen such that
directions with significant energy are well represented by the discrete summation.
A realization of the wave-elevation {(¢,(;) can be obtained along the same lines as
described in Section 6.3. ((¢,8:) and its Fourier transform Z(w,f;), cf equations
(6.12) - (6.13), are given by,

(4,8 = /+ww(r,ﬂ,-)h(t-r,,8,-)dr, (E.13)

Z(w,0:) W(w,B:)H(w,B:), (E.14)

where W(w, 3;) is a WGN process in the variables w and 3; and the transfer function
H(w, ;) is defined as follows,

H(wyﬁi) = [S((w,ﬂi)Aﬂi]l/z- (E.15)

The quantity S¢(w, ;) defines the spectral energy of the wave-components for a given
direction 3;, and Af; the directional increments associated with direction ;. S¢(w, ;)
and ApS; must be defined such that,

Ng
Se(w) = 3. Se(w,B)AB: (E.16)

where S¢(w) is the spectral density of the total wave-elevation in the short-crested

sea-state.

124



E.3 Second-order forces

Expression (6.24) is here extended to include combinations of incident waves from
different directions. The total linear wave-elevation in a short-crested sea-state is
given by equation (E.12) and the ’amplitudes’ for each direction by (E.14). Denote
by H(wy,w,,0:,3;) the transfer function for the second order force due to incident
waves from directions §; and §;. The second order force in a short-crested sea state
can thus be written,

Ng Ng

D(t) = (2m)Y Y /+°°/ (w1, ) 2 (w3, B;) H(ws 05, By B) €t duoy duo,.

=1 =1

(E.17)

The narrow-band approximation in Section 6.4.1 will be applied to the transfer
function H(w,,w,,:,B;), but no approximations with respect to the incident wave-

headings 8;, §;. The second-order mean force D(w, 3;,0;) is introduced,

D(w’ﬂhﬁj) = Re [D(W,:Bi7ﬁj)]7 (E.18)

which represents the forces of O(6*) and O(ér;) obtained in this section. The relation
between D(w, 8;, 8;) and H(w,—w,B;,;) is given by,

H(w,—w,ﬂhﬂj) = 2D(w,ﬂi’ﬂj)' (Elg)

The second-order difference-frequency force in an irregular sea-state, cf equation
(6.24), is then written,
Ns Npg

Do(t) = —Re Z Z [/+ Z (w1, B)[D(w1, B:5 B;) + D(wy, B;, 5:)] e ity

=1 j=1 e |
[— Z(w2 ’ ,BJ) e_mztdwz —
+oo .
[_w sgn(w)Z(wy, B:)[D(wi, B, B;) + D(wy, B;, B:)] e edw,
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4+
L.

sgn(w,)Z(w,, 5;) e wrtdu, | .
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