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Abstract

For many years, it was thought that Landau’s theory of symmetry breaking could
describe essentially all phases and phase transitions. However, in the last twenty
years, it has become clear that at zero temperature, quantum mechanics allows for
the possibility of new phases of matter beyond the Landau paradigm. In this thesis,
we develop a general theoretical framework for these “exotic phases” analogous to
Landau’s framework for symmetry breaking phases. We focus on a particular type of
exotic phase, known as “topological phases”, and a particular physical realization of
topological phases - namely frustrated quantum magnets. Our approach is based on a
new physical picture for topological phases. We argue that, just as symmetry break-
ing phases originate from the condensation of particles, topological phases originate
from the condensation of extended objects called “string-nets.” Using this picture we
show that, just as symmetry breaking phases can be classified using symmetry groups,
topological phases can be classified using objects known as “tensor categories.” In
addition, just as symmetry breaking order manifests itself in local correlations in a
ground state wave function, topological order manifests itself in nonlocal correlations
or quantum entanglement. We introduce a new quantity - called “topological en-
tropy” - which measures precisely this nonlocal entanglement. Many of our results
are applicable to other (non-topological) exotic phases.

Thesis Supervisor: Xiao-Gang Wen
Title: Cecil and Ida Green Professor of Physics






Acknowledgments

One of the most common questions one gets as a student is: “when are you going
to graduate?” Over the last five years, I've been asked that question many times. I
usually give a rough estimate, but then I always add “But, I don’t want to!” That
comment almost always elicits shock and confusion. “How could you not want to
graduate?!” is the invariable reply. After all, graduate school is the butt of so many
jokes - with its low pay, long hours, and stressful qualifying exams. Graduate students
are supposed to want to finish as quickly as possible. Well, my time at MIT has been
a wonderful experience in many ways, and even though I'm only going a few miles
away, I’'m certain I will miss it.

On the academic front, this is mainly due to my adviser Xiao-Gang. There are
many things about Xiao-Gang that amaze me, but the first thing that comes to mind
is his incredible energy and enthusiasm. Many times during the last four years, I came
to his office discouraged and uncertain about my research. However, by the end of
our meeting - usually an intense one or two hour discussion - I'd invariably be excited
and cheered! Of course, much of that excitement originated not from Xiao-Gang’s
personality, but from his brilliance, particularly his remarkable creativity. Somehow,
he always managed to find new ways of looking at things, and new directions for
research. It was hard to be stuck for long when working with Xiao-Gang.

Equally important was his warmth and humility. Xiao-Gang patiently answered
any question, no matter how naive, and discussed any progress, no matter how minor.
As a result, ideas could flow freely - fostering my own creativity and explorations.
Xiao-Gang taught me more than just physics; he taught me a unique style for doing
physics, where no idea was out of bounds, and everything from atomic physics to
quantum gravity was a potential research topic.

I am also grateful to Xiao-Gang for his help in more practical matters. He en-
couraged me to attend many stimulating conferences and programs, introduced me
to many potential collaborators, and nominated me for awards and fellowships. Also,
he was always happy to give advice on presenting and communicating my work. No
matter how busy he was, Xiao-Gang always seemed to have time to talk. His kindness
and generosity made working with him a real pleasure. Xiao-Gang is truly one of a
kind and I am extremely fortunate to have been his student.

In addition to Xiao-Gang, I’ve had the good fortune to work with Senthil. Senthil
made an impact on me in a number of ways, beginning with his class on critical
phenomena, 8.334. Indeed it was that class, particularly Senthil’s unusual emphasis
of concepts over calculations, that convinced me to switch from particle to condensed
matter physics. Senthil continued to educate me long after the end of the course.
Many times, [ entered his office with a simple, naive question, and left with a million
new things to think about. Our discussions always left me with a better appreciation
for the literature, and for the myriad connections between different people’s work.
Even our one collaboration was an intensely educational experience - introducing me
to a new area of research and a new way of thinking about phase transitions. In
addition to his daunting intelligence and breadth of knowledge, Senthil was always
warm and approachable. His laughter and good spirit had a powerful effect on the



whole corridor - making the whole CMT experience more fun, relaxing, and social.

I would also like to thank Patrick for his support, advice, and interest in my work.
His comments, during lunchtime conversations and seminars, taught me much about
physics and physicists. Like Xiao-Gang and Senthil, his warmth and approachability
was an important part of the unusual atmosphere at CMT. My only regret is in not
interacting more with him over the last four years. I'm also grateful to Patrick and
Eric Hudson for serving on my thesis committee.

My experience at MIT was shaped not just by professors but also by my fellow
graduate students - with whom I’ve formed a number of close friendships. I would
like to thank Cody and Bas for many amusing and stimulating physics discussions.
Cody and Bas were never too busy to talk about physics, whether it was a seminar, a
paper, or a current research project. In addition, my lunches with Peter, Cody, Bas,
and David were always a fun break from work, something to look forward to - even
when research was going badly. Our random conversations outside of lunch lightened
the mood, and prevented me from taking anything too seriously. And I will always
remember exchanging jokes with my office mate Bas, who never seemed to lose his
sense of humor.

A number of other graduate students and post-docs also contributed to the light
hearted but intellectually stimulating atmosphere at CMT: Vincent Liu (who shared
an office with me as well as his unusual enthusiasm for physics), Ashvin Vishwanath,
Sung-Sik Lee and Mike Hermele (who shared their insights and advice on my research
and beyond), Ying Ran and Tiago Ribeiro (who travelled with me on a memorable
trip to China), and Saeed Saremi and Mark Rudner (who participated in many en-
tertaining conversations ranging from physics to politics to comedy).

Finally, I have to thank the most important people of all - my sister and my
parents. My sister has always managed to find time and energy for me, even with two
small children and a full time job. I’ve also had the rare advantage of having parents
who are themselves physicists. In addition to their advice on physics and practical
matters, and their constant interest in my ideas and experiences, my parents have
been a never ending source of encouragement, support, and love. I owe everything to
them.



Contents

1 Introduction
1.1 Background and motivation . . . .. ... .. ... ... ... .. ..
1.2 Theory of topological phases . . . . . . . .. ... ... ........
1.3 Experimental realizations of topological phases . . . . . . ... .. ..
1.4 Landautheory. . . . . . . . . . . . . ... ..
1.5 Statement of the problem . . . . .. .. .. ... ... ........
1.6 Outlineofthethesis . . ... ... ... .. ... ... ........

2 String-net picture of topological phases
2.1 String condensation . . . . . .. . ... Lo
2.2 String-net condensation . . . .. . . ... ... ...,
2.3 Gauge theories and string-nets . . . . . . . ... ... oL

3 Theory of string-net condensation
3.1 String-net condensation in (2 + 1) dimensions . . . . . . ... .. ..
3.1.1 Fixed-point wave functions . . . . . . .. .. ... ... .. ..
3.1.2 Fixed-point Hamiltonians . . . . . . ... ... ... ... ..
3.1.3 Quasiparticle excitations . . . . . . ... ...
3.2 String-net condensation in (3 + 1) and higher dimensions . . . . . . .
3.3 Examples . . . . . . ...
331 N=1stringmodel . . . . .. ... ... ... ... ......
3.32 N =1stringnetmodel . . . . ... .. ... ... ......
333 N =2stringmnetmodels . . . ... ... ............

4 String-net condensation and quantum entanglement
41 MainResult . . . . . . ...
4.2 Physical picture . . . . . . ...
43 Asimpleexample . . . . . . .. ...
4.4 General string-net models . . . . ... .. ... .. ... .. ... ..

5 Conclusion
51 Summary ofresults . . . . . . .. ... ... L
5.2 New directions . . . . . . . . . .



A Mathematics of string-net condensation 69

Al
A2
A3
A4
A5
A6

General string-net models . . . . . .. ... oL 69
Argument for local constraint equations . . . . . . . .. ... ... .. 70
Self-consistency conditions . . . . . . . ... ... 70
Graphical representation of the Hamiltonian . . . . . . ... ... .. 73
Graphical representation of the string operators . . . . . ... . ... 77
Orthonormality . . . . . . . . . . . . .. ... . ... ... 78



List of Figures

3-8

4-1
4-2
4-3

4-5
4-6

4-7

Topological phases and ground state degeneracy. . . . . . . . . .. .. 13
Topological phases and fractional statistics. . . . . . . .. ... .. .. 13
Four basic components of Landau’s theory of ordered phases. . . . . . 17
Four basic components of the theory of topological phases. . . . . . . 18

Two ways that spin models can give rise to string-like degrees of freedom 20

Schematic phase diagram for string condensation. . . . . . .. .. .. 21
Spin models can also give rise to string-net degrees of freedom . . .. 22
Orientation convention for the branching rules. . . . . . . . .. . ... 22
Oriented strings. . . . . . . . . . . . 22
Four different string-net models. . . . . . . .. ... ... .. ... .. 23
Zy lattice gauge theory. . . . . . . . . ... 24
String picture of Z, U(1), and SU(2) lattice gauge theory. . . . . . . 26
Irrelevant short distance structure of string-nets. . . . . . . .. .. .. 29
Schematic RG flow diagram for a string-net model with 4 string-net

condensed phases. . . . . . . . .. ... 29
Exactly soluble spin model (3.7) with string-net condensation. . . . . 33
Open and closed string operators for the lattice spin model (3.7). . . 38
Three dimensional trivalent lattice. . . . . .. .. ... ... ... .. 41
Difference between higher dimensional trivalent lattices and the hon-

eycomb lattice. . . . .. ..o oo 42
Exactly soluble spin models (3.35), (3.36), realizing the two N =1

string condensed phases. . . . . ... .. ... L oL Lo 45
Closed string operators W (P) for the two models (3.35), (3.36). . . . 47
Detecting topological order via entanglement entropy. . . . . . . . . . o4
Picture of a spin-1/2 model (4.2) that realizes Z, topological order. . 56
Nonlocal entanglement in the Z, topologically ordered ground state of

(4.2). . o e 57
Simply connected region R in the honeycomb lattice. . . . . . . . .. 57
Typical string-net state on the honeycomb lattice. . . . . . . . . . .. 59
Basic string-net configurations (a) X, s for inside R and (b) Yy for

outside R. . . . . . . . . . . 61
String-net configuration Zi4,rs obtained by “gluing” the configura-

tion X{q,s} to Y{r,t} ............................. 61



5-1

A-1
A-2
A-3
A4
A-5

A-6

Complete theory of topological phases. . . . .. . ... ... ..... 66

Pentagon identity and self-consistency of the fusion rule (3.4). . ... 71
Tetrahedral symmetry of GZ’: ..................... 72
Fattened honeycomb lattice. . . . . . .. ... ... ... .. ..... 73
Graphical representation of By,. . . . ... ... . ..., .. ... .. 74
Graphical demonstration that the B} operators commute with each

other. . . . . . 76
Graphical representation of the string operators W,(P).. . . . . . . . 7

10



Chapter 1

Introduction

1.1 Background and motivation

Seventy years ago, the Russian physicist Lev Landau developed a framework for
understanding ordered phases of matter. [1] This framework - known as Landau
theory - is based on two physical concepts: symmetry breaking and order parameters.
These concepts can explain virtually all familiar phases of matter from crystals and
ferromagnets to superfluids and superconductors. For a time, it seemed that Landau
theory could explain all the phases and phase transitions in condensed matter physics.
All that was left to do was to apply Landau theory to particular cases.

However, in the last twenty years, it has become clear that at zero tempera-
ture, quantum mechanics allows for the possibility of new phases beyond the Landau
paradigm. These phases are ordered in some sense, but their order is completely
different from the familiar order of crystals and ferromagnets. It cannot be thought
of in terms of symmetry breaking or order parameters. Instead, it has a nonlocal
character and is manifest in the nonlocal entanglement in the ground state. This new
order gives rise to new low energy physics: quasiparticles typically carry fractional
quantum numbers and interact via emergent gauge bosons!

Recently researchers have coined the term “exotic phases” to describe these non-
Landau phases of matter. Theoretically, exotic phases can occur in a wide variety of
T = 0 strongly correlated condensed matter systems. They are known to occur in the
fractional quantum Hall liquids [2, 3, 4, 5] and are suspected of occurring in the high
T, superconductors [6, 7] as well as frustrated quantum magnets. [8, 9, 10, 11, 12]
More examples will likely be found. Indeed, it is quite possible that exotic phases are
commonplace. Our lack of examples may stem more from a lack of good experimental
probes then from a lack of materials.

In any case, if we are optimistic and assume that these exotic phases are indeed
common, then we are faced with an important theoretical problem. We have a large
class of phases with a unified structure, but our current methods - based on Landau
theory - are useless for understanding them. Clearly, we need to develop a new
framework analogous to Landau theory for analyzing and characterizing these new
exotic phases. Such a framework could unlock a whole new world of condensed
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matter physics. In addition, it could have implications for quantum computation:
exotic phases are ideal “hardware” from which to build a quantum computer. [13]
Finally, it could even be relevant to high energy physics: there is a possibility that
the vacuum we live in is such an exotic phase, and the photons and electrons we
see around us are simply the low energy excitations of this medium. [14, 15, 16, 17]
This hypothesis is particularly compelling, because in these phases, gauge bosons and
fermions naturally emerge together - just as in our universe. [18]

In this thesis, we will attempt to address the theoretical problem of building a
Landau-like framework for exotic phases. We will focus primarily on a class of exotic
phases known as “topological phases.” We will also focus on a particular physical
realization of these phases - namely frustrated quantum magnets. However, many of
our results are relevant to other (non-topological) exotic phases, and to other physical
realizations.

1.2 Theory of topological phases

What are topological phases? Topological phases are quantum (7" = 0) phases of
matter with a topological character. They are fundamentally different from any
familiar phase - such as ferromagnets, crystals, superconductors, etc. They can occur
in any spatial dimension d > 1, but here we will focus on the two dimensional case
for simplicity. Two dimensional topological phases have several physical properties:

1. Gapped ground state
2. Degenerate ground state on a torus
3. Anyonic quasiparticle excitations

4. Gapless edge excitations (in chiral case)

Let us consider these properties in more detail. The first property of topological
phases is that they are gapped. For example, suppose one had a two dimensional
quantum magnet in a topological phase. If one measured the energy spectrum of the
sample one would find a finite gap A between the ground state and the first excited
state.

This, in itself, is not new or particularly interesting. What makes topological
phases interesting and different is the second property. Suppose one were to take the
quantum magnet and wrap it up so that it forms a torus. If one then measured the
energy spectrum of this toroidal sample, one would again find a finite gap A between
the ground state and the first excited state. However, the ground state would now
be multiply degenerate! (See Fig. 1-1).

This degeneracy is completely different from the ground state degeneracy that
occurs in an ordered quantum phase such as an Ising ferromagnet. Unlike an Ising
ferromagnet, this degeneracy has nothing to do with symmetry. Indeed, one can
perturb the system in any way, break all symmetries, and the degeneracy cannot

12
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Figure 1-1: The energy spectrum of (a) a piece of topologically ordered material and
(b) the same material wrapped into the shape of a torus. In both cases, the ground
state is gapped, but in the case of the toroidal sample, the ground state is multiply
degenerate.
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Figure 1-2: In a topological phase, quasiparticle excitations are typically anyons. If
one exchanges two quasiparticles, the resulting phase, ¥, is typically neither +1
(bosons) nor —1 (fermions), but rather something in between.

be split (in the thermodynamic limit). [19, 20, 2] This is in contrast to an Ising
ferromagnet where the degeneracy splits immediately once the symmetry is broken -
for example, by the application of a magnetic field.

The ground state degeneracy in a topological phase is fundamentally tied to the
topology of the system. This is strange because all the correlations in a topological
phase are short ranged. Yet somehow the material “feels” the global topology of the
system. This sensitivity is an indication of the nonlocal correlations and entanglement
in topological phases.

The third and perhaps most important property of topological phases is that they
exhibit fractional statistics. Imagine exciting the ground state. The result will be
a localized excitation - a quasiparticle. In a topological phase, the quasiparticles
are typically anyons. If one exchanges two quasiparticles, the resulting phase, e, is
typically neither +1 (bosons) nor —1 (fermions), but rather something in between
(see Fig. 1-2). [21, 22, 23] Moreover, if one moves one quasiparticle in a closed loop
around another, it typically acquires a nontrivial phase. Again, this is something
that can never occur in a phase with usual order. In an ordered spin system, the
excitations are always bosonic.

The final property of topological phases (which is only true for the class of topo-
logical phases that break time reversal symmetry) is that they have gapless edge
excitations. These edge excitations are described by chiral Luttinger liquids. [24]
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This property is the most experimentally accessible property of topological phases.

The ground state degeneracy, fractional statistics, and gapless edge excitations in
a topological phase are manifestations of a new kind of order. This order has a topo-
logical character, so it has been named “topological order.” [19] The above properties
can be thought of as a physical definition of topological phases and topological order.
Any phase with these properties is topological and vice versa.

A more formal and precise definition is that a topological phase is a phase whose
low energy physics is described by a topological quantum field theory. [25] Topological
quantum field theories (TQFTs) have been defined axiomatically by mathematicians
[26], but roughly speaking, they can be thought of as quantum field theories whose
action S is topologically invariant. That is, S is invariant under any continuous
deformation of space and time. The simplest example are abelian Chern-Simons

theories. These are topological quantum field theories in (2 + 1) dimensions defined
by

S = —% /d3xe’\"”a,\8ﬂau (1.1)
where the indices A, i, v run over 0,1,2, and a,(z) is a gauge field, and & is an inte-
ger. One can check that the Chern-Simons action is invariant under any continuous
deformation of space-time: x — z’. It is therefore a valid TQFT.

Another class of TQFTs are lattice gauge theories with a discrete gauge group.
The simplest example is Z, gauge theory.

At the moment all known two dimensional TQFTs can be represented as either
Chern-Simons theories or discrete gauge theories. It is an open question as to whether
all TQFTs belong to these two classes (or even whether all TQFTs have a field
theoretic description!).

The topological quantum field theory describing a given topological phase contains
all the information about the topological content of that phase. In particular, the
ground state degeneracies, quasiparticle statistics, and edge excitations can all be
calculated once the TQFT is known. Therefore, classifying topological phases is
equivalent to classifying TQFTs.

1.3 Experimental realizations of topological phases

The first example of a topological phase was found in 1982. In that year, Tsui,
Stormer, and Gossard discovered the fractional quantum Hall effect. [27] They found
that a two dimensional electron gas in a strong perpendicular magnetic field displayed
unusual behavior at certain densities and magnetic fields. In particular, when the Hall
resistance p,, was plotted as a function of the magnetic field B, it contained a plateau

at pgy = 2—’;
This result was puzzling because it implied that the interacting electron gas formed
an incompressible liquid at fractional filling fraction v = ’;—’I‘; = %, even though non-

interacting electrons could only form incompressible liquids at integer filling fraction
v=m. Thev = % fractional quantum Hall liquid was clearly rooted in the strong
interactions between the electrons.
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A year after the experiment was performed, Laughlin explained the nature of
the v = % fractional quantum Hall (FQH) liquid with a simple wave function. [28]
Laughlin’s wave function was a highly entangled state with very unusual properties
- including quasiparticles with fractional charge e/3. Subsequently, it was realized
that these properties are manifestations of topological order. [19] The FQH liquids
are actually topological phases!

Consider, for example, the v = 1/3 Laughlin state. This state is gapped. Fur-
thermore, if one puts this state on a torus, one finds there are 3 different ways of
doing this. Thus, the v = 1/3 FQH liquid has a threefold degenerate ground state on
the torus. [2] Also, the quasiparticle excitations of the Laughlin state have fractional
statistics. For example, if two quasiparticles are exchanged the resulting phase is
e™/3. [23] Finally, the Laughlin state can be shown to have gapless edge excitations.
[24] These properties imply that the v = 1/3 FQH liquid is indeed a topological
phase. The topological quantum field theory that describes its low energy physics is
the k = 3 Abelian Chern-Simons theory (1.1).

At the moment, the fractional quantum Hall liquids are the only known examples
of topological phases. In fact, even for the FQH liquids, complete experimental con-
firmation of their topological order (in particular, their fractional statistics) has not
yet been obtained and is an active area of research. [29, 30, 31, 32] Nevertheless, there
is reason to believe that topological phases - or more generally exotic phases - exist
in many other strongly correlated systems. In this thesis, we focus on the possibility
of these phases in frustrated quantum magnets.

One reason why frustrated magnets are considered good candidates for topolog-
ical phases is that we have currently have many theoretical spin models that realize
topological phases. These models range from “engineered” models that are known
to realize topological phases, to more realistic models that are suspected of realizing
topological phases. [33, 13, 34, 35] We also have a few candidate materials: CsoCuCly
and Kk — (BEDT-TTF)QCH2(CN)3

The first material, CsoCuCly, is a spin-1/2 triangular antiferromagnet with anisotropic
exchange couplings. At low temperatures, T' < 0.62K, the spins order into an incom-
mensurate spiral state. The low energy excitations of this state are spin waves, and
inelastic neutron scattering shows spin wave peaks in good agreement with theory.
However, spin wave theory cannot account for the breadth of these peaks. [36]

Such broad continua naturally occur in exotic fractionalized phases where the
elementary excitations are not S = 1 magnons, but rather S = 1/2 “spinons.” In such
phases, neutrons can excite pairs of spinons with a continua of energies. Therefore, a
number of authors have suggested that, while CsoCuCly is not itself fractionalized, it is
likely proximate to a fractionalized phase (or critical point). A number of proposals
have been made for the proximate fractionalized phase. Some involve topological
phases, and some involve gapless exotic phases. [37, 38, 39] However, all are at least
cousins of topological phases.

The second material, kK — (BEDT-TTF),Cus(CN)s, is perhaps the best candidate
for an exotic phase. This organic compound is just on the insulating side of a Mott
transition. It can be thought of as a complicated spin-1/2 system on the triangular
lattice. Recent NMR measurements show no signs of spin order down to 32 mK, which
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is particularly surprising since the antiferromagnetic exchange energy is estimated to
be approximately 250 K! [40]

A natural interpretation is that the ground state of this compound is a spin liquid
- a spin state that doesn’t break rotational symmetry. Measurements of the nuclear
spin-lattice relation rate suggest that the excitations are gapless - so that strictly
speaking, the spin liquid is not topologically ordered. However, like all spin liquids,
it is a close relative of a topological phase. One intriguing proposal is that the low
energy physics of this spin liquid is described by a Fermi liquid of spin-1/2 spinons
interacting via an emergent U(1) gauge field. [41, 42]

At the moment, these two compounds are the best candidates for exotic physics.
However, the field of frustrated quantum magnets is still very young, so this is likely
only the tip of the iceberg. In any case, a general framework for analyzing exotic
phases would be useful for making further progress. In this thesis, we will attempt to
accomplish this goal for the case of topological phases in quantum magnets. Many of
our results are also applicable to non-topological exotic phases.

1.4 Landau theory

In order to understand what kind of framework we need to build for topological
phases, we need to first review the framework for ordered phases. This framework -
known as Landau theory - has four basic components (see Fig. 1-3).

The first component of Landau theory is a physical characterization of ordered
phases of matter. Landau theory teaches us that ordered phases of matter are char-
acterized by long range order, symmetry breaking, and order parameters. For every
ordered phase there is an associated order parameter that characterizes its structure.

The second component of Landau theory is a description of the low energy physics
of ordered phases. The Landau framework teaches us that the low energy physics can
be described by Ginzburg-Landau field theories. [43] These theories can be derived
by considering the low energy/long wavelength fluctuations of the order parameter.

The third component of Landau theory is a physical picture for ordered phases.
This physical picture is particle condensation. Consider, for example, the simplest or-
dered phase: the superfluid. A superfluid arises when particles (in particular bosons)
become highly fluctuating and condense. Thus, our picture for a superfluid involves
particle condensation. In fact, one can argue that all ordered phases can be thought
about in terms of particle condensation, or more generally condensation of some
particle-like object (such as spin).

The final component of Landau theory is a mathematical framework for classifying
and characterizing ordered phases of matter. This framework is group theory. All
ordered phases can be characterized by the symmetry group G of the Hamiltonian, and
H of the ground state. Thus, there is a one-to-one correspondence between orders and
pairs of symmetry groups (G, H). Using symmetry groups, one can classify ordered
phases and understand their phase transitions.
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Figure 1-3: The four basic components of Landau’s theory of ordered phases.

1.5 Statement of the problem

We would like to build an framework for topological phases analogous to Landau
theory. Some progress has been made toward this goal (see Fig. 1-4). Indeed, we
have a physical characterization of topological phases. Just as ordered phases are
characterized by long range order and symmetry breaking, topological phases are
characterized by ground state degeneracy and fractional statistics. [19]

We also have an understanding of the low energy effective theories for topological
phases. Just as the low energy effective theories for ordered phases are Ginzburg-
Landau field theories, the low energy effective theories for topological phases are
topological quantum field theories. [25]

However, we are missing the last two components of Landau theory. We have no
physical picture for topological phases. How can simple spins on a lattice give rise to
fractional statistics and ground state degeneracy? What kinds of interactions favor
topological phases? This is mysterious.

Equally problematic is our lack of a general mathematical framework for topo-
logical phases. How do we classify and characterize topological phases? What is the
mathematical structure of topological phases? Again, we are at a loss.

There is yet another missing piece in the theory of topological phases. This piece
involves the physical characterization of topological phases. Our physical charac-
terization of topological phases is not nearly as powerful as for ordered phases. In
particular, while we know how to detect order in a wave function (e.g. by looking for
long range correlations) we do not know how to detect topological order. Intuitively,
we expect that topological order is encoded in the entanglement in the ground state
wave function. But how exactly is it encoded?
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Figure 1-4: The four basic components of the theory of topological phases. While
previous research has provided a physical characterization and low energy effective
theory for topological phases, we are missing a physical picture and mathematical
framework.

1.6 Outline of the thesis

In this thesis, we will attempt to fill in these missing pieces in the theory of topological
phases, focusing on the case of frustrated quantum magnets. We will argue that the
physical picture for topological phases in quantum magnets involves a concept called
“string-net condensation” while the mathematical framework for topological phases
is something called “tensor category theory.” Finally, we will show that topological
order - like long range order - can be detected in a ground state wave function. The
method involves computing a quantity called “topological entropy” which probes
nonlocal quantum entanglement.

The thesis is organized as follows. In chapter 2, we explain the basic physical pic-
ture of string-net condensation. In chapter 3, we present exactly soluble spin models
that demonstrate this picture. In the process, we derive the mathematical frame-
work of tensor category theory. In chapter 4, we introduce the concept of topological
entropy and show that it can be used to detect topological order in a ground state
wave function. In the final chapter we summarize our results and describe several
new directions for research. Many of the mathematical details can be found in the
appendix.

Most of the material in this thesis has been adapted from material published
elsewhere. Chapters 2 and 3 were adapted from Ref. [44, 14], while chapter 4 is
adapted from Ref. [45].
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Chapter 2

String-net picture of topological
phases

While we understand many of the macroscopic properties of topological phases (ground
state degeneracy, fractional statistics, edge excitations, etc.), we are missing a physi-
cal picture for how these macroscopic properties emerge from microscopic degrees of
freedom - such as spins on a lattice. We do not know the mechanism responsible for
these phases, nor do we have intuition for what kinds of energetics favor them.

In this chapter, we will attempt to remedy this problem. We will describe a
physical picture for topological phases in quantum spin systems. Our physical picture
is very general. As we will see in the next chapter, it can be applied to any non-chiral
topological phase (It is currently unclear whether it can be extended to the chiral
case - such as in FQH effect).

The physical picture we will present is based on “string-net condensation.” String-
net condensation is a phenomenon that can occur in a quantum spin system. Roughly
speaking, it occurs whenever local energetic constraints cause the spins to organize
into effective extended objects called “string-nets”, and these string-nets become
highly fluctuating and condense. We will argue that topological phases in spin sys-
tems originate from string-net condensation in the same way that traditional ordered
phases originate from particle condensation. The string-net condensation picture can
also be applied to other (non-topological) exotic phases whose low energy physics is
described by gauge theory.

The chapter is organized as follows. In section 2.1, we describe a special case of
string-net condensation, known as “string condensation.” In section 2.2, we describe
the general string-net condensation picture. In section 2.3, we motivate the string-net
picture using lattice gauge theory.

2.1 String condensation
It is useful to begin with a special case of string-net condensation, known as “string

condensation.” What is string condensation? String condensation is a phenomenon
that can occur in a quantum spin system. There are two requirements for this phe-
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Figure 2-1: Two ways that spin models can give rise to string-like degrees of freedom.
(a) Interactions can favor configurations where down spins (denoted by red dots) have
an even number of down spin neighbors. (b) In the RVB picture for antiferromagnets,
low energy configurations correspond to dimer coverings of the square lattice. A dimer
covering (denoted by red lines) can be mapped onto a collection of closed loops by
superimposing a reference dimer state (denoted by black lines).

nomenon to occur.

First, the spin interactions must favor spin configurations which are string-like.
There are a number of ways that this can happen. One naive way is the follow-
ing. The interactions in spin-1/2 system could potentially favor configurations where
down spins have an even number of down spin neighbors (indeed, on the kagome and
pyrochlore lattices, nearest neighbor spin interactions can have this effect [46, 12]).
Then the low energy configurations will consist of closed loops of down spins (see Fig.
2-1a).

Another way that spin interactions could give rise to string-like configurations is
the RVB picture for antiferromagnets. [47] In a spin-1/2 antiferromagnet, one could
imagine that the low energy spin states are configurations where each spin forms a
singlet with one of its neighbors. These valence bond states can be thought of as
dimer states where every site is contained in exactly one dimer. Any dimer state can
be thought of as a string state. To see this, one can simply superimpose the dimer
state on a fixed reference dimer state. [48] The result is a collection of closed loops
(see Fig. 2-1b). In this way, a frustrated antiferromagnet can give rise to string-like
degrees of freedom.

The second requirement for string condensation is that these string-like degrees of
freedom become highly fluctuating and condense. More precisely, consider any spin
system whose low energy degrees of freedom are string-like. The low energy physics
of such a spin system is described by some kind of effective “string model.” The
Hamiltonian of an effective string model is typically a sum of potential and kinetic
energy pieces:

H = UHy + tH, (2.1)

The kinetic energy H; gives dynamics to these low energy string states while the
potential energy Hy is typically some kind of string tension. When U >> ¢, the string
tension dominates and we expect the ground state to be the vacuum with a few small
strings. On the other hand, when ¢ > U, the kinetic energy dominates, and we
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Figure 2-2: A schematic phase diagram for the generic string Hamiltonian (2.1).
When t/U (the ratio of the kinetic energy to the string tension) is small the system
is in the normal phase. The ground state is essentially the vacuum with a few small
strings. When ¢/U is large the strings condense and large fluctuating string-nets fill
all of space. We expect a phase transition between the two states at some t/U of
order unity.

expect the ground state to consist of many fluctuating strings. Large strings with a
typical length on the order of the system size fill all of space. We expect that there is
a quantum phase transition between the two states at some ¢/U on the order of unity
(see Fig. 2-2). In the latter case, we say that the spin system is “string condensed.”

What does string condensation have to do with topological phases? We will see
that string condensed phases are naturally topological phases.

However, string condensation is not sufficiently general to account for all non-
chiral topological phases. To do that, we need to consider “string-net condensation.”

2.2 String-net condensation

To explain string-net condensation in more detail, we need to define “string-nets” and
“string-net models.” We begin with string-nets. ! As the name suggests, string-nets
are networks of strings. Here we will assume that they are trivalent networks where
each node or branch point is attached to exactly 3 strings. The strings, which form
the edges or links of the network, can come in different “types” and can carry a sense
of orientation. Thus, string-nets can be thought of as trivalent networks or graphs
with oriented, labeled edges (see Fig. 2-6). String-nets can be realized by lattice spin
systems in the same way as strings (see Fig. 2-3) though they typically require more
complicated interactions.

Now that we have defined string-nets, it is natural to consider the concept of
“string-net models” - quantum mechanical models whose basic degrees of freedom are

A particular kind of string-net (where the strings are labeled by positive integers) plays an im-
portant role in the theory of loop quantum gravity, a background independent approach to quantum
gravity. [49] However, in this field such string-nets are known as “spin-networks.”
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Figure 2-3: Spin models can also give rise to string-net degrees of freedom at low
energies. For example, interactions can favor configurations where down spins have
2 or 3 nearest neighbors. The result is branching strings like the ones shown above.
Usually, however, the formation of string-nets requires more complicated interactions
then strings.

| J

Figure 2-4: The orientation convention for the branching rules.

string-nets. String-net models are a very general: there are infinitely many different
string-net models. To specify a particular string-net model one has to provide several
pieces of information. First, one needs to specify the structure of the string-nets in
the model. The structure of the string-nets can be characterized by the following
pieces of data:

1. String types: The number of different string types N. (We will label the
different string types with the integers i = 1,..., N).

2. Branching rules: The set of all triplets of string-types {{3, j, k}...} that are
allowed to meet at a point. (see Fig. 2-4).

3. String orientations: The dual string type ¢* associated with each string type
i. The duality must satisfy (¢*)* = 4. The type-i* string corresponds to the type-
1 string with the opposite orientation. If ¢ = *, then the string is unoriented
(see Fig. 2-5).

.

i i
Figure 2-5: ¢ and i* label strings with opposite orientations.
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Figure 2-6: Four examples of string-net models. In (a) there is one unoriented string
with no branching. In (b) there is one unoriented string type with branching. In (c)
there are 2 unoriented string types with two types of branching: {1,2,2},{2,2,2}.
In (d) there are 2 oriented string types, 1* = 2, with branching {1, 1,1},{2,2,2}
(we’ve omitted labels for clarity). Each string-net model gives rise to a different
kind of topological order when the string-nets condense (see section 3.3 for a detailed
discussion of the four models).

This data describes the detailed structure of the string-nets (see Fig. 2-6). To
complete the string-net model, one also has to specify a string-net Hamiltonian. Just
like the string Hamiltonian (2.1), the typical string-net Hamiltonian is a sum of
potential and kinetic energy pieces, H = UHy + tH, where the kinetic energy H;
gives dynamics to the string-nets, while the potential energy Hy is typically some
kind of string tension.

We can now explain string-net condensation in detail. Like string condensation,
string-net condensation is a phenomenon that can occur in a quantum spin system.
There are two requirements for string-net condensation to occur. First, the spin
interactions must be such that the low energy degrees of freedom are some kind of
effective string-nets. Thus the spin system must be described by some kind of effective
string-net model at low energies. The second requirement is that the effective string-
nets have a large kinetic energy compared with their string tension - that is ¢ > U.
If this happens, the effective string-nets will become highly fluctuating and condense.
The resulting ground state will be a quantum liquid of large string-nets - a string-net
condensate.

As we will see later, these string-net condensed phases are naturally topological
phases. Moreover, depending on the structure of string-nets, and the kind of string-net
condensation, many different kinds of topological orders can occur. Thus, string-net
condensation provides a physical picture/mechanism for the emergence of topological
phases.

But how general is this picture? Mathematical results suggest that it is very
general. In (2 + 1) dimensions, all “doubled” (in other words, non-chiral) topological
orders can be described by string-net condensation (provided that we generalize the
string-net picture as in appendix A.1). [26] Examples include all discrete gauge
theories, and all doubled Chern-Simons theories. The situation for dimension d > 2 is
less well understood. However, we know that string-net condensation quite generally
describes all lattice gauge theories with or without emergent Fermi statistics (see
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Figure 2-7: The constraint term Hlegs of 175 and magnetic term I—[edg&s of p0; I Z3
lattice gauge theory. In the dual picture, we regard the links with 0® = —1 as being
occupied by a string, and the links with 0 = +1 as being unoccupied. The constraint
term then requires the strings to be closed - as shown on the right.

chapter 3).

In the following section we motivate and give intuition for the string-net picture
by explaining the close connection between lattice gauge theory and string-net con-
densation.

2.3 Gauge theories and string-nets

In this section, we review the string-net picture of lattice gauge theory. [50, 51, 46]
We point out that, quite generally, the ground states of deconfined lattice gauge
theories can be understood as string-net condensates. Since deconfined lattice gauge
theories form a large class of topological phases, this result provides intuition for (and
motivates) the string-net picture of topological phases.

We begin with the simplest lattice gauge theory - Z, lattice gauge theory [52]. For
simplicity we will restrict our discussion to trivalent lattices such as the honeycomb
lattice (see Fig. 2-7). The Hamiltonian is

HZZ=—UZUf—tZ H 0% (2.2)

p edges of p

where 0™¥7* are the Pauli matrices, and I, %, p label the sites, links, and plaquettes
of the lattice. The Hilbert space is formed by states satisfying

I o512 = o), (2.3)

legs of I

for every site I.

It is well known that Z, lattice gauge theory is dual to the Ising model in (2 +
1) dimensions [53]. What is less well known is that there is a more general dual
description of Z; gauge theory that exists in any number of dimensions [54]. To
obtain this dual picture, we view links with 0 = —1 as being occupied by a string
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and links with ¢® = +1 as being unoccupied. The constraint (2.3) then implies that
only closed strings are allowed in the Hilbert space (Fig. 2-7).

In this way, Z, gauge theory can be reformulated as a closed string theory, and the
Hamiltonian can be viewed as a closed string Hamiltonian. The electric and magnetic
energy terms have a simple interpretation in this dual picture: the “electric energy”
~U > ;07 is a string tension while the “magnetic energy” —¢ > [leages of p 05 15 @
string kinetic energy. The physical picture for the confining and deconfined phases
is also clear. The confining phase corresponds to a large electric energy and hence a
large string tension, U > t. The ground state is therefore the vacuum configuration
with a few small strings. The deconfined phase corresponds to a large magnetic energy
and hence a large kinetic energy, £ > U. The ground state is thus a superposition of
many large string configurations. In other words, the ground state of deconfined Z,
gauge theory is a quantum liquid of large strings - a string condensate. (Fig. 2-8a).

A similar, but more complicated, picture exists for other deconfined gauge theories.
The next layer of complexity is revealed when we consider other Abelian theories,
such as U(1) gauge theory. As in the case of Z,, U(1) lattice gauge theory can be
reformulated as a theory of electric flux lines. However, unlike Z,, there is more then
one type of flux line. The electric flux on a link can take any integral value in U(1)
lattice gauge theory. Therefore, the electric flux lines need to be labeled with integers
to indicate the amount of flux carried by the line. In addition, the flux lines need
to be oriented to indicate the direction of the flux. The final point is that the flux
lines don’t necessarily form closed loops. It is possible for three flux lines F1, Fs, E3
to meet at a point, as long as Gauss’ law is obeyed: E; + E3 + E3 = 0. Thus, the
dual formulation of U(1) gauge theory involves not strings, but more general objects:
networks of strings (or string-nets). The strings in a string-net are labeled, oriented,
and obey branching rules, given by Gauss’ law (Fig. 2-8b).

This string-net picture exists for general gauge theories. In the general case,
the strings (electric flux lines) are labeled by representations of the gauge group.
The branching rules (Gauss’ law) require that if three strings F;, Ey, E5 meet at
a point, then the product of the representations F; ® E; ® E3 must contain the
trivial representation. (For example, in the case of SU(2), the strings are labeled
by half-integers £ = 1/2,1,3/2, ..., and the branching rules are given by the triangle
inequality: {E1, Es, Es} are allowed to meet at a point if and only if E; < FEy + E,
Ey < Es+ Ey, E3 < Ey + E; and E; + E» + E3 is an integer (Fig. 2-8¢)) [50]. These
string-nets provide a general dual formulation of gauge theory. As in the case of Zj,
the deconfined phase of the gauge theory always corresponds to highly fluctuating
string-nets - a string-net condensate.

In this section, we have shown that string-net condensation can give rise to gen-
eral deconfined gauge theories. However, we would like to emphasize that string-net
condensation is more then just a reformulation of gauge theory. Instead, it should
be viewed as a generalization of gauge theory. As we will see in the next chap-
ter, string-net condensation can give rise to other topological orders beyond discrete
gauge theory - such as doubled Chern-Simons theories. In fact, it’s possible that some
string-net condensates do not even have a field theoretic formulation!
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Figure 2-8: Typical string-net configurations in the dual formulation of (a) Z, (b)
U(1), and (c) SU(2) gauge theory. In the case of (a) Z; gauge theory, the string-net
configurations consist of closed (non-intersecting) loops. In (b) U(1) gauge theory,
the string-nets are oriented graphs with edges labeled by integers. The string-nets
obey the branching rules F; + E; + E3 = 0 for any three edges meeting at a point.
In the case of (c) SU(2) gauge theory, the string-nets consist of (unoriented) graphs
with edges labeled by half-integers 1/2,1,3/2,.... The branching rules are given by
the triangle inequality: {Ei, Es, E3} are allowed to meet at a point if and only if
E]_ < E2 -+ Eg, E2 < E3 + El, E3 < E1 + Eg, and E1 -+ E2 + E3 is an integer.
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Chapter 3

Theory of string-net condensation

In the previous chapter, we described a physical picture for non-chiral topological
phases based on the concept of string-net condensation. In this chapter, we make
this picture more quantitative. In the process, we find a solution of the second major
problem in the theory of topological phases - the problem of finding a mathematical
framework for classifying and characterizing topological phases.

This mathematical framework is tensor category theory. We find that there is a
one-to-one correspondence between non-chiral topological orders and mathematical
objects known as “tensor categories.” [55] Tensor categories can be thought of as
collections of numerical constants (d;, F’ffnﬁl) which satisfy certain algebraic equations
(3.5). Each tensor category determines the universal properties of the associated topo-
logical order (quasiparticle statistics, ground state degeneracy, etc.) just as symmetry
groups do in Landau theory.

Our analysis is based on a constructive approach. For each two dimensional string-
net condensate, we construct a string-net wave function that captures its universal
properties. We show that each wave function is associated with a tensor category.
This gives a classification of string-net condensates and hence non-chiral topological
phases.

To complete the picture we construct exactly soluble 2D spin models realizing each
string-net condensate. These models explicitly demonstrate the string-net condensa-
tion picture. They realize all discrete gauge theories and all doubled Chern-Simons
theories (in (2 + 1) dimensions). One of the Hamiltonians - a spin-1/2 model on the
honeycomb lattice - is a simple theoretical realization of a universal fault tolerant
quantum computer. [56]

The models can also be generalized to higher dimensions. The higher dimensional
models yield an interesting result: they demonstrate that (3 + 1)D string-net con-
densation naturally gives rise to both emerging gauge bosons and emerging fermions.
Thus, string-net condensation provides a mechanism for unifying gauge bosons and
fermions in (3 + 1) and higher dimensions.

We feel that our constructive approach is one of the most important features of our
analysis. Indeed, in the mathematical community it is well known that topological
field theory, tensor category theory and knot theory are all intimately related [26, 57,
58]. Thus it is not surprising that topological phases are closely connected to tensor

27



categories and string-nets. The contribution of this work is the demonstration that
these elegant mathematical relations have a concrete realization in condensed matter
systems.

The chapter is organized as follows. In section 3.1, we consider the case of (2+ 1)
dimensions. In 3.1.1 and 3.1.2, we construct string-net wave functions and Hamil-
tonians for each (2 + 1)D string-net condensed phase. Then, in 3.1.3, we use this
mathematical framework to calculate the quasiparticle statistics in each phase. In
section 3.2, we discuss the generalization to 3 and higher dimensions. In the last
section, we present several examples of string-net condensed states - including a spin-
1/2 model theoretically capable of fault tolerant quantum computation. The main
mathematical calculations can be found in appendix A.

3.1 String-net condensation in (2 + 1) dimensions

3.1.1 Fixed-point wave functions

In this section, we try to understand the universal features of each string-net con-
densed phase in (2+1) dimensions. Our approach, inspired by Ref. [50, 57, 58, 59, 60,
61], is based on the string-net wave function. We construct a special “fixed-point”
wave function for each string-net condensed phase. We believe that these “fixed-
point” wave functions capture the universal properties of the corresponding phases.
We show that each wave function is associated with a collection of numerical con-
stants (d;, F}%’;) that satisfy certain algebraic equations (3.5). In this way, we derive
a one-to-one correspondence between string-net condensates (and hence non-chiral
topological phases) and tensor categories (d;, Fj2¥ ). We would like to mention that a
related result on the classification of (2+ 1)D topological quantum field theories was
obtained independently in the mathematical community.[26]

To begin, imagine we have a string-net model with some number of string types N,
some branching rules {{i, 7, k}}, some orientations, and some string-net Hamiltonian
H. As we vary the parameters in H, we expect that the model can realize both
normal phases and string-net condensed phases.

Let us try to visualize the ground state wave function in one of the string-net
condensed phase. We expect that a string-net condensed state is a superposition
of many different string-net configurations. Each string-net configuration has a size
typically on the same order as the system size. The large size of the string-nets implies
that a string-net condensed wave function has a non-trivial long distance structure.
It is this long distance structure that distinguishes the condensed state from the
“normal” state.

In general, we expect that the universal features of a string-net condensed phase
are contained in the long distance character of the wave functions. Imagine comparing
two different string-net condensed states that belong to the same quantum phase. The
two states will have different wave functions. However, by the standard RG reasoning,
we expect that the two wave functions will look the same at long distances. That is,
the two wave functions will only differ in short distance details - like those shown in
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Figure 3-1: Three pairs of string-net configurations that differ only in their short
distance structure. We expect string-net wave functions in the same quantum phase
to only differ by these short distance details.

Figure 3-2: A schematic RG flow diagram for a string-net model with 4 string-net
condensed phases a, b, ¢, and d. All the states in each phase flow to fixed-points in the
long distance limit. The corresponding fixed-point wave functions ®,, @3, ®., and P,
capture the universal long distance features of the associated quantum phases. Our
ansatz is that the fixed-point wave functions ® are described by local constraints of
the form (3.1-3.4).

Fig. 3-1.

Continuing with this line of thought, we imagine performing an RG analysis on
ground state functions. All the states in a string-net condensed phase should flow
to some special “fixed-point” state. We expect that the wave function of this state
captures the universal long distance features of the whole quantum phase. (See Fig.
3-2). In the following, we will construct these special fixed-point wave functions.

How can we find the fixed-point wave functions ®? Our approach is based on
the following observation: for each fixed-point wave function ®, there is some series
of local constraint equations on string-net wave functions for which it is the unique
solution (an argument for this is given in appendix A.2). This means we only need to
find appropriate constraint equations. Each set of constraint equations will completely
specify a fixed-point wave function ®, albeit implicitly.

How can we find the local constraint equations? We will use a heuristic approach.
We will simply guess the form of the local constraints. Then, in the next section,
we will verify our guess by constructing fixed-point Hamiltonians whose ground state
wave functions satisfy exactly these constraints.

Consider a string-net model with some number of string types N, some branching
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rules {{%,j,k}}, and some orientations. We wish to find local constraints for the
fixed-point wave functions. Our ansatz is that the local constraints are given by

where the shaded gray areas represent other parts of the string-nets that are not
changed. The d; and the F, ,3,:" are arbitrary complex numerical constants. Different
choices of (d;, ;™) correspond to different fixed-point wave functions.

We should mention that the local constraints (3.1-3.4) are written using a new
notational convention. According to this convention, the indices i, 7, k etc., can take
on the value ¢ = 0 in addition to the N physical string types ¢ = 1, ..., N. We think
of the 7 = 0 string as the “empty string” or “null string.” It represents empty space -
the vacuum. Thus, we can convert labeled string-nets to our old convention by simply
erasing all the ¢ = 0 strings. Our convention serves two purposes: it simplifies notation
(each equation in (3.1-3.4) represents several equations with the old convention), and
it reveals the mathematical framework underlying string-net condensation.

We now briefly motivate these constraints. We begin with the first rule (3.1).
This rule has been drawn schematically. The more precise statement of this rule is
that any two string-net configurations that can be continuously deformed into each
other have the same amplitude. In other words the wave function ® only depends on
the topologies of the string-nets. The motivation for this constraint is that we are
looking for topological string-net phases.

The second rule (3.2) is motivated by the fundamental property of RG fixed-
points: scale invariance. The wave function ® should look the same at all distance
scales. Since a closed string disappears at length scales larger then the string size,
the amplitude of an arbitrary string-net configuration with a closed string should be
proportional to the amplitude of the string-net configuration alone.

The third rule (3.3) is similar. Since a “bubble” is irrelevant at long length scales,
we expect

conclude that the amplitude for the bubble configuration vanishes when ¢ # j.
The last rule is less well-motivated. The main point is that the first three rules are
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not complete: another constraint is needed to specify the ground state wave function
uniquely. The last rule (3.4) is the simplest local constraint with this property. An
alternative motivation for this rule is the fusion algebra in conformal field theory.[62]

By applying the local rules in (3.1-3.4) multiple times, one can compute the am-
plitude of any string-net configuration in terms of the amplitude of the no-string
configuration. (For example, we can compute the amplitude

N = (O (O
@ =Y Fine ~ Fing
W Q

n

;
=

= FY9m g4,

by applying the fourth rule, the third rule, and the second rule in sequence). Thus
the string-net wave function ® is completely determined by (3.1-3.4). Equivalently,
® is determined by the numerical constants (di, Fyr").

However, an arbitrary choice of (d;, Fyar*) does not lead to a well defined ®. This
is because two string-net configurations may be related by more then one sequence of
local rules. We need to choose the (d;, F;7'") carefully so that different sequences of
local rules produce the same results. That is, we need to choose (d;, Fyir) so that the
rules are self-consistent. This mathematical problem is solved in appendix A.3. We
find that the only (d;, F,Z;n ) that give rise to self-consistent rules and a well-defined
wave function @ are those that satisfy

F*i*0 viv; J
Flam _ plkm* _ pgim _ pimg UmUn
kin — *jin - lkn* = “ k*nl
ViU
N
mlg 1jip js*n jip rig*
E :ka*nans* Flkr* - Fq*kr* les* (3'5)
n=0

where v; = v;» = 1/d; (and vy = 1). Here, we have introduced a new object d;;
defined by the branching rules:

_[1, if {3, 4, k} is allowed,
Oijk = {0, otherwise. (3.6)

There is a one-to-one correspondence between solutions of (3.5) and (2 + 1)D
string-net condensed phases: each solution corresponds to a string-net wave function
® which in turn corresponds to a string-net condensed phase. These solutions have a
rich mathematical structure, and can be viewed in a much more elegant and abstract
way. Each solution is an example of a mathematical object known as a “tensor
category.” [55]

According to our analysis, tensor categories give a complete classification of (2 +
1) D string-net condensed phases (or equivalently non-chiral topological phases [26]).
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We will show later that tensor categories also provide a convenient framework for
deriving the physical properties of quasiparticles. Thus, tensor category theory is the
fundamental mathematical framework for string-net condensed phases, just as group
theory is for symmetry breaking phases.

It is highly non-trivial to find solutions of (3.5). However, it turns out each group
G provides a solution. The solution is obtained by (a) letting the string-type index
i run over the irreducible representations of the group, (b) letting the numbers d; be
the dimensions of the representations and (c) letting the 6 index object Fya be the
67 symbol of the group. The low energy effective theory of the corresponding string-
net condensed state turns out to be a deconfined gauge theory with gauge group G.
Another class of solutions can be obtained from 65 symbols of quantum groups. In
these cases, the low energy effective theories of the corresponding string-net condensed
states are doubled Chern-Simons gauge theories.

These two classes of solutions are not necessarily exhaustive: Eq. (3.5) may have
solutions other then gauge theories or Chern-Simons theories. Nevertheless, it is clear
that gauge bosons and gauge groups emerge from string-net condensation in a very
natural way.

In fact, string-net condensation provides a new perspective on gauge theory. Tra-
ditionally, we think of gauge theories geometrically. The gauge field A, is analogous
to an affine connection, and the field strength F},, is essentially a curvature tensor.
From this point of view, gauge theory describes the dynamics of certain geometric ob-
jects (e.g. fiber bundles). The gauge group determines the structure of these objects
and is introduced by hand as part of the basic definition of the theory. In contrast,
according to the string-net condensation picture, the geometrical character of gauge
theory is not fundamental. Gauge theories are fundamentally theories of extended
objects. The gauge group and the geometrical gauge structure emerge dynamically
at low energies and long distances. A string-net system “chooses” a particular gauge
group, depending on the coupling constants in the underlying Hamiltonian: these pa-
rameters determine a string-net condensed phase which in turn determines a solution
to (3.5). The nature of this solution determines the gauge group.

One advantage of this alternative picture is that it unifies two seemingly unrelated
phenomena: gauge interactions and Fermi statistics. Indeed, as we will show in section
3.1, string-net condensation naturally gives rise to both gauge interactions and Fermi
statistics (or fractional statistics in (2 + 1)D). In addition, these structures always
appear together. [18]

3.1.2 Fixed-point Hamiltonians

In this section, we construct exactly soluble lattice spin Hamiltonians that explic-
itly demonstrate the string-net condensation picture. These Hamiltonians provide a
lattice realization of all (2 + 1)D string-net condensates and therefore all non-chiral
(2 + 1)D topological phases (provided that we generalize these models as discussed
in appendix A.1). In addition, they put the ansatz in the previous section on firm
ground: their ground states are precisely the fixed point wave functions ®. We would
like to mention that a related result was obtained independently by researchers in the
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Figure 3-3: A picture of the lattice spin model (3.7). The electric charge operator Qr
acts on the three spins adjacent to the vertex I, while the magnetic energy operator
Bj, acts on the 12 spins adjacent to the hexagonal plaquette p. The term @y constrains
the string-nets to obey the branching rules, while B, provides dynamics. A typical
state satisfying the low-energy constraints is shown on the right. The empty links
have spins in the ¢ = 0 state.

quantum computation community. [63]

For every (d;, FJ™) satisfying the self-consistency conditions (3.5) and the uni-
tarity condition (3.11), we can construct an exactly soluble spin Hamiltonian. The
model is a spin system on a (2D) honeycomb lattice, with a spin located on each link
of the lattice. However, the spins are not usual spin-1/2 spins. Each spin can be in
N + 1 different states labeled by ¢ = 0,1, ..., N.

It is useful to think of the spin states using the string-net language. To do that,
we assign each link an arbitrary orientation. When a spin is in state ¢, we think of
the link as being occupied by a type-i string oriented in the appropriate direction. If
a spin is in state ¢ = 0, then we think of the link as empty. In this way spin states
correspond to string-net states.

The exactly soluble Hamiltonian for our model is given by

N
H=-%"Qr-Y B, Bp=) a.B; (3.7)
I P

where the sums run over vertices I and plaquettes p of the honeycomb lattice. The
coefficients a, satisfy as» = a; but are otherwise arbitrary.
Let us explain the terms in (3.7). The first term, @ acts on the 3 spins adjacent

to the site I:
&15> _ o%{> (3.8)

where 0;ji is the branching rule symbol (3.6). If we think of the spin states in terms
of string-nets, this term constrains the strings to obey the branching rules described
by 0ijx. With this constraint the low energy Hilbert space is simply the set of all
allowed string-net configurations on a honeycomb lattice. (See Fig. 3-3). We think
of Q1 as an electric charge operator. It measures the “electric charge” at site I, and

Qr

ijk
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favors states with no charge.

We think of the second term B, as a magnetic flux operator. It measures the
“magnetic flux” through the plaquette p (or more precisely, the cosine of the magnetic
flux) and favors states with no flux. This term provides dynamics for the string-net
configurations.

The magnetic flux operator By is a linear combination of (V + 1) terms Bj,
s=0,1,..., N. Each By is an operator that acts on the 12 links that are adjacent to
the hexagon p. (See Flg 3-3). Thus, the B are essentially (N +1)'? x (N + 1)*?
matrices. However, the action of By, does not change the spin states on the 6 outer
links of p. Therefore the By, can be block diagonalized into (N + 1)® blocks, each of
dimension (N + 1)8 x (N + 1)®. Let BS’Z,Z;kl/kll’(abcdef) with a,b,c... = 0,1,..., N,
denote the matrix elements of these (N + 1)¢ matrices:

b).h_(.c
B laf f>-d>

P | J
f)'k’(e

b)_h_{c
/ / ENE g
Z Bsifﬁmkl abedef) (3, .>‘d> (3.9)
m,...,T )—k—(e

Then the operators B, are defined by

, Ihl Iklll
;?;hzgkz (abcdef)

= F 8 F  Fh Fard P Fib (3.10)

s*3'% 8 s*U k™

(See appendix A.4 for a graphical representation of Bj). Ome can check that the
Hamiltonian (3.7) is Hermitian if F* satisfies

Fednt = (Bi2)* (3.11)

in addition to (3.5). Our model is only applicable to topological phases satisfying
this additional constraint. We believe that this is true much more generally: only
topological phases satisfying the unitarity condition (3.11) are physically realizable.

The Hamiltonian (3.7) has a number of interesting properties, provided that
(di, F2™) satisfy the self-consistency conditions (3.5). It turns out that:

1. The B and Qr’s all commute with each other. Thus the Hamiltonian (3.7) is
exactly soluble.

2. Depending on the choice of the coefficients ay, the system can be in N + 1
different quantum phases.

3. The choice a; = ﬁ corresponds to a topological phase with a smooth

continuum limit. The ground state wave function for this parameter choice is
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topologically invariant, and obeys the local rules (3.1-3.4). It is precisely the
wave function ®, defined on a honeycomb lattice. Furthermore, Q;, B, are
projection operators in this case. Thus, the ground state satisfies Q7 = Bp =1
for all I, p, while the excited states violate these constraints.

Thus, the Hamiltonian (3.7) with the above choice of a, provides an exactly soluble
realization of the doubled topological phase described by (d;, Fyi.'). We can obtain
some intuition for this by considering the case where d; are the dimensions of the
irreducible representations of some group G and FJ™ is the 6j symbol. In this
case, it turns out that Q)7 and B, are precisely the electric charge and magnetic flux
operators in the standard lattice gauge theory with group G. Thus, (3.7) is the usual
Hamiltonian of lattice gauge theory, except with no electric field term. This is exactly
the Kitaev model - the zero coupling, exactly soluble Hamiltonian of lattice gauge
theory. [52, 13] In this way, our construction can be viewed as a generalization of
lattice gauge theory.

In this paper, we will focus on the smooth topological phase corresponding to the

parameter choice a, = =2 (see appendix A.4). However, we would like to mention

Zi:ﬂ di
that the other N quantum phases also have non-trivial topological (or quantum) order.
However, in these phases, the ground state wave function does not have a smooth
continuum limit. Thus, these are new topological phases beyond those described by

continuum theories.

3.1.3 Quasiparticle excitations

In this section, we find the quasiparticle excitations of the string-net Hamiltonian
(3.7), and calculate their statistics (e.g. the twists 6, and the S matrix s,s). We will
only consider the topological phase with smooth continuum limit. That is, we will

choose a;, = —TdS? in our lattice model.

Zz:ﬂ 1
Recall that the ground state satisfies Qy = Bp = 1 for all vertices I, and all

plaquettes p. The quasiparticle excitations correspond to violations of these con-
straints for some local collection of vertices and plaquettes. We are interested in the
topological properties (e.g. statistics) of these excitations.

We will focus on topologically nontrivial quasiparticles - that is, particles with
nontrivial statistics or mutual statistics. By the analysis in Ref. [18], we know that
these types of particles are always created in pairs, and that their pair creation opera-
tor has a string-like structure, with the newly created particles appearing at the ends.
(See Fig. 3-4). The position of this string operator is unobservable in the string-net
condensed state - only the endpoints of the string are observable. Thus the two ends
of the string behave like independent particles.

If the two endpoints of the string coincide so that the string forms a loop, then
the associated closed string operator commutes with the Hamiltonian. This follows
from the fact that the string is truly unobservable; the action of an open string
operator on the ground state depends only on its endpoints. Thus, each topologically
nontrivial quasiparticle is associated with a (closed) string operator that commutes
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with the Hamiltonian. To find the quasiparticles, we need to find these closed string
operators. [13]

An important class of string operators are what we will call “simple” string oper-
ators. The defining property of simple string operators is their action on the vacuum
state. If we apply a type-s simple string operator W (P) to the vacuum state, it cre-
ates a type-s string along the path of the string, P. We already have some examples
of these operators, namely the magnetic flux operators B,,. When B, acts on the vac-
uum configuration |0), it creates a type-s string along the boundary of the plaquette
p. Thus, we can think of By as a short type-s simple string operator, W (0p).

We would like to construct simple string operators W(P) for arbitrary paths
P = I,...,In on the honeycomb lattice. Using the definition of By, as a guide, we
make the following ansatz. The string operator W (P) only changes the spin states
along the path P. The matrix element of a general type-s simple string operator
W (P) between an initial spin state %y, ...iy and final spin state ¢, ...i%y is of the form

N
Wity in (162-.08) = (H 5:’:”?2) (H w’“) -

k=1

where e, ..., ex are the spin states of the N “legs” of P (see Fig. 3-4) and

ViV % if P turns right, left at Tx, o1

U, ik
i .
wg = § 2@k if P turns left, right at Ti, i (3.13)
*k
1, otherwise

Here, wi, @ are two (complex) two index objects that characterize the string W'

Note the similarity to the definition of By. The major difference is the additional
factor [[,, wk. We conjecture that |w] % ”’”Sl — 1 for a type-s string, so [[n_, w is
sunply a phase factor that depends on the initial and final spin states i, i, ..., in,
i}, iy, ..., 1. This phase vanishes for paths P that make only left or only right turns,
such as plaquette boundaries p. In that case, the definition of W (P) coincides with
B:.

A straightforward calculation shows that the operator W (P) defined above com-
mutes with the Hamiltonian (3.7) if w}, &} satisfy

N
—m st 1ViUs _ § : ji*k jl*n
wj kjm*wi v - Fs *nl* lch:sm
m n=0
5] = LFE (3.14)
W = wz* i* s % -

The solutions to these equations give all the type-s simple string operators.

For example, consider the case of Abelian gauge theory. In this case, the solu-
tions to (3.14) can be divided into three classes. The first class is given by s # 0,
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wf Yo = wj ”’3’5 = 1. These string operators create electric flux lines and the associ-
ated quasiparticles are electric charges. In more traditional nomenclature, these are
known as (Wegner-)Wilson loop operators [52, 64]. The second class of solutions is
given by s = 0, and w? %t Ul — (@7 vive :3) # 1. These string operators create magnetic
flux lines and the assoaated quasiparticles are magnetic fluxes. The third class has

s # 0 and W)Ul e = (@ %)* # 1. These strings create both electric and magnetic

flux and the associat:ed quasiparticles are electric charge/magnetic flux bound states.
This accounts for all the quasiparticles in (2 + 1)D Abelian gauge theory. Therefore,
all the string operators are simple in this case.

However, this is not true for non-Abelian gauge theory or other (2+1)D topological
phases. To compute the quasiparticle spectrum of these more general theories, we
need to generalize the expression (3.12) for W (P) to include string operators that are
not simple.

One way to guess the more general expression for W(P) is to consider products of
simple string operators. Clearly, if W;(P) and W5(P) commute with the Hamiltonian,
then W (P) = Wy(P) - Wy(P) also commutes with the Hamiltonian. Thus, we can
obtain other string operators by taking products of simple string operators. In general,
the resulting operators are not simple. If W; and W, are type-s; and type-s, simple
string operators, then the action of the product string on the vacuum state is:

W (P)|0) = W1 (P)Wa(P)|0) = Wi(P)|ss) = stsmi

where |s) denotes the string state with a type-s string along the path P and the
vacuum everywhere else. If we take products of more then two simple string operators
then the action of the product string on the vacuum is of the form W (P)|0) = > " n4|s)
where ng are some non-negative integers.

We now generalize the expression for W(P) so that it includes arbitrary products
of simple strings. Let W be a product of simple string operators, and let ny be the non-
negative integers characterizing the action of W on the vacuum: W (P)|0) = >, n,|s).
Then, one can show that the matrix elements of W (P) are always of the form

N
Wi i (eres.en) = ) (H Fie, ) Tr (H Q) (3.15)
k=1

{sk}

where
Uik oy if P turns right, left at Iy, Ixqq

v; 8k8k+11k’

QpF = ¢ Yo ! Eo i p turns left, right at Iy, T4 (3.16)

vy SkSk+1%k’
k

) - 1d, otherwise

SkSk+1

and QsiJ,QStJ are two 4 index objects that characterize the string operator W. For
any quadruple of string types i, 7, s, t, (Q;U, letj) are (complex) rectangular matrices
of dimension n; x n;. Note that type-sy simple string operators correspond to the
special case where ny = 05ys. In this case, the matrices Q,;, Q,; reduce to complex
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Figure 3-4: Open and closed string operators for the lattice spin model (3.7). Open
string operators create quasiparticles at the two ends, as shown on the left. Closed
string operators, as shown on the right, commute with the Hamiltonian. The closed
string operator W (P) only acts non-trivially on the spins along the path P = I, I,...
(thick line), but its action depends on the spin states on the legs (thin lines).
The matrix element between an initial state i;,iz,... and a final state 4},1,,... is

o s g -1 it
111g... 821211 63131,2 . ’Uil’Usl 17 vi3U33 __1,3 . .
Wiz (ereg...) = (Fs,,l.,ling,,i,zia,...) (_vi; w;! o @;3...) for a type-s simple string

2'11,’2 ezi§i1 eg’i;iz Uiy Usy i'l ViaUsa Ak
\ = . Tr( b . YigYsz (33
and W ;2" (e1es...) Z{sk}(Fs;i’liQFs;i’zig"') Tr( o Qg i, 0525, 1d o Q2 oi5---) for
a general string.
numbers, and we can identify
i i ~i
Qstj - wj63506t807 Qstj —_— WjésSO(StsO. (3.17)

As we mentioned above, products of simple string operators are always of the form
(3.15). In fact, we believe that all string operators are of this form. Thus, we will
use (3.15) as an ansatz for general string operators in (2 + 1)D topological phases.
This ansatz is complicated algebraically, but like the definition of By, it has a simple
graphical interpretation (see appendix A.5).

A straightforward calculation shows that the closed string W(P) commutes with

the Hamiltonian (3.7) if  and Q satisfy

N ViU N
M sl*i l jYs Ji*k yn ji*n
E :Qrstkjm* Qsti v — § :Ft*nl"‘ Qrthkrm*
s=0 m n=0
N
OJ _ § : k it* k
Qst'i - Qsti* Ei*sj* (318)
k=0

The solutions (£,,, Q) to these equations give all the different closed string operators
W,.. However, not all of these solutions are really distinct. Notice that two solutions
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(Q4,Q), (£22,) can be combined to form a new solution (€, {):

le]ti = le,sti & Q]2,sti

Q;Jti = Q%,sti ® QJQ,sti (3.19)
This is not surprising: the string operator W’ corresponding to (€', (') is simply the
sum of the two operators corresponding to (Qy9,Q12): W' = W + Ws.

Given this additivity property, it is natural to consider the “irreducible” solutions
(R4, Q) that cannot be written as a sum of two other solutions. Only the “irre-
ducible” string operators W, create quasiparticle-pairs in the usual sense. Reducible
string operators W create superpositions of different strings - which correspond to
superpositions of different quasiparticles. !

To analyze a topological phase, one only needs to find the irreducible solutions
(4, Q4) to (3.18). The number M of such solutions is always finite. In general, each
solution corresponds to an irreducible representation of an algebraic object. In the
case of lattice gauge theory, there is one solution for every irreducible representation
of the quantum double D(G) of the gauge group G. Similarly, in the case of doubled
Chern-Simons theories there is one solution for each irreducible representation of a
doubled quantum group.

The structure of these irreducible string operators W, determines all the universal
features of the topological phase. The number M of irreducible string operators is the
number of different kinds of quasiparticles. The fusion rules W, Ws = Z,J:’il hosWoy
determine how bound states of type-a and type-8 quasiparticles can be viewed as a
superposition of other types of quasiparticles.

The topological properties of the quasiparticles are also easy to compute. As an
example, we now derive two particularly fundamental objects that characterize the
spins and statistics of quasiparticles: the M twists 6, and the M x M S-matrix, sag
[65, 25, 57, 20].

The twists 6, are defined to be statistical angles of the type-a quasiparticles. By
the spin-statistics theorem they are closely connected to the quasiparticle spins sg:
et = 2msa  We can calculate 6, by comparing the quantum mechanical amplitude
for the following two processes. In the first process, we create a pair of quasiparticles
a, & (from the ground state), exchange them, and then annihilate the pair. In the
second process, we create and then annihilate the pair without any exchange. The
ratio of the amplitudes for these two processes is precisely e%=.

The amplitude for each process is given by the expectation value of the closed
string operator W, for a particular path P:

A = <<I>‘M‘<I>> (3.20)

A = (2] @) (3.21)

INote that reducible quasiparticles should not be confused with bound states. Indeed, in the case
of Abelian gauge theory, most of the irreducible quasiparticles are bound states of electric charges
and magnetic fluxes.
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Here, |®) denotes the ground state of the Hamiltonian (3.7).

Let (Qq,Qa,nq) be the irreducible solution corresponding to the string operator
W,. The above two amplitudes can be then be expressed in terms of (£2,, Qo M)
(see appendix A.5):

Ay o= ) d2Tr() ) (3.22)
Ay = ) Tads (3.23)

Combining these results, we find that the twists are given by

efe — ﬂ — Zs dg ) TI‘(Q?x,sss*)
As Y s Naysls

Just as the twists 6, are related to the spin and statistics of individual particle
types «, the elements of the S-matrix, s,z describe the mutual statistics of two particle
types a, 3. Consider the following process: We create two pairs of quasiparticles
a, @&, 3,5, braid o around 3, and then annihilate the two pairs. The element s,z
is defined to be the quantum mechanical amplitude A of this process, divided by
a proportionality factor D where D? = Y~ (3", a,sds)®. The amplitude A can be
calculated from the expectation value of W, Wj for two “linked” paths P:

A= <q>[ﬂ<§}‘

Expressing A in terms of (Qq, Qa, 7a), We find

(3.24)

c1>> (3.25)

D i B.jji*

A 1 k %
Sap = = %;Tr(ﬂ ) - Te(QE . )did; (3.26)

3.2 String-net condensation in (3 + 1) and higher
dimensions

In this section, we generalize our results to (3+1) and higher dimensions. We find that
there is a one-to-one correspondence between (3+ 1) (and higher) dimensional string-
net condensates and mathematical objects known as “symmetric tensor categories.”
[65] The low energy effective theories for these states are gauge theories coupled to
bosonic or fermionic charges. (See Ref. [14, 15] for a simplified, alternative derivation).

Our approach is based on the exactly soluble lattice spin Hamiltonian (3.7). In
section 3.1.2, we analyzed that model in the case of the honeycomb lattice. However,
the choice of lattice was somewhat arbitrary: we could equally well have chosen any
trivalent lattice in two dimensions.

Trivalent lattices can also be constructed in three and higher dimensions. For
example, we can create a space-filling trivalent lattice in three dimensions, by “split-
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Figure 3-5: A three dimensional trivalent lattice, obtained by splitting the sites of
the cubic lattice. We replace each vertex of the cubic lattice with 4 other vertices as
shown above.

ting” the sites of the cubic lattice (see Fig. 3-5). Consider the spin Hamiltonian (3.7)
for this lattice, where I runs over all the vertices of the lattice, and p runs over all the
“plaquettes” (that is, the closed loops that correspond to plaquettes in the original
cubic lattice).

This model is a natural candidate for string-net condensation in three dimensions.
Unfortunately, it turns out that the Hamiltonian (3.7) is not exactly soluble on this
lattice. The magnetic flux operators B, do not commute in general.

This lack of commutativity originates from two differences between the plaque-
ttes in the honeycomb lattice and in higher dimensional trivalent lattices. The first
difference is that in the honeycomb lattice, neighboring plaquettes always share pre-
cisely two vertices, while in higher dimensions the boundary between plaquettes can
contain three or more vertices (see Fig. 3-6). The existence of these interior vertices
has the following consequence. Imagine we choose orientation conventions for each
vertex, so that we have a notion of “left turns” and “right turns” for oriented paths
on our lattice (such an orientation convention can be obtained by projecting the 3D
lattice onto a 2D plane - as in Fig. 3-6). Then, no matter how we assign these
orientations, some plaquette boundaries will always make both left and right turns.
Thus, we cannot regard the boundaries of the 3D plaquettes as small closed strings
the way we did in two dimensions (since small closed strings always make all left
turns, or all right turns). On the other hand, the magnetic flux operators By, only
commute if their boundaries are small closed strings. It is this inconsistency between
the algebraic definition of Bj, and the topology of the plaquettes that leads to the
lack of commutativity.

To resolve this problem, we need to define a Hamiltonian using the general simple
string operators W (9p) rather then the small closed strings B,. Suppose (ng,ng),
s = 0,1,...N are type-s solutions of (3.14). After picking some “left turn”, “right
turn” orientation convention at each vertex, we can define the corresponding type-s
simple string operators W(P) as in (3.12). Suppose, in addition, that we choose
(wi;,@};) so that the string operators satisfy W, - Wy = 3=, 6, W; (this property
ensures that W(Jp) are analogous to B;). Then, a natural higher dimensional gen-
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Figure 3-6: Three plaquettes demonstrating the two fundamental differences between
higher dimensional trivalent lattices and the honeycomb lattice. The plaquettes p1,
p2 lie in the zz plane, while pj3 is oriented in the zy direction. Notice that p; and
p2 share three vertices, I, I3, I3 - unlike neighboring plaquettes in the honeycomb
lattice, which share two vertices. Also, notice that the plaquette boundaries Op; and
Ops intersect only at the line segment IsIy. The boundary Op; makes a left turn
at I3, and a right turn at Iy. Thus, if we shrink the segment I3I, to a point, these
two plaquette boundaries intersect exactly once - unlike neighboring plaquettes in
the honeycomb lattice, which intersect tangentially when their common boundary is
shrunk to a point.

eralization of the Hamiltonian (3.7) is

N
H=-3"Qr=Y W W= aW.(op) (3.27)
I P

s=0

For a two dimensional lattice, the conditions (3.14) are sufficient to guarantee that the
closed strings W, (dp) commute within the ground state subspace. The Hamiltonian
(3.27) is then an exactly soluble realization of a doubled topological phase. However,
in higher dimensions, one additional constraint is necessary.

This constraint stems from the second, and perhaps more fundamental, difference
between 2D and higher dimensional lattices. In two dimensions, two closed curves
always intersect an even number of times. For higher dimensional lattices, this is not
the case. Small closed curves, in particular plaquette boundaries, can (in a sense)
intersect exactly once (see Fig. 3-6). Because of this, the objects w;'.k must satisfy the
additional relation:

wh, = @ (3.28)
One can show that if this additional constraint is satisfied, then (a) the higher dimen-
sional Hamiltonian (3.27) is exactly soluble, and (b) the ground state wave function
® is defined by local topological rules analogous to (3.1-3.4). This means that (3.27)
provides an exactly soluble realization of topological phases in (3 + 1) and higher
dimensions.
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Each exactly soluble Hamiltonian is associated with a solution (Fr, wh, @) of
(3.5), (3.14), (3.28). By analogy with the two dimensional case, we conjecture that
there is a one-to-one correspondence between topological string-net condensed phases
in (3 +1) or higher dimensions, and these solutions. The solutions (Fy]",wk,@%;)
correspond to a special class of tensor categories - symmetric tensor categories. [55]
Just as tensor categories are the mathematical objects underlying string condensa-
tion in (2 + 1) dimensions, symmetric tensor categories are fundamental to string
condensation in higher dimensions.

There are relatively few solutions to (3.5), (3.14), (3.28). Physically, this is a
consequence of the restrictions on quasiparticle statistics in 3 or higher dimensions.
Unlike in two dimensions, higher dimensional quasiparticles necessarily have trivial
mutual statistics, and must be either bosonic or fermionic. From a more mathematical
point of view, the scarcity of solutions is a result of the symmetry condition (3.28).

Nevertheless, each group G does provide a solution. This solution is obtained
by (a) letting the string-type index i run over the irreducible representations of the
gauge group, (b) letting the numbers d; be the dimensjons of the representations,
(c) letting the 6 index object F7™ be the 6; symbol of the group, and (d) setting
wj.k = iﬂvﬁc Here we choose the positive sign in almost all cases. The only time
when the sign is negative is when j = k£ and the unique G-invariant tensor in kQk ®1
is antisymmetric in the first two indices. With this choice, one can show that (3.5),
(3.14) and (3.28) are satisfied. The low energy effective theory of the corresponding
string-net condensed state is a deconfined gauge theory with gauge group G.

It is not surprising that we have this class of solutions since the string-net picture
of gauge theory (section 2.3) is valid in any number of dimensions. However, there is
another class of solutions that is more interesting. These are obtained by “twisting”
the usual gauge theory solution. We replace w§k by &;k where

@y, = wiy - (—1)POFPE) (3.29)
Here P(z) is some assignment of parity (“even”, or “odd”) to each representation .
The assignment must be self-consistent in the sense that the tensor product of two
representations with the same (different) parity decomposes into purely even (odd)
representations. The low energy effective theories for these string-net condensed states
are variants of gauge theories - called “twisted gauge theories.” Notice that if all the
representations are assigned an even parity, we are back to the usual gauge theory
solution: &%, = wh.

The major physical distinction between twisted gauge theories and standard gauge
theories is the quasiparticle statistics. In standard gauge theory, the fundamental
quasiparticles are the N + 1 electric charges corresponding to the N + 1 string types.
These quasiparticles are all bosonic. In twisted gauge theories, there are also N + 1
different electric charges corresponding to the N + 1 string types. However, in this
case, the charges corresponding to “odd” representations ¢ are fermionic.

It appears that gauge theories coupled to fermionic or bosonic charged particles
are the only possibilities for higher dimensional string-net condensates: mathematical
work on symmetric tensor categories suggests that the only solutions to (3.5), (3.14),
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(3.28) are those corresponding to gauge theories and twisted gauge theories. [66]

Thus, higher dimensional string-net condensation naturally gives rise to both
emerging gauge bosons and emerging fermions. This is interesting because it sug-
gests that gauge interactions and Fermi statistics may be intimately connected. The
string-net picture may be the bridge between these two seemingly unrelated phenom-
ena. (18, 14, 15]

We would like to mention that (3+ 1) dimensional string-net condensed states also
exhibit membrane condensation. These membrane operators are entirely analogous
to the string operators. Just as open string operators create charges at their two
ends, open membrane operators create magnetic flux loops along their boundaries.
Furthermore, just as string condensation makes the string unobservable, membrane
condensation leads to the unobservability of the membrane. Only the boundary of
the membrane - the magnetic flux loop - is observable.

3.3 Examples

3.3.1 N =1 string model

We begin with the simplest string-net model. In the notation from chapter 2, this
model is given by

1. Number of string types: N =1
2. Branching rules: § (no branching)

3. String orientations: 1* = 1.

In other words, the string-nets in this model contain one unoriented string type and
have no branching. Thus, they are simply closed loops. (See Fig. 2-6a).

We would like to find the different topological phases that can emerge from these
closed loops. According to the discussion in section 3.1.1, each phase is captured by
a fixed-point wave function, and each fixed-point wave function is specified by local
rules (3.1-3.4) that satisfy the self-consistency relations (3.5). It turns out that (3.5)
have only two solutions in this case (up to rescaling):

dp = 1
Fg(())g = Fig = F(?llll =1
Rl = R =R =Fy =1 (330

where the other elements of F all vanish. The corresponding local rules (3.1-3.4) are:

o(Bo)=z0

@%) -+ (3.31)
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Figure 3-7: The Hamiltonians (3.35), (3.36), realizing the two N = 1 string condensed
phases. Each circle denotes a spin-1/2 spin. The links with 0 = —1 are thought of
as being occupied by a type-1 string, while the links with 0* = +1 are regarded as
empty. The electric charge term acts on the three legs of the vertex I with o*. The
magnetic energy term acts on the 6 edges of the plaquette p with ¢#, and acts on the
6 legs of p with an operator of the form f(o*). For the Z, phase, f = 1, while for
the Chern-Simons phase, f(z) = i(!7)/2,

We have omitted those rules that can be derived from topological invariance (3.1).
The fixed-point wave functions ®. satisfying these rules are given by

d.(X) = (£1)* (3.32)

where X, is the number of disconnected components in the string configuration X.

The two fixed-point wave functions &, correspond to two simple topological
phases. As we will see, @ corresponds to Z, gauge theory, while ®_ isa U(1) x U(1)
Chern-Simons theory. (Actually, other topological phases can emerge from closed
loops - such as in Ref. [59, 60, 61]. However, we regard these phases as emerging
from more complicated string-nets. The closed loops organize into these effective
string-nets in the infrared limit).

The exactly soluble models (3.7) realizing these two phases can be written as
spin 1/2 systems with one spin on each link of the honeycomb lattice (see Fig. 3-7).
We regard a link with 0 = —1 as being occupied by a type-1 string, and the state
0® = +1 as being unoccupied (or equivalently, occupied by a type-0 or null string).
The Hamiltonians for the two phases are of the form

Hy = _ZQI,:E = ZBP,:!:
I P

The electric charge term is the same for both phases (since it only depends on the
branching rules):

Qr+ = %(1+ II 9 (3.33)

legs of I
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The magnetic terms for the two phases are

1
Bpr = 5(32’:&13;1) (3.34)
1 - 1zof
= —2-<1j: II < H(\/:lzl)Z)Pp
edges of p legs of p

where P, is the projection operator P, = [, @1- The projection operator P, can be
omitted without affecting the physics (or the exact solubility of the Hamiltonian). We
have included it only to be consistent with (3.7). If we omit this term, the Hamiltonian
for the first phase (@, ) reduces to the Kitaev toric code [13] - the exactly soluble zero
coupling limit of Z, lattice gauge theory:

Hy==> T[] o¢->. II < (3.35)

I legsof I P edges of p

The Hamiltonian for the second phase,

Ho==-> J] e7+>_( II (]I z“_L) (3.36)

I legsofI p edgesof p legs of p

is less familiar. However, one can check that in both cases, the Hamiltonians are
exactly soluble and the two ground state wave functions are precisely @, (in the o”
basis).

Next we find the quasiparticle excitations for the two phases, and the correspond-
ing S-matrix and twists 0,.

In both cases, equation (3.18) has 4 irreducible solutions (nq s, Qg’st, fo,st), o=
1,2,3,4 - corresponding to 4 quasiparticle types. For the first phase (®.) these
solutions are given by:

no=1 n1=0, Wep=1, Qoo =1
'n/2,0 = 0, 722’1 = 1, Q}z,uo = 1, Qg,lll =1
Nn3o = 1, ngi1 = 0, Qg,OOO = ]., Q%,OOI = -1
7L4,0 = O, ’I’L471 = 1, Qéll,110 = 1, Qfl),lll = -1

The other elements of ) vanish. In all cases Q = Q.
The corresponding string operators for a path P are

W1 = Id
we = ]I o
edges of P
x
W3 == H g k
R-legs

W, = H o; H oy, (3.37)

edges of P R-legs
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Figure 3-8: A closed string operator W(P) for the two models (3.35),(3.36). The
path P is drawn with a thick line, while the legs are drawn with thin lines. The
action of the string operators (3.37),(3.40) on the legs is different for legs that branch
to the right of P, “R-legs”, and legs that branch to the left of P, “L-legs.” Similarly,
we distinguish between “R-vertices” and “L-vertices” which are ends of “R-leg” and
“L-leg” respectively.

where the “R-legs” k are the legs that are to the right of P. (See Fig. 3-8). Techni-
cally, we should multiply these string operators by an additional projection operator
Il;cp @1, in order to be consistent with the general result (3.15). However, we will
neglect this factor since it doesn’t affect the physics.

Once we have the string operators, we can easily calculate the twists and the
S-matrix. We find:

ei91 — 1, e'i92 =1, e'l:93 =1, eia‘l = —1 (338)
11 1 1
1|1 1 -1 —-1

=301 -1 1 -1 (3:39)
1 -1 -1 1

This is in agreement with the twists and S-matrix for Z, gauge theory: W; creates
trivial quasiparticles, W, creates magnetic fluxes, W3 creates electric charges, W,
creates electric/magnetic bound states.

In the second phase (®_), we find

nNio = 1, ni = 0, Q?,OOO = 1, Qi,OOI =1
N2o = O, N2y = 1, 92,110 = 1, Qg,lll =1

nzo = O, n3i = 1, Qili,llO = ]., Qg,lll = —1
’I’L4’0 = 1, n4,1 = 0, Qg,OOO = 1, Qi,OOl = —1
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Once again, the other elements of  vanish. Also, in all cases, = Q*. The corre-
sponding string operators for a path P are

W1 = Id
1-o%

we = J[ [ [ v~

edges of P R-legs L-vertices

1-0%

ws = [ s [I-o= [[ v~

edges of P R-legs L-vertices
Wi = ][] o (3.40)

R-legs

where the “L-vertices” I are the vertices of P adjacent to legs that are to the left of
P. The exponent sy is defined by sy = (1 — o%)(1 + 0f), where i, j are the links
just before and just after the vertex I, along the path P. (See Fig. 3-8).

We find the twists and S-matrix are

et = 1, eifz — i eifs — —1, etfs =1 (3.41)
11 1 1
111 -1 1 -1

=311 1 -1 4 (3.42)
1 -1 -1 1

We see that W creates trivial quasiparticles, W;, W3 create semions with opposite
chiralities and trivial mutual statistics, and W, creates bosonic bound states of the
semions. These results agree with the U(1) x U(1) Chern-Simons theory

1
L= —Kuama,,aJ,\e””)‘, I,J = 1,2 (343)

ir
K= ((2) f2> (3.44)

Thus the above U(1) x U(1) Chern-Simons theory is the low energy effective theory
of the second exactly soluble model (with d; = —1).

Note that the Z, gauge theory from the first exactly soluble model (with dy = 1)
can also be viewed as a U(1) x U(1) Chern-Simons theory with K-matrix [67]

K= (g g) (3.45)

3.3.2 N =1 string-net model

with K-matrix

The next simplest string-net model also contains only one oriented string type - but
with branching. Simple as it is, we will see that this model contains non-Abelian
anyons and is theoretically capable of universal fault tolerant quantum computation
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[56]. Formally, the model is defined by
1. Number of string types: N =1
2. Branching rules: {{1,1,1}}
3. String orientations: 1* = 1.
The string-nets are unoriented trivalent graphs (see Fig. 2-6b). To find the topological

phases that can emerge from these objects, we solve the self-consistency relations
(3.5). We find two sets of self-consistent rules:

where v1 = # (Once again, we have omitted those rules that can be derived from
topological invariance). Unlike the previous case, there is no closed form expression
for the wave function amplitude.

Note that the second solution, d, = 1_2—‘/5 does not satisfy the unitarity condition
(3.11). Thus, only the first solution corresponds to a physical topological phase. As
we will see, this phase is described by an SO3(3) x SO3(3) Chern-Simons theory.

As before, the exactly soluble realization of this phase (3.7) is a spin-1/2 model
with spins on the links of the honeycomb lattice. We regard a link with ¢* = —1
as being occupied by a type-1 string, and a link with ¢ = 1 as being unoccupied
(or equivalently occupied by a type-0 string). However, in this case we will not
explicitly rewrite (3.7) in terms of Pauli matrices, since the resulting expression is
quite complicated.

We now find the quasiparticles. These correspond to irreducible solutions of (3.18).
For this model, there are 4 such solutions, corresponding to 4 quasiparticles:

) _ _ o _ 1
1: mpo=1,m,1=0, Q=1 Qo0 =1

2: ngo=0, ng; =1, Qé,llo =1, (3.46)
09,11 = —5te™s, QL = 235

3: ngo =0, n3;1 =1, Qé,lw =1,
QB = —75'e ™, QB = ’7;1/26_3”i/5

4: ngo=1, ngy =1, Qg,ooo =1, Q}l,no =1,
Qioor = =755 QW =75 U = 7,
Q10 = Qon)* = %:11/4(2 — /5 4y, o735,
In all cases, Q = Q*.
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We can calculate the twists and the S-matrix. We find:

et =1, et = tm/5, s = A5 gt = (3.47)
Loy oy 7
1 —_ —

B v -1 v ¥ (3.48)

1+42| v »¥* -1 —
S T T
We conclude that W, creates trivial quasiparticles, W, W3 create (non-Abelian)
anyons with opposite chiralities, and W} creates bosonic bound states of the anyons.
These results agree with SO3(3) x SO3(3) Chern-Simons theory, the so-called doubled
“Yang-Lee” theory.

Researchers in the field of quantum computing have shown that the Yang-Lee
theory can function as a universal quantum computer - via manipulation of non-
Abelian anyons. [56] Therefore, the spin-1/2 Hamiltonian (3.7) associated with (3.46)
is a theoretical realization of a universal quantum computer. While this Hamiltonian
may be too complicated to be realized experimentally, the string-net picture suggests
that this problem can be overcome. Indeed, the string-net picture suggests that
generic spin Hamiltonians with a trivalent graph structure will exhibit a Yang-Lee
phase. Thus, much simpler spin-1/2 Hamiltonians may be capable of universal fault
tolerant quantum computation.

3.3.3 N =2 string-net models

In this section, we discuss two NV = 2 string-net models. The first model contains one
oriented string and its dual. In the notation from section 2.2, it is given by

1. Number of string types: N = 2
2. Branching rules: {{1,1,1},{2,2,2}}
3. String orientations: 1* = 2, 2* = 1.

The string-nets are therefore oriented trivalent graphs with Z; branching rules (see
Fig. 2-6d). The string-net condensed phases correspond to solutions of (3.5). Solving
these equations, we find one set of self-consistent local rules:

° (8 ©) = ()

(B> @)= (B

o (?a§> <) =@ (%’:[

The corresponding fixed-point wave function @ is simply the constant function: ®(X) =
1 for all X.

As before, we can construct an exactly soluble Hamiltonian, find the quasiparticles
and compute the twists and S-matrices. We find that ® is described by a Z3 gauge

=

b i

(3.49)

50



theory. There are 32 = 9 elementary quasiparticles. These quasiparticles are electric
charge/magnetic flux bound states formed from the 3 types of electric charges and 3
types of magnetic fluxes.

The final example we will discuss contains two unoriented strings. Formally it is
given by

1. Number of string types: N = 2
2. Branching rules: {{1,2,2},{2,2,2}}
3. String orientations: 1* =1, 2* = 2.

The string-nets are unoriented trivalent graphs, with edges labeled with 1 or 2 (see
Fig. 2-6¢). We find that there is only one set of self-consistent local rules:

~

(3.50)

where dy = d; = 1, dy = 2, and FZ™ is the matrix

1 1 1
2 2 V2
F22m _ 1 4 _1
2n % 21 V2
v A

If we construct the Hamiltonian (3.7), we find that it is equivalent to the stan-
dard exactly soluble lattice gauge theory Hamiltonian [13] with gauge group S - the
permutation group on 3 objects. One can show that this theory contains 8 elemen-
tary quasiparticles (corresponding to the 8 irreducible representations of the quantum
double D(S3)). These quasiparticles are combinations of the 3 electric charges and 3
magnetic fluxes.
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Chapter 4

String-net condensation and
quantum entanglement

In the previous two chapters, we described a physical picture and mathematical frame-
work for non-chiral topological phases. It might appear that we have a complete
theory of topological phases.

However, the theory of topological phases is still incomplete. There are several
problems that need to be addressed. In this chapter we focus on one of these prob-
lems: the problem of physical characterizing topological phases. At the moment, our
physical characterization of topological order is weak - much weaker then our charac-
terization of symmetry-breaking order. For example, we can easily detect symmetry
breaking order in a ground state wave function. To do this, one simply looks for long
range correlations (S;-S;). But we cannot detect topological order in a wave function.
Indeed, the only physical characterizations of topological order [19] involve properties
of the Hamiltonian - e.g. quasiparticle statistics [23], ground state degeneracy [68, 2],
and edge excitations [19)].

Yet we expect that topological order is a property of the ground state. Topologi-
cally ordered states are highly entangled and this entanglement is responsible for their
unusual properties. If topological order is in any way analogous to symmetry-breaking
order it should be a property of the ground state wave function.

This is a serious problem, not only conceptually, but also for practical reasons.
In recent years, many wave functions have been proposed as examples of topological
order such as Gutzwiller projected states [69], quantum loop gas wave functions [60],
and resonating dimer wave functions. [48] However, we cannot make sharp statements
about whether these states actually contain topological order.

In addition, this is a problem for numerical studies. For example, there is reason
to believe that the ground state of the J; — J; model - a spin-1/2 antiferromagnet
on the square lattice - is topologically ordered for some choices of parameters. But
we cannot establish this definitively since current techniques only allow us to look for
symmetry breaking order. [35, 34]

In this chapter, we remedy this problem. We demonstrate that topological order
is manifest not only in dynamical properties but also in the basic entanglement of
the ground state wave function. Furthermore, this entanglement can be detected in
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Figure 4-1: One can detect topological order in a state ¥ by computing the entangle-
ment entropies S, So, 3,54 of the above four regions, A, A, A3, A4. Here the four
regions are drawn in the case of the honeycomb lattice. Note that these regions have
been carefully designed so that A, differs from A, in the same way that A; differs
from Aj.

a disk-like region: there is no need to consider non-trivial topologies such as a torus
to detect topological order.

Our approach is based on the string-net condensation picture. String-net con-
densed states are highly entangled, and we described a method for detecting this en-
tanglement. The method involves computing a new quantity that we call “topological
entropy.” We would like to mention that a similar result was obtained independently
in the recent paper, Ref. [70].

This chapter is organized as follows. In section 4.1, we describe the main result.
In section 4.2, we explain the basic physical picture behind the result, and in section
4.3 we work out a simple example. In section 4.4, we derive the result for general
string-net models.

4.1 Main Result

We focus on the (24 1) dimensional case (though the result can be generalized to any
dimension). Let ¥ be an arbitrary wave function for some two dimensional lattice
model. For any subset A of the lattice, one can compute the associated quantum
entanglement entropy S4 = Tr(palogpa).[71] The main result of this chapter is
that one can determine the “total quantum dimension” D of ¥ by computing the
entanglement entropy S4 of particular regions A in the plane. Normal states have
D = 1 while topologically ordered states have D > 1. Thus, this result provides
a way to distinguish topologically ordered states from normal states, using only the
wave function.

More specifically, consider the four regions Ay, Az, A3, A4 drawn in Fig. 4-1. Let
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the corresponding von Neumann entanglement entropies be Sy, Sz, S3,54. Consider
the linear combination (S; — S2) — (S3 — S4) computed in the limit of large, thick
annuli, R, — oo. The main result of this chapter is that

(Sl - 52) - (83 - 84) = — log(D2) (41)

where D is the total quantum dimension of the topological order associated with
V. Here, D = )_,d? ! for a topological order described by a string-net condensate
(N, d;, E’T’n’;, d0ij). In the case of discrete gauge theories, D is simply the number of
elements in the gauge group.

We call the quantity (S1—.S2) — (S5 —.S4) the “topological entropy”, —Siep, since it
measures the entropy associated with the topological entanglement in ¥. The above
result implies that Siop is universal: it only depends on the type of topological order
encoded in W.

4.2 Physical picture

The idea behind (4.1) is that topologically ordered states contain nonlocal entangle-
ment. Consider, for example, the Kitaev toric code [13] - the zero coupling, exactly
soluble limit of Z, lattice gauge theory. The model is a spin-1/2 model in with spins
located on the links Z of the honeycomb lattice. The Hamiltonian is

H=-> T[] - II (4.2)

I legsof I p edges of p

where I,,p label the vertices, links, and plaquettes of the honeycomb lattice (see
Fig. 4-2).

This model is exactly soluble: all the different terms, [],o. of 7 07 204 [[ogges of p 75
commute with each other. The ground state |¥) is known exactly. The easiest way
to describe ¥ is in terms of strings. [72] One can think of each spin state as a string
state, where a o7 = —1 spin corresponds to a link occupied by a string and a of =1
spin corresponds to an empty link. In this language, ¥ is simple: ¥(X) = 1 for string
states X where the strings form closed loops, and ¥ vanishes otherwise.

All local correlations (¢fo§) vanish for this state. However, ¥ contains nonlocal
correlations. To see this, imagine drawing a curve C' in the plane (see Fig. 4-3). There
is a nonlocal correlation between the spins on the links crossing this curve: (W(C)) =
(ILicc 0F) = 1. This correlation originates from the fact that the number of strings
crossing the curve is always even. Similar correlations exist for more general states
that contain virtual string-breaking fluctuations. In the general case, the nonlocal
correlations can be captured by “fattened string operators” Wr,;(C) that act on spins
within some distance [ of C' where [ is the length scale for string breaking.

IThe usual definition of D is D = y/ Y. d2 where o runs over the quasiparticle types. This agrees
with the formula given in the text. The reason is that ¢ only runs over a subset of the quasiparticle
types - roughly speaking, those corresponding to “electric charges.” This subset has the property

that >, d? = /Y d2.
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Figure 4-2: A picture of a spin-1/2 model (4.2) that realizes Z, topological order. The
spins, denoted by open circles, are located on the links of the honeycomb lattice. The
term [], .., os  0F acts on the three spins adjacent to the vertex I, while J[oqzes ofp 05
acts on the six spins along the boundary of the plaquette p.

To determine whether a state is topologically ordered, one has to determine
whether the state contains such nonlocal correlations or entanglement. While it is
difficult to find the explicit form of the fattened string operators Wi,,[73] one can
establish their existence or non-existence using quantum information theory. The
idea is that if the string operators exist, then the entropy of an annular region (such
as A in Fig. 4-1) will be lower than one would expect based on local correlations.

The combination (S; — Ss) — (S3 — S4) measures exactly this anomalous entropy.
To see this, notice that (S; — Sz) is the amount of additional entropy associated with
closing the region A, at the top. Similarly, (S5 — Sy) is the amount of additional en-
tropy associated with closing the region A4 at the top. If ¥ has only local correlations
with correlation length & then these two quantities are the same up to corrections of
order O(e#/¢), since A,, A4 only differ by the region at the bottom. For such states,
limpg .o (S1 — S2) — (S3 — S4) = 0. Thus, a nonzero value for Sy, signals the presence
of nonlocal correlations and topological order.

The universality of Sy, can also be understood from this picture. Small defor-
mations of ¥ will typically modify the form of the string operators Wi, and change
their width I. However, as long as [ remains finite, (S; — S2) — (S3 —S4) will converge
to the same value when the width r of the annular region is larger than .

4.3 A simple example

Let us compute the topological entropy of the ground state ¥ of the Z» model and
confirm (4.1) in this case. We will first compute the entanglement entropy Sg for an
arbitrary region R. To make the boundary more symmetric, we split the sites on the
boundary links into two sites (see Fig. 4-4). The wave function ¥ generalizes to the
new lattice in the natural way.

We will decompose ¥ into ¥ = >, Ui"Wpu where W} are wave functions of spins
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Figure 4-3: The state U contains nonlocal correlations originating from the fact that
strings always cross a curve C' an even number of times. These correlations can be
measured by a string operator W (C') (blue curve). For more general states, a fattened
string operator Wi, (C') (blue region) is necessary.

Figure 4-4: A simply connected region R in the honeycomb lattice. We split the sites
on the boundary links into two sites labeled %,, and j,,, where m =1,....n

inside R, U§" are wave functions of spins outside R, and ! is a dummy index. A
simple decomposition can be obtained using the string picture. For any qi, ..., ¢y,
with ¢, = 0,1, and >, g even, we can define a wave function \I!:I" g, ON the spins
inside of R: \I/"‘ o (X) = 1if (a) the strings in X form closed loops and (b) X
satisfies the boundary condition that there is a string on ,, if ¢,, = 1, and no string
if g, = 0. Similarly, we can define a set of wave functions W™ _ on the spins outside
of R.

If we glue U™ and ¥°“ together - setting ¢,, = 7, for all m - the result is .
Formally, this means that

g1,y q1---,q9n

U = Z \IJi" \Ijo“t (43)

q1+...+q; even

It is not hard to see that the functions {¥» 3 ¢, even}, and {wpe

Y m Tm even} are orthonormal. Therefore, the density matrix for the region R i is an
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equal weight mixture of all the {¥ _ : 3  gm even}. There are 2"~! such states.
The entropy is therefore S = (n — 1)log2. [71]

This formula applies to simply connected regions like the one in Fig. 4-4. The same
argument can be applied to general regions R and leads to Sg = (n — j) log 2, where
n is the number of spins along OR, and j is the number of disconnected boundary
curves in JR.

We are now ready to calculate the topological entropy associated with ¥. Accord-
ing to (4.1) we need to calculate the entropy of the four regions shown in Fig. 4-1.
From Sg = (n — j)log 2, we find

S1 = (n1—2)log2
Sy = (ng—1)log2
Ss3 (n3 — 1) log2
Sy (ng — 2)log2

where n, ng, n3, ng are the number of spins along the boundaries of the four regions.
The topological entropy is therefore

—Stop = (n1 — N2 — ng + ng — 2) log2

But the four regions are chosen such that (n; — ny) = (n3 — ng). Thus the size
dependent factor cancels out and

—Siop = —2log 2 = — log(2?)

This agrees with (4.1) since the total quantum dimension of Z; gauge theory is D = 2.

4.4 General string-net models

To derive (4.1) in the general (parity invariant) case, we compute the the topological
entropy for the exactly soluble string-net models discussed in chapter 3. The ground
states of these models describe all (2 + 1) dimensional parity invariant topological
orders. Recall that the models and the associated topological orders are characterized
by several pieces of data: (a) An integer N - the number of string types. (b) A
completely symmetric tensor d;j, where ¢,j,k =0,1,..., N and d;; only takes on the
values 0 or 1. This tensor represents the branching rules: three string types i, 7, k
are allowed to meet at a point if and only if 6;;, = 1. (c) A dual string type ¢*
corresponding to each string type i. This dual string type corresponds to the same
string, but with the opposite orientation. (d) A real tensor d; and a complex tensor
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Figure 4-5: A typical string-net state on the honeycomb lattice. The empty links
correspond to spins in the ¢ = 0 state. The orientation conventions on the links are
denoted by arrows.

FJ™ satisfying the algebraic relations

ijk .
Fring = -0
V;Vj
ijm __ lkm* _ pjim __ imj “mon
Fkl'n - Fjin - flkn* T Fk*nl
;0
N
mlq jip js*n __ pjip rig*
§ :ka*nans* Flkr* - tg*kr* les"‘
n=0
ijmyx __ i*i*m*
(Flcln ) = F, **n* (44)

where v; is defined by v; = v = v/d;. For each set of (FJ™, d;, 0ij1) satisfying these
relations, there is a corresponding exactly soluble topologically ordered spin model.

The spins in the model are located on the links k£ of the honeycomb lattice.
However, the spins are not usual spin-1/2 spins. Each spin can be in N + 1 different
states which we will label by ¢ = 0,1, ..., N. The Hamiltonian of the model involves a
12 spin interaction. The model is known to be gapped and topologically ordered and
all the relevant quantities - ground state degeneracies, quasiparticle statistics, etc.,
can be calculated explicitly (see chapter 3).

The ground state wave function @ is also known exactly. It is easiest to describe
using the string-net language. One first needs to pick an orientation for each link
on the honeycomb lattice. When a spin is in state i, we think of the link as being
occupied by a type-i string oriented in the appropriate direction. If a spin is in state
¢ = 0, then we think of the link as empty. In this way spin states correspond to
string-net states (see Fig. 4-5).

If a spin configuration {ix} corresponds to an invalid string-net configuration -
that is, a string-net configurations that doesn’t obey the branching rules defined by
d;jk - then ®({ix}) = 0. On the other hand, if {ix} corresponds to a valid string-net
configuration then the amplitude is in general nonzero. What are these amplitudes?
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These amplitudes are determined uniquely by the local constraints

where the shaded areas represent other parts of the string-nets that are not changed.
Also, the type-0 string is interpreted as the no-string (or vacuum) state. The first
relation (4.5) is drawn schematically. The more precise statement of this rule is that
any two string-net configurations on the honeycomb lattice that can be continuously
deformed into each other have the same amplitude. In other words, the string-net
wave function ® only depends on the topologies of the network of strings.

Recall that by applying these relations multiple times, one can compute the am-
plitude for any string-net configuration (on the honeycomb lattice) in terms of the
amplitude of the vacuum configuration. Thus, (4.5-4.8) completely specify the ground
state wave function ® (see chapter 3).

Let us first compute the von Neumann entropy Sg of the exact ground state wave
function ® for a simply connected region R (see Fig. 4-4). Again we split the site on
the boundary links into two sites. We decompose ® into ® = ), ®I"P"* where P
are wave functions of spins inside R, ®¢"* are wave functions of spins outside R, and
l is some dummy index.

A wave function @™ on the spins inside of R can be defined as follows. Let
{ix} be some spin configuration inside of R. If {ix} doesn’t correspond to a valid
string-net configuration - that is one that obeys the branching rules, then we define
®'"({ig}) = 0. If {ix} does correspond to a valid string-net configuration, then we
define ®({ix}) using the graphical rules (4.5-4.8).

However, there is an additional subtlety. Recall that in the case of ®, the graphical
rules could be used to reduce any string-net configuration to the vacuum configura-
tion. To fix @, we defined ®(vacuum) = 1.

In this case, since we are dealing with a region R with a boundary, string-net con-
figurations cannot generally be reduced to the vacuum configuration. However, they
can be reduced to the tree-like diagrams X, ;) shown in Fig. 4-6a. Thus, to define
&' we need to specify the amplitude for all of these basic configurations. There are
multiple ways of doing this and hence multiple possibilities for ®". Here, we will
consider all the possibilities. For any labeling ¢, ..., gn, s1, ..., Sp_3 of the string-net
in Fig. 4-6(a), we define a wave function @} by s (X(¢.#1) = (g}, (¢}0(s) {7}
Starting from these amplitudes and using the graphical rules (4.5-4.8) we can deter-
mine <I)'{‘; 5 (X) for all other string-net configurations. In the same way, we can define
wave functions @‘{’;‘;} on the spins outside of R through @‘{’;‘;} (Yir0y) = 04} (043,42}
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Figure 4-6: The basic string-net configurations (a) Xy, for inside R and (b) Y4
for outside R.
t

1§)

th-3

Figure 4-7: The string-net configuration Z, ,, obtained by “gluing” the configura-
tion Xy to Yirgy-

where the Y}, are shown in Fig. 4-6(b).

Now consider the product wave functions @‘{‘;’ s}q)‘{"r‘ft}. These are wave functions

on the all the spins in the system - both inside and outside R. They can be generated
from the amplitudes for the string-net configurations Z4 s in Fig. 4-T:

out

s 2y (Zig o)) = Otay '} Osr 41O 1} Ot )

On the other hand, it is not hard to show that for the ground state wave function
®, the amplitude for Z(, .4 is

®(Z(g5r1)) = Sta1irySesn(y | [ (V/an)

Comparing the two, we see that

=Y g0 moene [ [(Vda) (4.9)

{g,s,r,t}, m

It turns out that the wave functions {®{, ,,} are orthonormal, as are the {®"}}
(see appendix A.6). This means that we can use them as a basis. If we denote
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®%t, by |{q,s,7,t}), then in this basis, the wave function ® is

{q s} = {rt}

({q, 8,7, t}|®) = 0¢g},{r}01e} {1 H(V dg,,)

(4.10)

The density matrix for the region R can now be obtained by tracing out the spins

outside of R, or equivalently, tracing out the spin states |[{r,t}):
{ds'HorHa, s}) = b0 0180530 ] ] dam
m

To normalize pr, we need to compute its trace. Note that

Tr(PR) = ZHdQ'm

{g.s} m
= Y N [ dn
{a} m

where Nig is the number of allowed labelings of {s} for a given {q}.

expression

Nigy = Z‘SMZSI‘SSI%% “** Osn_3gn-14n
{s}

and the ldentlty Zi dlézgk = d]dk, we find

Tr(pr) = ZN{Q}Hde =D~
{q} m
where D = Y, di. Thus, the normalized density matrix pg is

m Qam
Dn 1

({d, s’} prl{q, s}) = 0(q}, (g} (s} 45}

(4.11)

Using the

(4.12)

(4.13)

Since the density matrix is diagonal, we can easily obtain the entanglement entropy

for Sg. Taking —Trpg log pr, we find

d d
Sp = - 3 Lnten g (1)

{a,s}

_ ZN{q}H dqml og Hz qQ
Dn—— Dn 1

{g}

Expanding and rearranging, the expression simplifies to

N d
Sk = (n—1)log(D) Y {"}Dgl qubg dg)
{4}
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Reversing the order of the two summations,

N d,
SR = (’I’L—l log ZZIOg ql '{q—}DI—In__mTq_
! {q}

= (n-1)log(D) — ZZ

l ql—O

Z Nigy H dy.,

{gm:m#l} m#l

= (n—1)log(D) — ZZD‘” log(dg,) - dg D"

log

I q=0
N d2
= (n—1)log(D)~ Y > 2 log(dy)
I =0
N d2
= (n—1)log(D) —n Y 7 log(d)
k=0

where the third equality follows from the same manipulations as (4.12). Rewriting
this so that the finite size correction is manifest, we derive

2
Sg = —log(D) — "Z % log (%) (4.14)

This result applies to simply connected regions like the one shown in Fig. 4-1. The
same argument can be applied to general regions R. In the general case, we find

Sgr = —jlog(D) —nz dk log ((j;> (4.15)

where 7 is the number of spins along R, and j is the number of disconnected bound-
ary curves in OR.

We can now calculate the topological entropy associated with ®. Applying (4.15),
we find

S1 = —2logD —nysg
Sy = —logD — nysy
S; = —logD — n3sg
Sy = —2logD — n4sy

where n;, ny, n3, ng are the numbers of spins along the boundaries of the four regions,
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and

The topological entropy is therefore
—Stop = —2log D + (n1 — ng — ng + ny)so = —2log D

in agreement with (4.1). This establishes (4.1) for the exactly soluble string-net
models.

To prove (4.1) more generally we appeal to universality. By the argument pre-
sented in section 4.2, the topological entropy is universal throughout each quantum
phase. Therefore, the previous result implies that (4.1) holds for general string-net
condensed states, not just the above exactly soluble points. Since string-net con-
densation describes all non-chiral topological phases, this establishes (4.1) for general
non-chiral topological orders. We believe (4.1) also holds for chiral topological orders.
This was established using different methods in the recent paper [70].
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Chapter 5

Conclusion

5.1 Summary of results

In this thesis, we have shown that the string-net picture can provide many of the
components of a Landau-like framework for topological phases. In particular, we
have shown that it can provide a physical picture and mathematical framework for
these phases (see Fig. 5-1).

The physical picture we have presented was based on the phenomenon of “string-
net condensation.” If a spin model happens to have local energetics which favor
string-like configurations of spins, and these string-like configurations become highly
fluctuating and condense, the spin model can enter a string-net condensed phase.
These string-net condensed phases are naturally non-chiral topological phases. Thus,
string-net condensation provides a physical picture for non-chiral topological phases -
analogous in many ways to the particle condensation picture for ordered phases. We
hope that this physical picture may help direct the search for topological phases in
frustrated quantum magnets. It may also be useful in the search for non-topological
exotic phases.

We have also shown that string-net condensation can give a mathematical frame-
work for topological phases. This framework is tensor category theory. We have
shown that each (2 + 1) dimensional non-chiral topological phase is associated with
a tensor category - a 6 index object F,:{:Z” and a set of real numbers d; satisfying
the algebraic relations (3.5). All the universal properties of the topological phase
are contained in the associated tensor category. In particular, the tensor category di-
rectly determines the quasiparticle statistics of the associated topological phase (3.24,
3.26). Thus tensor categories can be used to classify non-chiral topological phases in
the same way that groups can be used to classify ordered phases.

We have constructed exactly soluble spin Hamiltonians (3.7) that demonstrate
this physical picture and mathematical framework. These models are very general
and can realize all non-chiral topological phases. Their generality comes at a price,
however - the models require 12 spin interactions.

These results were derived for string-net condensation in (2 + 1) dimensions. We
have also investigated the consequences of string-net condensation in (3 + 1) dimen-
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Degenerate gd. states

PhySical Fraq{iqngl statistics
characterization | Topological entropy
Low energy Topological quantum

. field theory
effective theory

Physical picture

Mathematical
framework

Figure 5-1: The four basic components of the theory of topological phases. In this the-
sis, we have filled in the bottom two boxes. We have shown that the physical picture
for topological phases is string-net condensation, while the mathematical framework is
tensor category theory. We have also shown that topological phases are characterized
by nonzero topological entanglement entropy.

sions. In that case, we found that string-net condensation naturally gives rise to
gauge theories coupled to bosonic or fermionic charges. Thus, string-net condensa-
tion provides a mechanism for unifying Fermi statistics and gauge interactions. This
result may have implications for high energy physics. [14, 15, 17, 16]

Finally, we have shown that topological order can be detected in the wave function
just like normal order. Instead of being encoded in local correlation functions, topo-
logical order is encoded in nonlocal correlations or entanglement. We have shown that
a quantity called “topological entropy” can measure this nonlocal entanglement. In
addition to its applications to numerical studies, this result is important conceptually.
It gives a deeper understanding of what topological order actually is. Topological or-
der is fundamentally a kind of non-local quantum entanglement. To move beyond the
Landau paradigm, we need to develop new tools to handle this entanglement.

5.2 New directions

While it may seem that our theoretical framework for topological phases is complete,
there are still many missing pieces.

First, and perhaps most importantly we are missing a crucial component of Lan-
dau theory: mean field theory. We do not have a good mean field approach for exotic
phases (since the slave particle formalism is likely unreliable). Because of this, ana-
lytical results have been restricted to special exactly soluble points. We cannot make
predictions about where topological phases and exotic phases should occur in real
materials. We cannot bridge the gap between theory and experiment. Thus, a good
mean field approach would represent a breakthrough in the theory of exotic phases. A
natural direction for research would be to develop such a mean field theory using the
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string-net picture. Such a mean field theory would be particularly well suited to spin
models whose low energy physics is described by strings or dimers. More generally,
if one could combine this approach with projected entangled pair states - a recent
development in quantum information theory [74] - one might be able to develop a
very general mean field technique for frustrated quantum magnets.

Another interested direction involves the question of phase transitions. Recall that
Landau theory is not only a theory of phases, but also a theory of phase transitions.
It would be useful to have a similar framework for phase transitions in topological
phases. At the very least, one should be able to predict what pairs of topological
phases can be separated by a second order phase transition.

Yet another direction would be to generalize the string-net picture to chiral topo-
logical phases. At the moment, the string-net picture only works for non-chiral phases.
Only these phases can occur when extended objects condense. However, there must
be a related picture that can explain chiral phases. This would be particularly useful
given the fact that the quantum Hall states are chiral.

Also, the string-net picture is not the only picture for exotic phases in spin systems.
Another way of constructing exotic states is the slave particle approach. In this
approach, the spin operator is written as a fermion or boson bilinear and the spin
Hamiltonian is mapped onto a fermion or boson Hamiltonian where the fermions or
bosons are coupled via a gauge field. The slave particle approach and the string-net
approach must be connected, but at the moment the precise connection is missing.
Where are the strings in the slave particle states? This is an open question.

Finally, there are a number of new directions related to the concept of topological
entropy. Topological entropy could potentially be a useful numerical tool for detect-
ing topological order. A natural problem to consider is the J; — J3 model on the
Heisenberg lattice. This model is suspected of being topologically ordered in certain
parameter regimes, but current methods can only probe symmetry-breaking order in
the ground state. [35, 34] It would be interesting to compute the topological entropy
for this model. This would be the first example of topological order in an SU(2)
invariant system. In fact, it would be the first example of a spin liquid.

A related direction is whether there exist concepts analogous to topological en-
tropy for gapless exotic phases. Can one detect gapless quantum order in a wave
function? In general, to what extent are dynamics encoded in ground state wave
functions?

From a more general point of view, all of the phases described by Landau’s sym-
metry breaking theory can be understood in terms of particle condensation. These
phases are classified using group theory and lead to emergent gapless scalar bosons
[75, 76], such as phonons, spin waves,etc . In this thesis, we have shown that there
is a much richer class of phases - arising from the condensation of extended objects.
These phases are classified using tensor category theory and lead to emergence of
anyons, fermions, and gauge interactions. Clearly, there is whole new world beyond
the paradigm of symmetry breaking and long range order. It is a virgin land waiting
to be explored.
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Appendix A

Mathematics of string-net
condensation

A.1 General string-net models

In this section, we discuss the most general string-net models. These models can de-
scribe all doubled topological phases, including all discrete gauge theories and doubled
Chern-Simons theories.

In these models, there is a “spin” degree of freedom at each branch point or node
of a string-net, in addition to the usual string-net degrees of freedom. The dimension
of this “spin” Hilbert space depends on the string types of the 3 strings incident on
the node.

To specify a particular model one needs to provide a 3 index tensor d;jx which
gives the dimension of the spin Hilbert space associated with {i, 7, k} (in addition to
the usual information). The string-net models discussed in the body of the thesis
correspond to the special case where d;;, = 0,1 for all 4, j, k. (To get intuition about
the more general d;; note that in the case of gauge theory, d;;x is the number of copies
of the trivial representation that appear in the tensor product i ® 7 ® k. Thus we
need the more general string-net picture to describe gauge theories where the trivial
representation appears multiple times in i ® j ® k).

The Hilbert space of the string-net model is defined in the natural way: the
states in the string-net Hilbert space are linear superpositions of different spatial
configurations of string-nets with different spin states at the nodes.

One can analyze string-net condensed phases as before. The universal properties
of each phase are captured by a fixed-point ground state wave function ®. The wave
function @ is specified by the local rules (3.1), (3.2) and simple modifications of (3.3),
(3.4):

DG d( A )

nuv
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The complex numerical constant Fya* is now a complex tensor (Fir )i of dimension
5ijm X 5klm* X 5inl X 5jkn*‘

One can proceed as before, with self-consistency conditions, fixed-point Hamilto-
nians, string operators, and the generalization to (3 + 1) dimensions. The exactly
soluble models are similar to (3.7). The main difference is the existence of an ad-
ditional spin degree of freedom at each site of the honeycomb lattice. These spins
account for the degrees of freedom at the nodes of the string-nets.

A.2 Argument for local constraint equations

In this section we give a heuristic argument for why fixed point wave functions can
be described as the unique solution of local constraint equations on string-net wave
functions.

Suppose @ is some fixed-point wave function. We know that ® is the ground state
of some fixed-point Hamiltonian H. Based on our experience with gauge theories, we
expect that H is a zero coupling fixed point. That is, H contains no string tension
terms. This means that H is simply a sum of local kinetic energy terms, H,;:

H=tH=t) H,

We expect that all the kinetic energy terms commute with each other. Thus, H is
completely unfrustrated, and the ground state wave function minimizes the expec-
tation values of all the kinetic energy terms {H;;} simultaneously. Minimizing the
expectation value of an individual kinetic energy term H,; is equivalent to imposing
a local constraint on the ground state wave function, namely H;;|®) = E;|®) (where
E; is the smallest eigenvalue of H;;). We conclude that the wave function ® can
be specified uniquely by local constraint equations. The local constraints are lin-
ear relations between several string-net amplitudes ®(X;), ®(X3), ®(X3)... where the
configurations X, X3, X3... only differ by local transformations (e.g. transformations
generated by the local kinetic energy operators H ;).

A.3 Self-consistency conditions
In this section, we derive the self-consistency conditions (3.5). We begin with the
last relation, the so-called “pentagon identity”, since it is the most fundamental. To

o
derive this condition, we use the fusion rule (3.4) to relate the amplitude @ ( ‘& )
k

j |
to the amplitude ® ( 73 ) in two distinct ways (see Fig. A-1). On the one hand,
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Figure A-1: The fusion rule (3.4) can be used to relate the amplitude of (a) to the
amplitude of (¢) in two different ways. On the one hand, we can apply the fusion rule
(3.4) twice - along the links denoted by solid arrows - to relate (a) — (b) — (c). But
we can also apply (3.4) three times - along the links denoted by dashed arrows - to
relate (a) — (d) — (e) — (c). Self-consistency requires that the two sequences of the
operation lead to the same linear relations between the amplitudes of (a) and (c).

we can apply the fusion rule (3.4) twice to obtain the relation

i, "q I g A
— Jvp
® [ =N"Fir .o
i m r I m
2 : jip Tig* j <!
= Fq*kr*les*q) ) r
r.s 1 m

(Here, we neglected to draw a shaded region surrounding the whole diagram. Just as
in the local rules (3.1-3.4) the ends of the strings i, j, k, , m are connected to some
arbitrary string-net configuration). But we can also apply the fusion rule (3.4) three
times to obtain a different relation:

jpkq I mlq J -
® L =ZF’°P*W(I) Xof

K
.. i ]
_ E : mlq pojip X
- ka*nans*q) (
n.s i m
; K
. . j |
- mlq rjip js*n
- § :ka*nans* Flkr* o TS
n,r,8 : m

If the rules are self-consistent, then these two relations must agree with each other.

AN

Thus, the two coefficients of & 73 ) must be the same. This equality implies the

pentagon identity (3.5).
The first two relations in (3.5) are less fundamental. In fact, the first relation is
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(©) (d)

Figure A-2: Four string-net configurations related by tetrahedral symmetry. In dia-
gram (a), we show the tetrahedron corresponding to GZ™. In diagrams (b), (c),(d),
we show the tetrahedrons GY™, G, G+l obtained by reflecting (a) in 3 different
planes: the plane joining n to the center of m, the plane joining m to the center of n,
and the plane joining ¢ to the center of k. The four tetrahedrons correspond to the

four terms in the second relation of (3.5).

not required by self-consistency at all; it is simply a useful convention. To see this,
consider the following rescaling transformation on wave functions ® — ®. Given a
string-net wave function @, we can obtain a new wave function ® by multiplying the
amplitude ®(X) for a string-net configuration X by an arbitrary factor f(z,7, k) for
each vertex {4, j, k} in X. Aslong as f(i, j, k) is symmetric in ¢, j, k and f(0,4,%*) = 1,
this operation preserves the topological invariance of ®. The rescaled wave function
& satisfies the same set of local rules with rescaled Fya:

ijm f(?ﬂ j) m)f(k7 lv m*)
5 n, 10 G, B (A1)

Since ® and ® describe the same quantum phase, we regard F and F' as equivalent
local rules. Thus the first relation in (3.5) is simply a normalization convention for F'
or @ (except when 4, or k vanishes; these cases require an argument similar to the
derivation of the pentagon identity).

The second relation in (3.5) has more content. This relation can be derived by
computing the amplitude for a tetrahedral string-net configuration. We have:

n . " A
@ )= e (D]

( : ki n
=FImFped dy® (m)

ijm ijm
Fkln - Fk:ln -

=Fyin Finwd Fino " dididn®(0) (A.2)
=Fir oo ®(0) (A.3)

We define the above combination in the front of ®(0) as:
Gim = Fnvivjueu (A.4)

Imagine that the above string-net configuration lies on a sphere. In that case, topo-
logical invariance (together with parity invariance) requires that G} be invariant
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Figure A-3: The fattened honeycomb lattice. The strings are forbidden in the shaded
region. A string state in the fattened honeycomb lattice (a) can be viewed as a
superposition of string states on the links (b).

under all 24 symmetries of a regular tetrahedron. The second relation in (3.5) is
simply a statement of this tetrahedral symmetry requirement - written in terms of
FJI™. (See Fig. A-2).

In this section, we have shown that the relations (3.5) are necessary for self-
consistency. It turns out that these relations are also sufficient. One way of proving
this is to use the lattice model (3.7). A straightforward algebraic calculation shows
that the ground state of (3.7) obeys the local rules (3.1-3.4), as long as (3.5) is
satisfied. This establishes that the local rules are self-consistent.

A.4 Graphical representation of the Hamiltonian

In this section, we provide an alternative, graphical, representation of the lattice
model (3.7). This graphical representation provides a simple visual technique for
understanding properties (a)-(c) of the Hamiltonian (3.7).

We begin with the 2D honeycomb lattice. Imagine we fatten the links of the lattice
into stripes of finite width (see Fig. A-3). Then, any string-net state in the fattened
honeycomb lattice (Fig. A-3a) can be viewed as a superposition of string-net states
in the original, unfattened lattice (Fig. A-3b). This mapping is obtained via the local
rules (3.1-3.4). Using these rules, we can relate the amplitude ®(X) for a string-net
in the fattened lattice to a linear combination of string-net amplitudes in the original
lattice: ®(X) = Y a;®(X;). This provides a natural linear relation between the
states in the fattened lattice and those in the unfattened lattice: |X) = ) a;|X;).
This linear relation is independent of the particular way in which the local rules
(3.1-3.4) are applied, as long as the rules are self-consistent.

In this way, the fattened honeycomb lattice provides an alternative notation for
representing the states in the Hilbert space of (3.7). This notation is useful because
the magnetic energy operators By, are simple in this representation. Indeed, the action

b h

s °> is equivalent to simply adding

1 LY

of the operator By, on the string-net state
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Figure A-4: The action of B, is equivalent to adding a loop of type-s string. The
resulting string-net state (a) is actually a linear combination of the string-net states
(b). The coefficients in this linear relation can be obtained by using the local rules
(3.1-3.4) to reduce (a) to (b).

a loop of type-s string:

bhc

Lo%y e
K el
a linear combination of the physical string-net states with strings only on the links,
that is to reduce Fig. A-4a to Fig. A-4b. This allows us to obtain the matrix elements
of By,
The following is a particular way to implement the above procedure:

As we described above, we can use the local rules (3.1-3.4) to rewrite

0 * *
> R R F PO Fl g e

glhlilj/k.lll

* bg*h di* *k k*l l*g
FJ] Fk’;kng”sl/»F ;qh/ /aFChlh/:F 3 /Jn Fe;jk/ /*Ff*l/kuFa ’l"'

S’L,'

= Y FELFMOFLL
,h"l’]’k’l,

Z pboth ki padit ko pfk*l pal®
sgh/ I * FC /h"F ! J Fejk/ /‘FfllkltFa %It

nlelt
Ih/ /kl[l

(A.5)

Notice that (A.5) is exactly (3.10). Thus, the graphical representation of B, agrees
with the original algebraic definition.
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Using the graphical representation of B;, we can easily show that Bp} and Bp}
commute. The derivation is much simpler then the more straightforward algebraic
calculation. First note that these operators will commute if p;, po are well-separated.
Thus, we only have to consider the case where p; and p. are adjacent, or the case
where p;, p2 coincide. We begin with the nearest neighbor case. The action of
B;! B2 on the string-net state Fig. A-5a can be represented as Fig. A-5b. Fig.
A-5b can then be related to a linear combination of the string-net states shown in
Fig. A-5c. The coefficients in this relation are the matrix elements of B! Bp2. But
by the same argument, the action of By B! can also be represented by Flg * A-5b.
We conclude that Bp2 By, By B ha.ve the same matrix elements. Thus, the two

P2 Py’
operators commute in this case.

On the other hand, when p, = p,, we have

s2 ps1 |
BB

j: 51870 |, ;
- F 32k'

—ZF *sok*

=3 G [C (A.6)
k
Thus,
B2BY = Spese BL. (A7)
k

Since 0+s,5, is symmetric in s3, s1, we conclude that B! B;? = Bp?BJ!, so the oper-
ators commute in this case as well. This establishes property (a) of the Hamiltonian
(3.7).

Equation (A.7) also sheds light on the spectrum of the B; operators. Let the si-
multaneous eigenvalues of B, (with p fixed) be {b3}. Then, by (A.7) these eigenvalues

satisfy
Z‘sk*szslbq — bszbs1
k

We can view this as an eigenvalue equation for the (N+1)x(/N+1) matrix M;,, defined
by M, j = 0j+s,i- The simultaneous eigenvalues bj? are simply the simultaneous
eigenvalues of the matrices M,,. In particular, this means that the index ¢ ranges

over a set of size N + 1.

Each value of ¢ corresponds to a different possible state for the plaquette p. The

75



2ok Lok 2 A
aYl ka I Y@TKEBIYC’ aY,l jT,k IY’d
hiq p me h~—~q_p ~o_n )Te hiq’ p”l\o’ n’)Te

Y hg Y h hg he

g f g f g f

(a) (b) (c)

Figure A-5: The action of Byl B;2 on the string-net state (a) can be represented by
adding two loops of type-s; and type-s, strings as shown in (b). The string-net state
(b) is a linear combination of the string-net states (c). The coefficients are obtained
by using (3.1 -3.4) to reduce (b) to (c).

magnetic energies of these N + 1 different states are given by: E, = — > asbj.
Depending on the parameter choice a,, all on the plaquettes p will be in one of these
states ¢. In this way, the Hamiltonian (3.7) can be in N + 1 different quantum phase.
This establishes property (b) of the Hamiltonian (3.7).

One particular state ¢ is particularly interesting. This state corresponds to the
simultaneous eigenvalues b° = ds. It is not hard to show that the parameter choice
as = f??f makes this state energetically favorable. In fact, using (A.7) one can show

k

that B, is a projector for this parameter choice, and that B, = 1 for this state.

Furthermore, the ground state wave function for this parameter choice obeys the
local rules (3.1-3.4). One way to see this is to compare Bp’i—/?\ﬂ> with Bpli‘\f’f/‘i>.
For the first state, we find

B = S )
25 |
~Zvlz§rd2\i>

For the second state, we find the same result:

By} = X o)

.‘ i>

It follows that

o= (- [mfs) -~ [a)
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Figure A-6: The action of the string operator W, (P) is equivalent to adding a type-a
string along the path P. The resulting string-net state can be reduced to a linear
combination of states on the honeycomb lattice, using the local rules (3.1-3.4), (A.8).

” ® (/o) =2 (‘_\ﬂ/‘i)

This result means that the strings can be moved through the forbidden regions at the
center of the hexagons. Thus, the local rules which were originally restricted to the
fattened honeycomb lattice can be extended throughout the entire 2D plane. The
wave function ® obeys these continuum local rules and has a smooth continuum limit.
We call such a state smooth topological state. This establishes property (c) of the
Hamiltonian (3.7).

We would like to mention that the wave functions of some smooth topological
states are positive definite. So these wave functions can be viewed as the Boltzmann
weights of statistical models in the same spatial dimension. What is interesting is that
these statistical models are local models with short-ranged interactions [57, 58, 77].

A.5 Graphical representation of the string opera-
tors

In this section, we describe a graphical representation of the long string operators
W,(P). Just as in the previous section, this representation involves the fattened
honeycomb lattice. The action of the string operator W, (P) on a general string state
X, is simply to create a string labeled a along the path P (see Fig. A-6). The
resulting string-net state can then be reduced to a linear combination of string-net
states on the unfattened lattice. The coefficients in this linear combination are the
matrix elements of Wy (P).

However, none of the rules (3.1-3.4) involve strings labeled «, nor do they allow for
crossings. Thus, the reduction to string-net states on the unfattened lattice requires

new local rules. These new local rules are defined by the 4 index objects 7 ..

a,sti? a,sti?

(s



and the integers nq ;:

o
= Y @3
>‘L<> (A.8)

= Z(Qi,sti)d‘r i s

jst

Here, o, 7 are the two indices of the matrix Q’jt (Until now, we’ve neglected to write
out these indices explicitly).

After applying these rules, we then need to join together the resulting string-nets.
The “joining rule” for two string types s;, s is as follows. If s; # s2, we don’t join
the two strings: we simply throw away the diagram. If s; = s5, then we join the two
strings and contract the two corresponding indices o, 05. That is, we multiply the
two 2 matrices together in the usual way. Using the same approach as (A.5), one
can show that the graphical definition of W, (P) agrees with the algebraic definition
(3.15).

In the previous section, we used the graphical representation of B}, to show that
these operators commute. The string operators W,(P) can be analyzed in the same
way. With a simple graphical argument one can show that the string operators W, (P)
commute with the magnetic operators B;, provided that (3.1-3.4),(A.8) satisfy the
conditions

loE)-——k> = |j>—ak> (A.9)

ity

>5)

F"Ji{'> . (A.10)

These relations are precisely the commutativity conditions (3.18), written in graphical
form.

A.6 Orthonormality

In this section, we show that the set of wave functions { ‘{’; s} are orthonormal (the
same argument applies to the wave functions {@‘{’;""s} )-

First, we rephrase the problem in a more convenient language. Suppose X is some
string-net configuration inside R. If we apply the graphical rules we can calculate the
amplitude of X in terms of the basic configurations Xy, o:

(I)(X) = Z C{q,s} (X)(I)(X{q,s})
{a,s}
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Notice that the coefficient in this expansion is nothing but the wave function ® (o,

PP (X)) = cga(X)

Thus, we can establish the orthonormality of ¢>‘{" s} from the orthonormality of the
coefficients c(q 5. But these coefficients are simply the result of applying the graphical
rules many times in succession. Therefore, it suffices to show that the coefficients in
the graphical rules are orthonormal.

Only two rules are necessary to reduce an arbitrary configuration X to Xy, ).
The first is (3.4):

(A.11)

fID( . ) =Y Fird

This rule can be written as

n

where Y7,,X,, are the string-net configurations on the left and right hand sides respec-
tively. The coefficients are therefore c,(Y;) = Fyi,'. We need to establish that

> en(Ym)(cp(Ym))™ = 6np

This can be derived from the relations in (4.4). First, substitute i = 0, p = 5*, s = m*
into the third relation in (4.4). This gives

N

l .
> RO Firt = FU L FL

kjn - mnm mlm
n=0

Applying the first and second relation, we find FZ%" = 6,mn, F 0 = k0, FIOT =
dgmidgr- The identity simplifies to

mlg prjmn
E :F ‘Flkr* - 5qr5jq*k54ml

kjn

Applying the second relation and the last relation, we find F,Z’ff (Ff,g") S0

N
Jmn jmn. )
§ : lkq* Flkr* - 5qr5]q*k5qml

n=0
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If X,,, X, are valid string-nets, then d;;,0,+;x = 1, and we arrive at the required result:

N

jmnyx pijmn __
§ :(Fllkq*) Ekr* - 6‘1”'
n=0

The second rule is a generalization of (3.3) that also incorporates (3.2):

This rule can be written as

did,

®(Yijk1) = Oim0ijOiki )

(Xm)

The coefficients cpm(Yijki) = 0im0ijOikiy/ d—;;fﬂ satisfy the relation

did
Z em(Yijur) (en(Yijir))* = Z 5im5in5ij6i*kl%
gkl ijkl ?
_ did;
- 5mn Z _di—(s'i*kl
el
= OmnD

Thus, this rule also preserves orthonormality (up to an irrelevant constant).

Since the coefficients c{qs(X) are obtained by applying these two rules many
times in succession, they must also be orthonormal. Hence, the wave functions s}
are orthonormal, as claimed.
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