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Abstrsact

One of the most interesting problems in modern
physics 1s the determination of the nature of "nuclear
forces" or the interaction potentials between nucleons.
The basic task of a phenomenological theory of nuclesr
forces is to find expressions for these potentisls, with
as few adjustable constants as possible, which will
account for as many empirical fescts as possible., In
the present paper the fact of greastest interest is the
vinding energy of the triton, HS.

Early attempts to sccount for the binding energy of

Ly

the triton were fairly successful, but were bassed on the
hypothesis of a central nuclear interaction potentisal
wnich w&s vnable to account for the presence of an elec-
tric deuteron quédrupole moment. The latter caused the
introduction of tensor interaction potentisls, which de-
pend not only upon the relative locationsof the nucleons
but upon their relative orientations.ss well; it was then
possible to set up a description of nuclear forces which
accognted féirly well for the properties of the deuteron.
These forces proved to be ineffective in accounting
for the triton blnding energy, however, It was felt that
further improvements could be introduced into the nuclear
model by employing a Yukaws meson type of intersction and

by using central and tensor forces of different ranges.



The devendence of the bincding energy of the triton
upon the range of the tenscr intersction force is calc-

ulatasd using a nuclear interszction potential of the

forms

1 3 prg /
Virgy) = - Vo [} - g + %3 (G4°93) ] J(rss)

81y K(I’ij>}
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The value of B may be teken from proton-proton scat-
tering data, and various values of T assumed. The con-
stants [ and Vo mey be fixed, for a given B and v , by
deta on binding energy and quadrupcle moment of the
deuteron. The constant g may be obtained from scattering
data. For each value, a value of E is found,

To carry out the calculation, a Ritz variation
method was employved, with a four term linear variation

function representing one S state and three D states:
.V = ag ‘I'; +agWp + Ap «’o' + Apu Yoo
‘Ps = o~5 Alrytrot p) xs
P = e=sm(ry+rot p) Erlg S1z + ro° 5253 Xe
Y= (rq-r,) e"%V(rlwgfp)[l_?lz 815 - T2° S23 Xs

-1 - — -
Y. (ri-r2) e e“xrl“’rz*/’)g(ﬁ.a)(0’5-3)-32(?10073)]/(5



where the spin wave function xsmay be represented in

conventional notation as

Xs vé [o\(l) Biz) - 8(1) a (2)] A (3)

and where I;l, r, and P abde the respective internuclear
distances between N and P, N &nd P, and N and N, and
->_ - -

R=r X o . In sddition to E, values of the percentage
D state Pp were calculated for comparison with magnetic
moment data.

The parsmeters L) s A s ¥V and W were varied to
obtain a minimum value of E for a given value of the
tensor range parameter ¥, and Py calculated from the
resulting wave function. Since the btinding energy of the

triton does not as yet have & universally accepted value,

*
a table of € (in units of %._'E;—g x 10%+° cm-l) and of Pp

has been computed for & reasonable spread of valuess

-E (Mev) 2.33 T Pp
8.3 1.49 2.9
8.4 1.48 2.8
8.5 1.46 2.8

The value of E turns out to have a marked dependence
upon the value of ¢ . However, it is necessary to realize
that the value of =« affects the binding energy not only
directly but also in large measure through restrictions
imposed on r‘ and Vo through the reguirements of compat-

ibility with two-body data.

+ B=] m thkese wnrts,
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It was found that all three of the D states made
significant contributions to the energy; the smallest.
contribution, that of the D" state, was of the order
of & per cent.

The resulting percent D state Pp did not agree
with the experimental value of 3.74 £ 0.08. However,
the relation between Pp and the magnetic moments is
not in & comnletely satisfactory state, since it was
necessary to assume equality of fotal (not just nuclear)
n-n and p-p forces. Also, the value of PL may be low
both because of the fact that an upper bound is all
thet was obtained for E with the variation method used
and becsuse there i1s a possibility that the value of
@ used was too small.

The value of ¢ determined corresponded to an
equivalent triplet range for n=-p scattering of 1.78
x 10-13 cm., in good agreement with experiment. This
ydoes not, however, furnish a very accurate check,

Further excellent experimental tests could be
mede by computing the H3-He® Coulomb energy and the

binding energy of the alpha particle.



Chapter I

INTZO0DUCTION

One of the most interesting problems in modern
physics is the determination of the nature of "nuclear

forces,"

or the terms in the quantum-mechanical Hamil-
tonian of a nuclear system whigh describe the interact-
ion potentials between the nucleons. The basic task of
a so-called- phenomenclogical theory i1s to find express-
ions for these votentials, with as few adjustable con-
stants as possible, which wlll account for as many
empiricsl facts as possible.

The experimental dats used to svaluate the adjust-
able constants and to check the resulting potentials
are primerily of three tyves - cross-sections and ang-
ular dilstributions for various processes, nuclear mom-
ents, and nuclear binding energies. Due to the length
of thé calculations involved in the theory of even the
lightest nuclei, one can only make use of data on nuc-
lear systems contalining a relatively small number of
partiples.

While 2ll three types of data will be made use of
in arriving st a set of interasction potentials, the
primary interest of the present investlgstion 1s in the
properties of the triton,’ﬁ5, and te some extent 1In its

mirror nuclaus Heg.



The triton does not exist in naturs, btut may be

produced in a nuclear reaction such as
A%+ n —p ES 4+ 4010

It 1s @~ radioactive, transforming into He® with a half-
life of about 12 years. The binding-energy difference
between H3 and He3 has been accurately measured =2t 0.74
Mev by a determination of the meximum energy of the acc-
ompanying beta-ray spectrum; the calculztion of this en-
ergy difference affords an excellent test of the wave
function uscd in any vhenomenological theory.

5 The most important property cf Hz, from the stand-
point of establishing a sstisfactory theory, is its bind-
ing energy. The old value of 8.3 Mev was superseded by
a value of 8.39 Mev(l), and there is reason to believe

that a more correct value 1s 8,50 iliev asg & result of a

<

new determination of the value of ths binding energy of
he deuteron(z).

It is found that the ground state of 7o has & spin
of 2., While this precludes the existance of & guadrupole
momeﬁt, the magnetic moment of the triton furnishes an-
other very useful check on the weave function used to

descrlibe the triton; the value of the magnetic moment

1l - Rosenfeld, Nuclear Forces, p. 501

2 - 3ell and Elliott, Phys. Rev. 74, 1852 (1948)
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of H® (and of Hed) set a requirement upon the composition

K
3

of the ground-state wave function”.

Before the discovery of the electric deuteron quad-
rupole moment, scattering dats and binding energy data
could be accounted for reasonably well by the use of a
central interaction potentisl. The most satisfactory re-
search during this phase of nuclear theory was done by

3)

Rarita and Present in 1957( . They set up a twe-body

interaction of the Majorana-Heisenberg type:

o]

V(Pij) = [(l—g) Pij + 8 Ps1j Qij J(rij)

where Pij was an overator exchenging the space coordin-
ates of particles 1 and j, and Qij exchanged the spin
coordinates; J(rij) was an exponential potential well.
3y inserting data from n=-p scattering and from binding
energy determinstions of H% and 55’ they obtalned a de-

scription of nuclear forces which would successfully

3

L)

N R -
account for p-p scattering dats, The yO-HeO energy dif

a5}

nce, and, within 20 per cent., the binding energy of

It was soon realized, however, that the central

N

potentisls would not be able to zccount for the electric

quadrurole moment of the deuteron, discovered in 1939(4),
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Further types of intersaction were required. A sesrch had
previously been made ( 5) for types of particle interactions
which would be invariant under rotation and reflection
and‘did not exolicitly involve the momenta of the inter=-
acting particles. It was found that there were six types
of interaction which met the above cdnditions. Four of
these were the simple exchange forces:
Ordinary (Wigner) forces, represented by 1,
Spin-exehﬁﬁge (Bartlett) forces, represented by
(31.0'2)’
Space-spin exchange (Heisenberg) forces, repre-
sented by (;&';;), and
Space-exchange (Majorans).forces, represemted
-t = -y =b
by (T%)(6.0).
Two others, however, were of the " tensor " type, ob-
tained by combining space and spin dyadics. They were of
the form:

Tensor forces, represented by
= - -
= > (“I.r) (??'r) - (? .?)
S 172
r

S12

- =
Tensor exchange forces, represented by (‘1"9)512-

The above considerations led Rarita and Schwingef
in 1941(8) to introduce a tensor force into the phenom-

enological two-body potential, giving it the form:

V(r) = (1+ 28 - 36 (0.05) + fslz-l“r)

& - Wigner, Phys. Rev. 51, 106 (1937)

6 - Rarita and Schwinger, Phys. Rev. 59, 436, 556
(1941)
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where J(r) was a syuare well potential. The presence of
the tensor term in the potential implied that coupling
would exist between the 581 state and the hligher states,
so that the ground state would no longer be an S state.
Ceonsiderations of parity and of the fact that S and J
turned out to be good quantum numbers suggested to them
that a sultable wave function would bte the combination
531 +* 6Dl. Constants were fixed from data on slow n-p
scattering, deuteron binding energy, and deuteron quad-
rupole moment. It was then possible to predict photo=-
electric disintegration cross section, rsdiative captare
cross section for slow neutrons in hycdrogen, and cross-
section for 2.8 Mev n-p scattering. The last was not in
preclse agreement with data available 2t that time, but
is 1in excellent agreement with present data(7).

Since the Rgrita=-Schwinger theory had accounted
so well for the properties of the deuteron, 1t was nat-
ural to apply the potentizl to a description of the
properties of nuclear three- and four-body systems.
Results proved to be in disagreement with experiment,

The first major research in applying the Rarita-
Schwinger interaction potential to many-body systems was
undertaken by Gerjuoy and Schwinger in 1942(8), In view
of the importance of thelr work to the present invest-
igetion, it will be discussed in some detail.

7 - Belley, Bennett, Bergstrslh, Nuckolls, Richards

and Willisms, Phys. Rev. 70, 583 (1948)

8 - Gerjuoy and Schwinger, Phys. Rev. 61, 138 (1942)



The ground state of HS has angular momentum J = 5.
Jd 1s a constant of the motion since the interaction poten-
tial was chosen to be rotationslly invariant, but S is no
longer & constant of the motion. L is restricted by con-
siderations of vector addition., Thus the ground state might

2

include QS%, P%, 43% and 4DL. Assuming arbitrarily m = 3,
2

the more important S state wave function would be

Ks:ﬂl [ak(l) B2y - g 4(2)] a (3)

(The other S state would have a space wave function van-
ishing at ri“rg). To a first approximstion, the tensor term
in the potentlal would couple the important S state with D
states; to a second approximation, with a rather complicat-
ed mixture of states. Since the percentage D state 1ls quite
small, one might expect a negligible amount of P state.

Suitable D states may be constructed by operating on
X s with rotationally invariant operstors obtained by com-
bining the spin dyadic Ei &Z with certelin space dyadics
formed from ;a, 55, and 51 X';;. It turns out that four 4D%
sﬁates may be formed in this manner, of which  three prove
to be independent. One spin-wave function 1s odd in exchange
of the neutrons, and the other two are even.

Gerjuoy and Schwinger chose as a trial variastion
function the sum of the S state and the odd D state, with

Gaussisn rsdisl dependence, and performed a variation csalc-

ulation using the potential of Rarita amd Schwinger.



They obtained 32 % of the correct value of the binding en-
ergy of the triton, and 4 # D state. (Work on the alpha
particle yielded 50% of the experimental value, and s
check on the deuteron yielded 54%.)

Feshbach and Rarita(®) elaborated on the work of
Gerjﬁoy and Schwinger by using s Hyllerzas expansion.

They obtained an estimated maximum of 40-50% of the exper-
imental vagiue of the binding energy of ",

Clapp(10) attacked the problem with seversl modifi-
cations. Firstly, he Included & space-spln-exchange factor,
which he considered to have only a slignt effect upon the
triton binding energy. Secondly, he included the other two
previously neglected D states, which turned out to have a
rather large effect, lowering the calculsted binding en-
ergy by about 22%. He used a system of hyperspherical har-
monics and a single radisl varigble, thus simplifying the
problem of expansion in power serles. His extrapolated
value for the triton binding energy was about 70 % of the
experimental value,

The preceding researches would imply that the square
well was not too suitable as a description of the inter-
action potential. Furthermore, present-day scattering ex-
periments require a different size of square well for
singlet and triplet states, and different gizes for n-p

and p-v interactions. Since any additional constants tend

9 - Feshbach and Rarita, Phys. Rev. 75, 1384 (1949}

10 - Clapp, Phys. Rev. 76, 873 (1949)



to defeat the purpose of a phenomenological theory, it
would Dbe well to consider other types of wells. Further-
more, as there is no a priori reason for sssuming central
and tensor force ranges the same, it would be advantageous
to investigate the result of using votentizls of diff-
erent ranges in the hope that more then one correct
result may be predicted by the addition of one more con-
stant.

The most satisfactory well to use would appear to
be the meson well, Some justification might arise from
the fact that 1t is the only one derivable from any sort
of basic theory. Considerably stronger justification
arises, however, from the fact that its use, in connection
with different ranges for central and tensor forces, &ll-
ows prediction of =z considersable number of experimental
results and allows preservation of charge-independent

nuclear forces. Preliminary calculations by Feshbach(1l)

show that this combination of wells will yield correct
experimental results for n-p scattering at low and moder-
ately high energies, neutron scattering by ortho- and
parathydrogen, deuteron binding energy, deuteron guadru-
pole moment, triton binding energy and photoelectric and
photomagnetic disintegration of the deuteron., Furthermore,
the meson well was shown to be capable of more satisfactory

predictions regarding scatterlng experiments(lz’ls), and

11 - Feshbach, Phys. Rev. 76, 185(4) (1949)
12 - Bohm and Richmen, Phys. Rev. 71, 567 (1947)

13 - Chew and Goldberger, Phys. Rev. 73, 1409 (1948)



recent results of Christian and Hart(lé) on high-energy
n-p scattering show a preference for a meson well as far
as angular distribution 1s concerned, though their cross-
section data tends to favor an exponential well.

In view of the above considerations, the present
invegstigation will be based upon = meson well potential
with different central and tensor ranges as used by

(15)’

Feshbach and Schwinger of the form

- -
V(rgs) = - Vo (} - 28 + 38 (6}'63)) Jlryy)
+ Sij K(I’ij) (1)
-Ar -Tr
J{r) = e@r K(r}) = e.,r

The value of Bumay be taken from p-p scattering data(le).
For a given 6 and T s, the constants Vp and r’ may be
fixed by the binding energy and quadrupole moment of
the deuteron. (15) The constant g, which occurs in
the singlet well depth Vp(l - 2g), may be determined
from scattering data(l7),

The value of < which ylelds the experimental
value of the binding energy of Hs, and more generally
the variation of the properties of the triton with the
parsmeter [, 1s tie object of the present investigation.

In particular, it i1s hoped that snswers will be found for

14 Christian and Hart, private communicstion

18

Feshbach and Schwinger, to be published

1l¢ Heisington, Share and Brelt, Phys. Rev. 96,
884 (1939}

17

Blatt and Jsckson, Phys. Rev. 76, 18 (1949)
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the following questions:

To what value of = does the correct triton binding
energy correspond?

How sensitive is the calculated binding energy to
the value of ® 7

To what value of magnetic moment does the above
determined value of g correspond?

How gensitive is the calculsted magnetic moment to
the value of =, or, more generally, how sensitlve is the
resulting wave function to the vzlue of T, both with
regard to the values of the variational parameters and

witnh regard to the percentages of various states present?
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Chapter II
PROCEDURE

The mejor portion of the investigation consisted
in setting up a Hamiltoniesn including the intersction
. potentials (1), choosing a suitable variastion function,
and applying the Ritz variation method to determine the
upper bound to the lowest elgenvalue of the Hamiltonian.

A relative coordinste + N

,/ﬁ"\p
F \-».N

right was chosen, since N

system shown in Fig., I at

the D state wave functlons Fig. I - Coordinate
system,

could then be constructed

by operating on the S wave function with simple combin-

ations of the tensor votential operators. The kinetic

energy operator in this system turned out to be

M

p=-B82 [32 .92 .22\ (32 ., 32 , 3%
dxpf  dygc  oSzg

PSPV E L SR I Rxz  3V20Vz 922023

+(..>_a, . 32 _a_z_)+ (A_a_f__,‘f_az , D2 )

)

\Bxzdx  dyzdyy  &zdzy

X, 0%y OVPTz 32192

L + 32\4-(3 9% . _ 9% . Qz\

where the subscript 3 has been used to designate the
coordinates of A .

As discussed in Chapter I In regard to the work of

gerjuoy and Schwinger(g), the wave functlion was chosen to
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be a combination of S and D states; of the latter there
are three independent ones, which we shall designate D,
D' and D", which possess a total angular momentum of %,

The specific wave functions used were as follows:
(Ps f(r) x;
glr) rlz 8,5 * r22 Sy X
23 S

2
h(r) [1'12 S13 - T 325] Ks

= -
b= oir) (5 (@) (GTxry) -

°'.€ b.e
" n

Ks

RN
(?&xéz)'(53XE§) (6+G3)
f(-r) = o ENT AT

e-%—,u( r1+1o+A)

g(r)

n(r) = (rl-—rz) e_%v(rl+r2+f)

p(r) (r1-rg) e-lé'w(r1+r2+/°}

The D states are chosen by the same criterion as those
of Gerjuoy and Schwinger, but differ slightly in form
since: a different type of coordinste system 1s uded.

The factors (rl-rg) were inserted into the last two rad-
ial wave functions to insure thst the total wave funct-

ion wss antisymmetric in the coordinates of the two

neutronse.
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The theory of the Ritz variation method permits the
eutomatic choice of optimum wave function coefficients

through the solution of the secular determinant

\( i‘H-E‘ j) h =9; 1,5 = s,D,D',D". (2)

The optimum values of the coefficients ) , M , » , and
W are determined by finding the determinant which has
as 1its solution the lowest value of E. Since this would
be an extremely prolonged task without some means of est-
imating roughly the values of the parameters, some sys-
tematlic method of attack must be formulated. In the pres-
ent investigation, the actual computational procedure was
as follows: Firstly, only the S term was considered,
giving a 1 x 1 determinent which was ezsily soluble, and
a value of N found which gave a minimum value of E. Then
the determinant was increased to a 2 x 2 determinant wi’gh
the addition of terms involving the D state and, using
the value of )\ previously found, the value of M was varied
to yleld a minimum energy. For the higher values of T ,
the S state was found to be just barely bound, and the
parameters )\ and A were varied simultaneously around the
previously determined values. With reasonable values of
A\ and M thus determined, the D' terms were added to
form a 3 x 3 determinant and, keeping) and Mconstant, v
was varied for minimum E. Flnally with A , ﬂ , and¥v
reasonably well determined, the entire 4 x 4 determinant
was solved, and E minimized for variations in W , with

the other three variational parameters constant.
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At that polnt one had a rough estimate of E, together
with reasonably good values of )\ , M sV and W,
The next step 1s to construct a net of points, varying
those parameters upon which the energy seems to be espec-
ially dependent. In thls case, the,S,D and D' states made
gquite large contributions to the energy, whereas the con-
tribution made by the D" state was only of the order of
5 per cent. Furthermore, omission of either the D-D" or
the D'-D" matrix elements had little effect on the energy.
Consequently, 1t was decided to keep w constant and make
a net of 27 polnts with three values each of A, 4, , and V.
Pinally, W was varied slightly.

Determinsnts were set up for three values of € ,
one of which was chosen to yleld a value of E reasonably
close to the experimental value. From the coefficients of
the determinant corresponding to minimum E In each case
we mey deduce the reletive amplitudes of the four wave
functions and from that the percentage D state and mzg-
netic moment,.

For convenience in computation, the Hamiltonien
was broken up into & sum of terms, each considered separ-
ately:

H = T.4+ (non-tensor potential terms) +

(tensor potential terms)
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The genersl matrix element of the form (i|H-El}) was then
written as the following sum:

(11H-E| j) = 3.54688 (1\KE|]) + (1|V j)yq

+ 2 (11T13]3) + (1|T12)8) + E (113)
The multiplying factor in front of the kinetlic energy
element (i\KElj) 1s a conseguence of the uhits used (see
Appendix D). The elements (1|V]j)aw represent the sum of
three terms due to the three central-force interaction
potentials, grouped together because of similarity. The
three tensor elements, involving 313’ Soz and Syo resp-
echively, were designated as (1|T1z]j), (1|T23|3), end
(i\Tlg b) respectively, but adventage was taken of the
fact that the first two were equal. The last element,
a normalizgtion element, existed in many of the off-diag-
onal terms of the determinant, since only the S state was
crthogonsl to all the others.

With respect to the actual algebralc manipulations
involved in determining the forms of the (non-integrated)
matrix elements, i general two methods were used, often
one as a check on the other - a "brute force" method and
a "symbolic' method.

‘ The brute force method involved the expression of
the matrix element as the scalar product of two terms, both
terms expressed as sums of the eight orthogohal spin wave
functions, with space-dependent coefficients. As an ex~
ample, let us calculate (D\D) (not integrated) by this
method.
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By meking use of the Paull spin cperator equations,
the D state spin-angular wgve function,
2 2
Kfl S1z ¥ Ty 523] %3.&(1) G(2) &(3)
- B(1)a (2) Kx(3)

becomes the expression
(d (1) (2)& (3) [31(ylzl—y222)—3(xlzl-x272j

(1) (2)B(3)  [2(z%-2,%)- (X12'x22)]
- (Y12'Y22)

2 (1B (2) «(3)  [2(212-2,2) - (x12-x2%)
- (712-752)

& (1)8 (2) 6(5) [51(ylzl—y2z2)+5(xlzl-x2z2a

Bluia((2) & (3) 2(z1%-25°) - (xlz—xgg)
- (Y]_g"'Y22)

B(l) 6 (21) 0‘(53 Ei(ylzl"y’az?)"'5(3(121"»222)]
6(1)5 (2) 6(5) 3(X12_X22) - 5(Y12"Y22)

+ 61 (Klyl-xzyz)

from whence 2(D|D) = 9(:7121'37222)2 + 9(x121-%022)° + ..,

A o -P
=12 (% # vo® ¢ ryfrp - 3(PpeTh)?)

or (D|D) = 6 [I,l4 + rod + :3123:*22(1 -3 coszg)]
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In the symbolic method, which is considerably more
conventional, one expresses all operators in terms of the
Paull sigmas and uses standard identitles to obtsain an
element in the form

(S| (functions of coordinates alone) +
(terms which, when operating on the
S state spin wave function, mske it
orthogonal to itself) ] S)
= (functions of coordinates alone).
While the symbolic method is more elegent, 1t has the dis-
advantage that one algebrsic error will lead to an incorr-
ect result. In the "brute force" method, on the other hand,
an error will often lesd one to & flnal expression of the

N y12 - zlg + other terms which combine to form

form Xy
functions of rlz, rgz and ry°ry alone, from which one can
at once tell thet one has made am error in sign and approx-
imately in whet part of the computation one has made it.
Once the spin dependence has Tteen eliminsted from
the matrix elements, integration over space coordipates
may be carried out with reasonably standard technlques as
dlscussed in Aprpendlx A. Matrix elements, both before and

after svatial integration, are listed in Appendicas B and

C, respectively.
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Chapter III

RESULTS

The values of the four variation parameters™, triton
binding energy%, and per cent. D state for the three values

of ¥ used turned out to be:

< A AL 1% w E Pn
1.30 o = .
#2190 .2 2.5 2.8 1.118 2.5
1.50 1,95 2.2% 2.5% o.8# -0.985 2.9
5. 35
32“?9 1.16 2.2 2.5 2.8 -0.762 3.7
e WO

Correscvonding values of T and PD for three values of
triton binding energy which pretty well cover the sxper-

imental range are:

~-E (Mev) 2.33 T Pp
8.3 1.49 2.9
8.4 1.48 2.8
8.5 1.45 2.8

The above valuesg were computed from psratolas passing through

the three experimentsl points which had the form™

B = - 1.3704 - 0.1798 (2.33 ®) + 0.2877 (2.32¢ )@
P= 3,376 - 2,854 (2.33T) + 1.708 (2.33 )%,
% For units see Appendiz D ; G6=1 n these umis

# Interpolated o



The values of the constants [ and Vg5 for esch

of the wvalues of T used are as follows:

T r Vo
%:gg 0.2259 5.6001
%f%% 0.4074 6.,0040
%f%% 0.7894 4.9121

It was found that all three D stabtes made significant
contributions to the energy; the D" state, least important,
contributed about 5%.

The corresponding equivalent triplet range for n-p
scattering(l5) 1s 1.76 x 10°+° cm, in good agreement with

the most recent determination(le).

18 - Hughes, Ringo and Burgy, in press
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in T mentioned (from 1.3/2.33 to 1.8/2.33), the energy
changed only by 0.15; use of the correct values of fﬂ
and Vo quadrupled the energy change. One must also con-
sider that an increase In T does not only decrease the
range of a potential well but also its depth, so that T
is not purely of the nature of a "range" parameter.

It 1s of further interest to note that the optimum
value of<h » the S state variation parameter, which is
affected/by T only indirectly through Vo and througk =
small amount of couvlirg, varies as ¥ 1s varled, whereas
the D state paremeters/‘ » VW and W) are unaffected,

In general, then, one may conclude that the value of T

affects the binding energy not only directly but in large
measure through restrictions imposed upon other parameters
through the requirements of compatibility with other dats.

The binding snergy, however, did not furnish any
experimental test of the theory (other than that it was
poseible to find a reasonable value of tensor range which
would give the experimentsl energy); binding energy data
was used sim@ly'fo set the value of T . One experimental
test, ‘'which may be made with ease but interpfeted with
reservations, 1s the checking of the theoretical Pp value
with experimental data on magnetic moments., While Pp is
as sensitive as E to variations in T, it 1s less useful
for comparison with data due Lo the somewhat uncertain

relation between Pp and the magnetic moment,
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If the like particles are designsted by (1) and (2)
in ezsch case, the magnetic moments of g3 and He® may be

expressed respectively g5(19)
' <L32 + 2M, (S1p + Sgz) + 2 A4 (35z)>

MHev?' (le + Ly, + My (S1z + Spz) + 2 M4 (Ssz)>

It 1s apparent by inspection that, whereas the evaluation
of elther moment sevarately requlres detalled knowledge
of the properties of the particular wave functlions, great
simplification results if one is interested in computing
only the sum of the moments, assuming that the n-n and

p-p interactions are identical
= (
..A'-H + M o= Ly, + 2 (M, + M) Sz)

Treating L and S as vectors and setting them proportionsl
to J allows the above to be put in terms of constants of

the motion
Mz m ‘.2 (My +Mp) =2 (M) + M -

x QLJ+1)+L(L+1)-S(S+1)]
2J (J+1)

This expression mgy be evaluated for the four states which

might be present and expressed as

M= ﬂn""/“p"goc (/‘n "'/“p‘%) 3 Pp - P§L+ 2 P2P

where the last three terms refer respectively to percent-

ages of 4D.%, 4?%_ and 21’% states present in the ground state.

s
[
i

19 - Sachs and Schwinger, Phys. Rev. 70, 41 (1948)
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If, in addition to the assumption of equality of n-n
and p-p interactions, w? assume that the ground states of
H3 and He® are composed of S and D (but not P) components,
we may arrive at an expression for PD in terms of exper-
imental data: ,

Py = (Mp + My ) - (Mg o+ Mge )
z(l‘n-r,%-%)

These four moments have been measured precisely and

X 100 per cent.

are:
Moment Value in n.m. Reference
Mo - 1.91354 « 0.00013 20
Mo 2.79353 = 0.00014 21
Has 2.97968 + 0.00015 22
A3 (-)2.12815 23

Errors for the first three gquantities were computed from
the convenlent table in reference 21. The error in 23
appaared to be smaller than the others by an order of
magnitude. )

The resulting PD turned out to be 3.74 % 0.06, def-
initely above the predicted value of 2.8 obtained in the

present thesis. It must be remembered that two asssumptions

were made, however, one that the n-n and p-p interactions

20 - Bloch, Nicodemus and Staub, Phys. Rev. 74, 1025
(1948)

21 - Taub and Kusch, Phys. Rev. 75, 1481 (1948)

22 - Bloch, Graves, Packard and Spence, Phys. Rev.
71, 551 (1947)

23 -

Anderson, Thys. Rev. 28, 1460 (1949)
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were identical, and another that only S and D states were
present.

With regard to the first, the assumption of charge
independencegof nuclear forces does not mean equality of
;he total n-n and p-p forces but only of the specifically
nuclear portion. The effect of the Coulomb force is to
weaken the p-p interaction; Coulomb repulsion would mesn
that the protons would tend on the average to be farther
apart, favoring a larger provortion of D state. Since the
Coulomb perturbation energy 1s about $% of the system
energy, and since the increase in Pp 1s proportionsl not
to the square of the additional D amplitude but to the
product of originsl and additional amolitude, and since
the perturbation would favor the D state, one mizht eﬁ-
pect an 1increase of Pp of an appreciable fraction of one
per cent. With regard to the second, P states will sppesar,
for the treatment of the tensor force as a perturbation
will predict «their entrance im second order, and even a
small fraction.of a per cent. of 2P state would be of help
in closing the small gap betweer theory snd experiment.

Wheregs the experimental value 6f the sum of the
magnetic moments of H3 and He® was of some ald as a check

on individual moments
on the calculations, experimental dat%‘,in the present state
of the theory, would appear to be of no help at szll. The
work of Sachs and Schwinger(19), based on reasonsble wave
functlons, yielded a triton moment smaller than the proton

moment, wheress it was seen that the triton moment is sctuelly
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largef‘than the proton moment. Of the two proposals put
forth to account for this - a contribution due to exchange
currents produced by a pseudoscalsr meson field(24) and
the presence of an extremely large admixture of P and D
components In the grcund state wave function(gs) - the
former 1s more in agreement with experiment. Unfortunately,
the evaluation of Villars is very rough, and the result
could not be used for & guantitstive check on PD'

It is of irterest to note that the velues of Pp for
the triton sre quite close to those obtained for the deu-
teron by Feshbach and Schwinger(ls).

The value of the effective triplet scattering length,',
while furnlshing z good check, is not a very precise method
of verifying the value of € . A change in the latter from
1.3/2.33 to 1.8/2.33 produces a change(lB) in the former of
only about 5 %, whereas the per cent. error of a sultesble
scattering experiment might bte about half that value.

With rescect to all of the above dats, 1t must be
remembered that the present calculation yielded an upper
bound to the energy, and that it cen hardly be said that
convergence was extremely rapid., Furthermore, i1t might be
noted that any decrease in thls bound would result in better
agreement with experiment as far as Py is concerned. To
set & lower bound by computation of (H27 using the act-
ual wave function would involve tremendous computational

difficulties, while use of a simpler wave function such as

24 - Villars, Phys. Rev. 72, 256 (1947)

25 - Sachs, Phys. Rev. 72, 312 (1947)
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g might not yield a very useful result. The Introcduction
of one cr more extra parameters by splitting up the present
wave functions into members havin t

z different exronential

space dependence would not require too much algebrsaic man-
ipulation, and mignt be especially applicable to the S state,
since the extra work involved would be simple, fewer extrsa
elements would te added in compearison with splitting up of
one of the D states, and the parameter A is by far the most
critical of the factors &s Ter as the variational determin-
ation of energy is concerned. Addition of the second S state
or even of a P state might be snother possibility.

One must also consider that the value of B was taken
from o0ld p-p scattering data, and there ls reason to believe

(26)

that 1t should be somewhszat larger, This would mean &
smaller value of f’ and s larger value of Vg for the szme
value of T, and thus & more negative value of E. Again this
would bring the result for Py closer toc experiment.

A straightforward and very effective check on the
present work would be the application of the resulting wave
function to the calculation of the E°-He® Coulomb energy.
Another excellent check would be the aprlicetion of the in-
terasction potentials to the alpha particle; due to the acc-

«

uracy to which the binding energy of He 1is known, a defin-

e

tive test of the present theory would be cbteined which

would be well worth the large amount of algeovrs involved,

26 - Bethe, Phys. Rev. 78, 38 (1949)
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Further work should surely be done on the effect of
converting from a neutral to a symmetric meson theory,
i.e., premultiplying the interaction potential by a factor
- % C?}’i%) as was done by Clapp(lo).

There remain considerations involving the finite vel-
ocity of the nucleons. The velocity distribution might well
be investigated by a transformstion of the wave functions
to momentum space. Breit(27) nas derived corrections to the
interaction Hamiltonian on the basis of equations invariasnt
to order v2/02, including corrections for & Thomas spin-
orbit coupling, a Larmor spin-orbit coupling, and an inter-
action analogous to thst between two magnetic dipoles.,
Primakoff and Holsteln showed that there also exlist meny-
body potentials; three-body interactions are of the order
of v/c times the two-body potentials(QB). It is expected
that these corrrections would be of especial importance

for the D states.

27 - Breit, Phys. Rev. 51, 248, 778 (1937)
Phys. Rev. 53, 153 (1938}

28 - Primakoff and Holstein, Phys. Rev. 55, 1218
(1239).



Appendix 4

Methods of Integration

Since all of the quantities to be integrated may be
expressed as f(ry,rp,8) or =as f(ry,ry, ), the simplest-
appearing scheme of iIntegration would asoear to be the
use of one of these sets of variasbles as the integration
veriables. This is indeed possible, and the resulting in-

tegral would be of the form

} fr2 dry [inede

x f (I‘l,rz,g)

jf(rl,rg,g) dr

or its eyuivalent
'; -H‘

j;l dry f dro ffdﬂ

x f l,r f (e~

gf(rl:rzaf) dt

-+

Inspectlior of the mgtrlx elements, however, revesl a com-
bingtion of f, g, h or p, all of which contain the fsctor
/Din an exoonentisl. Integration of such quantities by

the second method sbove, let alone by the first, would
be extremely unwleldy.

+ Many of the integrals contaln exponentials of the
form e 8(r1*r2l-b L pig symmetry in allows the use
of the Hvllersas system explained in detsll in Rarita and
Present(&), In this system, one chooses as an integration
scheme the quantities:

5 ¥ (rp + rg), t = 1ry - ro, P as before.



One then inte
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raetes In the order

tegra
Jf(s,t,f}

2 S ﬁ
aT :,[S/df dt/)(sg—tg) f(s’tf)
° o 0

The results may be exprescsed in terms of functions

% S
2D - jsJ e” 38 gg Jok e~0A ap
0

0

which may be easily evaluated by the reductiocn equation

Ha’ -
Jsk

9)
Sm

1

a2

L]

Sa‘?b N a.b

c!
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As an example, let us use this method to compute

the normallzatlon element (S.\S
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For integrsls where the exponentials in ry and ro
have different coefficients (or where it 1s desired to
check a Rarita-Present type of integreation) it is gen-
erally simpler to use the method of Goollidge &and James(gg).

This system makes use 0of the integration variables
g:rl"’r’z"} ,7"1’1-1’24'.} ’4=-rl‘§"r2‘*‘ﬁ

and an integration scheme in which &ll vaeriables are Iint-

egrated from zero to infinity:

o ® o
Sf(i;\,ﬂ) at = %Fﬁ j:dq f:dﬁ. f(E,n, )

x (8 +n)(f +4)(q+6)

As an example, let compute the hormalization element

(s]s) by this method also.

oAty j"\"aqfﬁ‘ Ah( F4n ) (F +h)(n +8)

(s]s) = £
=1 [.-A% f f“
5 {; at at x
%_/,4-54 + E26 + 5642 v n S+ 462
+ Zi. 4)
. l l 1 1 f 1 1
=3 _Xg Y.(z 1:10!)(8) + (111.1.)(2)]
= % 7%@ (12 + 2)
- - 7
or (S 8) = Z}g as before.

29 - Coolidge and James, rhys. Rev. 51, 885 (1937)



During the course of the latter Integrations, situ-

ations arose in which one was faced with &an Integral of

the type p® &

J{;-ai di‘Jﬂe“§4 dg —£L££1L—§

A A (§+79)
where the integrstion over 4 hzd been successfully carr-
ied out and where f(§ , 7) was not divisible by (E+v),
In order to avoid any approximastions by the use of infin-
ite series and possible convergence difficulties, 1t was
decided to carry out simultaneous Ilntegration over % and
7 using a set of integration variables

v =% MY s X % {"“)

which transformed the preceding integrsal to

Lo Y
1|6 & |r(x,y) ax
ye .

> T Yy

The nature of the f(x,y) was such that the above method
was always sufficlent to carry out the integrations

exactlye.



Appendix B

Matrix Elements, Not Integrated

Normaliization elements:

(s{s) = J;:Z at

(s\D) = o)

(sip') = 0

(sip") = 0

(D\D) = fgz de 6 [r14= + r24 + r12r22(1 -3 cos2e)J
(pjp'y = jg nhde 6 E»l4 - r24}

(p\D") = fg p dy (-3)(r1-rsf)r%ro® (1 - cos®e)
(D'\D') = ]h2 de 6 [rlé + ro% - r12r22(1 -3 cosze)]
(DNyD") = fh p 4T (—5)(r12+r22)r12r22 (1 - cos<e)
(p"{p"*) = ﬁ:z de 6 [r12r22 (1 - coszg)] 2



Kinetic energy elements:

Let P(u,v) =

Thens

(S|KE |S)
(SIKE D)
(SIKE[D")
(S|KE)D")

(D|KE /D)

(D|XE |D")

w3 ( r23 ) , u 3 2 av_
r1% 3r) rig) rof Jrg 2 372
' -y
+ 0 P .ﬁg Qv + T §2V
P dp SA Ty Tz o~ JFWTe
- —s
_Fp u 3%y L E20P APy
P 31‘13/3 g P ;I‘%
= - jdf P(f,T)
= 0
= 0
= 0
= . : 28 9%
Jd‘t E(g,g} Y 3p
* 0 E14 AR N °°329)]
" %5 éé— Lﬁrl4 + 3r12r22(1 -3 cosze)_]
191
4z ¥ 3 12ro2(1 - 2
+ T5 573 [61’2 + 3ricro°(l - 3 cos“e)

6rl4 + 5r12r22(1 - 3 cos<9)
r1dr1 o 2
L+ 3 (ry7-r, ) ryr, cos @
poss
+48 ;3hy- -6rgoé - 31'121'22(1 -3 00329)}
Ya %N ¢ 3 (1’12‘1‘22} rirg cos ©
+§_g_ & 5} (I’l4"r24)
P 9



B=-3

(DIXKE|D") = - [dw E(g,p) + ;“’f%’% + éggz f%_;]
X ( -3) (r12-152) rl‘rnz (1 - 00529)‘
+ gp -12 (rl4—r24) z
+12 (rlz-rgz) rirg COs ©
(D'\KE]D') = - {[ (h h)]
x 8 [f + rz - r12r22 (L - 3 cos29)
+ 4h 3h 6r1 - orlgrzg(l -3 cosze)
R L+ 5(r12+r2 ) riry cos 9 J
4+ 4h dh -6r24 - 3rirg2(1 - 3 00329;
2 3% \j& (r12+r22) rirs; Cos © J
4 4h ah "5 (ry%+ro4)
A I

-3 r12r22 (1 - 3 cos®9)

- 6 (r12+r22) riry cOs ©

ty = - 4noh _ 4h gh _ 4h

I fdt [I.;(h’p) Triar Tryarg T e fJ
X E}S)(r12+r22) r12r22 (1 - cosge)]
+hp  [-12 (pp%4ro%)

-12 r1%r,% (1 - 3 cos20)

+12 (r12+r22} rirs cos

(p"\k®&|\D") = - fdt{%(p,p

-8

) * 4p 9P, 4P 9D 4, 4D P
rp 9Ty T2 Ty P A

r22 (1 - cos®) [ 2

(r12+r22)rlgr22 (1 - cos®8)

riry cos 9 (rlgrgz)(l-cosze



Non-tensor potential elements:

(84V18)yp = L5(13) + L5(23) + 13(12)
L3(13) = = V5 (1 - 28) f £2 J(ry) dtT
LS(23) = = Vo (1 - %8l J £2 J(rg) drt,
LS(12) = = Vo (1 - 2g) sz J(p) dv

With the exception of the S-S elements listed sbove,
the non-tensor potential elements are the same as the corr-
esponding normallization elements, premultiplied by -Vy, and
with a factor of EJ(rl) + J(ro) + J(_,a}] inserted in the
integrand. As a typical example,

(DIVID! )y = LPP'(13) + LDP'(23) + LDD'(12)

LDD'(l;S) S - VO fg h J(I‘l) '(6\1‘14 - 8 I‘24) dl’
PP (23) = - Vo /g h J(rg) (6 rl4 - 8 r24) ar
1P (12) = - Vs fg hJ(pe) (8 r14' -6 r24) dr



T3 pobentlal elementss

(sfryzls) = O

(8)T13|D = -V,
(sltysfp1) = -T
(s|rizp") = +T7
(DlT3)D) = -
(DjryzIDt) = -
(Dltiz o™y = -PV
(orjT, P 7 =P
(D!\Tlg}D") = - T'vg

(0" Ty 5(D") -2 =T

2

K(rl) Eirlz -(2=-9 00529)1"22] at

p K(ry) [Srlgrgz(l - cosge)] de
K(rq) | -12 r14 +
R at
5(r %-r %r,°) (13 cose
- 4. 47 .
h K(rl) Eerl 8rg (1-3 COQ"@)]dt
. PR S 2
p K(ry) |6r,Ty (L - cos™9) +
de 4 d‘[
5rl‘r2*(4 - 10 cos®9
+ & cos?e)
- A
n? K(ry) |-12 r1°
+12 rlgraz(l - 3-cos*q) 4T
L«P 5 rgé(l - 3 cose)
F
6r14r22 (1 - cos®9) =
o 4 ar
Zpq “rot (4 - 10 cos<e
e —- 4

ne

“(ry) £ (rlzrzz (1-cos26)}2 it



Tl% ootentlial e
(S‘Tlgls)
(s]|T12(D)
(sfT121D")
(3{T12]D")

(DfT D)

(DjT12{D")

(D) T12)D")

lements:

=0
=0
=0
=0
="|"Vojc%“2 E(p) =
1 " £ - :w 2 3 COSZG
{&2E14+r2+*1“2( 2
- 12 2r16 + 2r25 + rlzrgg(rw
2 -~
0 + 2 rlzrgg (riry cos 8)
. 4
- 4 &rlé+r2*)(r1r2 cos
=-MVs JghK(p) x
12 (rg —rzé)
- 12 _crl - 2r26'+ %r,grnd(r
52— A <
-4 (r1%-r %) (ryrgcos 9)
3 (. 2., 2. & o2
;f? (rq T, ) (ry r.” cos 8)
= -T7, & E(a) & (r"rp%) (r 205
o

x (1 - cosze}

ar

dt



B=-7

» ) 2
12 [I:l"i' + roé + r'l?irg'g (l g cos Q)]

-4 (r14+rg4)(r1r2 cos 9)
-2 rlgfgé (rlr2 cos 9)

""5(1‘12%22):'12;”22 059 ]‘g at

(D"\T1lD") = -pV, J.h o K(p) x
{'6 (rq +r02)r12rp2 (1 - cos<9)

-3 2., 2 /-
p—-—%[l’lrg (J.-COSQJ }

2
(D" T15 D"} = -T Vo j p? K( p) 6 [r'lz 22(1 - 00529)] d



Avpendix C

Matrix Zlements, Intesrated

Normalization elementss

(sfs) = L.
438
(s|p) . = o
(s|p') = o
(s|p") = 0
(D|D) = 1232 8! __
(2 10
(DID') = 4576 ———Q%Ef
(aaty)
(pID") = -14978 _8:i
s ) 10
nty = 164736 81
(D) 5 15
(2v)
(D“ D") = - 708884 61
5 (Ve 14
(D'] D") = 82944 _ 8!



Kinetic energy

(S |KE|S)

(S |KE D)

(S|KE D)

(S|KE Jp")

(D|KEID)

(DIKEIDY)

(DJKE|D")

(D' IKE |D')

(D']xE)D")

(D" 'KE)D") =

elements:

L]
[
m

]
(]

n
!
Q

t
o

6!
(2at)

i

518

8

81
(mvv) 11

2
51 [26048 & _ 54208 uw]
(M) 13 S 5

[4560Mv - 240;@]

47584 6l
=

81 [165968 2 _ 607488vw - 126‘72‘02]

v
(v+w) 14 ) 5 )

7068672 &1




Non-tensor potentiszl elementss

_ 3 Vall=g) 8 8
(s\ViIs)y, = - =3 [5 — + £

16
b o—_—
Mauﬁx

(DhvID)yp = = 6! ¥, [ 8/ /2 _, __T1/2

7
Migw1)® T Slawen)® W22

\e}

+ 8 + 16 + 28 4 36
4 5 3 8 o 7 - 8
as (2parl) A (2arrl) A (Gutl) Aal Gu*l)

(DyVID')yp = - 6! Vo e =+ =
(a+v) S (1) (V) T (arvs1)©
s 352 . 288 , _ 128

(wrv) Sar k1) 4 () S(aev41) % (urv) S asv+1)

320 . 480 ]
(u V) <a+v+1)9j

~
84 +

+ 5
(V) S (V1) T () E et ) &

(oy vip") = 4+ 6! Vg 1344 + 1920
N [(u-é-w)g()\*wl)é (ectw) | (Antds1)”

832 -584 ) O
+ ¥

+
(M;.»)S(/A-w»l)s (p.m)5(u+u»1)7 (act ) # (acrws 1) B

1408 v 7488/5
(a2 (o 1)®  (ar ) Z (1) 10

4



C-4

(DHVID ) = - 81 Vo 921/4 S+ 821/4 - 765/8 .
V7 (2v+1) v (2v+1) v (2p+1)

. 33/2 453/10 N 336/5
<~ 6 5% 75 3 7
Vo (2w1) v (2v+1) \/4(2V+l)

102/5 1304/5 5064/5
* g8+ 2 g * 10
v (2v+1) v (2w1) v(2v+1l)
- . 10752 10752
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Appendlix D
Units
Unit of energy: 8,33 Mev
Unit of length: 2,76 x 10-13 .
2.33

The uhit of energy was chosen to be a reasﬁnable est-
imate of the binding energy of the triton.
The unif of length was chosen to be ry/2.33, where
ro satlsfies the equation
To @jin = 0.64
A2

M = mass of nucleon

eb: - Be E. of deuteron (2.23 Mev)
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Appendix E

The Ritz Variational Method

One wishes to find an estimate of the lowest eigen-

value of a Hamiltonian H using & linesr varistion function

V= ZAJ’,)Vi‘

with the A's adjusted to obtain the lowest possible est-
imate of the energy E.
Inserting the trial functlon into the usual form of

the veriastion princiople, one obtains

___ I‘P’H Y ac __‘(Z&i* v o= Z- LW de
fw*‘[/d‘ fZAiee(lJ: ZA.? (k) de

- Z-‘- Ai‘x' Hij Aj , where Hij = ‘r\‘_)“ H ‘PJ. J T
S acx D, . A _ +
Z (Ai Al:} AJ Aij = j\P.(_ ‘f’J 41’
8}

which may be written as the eguallty:

"%E : ‘ .,;:,, - .
2 s Biy 4 2wt Ey a

If we differentiste both sides of this equality with re-
gsoect to the various coefficients As%, and 1lmpose the
concition aE/éAi* = 0, tous sssuring choice of optimum

coefficients, we obtain a set of simultaneous equations
Y 4 Has = - 2 » &
Z(;ﬂlJ Ehu,) A; =0
J
which will possess a solution other than zero only if
ESEET W I
from which the lowest eigenvalue estimate and the assoc-

lated transformaticn coefficlents may be obtained.



nts, zlong with trne norm-

e
[§)]

The transformation coeffic
alization intezrsls, snable the computstion of P, the per-
centaze D state, The latter 1s defined in terms of a wave

function

W:BS¢S* BD¢D,

where gy and gy are the pormsiized S and D wave functions,

by the expression ,

2
(Bp)
(9]
< 3 (BD)Q

100

o
&t

(B,)

baat

ihe expressions Bg and Bp may be evalusted at once

oy noting the ldentitiles

Bs ¢s = Ag P,s
; - 4 4 1]
By Ay = AWy +ag¥ors ape ¥
from which one may derive the relations, using ths nota-

tion of the thesls,

H

(35)% = (5]8) 4g2

2

~(Bp) 402 (DID) + ag? (D'ID') + 4gé(D" DY)

+ 2 dghaglDID') + 2 Agag(D)D") + 2 Agagd DY D)
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