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Abstract

For an average-power-constrained wideband fading channel, on the one hand, if the
transmitter has perfect knowledge of the fading state over the entire spectrum, the
maximum achievable rate (Capacity) is infinite; on the other hand, if the transmitter
has no knowledge of the channel’s fading state, the capacity is finite. Therefore, the
transmitter’s knowledge of channel fading states has a great impact on the channel
capacity. However, in the low SNR scenario, the energy per degree of freedom does
not suffice to provide an accurate measurement of the channel over the entire spec-
trum in wideband channels. In the presence of feedback, we may garner information
at the transmitter about some aspects of the channel quality over certain portion of
the spectrum. In this work, we investigate a scheme to capture the effect of such
information. We consider channel sounding with a finite amount of energy over a
block-fading channel in both time and frequency. The quality of each subchannel is
assessed as being the crossover probability in a BSC. In order to characterize a judi-
cious policy for allocating energy to different subchannels in view of establishing their
usefulness for transmission, we use a multi-armed bandit approach. This approach
provides us with a cohesive framework to consider the relative costs and benefits of
allotting energy for sounding versus transmission, and for repeated sounding of a sin-
gle channel versus sounding of various different channels. In particular, we are able
to give both an upper bound and a lower bound on the number of subchannels that
should be probed for capacity maximization in terms of the available transmission
energy, the available bandwidth and the fading characteristics of the channel. More-
over, the two bounds are so close to each other that they may well be treated as an
approximation to the desirable number of subchannels to probe.
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Chapter 1

Introduction

The growing popularity of mobile wireless communication applications makes it im-
portant to study the wireless fading channels. Meanwhile, wireless communications
are increasingly carried out over a large bandwidth to meet the growing demand for
higher data rates of the emerging new wireless applications (like video streaming).
Moreover, as the energy consumption becomes critical, power-constraint communi-
cation and energy efficient communication schemes are desirable. Therefore, inves-
tigating wideband fading channels under low power constraint and designing novel
communication schemes are of essential importance. In this work, we touch some

aspects of this promising research area.

1.1 Problem Motivation

A point-to-point communication system is composed of a transmitter, a receiver and
a channel. The transmitter sends a signal x to the receiver. The receiver receives a
corrupted version y of the transmitted signal. One source of the channel corruption is
the noise. Among various channel noise models, the Additive White Gaussian Noise
(AWGN) model is probably the most widely used one. In AWGN channel model, the
received signal is the sum of the transmitted signal and a Gaussian-distributed noise
signal w. It is known that the AWGN channel’s capacity is %log (1 + N%) per degree

of freedom. where P is the average input power constraint and Nj is the variance of
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the additive noise.

When transmitted in wireless channels, the signal is corrupted by not only additive
noise but also multipath fading (explained in Chapter 2). However, most wireless
channels can be reduced to narrowband flat fading channels, where the received signal
is corrupted by time-varying multiplicative coefficients h, called the fading coefficients.
The exact value of fading coefficient is named Channel State Information (CSI). If CSI
is available at both the transmitter and the receiver, then the fading channel capacity
is achieved when the transmitter adapts its power, data rate and coding scheme to
the CSI, e.g. “water-filling” over the time. In [1], the authors showed that, in some
special cases, the availability of CSI at the receiver affects the decoding complexity but
not the channel capacity. In [2], the authors proved that, in the wideband limit and
under the average power constraint, the same capacity as the AWGN channel can be
achieved, without CSI at either the transmitter or the receiver. The communication
scheme to achieve the AWGN capacity, as proposed in (2] for the general multipath
fading channel, is called “peaky signaling”, which transmits at a low duty cycle and
uses Frequency Shift Keying (FSK). Although “peaky signaling” can achieve the
channel capacity in very severe conditions (no transmitter CSI or receiver CSI), there
are many occasions where “peaky signaling” may not be a suitable choice. Possible
concerns include physical device limitations, power supply and safety issues. For
these scenarios, peak power constrained communication schemes may be a better
choice than average power constrained communication schemes. In this thesis, we
employ an input power constraint in between the above two type of constraints,
which does not allow power reservation between different coherence blocks (to be

defined in Chapter 2) but allows any power allocation scheme within a fading block.

Apart from different capacity-achieving communication schemes, wideband chan-
nel capacity under the average power constraint is also significantly different between
the full transmitter CSI scenario and the no transmitter CSI scenario. On the one
hand. the capacity formula in [1] for the full transmitter CSI scenario indicates that
the channel capacity increases unboundedly as the bandwidth increases. On the other

P

hand. in [2]. the authors showed that the wideband capacity is 7. for the scenario
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without transmitter CSI. Therefore. the availability of the transmitter CSI has a great

impact on the wideband capacity under the average power constraint.

CSI surely comes at a cost. since, although the statistical distribution of fading
coeflicients is available in most cases, the exact values of the fading coefficients are
usually unknown and need to be estimated. The common method to obtain CSI at
the receiver is through channel testing. The transmitter’s CSI can then be obtained
from the receiver if an error-free instantaneous feedback channel is available. Clearly,
a portion of the transmitter’s energy needs to be spent in sending channel testing
sequences. The energy cost of channel testing is negligible in the high SNR (defined
in Chapter 2; for now, just think of it as proportional to the input power) region.
However, the channel testing cost for wideband channels can not be ignored in the low
SNR region, since the energy per degree of freedom is so small that it is not sufficient
to measure the channel accurately. In this scenario, we are usually only able to obtain

some partial CSI with certain amount of channel testing cost.

To achieve higher data rates, we need to balance the energy consumption between
channel testing and data transmission. Though not the optimal signaling scheme,
BPSK signaling is enough to characterize the channel performance, under some spe-
cial assumptions (explained in Chapter 2). Moreover, BPSK signaling greatly simpli-
fies our analysis and allows us to focus on the main tradeoff which is between allotting
more energy in channel testing and spending more energy in transmitting information.
Thus, we convert the wideband channel to independent subchannels and model them
as a set of independent Binary Symmetric Channels (BSC) through BPSK signaling.
The subchannel quality is characterized as the BSC’s crossover probability. Specifi-
cally, we are able to characterize the number of subchannels that should be probed
for capacity maximization in terms of the available transmission energy, the available
bandwidth and the fading characteristics. Although we are only able to derive ana-
Iytical expressions for an upper bound and a lower bound on the desirable number of
probed subchannels. the two bounds are so close to each other that they mayv well be
treated as “approximation” rather than “bounds” to the desirable number of probed

subchannels.
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1.2 Thesis Outline

In Chapter 2, we explain in more details the setup of our communication model and
the general structure of our communication scheme. In Chapter 3, a multi-armed
bandit approach is carried out to study various channel testing algorithms. Finally,
in Chapter 4. we design our communication scheme by specifying several parameters

and present our main results.
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Chapter 2

Wideband Fading Channel and

Communication Schemes

Some special properties of wireless channels include the multipath property and the
fading phenomena. In this chapter, we refer to the classical wireless channel model

and formulate the particular problem to investigate in this thesis.

2.1 Multipath Fading Model

In wireless channels, there is usually more than one path from the transmitter to the
receiver, with different path strengths and path lengths, which is referred to as the
multipath property. One direct result of this property is that more than one copy of
the transmitted signal arrives at the receiver through different paths, with different
scalings and delays. In [3], the authors expressed the Input/Output (I/O) relation
between the transmitted signal x(t) and the received signal y(¢) in the following

formula,

y(t) = Z ai(t) z(t — 7:(t)) + w(t), (2.1)

where the summation is taken over all significant paths. In (2.1), a;(t) and 7;(t) are.
respectively. the path gain and path delay of the i*® path at time t: w(t) is the Additive
Noise. which is usually assumed to be Additive White Gaussian Noise (AWGN). The
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I/O relation (2.1) can be represented as a linear time-varying system.

y(t) = /_ ” h(r,t)z(t — 7)dr +w(t), (2.2)
where h(r,t) =Y ai(t)§(r — 7i(t)) . (2.3)

i

where h(7,t) in (2.3) is the impulse response of the I/O system at time ¢. By taking

the Fourier Transform of (2.3). we have the following time-varying frequency response

—00

+o0
H(f, t) = / h(T, t) 6_j27rf‘r dr = Z ai(t) €_j27'_fﬂ(t) . (24)

In practice, communication is usually carried out over a frequency band W around
the carrier frequency f., whose I/O relation is represented in (2.2). For convenience
of analysis. the passband signals are down-converted to the baseband and sampled at
the Nyquist sampling rate, W. Accordingly, the continuous I/O relation (2.2) reduces

to the following discrete-time I/O formula,

y(m) = Y m(m)z(m—1)+w(m), (2.5)
l
where hi(m) = Zai-’ (%) sinc[l — 7; (%) W], (2.6)
a?(t) — ai(t)e—ﬂﬂfcn(t) )

x(m) and y(m) denote the baseband input and output signal sampled at time 7.
{hi(m)} are the fading coefficients sampled at time §;. The baseband AWGN sam-
ple sequence {w(m)} forms a sequence of independent and identically distributed
(ii.d.) Gaussian random variables. Expression (2.5) actually represents a time-

varying discrete-time filter, where h;(m) represents the [** filter tap at time W

The coherence time T, (in the unit of seconds) of a wireless channel is the interval
during which the channel does not vary significantly. In terms of the discrete-time
model (2.5). the coherence time L. (in the unit of samples) is the interval during

which h;(m) does not change significantly as a function of m. T, and L. are related
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by

T.= Lo (2.7)

The coherence bandwidth W, is the width of the spectrum over which the channel
frequency response H(f,t) in (2.4) does not change significantly as a function of f.
The delay spread T,; and the Doppler spread D, are inversely proportional to the

coherence bandwidth W, and the coherence time T, respectively.

Fading channels are divided into two categories, depending on the relative am-
plitude between the coherence time T and the sampling interval % If —I}V— < T,
the fading channel is called a slow fading channel; If ﬁl,— > T, the fading channel is
called a fast fading channel. The relative amplitude between the coherence time T,
and the sampling interval % is closely related to the relative amplitude between the
channel bandwidth W and the Doppler spread D,. If W > D,, then —lu7 < T if
W <« Dy, then ul > T.. In most cases, the channel bandwidth W is much larger
than the Doppler spread D,. Therefore, we are mostly interested in the slow fading
channels. Moreover, we use the following block fading channel model as a simplifica-
tion for the slow fading channel: the time axis is segmented into consecutive disjoint
coherence blocks, each of length T, (seconds) or L. (samples); the fading coefficient
h;(m) remains constant within each coherence block; the fading coefficients in differ-
ent coherence blocks are mutually independent. We illustrate the block fading model

in Figure 2-1, where the time axis is in the units of samples.

Coherence Coherence ) ) Coherence Coherence )
Block 1 Block 2 ( 5 Block k-1 Block k (
1 L, 2L, ) (k—2)L, (k-1)L. kL. ) n
L.+1 2L +1 (k—-2)L +1 (k—1)L +1 kL +1

Figure 2-1: Block Fading Model in Discrete Time Scale



2.2 Narrowband Channel

In practice, the communication is usually carried out over a channel which occupies
a band with finite width W (Hz). Such channels are divided into two categories,
depending on the relative amplitude between the channel bandwidth W and the
coherence bandwidth W,. A channel is called narrowband if its bandwidth W is much
smaller than the coherence bandwidth W,; otherwise, it is called wideband. Recalling
the definition of the coherence bandwidth W,, a narrowband channel’s frequency
response is almost flat within its frequency band. Owing to the relation between
the delay spread Ty and the coherence bandwidth, we have that for a narrowband
channel,
1 1

Lot 2
W< w (28)

T; =
Therefore, if an impulse is transmitted, the significant part of the received signal
spreads much smaller than the sampling interval Vlv’ Recall that, in the multi-tap
discrete-time filter model (2.6), a filter tap contains all the paths whose delays are
approximately within one sampling interval V},— Since the delay spread of a narrow-
band channel T, is much smaller than the sampling interval 3 according to (2.8),
one filter tap in the multi-tap discrete-time filter model (2.6) is sufficient to represent
all significant paths in a narrowband channel. By suitably adjusting the time origin
of the receiver, we can make this filter tap the 0" tap in (2.6). Therefore, for a

narrowband channel, the multi-tap discrete-time filter model (2.5 and 2.6) reduces to

the following single-tap discrete time filter model

y(m) = h(m)z(m)+w(m). (2.9)
where h(m) = Z ab <%7—) sinc| 7; (%—) Wi, (2.10)
al(t) = a;(t)e I milt)

18



2.3 Wideband Channel

The bandwidth of a wideband channel W is usually much larger than the coherence
bandwidth W.. Therefore, the previous narrowband channel model is no longer suit-
able. In particular, it is no longer suitable to assume that the frequency response
of the wideband channel is still flat within its bandwidth. Moreover, if the Nyquist
Sampling rate ‘v117 is used for a wideband channel, the single-tap discrete-time filter
model (2.9 and 2.10) no longer applies, since the delay spread usually extends over
multiple sampling intervals.

To utilize the wideband channel, we convert it to multiple narrowband subchan-
nels and then deal with each subchannel separately. We will not investigate various
methods of converting a wideband channel into narrowband subchannels. Rather, we
assume that the conversion is done in such a way that the resulting subchannels are
narrowband and mutually independent. The L narrowband subchannels are centered
at {fi, { = 1,2,...,L}, where L > 1. The I'" subchannel occupies the frequency
band from f; - % to fi+ %ﬁ Since the subchannels are narrowband, we can apply the

single-tap discrete-time I/O model (2.9) and (2.10). Therefore, for the I** subchannel,
y(m) = hy(m)zi(m) +wi(m), (2.11)

where the sampling rate is assumed to be W. h;(m) is the fading coefficient of the I*h
subchannel. z;(m) and y;(m) denote, respectively, the discrete-time baseband input

and output to the I** subchannel at time .

2.4 Statistical Channel Model

Now, we have L narrowband subchannels, each represented by a single-tap discrete-

time I/O relation (2.11). which describes the particular scenario where the input

sequence {z;(m).l =1..... L.m € N} is sent over the subchannels characterized by
the fading coefficient sequence {h;(m).l =1..... L.m € N} and the additive noise se-
quence {wy(m).l =1.....L.m € N}. However, a communication svstem is expected

19



to work not only in a particular scenario, but also in a family of scenarios with differ-
ent parameters. Therefore. a statistical channel model is more suitable and helpful
when designing the communication svstem. Hence. we treat the fading coefficients
as random variables and assign to them particular probability distributions. Thus,
the single-tap discrete-time I/O relation (2.11) is modified to the following statistical

channel model,

v, (m) = hy(m) x;(m) + w,(m), (2.12)

where we use bold face for random variables. The AWGN noise sequence w;(m) is
assumed to be i.i.d. Circularly Symmetric Gaussian random variables with variance

Ny. The distribution of the fading coeflicients will be specified in later sections.

As described in the previous section, each subchannel’s bandwidth W is smaller
than the coherence bandwidth W, (flat fading) and W is greater than the Doppler
spread D, (slow fading). Furthermore, the block fading assumption is adapted as
follows for the statistical channel model: At the beginning of each coherence block, the
subchannel’s fading coefficient h takes a realization according to a particular distribu-
tion fu(h), independently of the fading coefficients in the previous and following co-
herence blocks; the L subchannels select fading coefficients mutually independently ac-
cording to the same distribution fn(h); the fading coefficients remain constant within

each coherence block.

Signal-to-Noise-Ratio (SNR) denotes the ratio of the average received signal power

to the average received noise power.
2

& iz Z hy(m) x;(m)

I m
£ lZZwl(m)
{ m
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EIDY D Ixim)?
L m

= £[|h]*] — = (2.13)
EINN wilm)P?
L I m J

= £[|hf?] NfB. (2.14)

where B is the bandwidth of the wideband channel. Step (2.13) follows from the
assumption that the fading coefficients are i.i.d. random variables with the same

distribution and they are independent of the input sequence and the noise sequence.

Remark 1 P is the average power constraint on the input sequence, which is ex-

pressed as follows.

oD Ixam)P

lim sup ——23 < P, (2.15)
mp—00 -W—mo

where —‘}7 myg is the time in seconds for a length-mg input sequence.

Remark 2 If the average input power P is fixed in (2.14), then the Signal-to-Noise-
Ratio SNR decreases as the bandwidth B increases. This is due to the fact that more
noise power is collected by the receiver as the bandwidth increases while the input

power remains constant, resulting in a decreasing SNR.

The actual value of the fading coefficients {h;(m)} is called the Channel State In-
formation (CSI). For fast fading channels, it is useless to estimate the channel states,
since the channel states vary from time to time. However, for block fading chan-
nels, the channel states remain constant within each coherence block, which usually
spreads over hundreds to thousands of samples. Therefore, it is possible to esti-
mate the channel states in block fading channels. The common method in practice
to estimate the channel states is that the transmitter sends a training sequence in
each coherence block. the receiver compares the received sequence with the trans-
mitted sequence and then estimates the channel states. With the help of a noiseless

feedback channel. the transmitter synchronizes with the receiver and gains the same
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knowledge of the channel states. This method works well on a single narrowband
channel, but it is not clear how the training-based communication scheme should
be generalized to a large number of narrowband subchannels. The underlving dif-
ficulty is that the number of subchannels is large (L > 1) but the average input
power is constrained. Estimating channel states of more subchannels requires more
power allocated into training sequences, necessarily reducing the power available for
transmitting information-bearing sequences. We shall focus on this tradeoff between
channel testing and data transmission. Before the analysis on the above tradeoff

unfolds, we first make several assumptions to clarify further our problem setup.

2.5 Modulation and Demodulation

For our investigation, BPSK is employed as the modulation scheme, both for the
channel testing phase and for the data transmission phase. The BPSK constellation
is composed of two signal points, +1 and —1. We assume that the same BPSK
constellation { +1,—1} is used for all subchannels. On each subchannel, the BPSK
constellation remains the same over the time. Each BPSK symbol consumes one unit
energy, due to the {+1,—1} constellation. If we use Ej to denote the number of
BPSK symbols sent in the k¥*® coherence block on all subchannels, then the average

power constraint on the input sequence (2.15) reduces to

< PT,, (2.16)

ko—o0 0

which means that the average energy consumption of the input sequence per block
is at most PT,. If (2.16) is the only power constraint on the input sequence, then
the transmitter is allowed to reserve energy for future use. As we have mentioned
in the introduction. stricter input power constraint may be of interest to tackle the
concerns like physical device limitations, power supply and safetv issues. Therefore.

we do not allow power reservation between different coherence blocks but allow any
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power allocation within a fading block. The average energy constraint (2.16) reduces

to the following per block energy constraint,

E,<PT., forVk. (2.17)

The input to the {*» subchannel, {x;[m]}, is a binary sequence composed of symbol
0 and symbol 1. The modulator maps each symbol x;[m] (x;[m] € {0,1}) to a signal
point x;(m) (x;(m) € {+1,—11}) in the following way,

x;[m] | x;(m)
0 +1
1 -1

We use y,;(m), hy(m), w;(m) to denote the sample value of the received signal process,
fading coefficient process and the additive noise process at time {, respectively.
Since the input sequence is modulated symbol by symbol, there is no loss of
performance if the demodulator at the receiver makes decision on each received y,(m)
separately. Owing to the I/O relation (2.11) and the AWGN assumption, the optimal

demodulator is illustrated in Figure 2-2. Assuming that all other components in the

; N(+1h/(m)1, N, /2)

“N(-1h (m) |, N /2)

+h,(m)

;"\
30 Re{y, (m)}
-h (m) ‘
y,[ml=0
y, [m] =1

Figure 2-2: Demodulate the Received Signal: y,(m) to y,[m]

communication system are error-free except for the demodulator. the error probability
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of each input binary svmbol to the [** subchannel is.

Plyim] = 1[xfm] =0) = @ | P2 (2.18)
HMM=NMM=U*-Q|?QI (2.19)
P, = P(ym] = 1| x[m] = 0) = P(y,fm] = 0| xm] = 1).  (2.20)

Therefore, the [** subchannel can be represented as a Binary Symmetric Channel

(BSC), with crossover probability P;.

Xy{m]=0 &

x[m]=1

Figure 2-3: The BSC Representation for the [** Subchannel

Incorporating the noiseless feedback channel within the channel testing phase, the

system diagram of the I*! subchannel is illustrated in Figure 2-4.

Input x {m}——| BSC(P)) ——— Output 'y [m]

Feedback
Channel

Figure 2-4: System Diagram for the [** Subchannel

The crossover probability P, characterizes the I*! subchannel’s quality. The noiseless
feedback channel is represented as a dotted line in Figure 2-4 to emphasize that
it only duplicates the testing results to the transmitter. After the testing phase.

the feedback channel is not used. Each subchannel is used as an ordinarv BSC

24



without feedback during the transmission phase. Thus. we are investigating the
impact of the transmitter CSI on the achievable rate rather than studyving the feedback

communication.

2.6 Two-Level Fading Model

The expression for the [** subchannel crossover probability in (2.20) indicates that,
with coherent detection, P, is only related to the fading coefficient amplitude |h;(m)).
Although the Raleigh or Nakagami distribution are commonly used for fading coef-
ficient amplitude, their expressions are pretty complicated, which makes our further
analysis much harder. Instead, we consider the two-level fading model, which is much
simpler to analyze but still captures most of the aspects we are concerned with. In
the two-level fading model, the amplitude of each fading coefficient can be either hg
or hg. The probability distribution of h reduces to the following Probability Mass
Function (PMF) of |h]|.

P[|h| = hp]

H
Q

(2.21)
P[lhl=hg] = 1-0. (2.22)

where hg > hg > 0.

The two-level fading model asserts that the subchannels must be in one of two
possible states. The “good” state is associated with the larger fading coefficient
amplitude ~q and the “bad” state is associated with the smaller amplitude hg. Each
subchannel chooses between the two states at the beginning of each coherence block

according to the PMF in (2.21, 2.22) and keeps that state in the block.

2.7 Communication Scheme

In our communication scheme. each coherence block is composed of two parts. channel

testing phase and data transmission phase. as illustrated in Figure 2-5.
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Figure 2-5: Coherence Block Structure: Channel Testing Phase and Data Transmis-
sion Phase

Before communication starts, the transmitter and the receiver agree on what channel
testing sequence to send for each coherence block and how they should be sent.
During each coherence block, the pre-configured training sequences are sent in the
pre-configured way. The receiver demodulates the noise-corrupted received sequence,
compares them with the pre-configured channel testing sequences and updates its
estimates of the CSI. The receiver’s CSI estimates are then immediately feedback
to the transmitter through the noiseless feedback channel. As explained in previous
sections, the noiseless feedback channel only duplicates the receiver’s testing results
to the transmitter; after the testing phase, the feedback channel is not used; each
subchannel is used as an ordinary BSC without feedback during the transmission
phase. This assumption may be suitable for the scenario where feedback channel
resource is rare, expensive and should be used less.

Input Bit Seq Testing Phase . Output Bit Seq
010101...1010 011101...1011

T |

Noiseless Feedback Channel

Figure 2-6: Channel Testing Phase with Noiseless Feedback Channel

When the channel testing ends, the transmitter allots the remaining energy onto
the chosen subchannels for data transmission, according to the estimated CSI. We
use Ei. By (Eye + Ey. = PT,) to denote the energy for channel testing and data
transmission.

Recall that in (2.14), the relation between the wideband channel bandwidth B,
the input power constraint P and the received Signal-Noise-Ratio SNR was provided.

Given that Ny and E[/h|?] are fixed, the SNR per degree of freedom decreases as
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the channel bandwidth B increases. This means that for a wideband channel with
a very large bandwidth B, the SNR is not large enough to accurately estimate the
channel states. We make this observation explicit by requiring that each input svmbol
should consume a constant amount of energy (one unit for our BPSK constellation).
Therefore. the energy allocated into the channel testing phase (respectively. the data
transmission phase) is equivalent to the number of BPSK symbols sent during each

phase, respectively.

On the other hand, BPSK may not be the most suitable signaling scheme for the
transmission phase. However, we characterize the subchannel only by its achievable
rate. The rates of different signaling schemes all increase as the fading coefficient
amplitude |h;(m)| increases. Since this relation between rate and |h;(m)| is enough
for our investigation of the tradeoff between channel testing and data transmission,
BPSK is as good as other more complicated signaling scheme. Thus, fixed-level BPSK
is also used for modulating the information-bearing sequences during the transmission

phase.

Our communication scheme structure is as follows.
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Communication Scheme Structure

1. We segment the time axis into coherence blocks, each of length T, (Figure 2-
1): We also convert the wideband channel into a large number of narrowband

subchannels, each of bandwidth W.
2. During each coherence block, the transmitter repeats the following steps.

Step 1 When the coherence block starts, the transmitter takes M subchannels
at random. The transmitter spends Ei units of energy in testing these
M subchannels with a pre-configured Median Deletion Algorithm (MDA).
When MDA terminates, it returns the selected subchannel, denoted as

subchannel 7.

Step 2 The transmitter then spends the remaining energy in transferring data

over the selected subchannel 7.

Remark 1 In the communication scheme, we implicitly assume that only one sub-
channel is chosen for transmission. We use the following figure to explain this as-
sumption. In Figure 2-7, subchannel 1 is the best and subchannel 2 is the second
best according to the testing results. In the upper Figure 2-7, where T, is small, not
all the E}, energy can be consumed by the end of T, if the transmission is only carried
out over subchannel 1. Under this condition, we should also choose subchannel 2.
In the lower Figure 2-7, where T, is large, we are able to use all the E;,. energy by
the end of T, on subchannel 1. Since the 1% subchannel has a better quality than
any other subchannel according to the testing results, it is desirable to transmit over
subchannel 1 only. For a fixed amount of energy E per coherence block, the input
power is inversely proportional to the coherence time T.. Since we are mostly inter-
ested in the very low SNR scenario, it is reasonable to assume that T, is large enough
compared with E such that, within each coherence block, the transmission energy
E;, can be consumed on one subchannel by the end of the coherence block. This

relation between 7, and E guarantees no loss of performance if we only choose the
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Figure 2-7: Examples: How T affects Channel Selection

best subchannel for transmission.

2.8 Summary

In this section, we have introduced the wideband fading channel and our scheme to
communicate on it. We focus on the very low SNR communication scenario where
the Channel State Information is not a-priori available at the transmitter. To deal
with the lack of transmitter CSI, training and feedback channel are utilized. BPSK
modulation and coherent detection are also assumed, so that the tradeoff between
channel testing and data transmission can be characterized with relative ease.

At the current step, we have two problems to solve. The first is what algorithm
we should use for channel testing. The second is how big a portion of the wideband
channel we should test, or equivalently, how many subchannels we should test. The
first problem is important, since otherwise our communication scheme is incomplete.
We shall deal with this problem in Chapter 3. The second problem is equivalent to

the tradeoff between channel testing and data transmission. We shall come back to
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this problem in Chapter 4.
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Chapter 3

Multi-Armed Bandit Problem and
Channel Testing Algorithm

In Chapter 2, we described the general structure of our communication scheme. In
this chapter, we focus on the testing phase of each coherence block. Here, we list the

communication scheme per coherence block, as described in Chapter 2.

Communication Scheme Structure

Step 1 When the coherence block starts, the transmitter takes M subchannels at
random. The transmitter spends E. units of energy in testing these M sub-
channels with a pre-configured channel testing algorithm. When the channel
testing algorithm terminates, it returns the selected subchannel, denoted as

subchannel J.

Step 2 The transmitter then spends the remaining energy in transferring data over

the selected subchannel 1.

Under BPSK modulation with fixed constellation {+1, —1}, each subchannel is rep-
resented as a BSC with quality being characterized by its crossover probability P.
Before testing. all the subchannels have the same a-priori quality distribution fp(p).

Therefore. in ”Step 1”7, we randomly select M subchannels without any preference.
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When the coherence block starts, the crossover probabilities { P;,l = 1..... M } take

independent realizations according to fp(p), which is unknown to the transmitter.

Without loss of generality, the domain of fp(p) is assumed to be [0,3]. Clearly,
within this range, subchannels with smaller crossover probabilities have better qual-
ities. Since the crossover probabilities { P;,/ = 1,..., M } keep constant within the
coherence block, it is possible for the transmitter to find the best-quality subchannel
through testing. Since each BPSK symbol consumes 1 unit of energy, the E;. units of
testing energy allows us to input E;. testing symbols into the M subchannels. Thus,
the transmitter uses the M subchannels for a total of E; times in any sequence, and
makes a decision on which subchannel to use for transmission.

The above setup of searching for the best-quality subchannel is similar to the
Multi-Armed Bandit Problem (MABP), originally described in [4]. An algorithm
designed to solve the MABP can be adapted to a channel testing algorithm with minor

modification. Therefore, in this chapter, we study the MABP and its algorithms.

3.1 Multi-Armed Bandit Problem

As described in [4], the MABP’s problem setup is as follows.

A gambler is provided with M slot machines, denoted as machine 1,..., M. The
reward of each slot machine forms a stochastic process, called the reward process: if
the i machine is tried at time t, a random reward R;(t) is received. The sequence
of random rewards { R;(t),t = 1,2, ...} are independent identically distributed (i.i.d).
The reward processes of the M slot machines are mutually independent. The gambler’s
objective is to mazimize the total received rewards by designing a strategy specifying
which slot machine to try at each time step.

Despite its simplicity, the MABP encompasses the important tradeoff between
exploration and exploitation. On the one hand, the gambler should explore more slot
machines. with the hope of finding a machine better than those tried. On the other
hand, the gambler should rather exploit a slot machine that he thinks is good and

keep on using it to collect rewards. There are drawbacks in either direction. First
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of all. if the gambler spends too much time exploring different machines. he may
possibly not be able to trv the good ones enough to collect rewards. Secondly, if the
gambler keeps on exploiting the machine which he believes to be good, he may miss

other better machines.

MABP is a classical problem in the control and decision making area, and has
been studied in various setups. In [5], the authors have made a comprehensive survey
of the classical results related to MABP. However, these classical approaches are not
suitable for our problem setup. The transmitter is not sending informational bits but
testing symbols during the testing phase. Furthermore, the transmitter can send at
most E;. testing symbols during the testing phase. This problem setup corresponds
to a special MABP where the gambler’s objective is not to maximize the received
rewards but to collect information about machine qualities. Clearly, within a finite
number of machine tests, it is not possible for the gambler to find the best slot machine
with 100% confidence. To achieve a precise estimate of even one machine’s quality,

an infinite number of tests are required.

The Probably Approximately Correct (PAC) approach to MABP, recently pro-
posed by Even-Dar et al in [8], is a suitable way to deal with our problem setup.
In PAC MABP, the gambler’s objective is not to collect rewards but to find a near-
optimal slot machine with high confidence. This agrees with the implicit assumption
in our problem setup that the transmitter nails down his selection on one slot machine
when testing ends. We assume that each random reward R;(t) is a binary random

variable taking value in {0,1}.

PIRi(t) =1]
P[R(t) = 0]

Dis (3.1)
1—;. (3.2)

[

We don’t use the bold face for p; since. in our communication scenario. the channel
testing is done within one coherence block. where the subchannel’s state remains

unchanged. {p;.i=1...., M} are unknown to the gambler. Let 7 denote the average
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reward of the /*® slot machine, we have that

ri = E[Ryi]. (3.3)
Let I, denote the index of the optimal slot machine, then

E[Ry.]= max £[R], (3.4)

=Lyeuy

I, = argiﬁlaxME[Ri] . (3.5)

Furthermore, the e-optimal slot machine is defined as follows: a machine is e-optimal

if its average reward is greater than E[Ry, | — e.

E[Rk] > E[Ry, ] — € — machine k is e-optimal (3.6)

E[Rxy] <E&[R;, ] — € — machine k is not e-optimal . (3.7)

Clearly, the optimal machines themselves are also e-optimal. In PAC MABP, the
gambler’s objective is to design a testing algorithm which outputs an e-optimal slot
machine with probability at least 1 — §. We call any algorithm that achieves this
performance an (€, §)-PAC algorithm. Let I denote the index of the selected machine,

then the above (¢, §)-PAC performance can be expressed as follows,
P{ER;]>E[RL ] —€} >1-96. (3.8)

We assume that the randomness in (3.8) comes from the random rewards only. This

essentially means that we don’t consider any random algorithm.

It is not hard to see that the (¢, §)-PAC performance is achievable with a finite
number of trials. Furthermore, various algorithms achieve the (e, §)-PAC perfor-
mance. Therefore. we need to compare these (€, §)-PAC algorithms using other met-
rics. Let T denote the number of machine trials for the algorithm to terminate. Then
we define the complexity of a testing algorithm to be £[T]. the average number of

machine trials. We compare various (e, §)-PAC algorithms by their complexities. The
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gambler’s objective is to design an (e.d)-PAC testing algorithm which has the mini-
mal complexity. The positive parameter ¢ characterizes the gambler’s confidence of

his choice and the positive parameter e specifies the quality of the gambler’s selection.

3.2 Testing Algorithms

3.2.1 General Structure

In this section, we give a description for the general structure of the testing algorithms
we consider.

Clearly, in a machine testing algorithm, we need to record the reward history of
the tested machines. Owing to our binary reward assumption, the sufficient statistic
for the average reward r; of the i*® machine, given the reward history R;(1),...,R;(t)
up to time ¢, is

R+ +Rit)

Pi(t) = -

(3.9)

Therefore, we only need to keep a record of { P;(t)} as the algorithm proceeds. At
each time step t, we keep an up-to-date average reward vector (Isl(t), ., P M(t)).
Based on this updated average reward vector, we make decisions on whether we should
terminate, which machines to test at the next step and which machine to select if
we decide to terminate. Here are two observations which affect the testing algorithm

structure.

e The slot machines are mutually independent when they are tried simultaneously.
Therefore, without loss of generality, we assume that, as the algorithm proceeds,

we are allowed to try more than one machine in each time step.

e When the algorithm proceeds to time ¢, if we decide to stop trying the i
machine due to its inferior performance, then we should not trv it again at time
t' later than ¢. If we stop trying the 7** machine at time ¢ but resume trving it

at time # > t. then we could have made the trial on the i*®* machine at time ¢
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instead of time t'. resulting in a better decision at time ¢ and the same decision
at time t'. The reason is that the testing results at time ¢’ can not be used at
time £, but the the testing results at time ¢ can be used at time t’. Therefore,
if we decide to stop trying the i*" machine at time ¢, then we say that the i*®

machine is “deleted” at time ¢, indicating that it should not be tried again.

We use T to denote the time when the algorithm terminates, (¢) to denote the set
of machines tested at time ¢t and M (t) to denote the size of the tested machine set at

time t. We require our testing algorithm to satisfy,

Q1) = {1,...,M}, (3.10)
oT) = {1}, (3.11)
Q) 2 Qt+1) t=1,...,T-1, (3.12)
M1) = M, (3.13)
M(T) = 1, (3.14)
M) > M(t+1) t=1,...,T-1. (3.15)

Through (3.12), we require that, if a machine is not tried at time ¢, then it is excluded

from the candidate sets Q(t +1),...,Q(T).

Here are some of the (¢,d)-PAC algorithms, which satisfy the above structure.

3.2.2 Block Deletion Algorithm (BDA)

A very simple testing algorithm named block deletion algorithm (BDA) was described
in [8]. In BDA, each machine is tested for the same number of times and the selection
is made based on that testing history. To describe BDA in the previous general

algorithm structure, the parameters €(t) and M(t) are specified as follows.

Q) = {1,....M} t=1....,T, (3.16)



Therefore. BDA makes decision at time T and outputs the machine with the greatest

average reward.

I = arg Jmax P,(T). (3.18)

The detailed structure of BDA is listed here.

Block Deletion Algorithm (e, §)
Step 1 Set t =1 and the candidate machine set S(¢) = {1,...,M }.

Step 2 At timet € {1,..., M }, try every slot machine in S(¢) for once and update
the average reward vector (151(15), . ,PM(t)>. Ift<T, thenset S(t+1) =
S(t), t =t + 1 and repeat Step 2; otherwise, continue to Step 3.

Step 3 Output the machine I who has the greatest average reward in

(f’l(T), . ,PM(T)).

Before proceeding to analyze BDA’s performance, we first introduce the following
Hoeffding Inequality (originally proposed and proved in [6}), which will be repeatedly

used in this chapter.

Lemma 1. (Hoeffding) Suppose X;,..., X, are independent random variables with
finite first and second moments. Furthermore, assume that the X; are bounded; that

is, assume for 1 <i < n that
P(Xz € [ai,bi]) = 1 (319)

(meaning that X; is guaranteed to fall within the interval from a; to b;) then for the

sum of these variables

S = X+ +X,. (3.20)



we have the inequality

2 2
P(S—E[8] >ne) < exp __ e . (3.21)

n

Z(bi - a;)?

i=1

Remark 2: In the lemma, only one side of the inequality is provided, which can
be easily extended. Suppose Y; = -X4,...,Y, = =X, then Y;,...,Y, are in-
dependent, with finite first and second moments. Y is bounded within the interval
[—bi, —a;]; that is, for 1 < ¢ < n that P(Y; € [~b;, —a;]) = 1. Owing to Lemma 1,

we have the following inequality for the sum 8’ = Y; +--- +Y,:

P(S' — E[S'] > ne) < exp <_Z7-’_1((—262)6— (—bi))z) . (3.22)

Since S'=Y;+---+Y,=—(X;+---+X,) = =S, we have that

n2e?
P(S—£[S] <ne) < exp (— le(bi _ am) , (3.23)

which is the other side of the inequality as desired.

With the Hoeffding inequality in Lemma 1, we are ready to characterize BDA’s

testing length T, which is summarized in the following lemma.

Lemma 2. The Block Deletion Algorithm as listed above is (¢,8)-PAC, if its testing

length T is no less than % In 2(1\/{5—1)7

Proof. Suppose the k* slot machine is not e-optimal, at its average reward at time T
is P(T). Also. suppose machine I, is one of the optimal machines. Let r, = E[R;]
and r, = £[R;]. Their relative locations are illustrated in the following figure.

Now. we estimate the rare event that the optimal machine performs worse than a
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Figure 3-1: Locations of the Optimal Reward r, and a Non-e-Optimal Reward r;,

non-e-optimal machine, i.e. Px(T) > P (T).

P(P(T) > PL(T))

= P (lsk(T) > pl*(T)s

= PPT)>P.(T),PL(T) <7, —
+P(Pw(T) > P.(T),P(T) > r, — %,f’k(T) > 1+ %)
P(PL(T) <1\ — %) + P(PL(T) > + g)

IA

< 2exp (—(%)2T) .

Pr(T)

2

Remark 1 Equality (3.24) comes from the fact that

{P(T) > P.,(T)}

<r )
2

P (Bu(T) > P (T), Br,(T) 2 . - £)

)

(3.24)

(3.25)
(3.26)

(3.27)

= {Py(T) > P1,(T), P (T) <r. = 5} U{PL(T) > P1(T),PL(T) 2 7. - £},

A~

0 = {Pw(T) > ?I*(T)vf’b(T) < Ty — %} N {Pk(T) > PI*(T),PL(T) > — %} .

Remark 2 Equality (3.25) comes from the fact that {P,(T) > P, (T),P.(T) >

r. — £} necessarily implies {Py(T) > r¢ + £}

Remark 3 Inequality (3.26) comes from the following relationships

{P(T) > P, (T).P(T) <7, — %} C{P.(T)<r, - %},

{Py(T) > Pr(T).P1(T) > 1, — g,pkm > 1+ 2} C{PW(T) > ri+ g}.
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Remark 4 Inequality (3.27) is a direct application of the Hoeffding inequality in
Lemma 1.

Since there are at most M — 1 non-e-optimal machine, the probability of selecting
a non-e-optimal machine is bounded 2 (M — 1) exp (—(5)*T). Therefore, if T >
E% In 2“—{5_—]2, the error probability of choosing non-e-optimal machine is bounded by

d, as desired by the (e, §)-PAC performance. O

3.2.3 Successive Deletion Algorithm (SDA)

The Successive Deletion Algorithm was proposed in [8]. The underlying idea for SDA
is that an inferior machine should be deleted as soon as enough evidence has been
collected supporting its inferiority. Owing to its dependence on the testing results,
the deletion time of SDA is random instead of deterministic.

We list the structure of SDA here, as proposed in [8].

Successive Deletion Algorithm (0, )

Step 1 Set the time index ¢t = 1, the candidate machine set (1) = {1,..., M} and
average reward vector (P;(1),..., Py (1)) = (0,...,0);

Step 2 If k € Q(t). try machines k and update its average reward Py (¢):

Step 3 Define the threshold to be 6(t) = 4/iIn(£); Find P, (t) =
maxizl,_,,,,g(t)|f’i(t); For Vk € Q(t), if Prax(t) — Pi(t) > 26(t), then update

the candidate machine set Q(t + 1) = Q(¢)\{k};

Step 4 If [(t) | = 1, then SDA terminates and output the only element in Q(t)as
our chosen machine I; Otherwise, set t =t + 1 and go back to Step 2.

Remark 1 SDA is a (0.6) PAC algorithm. Therefore, SDA’s performance satisfies
that

P{E[R;]=E[R.]} >1-6. (3.28)
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where I is SDA’s chosen machine and I, is the optimal machine. as defined in (3.5).

Remark 2 Simple modification to SDA makes it (€, §)-PAC, which is proposed
in [81.

Owing to its random deletion time, the characterization of SDA’s testing complex-
ity is different from that of BDA. Possible alternative approaches include studying
SDA’s average testing complexity or investigate SDA’s testing complexity with high
confidence. We adopt the second approach, which is similar to the approach taken in

[8], and summarize the main results in the following lemma.

Lemma 3. The Successive Deletion Algorithm listed above is (0,68)-PAC, i.e. SDA’s
output satisfies (3.28). Without loss of generality, we assume that the M slot ma-

chines’ average rewards have the following order in amplitude
Py >--->Py.

SDA'’s testing complezity bounded by

1 1 MY &1 1 M
¢ ((Pl oy ((P1 Yoy \/;) *2 B R ((Pl “F) \/;» ’

(3.29)

with probability at least 1 — 6.
Proof. Please refer to Appendix A for a detailed derivation. O

Remark Although SDA’s testing complexity characterization in (3.29) does not en-
sure that SDA has better testing complexity than BDA, our simulation verifies that

SDA outperforms BDA as far as testing complexity is concerned.

3.2.4 Median Deletion Algorithm (MDA)

The (€. 5)-SDA has better testing complexity than the (e, §)-BDA. The reason is that
in SDA. the gambler can delete inferior machines at earlier stages, in contrary to
BDA. where all the deletions are made at the final time step. However. owing to

the random deletion time. to precisely characterize SDA’s testing complexity is hard.
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Thus, a testing algorithm which encompasses both early deletion and deterministic
deletion time is desired. In reference [8]. the authors proposed such an algorithm,

under the name Median Deletion Algorithm.

Median Deletion Algorithm (¢, 4)

Step 1 When the algorithm starts, we set the stage number [ = 1, the time index

t = 0, the candidate machine set Q; = {1,..., M};

Step 2 Update the time index t = ¢ + 7;. If machine k£ belongs to §2;, then we try it

for Ty times and update its average reward P(t).

Step 3 Denote the median of {f’k(t), k € Si} to be my, then we update the candidate
machine set as follows: ;11 =\ {k: Pk(t) < my}.

Step 4 Update the stage number [ = [ + 1. If || = 1, then MDA terminates and
output the only element in ); as our chosen machine I; Otherwise, go back to

Step 2.

Remark 1 In the above MDA structure, the length of the I** stage is set as follows.

4 3
T, = —log (E)’ (3.30)
!

€

where ¢ and ¢; are pre-configured parameters of MDA’s I*! stage.

Remark 2 By suitably configuring the parameters ¢, §; and T;, MDA can be made to
satisfv the (e.d)-PAC performance and its complexity is in the order of O (lo—fziM )

We summarize the main results in the following lemma, which was proved in [8].

Lemma 4. The Median Deletion Algorithm is (€. 6)-PAC if the parameters {¢;. ;. Ti: 1 =
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1,2....} satisfy that

[logy M1

Y & < e (3.31)
i=1

“082M1

> & <4 (3.32)
=1

and
2 3
T =(=)?In| = .
1 (Ez) ln(61> (3.33)

There exists parameters settings such that the MDA’s testing complezity is in the

order of O (“’—igilM)

Remark 1 One possible parameters setting that satisfies the above requirement

is proposed in [8],

€ 3

€1 = Z, €l+1 — ZG{ (334)
o 1

o = '2-,51+1 = 551 (3.35)

As long as the worst case testing complexity is concerned, MDA'’s complexity has
the optimal exponent of M among all (¢, §)-PAC algorithm, since it is proved in [9]
that the worst case testing complexity of an (e, §)-PAC algorithm is in the order of
S (%—éM ) Therefore, we use a properly configured MDA as our channel testing

algorithm.
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Chapter 4

Communication System Design

In Chapter 2, we have described the communication scenario to work with and the

following communication scheme.

Communication Scheme Structure

1. We segment the time axis into coherence blocks, each of length 7, (Figure 2-
1); We also convert the wideband channel into a large number of narrowband

subchannels, each of bandwidth W.
2. During each coherence block, the transmitter repeats the following steps.

Step 1 When the coherence block starts, the transmitter takes M subchannels
at random. The transmitter spends E;. units of energy in testing these
M subchannels with a pre-configured Median Deletion Algorithm (MDA).
When MDA terminates, it returns the selected subchannel, denote as sub-

channel I.

Step 2 The transmitter then spends the remaining energy in transferring data

over the selected subchannel 1.

Remark In the above communication scheme. MDA is assumed to be our channel

testing algorithm. MDA’s parameters need to be pre-configured. The transmitter
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doesn’t re-configure these parameters along the communication process.

We investigate the above scheme within the framework outlined in Chapter 2.

e The modulation scheme is BPSK with identical constellation {+1.—1}. for all

subchannels and for time.
e Each subchannel experiences a two-level block fading.
e The channel coding can spread over multiple coherence blocks.

The conversion from the wideband channel to the narrowband subchannels is done in
such a way that the resulting subchannels are mutually independent. With fixed-level
BPSK modulation, each subchannel is represented as a Binary Symmetric Channel
(BSC). The two-level fading pattern essentially states that each BSC can be in one of
the two states. The crossover probability of a good-state (respectively, a bad-state)
BSC is p¢ (respectively, pp), where 0 < pe < pg < 3. Since channel coding is allowed
to spread over multiple coherence blocks, the achievable rate per (informational)
symbol for reliable communication is £[ Crsc(Pr) |, where £[-] denotes the expectation
and Cgsc(+) stands for the BSC capacity.

Our objective is to maximize the data rate by suitably tuning the communica-
tion scheme’s parameters. Towards this objective, we maximize the achievable rate
(ergodic capacity) that can be reliably transferred per coherence block. Since the
ergodic capacity is a tight upper bound on the actual data rate, we reasonably expect
that the scheme parameters we obtain to improve the ergodic capacity can shed some

light on how the parameters should be set to improve the actual data rate.

4.1 Communication Scheme Configuration

As discussed in Chapter 2. we consider the following statistical channel model for
each subchannel.

vi=hx +w, (4.1)
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where h; denotes the fading coefficient of the /*! subchannel. Compared with (2.12).
we drop the time index and focus on one input svmbol. The two-level fading pattern
asserts that |h;| can be either hg or hg, with probability o and 1 — o respectively.

Figure 4-1 is a typical plot of the Probability Density Function (PDF) of |hy|.

fin ) (®)

1-o

0 hg hg

Figure 4-1: PDF of the Fading Coefficient Amplitude |h;| in the Two-Level Fading
Model

The use of BPSK modulation scheme converts each subchannel to a BSC. We use P;
to denote the crossover probability of the I** BSC. In (2.20), we related P; to |h;| as

follows,

|hy|

Ny
2

P, = Q (4.2)

Owing to the two-level fading pattern, we have the following two possible values for

Pla

h
e = Q—], (4.3)
Ng
2
h
g = @ B_ (4.4)
No

where pe (respectively. pp) denotes the crossover probability of the good-state (re-

spectively, bad-state) BSC. The maximal achievable rate of the /*! subchannel is the
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ergodic capacity of a BSC with crossover probability P;.

C: = Case(Py), (4.5)
where  Cpsc(p) = 1— Hy(p). (4.6)

Corresponding to the typical PDF of h; in Figure 4-1, we have the following typical
plots for the PDF's of P; and C;.

fP] @ fC, (©

1-c

Figure 4-2: PDFs of P; and C; in the Two-Level Fading Model

The transmitter knows the channel’s statistical behavior, i.e. the fading coefficient
distribution fi,|(k). Therefore, the transmitter knows the difference between pp and
pg. However, the transmitter does not know the fading coefficients’s actual value.
Owing to its greater capacity compared with the bad-state BSC, the good-state BSC
is preferable to transmit information-bearing sequence over. Thus, to improve the
data rate, the transmitter searches for a good-state BSC during the channel testing
phase.

In order to use the results of MABP in Chapter 3, we convert each BSC (P) to a
slot machine (1 — P). The conversion method is as follows: corresponding to a trial
on a slot machine, we input a binary symbol into a BSC; if the output symbol of the
BSC does not agree with the input symbol, one unit of reward is received; if otherwise,
no reward is received. After the above conversion from BSC to slot machine. looking
for a good-state BSC with crossover probability p¢ is equivalent to looking for the
best slot machine with average reward 1 — ps. As we have discussed in Chapter 2.

(e.6) PAC algorithm finds an e-optimal machine with high probability. Therefore. the
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transmitter sets € = pg — pg. specifies the confidence level ¢ and constructs the (€. d)
MDA. Finally, he sets up the communication scheme incorporating the constructed
(€.d) MDA as the channel testing algorithm and then runs it on the wideband channel

for a long period of time.

4.2 Performance Expression

We list here the MDA'’s general structure as introduced in Chapter 3.

Median Deletion Algorithm (e, §)

Preparation Set the current stage index [ = 1 and the current candidate set S; =

{1,....,M}. Compute ¢, § and T; (I =1,..., [log, M) from € and 4.

Step 1 Test each machine k in S; for T; times. pf denotes the average reward of

machine k.

Step 2 Order the machines of S; according to their average rewards pf. Denote the
median of {p¥, k € S;} as m;. Modify the candidate set S; by deleting the worse
half of it, i.e. Sl+1 =5 \ {k‘ pA;C < ml}.

Step 3 If |S;41]| = 1, MDA terminates and returns the only element of S;,; as the
chosen machine I; Otherwise, set [ = [ + 1 and loop back to Step 1.

Let P denote (1= P4,...,1 — Py, ), the converted machines’s (from BSCs) average

rewards vector. The output of MDA. machine I. satisfies that

P[l-P1=1—pG,1—P]+=1—-ng>1—5. (47)

where I" = arg max 1-P,. (4.8)
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Let the complexity of a testing algorithm ® be the number of machine tests. denoted
as Te. We need to estimate MDA'’s complexity. An upper bound and a lower bound

satisfy our needs. Reference [8] proposed and proved the following upper bound on

TMpa-

Lemma 5. Typy is upper bounded by O (eM2 In %), i.e. there exists a positive constant

Cy such that

1
TMDA S 02 M2 111 -. (49)
€ 1)

Proof. Please refer to [8]. O

Remark The upper bound (4.9) does not depend on P. Therefore,

1
gﬁ[TMDA] < Cz—ln-é-, (410)
where £5[-] denotes the average over all possible average rewards vector P.
In addition to the above upper bound on Typa and Es[ Tmpa ], Reference [9] also

proposed and proved the following lower bound on Typa.

Lemma 6. Fiz some p € (0, %) There ezists a positive constant &, and a positive

constant Co(p), such that for every e € (0, %), every 6 € (0,60), every Pe [0, %]M

and every (€,6) PAC algorithm, we have

E[Tupa| P] > Co(p) (IM(P:” Z S — logl,

where, for some positive constant a,

M(P.¢) = {l:P,>P1*—e\Pl>I5,P,_>_ 6;_12‘}. (4.12)
- = P
]\’(P,E) = {ZZPISP]*—ﬁ,P1>P5P1_>_62+_OI } (413)
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Remark In the two-level fading pattern (Figure 4-2), since we have set € to be pp—pg.
M(P.€) consists of all the pc machines and N(P.¢) consists of all the ps machines.

Therefore, we have that

E[Tmpa] = E[E[Twmpa|P]]
M -1 1
> — oM —
2 Goll=o")—F—log 55
M 1

for some positive constant C;.

Owing to the fixed BPSK constellation {+1, —1}, the complexity T of the testing
algorithm is the same as the energy spent in channel testing, E;.. Combining the

upper bound (4.9) and the lower bound (4.14),

AM < E[Ep | < AM, (4.15)
where A = Cll i.
3 C2 1
Ay = = log <.

We are now ready to estimate the maximal rate reliably transferred per coherence

block, R(E, M, o), for a fixed amount of energy E.

Lemma 7. Let R(E, M, o) denote the average rate per coherence block. We conclude

that R(E, M, o) is bounded from above and from below as follows.

R(M,E,0) < R(E,M,0) < R,(M,E, o) (4.16)
max{O, (E - AlM) [CB + (CG — CB)(l - O'M)] } (417)
R(M.E,0) = max{0,(E— AM) [cp + (cg — cg)(1 = 6)(1 — o™)] } (4.18)

Ru(]\t[, E, 0')

[

Proof. The maximal data rate in a coherence block is the product of Cgsc(P;) and
the remaining energy E — E. after channel testing. Since coding over many coherence

blocks is allowed and the communication system runs for a long time. the maximal
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data rate per block is the average of this products.

R(E.M.o) = E[(E - Et)Crsc(P1)]
= E[(E — Ei) €[ Crsc(Pr) | Ee]]
= &[E - Ei)€[Crsc(P1)]. (4.19)

The last step comes from the definition of (¢,d) PAC algorithm. The output of any
(€,0) PAC algorithm satisfies the quality expression in (4.7), which is independent of
the testing complexity Ei..

We first estimate the ergodic capacity of the chosen BSC I.

E[Crsc(P;)] = csP[Pr =pg]+ ccP[P1 = pg]

= cg+(cc —cB)P[Pr = pg] - (4.20)
We use the definition of (¢,d) PAC algorithm to derive a lower bound for P[P; = pg].

Pl{P;r=pc}] = 1-P[{P;=ps}]
= 1=-P[{{Pr =pc} N {P; = pp}} U {Pr = pp}]
= 1-(1-0M)P[P;—Pp >¢|Pp =pg] — oM
= (1-oM) 1-P[P;—Pr >¢|Ps =pg))
> (1-6)(1-0oM). (4.21)

Step (4.21) follows from the performance expression of the (¢, §) PAC algorithm, (4.7).
On the other hand. P[{P; = ps}] is bounded from above as follows.

PlPr=psg]=(1-0M)(1-PP—Pp.>¢|Pn=pg]) <1—0M. (4.22)

We have bounded P[{P; = pg}] from above in (4.22) and from below in (4.21).
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Hence. lower and upper bounds for £[Cgsc(P;)] are:

E[Crsc(P1)] < cp+(cg—cr)(1-a™), (4.23)
E[Crsc(Pr)] > cg+(1-68)(cg—ca)(l—aM). (4.24)

Combining (4.15), (4.23) and (4.24) into the data rate expression (4.19), we arrive
at the desired lower and upper bounds for the data rate R(M, E, o), which denote by
R, and Ry, respectively.

R,(M,E,0) = max{0,(E— AiM)[cp + (cg — cg)(1 —cM)]},
R(M,E,0) = max{0,(E - A:M) [cg+ (cc —c5)(1 - 8)(1 —a™)]} .

4.3 Design of the Communication Scheme

Our objective is to maximize the data rate R(E, M, o) by suitably tuning the the
communication scheme parameters. Assuming that the MDA’s parameters are fixed,
owing to its special structure, the MDA'’s testing complexity is also fixed. Therefore,
we replace the bounds of MDA's testing complexity in (4.15) with the fixed expression
of complexity, A% log 3. The rate bounds (4.18) and (4.17) reduce to the following

expressions.

R(M,E,0) < R(E,M,s) < R.(M,E,0)
R.(M,E, o)

max {0, (E — AM) [cp + (cg — c8)(1 — c™)] } (4.25)
R(M,E.c) = max{0,(E—AM) [cg+ (cg —cg)(1—&)(1 - aM)]} (4.26)

We need to adjust the parameter M, the number of to-test BSCs at the beginning
of each coherence block. Although the exact expression of data rate R(E.M.o)

is unclear, lower and upper bounds in (4.26) and (4.25) provide us with enough
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information to characterize the behavior of the actual rate function. R(E.M.0). Let
M (respectively, M}) denote the maximizing point for (4.25) (respectively, (4.26)).
Since the gap between the upper bound (4.25) and the lower bound (4.26) is negligible
as 0 approaches 0. their maximizing points M} and M;" are close to each other as §
approaches 0. Our computation and plot in Figure 4-6 and 4-3 show that the gap
between A and M is indeed negligibly small. Therefore, it is reasonable to choose
M*, the desirable number of BSCs to test at the beginning of each coherence block,
between M} (o, E) and M} (o, E). Equivalently, we delineate the desirable region for
M by (M} (0.E). M} (0. E)).

Lemma 8. If M € [0, £], the lower bound Ri(M, E, o) and the upper bound R,(M, E, o)
are both concave in M. The mazimizing points of Ri(M, E, o) (respectively R,(M, E, o)),
denoted as M (o, E) (respectively M} (o, E)), have the following formula

(

. Ac
i 0 B S omtoam?
"Ml (U’ E) = ﬁ B 1—Wo(Bzel+'§l“%) . A (427)
. C
2t I fE> (co—cp)(1-8)In T
( . Acp
— 0 ZfE S (cG—cB)ln;
qu(a, E) = 1—Wo(Buel+%ln %) 4 (428)
E . :
[ AT s B> olimt

where B = %";“(;;Ezz—::;, B, = 2. Wy(-) denotes the 0" branch of the Lambert

function.

Remark For a sketch of the Lambert function, please refer to Figure A-2 in Appendix
A.

Proof. 1t is clear from (4.26) and (4.25) that R;(M.FE,0) and R,(M.E.o) are zero
outside the interval [0, %] Therefore. we focus on the behavior of the two bounds

within [0, £ 1. The first and the second derivatives of R;(M, E, o) and R, (M. E. o)
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are summarized here.

;]J}é[(]\l E.0) = —Alcg+ (cg —cp)(l=68)(1—a™)]
H(E = AM)(cg - c5)(1 = 8)o™ In % , (4.29)
dM (M,E,0) = —Alcg+ (cg —cp)(1l—a™)
+(E - AM)(cg —cg)o™n i— : (4.30)
2
Z]\];l (M,E,0) = —2A(cg—cp)(1—8)oM ln%
“(E = AM)(cq — c5)(1 = 8)o™ (In %)2 S 3
22]\};2 o) = —2A(cg —cp)o™M lné
—(E — AM)(cg — ¢g)o™(In %)2 : (4.32)

Clearly, under the condition that M € (0,£), 6 € (0,1) and o € (0,1), the second
derivatives of R(M, E, o) and R, (M, E, o) are negative. Therefore, both R)(M, E. o)
and Ry,(M, E, o) are concave in M when M € (0, %) A concave function achieves
its maximum at the point where its slope vanishes; if the slope does not vanish, the

maximum is achieved on the boundary. We notice that

Wy po) — Ales+(co—c)(1=8)1—05),  (4.33)
0] s
dRu E

(]W, E, 0') = —A[CB-l— (CG —CB)(]. —O’AH (434)
aM M=£

are both negative. Therefore, the location of M} (o, E) (respectively, M} (o, E)) de-

ot
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pends on the sign of %%(M, E.,a)[MzO (respectively. %Rﬁ(M, E. 0)|M=0).
’ 0 if &4(M,E.c)|,,_, <0
Mf(0.E) = { i 1—W0<B,e1+'§r‘“%) " (4.35)
i T if $U(M,E.a)|,,_,>0
( 0 if 2(M,E, o), <0
A-/[;(O'.* E) = 9 1-Wo (Buel"'%l“ %) (436)
; At I if §(M,E,0)|,_,>0

Substituting the expressions of %(M JE,o and %%;(M JE o we arrive at

Mas=o ) ar=o:

the following desired formula.

¢

0 if < —dea
N cg—cp)(1-8)In =
All (0, E) = ﬁ 1-Wo (Blel-{»%ln %) . y (4.37)
E : Ac '
2T In 2 it E> (cc—cp)(1—8)In L
' 0 if B < e
]\4:(0’, E) = ﬁ 1-Wo (Buel-}-%ln %) ’ (438)
E 4 o if E>—Ae__
\ n< (eg—cB)In =
O

Although (4.27) and (4.28) provide the exact formula for M} (o, E) and M} (o, E),
they obscure the clear relationship between M™* and E, in which we are more inter-
ested and which is easier to use in practice. Towards this objective, we simplify the
exact expression in (4.27) and (4.28) through approximation and summarize the main

results in the following lemma.

Lemma 9. M (respectively, M}) as in (4.28) (respectively, (4.27)) has following

approximation, which is a logarithmic function in E.

(1) When E > —Aw@___

(eg—cp)In =

Ind
M*0.E) = loga (HlnBu( n")E),

B, AB,
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- — C
where Bu = -(Zci—c—s_)

'9) When. S 15 S—
(2) When E > (cc—cp)1-0)In L’

1+1nB, (lnl> )
M;(0,E) = logs +(==)E),
o) = togy (“ 50+ (52

cg—0d(cg—cB)
(1-6)(cc—cB) "

where B; =

Proof. The 0*® branch of the Lambert function has the following approximation as z

goes to +00.

Inz

Wolz) = 1nz—1nlnz+0[(lnlnz)}. (4.39)

By applying the above approximation (4.39) to the following expressions of M} (o, E)
and M} (o, E),

: Acp
N ( 0 if & < (cg—cE)(1-46) 1n-¢1;
JMI (0'; E) = < 1-Wo <Blel+% In %) . (4.40)
E : c
[ 2T inl if &> (cc—c)(1-8)In I
( . .
0 ifE< (Cc—éza)ln—
Mi(0,E) = { 1w (5,08 3) ’ (4.41)
p TP ) gy _dm
\ n; (cg—cl;)ln;

we arrive at the following desired simple approximation for (4.27).

1+InB,  (Ini
M = 1 g
[ (0, E) 081 < BT (AB, E) ,

Acp
(cg—cB)(1-8)In % '

which is precise when E >

Similarly, we get the following desired simple approximation for (4.28).

1+1n B, In i
M (o, E) = log%( Bn + (;BU>E>

which is precise when E > —A% O

(ecg—cp)In

()]
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Now. we draw several plots to understand how of M} (o, E') and M} (0. E') behave

as E varies. The parameters of the scenario we study are

pc =01 pg=045 6=01. o=0.95.

Figure 4-3 illustrates How M* and M; behave as E varies from 0 to 4 x 10%. The
curve with “4” is for M} and the one with “0” is for M. The curves illustrate the
logarithmic relationship between M}, M and E. The difference between the two
curves is almost invisible, owing to the fact that the gap between M} and M[ is
negligible compared with the range of M;; and M.

Pg=0.1, p,=0.45, 8=0.1, 6=0.95

140 T T —T —T —T" T ™

120

100

M, (0), M. (c)

: ——M (o)
0 i A i i i i mn
0 0.5 1 1.5 2 2.5 3 35 4

x 10°

Figure 4-3: For a fixed o, how M} and M} behave as E varies between 0 and 4 x 108.
The logarithmic relationship can be clearly seen.

To illustrate the small difference between the two curves., we expand the upper-right
corner of the Figure (4-3) in Figure (4-4). In this plot, the gap between M and M;
is still small. but visible. Note that we have already intentionally made § = 0.95 not
too close to 0. so that the difference between M (0. E) and M} (c. E) can possibly be

visible.



Pe=0.1, p,=0.45, 6=0.1, 0=0.95

134.5
134
13350

133

M; (o). M, (o)
8
1))

Figure 4-4: Expanded upper right corner of Figure 4-3, where E varies between
3.2 x 10% and 4 x 10%, the difference between the two curves are visible.

Actually, since the upper and the lower bounds are so close to each other in most sce-
narios, as illustrated in the above figures, they may well be treated as approximation

to rather than bounds on the desirable number of probed subchannels.

4.4 Discussion

4.4.1 Integer Constraint on the Subchannel Number

One component we haven’t yet considered in the above procedure is the integer con-
straint on M. Since it is meaningless to have a fraction of BSC, we need to deal with
the case of non-integer M*. For non-integer M*. we can always find two consecutive

integers M. M; such that.

M()(M*<M1 andM0+1=.Ml.
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Now M™ can be expressed as a linear combination of My and M. by solving the

following linear equation system for go.¢; € (0,1),

M* = qMy+q My,

I = @+a-

Then we modify the communication scheme: at the beginning of each coherence
block, we flip a coin with “Head” probability g and “Tail” probability ¢;; if we get a
“Head”, the parameter M is set to be Mj and if otherwise, M is set to be M;; then we
carry out the original communication scheme in that coherence block. Owing to the
concavity of R;(M, E, o) (respectively, R,(M, E,c)), this method of mixing M, and
M; to generate M results in the data rate that is closest to R;(M}', E, o) (respectively,
R,(M}. E.o)) under the integer constraint on M. Now, we have a unified solution

to the problem with or without the integer constraint on M.

4.4.2 Impact of Channel Quality

We are also interested in how M* behaves as o varies within the interval (0,1).
According to Figure 4-1 and 4-2, o represents the probability of a subchannel being
in the “bad” state. Therefore, for fixed hp and hg (and thus fixed pg, pg, cp and cg),
the larger the o is, the worse the subchannel is. Thus, we are interested in how the

channel quality impacts the tradeoff between channel testing and data transmission.

We have the slope of M} (o, E) and M} (o, F) to o as follows.

M0 E) 1 (1= M Du(0.E)) E W (Dy(o.E))
do ~ oln(3) In (1) A1+ W (Du(0.E))

iMrieE) 1 (1= VI (Di(0,E)) E W (Di(o.E))
do ~ oln(3) In (1) A1+ W (D(0,E))



where. W7(-) is the Lambert function and

D(0.E) = ———e*in(3),

Cc —CB

cg — 6(cg — cB) 1+£1n(2)
Dl(aaE) - (1—6)(CG—CB) 4 :

Lemma 10. When o is close to 0, M} (o, E) and M} (o, E) increase with o; However,

when o s close to 1, M (o, E) and M} (o, E) decrease with o.

Proof. First, we study the slopes of M} (o, E) and M} (o, E) when o is close to 0.

lim dM: (o, E)
o—0 do
1-w (——‘G-.e(“%‘“(%)) W(_CG_E(H%‘“(%))
CG—‘CB + E CG—CB
in(3) 4 1+W(——G—-CG°_CB L+ ‘“(%)))
- zlrlir(ll In () (4.42)
1_(1n( e(1+%m(%)))_mm(__cg_ (1+%m(%)))>
cG—<B Cr—cC E
in(Z) Ta
= I 4.43
ali% In (%) ( )
Inln (c C—Gc e(1+—§ ln(%))) —In - c—gc
= lim ° = == >0. (4.44)

& @)

In Step (4.43), we use the following facts

W (_cc__e(u%m(%))) oo, aso—OF,
¢G — CB

W(z) =Ilnz—Inlnz, as z — +00.
By carrying out steps similar to (4.42-4.44), we can also show that

lim dM; (o, E)
o—0 do

To show that M (c. E) and M} (o, E) decrease as o gets close to 1, we study the
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behavior of their slopes near ¢ = 1 as follows.

i S5
. 1-W (2=5) E W (
T\ R A
= lim i (“j';) <0
AR\ T w() |

where the last step follows from W (ﬁ;i) > 1.

CG—CB
Similarly
dM* (o, E
lim l (0, )
o—1 do
7 [ (cg=d(cg—cp))e (cg—d(cg—cp))
I 1-W ( Cg—fs)?gc—cfs) ) " E VV( c(c-{—t‘)?fcffa)e
= 4m T T X (o
o—1ln (;) In (;) A 1+ W <(C(GI—§§?Sfo;;e
_ w7 { (cg=d(cg—cB))e
U S ( (1=3)(cc—ca) ) .
= (L 1 <y,
o=1In (3) In(3)

{cg—b(cc—cB))e
TU=D(co—ca) ) > 1

where the last step comes from W (

(4.45)

(4.46)

d

Remark 1 We have the following interpretation for the lemma. For a fixed amount

of energy,

o When the subchannel quality is good (i.e. o is close to 0), more energy should

be allocated to channel testing (M™* increases) as the subchannel grows worse

(0 increases). The reason is that the transmitter still has a hope of finding a

good subchannel by testing more subchannels.

e However. when the subchannel quality is bad (i.e. o is close to 1), less energy

should be allocated to channel testing (M™* decreases) as the subchannel grows

worse (o increases). Here. the reason is that the transmitter does not expect to

find a good subchannel. since o is too close to 1.
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Finally. we make several plots for the tvpical case where pc = 0.1.pgp = 0.45,6 =

0.01.

e Fix £ = 1 x 10°%. plot M} and M; for various ¢ € (0.1). Figure 4-5 clearly

illustrates the lemma.

pg=0.1, pB=0.45, 6=0.01, E=1000
1.6 T '

1.4

=
- )

M, (c), M, (o)
nd
[o -}

0.6
0.4}

T : : : —6—M(0)
0.2 i i i i

0 0.2 0.4 0.6 0.8 1

Figure 4-5: How M}" and M} behave as ¢ varies (for a fixed small E)

e Fix E =1 x 10, plot M} and M; for various o € (0,1). At the first glance,
Figure 4-6 does not agree with the previous lemma. The reason for this seeming
discrepancy is that the turning point in Figure 4-5 is so close to 1 that it is not
illustrated in this figure. To verify that the turning point does exist in this

case, we expand the upper right corner of Figure 4-6 in Figure 4-7, in which the

turning point can be easily seen.
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pG=O.1. pg=0.45, 8=0.01, E=10000

T

16 Bl

T

M, (o). M, (o)

Figure 4-6: How M} and M behave as o varies (for a fixed large E)

pg=0.1, p,=0.45, =0.01, E=10000

T T

155 T

0.9 0.92 0.94 0.96 0.98

Figure 4-7: Expanded Upper Right corner of Figure 4-6. where the turning points of
both curves are explicitly shown
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Chapter 5

Conclusions and Future Directions

5.1 Conclusions

As stated in the introduction chapter, the main objective of this thesis is to achieve
higher data rates over a wideband block fading channel in the low SNR scenario.
Owing to the lack of the sender’s CSI, we employ a testing-transmission scheme. To
efficiently use the limited amount of energy, we need to balance the energy consump-
tion between channel testing and data transmission. By converting the wideband
channel to multiple narrowband subchannels and using BPSK signaling, we reduce
the above energy tradeoff problem to the problem of finding the desirable number
of tested subchannels. A desirable region was found in Chapter 4 for the number of
tested subchannels. Moreover, in Chapter 4, we also studied how this region evolves
as the energy constraint and the channel quality vary, respectively. The main results

are summarized as follows,

o If the channel quality level is fixed, then the desirable number of tested sub-
channels increases as a logarithmic function of the available energy (Lemma

9):

e If the amount of available energv is fixed and the channel quality level is close
to the good state. then the desirable number of tested subchannels increases as

the channel quality level increases (Lemma 10):

65



e If the amount of available energy is fixed and the channel quality level is close
to the bad state. then the desirable number of tested subchannels decreases as

the channel quality level increases (Lemma 10):

These results characterize a desirable region for the number of probed subchannels
given the block energy constraint and the channel quality level. The upper bound and
the lower bound, which specify this region, are so close to each other that they may
well be regarded as an approximation to the desirable number of probed subchannels.
Consequently, with the communication structure described in Chapter 2 and Chapter
3, we are able to carry out the communication over the wideband channel and expect

desirable data rates.

5.2 Future Directions

One of the main contributions of this thesis is the new problem formulation, which
leave many open questions to be solved in the future research, part of them are listed

here,

e The results obtained in the two level fading model in this thesis can be extended

to more general fading models, including multiple level fading model;

e The results obtained for single user communication in this thesis can guide

future investigations into the Multiple Access Channel.
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Appendix A

Proof of Lemma 3

We list Lemma 3 here for convenience.

Without loss of generality, we assume that the M reward machines are ordered such

that P, > --- > Py. The Successive Deletion Algorithm is (0,4)-PAC. Its testing

o 1 M M 1 1 M ;
complexity is O ((P1_1P2)2 In ((Pl-Pz)ﬂ/T) + >, F=P)? In (\(Pl_pi)z \/ '3-)>, with

probability at least 1 — 4.

As we have mentioned in Chapter 3, the deletion time points of inferior machines
are random rather than fixed. We begin our investigation of the Successive Deletion

Algorithm’s complexity by studying the simple two-machine case.

A.1 Two-Machine Case

In the two-machine case, we need to make a decision between machine 1 and machine
2. Initially, the candidate machine set ©2(0) consists of machine 1 and machine 2. Let
the testing score for machine [ at time ¢ be R;(t). where | € {1,2}. We use P, to

denote the average reward of the I*" machine. We now define the cumulative score

Si(t)

and the average score at time ¢ to be Si(t) = Zf,f:l Ri(k) and B(t) = -

. where
[ € {1.2}. We use Prax(t) = max, Py(t) to denote the maximal average reward at

time ¢. In the Successive Deletion Algorithm. we calculate the difference between the
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maximal average score Pmax(t) and each machine’s average score P(t) and compare
it with twice the threshold 6(t) = 1/2In(§¢?). If the difference is larger than 26(t).
the machine with smaller average score is deleted from the candidate set and never
considered again. The Successive Deletion Algorithm terminates when the candidate
set consists of only one machine, which is the result to be returned by the algorithm.
Clearly, one deletion suffices for the two-machine case. It is shown in [8] that the event
{ o — P(t)| < 6(t),t e N*, 1 =12 } occurs with probability at least 1 — §. We will
focus on this typical event in the following derivation. Since the threshold 6(t) is
decreasing with ¢, the average score ]51(t) of each machine is increasingly confined to
the neighborhood of its average reward F,. Thus, the inferior machine will eventually
be deleted and an upper bound can be derived for the deletion time. Without loss of
generality, we assume that machine 1 has smaller average reward P,. Let A denote

|p1 — p2|- We illustrate how to bound the deletion time from above with the following

figure.
20(t) > 26(t) 20(t)
- - . *—p
0 P, P, 1

Figure A-1: Sufficient Condition for the Successive Deletion Algorithm to Delete the
Inferior Machine (with average reward p;) in the two-machine case.

As shown in Figure A-1. the condition 46(t) < A implies that Py(t) — Pi(t) > 26(t).

According to SDA, at time ¢. machine 1 must be deleted. since

Prax(t) — Pi(t) = Pa(t) — Pr(t) > 26(t). (A1)
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Therefore. the deletion time of machine 1 must be earlier than the solution of 46(t) =

A. We list all the three solutions for 46(t) = A here.

H(A,6) = -2—25 W, (-1—325\/@ (A.2)
ta(A,6) = —%?2- Wo (-%8\/%) (A.3)
ts(A,0) = —%22- Wo (1%\/55) (A.4)

where W;(-) stands for the k" branch of the Lambert W function. In Figure A-2, we
make a plot of the (—1)® and the 0*® branch of the Lambert W function.

Figure A-2: The (—1)*® and the 0** branch of the Lambert W function. The upper
solid part of the curve is the 0** branch, W;(z), and the lower dash part is the (—1)
branch, W_,(z).

Now, we need to find out, among (A.2), (A.3) and (A.4). the true upper bound on
the deletion time.

Clearly. t3(A. ) can not be the upper bound we are looking for. since it is negative.
For t;(A.6) and t5(A,d). the input to the Lambert W function is _‘Tﬁzis V28, which

belongs to the interval (—e~!,0) (since A € (0.1] and § € (0.1]). Therefore. we
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will focus on the negative part of the Lambert W function W_;(z) and W(z). where
2 < 0. In Figure A-2, we notice that the two branches of the Lambert W function
W_1(z) and Wy(z) both exist for —e™! < z < 0, rendering the Lambert W function

a multi-value function in this interval.

Now, we set out to show that ¢5(A,d) can not be a proper upper bound on the

deletion time we are looking for. Our objective is to show that

max  t(A,d) <1, (A.5)
5€(0,1],A€(0,1]

which naturally tells us that ¢5(4A, §) is not a proper upper bound.

Clearly, t2(4, 6) is an increasing function of 4, in the interval § € (0, %] Therefore,

for a fixed A € (0, 3], t2(A, ) achieves its maximum at § = 1.

max to (A 5)
6€(0,1),A€(0,3)

= max max tz(A,0d)
A€(0,3] 6€(0,1]

= max to(4,0)|s,
A€(0,3]

— max -2y (-‘/Mz) . (A.6)

scod] A2 7C 128
Then, since
a(-%w, (—&)) 64w (- 4282 | .
- _ "L~ >0 forVAE (0]
Sl )
and
, . 32 [ V247 V2
A, (8. 0)loy = Jim —75 W (‘ 128 ) =7 <!
V2.
8 Do = 222 <1
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therefore,

max  t(A,9)
5€(0,1),A€(0.1)
32 V2A2
= m —_—— -
acd) A? 7\ 128
< 1

We conclude that t5(A, §) takes value in [0, 1) and can not be a proper upper bound
on the deletion time. Thus, t;(A,§) in (A.2) is the correct upper bound on the

deletion time.

Finally, we need an approximation formula for the upper bound, t;(4,d) =

—-2% W_, \‘f‘_zfz vV 26). As z approaches 07, W_;(z) can be approximated by the

following asymptotic series expansion (by Lagrange Inversion Theorem).

+00 +00

Woa(z)=Li—Ly+» Y CimLi"™L} (A.7)
1=0 m=1

where L; =In(—2), Lp=In[-In(-2)]. (A.8)

The coefficients Cy, = (—1)'2E™H gre gl constants and S (l+m,l+1) is a non-

m!

negative Stirling number of the first kind. Now, we apply the asymptotic series

expansion in (A.7) to ¢1(A,9),

t1(A,6)
32 A?
= TA2 W_, <—1—2§ \/2_5)

= 32— (ln (———128 > +lnln( 128 )
A? V28 A2 V20 A2

— ic i(—l)f+mclm (lnln (\/%%22>)m\)

l+m
=0 m=1 (ln( 128 )

V2642

Q

32 128
A2 In (__\/2_5A2> . (A.9)
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Remark The approximation in step (A.9) follows from

(lnln (‘/%SA?)) =0 VIeN.meN".

A E
V262

Therefore, since we are mostly interested in the case where § is close to zero, the

(A.10)

deletion time t,(A, §) can be approximated by 3% In ( \/%22),

A.2 M-machine case

Without loss of generality, we assume that machine 1 is the one with the greatest
average reward, ie. P, = max;{P}. Let T; denote the deletion time for the i*®
machine, where i = 2,..., M. Clearly, the deletion time of the i*® machine should
not be longer than the deletion time in the two-machine case where the candidate set
is composed of machine 1 and machine i only. Let A; = P, — P,. Following similar

steps as in the two-machine case, we derive the following upper bound for 7;.

32 64 /M

(A.12)

Q

IN
Q
=3
VN
k-
3
N

The approximation in step (A.11) is under the condition of 1/%’1— going to infinity.

Now we are able to express an upper bound on the testing complexity of the
Successive Deletion Algorithm in the M-machine case. Assuming that P, > --- > Py,.

with probability at least 1 — J, the testing complexity of the Successive Deletion
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Algorithm is upper bounded by

A
S
+
NE
=

INA

1 1 [N
© ((Pl myoSER ((H = PQ)Q\/;> -

This is the desired the upper bound in (3.29).

M 1

1

(P~ P

7

ln<(

P =B
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