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ABSTRACT

This thesis deals with two unrelated problems. In Chapter 1, we examine
permutations with restricted positions according to cycle type. R. Stanley
and J. Stembridge developed this theory and defined “cycle indicators” to
attack some conjectures about immanants of the Jacobi-Trudi matrix. They
also proved a general formula for computing these cycle indicators. We calcu-
late some cycle indicators using a different method for particular restrictions
and prove some nice identities along the way. We also generalize the theory
of classifying permutations in S, with restricted positions by cycle type to
wreath products of finite abelian groups with the symmetric group. We prove
a general formula for the generalized cycle indicator which involves the for-
gotten symmetric function and a generalization of the power-sum symmetric
function.

We study unlabelled interval orders in Chapter 2. Interval orders which
correspond to interval representations in which each interval has the same
length are called semiorders and have been studied in great detail. We classify
(1,1,...,1,1 + a)-interval orders where 0 < a < 1.

Thesis Supervisor: Richard P. Stanley
Title: Professor of Applied Mathematics
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Chapter 1

Cycle Indicators of
Permutations with Restricted
Positions

1.1 Introduction

Let [n} = {1,2,...,n}. Consider a board B C [n]* = [r] X [n]. The classi-
cal problem of permutations with restricted positions involves counting the
number of placements of n non-attacking rooks on B. Rooks are said to
be non-attacking if no two occupy the same row or column. Thus, each
placement of n non-attacking rooks corresponds to a permutation 7 € S5,
(if a rook is in position (¢, ), then 7(¢) = 7). It is also an interesting prob-
lem to see how many placements of n non-attacking rooks correspond to a
particular conjugacy class of S,. The theory of cycle indicators for boards
was developed by R. Stanley and J. Stembridge [SS93] to examine this prob-
lem. We prove some nice identities of inverse Kostka numbers, and we use
them to compute the cycle indicators for particular boards, thus computing
the number of placements of n non-attacking rooks according to conjugacy
class for those boards. We also generalize these ideas for the symmetric
group to wreath products of finite abelian groups with the symmetric group
and compute a general formula for the generalized cycle indicator for these
wreath products analogous to the one for the symmetric group calculated by
R. Stanley and J. Stembridge.



1.2 Background

In this section, we will explain the background of the theory of cycle indi-
cators; consequently, we will follow the notation of [SS93]. Fix A + n (A
is a partition of n). Let x* denote the irreducible character of S, indexed
by A. Let us define the immanant of an n x n matrix A with respect to
A as Immy(A) == ¥ e, x M w) [T, @i w(i)- Note that when A = 17, x*
the trivial character, and Imm)(A) = per(A), the permanant of A. When
A = (n), x* is the sign character, and Imm,(A4) = det(A), the determinant
of A. Immanants were first studied long ago (see, e.g., [Lit50, Sch18]).

Given partitions p = (p1, g2, ..., pin) and v = (v1,10,...,1,) with v <
(i.e.,, 0 < y; < y; for all 1), define the n x n Jacobi- Trudi matrix H,, =
{Rui—i(v;-i) }i,i> Where hy is the k-th homogeneous symmetric function. (Set
ho =1 and At = 0 for k£ < 0.) It is a well-known result that

det HM/,, = Su/vs

where s,/, is the skew Schur function. We can ask what properties
Immy(H,,) has for any partition A. In the past few years, many conjec-
tures have been made by I. Goulden and D. Jackson [GJ92] and J. Stem-
bridge [Ste92], and many theorems have been proven about these immanants.
C. Greene [Gre92] proved that they are monomial-positive (i.e., nonnegative
linear combinations of monomial symmetric functions), and M. Haiman [Hai93]
proved that they are Schur-positive.

There is a conjecture of J. Stembridge [Ste92] that remains open that
is stronger than the Schur-positivity result of M. Haiman. To state this
conjecture, we must make a few definitions. Let

Fup(@,y) = ) sa(y)lmmy(H,p)(2).

AFn
We can rewrite this so that
I”/” z y Z E/L/l/ )
y|ufv|

Conjecture 1.1  [S593] £}, (y) is a nonnegative linear combination of
complete homogeneous symmetric functions h, of degree n.

It turns out that this conjecture is equivalent another conjecture which
we will state after we give some background. Let ch denote the charac-
teristic map, which is an isometry between the space of class functions on
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S, and the ring of symmetric functions of degree n (see, e.g., [Mac95, p.
113] and [Sag91, p. 163]) such that given an irreducible character x* of S,,
we have ch(x) = sy. Let ¢* denote the class function on S, such that
ch(¢*) = my. J. Stembridge [Ste92] defines the monomial immanant to be
>owes, qB’\(w)(H,L/y)l,w(l) «++ (Hpujv)nw(ny for obvious reasons.

Let I'},, denote the class function on S, such that ch(I'} ) = E7, (y).
We define the usual inner product (,) on A, the ring of symmetric functions,
such that (hy,m,) = 4, ,, where hy and m, denote the homogeneous and
monomial symmetric functions, respectively. J. Stembridge [Ste92] explains
that the coefficient of s” in the monomial immanant is (¢*,I7,). Now we
can restate Conjecture 1.1 as follows:

Conjecture 1.2 [Ste92] Monomial immanants of Jacobi- Trudi matrices are
Schur-positive; i.e., (¢*, 17, ) >0 for A\t n and v+ |p/v|.

wfv

Note that if Conjecture 1.1 is true, then

Fup(z,y) = Y. Y cahaly)sy(2),

A lufv] abn

where ¢, > 0. Since ho(y) = Sarn Krasr(y) [Mac95, Sagdl], where K 4 is
the Kostka number (which is nonnegative), we see that this conjecture would
be stronger than the Schur-positivity of the immanant of the Jacobi-Trudi
matrix. Now we will explain how this relates to non-attacking rooks.

Given some board B C [n]% a permutation 7 € S, is said to be B-
compatible if (i,7) € B for n(i) = j. R. Stanley and J. Stembridge define the
cycle indicator of B to be

Z[B]:= Z Do(m)s

TESH
B—compatible

where p(7) is the partition of n which gives the cycle type of m, and p; is the

1(0(77))}7;”2(0(”)) )

i-th power-sum symmetric function. Thus p,ry = p;’ -+, where

m;(p(m)) denotes the number of parts of p(m) of size .

Example 1.1  Let B be the following board:




Here, we can see that

[ ] [ )

are the only possible placements of 3 non-attacking rooks. Hence,

Z[B] = ppys2)) + Po((13)(2))
= p3+paa.

Let us define the partition § = (n —1,n — 2,...,0). Given the definition
of F,;,(z,y) and the fact that p, = ¥y x2sx [Mac95, Sag91], we can see that

Fup(2:9) = 3 Po(r) (@)t sn(urs) (@).
TESK

Again, since hqo(y) = Yy Ky osa(y), we get

Fup(z,y) Z Do 7r) Z Ky pt—n(v+6)5+(%)-
TE€Sn Y lu/v|

So

EZ/u ): Z Kv,u+5—7r(u+5)Pp(1r)(y)-
TESn
Given a partition 8 = (8y > 8, > -+ > 3 > 0), the Young diagram of £
is defined to be an array of left-justified boxes, with 3; boxes in row n —i + 1.
Example 1.2 Let § = (3221). Then the Young diagram of 3 is:

A Young tableau of shape 3 is a filling of the Young diagram of 8 with
positive integers, where repetitions are allowed (see, €.g.,[Sag91, p. 78]). The
type of a Young tableau T' is a partition @ = (ay,az,...), where o; is the
number of times that ¢ appears in 7T'.

Example 1.3 Say the Young tableau T is of shape # = (3221) and looks
like:



2

HU)M'JIJ

7] 1]

Then the type of T is (3,2,1,0,1,0,1).

In the case that v = (|u/v|), K, u+5-r(v+5) is the number of semi-standard
(weakly increasing rows from left to right and strictly increasing columns from
bottom to top) Young tableaux of shape (|u/v|) and type p+ 6 — 7(v + 9),
and hence is equal to 1. Note that K, .15 r@ys) =0if p+6—n(v+4) <0.

Let ¢ := o(u/v) be the partition whose Young diagram consists of all
positions (¢,7) such that h,,_;_(,—;) = 0. Thus, it sits in the lower-left
corner of the matrix H,,. Define B? to be the board which has the diagram
of o removed from the lower left corner of [n]%.

Example1.4 Ifwelet u = (4331) and v = (32), then (2,1),(3,1),(4,1),(4,2)
are the positions such that h,,_i_(,—;) = 0. Therefore, & = (211) and B
looks like:

When v = (|u/v|), we see that £}, (y) = Lres, Po(r)(y), Where the sum is
taken over B?-compatible permutations, so £ /V(y) is a cycle indicator. This
motivated R. Stanley and J. Stembridge to study these cycle indicators. Now

that we have given some motivation, we will explain our results.

1.3 The Symmetric Group

In this section, we will follow the notation of I. G. Macdonald [Mac95] and
B. Sagan [Sag91].

We will need to define some notation. If u F n, let C, denote the
conjugacy class of S, of cycle type u. We know that |C,| = Z

2 where
Zu

10



zy = 1m™W2m2 (W) oy () lmy(p)! - . Let RY denote an irreducible matrix
representation of S, indexed by v I n, and let x” denote the corresponding
irreducible character of S,. Then tr(R(r)) = x"(r) for any 7= € S,. Let f7
denote the dimension of R”. First, we will need the following theorem.

Theorem 1.1 (Burnside) Take v+ n. Then

n_!X'y
o (5 7) - S

TeCy,

n!

.
where Iz is the f7 X f7 identity matriz. Furthermore, 5%“ €Z.

Proof [FH91]

tr ( Z R’Y(r)) = Z tr(R(m))

meCy, m€Cy
= 2 X'(n)
TeC,
n!
- ;;XZ7

where X7 is the value of x” on C,,.
On the other hand, by Schur’s Lemma,

R (E 7r) = Ayl s, (1.1)

T€C,

for some A,, € C. Taking the trace of both sides of Equation (1.1), we

obtain
n!
_XZ = Al
“

We see that A, , is a rational number. To show that it is an integer, we need
the following lemma:

Lemma 1.1 [Ser77] Fiz utn. Let

u(w):{ 1 ifreC,

0 otherwise

11



Let
u= Y u(m)mr= Y € center of C[S,].

TESK T€Cy

Then 71; Yores, w(m)x(m) = f%z%x;[ is an algebraic integer.

Since A, , is a rational number and an algebraic integer, it is an integer. B

1.3.1 Boards Avoiding a Fixed Permutation

Fix some 7 € S,,. Let B, denote the n x n chessboard with a permutation
7 removed (i.e., B, = {(i,7) € [n]*|7(¢) # j}). We will give an expression
for Z[B;]. Before we do this, however, we need the following facts. Let
D, = {r € S,|m(i) # 1 Vi € [n]}, the set of derangements of [r]. (D, is
the set of Bjg-compatible permutations.) Let D, denote |D,|. It is well-
known (e.g., [Sta86, p.67]) that D, = Y7 (—1)'%. Take = € D,. Note that
7m(z) # 7(¢), so 7w is B,-compatible.

Claim 1.1 Fiz 7 € S,. Then {0 € S,|o is B, — compatible} = {n1 €
Snlm e Dy}

Theorem 1.2 Fiz 7 € S,. Then

28 = ¥ |(EX0) i)

ykn

Proof By definition, Z[B;] = 3, py(s), where the sum is taken over per-
mutations o in S, that are B,-compatible. Since p, = 3, x2s,

ZB]1=Ys, ¥ X0

g€ESn
Br —compatible

So if we denote the coefficient of s, in Z[B,] by [s,]Z[B-],

> X'o)

ocESn
Br —compatible

= Y X'(r)

7€Dn

[s4]2[B:]

12



= Rw(z ))

By Theorem 1.1,

[s,]Z[B;)=tr| >  R(r) (?lp) , 8O

my (p)=0
e, X (T
218, = ¥ o, B2 X0 o),

Y

|
Note that if p(o) = p(7), then Z|B,] = Z|[B;]. Hence, if p(7) = A, we will

use the notation Z[B,] and Z[B,| interchangeably. Before we proceed, let us
state a couple of properties of the inner product {,) we defined earlier. We
know (e.g., [Mac95, p. 64 and p. 114]) that (py,p,) = 6x.2x and (sy,p,) =
X))
Corollary 1.1 Fiz 7 € S, and A F n. Let g\(7) = |[{o € Sa|p(o) =

A\, and o is B, —compatible}|, the number of B.-compatible permutations in
S, of cycle type A. Then

_ i ZWGDn X’Y(ﬂ.) o
T %————ﬁ X" (T)X3-

Proof By definition, Z[B;] = ¥+, 9.(7)py, so

(Z|B;],p) = <Z gu(r)pu,px>

ukn

gx(7)

= 2g(7).
On the other hand, from Theorem 1.2,

@Blp) = (TEXo0,,p)

yFn fFY
o4
Z'_: ZﬂED},YX (W)XW(T)X}\'
yhn
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R. Stanley and J. Stembridge [SS93] calculated a more general formula
for computing cycle indicators for any board that involves the forgotten sym-
metric functions f, (see [Mac95, p. 22]). Given the involution w on the ring
of symmetric functions which is defined such that w(e;) = h; (e; is the i-th
elementary symmetric function), f, is defined to be w(m,). Before we can
state the aforementioned gneral formula, we must make some definitions. We
can think of any subset B of [n]? as a directed graph, viz., 1 — 7 if (1,5) € B.
Consider some placement S of at most n non-attacking rooks on B. The
graph of S consists of disjoint cycles and directed paths. We say that the
graph of S is of type (a; ) where @ = (a1,0z,...) and oy, ay,... are the
number of vertices in the directed paths of S, and where 5 = (81, f2, . ..) and
B1, Bs, . .. are the lengths of the cycles of S. Note that |a| + |3] = n.

Example 1.5  The following is a placement S of 3 non-attacking rooks on
[4]*

and the graph of S looks like:

NS

The type of the graph of S is (1;21).

Theorem 1.3 [5593] Take any B C [n]?. Then

2(B] = 3_(=1)¥I T] mi(a)!ra s(B) fapp,

a?ﬁ

where |a| + |B] = n and ro5(B) denotes the number of subgraphs of B, the
complement graph to B, of type (a; 3).

14



Example 1.6  Let B be the following board:

Then the graph of B looks like:

0
L

Here, we can see by inspection that Z[B] = Po((123)) = p3. Let us verify
Theorem 1.3. The following is a table of terms with non-zero r,.5(B) values:

o i B | ra;6(B)
310 3
21 [ 0 3
IER ) 1
211 1
1?21 1

3 1

From this, we can compute Z[B] = —p3 —2f12p; — fap1 + 6 f15 + 3 f21 + 3 /3,
which simplifies to Z[B] = ps, using J. Stembridge’s symmetric function
package “SF” for Maple.

Here, it turns out that calculating Z[B] by inspection is much simpler
than using the general formula of Theorem 1.3. However, Theorem 1.3 is
very useful, as we will see later.

The following symmetric function base transformations are well-known
(see, e.g., [Bec93, Mac95]). Let the n-th Kostka matriz be the matrix whose
rows and columns are indexed by partitions of n such that the (A, u) entry is
the Kostka number K ,. Let K}, ”1 denote the A, 1 entry of the inverse of the

A
Kostka matrix. Then fy =3, s,,K/\_’L,. Furthermore, since sy = 3°, pu%, we
have fa =Y, p. 3, K5 ix"j Given this, it seems that it might be useful to

compute some values K75, “1 in order to compute Z[B] of Theorem 1.3.

15



Theorem 1.4 Take a,yFn, and fir 1 <[ < n. Then
Z I"l, _ { (—1)n-i=io+t ("1__1(17)) if v is a hook
0

otherwise.

atn

()=l

The following proof is due to R. Stanley.
Proof [Sta] Before we begin, we will need the following claim.

Claim 1.2

Zm ) :H(1+ ta; ),

- 1— ZT;
where the sum is taken over all partitions o

Proof [Claim 1.2] The right-hand side of Claim 1.2 looks like:
II(r+ b ) =TI+ tai o ta? 4 42 4-)

i 1= i

Take any term on the right-hand side of this equation. It will look like
thxia? - - -, where #{aj la; #0} =k. W

Let §$ = 3 arn K We know (e.g., [Bec93, Mac93]) that K;’ly, =

l(a)=l
S =t <371,H (1 * 1tx1$i>>'

7

(81, Ma). So

Well, we can rewrite []; (1 + 1%“’;—) as

T+ (= D) | (T = 20 = Ve 3 .
( ) ()

i j 1 —z; k>0 m>0

So

w2
I
—

Sty [tl] Z(t — 1)k€k Z hm>

k>0 m>0

o D e (3) 5 )

m>0

= S0 () et

m

[l
—

ka

= 0 () torsnsin)

k,m

16



Using the Littlewood-Richardson rule (see, e.g., [Sag91, p. 173]), we know
that $1x8(m) = 8(m1%) + S(m+1,1-1). Therefore,

k
S = Z(—l)k‘l'l (l) [6,.’,1’(m’1k-) + 571’(m+1’1k_1)] .
k,m

Clearly, if 4/ is not a hook, S = 0. If ¥ is a hook, say

Y = (I(v),1"'),

then
S = (=1 Kn —ll(v)) _ (n - l(lv) + 1)}
= (=)l (n l—_l(l“r)) .
m

We also have a combinatorial proof of Theorem 1.4. For this, we will
need some background, and we follow the notation of D. Beck [Bec93]. Let
F)\ denote a Young diagram of shape A\. We say that ¢ is a rim hook of F\ if
it is edgewise connected and lies along the north-east boundary of F) such
that ¢ contains no 2 x 2 subset of cells, e.g.,

Fix partitions g and A. A rim hook tabloid of shape X and type p is defined
to be a sequence of partitions:

P=XcCHMc--Cr=)
such that & := A* — A1 is a rim hook of size y; of the diagram of ! for

all 1 < ¢ < k. The following is a rim hook tabloid of shape (4331) and type
(524):

17



6)
&I/’ » f 0___ §3

We say that & is a special rim hook if it is a rim hook of A and it contains
a cell from the first column of \. We then define a special rim hook tabloid
(SRHT) T of shape A and type p to be a sequence of partitions:

P=XcAXNc---CcI=)\

such that & is a special rim hook of X' of size y;. The following is a special
rim hook tabloid T' of shape (4331) and type (137):

= §3

3 o

x5
’.

&,

We define a weight function on the tabloid as follows: wt(&;) := (—1)"¢)
where the leg length of &; is lI(§;) = (the number of rows of ;) —1. We define
wt(T) := 15, wt(&). In our example above, wi(T') = (—1)'~1(—1)*71(—-1)*"!
= 1.

Theorem 1.5 ([Bec93]) Take A, Fn. Then
KA_’L = Z wt(T),
T

where the sum is taken over all special rim hook tabloids T of shape u and
type A.

Claim 1.3 Take a b n. Then

r—1 .
K in =

18



Proof By definition, K_ 1n = Y 7 wi(T) where the sum is taken over all
SRHT T of shape 1" and type . Take any SRHT 7 in this sum. We know
that wt(T) = [1; wt(e;).

K7in = (number of permutations of parts of ) - [T wt(e;)
J

H — 'Hwt a;j).

It is easy to see that

Muwt(e) = [I-1>"

Claim 1.4 Teke a,p b n such that i is a hook. Then

~ e l(a) = 1)!
Kol = 5 (-ymtemtn L2 )
" j;;(u) ) IT; ms(e)! 7

where p' denotes the conjugate of .

Proof Since p is a hook, p' is also a hook. Then K3, = Y7 wt(T), where
the sum is taken over all special rim hook tabloids T w1th shape p' and type
. In particular, any such tabloid T' must contain a special rim hook ¢ of
length j > I(u) since all special rim hooks by definition must contain a cell
from the first column:

19



This hook contributes weight (—1)="¥) so

Kc:,l Z K a\(] ),1n— J 1)]_1(“)'

3>(u)

By Claim 1.3, we know that

. (l(a) = 1)! (e
K a\l(]) nmi = mmj(a)(—l) i=(i(a) 1)’

SO

K;’}L,: Z Mmj(a)(_l)n—j—(l(a)—l)(_1)j—1(u)_

Claim 1.5 Fiz 1 <[ <n. Then
Z I _(n-—1
& L mi)! S \i-1)
()=l

Proof Take o F n such that [(a) = {. We know that

of permutations of parts of a. Then

!
Z = 7/ 1 #{a17a27"'7a1|a1+a2+"'+al:n}

atn Hzml(a)'
. n—1
o\l=1)

I{a)=I
Corollary 1.2 Fiz 1 <k <nand1 <[ <n. Then

> =175 ")

()=

I _
T = the number

20



——myla) = (= 1)
l(az)il IL ml(a)l k( ) I&Z);‘l ml(a)!mz(a)l . (mk(a) — Dl

. ({—1)!
h a;k IL mz(a)'

{a)=l-1

By Claim 1.5,
(=1  fn—k—1
A e\ i-2 )

Ha)=1—-1

Now we will prove Theorem 1.4 combinatorially.
Proof [Theorem 1.4] First, assume that v is a hook. From Claim 1.4, we
know (-1
-1 _ _1\n—l=l(v)+1 ) ,
YK = ) (1) g it mi(a)!m](a).

l(c::SZl l(aa’;:l 724
By Corollary 1.2, we have
(-0t 0 fn-j-1
;n I m,-(a)!mj(a) =2 )

Ha)=1

SO

L el n—yjy—1
3 Y Ly

l(‘;j';, i>1(v)
— (el [T —1(v)

Now assume that v is not a hook. Take v = (v > 72 > ---). Fix
1 < { < n. Note that since 7 is not a hook, v, > 1. If T is a special rim
hook tabloid, then let sh(T") denote the shape of T and ty(T') denote the
type of T'. Given a SRHT T such that sh(T) = «, we say that T is in class
1 (el(T) = 1) if there is a special rim hook occupying both the v; position of
the bottom row and the 7, position of the second row from the bottom. We
say that T is in class 2 (cl(T) = 2) if there is a special rim hook occupying

21



the v, and v, — 1 positions of the bottom row. Note that these are mutually
exclusive conditions, and any SRHT T of a fixed shape « is either in class 1
or class 2.

Let S, == {SRHT T : sh(T) = ~,U(ty(T)) = L,ty(T) - n,cl(T) = 1}.
Let 82, , := {SRHT T : sh(T) = ~,l(ty(T)) = L, ty(T) k- n,cl(T) = 2}.

We will define a bijection f : St ¢+ 7, .. Take some Ty € S, , of type

[

- ‘ e’
PRI N o |
f N,
i YI”%“

i.e., there exists a special rim hook &;, say of size ¢, that occupies both the
41 position of the bottom row and the v, position of the second-from-bottom
row. Then there must be another special rim hook &; of size o (j # 1) that
ends in the v, — 1 position of the bottom row.

Define o  n such that

ar—(m—m+1) ifk=:
g = Ozk+’yl—’)’2+1 lfk‘—‘]
Qg otherwise.

Note that /(¢) = [ and ¢ # a. We can then construct a special rim hook
tabloid T3 € 87, ,, of shape 7 and type o:

y} —¥+1

where a special rim hook (; of size o; occupies the v; and vy, — 1 positions
of the bottom row, such that (; is & plus the last 4y — 72 + 1 boxes of the
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bottom row. A special rim hook (; of size o; ends in the ~, position of the
second-from-bottom row such that ¢; is ¢ minus the last 7, — 72 + 1 boxes
of the bottom row.

This is clearly a bijection, and it is easy to see that wi(77) = —wi(T3).
Also, S}, WSt . (disjoint union) consists of all rim hook tabloids of shape
v and type of [ parts. So

YKL = > Y wyT)

akFn akn SRHT T
1(a)=1 l(a)=t sh(T)=~
ty(T)=a

= Y. wi(T)

This sum is 0 from the above construction. B

Theorem 1.6 Take v+ n. Then

B (1)t 4 nD,_iy if vy is a hook
[s-)2[Bw)] = { 0 otherwise.

Proof By Theorem 1.2,

52)21B) = E X

By the Murnaghan-Nakayama rule,

v | (=1)")=1 if v is a hook
Xm = o0 otherwise.

1)) -1 2repy X (M)
(101 Zasm

if 4 i1s a hook
0 otherwise.

[s:]2{Bw)] = {

Let us take y - n to be a hook. The graph of F(n) is a directed n-cycle,
so when considering subgraphs of B, of type (a;3), the only possibilities
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are 3 =0 (and o+ n) or 8 = (n) (and & = (). Now let us compute the cycle
indicator the other way. By Theorem 1.3, we have

Z[B(n) Z H m] 'Ta ) B(n))fct ( ) T (n)(B(n))

aFn J
Before we proceed with the proof, we must prove the following claim:

Claim 1.6 Take o+ n.
— n(l(a) —1)!
ros(Bloy) = n(l(e) = 1!

[T mj(e)!
Proof [Claim 1.6] We know that r4,9(B(n)) is the number of ways of taking
an n-cycle and cutting edges to form paths of lengths ay,ay,.... Say a =

(ay > ag > -+ > g1 > 0). Fixsome 1 < ¢ <k + 1. There are n ways to
choose the first point of the a;-path. The number of ways to split the rest of
the n-cycle into paths of type o = (a1, ..., Qi—1, Cip1,. ., Qhy1) i8 HJ—’:;—(O"—)’
Since there are m,,(«) paths of length o,
n - k!

M, () IT; m;(a’)!
n(l(a) = 1)!

IT; mj(a)t

Tad(Bm))

Given Claim 1.6 and fo = > +n SWA’;W ,

Z1Bi) = ¥ nll(e) = VY s, Kok + (<1 X soxfay

atn yFn yEn

So [S’Y]Z[B(n)] = X(n + Z —1 1K

atFn

= (=DM(=D)'O 453 nl-1) > K
=1

abkn
(a)=t

By Theorem 1.4, we have

n—i(y)+1

[s,]Z[By] = (=1)"0+ 4 ; n(l — 1)l(— 1)n—l(v)—z+1(”l—_l(1’7))

n—l(v)+1 _ l( ))|
= (-1 n—I(y)+1 1n ('Il 7)) —1 n—l('y)-—H-l.
- D R TS A
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Here we reindex, letting 1 = n — [(y) — [ + 1. Then we have

. ) n=1(v) (_1)i
[5:02[Bw] = (=1 40 37 (n—1(y))!

1=0

= (=10 LD, ).

i

Note that this lemma shows that Z[B,] is Schur-positive. In fact, the
corresponding representation has degree n!. If it is a permutation represen-
tation, the number of orbits is D,,. We do know that Z[By)] is not h-positive
in general. For example, Z[B(4)] = 3h11 — 8hj12 + 8hay + 2hy2 + 4hy.

We know that in general, Z[B,] is not Schur-positive if A # (n). For
example, Z[Bs;] = 9s4 — 3522 — 3s1111- See Tables .1 and .2 in the Appendix
for a table of cycle indicators for n < 6.

Corollary 1.3 Take v n where v is a hook. Then

ZD X(m) = 1 [(=D)" + (=10 'nDyys))]

1.3.2 Meénage Board

The probléeme des ménages can be described as follows. Suppose there are
n married couples. The men are seated around a circular table, leaving one
seat open in between each consecutive pair of men. Each woman, bored of
her husband’s conversational skills, wishes to sit next to any man but her
own husband. In how many ways can this be done?

Definition 1.1 We define the n x n ménage board to be B2, := {(i,j) €
[n]?|j #4 or i+ Imodn}.

The probleme des ménages can then be restated as counting the number
of By, -compatible permutations in S,. It is well-known (see, e.g., [Sta86,
p.73]) that this number is 3% ((—1)'(n — i)!%(znﬁ). But what if we wish

to classify these permutations by cycle type?
Theorem 1.7

2Bl = Loy | 2 Ty 2 XX () + (<1
'Y}_n l?oko?( . WED"
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Proof By Theorem 1.3, we have
Z[B:len] = Z |ﬁ1 H m; 'Ta ﬁ men)fapﬁ

o,

Take some graph of type (a; 3) in the sum. The only cycles in B .. are the
l1-cycles and the n-cycle. This is because the graph of B’ looks like:

S

So the only possibilities are:

0 iffakn
=<1 iffakbn—iwherel <i<n

(n) ffa=0.
Therefore,
Z[B:mn] = Z H m] 'T‘a 0 men)fa
akn J
E Z ( H m] 'TOI 1' men)fapg ( ) Tp (n)(Bmen)
1=1 alFn—1
Let
ZHmJ 'Tam men Z I’;/\l’ X,m
akn 7 An Zu
and let
m1(u) .
ay = Z Z (_]‘)ZHmJ( ‘TCY 1' men Z ‘[{a)\’ X,u,\l’
=1 atn-—1 7 An—i

Since fo = 22, Pu K;;, : X#, we know that

men]_zpﬁ‘b + Z pll'a’ﬂ pn

ubn pkn
my(u)>1
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We can rewrite this so that

Z[B:‘nen]: E Pubu + Z Pubu + Z Puty + (=1)"py,.

pukn pEn pkn
my (u) 21 my(p)=0 my(p) 21

By definition of B, and Z[B7..], we know that [p,]Z[B" ] = 0 where
mi(p) 2 1. S0 wrn puby=0and ¥ u» pua, = 0. Thus, we have

my(u)>1 my (n)>1
men - Z Pu Z H mj(a)!ra @ men Z Aa)\’ ]-)npn
mit=o O A

Since rqp(Bre,) = ra(Bn)) = ﬁﬂﬁ%, we know that

Z[Bnen] — Z Pu Z '-1 ZI a)\' 1)npn

pkn akFn AFn “
my(u)=0

Changing to the Schur function basis, we get

1
Z[Br"rlnen] = Z S’Y Z n(l(a) - 1)' Z I{c:,i\’ Z ;szz + (‘l)nX?n)

yHn atn An pkn I
my (u)=0

It follows that

n ; 1 n
[’5"/] [Bmen] = _1 [ai’ _XZXZ\,—{_ -1 X’Yn
(n)
akn Arn urn P
my (#)=0
n ’ 1 .
= 2nll=DI30 3T Ko X =X+ (=)™,
i=1 Abn akn pFn Pu
i(a)=1 my (p)=0

Then by Theorem 1.4,

208 = Snit -1y S apen (T} s Ly

=1 Atn pkn u
hook my (pu)=0

+

(=1)"X{w)

- (=D~ 1(V))! nl Ly
- Z s (=Dl n —=1(N) =1+ 1)! Z’_: ZXMXu"l'
=1 pkn I

I{(A)<n—i+1 mq (p)=0

3
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L oy Rt BT D O
- P = G O R
0o mq(p)=0

Reindexing,
R D= 10! 3 (=)
= (=]t n — (M)
; (n—1(X)+1—=1) (=1) ;::0( (V) 1!
— (_1)11—1()\)-{-1 Dn—l(/\)-
So

D,_in n! n
[S’Y]Z[Bmen] = Z _ (1))' Z ;—X’Z‘Xi; + (—1) X’(Yn)
: p

Abn (n pkn
hook mq {p)=0

_ Dn_l(f))l > A mX (1) + (=1)"X (-

Arn (n - * 7€Dy
hook

Corollary 1.4 Let gy, = |{oc € S.|p(0) = A, 0 is Bl — compatible}|. Then

men

—z z: ”““) =S XX (1) + (=) Xy

A ybn ptn 7T€'Dn
hook

Proof Follows the proof of Corollary 1.1. ®

1.4 Wreath Products

Take a finite abelian group G with |G| = m. Say G = {g1,92,---,9m}
Assume g; = identity. We will define the wreath product of G with Sy,
denoted G1S,, as follows: G1Sy, := {(h1,ha,...,hn;7) | hi € G and m € S,}.
Note that |G 1.S,| = m™-nl. Group operations are defined as follows:
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o For (hy,...,hn;7), (A'1,...,hn;0) € GLS,,
(hl, ey hn; ﬂ)-(h’l, P h'n; 0‘) = (h,r-l(l)h’,r—l(l), ey h,r—1(n)h’,r-1(n); TI'G).
o (hy,...;hyym)t = (h;(ll),.. Tl

+> Vr(n))

We will define for G 1 S, the analogue of the cycle type of an element of
Sn. Consider w = (hy,ha, ..., hy;7) € G1S,. Given any [-cycle (¢122- - - 4;)
of m, the corresponding element h; h;, --- h;, € G is in some conjugacy class
of G.

Fix some conjugacy class ¢; of G. (Since G is abelian, each element of G
is its own conjugacy class.) Let o' be the partition whose parts consist of the
cycle-lengths of the cycles of m whose corresponding element in GG is g;. Then
type(w) := (a!,a?,...,a™). (Note that p(r) = U™,a'.) Any two elements
of G115, are conjugate if and only if they have the same type. Let Z,1 42 ,m
denote the order of the centralizer of the conjugacy class (a!,a?,...,a™).
We know (see, e.g., [Mac95, p. 171]) that Zg1 42 om = |G TR, 2,

We define a generalization of the power-sum symmetric function that
is mentioned in [Mac95, p. 172]. Take some conjugacy class, say g;, of
G. Then we define pi(g;) := 2, x(g;)pi(2X), where the sum is taken over
all irreducible characters of G and p;(zX) denotes the regular i-th power-
sum symmetric function in the variables zf,z%,.... For a = (a1,0,,...) a
partition, p,(g;) = Pa, (9j)Pay(g;) - - -- For partitions o', a?,. .., ™ such that
¥ la*| = n, we define a generalized power-sum symmetric function

Poig2 am = Pai(91)Pa2(92) -+ - Pam(Gm)- (1.2)

Just as we can think of a permutation in S, as a placement of n non-
attacking rooks on [n]?, we can think of an element w = (hy,...,h,;7) as a
placement of n labelled non-attacking rooks on [r]? viz., if 7(z) = j, then we
place a rook labelled &, in position (7, 7).

Consider the following generalization of B-compatibility to the group
G 1 S,: instead of removing positions from [n]?, we label some positions
with elements of GG, and we allow no rooks with those labels on those posi-
tions. Formally, given some subset A C [n]?, we define a function L : A — G
such that L(z,j) is the label in position (z,7) of the board B. We will say
that (hy,...,hn;7) € G1S, is B-compatible if h; # L(z,7(7)), if the latter is
defined. If L(z,7(z)) is not defined, h; can be any element of G. We define
the generalized cycle indicator to be Z%[B] := ¥, Piype(w), Where the sum is
taken over B-compatible elements w € G 1 .S,.
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Example 1.7 Let G = Z; and let A = {(1,1),(1,3
L : A = Z, such that L(1,1) = +1, L(1,3) = +
L(3,2) = —1. Then B looks like:

1),

)a(za (3,2)} Define
17 L(Qal) = —1, and

We say that (hy, ho, ha; ) € Zy 1 S3 is B-compatible if
o hy # L(1,7(1))
o hy # L(2,7(2))
o hs# L(3,7(3))

For example, (—1,+1,—1;(13)(2)) is B-compatible:

We can think of any labelled subset of [n]? with label function L as a
graph, viz., i = j if 7(i) = j, and edge i — j is labelled L(z,7). When the
subset is a placement of at most n labelled non-attacking rooks, then the
graph consists of labelled disjoint paths and cycles:

Then we give each cycle (or path) a label, which is the conjugacy class of
the product of the labels of the edges in the cycle (or path). In our example
above, the path/cycle labels are in quotes. We say that the graph has type
(@, al,...,a™; B, 32, ...,8™), where a° is the partition of singletons (1-
paths), o' (i > 0) is the partition whose parts are the lengths of paths
labelled g;, and 3’ is the partition whose parts are the lengths of the cycles
labelled g;. (Note that my(a’) = 0 for i > 0.) Again, referring to the example
above, the graph is of type (1,0, 0;0,21).
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Claim 1.7

1 5 ( )!
L) = P
p ( ) |G|1(a) ..... - pl—'[lmJ ﬂl (ﬁm)y By...pm
Um ﬁ‘—a

Proof Fix an irreducible character x of G. Then we know (see [Mac95,
p. 174]) that p;(zX) = IGI Y7 x(g5)pi(g;)- Let x = 2™ where triv denotes

the trivial character of G. Then p;(z) = |_c1?|(pi(91) +pi(g2)+- -+ pi(gm)). So

Pa(2) = l—G%a—)(pal (91) + -+ + Py (9m))(Par (91) + -+ + Par(gm)) - -

It follows from (1.2) that

_ m;(a)!
)= e 2, s e

gl,..pm 32>1 m;

With the above definitions, we can prove the wreath product analogue of
Theorem 1.3. Much of the notation used here is from [SS93].

Theorem 1.8 Given S a placement of at most n labelled non-attacking rooks
with label function L, we define ng := 3 Piype(w), where the sum is taken
over all w = (hy,...,hy;m) € G S, such that if L(i,7(7)) is defined, h; =
L(i,7(z)); otherwise, h; can be any element of G. Say that S is a graph of
type (°,...,a™; B, ..., 8™). Then

ZSs = (-1l ’(a)lGl““)Hm fa(@)Bpr,._pm;s

where a denotes U a

Proof Each i-cycle labelled “g;” in S contributes a factor of p;(gx) to ZSs,
so we need only consider the case in which S is of type (a®,...,a™;0,...,0).
Let o denote U, in this proof.

Let 1,(A) denote the number of unlabelled subgraphs of type («; @) in the
unlabelled graph of A. Then

|G|"n!

I,(X) = number of inclusions S; C S,
Zyt, am

31



where 9, is a labelled digraph of type (@,...,0; ', ..., A™) and S, is a digraph
of type (o (D) mherltlng labels from S, and A denotes Um AL
Since m is the total number of unlabelled dlgraphs of type (a; ),

and |G|*~!*) is the number of ways of labelling an unlabelled digraph of type
(5 0),

. 7 la(N)
[Pr,amlZ3s = —i=—mrm

~ el

IT; mi(e)!

= LmloR gy,
Since Z)\l’.”’)\m = |G|I(A)Z)\1 cre Zym,
1_[ ml( ) a
[Py, am)Z5s = - G|I<A>|G‘l( VIL(N).

From [Ste92], we know that f,(z) = 3, £——1%:1_—1(210,(fy)pﬂ,(:n), so using
Claim 1.7, we get

_1)lel-4@) ] m;(7)!
fula) = Z(—”—wm S ey P

~En 2y Al an 5>1
um A':'\/
( 1)|al—l(a) ()\)l
= > ™ H Y LA
Al am ZX IG| ()‘ )
lU?;lz\”:n
Since Z) = Zp 1t Zym Hj Zz](TxJ(—im)—'C\—m—)"
(e
[Py, am]falz) = Tt Zym |G
So
[Pas,.an 285 = (DI ONGHD [T mi(e)l(Pa,aml fal2).
Therefore,

285 = (~1)FHE|GI [T (@) fale).
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Theorem 1.9

ZG[B] = Z (_]')hllGIl(a)Hmi(a)!rao ..... amyl L., 'ym(P-)fa(x)P'yl...;ym:

.....

(@°...,a™;9Y,...,9™) and o denotes UT g0 and v denotes U 7.

Proof Using the standard inclusion-exclusion argument,

z°1B] = 3 (-1)Z5;,
SCB

where the sum is taken over all labelled non-attacking rook placements S on
B. Use Theorem 1.2, noting that |S| = | UL, of| + | UTL; B7] — [(UZ4e) for
S of type (°,...,a™; B, ...,6™). A

Example 1.8  Let our board B be given by:

+ +

Then the graph of B will look like:

We use Figure 1.1 to calculate ZZ2[B] = (p;(z)—p1(y))>+(p1(z)+p1(y))2(p1 (z)—
pr(y)) + 2(p1(2) + pr(¥))(pr(z) = p1(y))? + 2(p2(2) + pa(y))(pr(2) + pi(y)) +
3(p2(x) + p2(¥))(pr(2) — pr(y)) + 2(pr () + pr(y))(P2(2) — p2(y)) + 3(pr(z) —
p1(¥))(p2(z) = pa(y)) + 4(pa(z) + pa(y)) + 5(pa(x) — pa(y)), which simplifies

to

Z%[B] = 9ps(x) + 10pa1 (z) + 4ps () — dpi2(z)pa(y) — 2p2(2)pa(y) — ps(y).

Now let us verify Theorem 1.9. The following is a table of terms in Z%2[B]

of Theorem 1.9 with non-zero 7,0 41 42,41 42(B) values.
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w € Zy) S3 l Prype(w)

(—++M2)E) | Pey
(=+=M2)3) | P
(—=+M)3) | P
(=== M@)3) | P
(+ +:(12)(3)) | Pay
(++—(02)(3) | Py
(- + +; (12)(3)) P
(—+—-02)3)) | P
(= + +; (13)(2)) | P
(= +—=(13)(2) | Pay
(— —+(13)(2) | P
(—==(3)(2) | P
(= ++;(1)(23)) Paa
(==+1)23)) | Pun
(+ + +;(123)) Ps.
( ’(123)) P@;3
(+—+;(123)) Py;3
(+ - = (123)) Psy
(= ++;(123)) Py
(= + —; (123)) Psy
(== +;(123)) Py
(———;(123)) Py
(—++;(132)) Py.3

Figure 1.1: Table of B-compatible elements of Z, ) S5
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a’ I a! l o I 08 ‘ 08 ! rad,al 2t 52 (B)
1 {20010 1
110|200 2
21010110 1
Bl1ei0o|0]0 1
03[0 |00 1
01021160 1
010 3|00 2
0100603 1

By Theorem 1.9 and with the help of J. Stembridge’s symmetric function
package “SF” for Maple,

Z%(B] = 223fu(z) — 2122 fi2(z)Pryg + 3122 f1a(2) + 2f3(z) — 2f2(2) Py +
2-2fs(z) — P3y
1 1
= 12(-pu(z) - ps(a)) - 8 (3p0(2) + 52:(®)) (@) + m(v))
+48 (Spn(@) + 3o5(2) + 2po()) — 22(2)(pr(2) + pa(y)) + Apa(0)
—(ps(2) + pa(y))
= 9ps(z) + 10p21 (2) + 4p1s (2) — 4pr2(2)pa(y) — 2p2(2)p1(y) — ps(y),

which is what we want.

1.5 Some Related Generating Functions

Given partitions «a, 3, and A such that || 4 |3] = |A|, we can think of A as
a graph consisting of disjoint cycles of lengths A1, Az, . ... Let r4 5(A) denote
the number of subgraphs of A of type (o; f).

Lemma 1.2 Let f(u,z1,%s,...) 1= 251 z;u’. Then
af

my(a) mg(a) n—1 du
rap((n)) 2y Va2 e = U]
a% ' 1-f
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Proof Define F(t,u,zy,zs,...) = %ZIZI(tf)l. Then

1
Fo= (ot + ot +--)s

I>1

= Y. Y (zyu 4 zu? 4 )

I>1
[
= St ( Zg L g me S
I>1 oy +mg o=l N 17025« e
A
_ -1 ki 1 2 . ,,m1+2ma+3mat--
= il :
I>1 mytmade=l 1 T2
Hence,
8F xml :L';M
Em = Ztl—l Z I(my +2my + - ) 1 o y(miF2ma+3mat)—1
u >1 my4+ma—-=I my. Ma.

Integrating with respect to ¢, we get

/1 ___dt Z Z (ml + 2m2 + - )(l - 1) m1$m2 . u(m1+2m2+..‘)_1-
=

1 1.
0 8“ l>1 mi+mo+--=l my.ma:

So
L 9F n(2; my )
’Ll,n_1 / —dt = 9 pMigmz. ..
] t=0 Ou ; m1+§+ o omylmgle. TH T2
m)+2ma+--=n
= Zra@ m1(a) 72712( )
abkn

It is easy to see that F(t,u,z1,2,...) = T—th Taking the partial deriva-
tive of this with respect to u and integrating with respect to ¢, we get

L OF [t o f
./toaud B [s:o@u(l—tf)dt

1 g7
N /tzo § —8utf)2dt




Theorem 1.10 Let fi(ui, x1,22,...) = Y51 Tui. Then

w; 2Li
Z (Z rag(A)z] my () ;nz(a) )m,\( ) = H(1_|_1_3“}2)

A \ak|)|

where the outer sum is taken over all partitions A.
8
Proof Let G; := 18"} , and let F;(n) := [uP]G;, the generating function
of Lemma 1.2. Then
rag(d) = [0 JFE ) F(he) -
= @2ty - u,&;)]GIGQ - Gipy

= [z Y ma(u, e, - w))|G1Ga - G-
So
GGy -Gy = Z (Z ra@(/\):cml(a) ;”2(") ) my(u1, Uz, - .., Ug).
l(A;\=k ak|A|
Therefore,
Z GGy, -Gy, = Z ( Z ra,@(/\)winl(a)x;nz(a) . ) m(u),
i1 i< <ig l(,\?:k at|A|

where my(u) denotes the monomial symmetric function in infinitely many

variables uy, ug,.... Summing over all k, we get
[I0+6)=3 (Z raa()a] 2. ) ma(u).
i A \ak])|
|

We know that

S s () g @y2®@ = 3 gy By
BFn B
= yﬂ'

37



So in order to calculate r, g(A), we can consider any n-cycle of A and impose
either a path structure or a cycle structure on it. Therefore, we get
(@) ,ma(@) (8), m2(8) e e
o) = OO T (W )

Theorem 1.11 Let f; be defined as in Theorem 1.10. Then

Z( T sl ““)wz”“”---y?l“’)y;”‘m”') mau) =
A

a,pB
|| +18]=1Al

7 m>1

1‘[ (1+ 351 + > )
f1 YmU; y

where the outer sum 1s taken over all partitions \.

Proof Let os
Hi(n) = [ul ™ ( P+ Y Yl ‘)
1- f’ m>1
and define
3]’:
Gi = 2 4 3yl

t m>1

Then we have [u?]G; = Hi(n), so

rap(N) = [ar @)y MOy g (0 Ha(As) -

milo mol\& m m A
= [y Oy g “]glgz Gy
= [le(a)wgnQ(a)"'yTl(m 720 ~Jma(ug, ug, .- wn)]G1G2 - Gy
Therefore,

glg2 o gk = Z ( Z Ta ,3()‘) ) ;nz(a) "Y1 1(ﬁ)y;n2(ﬁ) ot ) m/\(ula U2y e vy uk)a

A at|A|
I(A)=k

which gives us

> GG Gi= ) (Z ra,@(A)le(“)m?z(a)--'yim(my?“m---) m(u)-

11 <t <<k I(A;\—k ak|A|
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Summing over all k, we get

[Ia+6)=%" ( 3 rag(V)a] Py L ym@)yma) ) ma(u).

i A \ak[)
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Chapter 2

Unlabelled Interval Orders

2.1 Introduction

Interval orders have been studied purely for the mathematics and also for
their various applications in the social sciences. It has long been known
which posets have interval representations in which all of the intervals are of
equal length. These posets are called semiorders. Here, we determine which
posets are (1,1,...,1,1 4+ o)-interval orders.

2.2 Background

A poset P = (X, <p) is called an interval order if there exists a function F
from X to the set of non-degenerate closed intervals on the real line such that
F(z) = [az,b,), and z is less than y in P if and only if [as, b.] lies completely
to the left of [a,,b,]. Any interval representation of P may also be expressed
as an ordered pair of real functions (f,!) such that f(y) is the left endpoint
of the interval corresponding to y € X and I(y) is the length of that interval.
(F(y) = [f(y), f(y) + U(y)])

Suppose |X| = k with X = {xy,25,...,24}. P is said to be an
(11,12, ..., l;)-interval order if there exist closed real intervals Iy, ..., Ix with
the length of I; being I; such that there is a bijection F : X < {[y,..., [y}
with F(y;) lying completely to the left of F(y,) for y1,y. € X if and only if
yp is less than y; in P.
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Example 2.1

x5
X X X X
x4 X6 1 X, —3 L 0H
—
X3 X6
’xI x2 I 1

Interval orders that have an interval representation in which all intervals
have equal length (which we can take to be 1) are called semiorders and have
been studied quite a bit. Let i+ j denote an 7-chain and a j-chain which
are disjoint from one another such that no relations hold between elements
of the i-chain and elements of the j-chain. We say that S = (X5, <g) is an
induced subposet of P = (X, <p) if X5 C X and given z,y € Xs, = <p y if
and only if # <g y. The following are two well-known results about interval
orders (see, e.g.,[Tro92, p. 86 and p. 193]):

Theorem 2.1 A poset P is an interval order if and only if P does not
contain 2 4+ 2 as an induced subposet.

Theorem 2.2 An interval order P = (X, <p) is a semiorder if and only if
P does not contain 3+ 1 as an induced subposet.

The problem we investigate is that of characterizing (1,1,...,1 + a)-
interval orders, where 0 < a < 1. Before we state the main result, we state
some relevant theorems.

Theorem 2.3 [Fis85, p. 126] Suppose P = (X,<p) is a finite interval
order, where |X| = k. Let p denote the set of inequalities of the form
Yvex, Ly) < Tyex, ly), where X1,X, C X, which must be satisfied by
any length function | of an interval representation (f,l) of P. Then P is
an (I, 1y, ..., lk)-interval order if and only if there exists a function | : X —
{li,...,lx} and a permutation © € Sy with I(z;) = ly;) (1 <t < k) such that
[ satisfies the inequalities in p.

Corollary 2.1 Let P be an ({1,ls,...,l;)-interval order such that 1 < l,, <
1+ 1 for some 1 € Z and I, € ZVn # m. Then P is an
(oo lmety by bty - - - Lg) -interval order, for any i < I,,) <i+1.

We are now ready to state our main result.
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2.3 (1,1,...,1,1+ a)-Interval Orders

Theorem 2.4 Let P = (X, <p) be an interval order. Fiz 0 < o < 1. Then
Pisa(l,...,1,1+ a)-interval order if and only if

1. P does not contain a 4+ 1 and

2. If P contains more than one 3 + 1, then they share the same 1. (This
ezcludes a finite number of induced subposets.)

If P does contain a 4+ 1 or any 3 + 1s that do not share the same 1,
then it is clear from the following that P is not a (1,...,1,1 4+ «)-interval
order:

d
a b c d c
b i | it | | ° ¢
1 . ] b
l«— ¢ must contain —!
' band ¢ ae
]
: : %
| f — h i h g
D ; i «8 » » 1
i’ must—
+ contain g’ f
f’ E g, :l h)

I 1 ] ]
r L4 1 1

In the case in which P contains no 3 + 1, Theorem 2.4 is easy to see. This
is because P is a semiorder, so there exists an interval representation of P
with intervals of length 1. Take the right-most interval in this representation
and extend it by a.

Also, because of Corollary 2.1, we need only show that if P satisfies 1.
and 2. of Theorem 2.4, then Pisa (1,1,...,1,1+4 «)-interval order, for some
0<a<l.

Given y € P, define D(y) = {z € X | z <p y}, the set of elements below
y in P. Similarly, define U(y) in P to be the set of elements above y in P.
Following W. Trotter [Tro92], we say that y;,ys € X have duplicated holdings
in P if D(y1) = D(y2) in P and U(y1) = U(yz) in P. (When considering

interval representations of an interval order P, we can assume that no two
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elements in P have duplicated holdings in P, since any such elements may be
represented by the same interval.) Define the binary relation <y, such that
Y1 <mp Y2 if D(y1) C D(y2) (read “D(y1) is strictly contained in D(y3)”)
in Porif U(yz) C U(y1) in P. (Note that Hp is a partial order if P is a
semiorder.) This relation has some very nice properties which we will see
throughout this section.

Let P = (X,<p) be an interval order with at least one 3 + 1 and no
4 4+ 1. Suppose further that all 3 + 1’s have the same 1, which we denote
by x. Consider all of the 3 + 1’s. Let X! be the set of all least elements in
the 3-chains in a 3 + 1 of P. Similarly, let X? be the set of middle elements,
and let X3 be the set of all maximal elements. Let us write y; ||p y2 if y1
and y, are incomparable in P. More formally,

Definition 2.1 Let I, ={y € X : y ||p z}. Then
X' :={ye I, : I,cc I, such that y <p b <p c}.
X*:={yel,: Ja,c€ I, such that a <p y <p c}.
X3:={yel,: Ja,be I, such that a <p b <p y}.
Claim 2.1 D(z) C D(b) and U(z) C U(b) for all b € X?.

Proof Fix some b € X2%. We know there exists no y € X such that
¢ <p y <p b. So suppose that y ||p b for some y € U(z). There exists a
c € X? such that b <p c¢. Since b £p y, we know that ¢ £p y; and since
¢ ||p ¢, we know that y £p ¢. Thus, there exists a 2 + 2:

c y
b I I X
which contradicts the fact that P is an interval order, so U(z) C U(b).
Similarly, D(z) C D(b). B
Given L a linear order on X, we say that L is a linear extension of P if

y1 <g, y2 for any y1,y2 € X such that y; <p y,.

Definition 2.2 Since P — z is a semiorder, Hp_, is a partial order. Let
L' be a linear extension of Hp_,, and define by to be the least element of
the elements of X? in the ordering L'. By Claim 2.1, we can define a linear
extension L of P extending L' such that:
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o foryi,y2 € X —z, y1 <p y2 if y1 <p' Y2 and
o forye X —z,e<pyifb; <py and
o forye X —z,y<pzify<pbc.

Unless otherwise noted, let us assume that P = (X, <p) is an interval
order with |X| = k and X = {z,,2s,...,2}. Suppose the z;’s are labelled
so that z, <y x; <p -+ <g zk, where L is the linear extension of P in
Definition 2.2. Let A:={y € X —zy : y ||p zx}. For X;, X; C X, let us say
X; ¢ X5 if X1 = X, or if X; is not strictly contained in Xs.

Lemma 2.1 There exists 1 > 1 such that

A = { {wvwi»$i+17-"a$k—l} lfwk € X3

{Ti,Tiz1y- s Tho1} otherwise
Furthermore, b <y, z; for all b€ X?, and x <1, z;_;.

Proof The proof follows from Claims 2.2-2.5. B

Claim 2.2 Ifb e X2, then b <p z.

Proof Suppose there exists a b € X? such that b ||p ;. Then we know
that there exists some ¢ € X3 such that b <p c and ¢ ||p z.

Since ¢ <y, z, we have D(zx) ¢ D(c) in P — z. We know that D(z}) #
D(c) in P — z since b € D(zy), so there exists z € X — z such that z <p z;
and z £p ¢ and hence, z £p b. Since zj ||p b,¢, we know that b,c £p 2.
Hence, there exists a 2 + 2:

Claim 2.3 Suppose z; € A such that z; # z. Then x;y1 # .
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Proof Suppose that z;4y = z. Then z; < bfor all b € X2. So U(z;) ¢
U(b) in P — z for all b € X%, By Claim 2.2, we know that z; € U(b) for
all b € X2 Fix b € X?. Since z;x ¢ U(x;), there exists z € X — z such
that ; <p z and b £p 2. Since z; ||p zk, we know that z £p b. Similarly,
z £p zx and z; £p b. Finally, since b £p z, we know that b £p ;; hence,
there exists a 2 + 2:

ku I z

b X

1

Claim 2.4 Suppose x; € A such that x; # x. Then ;41 € A.

Proof Suppose z;y1 <p zx. We know that z; ||p ;41 and z; <z ziy1. In
particular, U(z;) ¢ U(zi41) in P — z. We know that U(z;) # U(zi41) in
P — z, so there exists z € X — z such that z; <p z and z;4; £p z. Since
z; |p xk, we know that z £p 2,41 and z £p z4. So z ||p zx and z ||p @iy,
and there exists a 2 + 2:

Claim 2.5 All elements of A (except for x, if x € A) are pairwise incompa-
rable.

Proof Suppose not. Suppose there exists z;,,z;, € A (where z;,,zj, # z)
such that z;, <p zj,. Since z;, <p %, D(zx) ¢ D(zj,) in P — z. Because
D(zy) # D(z;,) in P — x, there exists a z € X — & such that z <p =
and z £p zj, and hence, z £p zj;. Also, since z;,z;, ||p =k, we know
zj, ¢, £p 2. Then z;, <p ;,,z <p zy form a 2 4 2:

XkI Isz
Z .X'j]
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A proof of Theorem 2.2 that appears in [Tro92, p. 193] proves the fol-
lowing stronger theorem:

Theorem 2.5 [Tro92] Let P = (X,<p) be a finite interval order with no

3+ 1. Let L, be a linear extension of Hp. Then there exists an injection:
h: X — R such that

o h(y1) < h(ye) iff 1 <r. 2
o h(y1) +1 <h(yz) iff y1 <p y2
o h(yr) +1 # h(y2) if yr |lp v2

To prove Theorem 2.4, we will prove the following stronger theorem,
which is similar to Theorem 2.5:

Theorem 2.6 Let P = (X,<p) be a finite interval order with
X = {z1,29,...,2x}. Let L be the linear extension of P of Definition 2.2,
and without loss of generality, assume x, <y o <p, -+ <p 2. Fiz0 <a <1
and assume:

o P contains at least one 3 + 1,
e P does not contain a 4+ 1, and

o [f P contains more than one 3 + 1, then they share the same 1, which
we denote by x.

Then there exists an injection f : X — R such that
L fly1) < fly2) if

oy <p Y2 and y1,y2 € {xi1,2i,..., Tk} OT

oy <p Ti—y and Yy = T;_4
2. fy) + 1< f(ya) if and only if y; <p ys and y; # «
3 fly) +1# f(y2) if ya llp y2 and y1 # 2
4. flz)+ 1+ a< fly2) if and only if x <p y,
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5. f(z)+14a# fly2) if = |lp e

Before we prove this theorem, let us attempt to give an idea why this
linear extension L should work. First of all, for yi,y2 € X, if D(y;) C
D(ys), we must have f(y1) < f(y2) for any interval representation (f,[).
Furthermore, there exists z € X such that f(y;) < f(2) 4+ {(2) < f(y2):

Similarly, if U(ys) C U(y1), we must have f(y1) + l(v1) < f(y2) + (y2);
furthermore, there exists w € X such that f(y1) +{(y1) < f(w) < f(y2) +
[(y2)-

So it seems like a good idea to have L be some extension of Hp. But Hp is
not a partial order since P is not a semiorder, so we must be careful. We know
that P — z is a semiorder, so a linear extension of P —x which extends Hp_
is desired. The problem remains of where to place z. We know that the left
end of the interval corresponding to  must be less than the left ends of the
intervals corresponding to the elements of X2, (i.e., f(z) < f(y) Vy € X?).
These are the reasons behind the choice of L. We will now proceed with the
proof.

Proof [Theorem 2.6] We will prove this theorem by induction on the size
of X. Assume the theorem holds for all P = (X, <p) with | X| < k—1. Take
an interval order P = (X, <p) with |X| =k and X = {z1,22,...,24}. Let
L and b; be as defined in Definition 2.2. Say z; <p 2, <p --- <p @x. Let
A={ye X :y|p zr}. By Lemma 2.1, we know there exists ¢ > 1 such that

. 3
A {z,2;,Tiy1,. - Tp-1} fzr € X
{ziyTiz1ye oy Thor} otherwise

Case 0: Suppose z € A and P—xy is a semiorder. We will need the following
claims.

Claim 2.6 We have zi € X3 and z;_, € X2.

Proof We know there exist a € X, € X2, ¢ € X® such that a <p
b <p c. We know from Claim 2.2 that b <p x, which implies that
rr € X3. Suppose z;_; ¢ X% We know there exists some a € X!
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and b € X? such that ¢ <p b <p z}. Since z;_; ¢ X?, we know
that ¢ £p z,—;. We have z;_; £p z, and since z ||p z, we have
z £p T;_1,50 T ||p zi—;. Because b <, z;_y, we know D(z;_1) ¢ D(b)
in P —z. Now D(z;_1) # D(b) in P — z, so there exists z € X —z
such that z <p z;_; and z £p b and hence, z £p a and z;,_; £p b.
Since a £p xi_1, we know a,b £p z. There does not exist a 4+ 1, so
b<p z;_1 and z,_1 £p a. Hence, there exists a 2 4 2:

X
xl] bex
z a

Claim 2.7 If there exists y € X such that z <p y, then y and zj have
duplicated holdings in P — .

Proof We know that y <y xx, so D(zx) ¢ D(y) in P — z and
U(y) ¢ U(zg) in P — z. Assume that D(zi) # D(y) in P — z. There
exists z € X — z such that z <p zj and z £p y and thus z £p z.
Because z ||p zx, we have ¢,y £p z and y £p z;. Thus, we have a

2+ 2
1L
Z X
Now assume that U(y) # U(zx) in P —z. Then there exists w € X — =z

such that y <p w and z; £p w. This gives a 3 + 1 in which xj is the
1:
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In particular, this claim shows that if z € A, then we can assume that
z £p y for all y € X. Furthermore, for any z; € A where z; # z, we
know that z; £p . So we can assume that if € A, then z; ||p z for
any z; € A with z; # .

Claim 2.8 There exists a linear extension L” of Hp_,, such that
Tiy <gpr xp <pr v <gr Tk, and if y <p xi_1, then y <p» Ty

Proof Takeanyy <z, z;—;. From Claim 2.6, we know that z;_, € X?,
so there is some a € X! with ¢ <p z;_;. Assume that z;_, <Hp_,, Y-
We can also assume that y ||p 2;-;. If y <p z, then we can show that
there exists a 2 + 2:

Thus, y ||p 2. Now D(z;_;) C D(y) in P — z;, implies that D(z;_1) C
D(y) in P — z, which is a contradiction. Similarly, U(y) C U(z;—;) in
P — z, implies that U(y) C U(z;—;) in P — x, which is a contradiction.
So z;—1 {HP_% y for any y <z, z;_;.

We know that D(z) C D(z;—y) in P, so D(z) C D(z;—;) in P — 4.
Thus, ;-1 €g,_, <.

oy
Suppose z; <Hp_q, Ti-1- If D(z;) C D(z;—1) in P — zi, then the same
holds in P—z. This is a contradiction. Now U(z;—;) C U(z;) in P—xy,
so there is a z € X — z; such that z; <p z and z;,_; £p 2z and hence
rr £p 2. Since z;_1,zx ||p ;, we know 2z £p z;_1,z;. There exists a
2+ 2:
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Take ji, 72 € {1,i+1,...,k} such that ;, <p x;,. Suppose zj, <p,_,,
zj,. If D(z;,) C D(zj,) in P — x4, then the same holds in P — z,
which is a contradiction. Similarly, since z;,,z;, ||p 2k, z, we get a
contradiction if U(z;,) C U(zy,) in P — @4 So zj, £np_,, ;- M

By Claim 2.7, we can assume that z ||p z; for all z; € A where z; # z.
By Theorem 2.5 and Claim 2.8, there exists an injection b : X —z; — R
such that:

L. h(y1) < h(ys) if y1 <p y2 and y1,y2 € {@ic1, &0y ..., Tp—1},
2. h(y) < h(z;—1) for all y such that y <, z;_1,

3. h(y1) + 1 < h(ys) if and only if y; <p ya,

4. h(y1) + 1 # h(y2) if y1 [P v

Let o = Mﬁﬂ;x‘—‘ll — h(z) + &, where 0 < § < h(zg—1) — h(z;). Then
0<a<l,and h(z)+1+a> ELE.&SLL—_Q + 1. We extend the length
of the interval corresponding to z by a and place the left end of the
interval corresponding to zj so that it is less than the right end of the

new interval corresponding to z and the right end of z;, but greater
than the right end of z;_; and the left end of xj_;. Let

h(ﬂ?z) + h(x,-_l)

f(&"k) = 5

+ 1,

and f(z;) = h(z;) for 0 < 7 < k. The interval representation looks
like:

| X Lo |
[ T
X
i-1 o Xk
— |
L Xi ! u\ h(x; )+h(x; ;) ;
f 1 — 4
1 xi+1 1 2
I 1
I kel |
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By Claim 2.7, we can assume that there does not exist a y € X such
that  <p y. So extending the length of the interval corresponding to
z does not affect anything.

Now we must consider the cases in which P — zj is not a semiorder. Let
L(P — z1) denote the linear extension L restricted to elements of P — zy.
Note that it is a linear extension of P — z.

Claim 2.9 There ezists a linear extension Lx of Hp_,_;, such that
o foryi,y2 € X — & — xk, Y1 <p(P-sy) Y2 if Y1 <« Y2 and
o forye X —a—ax, v <pp-zy) ¥ if br <r.y and
o fory€ X —x —ap, y <p(P-op) T if Y <1« be.

Proof Straightforward. B

Let A’ denote the set of elements incomparable to z;_;. Then there exists
7' > 1 such that

. 3
A = {a:,:ci:,:ci/,}_l,...,sck_g} if Tp_1 € X
{Zir, Tirg1y .oy Tz} otherwise '

By induction, there exists an injection h: X —z; — R for a with 0 < o < 1
such that

o y; <p ¥y and Y1,y € {xi'—l,iﬂif, ce ,ivk-1} or

o Yy <y xy_yand Yo = xy_q

2. h(y1) +1 < h(ys) if and only if y; <p yp and y; #
h(y1) +1 # h(y2) if y1 [|p y2 and 1 # 2

. h(

(

3.
4. h(z)
5. h(z) + 1+ a # h(ys) if z ||p ye.

z)+ 14+ o < h(ys) if and only if z <p y,

Claim 2.10 Tir—1 SL Ti—1.
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Proof Suppose that z;_; <p zy_;. This implies that zy_; ||p z. We
know zy_; <p zp_i. Since x4y <p zj, we know D(zy) ¢ D(zj-1) in
P — . Now D(zt) # D(zk—1) in P — z, so there exists y € X — z such that
Yy <p zx and y £p x_; and hence y £p zy_1. We have zy, ||p zi1_1, 251, 50
Th-1,Tir—1 £p y. Thereis a 2 + 2:

Note that

L {$i-1,$i, cee ,«’Ek—l} - {$i’—la$i’7 s ,$k—1}, 50 h(yl) < h(yz) ity <r 2
and Y1,y € {@i-1,Ti,..., 51} and

o if ¥y <p xy_q, then h(y1) < h(zy-1) < h(zi—y1), and if zy_; <p y1 <z,
i1, then yi, @iy € {zg_y,zi,..., zk_1}, 50 A(y1) < h(zisq).

So h(yl) < h(yg) if
* 1 <1 Y2 and yby?e{xi—l)xia”'vwk—l} or
o 1y <[ Ti—1 and Yo = T;i—1.

From Claim 2.5, we know that A(z;) < h(zip1) <+ < h(zp_1) < h(z) + 1.

For the construction in Cases 1 and 2, see Figure 2.1.

Case 1: If h(z) + 14+ o < h(z;) +1 and if z <p x4, then let f(z;) =
h(z;) for 0 < j < k. We place the left end of the interval corresponding
to zj so that it is greater than the left end of z;_;, the right end of
T;_1, and the right end of &, but less than the right end of z;. To do

this, we let
flaw) = max{h(a”') +2h(xi—1) L, )+ héwk_l) ay
h(z;) +§(w) +a N 1} |

52



1 1 |_;_ .....
| i1 o g
} KL_,__'I h(x)+ot+h(x_; )
| Xi i 2
f T
| xi+1 EKL| h(xi)+h(xi-1) + 1
! B 2
I E E e |
| [l ]
D k()4 Ivoth(x, )
VA
B i 2
Lh(xi )+h(xk 1)+I
2

Figure 2.1: Case 1 and Case 2

Case 2: If A(z) + 1 +a < h(z;) + 1 and if z ||p 2% and if A(zio) + 1 <
h(z) + 1 + a, then let f(z;) = h(z;) for 0 < 7 < k. We wish to place
the left end of the interval corresponding to z so that it is greater than
the left end of z;_; and the right end of z;_;, but less than the right
ends of z; and z. To do this, we let

h(z) 4+ o+ h(zi-1)
2

+ 1,

Few) :max{ h(x)+1+2a+h(;ck_1)}_

For the construction in Cases 3 and 4, see Figure 2.2.

Case 3: If A(z) + 1 + a > h(z;)) + 1 and if ¢ ||p zk, then let f(z;) =
h(z;) for 0 < j < k. We wish to place the left end of the interval
corresponding to z so that it is greater than the left end of z;_; and
the right end of z;_;, but less than the right ends of z; and z. To do
this, we let

flzg) = ma,x{h(xi) + h(zr-1) +1 h(z:) + h(zi-1) n 1} .

2 ’ 2
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1
xi-l h(xitlh(x.k-l )
| | b=

| X; L'\ h(xi)+h(xi_])
X

| ——— +1

|
L l+] : | 2
f —
Y [
r ' !
: }_%__ A
S U Va7
h(xl, )+]+h(xk_1) 2

Figure 2.2: Case 3 and Case 4

Case 4: If h(z) + 1 + a > h(z) + 1 and if ¢ <p ay,
then we shrink the interval corresponding to z by a small amount so
that the new length o' + 1 satisfies 1 < o/ + 1 < 2, and the right
end of the new interval is less than the right end of z;. More for-
mally, let o' = o — (h(z)+14+a—h(z;) —1) — &, where 0 < § <
min{h(z;) + 1 — h(zk-1), h(z;) — h(z;-1)}. Then 0 < o < 1, and
h(z)+ o' +1 < h(z;) + 1. We can now go to Case 1.

B The techniques used in the proof of this theorem certainly generalize to

other interval orders, and we are currently working on these generalizations.
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| = |
Z[Bs] = 82 + su
Z[Bu] = 82 — 811
| n=3 ]
Z[Bs] = 283+ s21 + 25111
Z[le] = 283 — 28111
Z[Bi11] = 283 — 2591 + 28111
n=4
Z[Ba) = 984 + 3531 + s211 + 351111
Z[B31] = 954 — 3522 — 381111
Z|Bas) = 954 + 3831 + 6822 — S211 — 351111
Z[Ban1] = 954 — 3831 — 5211 + 351111
Z[Bi111] = 9s4 — 9s31 + 6522 + 35211 — 351111
n=2=5
Z|Bs] = 44s5 + 11541 + 48311 + 2111 + 4811111
Z[Ba1] = 4485 — 4833 — 48221 — 4811111
Z[Bsy) = 44s5 + 11541 + 4533 + 45291 — So111 — 4811111
Z[Bs11] = 44s5 — 11541 — 4535 + 45291 — S2111 + 4511111
Z[Bag1] = 4455 + 4835 — 85311 — 48201 + 4511111
Z[Bai11] = 44s5 — 22541 + 4532 + 45901 + 252111 — 4811111
Z[Bi111) = 44s5 — 44541 + 20833 4 245311 — 208991 — 482111 + 4811111

Figure .1: Cycle indicators of boards avoiding a fixed permutation in S,
(2<n<5)
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n==~06

Z|Bg] = 26556 + 53s51 + 138411 + 5sa111 + Sa1111 + 3111111

Z[le] = 26536 — 15849 — DS321 — 382211 — dS111111

Z[Bag] = 26556 + 53551 + 15549 + 11833 — 78222 + 589211 — S21111 — 98111111

Z[Ba1] = 26556 — 53851 — 15842 + 11833 + 75920 + 52211 — S21111 + DS111111

Z[Bss] = 26556 + 53551 + 135411 — 22533 + 108391 — 53111 + 145922 — Sa1111—
dS111111

Z[BBQI] = 26556 — 135411 — 11833 — 5s3111 — 78222 + Ds111111

Z[Bs111] = 26556 — 106551 + 135411 + 11533 + 108597 — 983111 — TS222 + 2821111 —

dS111111

Z[Baga] = 26556 + 53551 + 45842 — 265411 + 33533 — 1083111 + 215999 — 1552211+

S21111 + 9S111111

Z[Ba11] = 26556 — 53551 + 15842 — 265411 — 11833 + 1053111 + 75202 + HSaz11+

S21111 — 98111111

Z[Bai111] = 26586 — 159851 + 45542 + 265417 — 11533 + 1083111 — 78222 — 1589911 —
3821111 + Ds111111

Z[Bii1111] = 26556 — 265551 + 135542 + 1308411 — 55533 — 805321 — 5083111 + 358202+
4589211 4 5821111 — HS111111

Figure .2: Cycle indicators of boards avoiding a fixed permutation in Se
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