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Abstract

In this thesis we use the method of moving planes to establish symmetry properties for
positive solutions of semilinear elliptic equations. We give a detailed proof of the result
due to Caffarelli, Gidas, and Spruck that a solution in the punctured ball, B\{0}, behaves
asymptotically like its spherical average at the origin. We also show that a solution with
an isolated singularity in the upper half space R} must be cylindrically symmetric about
some axis orthogonal to the boundary R .
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Chapter 1

Introduction

In this thesis we study positive C? solutions of semilinear elliptic equations of the form
—Au=g(u)in QCR", n>3, (1.0.1)

where u has an isolated singularity at some point zg € (2. We are interested in the symmetry
properties of solutions in the cases where 2 is either R™\{0}, the punctured ball B\{0}, or

the upper half space R’} minus an interior point (0, o).

We prove two results due to Caffarelli, Gidas, and Spruck [1]. In the case where Q
is R"\{0} and u is a global solution of (1.0.1) with an isolated singularity at the origin,
we show that u is radially symmetric about some point (Theorem 2.4.1). Here we do not
make any assumptions about the behavior of u at infinity, and this theorem can be thought
of as a global result for solutions with two isolated singularities. In the case where (2 is
a punctured ball B\{0}, we use an asymptotic symmetry method to show that if u is a
solution of (1.0.1) with an isolated singularity at the origin, then u behaves asymptotically
like its spherical average at the origin, that is, u(z) = (1 + O(|z|))m(|z|) as z — 0, where

m(r) = ]2%[ Js, u(ry)do(y) (Theorem 3.5.1).

Finally, in the case where () is the upper half space R} minus a point (0, ), we study
solutions of (1.0.1) that satisfy a boundary condition of the form % = cuf on OR%, ¢ > 0.
We show that if u is a solution of the boundary value problem, then it is cylindrically
symmetric about some axis orthogonal to R’} (Theorem 5.2.1). This result is new and is

based on several different approaches to the method of moving planes [1], [2], [12].
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1.1 Historical survey

This section contains a brief overview of symmetry results proved by the method of moving
planes. See [1], [2], [4] [5]. and [12] for a more detailed account of the history.
In [4], Gidas, Ni, and Nirenberg established various results including the following two

theorems.

Theorem A. (Gidas, Ni, Nirenberg [4]) In the ball Bg : || < R in R", let u > 0 be a

positive solution in C?(BRr) of
Au+ f(u) =0 withu=0 on |2| = R.

Here f is of class C'. Then u is radially symmetric about the origin, and

Ou

<0 for0<r<R.
or

Theorem B. (Gidas, Ni, Nirenberg [4]) Let v € C?*®, 0 < a < 1, be a positive solution of
Av+ f(v) =0 in R, n >3,

with v(z) = O(|z[*™") at co. Assume that for some k > 22, g(v) = f(v)v™* is Holder
continuous on 0 < v < vy, where vy is the mazimum of v. Then v is rotationally symmetric

about some point, and v, < 0 for r > 0, where r is the radial coordinate about that point.

Notice that the nonlinearity they were able to treat in the ball was more general than
the nonlinearity they were able to treat in the entire space.

In [5], the same authors extended some of their results from [4] to more general nonlin-
earities. They also studied solutions in the entire space with isolated singularities. Their

results included the following theorem.

Theorem C. (Gidas, Ni, Nirenberg [5]) Let a1,...,ar € R, n > 3, lie on a line, e.g., the

z, azxis. Let u(z) be a positive solution of

—Au = g(u) in R™"\{ay,...,ax}
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Assume

u € C*(R™"\{ay,...,ax}),
u(r) = O(1/|z|™) at 0o, m > 0,
u(r) »ocasx; —a;, j=1,... k.
Assume further that

(i) g(u) is nondecreasing in u for u > 0, and for some p > (n+1)/m, |g(u)] < C

ulP for

u small,
(ii) liminf, o g(t)/t? > 0 for some p > n/(n—2).

Then u(z) is cylindrically symmetric about the x,, axis. Moreover, if r denotes the distance

from the axis, then u, <0 for r > 0.

An immediate consequence of Theorem C is that a solution with one nonremovable
singularity and sufficient decay at infinity is radially symmetric. In [1], Caffarelli, Gidas,
and Spruck proved a more general result without any assumptions on the behavior of the

solutions at infinity.

Theorem D. (Caffarelli, Gidas, Spruck [1]) Let u > 0 be a C? solution of
—Au = g(u) in R"\{0}, n > 3,

with an isolated singularity. Assume that g(t) is a function on [0,00) satisfying
(i) g(t) is nondecreasing, g(0) = 0,
(ii) ¢~/ (=2 g(t) is nonincreasing,

(iii) liminf; .o g(t)/t? > 0 for some p > n/(n —2),

(iv) t,l,,—l”g(t'l‘_?sl) > g%pgg(tg‘zsg) when t1 < ty and s; > ss.

Then either u is radially symmetric about the origin or u is C? at the origin and radially

symmetric about some point.

In [1], Caffarelli, Gidas, and Spruck also studied the local behavior of solutions of semi-

linear elliptic equtaions at an isolated singularity. They combined the method of moving
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planes with a measure theoretic technique to prove an asymptotic symmetry result for

solutions at the singularity.

Theorem E. (Caffarelli, Gidas, Spruck [1]) Let u be a positive C? solution of —Au = g(u),
in the punctured ball Bo\{0} C R™, n > 3, with an isolated singularity at the origin.

Assume that g(t) is a function on [0,00) satisfying:
(i) g(t) is nondecreasing, g(0) = 0,
(i3) t=( /=2 g(t) is nonincreasing for t > ty.
(77) liminf; o g(t)/tP > 0 for some p > n/(n —2),
n—2

(iv) -tn—lﬁg(t?”sl) > t,—}gg(tQ s9) when t; <ty and sy > sa.
1 2
Then
u(z) = (1 + O(|z]))m(|z]) as z — 0,
where m(r) = TX%TI Js, u(ry)do(y).

In [12], Li and Zhu used the method of moving sphers to prove uniqueness theorems for
two semilinear elliptic boundary value problems. Their results were slight improvements of

results proved by Escobar in [3].

Theorem F. (Li, Zhu [12]) Let u € C2(R?)NCL(R%), n > 3, be a nonnegative solution of

—Au =0 in R},

ou _
5 cu™ ™2 op OR%.

Whenc>0,u=at+b, witha,b>0,a= b ("=2) . When ¢ < 0, either u =0 or

e (n—2)/2
u(z,t) = ((6+t)2+|x—mol2) , >0,

for some € >0, zp € R*™ 1, and (n — 2)ty = —ec.
Theorem G. (Li, Zhu [12]) Let u € C*(RT)NC*(R%), n > 3, be a nonnegative solution of

~Au = n(n — 2)u™+D/ (=D iy R
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Then either u = 0 or

. (n—2)/2
X = . 0,
= (e Twwr) 0

for some & > 0, o € R"™}, and (n — 2)ty = ec.

1.2 Method of moving planes

The method of moving planes is a technique used to prove symmetry and monotonicity
results for solutions of partial differential equations. When we are trying to classify the
solutions of a partial differential equation, symmetry and monotonicity results give us ad-
ditional information about the structure and behavior of the solutions. This kind of infor-
mation is useful because it may simplify the equations we are interested in solving or tell

us that certain types of functions are not solutions.

Suppose you want to show that the solutions of a partial differential equation have
reflection symmetry in the direction 7. That is, you want to show that if u is a solution,
then u(z) = u(z — 2(z - 7 — Ao)7) for some Ag. The following is a basic description of how

to use the method of moving planes to establish this type of result:

Let u be a solution of a partial differential equation. Fix a direction 7, and let P()\)
be the property that: u(z) < u(x — 2(z -7 — A)7) for -7 > A. The first step in the
method of moving planes is to show that the reflection process can be started. That is, we
want to show that there exists a A so that P()\) holds for A > X. This will usually require
some kind of apriori information about the solution such as a boundary condition or an
assumption on its behavior at infinity. The second step is to continue the reflection process
and move the family of hyperplanes up to a critical position A\g. For concreteness, suppose
that Ao = inf{\ : P()) holds for A > 1}, and assume that A9 > —oco. In this case, the
last step is to use the maximum principle to show that u(z) = u(z — 2(z - 7 — Xo)7) and

g%(x) <0, forz-7> X

13



1.3 Plan of the paper

In Chapter 2 we prove some preliminary results and develop the tools that allow us to use
the method of moving planes. We close the chapter with two global symmetry results that
illustrate the method of moving planes. In Theorem 2.3.1, we show that all positive C?

solutions of

—Ay = +/(1=2) (1.3.1)

in R™, n. > 3, are radially symmetric about some point. As a corollary, we give a complete
characterization of the positive C? solutions of (1.3.1) in R". In Theorem 2.4.1 (Theorem

D in the Historical survey), we show that if u is a positive C? solution of

—Au =uP (1.3.2)

n n+2
n—2'n—2

in R™"\{0}, with an isolated singularity at the origin and if p € | ], then w is radially
symmetric about some point. The proof of this theorem involves applying the method of

moving planes to the Kelvin transform of u about a regualr point.

In Chapter 3 we study solutions of (1.3.2) in the punctured ball Bo\{0} C R*, n > 3,
where u has an isolated singularity at the origin and p € (25, :%%] We take the Kelvin
transform of u about a regular point close to the origin and study the inverted problem
in R"\B;. In Section 3.1 we prove an estimate for the measure of directions along which
certain nonnegative superharmonic functions do not have fast decay. In Section 3.2 we
prove an extension lemma for C? functions in By\B; that allows us to extend a function so
that it is superharmonic over a set of sufficiently small measure in B;. In Section 3.4 we use
the method of moving planes to prove a partial symmetry result for the Kelvin transform in
certain good directions. In Section 3.5 we prove Theorem 3.5.1 (Theorem E in the Historical
survey). The proof involves combining the estimate from Section 3.1 with the reflection
lemma from Section 3.4 to show that there are enough good directions to conclude that u
behaves asymptotically likes its spherical average, that is, u(z) = (1+O(|z|))m(|z|) as z —
0, where m(r) = g [z, u(ry)do(y)-

In Chapter 4 we use Theorem 3.5.1 to characterize the positive solutions of (1.3.1) in the
punctured ball B\{0}. In Section 4.1, we prove some preliminary estimates on the behavior

of the spherical average at the origin. Then, in Section 4.2 we prove Theorem 4.2.4, which
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tells us that if u is a positive C? solution of (1.3.1) in B2\{0}, n > 3, with a nonremovable
isolated singularity at the origin, then there is a unique asymptotic constant D, in the

interval —% (L—;Z)"' < Do < 0 so that

n
u(x) = (1 + o(1)) 1 log |]) as 2@ — 0
u(z) =(1+o P Yp,, (—log|z]) as a ,

where ¢p__ (t) is the singular solution of the differential equation (A.3.3) corresponding to
the constant Dy.

Finally, in Chapter 5 we study the boundary value problem

—Au = u? in R}\{(0,10)}, to >0, n>3,

du

(1.3.3)
5 = cu? on OR%, ¢>0,

where n < p(n —2) <n+2, 8> 1, and B(n — 2) > n. In Section 5.1, we prove some
preliminary results that allow us to use the method of moving planes. Then, in Section
5.2 we prove Theorem 5.2.1, which tells us that if u is a positive C2(RZ\{(0,0)}) solution
of 1.3.3, then u is cylindrically symmetric about some axis orthogonal to R’ . The proof of
this result is modeled after the proof of Theorem 2.4.1 in Chapter 2, and it uses techniques
from [1], [2], and [12].

15
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Chapter 2

Preliminary results

2.1 Isolated singularities

2.1.1 Local behavior

Let v be a C? solution of

—Av = f(z,v), v>0, (2.1.1)

in a punctured ball, B\{zg} C R", n > 3, with an isolated singularity at the point z.
The following lemma gives sufficient conditions for a C? solution of (2.1.1) to be a
distribution solution in a neighborhood of the singularity. The proof we give is similar to

the proof of Lemma 2.1 in [1].

Lemma 2.1.1. Let v be a positive C? solution of —Av = f(x,v) in the punctured ball

Bs(zo)\{zo} C R", n > 3, where
(i) f(z,v) = g(|z]"v)/ ||,
(ii) g(t) is nondecreasing, g(0) =0,
(iii) lim inf, 00 g(£)/tP > 0 for some p > n/(n — 2),
(iv) 0 ¢ Bj(xo).

If R < 6, then f(z,v) € Li(Bgr(zo)), v € Ly(Br(xo)), and v is a distribution solution in
BR(:E()).

17



Proof. Let 1(z) > 0 be a smooth function satisfying:

1, |z—ux0|>2.

Let Cpy > 0 be such that
SI;:P{W)L VY|, |Ay|} < Co.

If we let v () = ¥(x/€), then || < Cy, V| < Co/e, |Av| < Co/e?.

For k > maxyp, (z) (). let ¢r(s) be a smooth nonincreasing function satisfying:

1, s<k,
d’k(s) = {

0, s> 2k

Set ®y(t) = fot or(s)ds, then V®i(v) = ¢ (v)Vu. Using the fact that ¢; is nonincreasing,

we have

/ V- V(ep(v))dzr < / Vi (v) - Vi dx
Br(zo) Br(zo)
= —/ O (v)AY. dz
Br(xo)
< swpleyl [ (A de
B2E($0)

= O™

so that an(zo) Vv - V(¥epr(v)) dz — 0 as ¢ — 0. We also have,

/ Yedr(v) f(z,v) dz - / Yedr(v)Av dz
Br(zo) Br(zo)

- / Vo - V(e di(v)) de — / Vo-vdo.
Br(zo)

O0Bp(zo)

Taking € — 0,

f(x,v)dxs—/ Vv -vdo.

0Bgr(zo)

/B‘R(zo)ﬂ{u<k}

Taking k — oo, we conclude that f(z,v) € Li(Bgr(zo))-

By properties (iii) and (iv), there exist Cy, Cy,C3, M > 0 so that

18



1. If |z[*~%v > M and & € Bj(z0)\{zo}, then |zP"=DvP < Cyg(|z|"~2v).
2. If x € Bs(zg), then |:17|"+2 < Cz'.’l,‘|p(n_2),

9 MY

3. JBno) e dr < Cy.

Then

A

/ vP dx / M? dx+C / 1 g(|z|"%v) da
N Tpm—g) ¢ T L1 Ty T X
Br(20) J Br(zo) ]xlp(”’ 2) J Br(z0) |$|p(n. 2)

C3+ 016'2/ f(z,v)dx,
Br(xp)

IA

and v € Ly(BRr(x0)).
To show that v is a distribution solution, we take n € C§°(Bgr(zp)), and we let ¥ be as

above. Then we have

/ bef(@vnds = — / SenAv dz
Br(zo) Br(zo)

= - / v(YeAn + 2V - Vi + nAvye) dz
Br(zo)

so that

/ Ye(f(z,v)n + vAn)dz| < / V|2V, - Vi + At | dx
Br(zo) Br(zo)

C

— vdx
€% J{e<|z—ao|<2¢}

Ce™ 7|0\, By (z0))-

IA

Taking £ — 0, we conclude that fBa(zo) f(z,v)n + vAn =0 for all n € C§°(Br(o)). O

Lemma 2.1.2. Let v; be a positive C? solution of —Av; = f(A(x),v1) in Bs(xo)\{zo} C
R™. Assume that vy is a distribution solution in Bs(xo). Let vo be a positive C? solution of
—Avy = f(z,v2) in Bs(xo). If v1 > va, v1 # vg, and f(A(z),v1) > f(=,v2) in Bs(zo)\{zo0},
then there exist r,e > 0 so that vi — vy > € in By(zo)\{Zo}-

Proof. Let yo € Bs(xo)\{zo} be such that vi(yo) > va(yo). Let

a=06—|zg—yl, r=a/4,

19



Ry =|xo—yo|l+7, Ro=R;+2r

Then R, +r < Ry < 6. By assumption, v; — v9 is a distribution solution of A(v; —v2) <0

in Bg,(%o). By Corollary A.2.2, for z € B,(xy)\{zo}, we have

(v1 —v)(x) 2 HR:IT;—)T' ./HRW‘(:B)(’Ul —v2)(y) dy
) CRL
Take
e = ——ﬁc.,,,(RllnlJr oL /Br“(yu)(m - v2)(y) dy.

When we study solutions in the entire space, we will need sufficient conditions for a C?

solution of (2.1.1) with zo = 0 to be a distribution solution in a neighborhood of the origin.

Lemma 2.1.3. Let v be a positive C? solution of —Av = f(x,v) in the punctured ball
B;\{0} C R", n > 3, where

(i) f(z,v) = g(je[*2v)/|z|"™*?,
(ii) g(t) is nondecreasing, g(0) = 0,
(iii) liminf; e g(t)/tP > 0 for some p > n/(n —2),
(iv) t~(+2/(n=2)g(4) is nonincreasing
If R < 4, then f(z,v) € L1(Bgr), v € Ly(Br), and v is a distribution solution in Bpg.

Proof. Using the proof of Lemma 2.1.1, we see that f(z,v) € L1(Br).

By properties (iii) and (iv), there exist C1,C2, M > 0 so that
1. If |z|*%v > M and |z| < 6, then v? < C1 f(z,v).

2. If |z|*2v < M, then v(®+2/("=2D < Cy f(z,v).

20



Then

/ dr < / P dzr + C; f(z,v)dz
Bg Brn{lz|"~2v<M} Br

p(n—2)/(n+2)
Cy / (2D (n=2) g
J Brn{la"—2v<M}

)p(n—2)/(n+2)

IA

+ C) f(z,v)dx
Bg

IA

+ C f(x,v)dx,

CyC4 ( f(x,v)dz
Bg Br

(2.1.2)

and v € Ly(Br).
Since v € L,(Br), the proof that v is a distribution solution is the same as the proof

used in Lemma 2.1.1. O

2.1.2 Global behavior

Let u be a C? solution of

—Au=g(u), u>0, (2.1.3)

in a punctured ball, B\{0} C R", n > 3, with an isolated singularity at the origin. We
will show that the Kelvin transform of u is integrable in R™\ B;. The following lemma. gives

sufficient conditions for a C? solution of (2.1.3) to be integrable in Bj.

Lemma 2.1.4. Let u be a positive C? solution of —Au = g(u) in the punctured ball
B3(0)\{0} c R*, n > 3, where

(1) g(t) is nondecreasing, g(0) =0,
(i) liminf; . g(t)/tP > 0 for some p > n/(n — 2).
Then g(u) € Li(B1) and u € Ly(By).

Proof. Using the proof of Lemma 2.1.1, we see that g(u) € L,(B;). It follows, from property
(ii), that w € Ly(Ba). O

Corollary 2.1.5. Let z € By, let v(z) = m},—_;u(z—l— ]ﬁz), and let u satisfy the hypotheses
of Lemma 2.1.4. Then

/ _v_pg dzx < / u? dz, (2.1.4)
R"\ B 'xl Bj;z

where 8 = 2n — p(n — 2).

21



2.2 Kelvin transform

Let U be an open set in R, n > 3. Let ze Uand U = { #0: 2+ z/|z|> € U}. For
u € C2(U), we define v € C2(U) by

1 € ~
v(r) = W“(z + W) xreU. (2.2.1)
Then
1 €x ~
Av(rx) = WAU,(Z + W) reU. (2.2.2)

We call v the Kelvin transform of u about the point z.
Let y = z + x/|z|?. Using (2.2.1), we see that v has the following harmonic asymptotic

expansion at oo:

v(z) = S (ao + al#) + O(L):

|z|n—2 z|"
XT; 1
vz, (z) = —(n — 2)GOW + O(W)7 (2.2.3)
1

where ap = u(2), a; = uy,(2).
The asymptotic expansion will be used to start the method of moving planes. For

z = (z1,2’), we denote the reflection of z about the plane z; = A by z) = (2A — z1,2').

Lemma 2.2.1. Let v be a function with the asymptotic expansion (2.2.3) in a neighborhood
of 0o. If ag > 0, then there ezist positive constants X, R so that v(z)) > v(z) whenever

A> A, |zal > R, and x1 > ).

After we move the reflection plane in, to a critical point ; = A4, we use the asymptotic
expansion to bound the set of points z satisfying v(z)) < v(z), 1 > A, with X sufficiently

close to A,.

Lemma 2.2.2. Let v be a positive C? solution of
—Av(z) = f(z) in |z| > R, (2.2.4)

where v has the asymptotic ezpansion (2.2.3) in a neighborhood of oo with ap > 0. Suppose

that v(zy,) > v(z) and f(zy,) > f(z) when |z5,| > R, £1 > As. Then there exist € > 0,
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S > R so that, if A\ —e < A< Ay, |TA] > S, and z) > A, then v(zy) > v(x).
The proofs we give are similar to the proofs of Lemma 2.3 and Lemma 2.4 in [1].

proof of Lemma 2.2.1. Using the asymptotic expansion, we have

1 1 2\ — 1)
vizy) —v(z) = a — _ 2.2.5
)=o) = o - )+ (2:29)
n
1 1 1
Fan (7F ~5F) +op

If || > 2|z,[, then
1
v(zy) —v(z) > §GOW + O(l—;/\—lm)’
and for |z,| sufficiently large, we have v(z)) > v(z).

Suppose |z| < 2|zy| and z; > A. Then

1 1 )\(.’1)1 - )\)
2V i O OV

o (o~ ) | < S

Using these estimates and (2.2.5),

v(zy) — v(z) > ao)‘(xl —A) _c Mz = A) [—1_ 1 } 1

+ — 1 —Cyg——.
NG N PN B PN T

For A and |z,| sufficiently large, we have

)\(:L‘l - /\) _ 1
lza|™ Y

'U(:L',\) - 'U(:L‘) > Ch

If )\(.’L‘l — /\) > 02/01, then ’U(:E)‘) — 'U(CC) > 0.
Suppose A(z; — A) < C3/Cy. Then

Cy 1
2\ — > - —=. -
A—z1 2> A C

and 2\ — x; > 0, for A sufficiently large. It follows from the asymptotic expansion that
ov
—(y) <0,
oz, V)
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when y; > 2\ — z;. In particular, v(z)) > v(z). O

proof of Lemma 2.2.2. Let wy(x) = v(zy) — v(x). Then wy, (z) > 0 and Awy, (z) <0, for

lza,| = R, 1 > A«. By the Hopf boundary lemma,

Owy,

e (x) >0, for x = A\, 2'), |2/ =+ R+1).
]

This allows us to choose k& > 0 so that, if |z — (A4, 0)] = (A« + R+ 1) and z; > A, then

r] — )\*
2k
W, (Z') > I(;I/‘l — )\*-, 'T,)ln

It follows from the maximum principle that, if |z — (A;,0)] > (A« + R+ 1) and z1 > A,

then
wy. (z) > b= (2.2.6)
Ax |($1 _ )\*,m/)ln' e
By the Hopf boundary lemma, for |[2'| > (A + R+ 1),
ov owy, k
_2_____~ *, / — * s ’ N
oz (A7) or (A7) > |2 |™
Using the asymptotic expansion and the mean-value theorem,
Ov ov CIA — A4
—(\,x — (A, ') + 2 2.
8x1( @) < 8:1:1( )+ || (2.2.7)
1 k
— 4 Ix/'n’

when |\ — A,| < k/(4C) and |z/| is sufficiently large.

Therefore, there exist 1,57 > 0 so that, if

M—E1 <A< A, A<z1 < AHeL, |zal > S0,

then wy(z) > 0. This proves the lemma when z; is close to ..

To prove the lemma when there is some distance between z; and A, suppose

M—E1 <A< Ay, Z1> A t+E, x| > S
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and assume £) < A,/2. Using the asymptotic expansion and the mean-value theorem,

E1= M)+

, ’
, ' — 02\ — 1y, 7)) > '
U(2>\_ 'Dl,l') ( A 1 ) C2|($1 )‘*’xl)'n

(/\* - /\)’

for |z,| sufficiently large. By (2.2.6) and the previous estimate,

wx(z) = wy,(z) +v2A -z, 2") — v(2A — 21,2")
T1— A (:L‘l - /\*) +Ch

> k W Cs IEE WD (A= A) (2.2.8)
. [k — CQ()\* — /\)](.’L‘l - /\*) - CzCl (/\* - /\)

- l(-lf'l _ )\*’I/)In

> 0

for (A« — A) sufficiently small, |z,| sufficiently large (where we have assumed x; — A, >

51). O

2.3 Classification of positive solutions of —Au = u"+2/(=2) jn

R'Il

In this section, we use the method of moving planes to classify the positive solutions of

—Ay = ut2/(7=2) jn R" n > 3.
Theorem 2.3.1. Let u be a positive C? solution of

—Au =u+D/(=2) jp R? n > 3. (2.3.1)
Then u is radially symmetric about some point in R™.

This result was proved for the first time in [1] as a corollary of a general result for global
solutions with one or two isolated singularities. In this section, we focus on the proof of the

simpler case, and we give a proof of the general result in the next section.

proof of Theorem 2.3.1. Let v be the Kelvin transform of u about 0. Then

—Av = o2/(=2) iy R™M\ {0}, n > 3. (2.3.2)
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If £ = (z1,2), let zx = (2X\ — x1,2’) and define vy(z) = v(z)). We will show that v is
symmetric about a plane x; = A} and vy, (z) < 0 when z; > Ay.

Let wy = vy —v. Lemma 2.2.1, Lemma 2.1.3, and Lemma 2.1.2 tell us that
A = inf{X > 0:wy(x) >0 for x; > A, = # 0y, and A > A}

is well-defined. If A > A, then wy(z) > 0 for 21 > A, @ # 0). Applying the Hopf boundary
lemma to wy shows that v,,(x) < 0 when x; = A. Therefore, v,, () < 0 when z; > A,.
Suppose A, > 0. By definition of A, we have wy,(x) > 0 in z; > A, 1 # 0y,. Since
—Awy, = c(z)wy,, where c(x) > 0, we have Awy, () < 0in z1 > Ay, 21 # 0y,. Suppose
wy, # 0. It follows from the Strong maximum principle and the Hopf boundary lemma that

wy, > 0in 3 > A, 71 # 0), and d;?l* (z) >0 on z; = A

Claim 2.3.2. There exist r,e > 0 so that if A — 17 < XA < A, then
wA(y) >¢€, Y€ Br(0)\{0x}.
Proof. By Lemma 2.1.3 and Lemma 2.1.2, there exist r;,e > 0 so that
wy, > 2¢ in By, (0x,)\{0x. }.

By continuity, there exists § > 0 so that, for y,4’ € B, (0,,) and |y — 3'| < 4,

lv(y) —v(y)| <e.

Let r = min{%,rl}.
Suppose Ay — 7 < A < A, and y € B,(0))\{0x}. Let ' = (ya)a,- Then |y —¢'| <4, and
it follows that

wx(y) = wa, (¢) + v(y') —v(y) > e
O
By Lemma 2.2.2, there exist 19, S > 0 so that, if A —rg < X < Ay, |z2| > S, and 21 > A,

then wy(z) > 0. By definition of \,, there exist A; and points z* so that A, — 19 < A < A,

A — A (z))1 > X, and wy,(z*) < 0. Taking rg < 7/4, we can find a sequence of points
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y* so that |y| < S, (y')1 > A, wy,(¥') <0, Vwy,(v') = 0, and |y* — 0y, > 7/2. By the
boundedness of the 3, we can find a subsequence, which we denote by y¢, converging to
yo- Notice that (yo)1 > A« and yo # 0y,. It follows that wy, (yo) = limwy, (y*) < 0, and we

conclude that (yg); = A«. Then

owy, _ 0wy,

0= lim N = >0
i—oo 01 oz (vo) '
which is a contradiction. Therefore, wy, = 0 and v is symmetric about the plane x| = A,.

If A\, = 0, then we repeat the above procedure in the —x-direction. Let
fos = sup{ft < 0 :v,(x) > v(z) for x1 < p, z # 0y, and p > f}.

If pe < 0, then v is symmetric about the plane z; = p, and vy, (z) > 0 when 7 > p..
Otherwise, 4 = 0 and v is symmetric about the plane z; = 0.

We apply the method of moving planes in the directions zs, ..., x,, so that v is sym-
metric about the planes z; = A\; and vg,(z) < 0 when z; > A;. This determines a unique
point g = (A1,...,An) € R If 2o # 0, then Vu(zp) = 0. Also, Vv # 0 in R™"\{zo}.

Applying the method of moving planes in an arbitrary direction 7, tells us that v is
symmetric about a plane z - 7 = A; and v,(z) < 0 when z-7 > A;. Since Vv # 0 in
R™\{zo}, the plane z -7 = A\, must pass through z¢. It follows that v is radially symmetric
about the point x.

To conclude that u is radially symmetric about some point in R", there are two cases to
consider. If zg = 0, then u(y) = |y|> "v(|y|~) in R*\{0} and u is radially symmetric about
the origin. If zg # 0, then v is C? in R™, and it follows that » has a harmonic asymptotic
expansioin (2.2.3) in a neighborhood of co. Now we can apply the method of moving planes

directly to u. Therefore, u is radially symmetric about some point in R™. O
Corollary 2.3.3. Let u be a positive C? solution of
—Ay = u"D/(=2) i RY > 3.

Then

o (n—2)/2
1+ o2z — zof?

u(z) = fntn — 2]~
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for some a > 0, xg € R".

Proof. By the previous theorem, u is radially symmetric about some point zo. Apply

Theorem A.3.2 to u(x + ). O

2.4 Symmetry properties of solutions with one or two iso-

lated singularities

The following theorem gives sufficient conditions for a global solution of —Au = g(u) with
one or two isolated singularities to be radially symmetric about some point. The proof we

give is similar to the proof of Theorem 8.1 in [1].

Theorem 2.4.1. Let u > 0 be a C? solution of
—Au = g(u) in R"\{0}, n > 3,

with an isolated singularity. Assume that g(t) is a function on [0,00) satisfying
(i) g(t) is nondecreasing, g(0) =0,
(i) t~(+2/ (=2 g(t) is nonincreasing,

(iii) liminfy o0 g(t)/tP > 0 for some p > n/(n — 2),

(iv) ?ifg(t‘;’—zsl) > t—,;%g(tg“%z) when t; < ty and s, > s3.

Then either u is radially symmetric about the origin or u is C? at the origin and radially

symmetric about some point.
The theorem applies, in particular, to g(t) =t?, n/(n—2) <p < (n+2)/(n — 2).

Proof. Suppose u is not C? at the origin. Fix a point z # 0, and consider the Kelvin

transform of u about the point 2. Then
z
—Av = in R —_
v= fa,0) in R0, ~ 5,

where f(z,v) = m},wg(kd""%). Let 7 be any direction orthogonal to z. Let z) = z —

2(z - 7 — A)7, and define vy(z) = v(zy). Let wy = vy —v. It follows from Lemma 2.1.1,
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Lemma 2.1.2, Lemma 2.1.3, Lemma 2.2.1, and property (iv) that

z

A :inf{/_\ >0:wy(x)>0forxz-7> A, x;éO,\,(-—W),\, and A\ > /_\}

is well-defined. If A > A, then wy(z) > 0 for z-7 > A,  # 0y, (—#),\. Applying the Hopf
boundary lemma to w) shows that g—ﬁ(r) < 0 when z - 7 = A. Therefore, g—:—(L) < 0 when
T > Ak

Suppose A, > 0. Using the definition of A\, we have wy,(z) > 0inx -7 > A, x #
0y, , (‘ﬁg),\ By property (iv), Awy, < 0in z -7 > A, x # 0y, (_E%)A*' If wy, =0 in
-7 > Aok 7 0y, (—Tflg),\*, then u is C? at the origin. Suppose wy, # 0 in z - 7 > \,.
xr % Oy, . (——I—;—‘f) .- 1t follows from the Strong maximum principle and the Hopf boundary

lemma that
1. wy, >0inz-7> A\, #0y,, (—l—Z?F),\,,
2. %% S gong-T=A
o bk
Claim 2.4.2. There ezist r,b > 0 so that if A\, — 7 < XA < A, then

z
wx(y) >b,0< |y — (_WN <r

and

wr(y) >b,0< ly—0y| <

Proof. By Lemma 2.1.1 and Lemma 2.1.2, there exists 71,5’ > 0 so that
wy, > 2b' when 0 < |y — (—I—z%),\[ <7
By continuity, there exists § > 0 so that, for y,y € Brl((—]z—i:)x.) and |y — | <6,

lu(y) —v(y)] < b

Let v’ = min{-g-,rl}.
Suppose A\, —7 < A< A, and 0 < Iy-(—@))‘l <7'. Let ¥ = (ya)r.. Then [y—9| <6,
and it follows that
wA(y) = wa, () +v(¥) —v(y) > V.
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A similar argument using Lemma, 2.1.3 proves the second inequality for some r” " > 0.

Let r = min(+’, "), b = min(¥,b"). u

By Lemma 2.2.2, there exist 79, S > 0 so that, if A, =79 < A < Ay, |za] > S, and 2.7 > A,
then wy(x) > 0. By definition of A, there exist \; and points 2 s0 that A, — 79 < Aj < Ay,
Ai — A, 2t -7 > N, and wy, (%) < 0. Taking 1y < r/4, we can find a sequence of points y*
so that [y*| < S, y* -7 > A, wy,(¥') <0, |[y* —0,.] > r/2, and wy, has a local minimum
at y'. By the boundedness of the 3%, we can find a subsequence, which we denote by ¥’
converging to yp.

Notice that yo - 7 > A« yo # Oa,, (—ﬁg))ﬂ, and wy, (yo) = 0. It follows that yo -7 = A.
Since wy, has a local minimum at y', we have

owy,

0 = lim —87?(?/ )= g (vo) > 0,

which is a contradiction. Therefore A, = 0. Since 7 was an arbitrary direction orthogonal
to z, we conclude that v is cylindrically symmetric about the z-axis.

Let v,(z) = M%gu(z + T#) For z € R™\{0}, we have shown that v, has cylindrical
symmetry with respect to the z-axis. It follows that u is cylindrically symmetric about every
axis passing through the origin. In particular, u is radially symmetric about the origin.

Suppose u is C? at the origin. Then the Kelvin transform of u about the origin has a
harmonic asymptotic expansion at co. Using the proof of Theorem 2.3.1, we see that u is

radially symmetric about some point. O
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Chapter 3

Behavior at an isolated singularity

3.1 Superharmonic functions at oo

In this section, we study the behavior at oo of nonnegative superharmonic functions satis-
fying

VP
/ ——dz < 00 (3.1.1)
R™\B; I:L‘,ﬁ

for some p > 1, 0 < 8 < n. We will use the integral (3.1.1) to estimate the measure of the
directions along which v does not have fast decay.

Let ¥; denote the unit-sphere in R™. For 7 € ¥, let
I(r)={zeR":|z—z-7|<3,z-7>0}

be the half-infinite cylinder of radius 3 with axis 7, and let T'x(7) = I'(7) N (Bgk+1\Bak).
Define P¥ to be the orthogonal projection along the direction 7 onto the plane z - 7 = 2*.

For k£ > 2 and 6, u > 0, we define
A(k, 6, 1) = {7 € 1 : |PF({v(z) > 6} NTk(7))] > p}. (3.1.2)

The following theorem gives an upper bound for the measure of A(k, 4, ) in terms of

the integral (3.1.1). The proof we give is similar to the proof of Theorem 5.1 in [1].

Theorem 3.1.1. Let v € C?((R™\B1)\{zo}). Suppose

v(z) >0, Av(z)<0, z € (R™\B1)\{zo},
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and

P
/ T dzr < o0,
RH\I;‘I ’fL'l

for some p>1,0< 3 <n.

Ifk > 2 and 6,10 > 0, then

1 vP e
Ak, 6. )| < cp—2MB-1/p / ——dz , 3.1.3)
14 "o Ru\ By |z|? (

where ¢, only depends on n.

Proof. Set v(zg) = liminf, ., v(y). Then v is lower semi-continuous, and {v(z) > d} is an
2]«:_(221.:__9)1/2 1/2
open set. For 7 € Xy, let D, (1) = By, (7) N X1, where r = 2 (—“2k—ﬂ—) . Choose

i€ A(k,0,p), i =1,...,m, so that
1. A(k,d,n) C U™, Dy, (T3),

2. Each z € R™ is in at most ©,, different D,, (7;), where ©, only depends on n.

Then
m
JA(k,6,p)] < > |D(n)] (3.1.4)
t=1
| RN
< ID(Tl)Iﬁ > IPE({v(z) > 8} NTw(n))]
i=1
Vit RN
< |21|2,m_—1)ﬁ Z} |Pr, ({v(z) > 6} N ().
i=
Let B(zo) be a ball around zo chosen so that, fori =1,...,m,

[P (B(ao) NTx(r))] < 5IPE({v(2) > 8} NTk(r).
Let F = {v(x) > 6}\B(z0). Then

|PE ({v(z) > 8} NTw(r:))| = | PE(B(zo) NTk(r:))|  (3.1.5)

%|p,'3({v(x) > 6} NT(m))l-

|PE(F N k()]

v

v

Let E = U™ FNT'(7:), and let w be the capacitory potential of E in Boy+2\Bok-1 (see [9]):
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1. w is harmonic in (Bgk+2\Bgi-1)\E,

2. w = 0 on 3(Bagk+2\Bagk-1),

3. w=1in F,

4. w is superharmonic (p.59 in [9]) in Bok+2\Bok-1.

Since v is greater than or equal to § on E and superharmonic in Byk+2\Bagk-1,

1
/  wdx < —/ ~ vdr. (3.1.6)
Bok+2\Byk—1 9 Bok+2\Boyk -1
Lemma 3.1.2.
m
> IPE(F NTk(7))] < On(n —2)247F / . wdz. (3.1.7)
i=1 ng+2\sz—-l

Proof. By Theorem 4.21 in [9], there is an increasing sequence {w;} of superharmonic func-
tions on Bak+2\Bgk-1 such that (i) each w; has continuous second partials on Bye+2\Bok-1,
(i) limjw; = w, and (iii) if U is any neighborhood of OF with compact closure in
Bok+2\Bgk-1, then w; = w on (Byk+2\Box-1)\U, for j sufficiently large.

Consider the projection P%(F NT(r;)). This set is open in {z - 7; = 2¥}. Let K; be a
compact subset of PX(F NTy(r;)) chosen so that 2|K;| > |PE(F NTk(r3))|- Let V; be an
open set in R™ chosen so that (i) V; € FNTy(r) and (ii) K; C P,’.: (Vi)- Let V =Um,V,.

Fix € > 0. Let U be an open set with smooth boundary chosen so that (i) 8E C U, (ii)
U C Bok+1+¢\Bgk—e, and (iii) V C (E\U). Then

[PE((B\D) N k()| > 5P (F N Tk(r)] (3.08)

For j sufficiently large,

/ _ |Vwjffdr = —/  wjAwjdz = —/ijwjdx (3.1.9)
B,k+2\Byk-1 B,k+2\Byk-1 U

2

< - A'w~dx=—/ o
v ou Ov

/ Bwj / 6w
]  Tgg - - D
O((Byrr2\By_1\O) OV 8(Byer2\By_1) OV
ow

/‘9(32k+2 \B,k-1) v

]

do,
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where v is the exterior normal direction.

Using Green'’s identites,

t Rn 1 . (-)w
n— 2 / wdo = — <R - ————) / — do, k=1 « R < 2k—e
( ) OBg (2k=1)n=2 ) DBy OV

(n—2) / d g / ow gktl+e o R < ok+2
n — i g = —— _ : )
JoBng wao (2k+2)71.—2 OBy ya v el

Integrating in the variable R,

0 ) — 2 1
/ 8—w da = (712,‘1—2) n—ne 092—2¢ / = w dx’
OBy, OV 2 [2 =] 2 . —1} B\Byee1

n

n

ow n— 1
_/ a’/ d (22k‘+‘4) 1_2—2+2€ 1-2—n+ne / ~ wdw‘
8B,k12 [ 5 -~ ] Bok+2\Bok+1

Taking € > 0 sufficiently small,

-2
- ov 22k—1 _
O(B,k+2\Bgk-1) Byk+2\Byr—1

Given a point y € PX((E\U)NTk(7:)), let y* be the unique point in (P)=1(y)NOBgk+2.
Let ¢ be any point in (Pr’i)“l(y) N (E\D), and let -y, denote the path from § to y*. Then

2
1= (/ d—uﬁds) < 2'”2/ [Vw;|? ds.
vy 48 Y

Integrating over PT’j((E\(j ) NTk(7)),

|PX((E\U) NTk(r))| < 262 / . / |Vw;|?ds dy.
PE(B\D)NTk () Iy
Therefore,
Z| E((B\D) N Ti(r))] < ©n2+2 / Ve (3.1.11)
Br+2\Bok—1
Combining (3.1.8), (3.1.9), (3.1.10), and (3.1.11) proves the lemma. O
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Combining (3.1.4), (3.1.5), (3.1.6), and (3.1.7),

92n+3 1 1
Ak, 0, )| < |21}W—@n(n— 2)= / . vdz.
H v Byky2\Byk 1

Also.

(p—1)/p o 1/p
/ i vdr < ( / _ LoD gy / ) g dr
N S Bokt2\ Bk -1 Bor12\Byr -1 o]

N v
< (])_—_%l.l_ rr o(k+2)[B—n-+npl/p / —ﬂp— dr :
- ’ﬁ —n+ np . R”\f)’l I:B|[j

Therefore,

1 vP r
|A(k, 8, )| < ¢, —2FWI=m)/p / ——dx | . (3.1.12)
o Jrm\ B, [z|?

where ¢, only depends on n. O

3.2 An extension lemma

Let u be a positive C? solution of —Au = g(u), in the punctured ball Bo\{0} C R", n > 3,

with an isolated singularity at the origin, where g(t) is a function on [0, 00) satisfying:
(i) g(t) is nondecreasing, g(0) = 0,
(ii) ¢~ (+2/(n=2) (1) is nonincreasing for ¢ > to,
(iii) liminfy .o g(t)/t? > 0 for some p > n/(n — 2)

For z € By 4, consider the Kelvin transform of u about the point 2:

(e) = papule + g‘g),

where € R"\(B; U {";—IZQ‘}) We see that v, is a positive C? solution of

—Av, = f(xvl}Z)r 1< I‘Tl <2,

where f(x,v,) = g(|z|"2v,)/|z[*+2.
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Since u is C2 in 1/4 < |z| < 5/4, there exist dy, M > 0 so that

0y < vy(x) < 1< |x| <2, z€ By,

1
o’

d n d N
sup |U~|+Z| U I+ Z | 2 < M, z € By

1<) <2 J

Lemma 3.2.1. Let v > 0 be a C? function in 1 < |z| < 2 satisfying

dp < wvfx) < 1< |z] <2,

1
do’

<M.

sup IUI+ZI—I+

1<el<2

There exist g > 0, mgo > doto, so that, if U is an open subset of By with |U| < po, then v

has a continuous extension to |x| < 2 satisfying

do/mo < v(z) < mo/do, |z| <2,
m 2B vE=D) S zeon,
e—0t+ £
(n+2)/(n-2)
~Av(z) > (1‘2) olto),  zel,
doto

where v € C*(U).

Proof. By Lemma 6.37 in [7], there exists a function 4 € C%(Bs) such that ¥ = v in By\B

and

ov = 0%
sup IvI+Z| |+Z|axa < C1M.

Let ¢ € C*(B;) be a nonnegative smooth function that is continious in B, and chosen so

that
min(do/2,C1 M) < (7 + 9)(x) < max(2/do, 3C1 M), lz| <1,

P(x) =0, 1<|x[ <2,

lim Y& Y@ ) S ol oM, zedB,

e—0+ €
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sup |Ay| < Cs.
By

Choose mg > dotg so that do/mo < min(dp/2, CM) and max(2/8p,3CM) < mg/dp — 1.

Let (n+2)/(n—2)
m n n—
h = [Cg + ((5 to ) g(t())} XU-

Then (see the discussion in chapter 8 of [7] on Holder estimates for the first derivatives)

-Aw = h in By,

w = 0 on 0By,

has a unique solution w € C*%(B;), 0 < a < 1, with

n
ow
su w| + —| | < Cs||h ,
up (| l ;::1|3in> 3l1Pll L, (B1)

where p =n/(1 — a).

Choose o > 0 so that Cs||h||z,(B,) < 1 whenever |U| < po. Extending w to be zero on

B,\Bj, it follows that ¥ + 1 + w is the desired extension.

Lemma 3.2.2. Let v; > 0 be a C? function satisfying

hsu@sy, 1skl<?
0

v %
sup |v1|+Z| 1|+Z| —|| <M,

1<]e|<2 Oz;0z

and let vy be a C? function in |z| < 2.

If v; has a continuous extension to |x| < 2 satisfying

lim UL () —vi(z —ex)
e—0+ €

>M+1, x € 0By,

then v; — vy does not have a local minimum on 8B;.
Proof. Let w = v; — vy. If z € 8By, then

w(z) — w(z — ex)

. . w
lim > lim

e—Qt € e—0~ €
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3.3 Defining ¢
For 7 € ¥, 0 < 0 < §, define a(7,8) to be the cone with axis 7 and half-angle 6:

a(r,0) ={z e R":x-7 >0, cos(f) < LI—I——}
T

Lemma 3.3.1. Let ko > 1. Let v be a function on R"\Bj, and fir x € R"\B;. Let
D C ( Az} and Do (al-2. Dyns
Suppose for T € D1 UDy,
v(z) > v(z+ 2\ =z 7)7) whenever |z| > 1, z-7 < A\, XA > ko.
Let €0 = 3la(—, §)I. If (e(;F, 5) NIN\D1| < g0 and |(a(— g, 5) N E1)\D2| < <o, then

v(z) > v(y) whenever y € a( ) lyl = |z| + Tko.

|z|” 87

Proof. Let y € a(l—g—', %) and assume that |y| > |z| + Tko. Let R = |y| — 2ko. Define
A, ={2€Zp:z=z+2A—z-7)7r withz-7 <A\, A > ko, 7 € Dy},

={z€Xp:z—z€a- ||4)}

We have
R?2=|z)? = |z|? —4\(z - 7) + 4)%,

so that
R% < 2\ + |x|)2.

Since R > |x| + 2ko, it follows that

2/\2R—|.’L‘|22k0
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and

By construction,

and

Define

<a(—|—%, g) n ER> ceC,c (a(~ﬁ g) N ZR> .

A, = {zEZR:Z:y—(—2(A—y-7)T with y -7 > X A > ko, 7€ (()4(i E)ﬂl%)},

We have

so that

Solving for A:

Since

then

By construction,

Since

lyl” 8

y
Cy:{zEZR:z~y€a(—m,§)}.

R? = 2] = [y = dA(y - 7) + 4N,

2 p2
AQ—(y-T))\+M—4}E—:0.

Vv W+ V12— (P - R?)
5 :

V2R > |y| > R,

yT>/\2'y—2—TZko

(a(—%, n an) o (a(-%, %”) mER> .

R = lyl - 2k07
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then

and A, C Cy.

Since y € a2, ), we have
b |11 8/

S Oy >

<a(—l—%%mzl>13"‘l.

By assumption,

room .
((Y(— ‘Il =) N L[) \Dg < &p
so that
T w
|ICA\AL < (a(—-m, ) mzR> \Dy| R"!
< E()Rnfl
1
< §|CmﬂCy|A (3.3.1)
Similarly,
37
e < |(aGh Fnee) o R
r 7
< |(ack prnze) oo
< EoRn_l
1
< §|CzﬂCy| (3.3.2)

Therefore, |Az NCy NCy| > 3|C NCy| and |4, NC N Cy| > $/Cz NC,yl, and it follows that

A, N A, is nonempty. O

3.4 A reflection lemma

Fix p € (525, 2+2]. Let
B =2n—p(n-—2),
do
2mo’
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1 ok+1)(n—B)/2p
He = RSB 1

1/p
Z e ___2k(n 8)/p ( / up) <o
B3/

k=kyp

Choose kg so that

where ¢, is the constant from (3.1.3).

If a positive continuous function has a harmonic expansion at infinity, then the reflection
process for the method of moving planes can be started in any direction and continued up
to some critical point. In particular, the Kelvin transform of a positive C? function in
By\{0} about a regular point in B),,\{0} has this property. In the case where the origin
is a nonremovable singularity, the following lemma gives us some control on the size of the

critical point (independent of the regular point in By ,\{0}).

Lemma 3.4.1. Let u be a positive C? solution of —Au = g(u), in the punctured ball
Bo\{0} C R", n > 3, with an isolated singularity at the origin, where g(t) is a function on
[0,00) satisfying:

(i) g(t) is nondecreasing, g(0) = 0,
(i) t~(+2/ (=2 (1) is nonincreasing for t > to,
(#1) liminf; , g(t)/tP > 0,
(i) g,lrgg(t'f_%j) > @%g(t';—%g) when t, < tg and 81 > s9.

Let z € By/4\{0}, and consider the Kelvin transform of u about the point z:

o) = e + o)

where x € Rn\(BIU{"TzEF})' Let A = U2, Ak, 0, ux), where A(k, 6, 1) is given by (3.1.2).
Let D = (a(]-ﬁ—l, Z)NZ\A, and fiz T € D.

Then either u is C? at the origin or

v(z) > v(xr+2(A—z-7)7) whenever |z| > 1, z-7< )\, T # -TzZ?’ A > ko. (3.4.1)

Proof. Define P; to be the orthogonal projection along the direction 7 onto the plane
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z-7=0. Let
U'={P.(z):v(z)>6 |z —z 7| <1, x-7>ko},

U={z€ B :P(x)elU},

so that U is an open set with |U| < pp (Theorem 3.1.1).

Using Lemma 3.2.1, we continuously extend v to B so that

do/mo < v(z) < mo/do, lz] <2,

v(x) — v(x — ex)

lim >M+1, x € 0By,
=0+t €
(n+2)/(n—2)
—Av(z) > (m) 9(to), x € U,
doto

where v € C?(U) and mg > doto.
Let ) = x — 2(z -7 — \)7, and define vy(z) = v(z)). Let wy = vy —v. Since v > dp/mo
in By and (—p%) -7 < 0, it follows from Lemma 2.2.1, Lemma 2.1.1, Lemma 2.1.2, and

property (iv) that
/\*=inf{5\>kozw>\(x) >0forz- 7>\ z# (—Ez'—z-)A, and /\2;\}

is well-defined. If A > A,, then wy(z) >0 forz-7> A z # (~ﬁf)>\.

Suppose A, > kg. Using the definition of A« and the continuity of wy,, we have w), (z) >
Oinz-7> A,z # (—Tzilg))\*. By property (iv), Awy, <0inz -7 > A, z # (—|7z|,)>\*.
fwy, =0inz-7> A,z # (—I—:T’)"*’ |zx,| > 1, then u is C? at the origin and we are
done. Suppose wy, Z0inz -7 > Ay, T # (_Ifr"))‘*’ |zx,| > 1. It follows from the Strong

maximum principle and the Hopf boundary lemma that

1. wy, >0inz-7> A,z # (—T:TQ')A*, lza.| > 1,

a’l.U)‘* -
2. 755 >0onz- 7=\

Claim 3.4.2. There exist r,b > 0 so that if Ax — 7 < XA < A, then
z
wx(y) > b, 0< |y — (—I‘;l‘g)ﬂ <r
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Proof. By Lemma 2.1.1 and Lemma 2.1.2, there exist b,r; > 0 so that

wy, > 2b when 0 < |y — (——%),\! <7y.

|2l

By continuity. there exists § > 0 so that, for y,y’ € B""l((_l_zz?) a) and |y — ¢ < 4,

lo(y) = v(y)| <b.

Let r = min{%, T}
Suppose Ay —r < A< A, and 0 < |y — (-#))\I <. Let ¥ = (ya)a,. Then |y —¢'| <4,
and it follows that

wx(y) = wa, () + v(y) — v(y) > b.

O

By Lemma 2.2.2, there exist 79, S > 0so that, if A, —ro < A < Ay, |za] > S, and z-7 > A,
then wy(z) > 0. By definition of \,, there exist \; and points z* so that A, — 79 < A; < A4,
Xi — Azt > )\, and wy, () < 0. Taking 79 < r/4, we can find a sequence of points 3’
so that |y'] < S, ¥' - 7 > \i, wy,(¥') <0, |y —0y,| > /2, and wy, has a local minimum
at y*. By the boundedness of the y*, we can find a subsequence, which we denote by ¥,
converging to yp.

Notice that yo - 7 > As, Yo # (‘-Ez—lz),\*, and wy, (yo) = 0. There are three cases to

consider:

1. Suppose yo-7 = A«. Then for (], y) sufficiently close to (A, vo), %";A(y) is a continuous
function. Since wy, has a local minimum at y*, we have

8'w,\. B'LU,\
i *

0 =lim or (y)= or (y0)>0,

which is a contradiction.

2. Suppose yo € 0B1(0y,). Since wy, > 0 in By, (0,,), it follows that wy, has a local
minimum at yo. By Lemma 3.2.2, w), does not have a local minimum on 8B1(0,,),

which is a contradiction.
3. Suppose yp € B1(0,,). By construction, wy, (z) > -2%33 for z € B1(0y,)\Uy, . It follows
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that yo € Uy, .
Let x € U,,. Since g is nondecreasing and v(z) < v(z),) < 52, we have

n+

n—2 m,:n—Z
(2)" e ie) < 25 )

my |"L.’"+2 ﬂo‘|ilf|"'_2> ?Tj% .
Ao

N

Since mo|z|*~2/8y > mo/d > to and t‘(""”)/(‘”"z)_q(t) is nonincreasing for ¢t > ty, we

have \
952 l=|"™7) g(to)
n+2 — to(n+2)/("—2) .

o n—2
(%IBQI'TV’ 2)

We conclude that

n+2
mg

n—2 1
— = — . > | D fo) — —— n—2 .
Bun, () = ~Bo(an,) + Boa) 2 (7)™ gtto) = gl 2u(o) 20

Therefore, w), is superharmonic in Uy,. Since wy, (yo) = 0, it follows from the Strong
maximum principle that wy, = 01in U),. By the construction of U and the continuity
of wy,, we conclude that w), has a local minimum at some point on dB;(0},), which

is a contradiction.

3.5 Asymptotic symmetry at the singularity

The following theorem is our main result concerning the asymptotic behavior of solutions
of —Au = g(u) at a singularity. The proof we give is similar to the proofs of Theorem 1.1

and Corollary 6.2 in [1].

Theorem 3.5.1. Let u be a positive C? solution of —Au = g(u), in the punctured ball
B\{0} C R™, n > 3, with an isolated singularity at the origin.

Assume that g(t) is a function on [0,00) satisfying:
(i) g(t) is nondecreasing, g(0) =0,
(i) t~(t2D/(v=2) (1) is nonincreasing for t > to,
(#4) liminf; o g(t)/tP > 0 for some p > n/(n —2),
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(iv) t,, Ag(t)2sy) > —,—,—gg(t2 s9) when t; < tg and s1 > s3.

Then,
u(z) = (1 + O(lz|))m(|z|) as z — 0,

where m(r) = I_—El_xl le u(ry)do(y).

The theorem applies, in particular, to g(t) =t?, n/(n —2) <p < (n+2)/(n - 2).

Proof. If u is C? at the origin, then
7(0)3:1- + O(|z]*) as z — 0.
i

Averaging over X,

m(|z|) = u(0) + O(|z|?) as = — 0.

Then

m(|z|) + O(|z]) asz — 0

£
8

N
Il

(1 +O(|z]))m(|z|) as z — 0

and we are done.
Suppose u is not C? at the origin. Fix a point z € R\B;. Let 79 = ]%[ ForO0<e<1/4,
define

1
ve(x) = = ———u(eTo + iz l2)
Ac = {7 € T, : |PF({v(z) > 8} NTw(r))| > u},
-AE = UzozkoAE(ka& P'k)v
D, = (oo, g) NZ)\A.

By Theorem 3.1.1 and the way we chose kp (see the discussion before Lemma 3.4.1), we

have |A.| < g¢. In particular,

|(a(7o, g) NZ\Ds| < eo.
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By Lemma 3.4.1, for 7 € D., we have
ve(2) 2 v (z+2(A—z-7)) whenever |z| > 1, z-7T <\, z # ——g, A > k.
Define x- : X1 — R to be the charachteristic function of D;.. Let
X0 = lills(l)lp Xes
Dy ={reX:xo(r) =1}

By Fatou’s lemma,

™
emHnznol = | 1-xo
2 (!(To,%)ﬁxl
= / liminf(1 — x.)
a(r,T)ng; €0
< liminf 1—x:

€20 Ja(m, I)ns,

. . 7r
= hgn_}(l)lf [(a(70, §) NE)\De|
< §gg.

Let

1 x
v(z) = —~—|$|n_2 u(|—xT2-

Claim 3.5.2. If 7 € Dy, then v(z) > v(z+2(A—z-7)) whenever |z| > 1, z-7 < X, A > ko.
Proof. If T € Dy, then there exists a sequence €; converging to zero so that 7 € D,,. Let A >

ko, and fix |z| > 1 with z-7 < A. For ¢; sufficiently small, we have v, (2) > v, (2+2(A~2-7)).

It follows from continuity that v(z) > v(z + 2(A — z - 7)). O

Applying the same argument in the —7y direction, we find a set Do C (a(—70,5)NLy)
with the properties: (1) |(a(—70,%) N Zl)\ﬁol <eg and (2)if T € Dy, then v(2) > v(z +
2(A —z-7)) whenever |z| > 1, z- 7 < A, A > ko.

It follows from Lemma 3.3.1 that
T T
v(z) > v(y) whenever y € a(m, §)’ lyl > |z| + Tko.
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In particular, there exists a constant C' > 0 (independent of z) so that
v(z) > v(y) whenever |y| > |z| + Cko.
Since @ € R"\ By was arbitrary, we have

sup v < inf v <supv < inf v (3.5.1)
OBRyCkg 9Br 0Br OBRr-ckq

By the Strong maximum principle,

R—Cko\"?
v(z) > (————0) inf  wv|z| > R— Cky.
|| dBRr—_ck,

It follows that

R—Cko\"?
i > —— inf w. 5.2
aBg—]{.»kaO v= (R -+ Ck[)) aBgicko v (3 5 )

Combining 3.5.1 and 3.5.2, we have

sup v<(1+O(1/R)) inf wvasR — oc.

aBR+CkO aBR+CkO

It follows that

supu < (1+ O(r)) inf u as r — 0.
8B, 9By

Therefore,

u(z) = (1+ O(|z]))m(|z]) as |z| — 0.

47



48



Chapter 4

Characterization of the asymptotic

behavior at a singularity for

n+2
positive solutions of —Au = yn—2

Let u be a C? solution of —Au = u{»*2/("=2) in By\{0}, n > 3, with a nonremovable

isolated singularity at the origin. Let

1
m(r) = 5 [ ury)do).
I 1| 1
Theorem 3.5.1 tells us that
u(z) = (1 + O(|zf))m(|z|) as = — 0. (4.0.1)
We will show that u(z) = (1 + o(1))¢(|z|) as x — 0, where ¢ is a radial singular solution.

The proof we give is similar to the proof of Theorem 1.2 given in Section 7 of [1].

4.1 Preliminary estimates

If r < 2, then it follows from Lemma 2.1.3 that u is a distribution solution of —Au =

u(+2)/(n=2) iy B We have

—/ nu("+2)/("—2)dx=/ (An)udm—-/ u@do—i-/ n—aﬁda (4.1.1)
. B, 2B, OV oB, OV

™
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for all n € C§°(By). Take ¢ € C*°(B,), and let v € C§°(B,) with 1 =1 in a neighborhood
of the origin. Applying Green’s formula to (1 — )¢ and (4.1.1) to ¢, we see that

—/ pu"T/(1=2) gy — / (A¢)ud:17—/ u—aﬁ do + ¢@ do.
/B,

OB, (911 J B, aV

Taking ¢ = |x|* and ¢ = 1:

. o\ I 0
— / Ia:lzu(”“)/(" 2) dg = 2, / wdr —r / udo + 7'2/ au do
JB, JB, Jos, a8, Ov

and

_ / u("-+2)/(71.~2) dr = % do.
JB, Jop, Ov

It follows that

/ (r? — |z )ut+D/ =2 4 4 27‘/ udo = 2n/ udz (4.1.2)
. 0B, :
and
() = — L / (n+2)/(n~2)
m'(r) = = u dz > 0. (4.1.3)

Since m(r) is decreasing,

7,_n+2ml(n+2)/(n—2) (7‘) _ n(n;- 2) m(n+2)/(n—2) (7,) /T (7,2 _ t2)tn—-1 dt

0
< n(n;— 2) /T m(n+2)/(n—2)(t)(,r2 _ t2)tn—1 dt
0
n(n+2) 1

s [ (07 = Iy (o]

We know, from the proof of Theorem 3.5.1, that there exists Ry > 0 so that for » < Ry,

m(r) < 2(infp, u). Combining this with the previous calculation, we have

nn+2) 1

rn+2m(n+2)/(n—2) r) <
(<= |Z1] /B,

(r* = [2*)(2u(=)) " +D/"2) do
for r < Rp. Combining this with (4.1.2) shows us that

2t/ < C | wdz
Br
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for r < Ry. Using

,
/ udr = |21|/ m(t)t" L dt
B, 0

07_411/(n+2) (/ m(t)tn_l dt
0

IN

>('n~2)/(n+2)

we conclude that

R
rw+2‘m’(n+2)/(n—2)(7_) < 07'4"/(”+2) (/ 7n(n,+2)/(nf‘2) (t)tnﬁl dt

pAU

for r < Ry.

Fix R < Rp. Let A= fUR m(n+2/(1=2) (1)pn=1qr Using (4.1.4), we have

rn,—lm('n+2)/(n—2)(r) < Cr(n—ﬁ)/(n+2)A(n—?)/(n—ﬂ)'

Integrating from 0 to R,
A< Cv]22(7z—2)/(71+2)14(71,—2)/(71,4—2)7

so that
R
/ 2/ (=2 (=1 gy < CRI212,
0

Lemma 4.1.1.

1 , 1
m(r) = O(W)’ m/'(r) = 0(;_;75) asr — 0.
Proof. Since m(r) is decreasing, it follows from (4.1.5) that
" (n+2)/(n~2) 1
n n— n—
m(R) < C /0 m ()"t < Comgs

for R S R[).

)(nﬁ‘_))/(n-kZ)

(4.1.4)

(4.15)

(4.1.6)

Moreover, for R < Ry sufficiently small, we conclude from (4.0.1), (4.1.3), (4.1.5) that

R
' (R)| < L [ et/ n=2) (ymtgy < 0L
- Rn_l 0 - Rn/2'
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4.2 Asymptotic behavior at a nonremovable singularity

Let
t=—logr, r=e’,

and consider

Y(t,0) = "D Pu(r0), BTy

Then
04

_+A0¢_<n~2

2
o2 ) Y4 R =, (42.1)

Let 3 denote the spherical average of 1:

B(t) = rmDm(ry = 2 [ (.0 db.

Sl s,
Then
P(t,0) = B() (1 + O(e™")) as t — o0
and
'Bl(t) + n ; Qﬂ(t) _ —r"/2m'(r) > 0.

It follows from Lemma 4.1.1 that

B = 0(1), g = 0(1) as t — oo.

Lemma 4.2.1.

D =B0E"), Vol -B)=pOE)  ast—oo

Proof. We have ~A(u — m) = f, where f(z) = z%le (u:_ic%(x) —u%(|x|y)) do(y). It
follows from Theorem 3.9 in [7], if we take Q : 37 < || < 2r, that

sup |[V(u~-m)|<c (%_J::‘__E’_' +7'511Plf|> .
Q

|z|=r
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Combining the previous estimate with Theorem 3.5.1, we have

sup [V(u—m)| <c (sup m + r?sup m("'+2)/("'"2)>
Q Q

jal=r

Claim 4.2.2. supq u < cinfq u, where ¢ is independent of r < 1.

Proof. Consider u > 0 as a solution of Au + a(z)u = 0 in the domain ir < |z| < 4r. By
Lemma 4.1.1, we have |a(z)| < ¢/|z|?, in say B;. Let K,(2) denote the cube in R™ of side p
and center z with sides parallel to the coordinate axes. Fix zg € 2, and let K = K, /15(z0).
By Theorem 1.1 in [13], supg u < cinfg u, where ¢ is independent of r < 1. We know
that {1/4 < |z| < 4} can be covered by a finite number of cubes, say N, of side 1/12 with
center at some point in {1/4 < |z| < 4}. Scaling, we see that 2 can be covered by N cubes
of side r/12 with center at some point in Q. It follows that supgu < cinfgu, where c is

independent of r < 1. 0

Therefore,

sup [V(u—m)| <c (m(r) + r2m(nt2)/(n=2) (r)) .

|z|=r

Applying Lemma 4.1.1 to 72m%®=2) (), we conclude that
[V(u —m)(z)| < em(r) for |z|=r.

In particular,
|§T-(u——m)| < cm, |Vo(u — m)| < crm.
Since ¥(t,6) — B(t) = r™=2D/2(u(r, ) — m(r)), r = e~t, the lemma follows from the previous

estimates and Theorem 3.5.1. O

Lemma 4.2.3. There is a unique asymptotic constant Do, so that

2
8= (152) - B2 s Dk (P4 g0 (429)

ast — oo.
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Proof. Multiplying (4.2.1) by %% and integrating over B;\Bs:

t
9 2 Wh12 n—2 2, 2 N 2 2n/(n—2)
/L (l o = Vel = (=) 0P+ =

S

df = 0.

Using Lemma 4.2.1,

2
3/2 _ n—2 [32 + n- 2/3217/(1772)
2 " 7

12 n—2 ’ 2 n—2 22n/(n—2)
= ("S5) e

n

t
= (3> + FHO(e ™)

S

as t — oc. Let

so that

D(t) = D(s) + (8°(s) + 87(s)Oe ) + O(e™")

for t > s as s — oo. This determines a unique asymptotic constant Dy, = limy_,o, D(t).

Taking t — oo in the previous equation,
Doe = D(s) + (8(s) + 5”(s))0(e ™)
as s — 0o, which completes the proof of the lemma. O

Notice that —% ("T“Q)" <Dy <0. If Dy < ——% ("——;—"2)”, then 8’2 < 0 for t sufficiently
large. If Dy, > 0, then B(¢t) < O infinitely often as ¢ — oo (see the discussion on radial
solutions in the appendix).

If —% (1‘-;—2)71 < D& < 0, then it follows from the discussion on radial solutions in
the appendix that 3 is asymptotic to a translate of the corresponding singular solution
of (A.3.3).

Suppose Do, = 0. We know from (4.2.2) that the behavior of 3 is determined by the
points where 3’ = 0. In addition, we see that there are By,tp > 0 so that 3 # 0 when
B < By and t > ty. We also know that there is a point t; > tg so that 3(¢1) < fo. Moreover,
the arguments given in the appendix tell us that there is a point t2 > to so that 8(t2) < fo
and 3'(t2) < 0. It follows that 3(t) < o and 3'(t) < O for all t > t5, and we conclude that

lim 3(¢t) =0,

t—o00
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lim 3'(t) = 0,

t—o0

B'(t) < 0for t > to.

Let 0 < X < % for t sufficiently large we have 32 > X282 or §//3 < —X so that

B = O ™) as t — oco. and hence 3’ = O(e~*) as t — oco. Plugging this into (4.2.2), we

12 _ 2
% > (n2 2) +0(e™) as t — oo.

see that

For ¢t sufficiently large, say t > t/, we have

and therefore

B(t) < coe Tt for t > t.
It follows that u has a removable singularity at the origin.

Theorem 4.2.4. Let u be a positive C? solution of —Au = u(*t2/(n=2) 4in B\ {0}, n > 3,
with a nonremovable isolated singularity at the origin. Then there is a unique asymptotic
constant Dy, in the interval —% (nT—z)n < Dy < 0 and a singular solution (t) of (A.3.3)
so that

u(®) = (1t o(1) g o (- og el
asz — 0.

Proof. By the above discussion,

B(#) = (1+0(1))¥p (t)

as t — 0o, where D, is the unique asymptotic constant given by lim; . D(t) and ¢p_ (t)

is the singular solution of (A.3.3) corresponding to the constant D,. Since

() = (1+ Olla)) g7 Bl log el

as z — 0, the proof is complete. O
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Chapter 5

Upper half space

Let R’} denote the upper half space:
RY = {(z,t) : 2 = (z1,...,Zn-1) € R"L t > 0}.

We are interested in the following boundary value problem:

—Au =P in R?\{(0,t0)}, to >0, n >3,
{ PO t0)}, to 501

%% = cuf on oR%Y, c¢>0,

where u has an isolated singularity at (0, ¢p).

When u € C?(R%\{(0,%0)}) is a positive solution of (5.0.1) with n < p(n —2) < n + 2,
B > 1, and B(n — 2) > n, we will show that u must be cylindrically symmetric about some

axis orthogonal to OR%}.

5.1 Preliminary results

Let u € C*(R%\{(0,%0)}), n > 3, and consider the Kelvin transform of u about the origin:

_ 1 z t = 1
@0 = g () @0 <FIM0.0.0.9)

Then
x t

_ oL
2.0 = gt (Goap mar ) (0 SR
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and
v a1 du N N n_l
i (x.0) = o o (2,0). xeR"\{0}.

If u is a solution of (5.0.1), then v is a solution of

—Av = b P i RIN{(0, t0) )}, to >0, n >3,

T ()|t

‘_ , (5.1.1)
% = c|lz|P=D=mp? on (ORT)N{(0,0)}, ¢>0.

If u is C? at the origin, then there exists an Ry > (0 so that v has a harmonic asymptotic

expansion (2.2.3) in R\ Bg,. We want to use the asymptotic expansion to start the method

of moving planes in directions orthogonal to t. For 2 = (x1,...,2,—1), we denote the
reflection of = about the plane x; = A by x) = (2\ — 2y, 29, ..., 2y-1).

Lemma 5.1.1. Let v be a function with an asymptotic expansion (2.2.3) in RE\B Ro» M = 3.
Ifag > 0, then there exist constants A > 0, R > Ry so that v(zy,t) > v(z,t) whenever A > X,

(za,t) € M\BRO, and Ty > .
Proof. Since x; is orthogonal to t, the proof is the same as the proof of Lemma 2.2.1. [

The following lemma gives us some control over the behavior of the Kelvin transform

at the origin. The proof we give is similar to the proof of Lemma 2.1 in [12].

Lemma 5.1.2. Let v be a positive solution of

~Av = P i REA{(0, ),

YT e

P = c[z[f=2-P8 on (AR?)\{(0,0)}, c¢>0,
where v € C2(RT\{(0,0), (0, %)}), n > 3.
Assume that
1.n<p(n—-2)<n+2,
2. 621, B(n—2)>n.
Let 26 = min(%, cl/(m=B(n=2)) " Then there exists mo > 0 so that v > mg in Bs NRZ.

Proof. By the Hopf boundary lemma, v is positive on R7\{(0,0), (0, %)} if and only if
it is positive on R%\{(0, %)} It follows that m = 3 min{v(z,t) : |(z,t)| = 6,t > 0} is

well-defined and positive. Let mo = min(1,m).
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For (0 < 7 < 4, consider the comparison function ¢:

rhn -2

(ﬁ(fl,', f) =1- 2W + f.

Let & = v — my¢, and let 2, = (Bs N Ri)\Br. Then

At >0 in £,

% = clz|fr=D-18 —my  on 9Q, NOR™.

Suppose that ¥ < 0 in Q,. Then, for some (z/,t') € 99,

o(2',¥) = min¥ < 0.
Qr

On 090, N 0By, we have ¥ > v — 2mg > 0, and on 992, N OB,, we have ¥ > v > 0. Therefore
r<|z| <4, t' =0, and %(m’ ,0) > 0. Using the boundary condition for ¢ at (z’,0), we

have

1/8
’ > 1yn—pB(n—2) M0 )
v(@,0) > (I )

It follows that

~0 ’ rn—2 rn—pB(n—2) mo 1/8
a — — — —_— > — — > 0.
0> 9(2",0) = v(z,0) (mo 2m0|x’|"‘2> (|w | . ) mp >0

Therefore o > 0 in §2,. Since this is true for all r € (0,d), we conclude that v > mg in

BgﬂRi. O

The following lemma gives us some control over the behavior of vy, —v in a neighborhood
of the singularity on the boundary at (0),,0). The proof we give is similar to the proof of

Lemma 2.3 in [12].

Lemma 5.1.3. Let v be a positive solution of

—Av = Wmvp in RT\{(0, )},
% = clz|Pm=D-m08 on (ORT)\{(0,0)}, c¢>0,

where v € C%(R™\{(0,0), (0, %)}), n > 3. Assume that
1. n<p(n—-2)<n+2,
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2. 321 8B(n—-2)>n.

Let vy(.t) = v(wp t). Fix Ao > 0, and let 20 = min( A, ,—1“) Suppose that
1. vy, > v in Bas(0y,,0) NRY
2. vy, Ev(z,t) in Bas(0y,,0) NRY.

Then there exists €9 > 0 so that vy, — v > €¢ in Bs(0y,,0) NR%.

Proof. Let w = vy, —v. Then

—Aw 2 W‘_WCO(JI, t)w in BQ&(OA(), 0) N Ri,

%_1: < leﬁ(”‘%—"do(x)w on (8325(())\0’ 0) N aRg—)\{(O)\o’ 0)},

where co(z,t) is between pvf\’o_l(x, t) and pvP~!(x,t), and dy(z) is between cﬁvf\io—l(:c, 0) and
cBvP~1(z,0).

It follows from the Strong maximum principle that w > 0 in Bys(0y,,0) N RY, and
it follows from the Hopf boundary lemma that w > 0 on Bs(0y,,0) N m— In particular,
m = gmin{w(z,t) : |(z — Ox,,t)| = &, t > 0} is well-defined and positive. Let

mp = min(1, m),

B-1
Co=(Xo+ I)B(n‘z)—"cﬂ mg+ max v ,
B&(Okovo)

1
N0—1+C0»

For 0 < r < 4, consider the comparison function ¢:

n--2

¢(z,t) = po — R;:—t)ln—_g + (1 — po)t.

Let @ = w — mo¢, and let Q, = (Bs NR?)\B,. Then

-Aw >0 inQ,,
% < |z A=A dy(z)w — mo(1 — po)  on 8 N IRZ.
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Suppose that @ < 0 in Q,. Then, for some (2'.t') € 69,,

w(z', ') = minw < 0.
Q.

On 99, NIBs. we have w > w—mg > 0, and on 90, NIB,, we have W > w > 0. Therefore

r<|a'| <4, t =0, and %Lf‘(z'ﬂ) > 0. Since w(2’,0) < 0, we have
w(z',0) < mopg, (5.1.2)
and using the boundary condition,
mo(1 — po) < |22 dg(2")w(a’, 0). (5.1.3)

The inequality (5.1.2) tells us that vy,(z’,0) < v(z’,0) + mg. Combining this with (5.1.3),
we have

mo(l — po) < Cow(z',0). (5.1.4)

Combining (5.1.2) and (5.1.4), tells us that

>
Ho 1+CO’

which contradicts our choice of p. Therefore @ > 0 in §2,.. Since this is true for all 7 € (0, §),

we conclude that w > mopo in Bs NR7. O

5.2 Cylindrical symmetry

In this section, we will show that if u € C2(R7T\{(0,%0)}) is a positive solution of (5.0.1)
with an isolated singularity at (0,%p), then it is cylindrically symmetric about some axis
orthogonal to OR%. The proof we give is similar to the proof of Theorem 2.4.1. The idea
is to use the method of moving planes to show that the Kelvin transform of u about the
origin, v, has cylindrical symmetry about an axis orthogonal to R%.

Recall that in the proof of Theorem 2.4.1, we moved a family of hyperplanes {1 = A}xs0
up to the critical point A, so that either vy, = v or vy, > v in {z; > A}\{0y,}. In

Lemma 2.2.2 we showed that if vy, > v in {z; > A\J\{0x.}, then vy > v in {z; >
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A} N {xa] > S} for A < A, sufficiently close to A,. The proof of this involved comparing
vy, — v with the function ¢(x) = (1 — A)/[(e1 = Ay woeooopwn)|™ in {a) > AN {|za| > R}.
where vy, — v was superharmonic and v had a harmonic asymptotic expansion. This gave
us a uniform bound on the set of points where vy — v could be nonpositive, which lead to
a contradiction in the case where vy, # v.

The main difference bhetween the proof of the following theorem and the proof of Theo-
rem 2.4.1 is that in the case where vy, # v, instead of comparing vy, — v with a harmonic
function ¢, we will follow the method of proof used in [2] and analyze the function P2, 78

where g is a positive increasing function. The proof also requires a few additional arguments

to make sure that nothing goes wrong on the boundary.

Theorem 5.2.1. Let u € C*(RT\{(0,t0)}) be a positive solution of

—Au = u? in RT\{(0,%0)}, th >0, n>3,
1\ (0, 20)} 0 (5.2.1)

%—;‘ =cuP on OR", ¢>0,
with an isolated singularity at (0,t0). Assume that
I.n<p(n—2)<n+2,
2.8>21,B8(n-2)>n.

Then either u is cylindrically symmetric about the t-azis or u is C? at (0,ty) and cylindrically

symmetric about some azis orthogonal to OR”} .

Proof. Let v be the Kelvin transform of v about the origin. Then

—Av = W:—m'vp in RZ‘:_\{(O7 {10-)}’
& = c|z|fn=D-"8 on (ORT)\{(0,0)}.

Consider the zi-direction. For z = (z1,...,Tn-1), let z) = (2XA — z1,...,Tn—1). Let
va(z) = v(zy). We will use the method of moving planes to show that there exists a A; so
that vy, = v in R7}.

Let wy = v\, — v, and let

23 = ({1 > A} NRY) \{(Ox, )}
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For A > 0, we have

1 . +) -
_A’(U,\ 2 WCA(:I" t)w,\ m Z)\,

%A < 2P0y ()wy on (O NORZ)\{(0x,,0)}.

where ¢y (2,t) is between pwﬁ_l(:z'. t) and pvP~!(x,t). and dy(x) is between cﬁz-f\j ‘l(.r. 0) and
v, 0).

It follows from Lemma 2.1.1, Lemma 2.1.2, Lemma 5.1.1, and Lemma 5.1.2 that
)\o:inf{/_\>0:w,\>0inz)\ fora11/\25\}

is well-defined. If A > Ao, then wy(z,t) > 0 for (z,t) € X). Applying the Hopf boundary
lemma to wy shows that 3‘%(%1‘) < 0 when 1 = A, t > 0. Therefore, ga%(x,t) < 0 when
T1 > Ag, t > 0.

Suppose u is not C? at (0,%y). In this case, we want to show that Ao = 0. Suppose

Ao > 0. Using the definition of Ag, we have wy,(z,t) > 0 in Xo, so that

1 .
—Aw,\o Z I(T—,,t)l-”mc’\o (x,t)w,\o 2 0 m E,\,

ow 9y
50 < |zfn=D-ng, (z)wy,  on (9Z) NORT)\{(0x,0)]}-

Since u is not C? at (0,t), it follows from the Strong maximum principle and the Hopf

boundary lemma that

1. wy, >01in Z,\o,

o
2. ;—2‘1>00nm1=)\0,t>0,

3. wx, >0 on ({z1 > Ao} N {t =0}) \{(0x,,0)}.

Claim 5.2.2. There existe >0 and 0 <r < z‘f so that, if \o — 17 < A < Ag, then wy > €
in Br(0x, 5)\{(0x, )} and B,(0,,0) NR7.

Proof. By Lemma 2.1.1 and Lemma 2.1.2, there exists 71,¢/ > 0 so that wy, > 2¢ in
B, (03, %)\{(0)\, %)} By continuity, there exists § > 0 so that, if (z,t), (z',¢') € By, (0;, %)
and |(z,t) — (2/,t')] < 6, then |v(z,t) — v(z/,t')] < €. Let v = min{4,7}. Suppose
A -1 < A< X and (z,t) € B,’(O)\,%)\{(O,\,%)}. Let (z/,t') = ((zx)a.,t)- Then

|(z,t) — (2',t')| < 6, and it follows that wy(z,t) = wy,(z/,t') + v(z',t') — v(z,t) > €.
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A similar argument using Lemma 5.1.3 shows that wy > ¢” in B,»(0y,0) NR% for some

. e” > 0. Let ¢ = min(¢’. "), r = min(r’, r”. ’\—1"). O

Let wy = “773 where g(x.t) = log(x; + 3). For \g — 1 < A < \y. we have

—Awy > l_p(,,_z) cx(, t)wy + %Vg -V, + %ﬂl};,\ in Xy,

l(.l.’.f.)l"""z

% < JeP=2=ndy ()@, on (08 NOIRT\{(0x,0)}

Claim 5.2.3. There exists So > 0 so that if Ay — 1 < A < Ao and infy, wy < 0, then w)

achieves its infimum over Xy at some point in ¥ N Bg, .

Proof. Suppose A\g —7 < A < Ap and infy;, wy < 0. By the previous claim, wy > 0 near the
two singularities. On 09X, N {x1 = A}, we have wy = 0. On 90X N {t = 0}, if w(z,0) < 0,
then %ﬁ(x,O) < 0. By the asymptotic expansion, wy — 0 as |(z,t)| — oo. Therefore, W)
achieves its infimum over X, at some point (2/,t') € X). At (z/,t'), we have

- 1 Ag(z)\ ~
_A’w,\(xlv t/) > (|($' t/)|n+2—p(n—2) CA(xlv t,) + gii/ ;)) W) (mla tl)'
’ 1

Since w), has a negative minimum at (z’,¢'), we have vy (2',¥') < v(z/,¢') and —Awy(z', ') <

0. If |(z/,¢')| > S, then

1
- (z} +3)2log(z) + 3)

1
|(:L.I’ tl)|n+2-—p(n—2) 20

Ag(z) 1 —1(,0 4
@) < SnTp(n_z‘)‘Pvp (=, 1)
Co 1

St (z) +3)%log(z) +3)’

(', t') +

IN

where Cy is independent of A. If S is sufficiently large, then —Aw,(z/,t') > 0, which is a

contradiction. Therefore, there exists an Sy independent of A so that |(z’,t')] < Sp. O

Let ro < r/4. By definition of A, there exist A; with Ao — 70 < A; < Ag converging to
Ao and points (z,87) € T, so that @y, (¢7,#) < 0. If infz)\j Wy; = 0, then it follows from
the maximum principle (applied to wy;) that wy; = 0. Combining this with the previous
claim, we can assume that @y, (z7,8/) = infg,\j wy, and |(z7,17)| < Sp. Then we can find a

subsequence, which we denote by (z7,7), converging to (z',t'), so that
1. '&;z\j (m]’t.]) < 07
2. VﬁAj (:L‘j,tj) =0,
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Ao (el ) = (0y,.0)] = £

[t follows that (2/,t") # (Oy,. %), (0x,.0). and hence wy, (', ') = 0 and Vwy, (/. ') = 0.
We know that wy, > 0 in Xy and on ({21 > Ao} N {t = 0})\{(0y,.0)}. Therefore, 2/ =
(Aol oot 0).

Claim 5.2.4.

Oury,
ory

(/\()5 T, ... 75[5n,—170) > 0.

Proof. Let h(wx,t) = wy,(x,t) — () — Ao)(t + ), where 0 < g, 10 < 1. Let s = %min(%, o),
and let 2 = Bs(Ag, 2, ..., 1,-1,0) N X),. Using the Hopf boundary lemma for wy, in X,
choose £ so small that h(x,t) > 0 on 02N OBs(Ag, 22, ..., 2n-1,0). Suppose h(z,t) < 0 at
some point in 2. Then A(z*,t*) = mingh < 0. Since —Ah > 0 in Q, it follows from the
maxinm principle that Ay < 27 < Ag+s and t* = 0. Notice that wy,(z*,0) < e(x} — Xg)pu.

By the Hopf boundary lemma, %(m*, 0) > 0. It follows that

aw/\o
ot
o [Py (27w (2, 0)

e(z] — Ao) (z%,0)

IN

< Coé‘(CET - )\0);1,.

Choose y = 1 min(Cp, 1). It follows that h(x,t) > 0 in ©, and hence in €. Therefore

7

0 Ao+ 6 _
wA(/\vaQM"vxn—lvO): lim w/\O( 0+ %%, 2 1’0)

ory 5—0+ )

>ep > 0.

Combining the previous claim with the Hopf boundary lemma, for ¢ > 0,

6@,\0 1 (‘9w,\
X0, T2s s Enr,t) = W0
8561 ( 0, T2 Tn-1 ) g()\O) 83:]

(’\va27 vy Tn—1, t) > 0.

Taking t = t’ leads to a contradiction. Therefore A\ = 0.

Repeating the above procedure in the —z;-direction, we conclude that

. 1
v(=x1,22,...,Zn1,t) = v(x1,Ta, ..., Ty 1,t) in RTA\{(0, t_)}
0
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Since the same argument can be applied in any direction orthogonal to ¢, we conclude that
v is cevlindrically symmetric about the f-axis. It follows that u is cylindrically synunetric
about the t-axis.

Suppose u is C? at (0.ty). If Ao > 0. then proceeding as in the previous case, we
conclude that wy, = 0. It follows that « has a harmonic asymptotic expansion (2.2.3) in
R\ Bp,. for some Ry > 0. Then we can apply the method of moving planes directly to
u. We proceed as in the previous argument. If Ay > 0. then wy, = u. If A\, = 0, then we
apply the method of moving planes in the —u-direction. It follows, for some Ay, that w is
symmetric about the plane 2y = Ay and v, () > 0 when @y > A;. Applying the method
of moving planes in the directions xq. ... .1, |. we conclude that u is symmetric about the

planes x; = A\; and wuy, (v, 1) < 0 when a; > A;. This determines a unique axis orthogonal

to ORY: £ = {(A1..... Ay—1,t) : £ > 0}. Notice that (?)():il Ces 03:11 )(x,t) = 0 if and only if
r = (A1....,A\p—1). Let 7 be a direction that is orthogonal to Rl . Applying the method of
moving planes to 7, we see that u is symmetric about a plane (z,t)-7 = A, and %(.’L‘, t) <0
when (xz,t) -7 > A;. It follows that the plane (x,t) - 7 = A; must pass through the axis ¢.
Therefore, u is cylindrically symmetric about the axis /.

If \g = 0, then we apply the method of moving planes in the —xz;-direction, to conclude,
for some )y, that v is symmetric about the plane x1 = A\; and v,,(z) > 0 when z; > A;.
Applying the method of moving planes in the directions xs,...,x,_1, we conclude that v
is symmetric about the planes z; = A; and vy, (x,t) < 0 when z; > A;. If any of the A; are
nonzero, repeating the previous argument shows that u is cylindrically symmetric about
some axis orthogonal to dR’;. Otherwise, a similar argument to the previous argument

shows that v is cylindrically symmetric about the t-axis, and it follows that w is cylindrically

symmetric about the t-axis. O
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Appendix A
Appendix

A.1 Hopf boundary lemma

Let Q be a domain in R*, n > 2. For u € C%(Q) we define Lu by
Lu(z) = aij(®)uz,z;(2) + bi()ug, () + c(x)u(z), ai; = aj;, (A.1.1)

where z = (z1,...,2,) € S

We say that L is elliptic at a point = € § if the coefficient matrix a;j(x) is positive:

0 <A@l < aij(2)éig; <A@, € € R™\{0},
where A\(x) and A(z) are the minimum and maximum eigenvalues of a;j(z). If A/X is
bounded in €2, we say that L is uniformly elliptic in Q.

Theorem A.1.1 (Hopf boundary lemma [4]). Let L be a uniformally elliptic operator
in Q0. Assume that |b;|/) < by < 0o. Let u € C*(Q) with u >0 and Lu < 0 in Q. Suppose

i. there is a ball B in Q with a point xo € O on its boundary,
ii. u s continuous in QU {zo},
iii. u(zg) =0.
Then if u > 0 in B, we have for an outward directional derivative at g,

ou
'é;(:to) < 0,
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m the sense that

lim inf M
e lrg — ]

< 0,

where x approaches xy along a radius in B.

We first prove the theorem in the case where ¢ = 0. The proof we give can be found

in [7].

Lemma A.1.2. Let L be an elliptic operator in a bounded domain A. Assume that ¢ = 0
and |bi|/N < by < 0o, Let u € C*(A) N CYA) with u > 0 on JA. If Lu < 0 in A, then

u>0im A.

Proof. Since a;; > A and [b;|/\ < by, then
Le™ = (v2ay; + vby ()" > A(y° — vbo)e™?.
Choose «v so that Le"™! > 0. For € > 0, let v. = u — ¢ - ¢’ Since Lv. < 0 in A, we have

inf v, > minw:.

oA
Therefore,
infu > —&-mine™!.
A DA
Taking £ — 0, we conclude that v > 0 in A. O

Lemma A.1.3. Theorem A.1.1 is true in the case where ¢ = 0.

Proof. We can find a ball Bg(y) so that z¢ is on its boundary and Bgr(y)\{zo} C 2. We

condsider the function v defined by

where 7 = |z — y| and o > 0. Then

Lu(z) = e [4aay(x)(x; — yi)(z; — y;) — 2a(ai(z) + bi(@) (@i — 1))

e~ 402 M (z)r? = 20(asi(z) + |blr)],

v

where b = (by,...,bp)-
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Fix 0 < p < R. We choose a so that Lv > 0 in the annular region A = Br(y)\B,(y).
Since u > 0 on 0B,(y), there is a constant € > 0 so that u —ev > 0 on 0B,(y). Then
L(u—¢ev) <0in A and u—ev > 0 on OA. Applying Lemma A.1.2, we have u — ev > 0.

Therefore, if x approaches xg in B along a radius, then

liminf u(zo) — u(z)
X0 |.’L'0 - .’I’l

<ev'(R) <0.

O

proof of Theorem A.1.1. We consider the function v defined by v(z) = e”**1u(x), where
a > 0. Then
Lu =vLe® + e**1 L'y, (A.1.2)

where
2

0
ai]‘m—j- + (b; -+ 2010,“)——

L'= .
6:1:,-

We rewrite equation (A.1.2) as
L'v=e1Ly— u(aua2 + ba+c).
We choose a so that L'v < 0. Applying Lemma A.1.3 to L' and v, we conclude that

ov
3, (o) <0,
and hence u,(zo) = e"**1v,(z0) < 0. O

As a consequence of Theorem A.1.1, we have

Theorem A.1.4 (Strong maximum principle). Let L be a uniformally elliptic operator
in Q. Assume that |b;|/A < by < 00. Let u € C*(Q) with u > 0 and Lu < 0 in Q. Then

eitheru=01imQ oru>0 in .

Proof. Consider A = {z € Q : u(z) > 0}. If y € AN, choose z € A so that By, (z) C Q,
where |z — y| = r. Suppose u = 0 at some point in By.(z). Then we can find a ball B, (z)
and a point x¢ on its boundary so that u > 0 in B,,(z) and u(zg) = 0. Since u > 0,
applying the Hopf boundary lemma leads to a contradiction. Therefore, u > 0 in By, (x),

and we conclude that A is open and closed in ). O
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A.2 Superharmonic functions

Let X be an open set in R", n > 3. The function v : X — (—o00, 00| is lower semi-continuous
at z € X if u(z) < liminfy_, u(y). The function u is lower semi-continuous in X if u is
lower semi-continuous at each point in X. The following theorem (see Theorem 4.1.8 in [10])

gives us a super-mean-value property for distribution solutions of Au < 0.

Theorem A.2.1. Let X be an open set in R". If u € D'(X) is real and Au < 0, then u is

defined by a lower semi-continuous function g in X such that

1
M(z,r) = —/ up(r +1y)do(y), ¢p = / do,
lyl=1

Cn lyl=1

is a nonincreasing function of r forx € X and 0 <r < d(x,0X). Moreover, we can choose

ug so that if u is continuous at x € X, then u(z) = uo(x).

Proof. First, we prove the theorem in the case where u € C*°(X) and Au < 0. Let
e(t) = t27"/[cp(n — 2)], E(x) = e(|z|). For 0 < r < R, define

0, |z > R,
h(z) =4 e(R) - E(z), r<|z| <R,
e(R) —e(r), |z| <,

and let A = Br(0)\B,(0). Then Vh = —x4VE, and
div(Vh) = —(xaAFE — VE - vdo),

where do is the Euclidean surface measure on 94 and v is the exterior unit normal. It

follows, for d(z,0X) > R, that
0 > (Au) x h(z) = u * (Ah)(z) = M(z,R) — M(z,T).

Hence, M (x,r) is a nonincreasing for 0 < r < d(z,8X). Also, if y € C°, ¢ > 0, [ydz =1,
¥ = 9P(|z|), and ¥ (x) = e "(x/€), then

_ (" r u(z + ery)do r"ldr
u*tﬁs(z)—/o 1/)()(/!|=1 (z +ery)d (y)) d
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is a nonincreasing function of €.
Suppose u € D'(X) and Au < 0. Let ¢ € C3°, ¢ > 0, [¢pdzr =1. Then uy = uxp € C>*
and Aug where ug is defined. Applying the theorem in the C° case and then letting

supp ¢ — {0}, we conclude that u * ¢)-(x) is a nonincreasing function of €, and

1 (w1 )(x+ry) do(y)
En Jly|=1

is a nonincreasing function of r, for 0 < r < d(x, 0X).

We define up(x) = lim. .ou * ¢-(z). Then wug is lower semi-continuous, M (x,r) is a
nonincreasing function of r for x € X and 0 < r < d(x,0X), and if n > 0, n € C5°(X), then
(u,n) = [uo(x)n(x)dv. Moreover, if u is continuous at x € X, then lim. .gu * ¢.(z) =

w(z). 0

Corollary A.2.2. Let X be an open set in R". If u € D'(X) is real and Au < 0, then u

is defined by a lower semi-continuous function ug in X such that

n
up(x) > / uo(y) dy,
(@) cnR" Br(x)

forz € X and 0 < R < d(xz,0X). Moreover, we can choose uy so that if u is continuous at

x € X, then u(zx) = up(x).

Proof. By Theorem A.2.1, u is defined by a lower semi-continuous function ug in X with

the following two properties:

1. Forr € X and 0 < r < d(z,0X),

uo(z) > - /i _ woe ) doty)
e

Cn

2. If u is continuous at z € X, then u(z) = ug(x).

Using property (1.), we have

/BR(x) ug(y)dy = /OR </|y[:l uo(z + ry) do(y)) =1 g

A\
c\
o]
$
<
o
B
=
3
QU
3




for x € X and 0 < R < d(x,0X). |

A.3 Radial solutions of Au + u(*2/("=2) = ¢ in R™\{0}

Suppose u is a radial solution of Au+u(*+2/("=2) — () in R™\{0}, n > 3. Then ¢(r) = u(x),

where || = 7, is a solution of

n —

1
¢"(r) + ¢(r)+ Dy =0, r>o0. (A3.1)

P

If we change coordinates:
and consider

then (A.3.1) becomes

n—2

2
w0 =(152) v -, ter nzs (432

Consider the second-order differential equation:

P'(8) = (252)° () — p+/-D(5), teR, n>3
$(0) = o, 9'(0) = ;.

Let

X(t) = (z1(t), z2(2)) = (¥(2), ¥'(2)),
Xo = (¢07¢1)?

2
F(X,t) = (x2’ (1_2_2) T — x(1n+2)/(n—2)> '

Then % = F(X,t), X(0) = Xo. It follows from existence and uniqueness properties
of ordinary differential equations ([11]) that (A.3.2) has local existence and uniqueness.
Moreover, in any bounded domain containing the point (Xp, 0), the solution of d—d‘zf— = F(X,t)

passing through (Xo,0) may be uniquely extended arbitrarily close to the boundary.
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A.3.1 Uniqueness for solutions

Let ¥ be a solution of (A.3.2). We have

1d o\ (n=2\"1d 5 n=2d/ 50, 9
5@(W)—( 2) 2a )~ o ().

Integrating the previous equation:

2
1/),2 _ (n; 2) v n : 21!)271/(11—2) +C. (A.3.3)

Since ;“)_Lz > 2, there exists My so that |¢| < My. It follows from (A.3.3) that there exists
M, so that |¢/| < M.
Let T' > 0. We know that in (—My, My) x (=M, My) x (=T, T), the solution of ‘fi—)f =

F(X,t) passing through (Xo, 0) may be uniquely extended arbitrarily close to the boundary.

Since this is true for all T > 0, we conclude that 9 is the unique solution of (A.3.2) passing

through (v(0),%'(0),0).

A.3.2 Existence for solutions with positive initial value

We know that the second-order differential equation:

W(t) = (%52) () — /=Dy teR, n>3
d"(O) = ¢0a ,¢,l(0) = ’f’l,

has a unique solution in a neighborhood of the origin. We also know that in any bounded
domain containing (1o, ¥1,0), this solution may be uniquely extended arbitrarily close to

the boundary.

Consider

2
y(z) = (n 2) 22 nT2x2n/(n—2)+Co’ n>3.

Then

and




We have

, —2\ %
y'(z) = 0 when z = 0,4+ (n ) ,

2
y(0) = Cy,
" n—2 = _g n— 2 "+C
Yy 2 T 2 0
y"(0) > 0,

n—2
_9\
y” (i ("2 ) ’ ) <0,
" (TL B 2)3 4 _
Y (i (4(77, + 2)) ) =0

The graph of y achieves its maximum at (i (%)T ,% ("7_2)" + Co), and it has a
2

n=2 n—2
local minimum at (0, Cy). The graph is concave up for z € (_ ( 1(;(11:4_)2;) T ( % ) 1 )

o3 n—2 3y B2
and concave down for z € (—oo, (%) 1 ) U ((%) 1 ,oo)-
Returning to the problem of existence for positive solutions, let 1 be the unique local

solution of

P(0) = o, ¥'(0) =1

We know that 1 is a solution of

{ () = (252)" w(t) — A (R), 023

2
¥ = (n 5 2) 2~ —n:,z«/)?"/‘"*?’ + Co,

where Cy = ((1/11)2 - ("7"2)2 (0)? + "—2—_2(1/10)2"/("—2)). Notice that Co > —2 (%52)". Sup-
pose ¥ > 0.

1. Suppose —% ("—Ez)n <(Cp<0.

n—2

() Suppose Co = —2 (252)". Then (o, 41) = ((252)"7 ,0) and v(t) = (*52)

(b) Suppose Cp = 0. If ¢; < 0, then 9(t) = [n(n — 2)]”4‘—_2 (H—‘fz;—fg;)T, where
1/2 n—2
o = n(n-2) ( n(n—2) 1) . If ¢y = 0, then ¥ = (ﬂ%‘;z_)) T and

2¢g/("—2) 41/)3/(""2)

n—2
2

n—2

b(t) = [n(n - 2)]°F (W‘;%%‘:x) > where @ = 1. If ¢ > 0, then %(t) =
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n—2 1/‘2
n—2 —t 2 _ n(n_Q) n(n_Q)
[n(n —2)]3 (#ﬁ) » where o = 22 D) + (41/)3/("_2) - 1) :

(¢) Suppose —,—f ("52)” < Cp < 0. Then there exist constants Cy, Cs:

n—2 n—2

n—2Y\ 2 nin—2)\ *
0<Cl<< 5 ) <CQ<(T) ,

so that ¢y < ¥(t) < Cy. Choose My > Co, M) > "521\[07 T > 0, and consider
the domain (0, My) x (=M, M) x (=T, T). We know that (¢(t).¢'(t),t) may
be uniquely extended arbitrarily close to the boundary. It follows that () may
be extended to (=T, T).

Notice that ¢/(t) = 0 if and only if ¥ (t) = Cy, Cy. Also notice that if v(t) = C},
then ¢ (t) > 0, and if ¥(t) = Cy, then ¥/ (t) < 0.

Claim A.3.1. {t > 0:¢(t) = C1} is an infinte set.

Proof. Suppose {t > 0:9(t) = C1} is nonempty and finite. Let ¢’ be the largest
element. We have ¥(t') = Cy, ¢¥'(t') = 0, ¥"(¢') > 0. For t > t' sufficiently
close to ', we have (t) > Cq, ¢'(t') > 0, ¢”(') > 0. We want to show that
Y(t") = Cy for some t” > t': Suppose ¥(t) < Cs for all t > t'. Since ¥/(t) = 0
if and only if ¢(t) = Cy,Cy, then ¢'(¢t) > 0 for all ¢t > . It follows that
lim;_, o0 ¥(t) = const; and lim;—%¢'(t) = 0. Using this and the differential
equation, we conclude that lim; o, %" (t) = consta = 0. Using the differential
equation again, we conclude that const; = ("—;—2)@;_2 This contradicts the fact
that lim;_o¢'(t) = 0. Therefore, ¥(#’) = Cy for some t’ > t'. A similar

argument shows that ¢ (t"") = C; for some ¢ > ", which is a contradiction.

To see that {t > 0 : ¥(¢t) = C;} is nonempty, apply the above argument to
some t' > 0. In particular, this will show that there is some t” > t’ so that
Y(t") = C1, Co, and then repeating the argument once more (if necessary) shows

that ¥(t) = C; for some t > 0. O

We conclude that, 9 increases from C7 to Cy and then decreases from Cy to C)
infinitely often as t — oo. A similar argument shows that 1 exhibits the same

behavior as t — —o0.
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2. Suppose Cy > 0. Then there exist constants C_, C :

)

sothat C_ < () < (',. Repeating the argument used in the case where ~% (”—52)" <

n-—-: 2

-2 n—
4 (n — 2 4
(=) o,

Cpy < 0 shows that ¢ increases from C_ to €y and then decreases from Cy to C_

infinitely often as t — +oc.

A.3.3 Positive radial solutions in R"\{0}

Consider the second-order differential equation:

(;')”(r) + %QV(U + ¢(n+2)/(nfz)(7_) =0, r>0, n>3
o(1) = ¢o,  ¢'(1) = ¢1.

Let Co = ((¢1)* — (n — 2)¢odr + y_§2(¢0)2n/(n—2)). For each pair (¢g, ¢1) with ¢ > 0, the

differential equation has a unique global solution:

1. If Cp = —2 (%52%)" then

#(r) = (";2)“

2. If -2 (%2)" < Cp < 0, then there exist positive constants C; < Cy so that

n

b(r) = —gb(logT),

ro2
where ¥(t) increases from C; to Co and then decreases from Cy to C; infinitely often
as t — *oo.

3. If Co = 0, then

(a) If ¢1 + 252¢0 > 0, then

n—2

o) = - 2% (15%)

14 a?r?

1/2
v/n(n—2) —2
where o = 2/&4) — "§7(n_)z) - 1> :
2¢q 4¢o
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n—2

(b) If ¢; + 5299 = 0, then go = (252) © and

n—2

o) = -2 (1553 )

14 a2r2

where a = 1.

(c) If ¢1 + 252¢0 < 0, then

¢(T)=[n(n—2)]~'r<___0_t__>7

where o = 24)(2)/(”_2) 4¢g/(n—2)

Vrln=2) | ( n(n—2) 1)1/2.

4. If Cy > 0, then there exist constants C_ < 0 < Cy so that

8(r) = g $(log ),

r 2

where 1(t) increases from C_ to C; and then decreases from C,. to C_ infinitely often

as t — Foo.

Theorem A.3.2. Let u be a positive C? solution of
Au + w2/ (=2) — g jp R™ n>3.

If u is radially symmetric about the origin, then

(n_2)/4 o (n—2)/2
u(z) = [n(n - 2)™" (TW)

for some a > 0.

Proof. Let ¢(r) = u(z), where |z| = r. Then ¢, is a positive solution of

S0+ L) + oDy 0, r >0, (A3.4)

n—2
Since ¢ does not have a singularity at r = 0, it must be of the form [n(n—2)] . (1—+—2‘277) 2

for some o > 0. O
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