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Abstract

The main aim of the project is to solve the BGK model of the Knudsen parameterized
Boltzmann equation which is 1-d with respect to both space and velocity. In order to solve
the Boltzmann equation, we first transform the original differential equation by replacing
the dependent variable with another variable, weighted with function 7(y); next we obtain
a Petrov Galerkin weak form of this new transformed equation. To obtain a stable and
accurate solution of this weak form, we perform a transformation of the velocity variable y,
such that the semi-infinite domain is mapped into a finite domain; we choose the weighting
function 7(y), to balance contributions at infinity. Once we obtain an accurate and well
defined finite element solution of the problem. The next step is to perform the reduced
basis analysis of the equation using these accurate finite element solutions. We conclude
the project by verifying that the orthonormal reduced Basis method based on the greedy
algorithm converges rapidly over the chosen test space.
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Chapter 1

Introduction

1.1 Background

The Boltzmann equation for dilute gases is the more general equation from which the Navier-
Stokes equations are derived. The Navier-Stokes equations are the limit in which the mean
free path is much smaller than the spatial extent. However,this assumption is violated, when
the spatial extent is comparable to the mean free path. These days, plenty of applications are
based on smaller technologies like microchannels. In order to model such phenomena, one
must solve the Boltzmann equation instead of the Navier-Stokes equations. The reference
[2], explores both these equations and gives us a good insight in to the difference between

both these equations.

1.2 Parameters involved and the quantities of Interest

The key parameter in the Boltzmann equation is the Knudsen number, Kn, defined as the
ratio of the mean free path to the macroscale. This implies that the Navier-Stokes is valid
in the limit of small Knudsen number. The Boltzmann equation is a Partial Differential
Equation for a distribution function F, as a function of z,y, 2, ¢;, ¢, and ¢,, where the x, y,

and z indicate positions and ¢, ¢, ¢, are molecular velocities. Since, in general the equa-
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tion is defined over six independent variables, classical methods to solve Partial Differential
Equations are not typically applicable.Once, we solve the Boltzmann equation, macro quan-
tities like velocity and flow rate can be evaluated as appropriate expectations. It could be
interesting to be able to rapidly predict these quantities as a function of molecular quantities

like Knudsen number.

1.3 Related work done previously

Carlo Cercignani and Adelia Daneri have numerically analysed the poiseuille flow of a rarefied
gas between two parallel plates for an inverse Knudsen number ranging from 0.01 to 10.5
in the reference [1]. The Bhatnagar, Gross, and Krook model of the Boltzmann equation
was used in the study and the transport integrodifferential equation was reduced to a purely
integral one,which in turn was solved numerically by the discrete ordinate method.The plot of
the volume flow rate vs Knudsen number obtained, was found to have an expected minimum
and the results also seemed to fit well with the experimental results and previous approximate
calculations.These results will be compared with the results obtained by solving the same

Boltzmann equation using Finite element methods in chapter 5.

1.4 Motivation for Reduced Basis methods

The Boltzmann equation was often used in the past, to model the flow in the high Mach
number cases. Here, We are only interested in the low Mach number cases, that arise in
various micro-engineering situations. Thus, the solutions derived from the Boltzmann equa-
tion are essentially smooth,which is important for the application of reduced-basis approach.
In general, statistical particle methods are most often used for the solving the Boltzmann
equation. The Monte Carlo methods in particular, become more efficient for more numbers
of coordinates. The reference [3] is one such work in which Monte Carlo methods were
applied to solve the Boltzmann equation. However, the reduced-basis methods might also

prove efficient, since at least for the online stage, the underlying dimensions of the problem
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are reasonably small. A lot of work has been done by the Professor Anthony Patera group
and others in this regard. The research outputs of the group like [4, 5, 6, 7, 8, 9, 10, 11] give
us insight to the application of Reduced Basis methods for real-time, reliable computation.
In general, the distribution function F, may not be smooth even at low mach number, but
it appears that in some interesting cases either F is smooth or at least the singularity lo-
cation is not a function of the parameters. In such cases, the reduced-basis methods might
indeed work well. The references [12, 13, 14, 15] are few other research papers that deal with
the methodology of Reduced Basis methods . In this project we pursue the finite element
»truth” approach. A good description of the finite element method is provided in[16]. The
"truth” approximation is the solution upon which we build the reduced-basis approximation;
hence a variational approach for the former leads us naturally, to the variational approach
of the latter. The ultimate goal of the project is real-time,reliable prediction of microflows
for educational purposes, for design and optimization, for in-the-field parameter estimation

etc by the reduced-basis methods.
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Chapter 2

Strong form of the Boltzmann

equation

2.1 The original differential equation and output

In this project we consider the strong form of the Boltzmann equation which is 1-dimensional
with respect to both space and velocity. The corresponding independent variables are x in
[—1,1] (the spatial coordinate across the channel) and y (which is a molecular velocity in
a particular direction) in | — co,00[. We will denote our dependent variable related to the

distribution function as u(z,y;6). The equation governing u(z,y;6) is

3'& 1 1 oo 2
— + = ;0) — — I ' 0)dy') = 2.1
Ve + glulewit) == [ e uafsoi) = 1, (21)
with boundary conditions
ulz=+1y)=0 Vy<0, (2.2)
ulz=-1,y) =0 Vy>0. (2.3)

where 0 is a parameter (related to the Knudsen number) and f = % In fact, for this

particular scaling of the problem 6 is equal to twice the Knudsen number. We will take our

17



output to be

S(6) = %(%)/_1 /_00 e~V u(z, y; 0)dydz. (2.4)

S(8) represents the flow rate through the channel for a particular 8(for our particular scaling).
We can also observe that the boundary conditions of the equation are defined for y > 0 and
y < 0, but not y = 0; as we can see, at z = +1 the limit of u(x,y) as y tends to zero is
different from the top (y > 0) and the bottom (y < 0). In general, u may be discontinuous
when y = 0, at points other than z = £1. Hence, there is a singularity in the domain of
interest at y = 0. For future reference, we denote the open domain y > 0 and =z = [—1, 1]as

27 and the open domain y < 0 and z = [-1,1] as Q;.

2.2 The transformed differential equation and output

We define a weighting function 7(y) > 0,Vy € R and let

Uz, y) = p(y)ir(y) 2u(z, y), (2.5)
where 5
) == (2.6)

As we have already discussed, there is a singularity in the differential equation at y = 0.
In order to get a more accurate discrete solution, we need to transform the differential
equation as shown above. In this project,we solve the transformed differential equation for
a particular choice of 7(y) and compute the output in terms of this solution. There are two
distinct advantages of applying this transformation. One is that, using the function 7(y),
we can get a finer mesh in the vicinity of the singularity i.e. at y = 0. And the second
advantage is that, we can avoid the singularities in the weak form by choosing a 7(y), such
that it also cancels the terms depending on y that lead to a singularity in the weak form.

In chapter 4, we will discuss in detail, the choice of the 7(y) which achieves both the above

18



objectives. From equation(2.5), we have

u(z,y) = ply) "2 7(y)2U (,y). (2.7)

Once we substitute for u(x,y) in the differential equation in (2.1)with the expression in
equation (2.7)and simplify, we get

ya{p(y)‘%T(y)‘%U(w,y}}

v + 5lo) () U (s, )
“% [~ oy) AU ) = (28)
From (2.5) we have
yp(y)'%T(y)%%Z’y) %[ﬂ(y)'%f(y)%U(w,y)—
| o) ) U ) = 29
o) 2D 1 Zo) b)) - [ @)U )] = f,
(2.10)
Multiplying both sides of (2.10) with p(y)27(y)?, we have
e s L)) s [ sV = Wit
(2.11)

For the sake of convenience, we will represent 7(y), p(y) , U(z,y) , 8U<2’y) as T, p, U, U,

respectively. So, the final form of the differential equation becomes

<
<
=
_|_
D
¥
.
|
e
[ &
ﬁ
i
3
e
2=
=
2o
<
=¥
QE\
Il
B
[SIE
\]
LN
S~

(2.12)
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Similarly, when we substitute for u(x,y) in the boundary conditions in the equations in (2.4)

and (2.5) with the expression in equation (2.7) and simplify, we get

uwz=+1ly) = 0 Yy<0,
1

= p(y)_iT(y)%U(x =+1,y) = 0. Vy<O0
(2.13)

From the definition of p(y) in (2.6) such that p(y) > 0,Vy € R and the definition of 7(y)
such that 7(y) > 0,Vy € R we can see that u(z = +1,y) = 0, implies that

Ulz=+1,y)=0 Vy<0. (2.14)
similarly,

ulz=-1,y) = 0 Vy>0,
= p(y) Pr(y)* Uz =—1,y) = 0. Yy>0
(2.15)

From the definition of p(y) in (2.6) such that p(y) > 0,Vy € R and the definition of 7(y)
such that 7(y) > 0,Vy € R we can see that u(z = —1,y) = 0 implies that

Ulg=-1,y)=0 Vy>D0. (2.16)

Now, summarizing the transformed differential equation and the boundary conditions in

equations (2.17),(2.18)and (2.19) respectively, we have

1 o0 1
ryU, + 5[0 — ph / PAr3UdY] = phrif (2.17)

—C0

(S

Ulz=+1,y) =0 VYy<0, (2.18)

20



Ulz=-1y)=0 Vy>0. (2.19)

As far as output is concerned, on substituting the expression for u(z,y) from (2.5), in

the expression for output in (2.4), we get

50) = =] [ ¥ p U0,
~s0) = 3/ ' [ o0t ()20 o, i)y
= S(0) = /+/ 2T(y% U(z,y; 0)dydz; (2.20)

which according to our simplified notation becomes

/ / p272U(z,y; 0)dydz. (2.21)
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Chapter 3

Weak form of the Boltzmann equation

3.1 Definition of the Hilbert space of test function

Let X represent the continuous Hilbert space which satisfies the weak form of the Boltzmann
equation. For a well defined solution, U(6) to exist , U(§) must satisty the following condi-
tions. U(0) € X = {v | [T [ rvldyde < oo, [T [°° Ty*vidydz < oo}. The choice of

this Hilbert space will be discussed later in this section.

3.2 Definition of weak form and inner product

The weak form of the Boltzmann equation has been defined as shown below.It has been
motivated by the Stream-line Upwind Petrov Galerkin scheme:The references [17, 18, 19, 20,
21, 22, 23, 24] give us a good insight into the SUPG scheme.

(M

a®(U,v;0) = folv + Oyv, + pRT™ / piTIvdy,YU(6),v € X. (3.1)

—00

and the output
+1 o0
S(6) = % / / A3 U(8) dyda. (3.2)
! —0o0
23



where

1
a®(U,v;0) = 0d(U,v) + gm(U, v) + o(U,v) + b(U,v), (3.3)
+1
(U, v) / / Ty Upvpdyda, (3.4)
+1 i 1 1 +1 1 o0 1 1
bO(U;v)Zf [/ pmydey/ piTrvdy’|dz / [/ pﬁﬁyvzdy/ prT2Udy |dz,
-1 —00 —00 -1 —00 -0
(3.5)
m?(U,v) = m0(U,v) — m1(U,v), (3.6)
+1
m0°(U,v) / / TUvdydz, (3.7)
+1

m1%(U,v) = / [/ pZTZUdy/ piTivdy"dz, (3.8)

-1 —00 —o0

00 0

o®(U,v) :/ Tvady—/ TyUvdy, (3.9)

01:1 —00,—_1

1 o
:/ / P72 fudyder. (3.10)
=1J -0

For the evaluation of the output in terms of the weak form, by putting v = U in (3.1) and

also using (3.10) and the fact that f = 1, we get

1 [t o RN R
AU U;0) = 5/ / p%T%{U+0yU$+p57_5/ p272Udy }dydz,
—1J—c0 —o0

(3.11)

and then we have

1
(U, U0) = S(Q)—i—%// p2Ti0yU,dydz + // p{/ ,0272Udy}dydx
—1J=
(3.12)

24



Using the fact that f_oooo pdy = 1 and further simplifying we have

1/ e,
(U, U;0) = 25(9)—1—5// p2 20yl dydz,
~1J—oc0
(3.13)

Considering [ I p3720yU,dyde and simplifying it using the strong form in (2.17 ) and

the fact that [* pdy =1, we have

1

1 © 1
/ / p2720yU,dyds = / / piT 29{ TU+,027—%/ pErUdY + 2p272}dyd1}
—1J—00

= // prril dydaz—@// prriUdy du

—1J—

+—/ / pdydx =,

2 —-1J -0
1 o 1 1
// prr20yl.dyde = 6.
-1J -0

(3.14)

Using (3.14) and (3.13), we can express the output as

S(9) = %aO(U, U) - Z. (3.15)

The proper inner product/norm for this problem can be defined as

(U,v), = d°(U,v) + m°(U,v) + ¢°(U, v), (3.16)

such that
: (3.17)

o]l = (v, v)2.

25



3.3 Choice of the space X

The choice of the continuous Hilbert space X , has been made such that each of the terms
defining the weak form, are well defined and finite. Since, both U(f) and v are functions
belonging to the same space and also v is an arbitrary function . We can always choose v to
be same as U(#). In other words v = U(f)orU(#) = v. According to the definition of space
X, we know U(0) € X ={v | f_+11 2 mdydr < oo, fjll ffooo ry2vidydr < oo}

From the conditions used in defining X, we show below that each of the terms used in defining

the weak form are well defined.
+1 o}
d°(U,v) = / / 2 U v dydz, (3.18)
-1 —0o0
choosing U, € X and v, € X to be equal to some v, € X, we have
+1 [o8)
&(©,7) = / / Ty U, dydz. (3.19)
-1 —00
which is obviously finite and well defined from the definition of X. Now considering
+1 o]
m0°(U,v) = / / TUvdydz, (3.20)
-1 —00

Now considering m1°(U,v) and choosing U(f) € X and v € X to be equal to some v € X

then we have

+1 o0
m0°(7,7) = / / rotdyde, (3.21)
-1 —0o0

which is obviously finite and well defined from the definition of X. Choosing U(f) € X and

v € X to be equal to some v € X then we have

+1 < o0
m1%(s, %) = / { / pETE0dyY / p2r20dy" Ydz, (3.22)
-1 —0o0

—00
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Using the Cauchy Schwarz inequality we have

<[ wap [ papivas, (3.23)

-1 —0o0 —00
We already know from (2.6) that (f°_ pdy) = 1, so we have

m1°(5,5) < ( / ™ /_ T ritdy)hdr) (3.24)

-1 o]

Since,( % 7v?dy) is finite, by defination of the space X , m1°(7, %) is also finite. Now
considering 5°(U, v) and choosing U, € X, v € X to be equal to some vl, € X, v2 € X

respectively and U, v, to be equal to vl, v2,then we have

(U, ) = (U, v) — (0, v), (325)
~ o~ +1 e T ® .
v(v1,v2) :/ {/ pfffyvlzdy}{/ p27202dy}bdz, (3.26)
-1 —00 —c0
o +1 oo o
¥ (v1,v2) :/ {/ piﬂyvldy}{/ p2T202,dytdx, (3.27)
-1 —00 —00

Applying Cauchy Schwarz inequality on the terms b?(v1,v2) and b3(v1, v2),we have

+1 Rt 1 1 ~ o 1 1 ~
W (vl,v2) = / {/ pfﬁyledy}{/ pETIv2dy bdx
—1 —0 —o0
+1 e} i oo R 1 o0 il 0 ~ 9 1
< / { / ody)( / oLy / pdy' )3 ( / rRdy)yde,  (3.28)

1 —0o0 oo —00
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+1 o) [ele]
W (vl,v2) = / {/ p%réyvkldy}{/ piTIv2,dy}dz, (3.29)
-1 —00 —00

@) < [ U [ o[ mperagii [ st rontanae. 30)

-1 —00 o] —00 —00

Since, [*_pdy' =1 we have

B (vl,v2) < /_ 1 {( [ h ry2ul dy) 2 }{( /_ h 02 dy)% Ydz. (3.31)
by(vl,v2) < [ . {( / Tty /_ " o2 dy) . (3.32)

Since, (f:l(foooo ry*vidy)dz) and (fjll(ffooo Tvidy)dr) are finite by definition, (U, v) and

Y9(U,v) should be finite . Hence, 6°(U,v) is also finite. Consider the term o°(w,v) from the

equation (3.9) we have

00 0
AU,v) = / 'rvady—/ TyUvdy, (3.33)
0

=1 Aoo:c:—l

subtracting [~ 7yUvdy and adding f_ooo TyUvdy from the Right hand side of this equa-
r=-—1 r—1
tion, does not change the equation as both these terms are zero according to the boundary

conditions described in the equations (2.14) and (2.16). So, we have

o0 e} 0 0
(Uwv) = / 'rvady—/ TyUUdy+/ TyU'Udy—/ TyUvdy,
0 0

z=1 g=—1 g1 T

(3.34)
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Since 7 is only a function of y, this equation, in turn can be written as

[e9) 0
o®(U,v) = / Ty[UvP_lder/ Ty[Uv]L,dy,
4]

—0o0

= o(Uw) = / Ut dy,

o0 1
=o(Uv) = / Ty/ %dmdy,
oo Jo1 Oz

[e) 1 00 1
o (U,v) =/ / TvaZd:z:dy—l-/ / TyUvdzdy,
—o0 J—1 -0 J -1

So we have,
(U, v) = 0}(U,v) + 03 (U, v),

Where

1 00
ol (U,v) =/1/ TyUv,dydz,

1 oo
a3(U,v) = / / TyUzvdydz,
—-1J -0

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

In the simplification shown above, we can notice that the boundary conditions are implicit

in the term ¢°(U,v). This means that the boundary conditions are imposed weakly, in a

Neumann sense rather than dirichlet sense. Choosing U, v to be equal to ¥ we have

1 [e]
od(5,9) = / / TYOv, dydz,
—1J =00

29
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1 00
oJ(0,7) = / / TYyvU, dydz,
-1 -

(3.41)
From Cauchy Schwarz inequality we have
a(v,9) / (/ Ty v dy) 3 / Tﬁzdy)%dx,
-1 —00
(3.42)
similarly,
1 00 1 o L
o9 (7, 7) S/ (/ TY UQdy)E(/ T0%dy) 2 dx.
—1 J -0 —o0
(3.43)

From, the definition of space X, we can see that ¢9(U,v) and o9(U,v) are finite and well

defined. Considering the Right hand side of the weak form in (3.1) and (3.10)we have putting

b = v+9yvz+p%7_%/ pETivdy,
(3.44)
I 1 e 1 1 1 1 oo 1 1
fo[@]=/ / pfﬁf{v+9yvm+pff"5/ pr2vdy }dydz,
“1J-x —c0
(3.45)
On expanding we have
. 1 o
0®]=/ / p272 f{v + Oyv, }dyda+
—~1J—o00
1 Ly o0
/ { / prrzvdy / pdy}da,
-1 —00 —00
(3.46)
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simplifying the second term on the right hand side of the equation further by using the fact
that [* pdy =1, we get

1 o0 1 o0
Pil= [ [ srttosoyuagas+ [ 5[ phriodyyaa,
—1J -0 -1 —00

(3.47)
By changing the variable 3’ to y in the second term on the right hand side, we get
L 1 © L 1 o0 -
Pal= [ [ orirtoropavacs [ 5t pirhudyas,
—-1J—-00 -1 —00
(3.48)
Combining the 2 terms on the right hand side we get
-~ 1 1 o0 1 1 1 e 1 1
FPlo + Oyvg + 957‘5/ prTiudy’] = / / p272 f{2v + Oyu, pdydx
—00 —1J—o0
= fO[2v + Oyvy], (3.49)
Now assuming 2v + fyv, = 0 € X we get
R 1 L
fO[0) = / / p272 fodydz, (3.50)
—1J—-c0

Applying Cauchy Schwarz inequality on the above equation we get
. 1 oo 1 [o.] L
Prts [ s rapi( [ pdyyia, (351)
-1 —00 —0o0

From the definition of space X, we know that f_ll J%., Ttdydz is finite and also [°°_pdy’ = 1.
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Hence, from

Pl < / I8 / Z ritdy)idz,

(3.52)

we can conclude that fO[v + fyvg + p27 2 = prrivdy/] is finite and well defined.

3.4 Equivalence of the Strong form and weak form

From the definition of a®(U, v, #) in the weak form (3.1)and equations (3.4),(3.5),(3.4),(3.5),
(3.6),(3.7), (3.8),(3.9),(3.10) and (3.36), we have

+1
U, v;0) = / / T2 U vzdydz +
+1 +1 o oo
5{/ / TUvdyd:c—/ / piTEUdy/ pEiTzudy’dz} +
-1 J-o0 -1 J-0 —00
00 1
/ / TyUv dzxdy +
—oo v —1
oc 1
/ / TyUyvdady +
—oo v —1
+1 o o
/ {/ pETEydey/ prrivdy" Yz —

+1 oo
/{/ P”wvxdy/ piTiUdy Yz, (3.53)
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Rearranging,rewriting and combining various terms in the above equation we get

+1 oo 1 +1 oo
a®(U,v;0) = / / TyUz{va@yvz}dydx—i—g{/ / TUvdydx} —
-1 —0o0
+1 1 1 o0 1 1
—{/ / piTEl y'/ p27T2vdy"dz} +
/ / TOyUv,drdy +
-1
+1 ©
/ {/ prr iryl, dy/ p2r2vdy"}dx —
+1 1 1
[ ertendy [ pirivayyaay,

Further rearranging terms and combining them

+1 o] &0
a®(U,v;0) = / / TyU.{v + Oyv, + pi'r_?/ % 3 vdy" Ydydz +
-1 —00

—0o0

1 +1 o0

5{/1 / TU{v + Oyv, }dydz} —

1 +1 *© 1 1 o 1 1

f [ [ e ptrtvay s opayas),
-1 —0o0 —00

(3.54)

(3.55)

adding and subtracting %{fjll{ffooo p%T%Udy’}{ffooo p27ivdy”}dz from the RHS | we have

+1 00
"U,v;8) = / / TYUz{v + Oyv, + pz’f_%/ pE7T2vdy" dyds +
+1 -
5{/1 / 7U{v + Oyv, }dydz}
P R LR U SR
- 5{/ / piﬁ{/ prirzUdy H{v + Oyv, }dydz} +
-1 —00 —00
]. +1 o 1 1 o0 1 1
3] A privayy [ prheyyas -
-1 —o0 —o0
1 +1 e 1 1 & 1 1
@/ {/ pﬁTiUdy’}{/ piTiudy’ }dz,
—1 —00 —00

33

(3.56)



Rewriting the terms further

+1 oo o0
a®(U,v;0) = / / TyUz{v + Byv, + ,0%7’_%/ piTivdy’ Ydydz
-1 J—x —00
1 +1 00
+ —{/ / TU{v + Byv, }dydz}
+1 -
- —{/ / pETE / pZTZUdy Hu + Oyv, dydz}
+1 L -
+ —/ {/ p57'_57'Udy}{/ prrivdy’ }dx
+1
- = {/ p272Udy }{/ p272vdy" e, (3.57)

Combining the 4th term and 2nd terms in the RHS we get

+1 00 0
a’(U,v;0) = / / TyU,{v + Oyv, + piT s / prTrvdy" Ydydz
-1 —0oa v =

o0

1

1 +1 o0 1 o1
+ —{/ / TU{v + Byv, + pgT_i/ p’ r2udy’ Ydydz}

BN §

+1 oo
- 5/ {/ piTiUdy’}{/ pirivdy’ }da, (3.58)
-1 —_00 —00

1

r3{ / prriUdyY v + Oyv, Ydydz)

wl»—‘

Rewriting the last term of the RHS using the fact that [ fooo pdy =1
+1 e 1 1 o0 1 1
a®(U,v;0) = / / TyU v + Oyv,; + p57'5/ pr72udy” Ydydz +
1 L 1
/ TU{v + Qyv, + p T 3/ o’ Tzudy" Ydydx} —
+1 1 1 -
H / o[ phrivayy o+ o ayae)

_ 5{/11{/_00 p{/_oo paT%Udy/}dy}{/: prriudy’}dz,  (3.59)
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Rewriting the last term of the RHS

— o0

+1 0 &
a®(U,v;6) = / / Twa{v—i—Oyvz—l-p%T_%/ piTd vdy" }dydx

+ 51 / o+ Oy + o' [ g riudyYayan)
+1 1 1 1 1 -
——{/ / pzTz{ / p2rzUdy v + Oyv, dydz}
+1 1 1 1 1 o0 1 1 > 1 1
——/ {/ pITIp? ‘5/ pWUdy’}dy}{/ pr7ivdy" bz,

(3.60)
Combining the last two terms we have
+1 0 ) L
a®(U,v;0) = / / TyU{v + Oyv, +p§’r“5/ prrzvdy’ }dydr +
-1 —00 —00
1 +1 oo L 1 00 1L
—{/ / TU{v + Oyv, + p 7_5/ p Tivdy" }dydx}
+1 1 1 &0 1 1
-5 [ rtvayyoragasy
(3.61)
where
b = v+Oyv,+ p%T_%/ piTIvdy,
(3.62)
Combining all the terms in to one, we have
+1 o 1 1 1 e 1 1
a®(U,v;6) =/ / {ryU, + E{TU ~ p57’5/ pr72Udy' } H{0}dydz, (3.63)
~1 —00 —00
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From the definition of weak form in (3.1),(3.63) and equation(3.10) we have

+1 [es) 1 - 00 L
a®(U,v;0) = / / {TyUx+§{TU—p5T§/ pET%Udy'}}{ﬁ}dyd:c
-1 —00 —00
= f[o]
+1 oo 1
= / / pi77 f{0}dydz, (3.64)
-1 —00

On simplification we have

+ & 1 1 1 e 1 1
/ / {TyU; + 5{7’U — pifri/ p2riUdy'} — f} x {O}dydz = 0.  (3.65)
-1 —00

—0o0Q

As, v is any arbitrary function belonging to X. We can always choose a non zero v. The
same should hold good for © as well. Because, the above double integral is equal to zero for

all such arbitrary functions belonging to X. That implies that, the differential equation in

(2.12)is satisfied by U(6).

3.5 Mapping Transformation of weak form

3.5.1 Decomposed definition of the weak form
The problem can be decomposed into two different sub-domains as shown below.
D =zre[-1,1] x y €] —00,0] (3.66)
O, =ze[-1,1] x y €]0,00[ (3.67)
The original Hilbert space
+1 o0 +1 %]
U@)e X° ={v| / / Tvidydr < oo,/ / rytvidydr < oo}, (3.68)
-1 —00 -1 —00
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can be decomposed and expressed as

+1 40 +1 0
XY ={v]| / / Tvidydr < oo,/ / ry*vidydr < oo}, (3.69)
-1 —00 -1 —0o0

+1 o] +1 o
X% ={v| / / Tvidydr < oo,/ / ry*vidyds < oo} (3.70)
-1 0 —1 0

The solution U can be decomposed as shown below.

U = (U, Ur), where Ur € X?, Uy € XY Yoy € X2 and VYo € XY,

(3.71)
The weak form
QO(U],U[[,'U],U[[) = fO(U],U[]>,
(3.72)
has to be satisfied such that
ao : ((X] X X]]) X (X] X X]])) — R
fvo ; ((X] X X][)) — R. (373)
where
1
a’(wr, wa), (v1,v2)) = 6d°((wy,wa), (v1,v2)) + 577100((101,?02)» (v1,v2))
- gmlo((wlvwz% (v1,v2)) + 0°((w1, w2), (v1,v2))
+ bo((wlan)y (UI,U:Z))a
(3.74)
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further decomposing it we have

a*((wi,wir), (v1,02)) = 8{dp(wi, v1) + diy(wp, 1)} + é{mo(}(wh v1) + m07; (w2, v2)}
— M) 00) + (19 (w1, )}
— Iz, v1) + (1), )}
+ o(wy, v1) + o9 (wy, v1)
(), 0) + ()] Con,02) + (8w ) + (), )

— () (o, w1) = (1)1 (v, w1) — (00)1p (01, wa) — (B°)77 (v, w2)

(3.75)

Plusve) = Blon+ 8+ pbrt [ pirbody)

+ f?[[?}z + Oy(va), + p%’r”%/ p%T%vgdy']
(3.76)
where
do(('U)l,'bUg),(’Ul,’UQ)) = d(I)wla'Ul +d11(w2702)
dwy,v) = // Ty ( Jedydx
dyy(wa,v2) = / / Ty*(w2) 4 (va)zdydz
1Jo

(3.77)
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moo((wl,’wz),(vl,W)) = mOI w1, V1 +m011(w27172)

mO?(wl,vl) = // Tw v dydz
m0%;(wa, vy) = / / TWwavedydx
-1Jo

00((w1;w2)a(vlav2)) = 0?(w13U1)+0—(1)](w25U2)
0
U?(wl,vl) = —/ TYw v1dy
—XOg=—1

o0
0
or{wa,v) = / TYwavedy
01:1

Now lets consider the Right Hand Side from (3.1),(3.10),(3.87)

oo 1 1
/ prTiudy’] +

f?1[02+9y(vz)z+/?%’r—%/ pEiTiuydy]

oo

Folur,ve) = flor + Oy(vr)s + p

T

(1L
2

where

00 1 0
o+ Oy(vr), + p5'r_%/ pETIudyY ] = / / P72 f{2v1 + Oy(v), tdydx

—0o0 1 oo
[e] 1 fo'e)
firlve + 0y(v2)s + p%T_f/ p2TIudy] = / % %f{Q’Ug + 0y(vs), }dydx
—o0 -1Jo
mlo((w17w2)7 (U17U2)) = (mlo)f(wbvl) + (m10)§1(w17’l}2) +

(m1%)11(wa, v1) + (M1%)]] (w2, ve)
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(3.79)

(3.80)

(3.81)

(3.82)



(10w, v1) = / 1 (e, Jm 1% (. da
(1) (w,v0) = ml[ \(z, 1Y [ea(e, Vde
(1) (ws,v1) = / 1, fun(e, Nm1de (@, de
(1) (ws,v0) = _lmln[wm Y1 lea(e, Ve
(3.83)
where
m1%[wi (x, )] :/_(;P%T%wl(x y)dy'
mifilun(e, )] = [ phrhun(e. )y
miffnte = [ piriue )iy
m1%v(z, )] = /O " etz y)dy” (3.84)
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Rewriting (3.5)as shown below

B ((wy, ws), (v,v2)) = (bo)l(wl v1) + (0°)7 (w1, v2) + (B%)1p(wa, v1) + (8°)F (we, va)
6%)1(v1, wy) — (bO)H(Uz wy) — (%) (01, wa) — (8°)77 (va, wo)

/blO wi(z,.)))02% v (, .)]dz

()} (s, 01)
) = [ 1b1°[(w1<x Db lvalz, Jlda
itun) = [ o1l DI, o
(), v2) = / 1% (e, )10 s, e
o) = [ 028w, N1l ). de

-1

() (03, w1) = / 68w (2, D10 (v, ))alde

(6%) i1 (v, w) =

)Ly (vr, wn) = / b2 (e, NB1%] (01 (, )
/ 622, [ws(z, V161, [(va(z, ))e]dz (3.85)
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where

e, ) = [ iyt
il ) = [ " by (s (z, ) edy’
b2[vi(z,.)] = 0 pirivy(z,y")dy"
620, [ua(z,.)] = oop%T%UQ(w,y”)dy"

b19[(vi(z,.))a] = sy(un(z,y))edy’

TS ST T ST T
o)
5

B!
b1gf((val, ))s] = [ p2ry(va(z,y))edy’
0
bflwi(z,)] = | pEriw(e,y")dy"
(e, )] = [ phrhuste)ay”
0
(3.86)
In this section, we choose the parameter function 7(y) as
4
= — 3.87
(y) FESE (3.87)

and also apply a mapping transformation on the various terms in the weak form in order to
get a well defined and accurate solution . We will apply two different transformations for
mapping two different sub domains in (3.66) and (3.67). We apply transformations 77 and
Ty1,such that the original sub -domains Q9 , Q9; are transformed to the mapped sub-domains

Q; and Q7,which are defined in (3.88) and (3.89).

Qr=zxze[-1,1] x g €] —2,0] (3.88)

Qrr=x € [—1,1] X NI 6}0,2[ (3.89)
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Tir: Q9 — Qpp (3.91)
where
1y (2.9) = (o, 220 (3.92)
. _ (n1r)
Tir: (z,y) = (, m) (3.93)

Below, we consider each term of the weak form and apply these transformations.Lets start

with the computation of 7(y) and the jacobians %}% and a—?l%in terms of 5y and 7;; . From

(3.87),(3.92) and (3.93), Since in 9%,y < 0 we have

4
() = Pasiid 4
(S +D
4
T =
nr
_ 4y
=) = Har o
(3.94)
Ui
=— 3.95
7(771) 4(1+77[)4 ( )
Since in QY%;,y > 0 we have
4
(1) = =T
2—nrr
4
= 7(nn) = (A=
2—-n11
_ 4@2-—nu)?
= 1(ny) = 16
(3.96)
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(2 —nu)*

T(n11) = 1

(3.97)

Since, only one variable is being transformed in both the sub-domains, it is easy to see that

the jacobian is a simple derivative as shown below.

y(nr) = 2t
NI
2
= y(m) = 1+ —
nr
(3.98)
oy 2
-7 - = 3.99
_ nir
y) = 57 —
2
= - 1+
y(nir) pp——
(3.100)
oy 2
= 3.101
Onrr - (1 =nm)? (3.101)
Using (2.6),(3.92) and (3.93) we have
_(24np)?
¢ 7 (3.102)
2
e T 3.103
p(ni) = T (3.103)

Considering the various terms of the weak form as shown below.We have

Firstly, we will transform d$(wy,v1),d3;(wa,ve) to dr(wy,v1),drr(ws, v2) using
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(3.95), (3.97),(3.99),(3.101).

dtow) = [ | T<m>{2‘;I”’}f"(wl)z(vl)x(f—idmdx

1Jo
1 p-2 4 2
nr {2+n1} 2
= dj{wy,v :// w ) (V1) {—— pdnrdz
I( 1 l) ) {4(1+77])4} {77]}2 ( 1) ( 1) { ,'7%} Ui
(3.104)
On simplifying further, we have
(2 + np)?
dnrd 3.105
wlavl / / 2(1+77] (wl) (Ul) n1ax ( )

drr(wg,v2) = / 1 / i) (522 }2< 2)a(t2)a gmdnsdo

(3.106)

On simplifying further, we have

1 2 92
11 (ws, va) = / / ML (1) (vn)diprcs (3.107)
—1J0

Firstly, we will transform m0%(w1,v;),m0%; (w2, v2) to mOr(wy,v1),m0rr (w2, v2) using

(3.95),(3.97),(3.99),(3.101).

1 —2 ay
mOr(wy,v1) = / / T(nj)wlvlg—dmdx
— 1

e 2
=>m01(w1,v1) = {Zi—}wl’l)l —F}dﬂjdﬂ?
-14J0 I
(3.108)
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On simplifying further, we have

1 p0 2
nr
mO{wi,v1) = ——wvidnrdz 3.109
(w1, v1) /—1/—22(1+771)4 1v1an1 ( )

2
/ T 7711 w2v2—d77nd:c
niI

mOrr(we,v2) = /
1Jo
! (2 — 2
= mOrr(wz,v2) = / /{ u Jwav 2{——‘—2}d7711d$
140 ( I)
(3.110)
On simplifying further, we have
2
mOrr(wa, ve) = / / (—n—)wgvgdmldw (3.111)
Firstly, we will transform o%(wy, v1),09;(ws, v2) to or(wr, v1),071(wa, v2) using
(3.95),(3.97),(3.99),(3.101).
-2 2+ oy
oflwy, 1) = — T Wi ——d
1{wy,v1) /0x=_1 ()4 771 Jun 18771 Ty
-2 4
s 2+ 2
= ; = - wiv{—— 1d
ortusm) = = [ g e
(3.112)
On simplifying further, we have
0
nr(2 + )
o JU) = — ———Lwn v d 3.113
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2
5]
orr(wa,ve) = / 7'(7711){27”] Fway ydm,
0z—1 — N

]
2 2 o 4
= UII(w2>'U2) = Aml{( 47711) }{2 N1 }’wgvg{(Q )2 }d’l]]]
(3.114)
On simplifying further, we have
2
9 _
0‘11(w2,’1)2) =/ <—2—H—)nlw2’l}2d7’]]] (3115)
Ole
U o= v+ 0y(vy), + p%T_%/ pETiudy,
(3.116)
we have
A o 1 1 2+ Oy
fwl = [ [ et szn + 0y w0 D dnae
_ nr oy
_(np? )2
P 27;1 2 +
=il = [ [t e+ 0 ) - s
(3.117)
on further simplification we have
_(2+n§)2
. 1 0 e 203 1 2_+_,'71
frlon] = —1 5 Hf{2v1 + 6{ Hv1)s Ydnrdz (3.118)
~1J-2 74 (1+mn1)?
Uy = vy + Oylva), + p%'r_%/ P2TIUady
(3.119)
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Using the relationships (3.92),(3.93),(3.95),(3.97),(3.99)and (3.101)in

1

o . 5
frilta) = / / p(nrr)2T(nrr)- f{sz + 9{ Lt }(Uz)z}a—y'dmldx
-1 nir

nir

7]]
A e 20— 7)11) 2
I B e e e (R e ST
~1 i 2 2 — nr ( )
(3.120)
on further simplification we have
2(2 7711)
fultd = [ [ S o4 0 o)
-1 T4 — NI
(3.121)

On Using the relationships (3.92),(3.93),(3.95),(3.97),(3.99)and (3.101)in (3.84) we get

(2+"7N)2
"2
mlrfw] = / { il il pws ( 773/){—_2}0577}'
A e
// )2
2(2 7)11) (2 _ ,,7//[)2 2
mlfwe] = / { p 21 }wz(xﬁlﬁ){m}dﬁ}'z
(2+77H)2
2 e 27,1 nl[/Q , _2
mlf] = / { Wz }{2(1+n,)2}v1<a:,n;>{7ﬁ}dn?
T 20— n”) 2_77// 2
mlII[UQ] = /{ i ( 211) }U2(33a77}’1){( )2} 77
(3.122)
on further simplification we have
(2+n”)2
1
mlI w1 / { }1 1+’I’]”> }wl(x nI)dT] (3123)
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2'711>
mlpgfs) = / T eyt (3.124)

T4

(2+7I//)2
1 1Zi I
mlfo] / e b, (3.125)
! 771)
2(2 n”) I !
mlafe) = [ Yoot (3.120)
T4
1
mli(wi,v) = mlifwi(z, . )mlrvi(z,.)]dz
-1
1
mlfl(wl,vg) = ml;[wi(z,.)ml(ve(z, .)]dz
-1
1
mlﬁ,(wg,vl) = mln[wg(m Jmlrvi(z,.)]dz
ml%(wg,vg) = fmlH ’(UQ ]mln[vg(x )]

(3.127)

m1((wy, wy), (v1,v2)) = M1 (wi,v1) + M1 (wy, vs) + m1L, (w., v1) + mliH(we,vs) (3.128)
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On Using the relationships (3.92),(3.93),(3.95),(3.97),(3.99)and (3.101)in (3.84) we get

2+n )2
sl = [ 15— 2(17}:”})2}{(2;}m)}(wl(x,n}))x{;—;}dn}
€ 2(1 n”) (2 7711) 2 7
Ml = [ (o H i s Y, e s
-2 _%ﬂ}?i 12 _
szt = [ ¥ H s b)Y

2<2 III,I) 2— " 2 %
b2rr[ve] = /{ 1 ( 77 1) }U2($77711){<—2__'_'2‘}d7711

7771)

2+n 2

brl(o)e] = / & zf’ Ty (B ) e( 2

s 2(1 +m)t U

blll[(v2)x] _ /{ 2(2;11> (2 —2771[) }{(2 i[;h)}(w(x’nln))x{(?____
(2+"IN)2
-2 e 2nY/ "2 " -9 "
vorlun] = [ 4 - H g s Yo ) b

// )2
2(2 1”) 2_77// 2 9
b2r[ws] = /{ n ( 1) }Wz(m,ﬁyz){m

dT]”
T4 2 7711) ey

(2} )2 /

blr[(wr)e /{ 2;1 (flj—n;g)z}(wl(w»ﬂ}))md%
(77 »? /

aliwa)d = [ 1 m;” H g s Yl et
(2+7,”)2

o = [ (N ot
e
b211[va] = /OQ{EMTW}W(%TI?I)@?J

90

2

/
I

1)

2 }dn}I

(3.129)

(3.130)

(3.131)

(3.132)

(3.133)



2+71 )2

2”1 2 + 771) / /
b1y . 2,1))ud 3.134
o = [ E B (3.134)

et p?
2 e 277’11 77
s1a(n)e) = [ (= H g Yol )ty (3.135)
0 T (2 =)
(2+n1)2
277
b2 / £ s, (3.136)
2 e—z(TL"%Z " 7
b211[w2]:/{ }w2($,7711)d7711 (3.137)
¢}
b((w _ I II ' I7
1, wa), (Vi,v2)) = by(wy,vi) + by (w1, v2) + by(wa, v1) + by (ws, vs)

— bp(vi,wi) — b (vg, w1) — bi(v1, wa) — b (vg, ws)

) = [ Sl e, e
b (wy,vy) = / bLi[(wn (x, ))alb20i[vs(z, )] d

b{](wQ,vl) = 1bln[(wQ(x,.))x]b21[vl(x,.)]da:

bﬁ(wz,w) = bl]][(wg(l‘, ))z]b2u[v2(x,)]da:

H,L\\

9 b2r[wi(z, )bl [(vi(z,.))e]dx
b2rfwi(z, )]blrr[(va(z, )] dz

1
1

9 b2;r[wa(z, )01 [(v1(, .))s]dz

1b211[w2( )bl [(va(z, )] da (3.138)

bg(vla wl) =
b§1(v27 wl) =
bf](vh w2) =

b (g, wy) =

— e —

o1



3.5.2 Definition of the transformed weak form

From the above discussion, the Hilbert spaces of the transformed weak form can be written

as

+1
2
Xr={v| / / 1+ ot 2d771dx < 00, / {77_11:_})2 vidnrdz < oo} (3.139)

and

+1 p2 {2 — )2 10 2
X ={v| / / —2—v2d772dx < oo,/ / %Uﬁd?’]gdl‘ < oo} (3.140)
-1 Jo -1 Jo

The solution vector in the transformed domain should satisfy

U = (U[,U][), where Uj EX], U GXH; Yor € X1 and Yvr; € Xy

(3.141)
and the weak form
a(Up, Uror,vrn) = flor,vin)
(3.142)
where
a ((XI X XH) X (X] X XH)) — R
Fil(Xrx X)) — R (3.143)
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The LHS of the transformed weak form in the decomposed form can be written as

a(wy,ws), (v, 03)) = Hd((wl,wg),(vl,m))-i-%mO((wl,wg),(Ul,vg))—

%ml((wl,wg), (01, 02)) + o((wy, ws), (v1, v2)) + b((wr, wa), (v1,v2))

(3.144)

Then the complete transformed weak form can be written as
1
a((wy, wa), (v1,v2)) = 0{di(w1,v1) + drr(ws,v2)} + 5{m01(w1, v1) + mOyr(wa, ve) }

_ %{mﬁ(wl, o) + m1H (g, v9) + ML (ws, v1) + m 1 (ws, v2)}
+ or(wi,v1) + orr(wi, v1) + b (wy, v1) + 87 (wy, v,)

+ bl (wg, v1) + br(ws, vs)

— bi{vg,wi) — b (vg, wi) — b, (v, we) — B (va, ws)

Forum) = filor+ 0y(vr)s + phr= / prrhody]
o

+ fu[vg + 0y(va), + p%T_%/ pZT%’Ugdy’].

—0o0

(3.145)
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Chapter 4

Finite Element Discretization

4.1 Definition of discrete Spaces

We define the discrete space as follows
Xp={v € X,v|y, =a+bz,VT} € Tp} (4.1)

Where 7, represents a set of all quadrilaterals that can be used to discretize the do-
main.Where as T}, represents the set of rectangular elements used to discretize the problem’s

transformed sub-domains as shown in the Figure 4-1.

4.2 Definition of Basis function used

We choose the two node rectangular elements to represent our problem. as shown in the
Figure 4-1.The basis function corresponding to any node varies linearly with position x and
is a step function with respect to 7;/7;; with in the element containing that node in the sub-
domains Q; / Qj; respectively. We can define the 2 basis functions corresponding to the 2
different arbitrary nodes in the sub-domains Q; and 7 as shown in (4.6). Yi(nr), i (nir)
represent the step functions in the sub-domains Q; and Q;; respectively. Where as oi(x)

represents the standard one dimensional linear shape function. Mathematically,¢;(x;) can
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Quadrangulation of
Element 7,

Q, ,using T,
i L» 70 :thy
h,

X x

x=-1 x=1
mi=-2
Quadrangulation of
Q,, using T, Element 7,
72=2 |: t hy
2 . ,
hye
X
x=-1 x=1
7:=0

Figure 4-1: Discretization of the space using finite elements
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R

hx

Figure 4-2: Node locations in a typical element

be represented as
¢z($j) = 5ij, s.t. ¢z(£l3) € Xy (42)
where d;; represents the Kronecker delta function,which in turn is defined as

dj=1 , if i=]

0ij =0 , if i#] (4.3)
where as the defination of steps functions 9 (n;) and 9!’ (n;1) is as follows

$i(n) = 1 with in the element in

gb;(m) = 0 outside the element (4.4)
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zp]I.I(nU) = 1 with in the element in Qp

Yi'(n) = 0 outside the element (4.5)

Then the basis functions vy and v;; in the sub-domains Q; and ;7 can be defined as

vio= di(@);(n)
Vi = ¢i(35)¢f1(7711) (4.6)

4.3 Discussion of Node Numbering

The main aim of this chapter is describe the node numbering scheme and also introduce some
vectors which will be useful in evaluating the Stiffness matrix and the Right Hand side. In
each of the sub-domains, we need 2 indices, i and j to represent any node. The x-index, i of
a node with x-coordinate z; is defined in both sub-domains Q; and Q;; as

Z,_.’Ei-i-l
= hx

+1 (4.7)

where as the velocity indices, j and j’ are defined differently in both the sub-domains £2; and

Q7 respectively as

()t +2
y
and
(1)
./ _ J

where (77,-)3- represents the velocity coordinate of the line bounding the element j containing
the node, on the top, in the sub-domain (2; and (nn);, represents the velocity coordinate of
the line bounding the element j’, containing the node on the top in the sub-domain §2;;. Let

us say there are N, velocity strips in each sub-domain and N, nodes in each velocity strip.

58



This implies that there are IV, /N, nodes in each of these sub-domains.If we start the global
node number count from the sub-domain €2; an dthen proceed to €;;. Then the following
functions will map the local node indices of each node to the corresponding Global node

number. For the nodes in Qy, the function kN7 (i, j) gives the global node number as
Ni(i,j)=i+(G—1)*N, 1<j<N, 1<i<N, (4.10)
For the nodes in Qyy, the function N7;(4, j') gives the global node number as
NG ) =N Ny+i+ (' —1)N, 1<j <N, 1<i<N, (4.11)

Now let us define the vectors containing the corresponding velocity (transformed) values
of the lines bounding the velocity strips in either domain. The vector containing the cor-
responding velocity values of the lines bounding the strips from below in the domain €;

is

t1f =

L y J Nyx1

(4.12)
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and the vector containing the corresponding velocity values of the lines bounding the strips

from above, in the domain €27 is

24 h, |
—2+2h,

ol =

L <4 Nyx1

(4.13)

where as the vector containing the corresponding velocity values of the lines bounding the

strips from below, in the domain €,

oh,
3h,
t].II —

2 — 2h,
2 — hy

L <4 Nyxl1

(4.14)
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and the vector containing the corresponding velocity values of the lines bounding the strips

from above, in the domain Qy;

t211 —

L <4 Nyx1

(4.15)

These vectors will prove useful while evaluating the quantities depending on the velocity, in

order to set up the global stiffness matrix and the Right hand side vector.

4.4 Generation of local Matrices and vectors

To generate the entries of the global stiffness matrix we perform the following substitutions.

wi = Gp]
v = i)
Wg = ¢k@/)zn
vy = i’ (4.16)
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using (4.16)in (4.17) we have

dr(px] s pi})

di(wf, b))
D(N7 (5, 5), N7 (k1))

using (4.16)in we have

drr(outl”, ¢y’

drr(ox]’, i)

On simplifying further, we have

m0; (dr], pitb})

mOr(¢ryl, di))
MO (3, 5), Nf (k1))

On simplifying further, we have

mOrr(ws, v2)

m011(¢k¢{lv¢i¢;1)

NE

{

(2+771

¢k@/)z (¢z¢ ) dnrdz

<¢m e} / “”’ s ) W dns) =
(z,k>Td( )05 (4.17)
1 0 772
/_1/2 L ($ep Mo pitb] ) wdmrrda
/ (6)elb0)ed} [ ’7” @I W dnir} =
DG, k)T (5)05 (4.18)
- [ [ sisentosian =
= / P} / vl
= (z k) mo(j) il (4.19)
_ / ] D st g derd
= ([ an)f [ @il gty
= M(i,k)T(j)d5 (4.20)
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0
oot o)) = - [ HEMouionlin

SN )N D) = {ddilees}— / ”’“"1 Qufvlin
SN (i) NE (D) = 16, k)T () (4.21)

On simplifying further, we have

2
9 _

orr(wa,va) = ] —( Zn)mlwwﬂﬁu

Oz 1

2 pa—
I LT

SN, 1), Ny (kD) = {eilams H / wd}{’ My}
G (NG (i, 5), Nk, D) = o5, K)TE (5)65 (4.22)

Foawh o) = Filoew! + 0yl + phrd / phrigapldy] +

3 11 [T 1
Julpal + 0y(¢p} e + p27 2/ p27TEPabi dyf ]
_ (@24 )2

f(¢t Jl’ ¢’wﬂn) - /_1 /-2 nI 1 +7 )2 }f{2¢ﬂ/’ + ‘9{2 - m}(@?ﬁ;)x}dmdﬂc +

4

/1/ T 22— nu) f{2¢)z¢11+0{ 7711 }((]52 ) }dﬂIIdZL‘
(4.23)
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(24 )2

f(¢l¢j7¢l H = {/ ¢zdm}/ ;I )}¢ dnr +
2+1)2
([ @ute} [ o By, +
_LE

{/ ¢zd$}/ i 2f¢11d7711+

2<2 7Iu)
/ dx}/ mjm }Gf@b;”dnu

(4.24)
= FNF(0,5),1) = FRNFG, ), 1)+ 0FF (N7 (i, ), 1)
FN7(i,5),1) = 2fR1(G)CI(j) + 6fR2(:) Di(5)
FN7(,5),1) = FRNG(,5),1) + 0FR (N7 (i,4),1)
= F(N7(i,5),1) = 2fR1()C"(j) + 6 R2(:) Dy () (4.25)
on further simplification we have
(2+7]
mitadl] = [ i el >
I I !
mulotl] = {00} [ 2{W}wldnf (4.26)
mln[@d/h”]:/{ Yow!dnyy =
0
2 _2(277: ')2)
myloeol’] = {64} /O R WP (4.27)
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milga! / T LU

mlilgel] = {6:) / 5 )}w’ " (4.28)

ll 2
)

2(2 77,1/1) II
mlp ¢z /{ Yoa; " dniy

2(;77’;1)12)
mlnlpal’] = {6} / { Yty
(4.29)
mil (gl b)) = / ol Im1Y el de =
2+n >2 (2+n”)2
mil(ol, 60!) = { / buudo}{ / (e / oy e
(4.30)
MY(NF(i,5), N (k, 1)) = M (3, k)CL(5)CT (1) (4.31)
ml?(ﬁﬁsz]ﬁi%ﬂ) / m1;[gre] mlf] @2/) Nde =
(2+n )2 ()2
2’71 2@
mlf (o, 6l = | / trdsdo} / iy vlann / { Yol
(4.32)
M1(N (i, 5), N7 (k1) = M(i, E)CT (5)CH (1) (4.33)
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mil (el oul) = / Ll el Imil gl do =

((n}[)? (2+n§)2
mil (et b)) = | / bedsdn}{ / T g M / oo o
(4.34)
M1(N; (i, 5), N3y (k1) = M(3,k)CT(5)C (1) (4.35)
1
i (Gt splT) = / Gl 60} s
%”’—z 2(2“;3/;
w1 (gl b)) = { / drdidz}{ / (M / (T
(4.36)
MUNG (), Nk, D) = M5, k)CT (5)CM (1) (4.37)
(2+n )?
2n1 2+ ,
bl[( std)z / { i 77[ 1_'_771)) }((bsz) dn; =
(2402
_ 0 e 24+n1) i1
el = (0 [ (S Ho g (439
((nl )2)
bLyr[(ei)e] = / — ”’;}I)}wkw{%dm,ﬁ
(nu)
2 G_W 7731 II 3.1
Ll = (60 / (—Hg il an, (4.39)
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(24 //)2
—

0 27/} 1

T4
(2+a7)?

0 20
b2 lon)] = @/_2{6 Mol

B2r(o)’] =

B2rr(¢ap)’] =

bli[(pab])e) = /{

T (14 n7)?

7
: 6_2(277]71) Ir g 1
{ o dnf =
0 T4

17//2

2 6—2(7%,72 II 3. .1
¢z’/ { 1 }T/Jj dnr
0 ma

(2+n,>2
Kl (2 + n
= }{ L }(a‘a Dadny =
2+n )2

sl = (6 [ (M (2+"-’j)2}w;dn;

bli[(of)e] = /{

(2] )2
21:1 }{ ) )}(@w”) ANy =
<2+n )2

blil(eiz] = (¢1) / { { ("“) >}w”d

b2/(pl] = /0{6 Ty

: (2+77")2

1 T+ }¢k¢l dny =

(2+n”)2

277 1
b2ulutl] = o / — yidi]

I +17)
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2

//
T2 nu)

B2 (o] = / { Yoww dnf; =
T2 WH)
b2rlonill] = o / { Yot dn (4.45)
b((wi, ws), (v1,v2)) = b(wy,v1) + by (w1, v2) + by (wa, v1) + bjF(wa, v2)

- b%(vlywl) - b?’(vz,wl) - b{n(vl,wz) - bﬂ(vz,w:z)

(4.46)
<2+n )2
277 2 I 7
ot ow)) = ([ (6owudal / (Mot an)
2-!-17”)2
2/’ I
x{/{ 1 ,,)}wd}é
BN, N (k1) = Plisk mc’() (4.47)
<2+7>2
et ott?) = ([ (Gl / (N W)
% { / (T gy -
BN (i, g) Ni (k. 1) = (z,k>Db<>c”<.7> (4.48)
((n >2)
bt ) = / (¢)sudz} / — s By tang)
2+n)
x{/{ - ,,)}wdn}=>
B, ) Nk, 1)) = <sz£’<l>Gf<> (4.49)
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(n )2

bl o) = | / (én)udidi}{ / { mf”) m)}wz”dnn}
< { / { i "”> Voldnl,} =
BN ), Ny (k1) = <z,kz>D£1<l>C”(> (4.50)
(2+n )2
soutl oat) = ([ Goeonda)f / My
x{/j s ) =
BN (k, 1), N3(irj)) = Pk, i)DLG)CT () (4.51)
(2+n >2
v (opl’, o)) = { / (¢4)ordz}{ / G "”), )}wjfdn},}
2+n )2
A ) =
BN; (k1) N (ind)) = Pk, i) DI ()CT() (4.52)

I I I . 2 6_2(23}’/’) II 3 n
ot ety = {[ (@asudo} | (Yol
2+n )2

@)
A A gy

BT (k, 1), N} (i,5)) = Pk,)C" ()D;(5) (4.53)
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b (bl druf!)

{ / (60)etrdr} { / (L

(2+n )2

i

2n i7: 77/
y {/ { - 2( 11), )
Ui
BN (k, 1), N7, (3,7)) = f’HC”(Z)D ()
~ 1
M (¢, ¢:) :/ oppide 1<k<N, 1<i<N,
-1
[ he ke ]
3 6
fide _hI Ltr
h3 23 h3 0
he 2hg hg
6 3 6
M =
he 2hy kg
0 o e h
[
.. 6 3 Na XNy

[ 1 _1
b he
12 1
hs ha hax
12 _1
e R TR
D=
1
0 -

70

0
2 L
ha ha
-1 1
he he

Npx Ny

n”)
1 }wz”dn 133

o i} =

(4.54)

(4.55)

(4.56)

(4.57)



01(dr, di) = {Ixbile=—1} 1<ESN;, 1<iSN,

10 . . . 0
00
or = 0
o . . . . .0
L 4 Nz XNy

U}I(¢k:¢i) = {¢k¢i|z=1} 1 S k S Nza 1 S 7 S N:c

0 L. 0
o= 0
00
o.. . .01
L Jd Nz XNy

R1(¢;) = { /_ll@dx} 1<i<N,

71

(4.58)

(4.59)
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(4.61)
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(4.63)



N IHP"

>
8

.
]

ol

4 Npx1

(4.64)

R26) = { [ (@)ade} 12i<N, (4.65)

4 Npyx1

(4.66)

P00 = [ 11<¢k>z<¢i>dx I<E<N, 1<i<N, (4.67)
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D=

el
Il

_1
2
1
0 5 0
1 1
2 0 2
0 1o -1
1 1
2 2 I nNyxN,

121 2

7 (2

/ ) 4d77[ 3
111 2(1 +nr)

IT} (t2§ ) —IT}! (t1§ ),
1 1 1

C2t+1)2 6(t+1)3  2t+1)

217 o

= /] QI—Idn =
11t 2

= IT{ (2] — IT; (11})),
t3

G
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2 (2 4 np)?
2:2 ] = t/( ______225___61 =
0(]) t1§ 2(1+771>4 nr

Too(d) = IT(t2)) — IT50(t1)),
1 1 1

ITL (1) = - _
mo(t) 2t+1)2 6(t+1)3  2(t+1)
t2l! 2
. i (1 —
TTIn{J(]) = / wd’flnz>
i) = T2l - 1T ()
2 —t)3
iy = -2
24
, 2+ny)
R e B
ar 20T+ )

T,() = IT;(t2)) — IT, (1),
1 1

1T,) = RIESIERETES))

257 9
1) = [ By,
¢

T (j) = IT/(2)") — ITH (¢1}),
3 2

ITHY = —=
0 =5
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C1(j)
C(4)

ed0))

74 I I
IC (¢, 115, 12])

(€'()

In (4.75) we calculate (C*)!(4) using 2 point gauss quadrature to approximate C’(3)

(247%)2
_____‘5_

125 o 2
/ g3t =
w1l T (1 + 77[)

—t1{ I
m
I 7
t2]’ —tlj

2t+t11 32!

—0.5( y2
o {(t2§—t1§)2} 2
_1 T 4(t — t1)l)2 (t2§ — tljl.)
2t—t1 12l
—0.5 2
/1 (2! - t1l)e Gal—aT =0 )
-1 27&@ — t1§)2

1
I I I

1

~05( ey L
(tQJI‘"tlJI.)e a2l -2t

213 (t — t11)?

2+
V3

1
ICY(——=, 11l 12y + 10X

V3

I 4ol
7t1j, t2])
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II II II
1CM (¢, 4117 21T

(C*)Il(j)

(mip?
A
" ——W% NI

2t — t111 — 21!
t2 — 11

at—¢117 _gol!

=0.5( ot )?
1, sealT—a1lT 3 9

dt
-1 7T71f (t2§[ B ﬂ;‘,)

ap—g1IT _4oll

/_ L mr2ll — )

1
II IT 4 oIl
/_ 167 (¢, 4117 #2MT)dt

1

II_ oI
ot—¢141 _¢2l
_0'5(3t2 t1 2t :
2e EA

i (t2 — 1)

1 1
11 IT 4oIl 11 1T yoll
167 (— =, 112, )+ ICT( 2ty 2 )
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In (4.75) we calculate (C*)!(j) using 2 point gauss quadrature to approximate C!(;)

Di(5) =

n o =

Dy(5) =

Dy(j) =
ID'(¢, 11} 128) =
(D)) =

In (4.77) we calculate

, ~<2+n’5)2
# e I 2+,
= My gy
nl  wE(1+n;)? 2m
I I
2t — 11 — 121
t2§—t1§

2t+t1L —3s2l

—0.5(— J rz 2
/1 e Gmar=at) {(t2§—t1§)2} 2 {2t+t1§.—3t2§
1 T 4(t —t11)? © (128 — 1) " 2t —22F — 1!
2t—t1 127

i "5 N2
0'5(3z2j -tlj72t)

/1 (12! —t1])e 2t t17 — 3¢2!
-1 omi (¢ — t11)2 2t — t2f — ¢1!

1
1 1 1
/_1 1D (t,11], t2])at

2t—t1, —t2;

I I
(2! — 1]y
J J

21 (¢ — t11)2

2t + t1§ — 3t2]
o2t — t2§ — tlg

{

1
ID'(——=,t1},t2]) + IDI(L,ﬂJf.,&Jf.)

V3 V3

(D;)X(j) using 2 point gauss quadrature to approximate D} (j)
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Dy’ (5)

1
N1

11 11 11
ID" (¢ 8111, 1217)

(D;)™(7)

_(mfp?

il T y

Ui
[ Mgty =
¢ Ui

1
1JU T4 - II)

2 — t1§f — t2]1.’
II Il
t2f — 1

e

-0.5
/1 e (3:2j ~t1; —Zt) ) }{ 2 — tlgl _ tQJ]-I }dt
1 ni {(t2§1 — 1) 32l — 1l — 2t
I L L
1 26_0'0(&2}141}17%) of — 111 — olI
{ J J }dt
/_1 W%(tzgl — t117) 3t2f7 — 111 — 2t
1
17 17 II
/_lID (t, 111 ¢21hydt
2t—t1{1_¢pld
—0.5(—rLtar )"
% (3z2j —t1} —Zt) { 2% — tlj]_[ _ t2][~1 }
1 11 II
1 1
II 17 Ir 17 II I7
ID"(~—=, 1131, 2]1) + ID" (==, 1 12]) (4.78)

In (4.78) we calculate (Df)/7(4) using 2 point gauss quadrature to approximate D{'(j)

4.5 Stamping procedure used to general global quan-

tities

The stamping procedure is shown below

Nx=2/hx + 1; %total number of nodes in each strip.

Ny=2/hy; %number of strips in each sub-domain.

% The generation of D_bar is computed by superimposing the

contributions of D_I(wil,v1) and D_II(w2,v2).

function[I1]= N_I(4,j)
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I1=i+(j-1)*Nx ;

function[I2]= N_II(i,j)
I2= Nx*Ny + i+(j-1)*Nx ;

D_bar=sparse (2*Nx*Ny, 2xNx*Ny) ;

for i=1:Nx
for j=1:Ny
for k=1:Nx
for 1=1:Ny
I1=N_I(i,j)%generation of global node numbers
J1=N_I(k,1);
I2=N_II(i,j);
J2=N_II(k,1);
if(j==1)
D_bar(I1,J1)=D_bar(I1,J1)+ D_til(i,k)*TI_d(j);
D_bar(I2,J2)=D_bar(I2,J2)+ D_til(i,k)*TII_d(j);
end
end
end
end
end

% The generation of MO_bar is computed by superimposing
the contributions
%hof MO“{I}(wi,v1) and MO"{II}(w2,v2)
MO_bar= sparse(2*Nx*Ny, 2*xNx*Ny) ;
for i=1:Nx

for j=1:Ny
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for k=1:Nx
for 1=1:Ny
I1=N_I(i,j);%generation of global node numbers
J1=N_I(k,1);
I2=N_II(1,3);
J2=N_II(k,1);
if (j==1)
MO_bar(I1,J1)=MO_bar(I1,J1)+ M_til(i,k)*TI_m0(j);
MO_bar(I2,J2)=M0_bar(I2,J2)+ M_til(i,k)*TII_m0(j);
end
end
end
end
end
% The generation of Sg_bar is computed by superimposing the
contributions of Sigma(wl,vl)
%hand Sigma(w2,v2)
Sg_bar = sparse(2xNx*Ny, 2xNx*Ny) ;

for i=1:Nx
for j=1:Ny
for k=1:Nx

for 1=1:Ny
I1=N_I(i,j);%generation of global node numbers
J1=N_I(k,1);
I2=N_II(i,j);
J2=N_II(k,1);
if (j==1)
Sg_bar(I1,J1)=Sg_bar(I1,J1)+ SgI_til(i,k)*TI_Sg(j);
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Sg_bar(I2,J2)=Sg_bar(I2,J2)+ SgII_til(i,k)*TII_Sg(j);
end
end
end
end

end
% The generation of M1_bar is computed by superimposing the
contributions of M1_I_I(wi,vl),
ML_I_II(wi,v2), M1_II_I(w2,v1) and M1_II_II\textsc{}(w2,v2)
M1_bar= sparse(2*Nx*Ny, 2xNx*Ny) ;

for i=1:Nx
for j=1:Ny
for k=1:Nx

for 1=1:Ny
I1=N_I(i,j);%generation of global node numbers
J1=N_I(k,1);
I2=N_II(i,j);
J2=N_II(k,1);
M1_bar(I1,J1)=M1_bar(I1,J1)+ M_til(i,k)*C_I(j)*C_I(1);
M1_bar(I1,J2)=M1_bar(I1,J2)+ M_til(i,k)*C_I(j)*C_II(1);
Mi_bar(I2,J1)=M1_bar(I2,J1)+ M_til(i,k)*C_II{(j)*C_I(1);
Mi_bar(I2,J2)=M1_bar(I2,J2)+ M_til(i,k)*C_II(j)*C_II(1);
end
end
end
end
%» The generation of B_bar is computed by superimposing the

contributions of b_I_II(wl,vl)
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%b_I_IT(wl,v2),b_II_I(w2,v1),b_II_II(w2,v2),

b_I_I(vi,wl), b_I_II(v2,wl),b_II_I(vi,

%hand b_II_II(v2,w2)
B_bar= sparse(2*Nx*Ny, 2xNx*Ny) ;
for i=1:Nx
for j=1:Ny
for k=1:Nx
for 1=1:Ny

w2)

I1=N_I(i,j);%generation of global node numbers

J1=N_I(k,1);
I2=N_II(i,j);
J2=N_II(k,1);
B_bar(I1,J1)=B_bar(Ii,J1)+
B_bar(I1,J2)=B_bar(I1,J2)+
B_bar(I2,J1)=B_bar(I2,J1)+
B_bar(I2,J2)=B_bar(I2,J2)+
B_bar(J1,I1)=B_bar(J1,I1)+
B_bar(J2,I1)=B_bar(J2,I1)+
B_bar(J1,I2)=B_bar(J1,I2)+
B_bar(J2,I12)=B_bar(J2,I2)+
end
end
end
end
% The generation of RHS
F_check=zeros (2xNX*Ny, 1) ;
for i=1:Nx

for j=1:Ny
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P_til(i,k)*C_I(j)*Db_I(1);
P_til(i,k)*C_I(j)*Db_II(1);
P_til(i,k)*C_II(j)*Db_I(1);
P_til(i,k)*C_II(j)*Db_II(1);
P_til(k,i)*C_I(1)*Db_I(j);
P_til(k,i)*C_I(1)*Db_II(j);
P_til(k,i)*C_II(1)*Db_I(j);
P_til(k,i)*C_II(1)*Db_II(j);



I1=N_I(i,3);
I2=N_II(4,3);
F_check(I1,1)=F_hat(I1,1)+2f*R1_til(i)*C_I(j)+
theta*f*R2_til(i)*Db_I(j);
F_check(I2,1)=F_hat(I2,1)+2f*R1_til(i)*C_II(j)+
theta*f*R2_til(i)*Db_II(j);
end

end

% Computation the stiffness matrix

A = sparse(2%NxxNy, 2*Nx*Ny) ;

A = theta*D_bar+(1/theta)*(MO_bar-M1_bar)+Sg_bar+B_bar ;
% Solve for U=(U_I;U_{II})

U = A\F_check;

4.6 Computation of output

The output can be computed in terms of the solution U as

1 )
S40) = 50(((]1, UH)Q,(UI,UH)‘B;@—Z
5¢(0) = %UTAU—g. (4.79)
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Chapter 5

Finite Element Results

5.1 Result showing the weak imposition of the bound-

ary conditions

The results in Figure 5-1 and Figure 5-2 are obtained by setting hz = 0.0714 and hy = 0.05
in the Finite element code,when § = 0.1905. The dependent variable U is plotted on Y-axis
at x = +1, where as the transformed velocity is plotted on X-axis. From the graph we
can clearly tell that the Dirichlet boundary conditions are imposed weakly, in the Neumann
sense. From Figure 5-1, we can see that U(z = —1,y) # 0 for all velocities, y > 0, due
to the imposition of this boundary condition. For the first few points when y > 0, though
U(x = —1,y) # 0,it quickly decays to zero as the value of y starts to increase in magnitude.
This is a definite indicator of the weak imposition of the boundary conditions. Similar

argument holds for the other boundary condition U(z = +1,y) = 0 for all y < 0.
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U at x=-1 for Theta=0.1905
1.8 - ! ! ! ‘ f

1.6

U at x=-1

0.8+

velocity

Figure 5-1: The evidence of weak imposition of dirichlet conditions at x=-1

U at x=+1 for Theta=0.1905
1.8 T T T T ik T

1.6

1.4

U at x=+1

0.8~

0.4

0.2r

velocity

Figure 5-2: The evidence of weak imposition of dirichlet conditions at x=+1
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Theta =0.1905 (uniformly spaced 29 points in x direction);( 80 unifrorm strips in the velocity direction)
32 T T T T T
| —e— FEM output
| ——Research paper output| |

ak,,,

28

INd
ES

n
L)

output integral

Figure 5-3: Comparison of the FEM output results with the output results published in the
paper [1]

5.2 Comparison of the output results with the ones in

the literature

The results in Figure 5-3 are obtained by setting hz = 0.0714 and hy = 0.05 in the Finite
element code for the theta values ranging from 0.1905 to 200, as given in the research paper
published by Daneri and Cercigiani.In this plot, we compare our FEM output results with
the ouput values published in the research paper. As we can see,the results seem to be in

good agreement.

5.3 Convergence results of the output

The results in Figure 5-4 and Figure 5-5 can are plotted in order to verify the convergence

rates by comparing with the expected convergence rates. In the Figure 5-4, we plot the
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Figure 5-4: Convergence in the ouput with respect to hx:The ’o’ are data points from the
results, where as the line is a reference line of slope 2.

logarithm of absolute error in the output with respect to a very fine mesh (hx = 0.05, hy =
0.0667) against log(hz) by fixing hy = 0.0667 and varying hx as hz = 0.1,0.1333,0.2.In
the Figure 5-5, we plot the logarithm of absolute error in the output with respect to a very
fine mesh, (hz = 0.04, hy = 0.0667) against log(hy) by fixing hz = 0.04 and varying hy as
hy = 0.08,0.1,0.1333. From both Figure 5-4 and Figure 5-5 ,we can tell that the numerical
convergence rate of output agrees with the theoretical expectation with respect to h, and is
O(hy)?. Where as, we get super-convergence with respect hy, i.e. O(h,)?, where p > 2 and

not O(hy)z.lt is not very clear, why the we get super-convergence with respect to h,.
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hx=0.0667
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log(error in output)
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Figure 5-5: Convergence in the ouput with respect to hy:The 'o’ are data points from the
results, where as the line is a reference line of slope 2.
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Chapter 6

Reduced Basis Methods for

Boltzmann equation

6.1 Reduced Basis estimation of output

6.1.1 Parameter Grids

It shall be convenient to introduce parameter grids that shall serve us subsequently in several
contexts. We first define as T = [#™", §™*] where 6™ = 0.1905 and 6™ = 200. We can
now express our parameter domain as D, = 7.

We then consider standard (“linear”) grids. Towards that end, we introduce the set of

M’ equi-spaced points between 2™ and 2™

Ghg [zmin omex] = (51 22, .., ZM)
- CBY
] min J— max min . /
z.]?M’ = =z +—Ml_l(z -z ), 1S]SM
We then define the grid over D, Zi8, ¢ D, C R, as
Elji\?/ == Gl]tzll [emin, emax] (6.2)
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—=lin

Note that there are M’ points in Z4%. We now consider logarithmic grids. We first introduce

Glﬂcj[g, [zmin, Zmax] 7

GRE[min pmax) = {21, 2%, ... 725}

6.3
j — 1 zmax ( )

In{
M -1

Inzj, = Inz™"+ Zmin), 1<j< M.

This grid is equi-spaced in “log,” which is often advantageous within the reduced basis ap-
proximation context; more generally, the “log” spacing represents equal relative increments,
and thus represents better coverage for parameters that vary over a large range. We can

=log

then define grids over D,, E45 C D, C R, as

=l 1 min

Enp = Grplo™n, 0] (6.4)
note EII\(}g, contains M’ points. We also define a particular test grid (biased neither towards
“log” nor “lin”).

—test __ —lin
=

=1
= Zpreo00 Y 5135:200 ) (6.5)

Note that =t contains 2M’ — 2 points.

6.1.2 Projection

We are interested only in solutions that reside on the low-dimensional and smooth para-
metrically induced manifold, M = {(ur,ur)(8) | 0 € D,}. Hence we can hope to achieve
significant dimension reduction, and ultimately significant computational economies, if we
focus our approximation space “around” M. (Our finite element space, X, even if adaptively
generated, is unnecessarily general — X can well approximate many functions not on our
manifold of interest, M — and hence unnecessarily large and ultimately unnecessarily ex-
pensive for purposes of prediction of (uz,urr)(6) and s(6).) In particular, we can hope that
any element of the manifold M, (us,ur)(#), can be well represented by some very small

number N of pre-computed elements of M, (ur, usr)(01),. .., (ur, urr)(0); the (ur, urr)(6"),
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1 < n < N, are often referred to as “snapshots.” We first introduce, for given positive
integer N, a parameter sample Sy = {0*,6%,...,6"}. We then define the reduced basis

space Wy (of dimension N) as the span of the snapshots,
Wy = span{(ur, ur)(0™"),1 <n < N} . (6.6)

The reduced basis approximation (u;, urr)n(8) € Wy C X is then given by simple Galerkin

projection,
a((ur, urr)n(8), (vr,v1r); 0) = F((vr,v11)), Y (vr,vrr) € Wi, (6.7)

We may then evaluate our approximation to the output as

sn(f) = %a((ulauﬂ)N(9)7 (ur,urr)n(6));0) — Z (6.8)

6.1.3 Orthonormal Basis

For the reduced basis space Wy, the conditioning of the reduced basis stiffness matrix — with
basis set {(ur, urr)(8")}n=1,. v — increases (and must increase) quite rapidly as N increases
and the reduced basis error decreases. This can, in fact, limit the attainable accuracy. It
is thus of interest to choose a different set of basis functions for our space Wy. In fact,
as we shall see, a simple (appropriate) orthogonalization suffices: we shall pursue standard

Gram-Schmidt orthonormalization with respect to the (-, - ) inner product of (3.16).

Our new basis set for Wy shall be denoted {(;}i=1. n. We first set

G = (ur, urn)(0Y)/ || (ur, urr)(0Y)|] (6.9)
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Then, fori =2,..., N,

-1
z o= (ur,un) (0 ;Cw ur,urn)(8)) G (6.10)

G = a/lal

(In practice, (6.10) can be replaced with full orthogonalization.) It is clear that, through
this construction, we ensure ((;,¢;) = i, 1 <i,7 < N. Note that we must still assume that

dim(Wy) = N, as otherwise the orthogonalization will break down.

We now express (ur,urr)n(0) as

(ur, urr)n Z/@Nn ¢(e") 5 (6.11)

the By ,(0), 1 < n < N, are the coeflicients of our orthonormal basis functions (n, 1 <n <N,

It then follows that the 8y ,(8), 1 <n < N, satisfy the algebraic equation

N
> (. 6i0) Br(0) = F(G), 1<i<N; (6.12)
7=1

the reduced basis output can then be evaluated as

1
sw(8) = Sal(ur,um)(6), (ur,uir)(0);6) - 5 (613)
6.1.4 Offline-Online Computational procedure
We now express (ur, urr)n(0) as
N
(ur, urr)n(9) = ZﬂNn(())C(@”) ) (6.14)
j=1

the Bnn(0), 1 < n < N, are the coefficients of our orthonormalized pre-computed solu-

tions/snapshots ¢("), 1 < n < N, in terms of which we define Wy and which serve as our
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basis functions. It then follows that the Sy ,(8), 1 < n < N, satisfy the algebraic equation

N
> alC(67),¢(6);0) Bu;(6) = F(C(67), 1<i<N; (6.15)
j=1
Here a involves the N-dimensional pre-computed (finite element “truth”) solutions, and
hence the operation count for the formation of the stiffness matrix (and right-hand side)
in (6.15) will ostensibly scale with . However, in the offline-online context, we can “lo-

calize” this N-dependence to just the offline stage. From (3.3),we can rewrite the term

a(C(67),¢(6%);6) of (6.15)as shown in (6.16)

(GO, C0:0) = Od(C(E),C(8):0) +
SmO(C(8), C(6°);6) -

Sm1(C(), C(6):6) +
(), C(6):0) +
H(®),C(6);0)

(6.16)

Note that, in general, the reduced basis stiffness matrix a(¢(67),¢(6%);60), 1 < 3,5 < N,
will not be sparse. In (6.17) We define a matrix Z which has the orthonormalized solutions

¢(6"),1 <i < N as its columns.

Z =[C(0"),-..,C(OM)nww (6.17)

From (6.15),we can see that the reduced stiffness matrix in terms of the stiffness matrix and

Z as shown in (6.18)

An®) = ZTAB)Z (6.18)
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Using (6.16)and (6.18),we can express the reduced stiffness matrix in terms of the stiffness

matrix contribution of each term in the weak form.

1

1
0Dy + =MOy — =M1y + 6Ny + By

An(9) 7 7
where Dy ZT'DZz
MOy zZTM0Z
M1y ZTM1Z
&N VAN YA
By z'Bz
(6.19)
Ex(0) = ZTF}+607Z"F? + Z7F}, + 02" F}, (6.20)
An(0)Un(8) = Fn(6) (6.21)
The reduced basis output can then be evaluated as
1 g
sn(0) = 5‘1((“1,“11)(9), (ur,urr)(6);0) — 1 (6.22)

6.1.5 Offline-Online Computational strategy

Here we present the offline-online computational scheme
o Offline

1. Choose N

2. Choose sample Sy
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3. Construct orthonormal basis Z

4. Construct Dy, MOy, M1y,6x5,Bn,ZTF}, ZTF2, ZTF}, and ZTF3,.
¢ Online

1. Form An(8), Fn(6)

2. Solve An(6)Un(6) = Fy(6)

3. Evaluate the output Sy(6)

6.1.6 Online operation count for output evaluation

From the computational strategy, we can see that, the formation of the reduced basis stiffness
matrix from the reduced matrices requires 5 N2 multiplications and 4N? additions. Where as,
the formation of the reduced Right hand side requires 2V multiplications and 3N additions .
Then, the solution of the reduced basis coefficients , requires %N 3 operations, assuming that
we use gauss elemination . The evalution of the output requires N + 1 multiplications, N — 1

additions, 1subtraction, 1 division. So, the total online operation count is %N 349N2+7TN 42

6.2 Greedy Algorithm

6.2.1 Motivation

For tensor product parameter samples/reduced basis spaces, our field dimension reduction
from N to N will often be eroded as the parameter dimension P increases. There in fact is
no way in which we can completely eliminate the dependence of N on P (for some fixed error
tolerance) for our class of problems. However, fortunately, there is an “adaptive” fashion by
which to rationally create non-tensor-product parameter samples/reduced basis spaces; and,
even more fortunately, it appears (empirically) that, even for larger P, these unstructured
spaces provide very rapid convergence in N — more rapid convergence than tensor-product
samples which, in effect, ignore the underlying parametric manifold M.
The ability of reduced basis methods to converge exponentially on these unstructured /sparse

samples/spaces is yet another reason that reduced basis approximation is often preferable to

97



“connecting the dots” and directly approximating s: D, — R; the latter requires scattered
data approximations that, in particular in higher dimensions P, are difficult to construct
and often perform /converge quite poorly. In some sense, we would like to choose our “snap-
shots” — the (ur,urr)(6%), 1 < n < N — to be maximally different (a concept that can be
readily though not uniquely articulated mathematically). There are two issues that must
be addressed in order to transform this idea into a practical algorithm. The first issue is
that it may be very difficult to find N maximally different functions on M: the problem is
combinatorial in nature, and hence very (very) expensive. To address this issue we settle for
a “greedy” algorithm that sequentially finds a “nezt best — maximally different — snap-
shot”; although clearly suboptimal, greedy algorithms often perform quite well — and in
some cases can be shown to roughly preserve the good convergence properties of the optimal
construction. The second issue is that it may be quite expensive to evaluate the “difference”
in order to choose the next snapshot: greedy algorithms require a training sample (also
known as a “dictionary”) of candidates from which to choose the next snapshot; for larger
P, this dictionary can or at least should be very large, leading to prohibitively large offline
computational expense. In future work, the later should be addressed with a-posteriori error

bound.

6.2.2 Algorithm

With this preamble, we can now present the algorithm. We will require a large training
sample =" (for example, =" = Elj\cjlg,zm, or perhaps a Monte Carlo sample) and a de-
sired/prescribed minimum error tolerance € min- 1Then, given a sample Sy, associated
reduced basis space Wy (and orthonormal basis set {(;}i=1,..,n), we choose AN+! — which
train

is then appended to Sy to form Sy, and hence Wy, — as that parameter value in =

that maximizes our error e} (), defined as

e30(8) = s(6) — sn(0), (6.24)
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from which We conclude the process at N = Ny, for which the maximum error e} (f) over

=tain jg equal to the desired minimum tolerance, €01 min-

Mathematically, we first choose (in some perhaps arbitrary fashion) 6" and hence S; and

W, and (;; we also compute €; = maxzesin A$(6). Then

G1. While é€n > €tolmin:

G2. ONF! = arg maxgian €3(6);
G3. Engy = ey (ONTh);

GA4. Npax = N + 1;

G5. N« N+ 1.

There are many steps implicit in this simple loop. In particular, after G2., we must update
Snt1 = Sy+0n41, calculate (ur, uy (BN to “form” W41, construct the new contribution
to our orthonormal basis set, (n41, and — in anticipation of G2. in the next pass through
the loop — calculate all the necessary “Sy41” online quantities for both our reduced basis
prediction and associated error. We note here a practical point: as we proceed from N
to N + 1, we should only compute the necessary incremental quantities — the incremental
“arrowhead” contributions to the various online inner-product arrays required for the reduced

basis prediction and error with respect to Finite element truth.

Related to this last point, we observe that the algorithm in fact generates not a single
space (Sn,..), but rather — at no additional offline cost — a whole sequence of nested
samples (Sy € Sy C -+ Sh,..), nested spaces (Wy C Wp C - C Wi, ), and nested basis
sets. In the online stage, we may choose N € {1,..., Nymax} “on the fly” to match the desired
accuracy requirements (e.g., in the parameter estimation context), and simply extract the
necessary reduced basis online “inner products” (for the stiffness matrix, output evaluation,
and the reduced basis error as subarrays of the stored (Nmax) quantities. We note that én
in fact provides us with a guideline for how we might choose N as a function of the desired

ITOr Eto] (> Etol,min)-
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Reduced Basis error VS Number of Basis vectors
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Figure 6-1: Convergence of Reduced Basis results with Classical Orthogonalized basis vectors

6.3 Reduced Basis Results

6.3.1 Convergence of Orthogonalized Reduced Basis

In the Figure 6-1, we plot the Convergence of the absolute maximum online error versus
the number of orthogonal basis vectors chosen from the orthonormal sample space Sy.The
parameter Sample spaces Sy are chosen such that Sy = Eiﬁﬁ for M' = 10,20,...,140.

. : —test _ =lin —log
Where as the online test space is defined as =*%" = =7/ _00 U E572000

6.3.2 Convergence of Greedy Algorithm-based Reduced Basis

In the Figure 6-2, we plot the Convergence of the absolute maximum online error versus
the number of orthonormal basis vectors chosen by the greedy algorithm from the training
sample space Sy = Zlin_ UZPE_ - for tolerance values g, = 107%,107%, 107,107 1°.

: g - = -
Where as, the online test space is defined as =** = =Zlin,_  UZP%_, 0

100



Maximum Online error for greedy tolerances of 1e-4,1e-6,1e-8,1e-10

error in output
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Figure 6-2: Convergence of Reduced Basis results using the Greedy Basis vectors

6.3.3 Comparison of online timing with the Finite element solu-
tion timing

In the following table, we compare the average time taken to compute the Finite element

output to the average time taken for online output computation. Solving the mesh where

hy = 0.0714 and hy = 0.0500 using both Finite element method and Greedy Algorthm based

Reduced Basis and comparing the timings

Avg. FEM time greedy tol Avg.online time

le-4 0.0785e-3 s
1.0119e+3 s le-6 0.1178e-3 s
le-8 0.3926e-3 s
le-10 0.4711e-3 s

,we can see that a lot of computational time is saved.
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6.3.4 Scope for future work

There is a lot of scope for further research on this problem. Firstly, we can save a lot of offline
computational effort by developing rigorous a posteriori bounds. This way, we can avoid
computing the true error. We can also extend the problem to higher dimensions. Currently,
with the 1-d model of the Boltzmann equation, we can model very few practical problems.
To make Boltzmann equation more applicable to practical problems, we need to solve it in

higher dimensions.
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