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ABSTRACT

Wave-current intefaction over slowly varying depth is studied by
considering two ektreme-cases. In the first case the current is ass-
umed.to affect the waves without being affected'by them. Using the
method of Multiple Scales; the wave §nvelope is found to satisfy a
cubic Schrodinger equation with variable coefficients. Benjamin-

Fei;'s side band instability criterion is extended. By ﬁumerical

- integration, the evolution of a sech profile‘over §ariable depth and
curreﬁt is found and, Djordjevic and Redekopp's assumpticn of cons-
e?vatioﬁ of the shape sf a soliton déscending a»shelf is assessed.

In the second case; a second order meaﬂ current is assumed to be gene-
rated by a slowly varying wave group. The method of Multiple Scales and
the method of Averaging are used to find the governing equations for the
mean current and mean free surface displaceﬁent. They are shown to yield

equivalent results. The free surface displacement is decomposed into an

averaged mean set down, plus two different waves: one locked to the wave

envelope and the second forced by the depth variation. Depending on the



angle of incidence and the water depth, éhe later can either be trapped
in the region of varying depth or radiate progressive long free waves
outside that region. A numerical computation using a. 'Hybrid Element

Method' is performed to find the forced waves. '

Thesis Supervisor : ﬁr. Chiang C.‘Mbi

Title : Professor of Civil Enginéering



ACKNOWLENGMENTS

I would fikertd express my gratitude to my thesis advisor and sup-
efvisor, Professof Chiang C. Mei whose encouragements and enthusiasm
were Qery helpfull for the coﬁpletion of ﬁhis study. This work was |
deﬁelopped in a close cooperatiée effort with much discussioans and
inté¥actions. These have always been a constant source of insight and
guidance.

I also want to'thank Ms. Laureen Lucszcz who typed'this'thesis
with much pé:ience ;nd effiéiency. |

This'reseatéh was sponsored Sy the Office of Naval Research, Contract
# N00014-80-C~0531 , and the National Science Fouﬁdation, Grant #

MEA 707-17817 AO4 . |



TABLE OF CONTENTS PAGES
Title Pagé o ‘ . 1
Abstract ' ~ 2
Acknowledéments | } 4
Table of Contents 5
‘Part I: Evolution of Surface Wave Packets Over Slowly Varying 8
Depth and Current
1. Introduction 9
2; Governing Equations ' . 11
2.a. Governing Equations for the Current 12
2.b. Governing Equations for the Waves : 14
3. Derivation of the Evolution Equation ' 19
3.a. Multiple Scale Procedure ) 19
3.b. First brdér Waves : . . - 22
3.c. Second Order Waves . ‘ 23
3.d. Third Order Waves 26
3.e. Evolutioﬁ Equation : | ' } 30
4. Wave Packéfsover an Unevén BottomvProfile and a 35
Stationary Curreﬁt
4.a. Proﬁerties of the Stationary Current.. 35
4.b. Wave Kinematics 42.



II.

'80'

4.c. Evolution Equation

4.d. Generalization of Stokes Waves

4.e. Side Band Instability

Numerical Approach

5.a. Numerical Method

5.b. Check of the Numericﬁl Resulﬁs

5.c. Geometry of the ProBlém

Propagatiqn of a Wave Packet Over Varyiné Depth
6.a. Djordﬁevic—Redekopp's Solution

6.b. Numerical Results

Propagation of a Wave Packet Over Varying Depth and Current

7.a. Suberitical Current

'7.b. Supercritical Current

7.c. ‘Subcritical Opposing Current

Conclusion

. Figure Captions

Generation of Second Order Long Waves in Water of Varying Depth

1.

2.

Introduction

Governing Equations for the Mean Current and Set-Down
2.a. The Multiple Scalg Method

2.b. The Averaging Method

Generation of Forced Vaves

3.a. Locked Waves on Constant Depth

3.b. Forced Waves on Variable Depth

45

- 48

49
58
58
62
65
69
69
71
89
89
92
95
101

104
109
110
112
112
117

124
134

136



6.

Numerical Procedure

4.a. Numerical Method

4.b. Check of the Numerical Results
Numerical Results

5.a. Linear Depth Variation

5.b. Canyoms and Ridges |

Conclusion

Figure Captions

Appendix Al

~ Appendix A2

Appendix Bl

Appendix B2

References

142
142
146
149

149

162 .

170
172
175
179
187
188

199



PART I :

EVOLUTION OF SURFACE VAVE PACKETS OVER

SLOWLY VARYING DEPTH AND CURRENT



1. Introduction

Wave propagation in near shore waters is often affected by depth
variation and current. This interaction is of practicai interest in
somé co;stal engineering problems. At a harbor'entrance, strong
currents can be induced by tides, by a river flow of during'storms
by local wind. Waves propagating in the same direction as a current
are lengthened anﬂvflattened while waves propagating in the opposite
direction are shortemned and Steepeﬁed. These effects can be enhanced
by the existence of submarine ridges and thegefore can present serious
hazards to navigation.

Tﬂé evolution of progressive gravity waves on large scale currents
was studied fiést by Longuet-Higgins'and Stewart (1960-1961) who intro-
duced the concept of radiation stress. The use of Whitham's approach
based on averaging a Lagrangian and the introduction of the concept
of wave action(Bretherton and Gafrett (1968)) have~furthér improved
the understanding of wave-current. interaction. A general survey by
Peregrine (1976) gives mbre details of previous work. So far the study
of waves moving over.g current has been made within thg limits of the
linear theofy,.our'ﬁnfpose ;s to derive a nonlinear extension of the
equation of conservation of wave action for the case of waves prop-
agating on a stong currenf_over variable depth. We will focus on
strong currents which affect waves but are not affected by waves,
and assume , as is frequently the case in nature , that the char-
acteristic time and distance of the current are much greater
than those of the wave$ . The method used to solve the problem

is an extension of the method used by Djordjevic and Redekopp



 (1978) who studied nonlinear evolution of a wave packet moving ovef
variable depth, and the method used by Mei (1982) who showed that
the fesults of linear theory for waves-current interaction, obtained
by using Whiﬁham's method can be derivgd by making use of the method
of multiple.scales; This method has the advantage of showing
explicitiy the small parameter € and the assumptions made.

Turpin bégan this wbrk in his M.S.thesis(1981).Because of some
ﬁissing terms in the third order wave, the governing equation he
found was not consistentvwith the linearized limit. Therefore,
he assumed the value of some of the coefficients of the governing
equation, in 6rder to avoid the.inconsistency. Usiﬁg this equation,
he then computed numerically, the evolution of é soliton over variable
depth and current, for some césés.‘ The purpose of this work is to
derive the correct goverﬂing equation and to perform.a cbmprehensive
numerical study. |

A nonlinear cubic Schrodinger edﬁation with variable coefficients
is shown to goﬁgrn ﬁhg evo;ution of waves amplitude. In the case of
a stationary current ; slight géneration of Stokes wave train pro-
pagating on variaéle depth is found. These waves are shown to be
unstable in the region where k(&+h) is larger than 1.363 (k is the wave
" number, h the depth, § the.free surface displaceﬁent due to the current).
This result corresponds to the well known Benjamin-Feir (1967) instability..
The evolution of a soliton propagating in the same direction or in the
obposite direction of a statiomary current, over variable depth is
then computed nuﬁerically, usiog the finite difference method with an

implicit schéme of the_Crank?Nicholson type as applied by Yue (1980).
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2. Governing Equations

We cpnsider a unidirectional progressive wave packet moving on
the free surface of aAcolinear current aiong the x-direction. The
depth h = h(x), 15 measured from the still water level and is allowed
to véry along the direction of propagation. The vertical z-axis is
oriented upward. We restrict the study to weakly nonlinear Qaves
propagatingvover an intermediate depth i.e. the amplitude of the
waves is assumed to be much smaller than their wavelength, while
the depth is assumed to be of the same order:

€ =ka<<1l - u = kh = 0(1) (2.1)

,whefe k and a are the characteristic wavenumber and wave-amplitude of
the waves, It is further assumed that the current could be much stronger
than the waves and hence the current is not affected by the waves while

the waves are affected by the current at the leading order i.e.:
U =0 (/gh)  and (u,w) = 0(ev/gh) (2.2)

where Uc is the horizontal current velqcity, u and w the horizontal
and Qértical compounents of the wave velocity.

As is frequenti} the case in nature, the current Ces the depth
h, the wavenumber k and the wave period 2m/w are assumed to vary
much more slowly than the waﬁe induced velocity, pressure or dis-

placement. Let introduce the slow coordinates

X, = €X x, = ezx tl = gt t,=¢€ t (2.3)

we have

11



-> -> : i
Uc = Uc (xz,z,tz) h= h(xz) k= k(xz,tz) w = w(xz,tz) (274)

while thg wave related quantities depend on both fast and slow

coordinates:

> >
u= u(x,xl,xz,z,t,tl,tz) | (2.5)

2.a. Governing Equations for the Current
| We first consider the cﬁrrent ﬁc = (Uc,Wé) without waves.
Following Mei (1982) we show that if the current is weakly rotational
then the horizontal component Uc, and the free surface displacement
Ecrare governed, at the order 0(54), by Airy's equations.
Considering the fluid to be inviscid and incompressible, the

current then satisfies Euler's equationms:

U |
-55{-""—3-2—- =0 . . ' (2.6)
U r1ij i} 3P

c c c 1 c
7 Pleax *Ye: “"om 2.7
W W W P

c, < e _1_¢c_
32—7+>Uc ox + wc 9z  p 2z g _ (2.8)

Since the current depends on the coordinates X5 2 tz the operators

%Eu and'g;. are 0(62) while the'ope;ator %Z' is 0(1) when acting on

a current related quantity i.e.

1 %W 1 W 1 an U,

= 0(e?), L —C =
kU 3x B wi_ 3t kb dx 0(e), kU, 3z 0(1) (2.9)

Using (2.9), the continuity equation (2.6) gives:

Relpzaey) = 0 (2.10)



Integrating with respect to z the vertical momentum equation (2.8)

we find that, at the order 0(54), the pressqré is hydrostatic:
P_ = 0g(§ - 2) + o) | | (2.11)
where £ = E(xz, tz) is the elevation of the free surface above the

water level due to the current. If we further assume that the current

is weakly rotational in the horizomtal direction

BUC 3W '
Q‘-az—-&—=0(€) | (2.12)

we then deduce after using (2.10) that the horizontal component of the
current could be considered to the fourth order to be independent on

depth:
U =.U(x t,) + 0(:-:4) (2.13)
c 2° "2 _ . *

Plugging (2.13) and (2.11) into the horizohtal momentum equation yields:

U L y8U Lo 38  oh
T US + g5z = 0(e) (2.14)

The Einematic boundary conditions on the free surface and at the sea

' bottom are:

W, = -g% + U -g—i z = E(x,t) (2.15)
- |
w =-p 38 BRRIC (2.16)

Integrating then the continuity equation (2.6) and using the boundary

conditions (2.15) and (2.16) we obtain:
£ 42 [uEm] = oeh | (2.17)

Equations (2.11), (2.14) and (2.17) are the so called Airy's equations.

N



They can be written in terms of the slow coordinates

) ) 2 _

-3-52—-» T UE) = 0(e) (2.18)
%U—-+U-gg—2+g-a§—=0(€) (2.19)
B = pg(E-z) + 0h) - (2.20)

The vertical current component can be found by integrating the continuity

equation from z = - h to z

U _ dh_
wc(x2’z’t2) =g ((z-l-h) Frale

U) + 0(e ) (2.21)
2 %,
2.b. Governing Eqﬁations for the Waves

T=
(Uc + u, wc + w), the total pressure PT = Pc + p and the total free

-
When we superpose waves on the current, the total velocity U

surface elevation ET = g 4+ 1n are governed by Euler's equations with appro-
priate boundary conditions. [The lower cases variables are related to
waves, the upper cases variables are related to the current]. The wave

related quantities (ﬁ,w,p,n) are 0(g) and'depends on the fast coordinates

. ]
(x,2z,t) so that the operators %;,-%;, 3¢ are 0(1) when applied to these

quantities.
i. Continuity and Momentum Equations

Continuity equation:

14



3(U ) B(W_+w) | - o
= ez 0 (2.22)

Since the current satisfies a similar equatioh (2.6), we have

Su  dw _ - . _ )
=t3z°0 (2.23)

x-momentum equation:

3(U_+u) 3(U+u) (U rw) | 3(2 p)
3t (O ) (2.24)

using the x-momentum equation satisfied by the current and the approxi-

mations (2.10) and (2.13) we obtain:

du au 3u du du 8u_ _13p
Y 3% U =7t Wa 3z T U 5% = twas = 3x + O(e ) (2.25)

z-momentum equation:

BW ) AW +w) (W +w)
—— + (U, + u) + (W) —go— = - = ——— g (2.26)

using the z-momentum equation satisfied by the current we have:

L ow W aw AY 8w '.a_‘l.=...l.ie. 5
vt UST W u gt ru gl = - 2R 0() (2.27)

If we take the second derivative with respect to z of the vertical component

of the current given by (2.21), we find that

2%

X . ot | (2.28)
322



' Finally taking %; (2.25) + -%; (2.27) and using the approximations for

the current (2.10), (2.13) and (2.28) and the continuity equation for
the waves we get the governing equation for the wave pressure

2 2,
Vp = ~20( D) g:§:+2§;:gu}—h<z<g+n - (2.29)

ii. Boundary Conditions
The kinematic condition at the sea bottom is:
@ +W-a=0 - (2.30)

where g is the normal at the depth profile at the point x. Using the fact
that the current satisfies a similar condition (2.16), the waves should

satisfy the following equétion:

w=-u3= on z=- h(x) | _ (2.31)
It should be noted that since u is 0(g) and %2 is 0(&2), the vertical
velocity at the sea bottom is (83)

w= 0(83). on z = - h(x) (2.32)

From the kinematic condition (2.31) we want fo infer a boundary condition

for the pressure. For this purpose we differentiate (2.32) with respect

to xX: .
ow dh 3w du dh
3x " dx Sz - " xax T °<€ ) on z=-hix) (2.33) .

The x-momentum equation at the order 0(€2) reduces to:

zgz -g%q-uggu)(e) x (2.34)

The z-momentum aquation (2.27) applied at the sea bottom with the conditions

(2.10) and (2.32) gives

16



19 _ 3 ) ) 4
-E§-=-§Y£+U-al;'+w—8§-+0(s) on z = - h(x) (2.35)

Using the kiﬁematic condition at the bottom of the sea, (2.31), (2.33)

and (2.16) and the continuity equation (2.6) and (2.23) into (2.35) gives

1 dh 9 3 4 | |
-Ega-a(-a-%+U§§)+0(s) on z = - h(x) (2.36)

we finally combine (2.34) and (2.36) to obtain the boundary condition

for the pressure

| -g% - - %%’; +0e)  on z=-n (_2‘-37)

The kinematic condition at the free surface (&#n) is
ﬂ-a%rﬂ_-!-(Uc+u)§§1%ﬂ)—==wﬁ+w on z=E+n ' (2.38)

Since the waves induced displacement 1 is 0(c) we expand -ﬁc’ U and P
in Taylor series about z = §

U (x, B, £) = Ux,t) + O(e)
W

Helx, B, ©) = WG, + 0]+ 06t (2.39)
u(x, &n t)'=..u(x E,t) + n = -i-l‘-z-—z—u + 0(eh
‘ 9z'z=§ 2 822 2=E

similar equations to (2.39.c) are obtained for w and p. Substituting these
expansions into equation (2.38) and using the kinematic condition '(2 15)

and the continuity equation (2.6) gives

17



2 2
an 98 on oU ow g 0 onou _ n_ 3w 4
3t T YA +U3x My tvingy-ug “axaz*'z‘az"z‘*q(e)

on z = § (2.40)

The dynamic boundary conditions at the free surface (Z+n) is that
the total pressure doesnot vary following the fluid motion along the.

free surface i.e.

B(Pc+p) a(P ) (P _+p)

—— + (Utu) + (W_+w) -—-5-;’—- =0 onz= &n (2.41)

plugging the previous expansions (2.39) into (2.41) and using the expression

for the pressure Pc given in (2.11) and the continuity equation (2.6) we

have:
2 2 .3 . 2 2 .3
3, 3p .0 p L ,3 dp,Un 3p ..,
3¢ T N 3tez T 2 grU e * gt Tz et
otdz 9z ox
,
3p Ju 3 3 Ip ow 32 3
ﬁa‘pi‘r*“” EE YRt az“’"azg*pg“ ax*W‘a'P‘
2 .2
pgn—g-g- pg(wn g‘; -'-‘i--z—-%) = 0(c™
Z .
on z =_€‘ | (2.42)

In conclusion, the governing equations for the waves are given by (2.23),

(2;25) and (2.29) with the boundary conditions (2.37), (2.40) and (2.42).

18



3. Derivation of the Evolution Equation
3.a Multiple Scale Procedure
The depth and the current vary slowly in space and time so the par-

ameters characterizing the waves will change over the same scales, i.e.
k= k(XT) w=wXT | (3.1)

where X = x, = ezx, T= t2 = ezt. The variation of the wavenumber k and

the frequency w are related by the law of conservation of wave crests:

ok , dw ' ' "

5T Tax - © | | (3.2)

We shall restrict our attention to slowly varying wave packet of
lehgth 1l/e, propagating in a fixed frame at the group velocity qg(X,T),
therefore, by following Djordjevic and Redekopp (1978) we introduce the

multiple scale variables:

dx
T-E(Jw—t), X , T . | (3.3)

since we are dealing with progressive waves, for small enough € we can
expand the wave pressure, velocity and free surface elevation in the

following form:
o n
p(x,z,t) = L e I Pn (X,T,T,z) e
n=1 m=-n "0

im¢ (3.4.2)

e’ I n__(Z,1,7) im¢ (3.4.b)
n=1 m=-n

n(x,t) =

It 8

where ¢ is defined by:

19



—aia -a-?.-a.'-
R T (3.5)
and since all the left hand side quantities aré real we havé:
P .ot ok ' '
n,~m Pn,m nn,-m nn,m . : ' (3.6)

where (°)* denotes the complex_ conjugate. The expaﬁsions for u and w
are similar to Eq. (3.4.a).

We substitute the expansioné (3.4) into the governing equations
' (2.23), (2.25) and (2.29) and the Soundary conditions (2.37), (2.40)
and (2.42) and then separate-terms of different ordérs and different
harmonics. It should be note& that the multiple scale method implies

that the derivatives with respect to space and time are

a.o za:. ao 3. Qe 2 a'o :
x % %X - %z 9z EC T (3-1

when applied to quantities related to the current, but they become:

s . £33 , ., 23 | -
- +>(imk)* + Cg,aT + € = ° (st)
2
2 2 2imk 3 2 3 1 9 3k

+(-m k) + ¢ a—= + €° (2imk 5= + + im ==¢) (3.9.a)
ax2 cg T 3K ng - X
3+ 9= : .
3z 3z | ‘ | | (3.9.b)
3 € 9 2 3 v
3 eI TR e g (3.9.¢)

20



when applied to quantities related to the waves .

t
For the nth order and m h harmonic we then obtain the following set

of equations:

32 22
(2.29) » (g;i -mk) an‘= Inm | -h<z<g (3.10.a)
3Pnm
(2.37) -~ Pl Jnm z = - h(x) (3.10.b)
imk o
(2.25) » -imo Unm +T an = Knm -h<z<g (3.10.¢)
| awﬁm
(2.23) + 52 + imk Unm = an -h<z<g (3.10.4)
(2.40) - -imo Mo ™ Wﬁm = Mnm z =g ' (3.10.e)
(2.42) ~ im0 P__ - pgW__ = N z=¢ (3.10.£)

nm nm nm
where the right hand side terms are lover order terms and are listed in
Appendix Al and © ié the intrinsic frequency of the waves: 0 = w-kU.

The procedure of solution is as follows. Once the problem at orders
;,2,...n—l are solved, we use (3.10.a) and (3.10.b) to find the pressure
an for m = 0,1,...n, then (3.10.c) and (3.10.d) to find the horizontal
and vertical velocity Unm’ an and (3.10.e) to find the surface displace-
ment n_ . Finally by substituting the previous results into (3.10:f) we find
a solvability condition which determines the arbitrary functions introduced

at lower orders.

21



3.b First Order Solution

Solving the set of equations (3.10) for the first'order and zeroth
harmonic wave, it is found that the pressure PlO is not dependent on 2z

i.e. P10 ( X,T ,T) and that there is no vertical velocity 1i.e.
WlO =0 | : | (3.11)

At the first harmonic the usual linear wave solution is found. In
particular the pressure, wave velocity and surface elevation are

- glven respectively by:

cosh k(z+h)

P11 " A cosh K4 | (3.12)
.k , cosh k(z+h) '
: U11 po A= osh kd ‘ (3.13)
- ikA sinh k(z+h)
' w11 = po cosh kd . : (3.14)
' A , | _
N1 e » (3.15)
where_
d=g+h ! (3.16)

denotes the mean water depth including the current set-up. The wave-

length is also found to satisfy the following dispersion relation

0% = (w-Uk)% = gk tanh kd (3.17)

22



‘At this point the amplitude of the waves é% (X,T,T) the zeroth
harmonic component of the preSsure.Plo (X,T,T) and of the horizontal

velocity UlO (X,T,T) are still unknown. We need to go to higher order

to find their governing equationus.
3.c Second Order Solution

At the second order zeroth-harmonic, Eqs. (3.10.a) and. (3.10.b) can be

solved to yield the pressure

on - - kzléiz cosh gk(z+h) +v£20(X,T,T) (3.18)
pPo ;osh kd : .
where E?O is an_arbitrary func;ion of X,T,T which will contribute to the
meén pressure. At the zeroth harmonic the left hand side of Eq. (3.10.c)
is zero, and implies that |

3

Uo_ 1 o ~ o (3.19
9T ,o(cg-U) 9T ' :

This equaticn also shows that the horizontal, first order velocity has

no z dependence. Integrating Eq. (3.10.d) with respect to z we then

obtain: :
U
10
w20 = - -g-z%-r'!—)- =57 _ (3.20)
g .

The remaining two equations (3.10.e) and (3.10.f) give :

an '
w B M .—S}‘Eg on zZ = g (3.21)

20 c;
(ce-m) *F10
—ng20 =¢ 3T on z = § (3.22)
g

Eqs. (3.19) - (3.22) imply that
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U on oP
10 10 _ 10 _
5T 0 37 " 0 T 0 Wzo = (3.23)

UlO’ nlO’ P10 are therefore three arbi:rary'functicns of X,T which

represent a current of order €. By assuming that far downstream

(T » + ) their values are zero, we can take these arbitrary functions

to be zero, i.e.

Uio ™Mo = P0=0 . (3.24)

Similarly the first harmonic of the second order wave is obtained by

setting n = 2, m = 1. The solution of (3.10.a)Aand (3.10.b) gives

P

iA
- cosh k(z+h) _ "¢ sinh k(z+h)
21 D(X,T,T) cosh kd Cg (z+h) cosh kd (3.25)

where D is an arbitraryfunction associated with an homogeneous solution.

From Eq. (3.10.c) after using (3.25) we have:

ik A B
-k o cosh k(z+h) _ T
Uz1 ® 56 0~ cosh kd pIC_ cosh Kd [(z+h)sinh k(z+h)
. C-U

+ G- B f’cqsh k(z+h) ] (3.26)

which gives after plugging itinto (3.10.d) and integrating with respect to

z
k A
o Ik _ sinh k(z+h) _ T
W21 po cosh kd pccg cosh kg L(2*h) cosh k(z+h
c -U

+ (-112 - ) siah k(z+h)] (3.27)

The free surface elevation at the second order and first harmonic is then

obtained from (3.10.e)

24



D ika

c_~U '
T 1
Moy = — - —5— [d + (& - 2(-&—))tanh kd] - (3.28)
21  pg p‘3268 k | c

- The dynamic free surface condition (3.10.f) gives after using (3.25) and

- (3.27)

: g 2kd o
Cg =7 + 5% 1+ m) | (3.29)

which is just the usual formula for the group velocity in a fixed frame
g ok’

The second harmonic of the second order wave is obtained in a similar

i.e. C

. way.

cosh 2k(z+h) _ kZA2

cosh 2kd

P, = F(X,T,7) ' (3.30)
22 o 2902 coshzkd

where F is a function which would be determined by the dynamic condition
(3.10.£f). We notice that, as usual, the second harmonic does not introduce

any homogeneous solution. The horizontal and vertical velocities and the

free surface elevation are:

k cosh;2k(z+h)

Uga = pC F= cosh 2kd (3.31)
_ _ ik . sinh 2k(z+h) _ |
Y22 po cosh 2kd (3.32)
2.2
Nyy = kFZ tanh 2kd + ———-—-—-Azk- . . (3.33)
200 p’g o

The condition (3.10.f) with the results (3.30) and (3.32) give as expected

the value of the function F
2
- 3k"cosh 2kd 2

A (3.34)
200%cosh?kd sinh’kd

F



- At this point we have only three arbitrary functions left: A, 220, D.
The dynamic boundary‘cgndition (2.12) will give for the zeroth and
first harmonic of the third order two equations>Which relate these func-
tions. (It'should be noted that as in the case of constant depth and no
current, D is expected not to appear in fhese equations). |

3.d Third Order Solution

The dynamic boﬁndary condition at the zeroth harmonic can be deter-

mined without calculating PBO' From Eq. (3.10.c) we find that K30 is
zero which yields |
Mo 1 %y | ' .35
0T p(cg-U) 9T : _ *
or by integration with respect to T
U, = ——— P+ F (X,T) (3.36)
20 p(cng) ~20 1+ ' I

vhere Fy is an arbitrary real function. It should be noted that since
220 has no z-dependence, Uéo will not be dependent on z. Using (3.36) to

calculate L30 and intggrating (3.10.d) with respect to z we obtain:

.. 9P
- - (z+h) ~20
L (e, 5 (3.37)

Equation (3.10.e) gi&es a relation between W30 and MBO which is
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T p(Cg-U) G

2k|AlTZ

5 =0 . (3.38)
g |

after using (3.37). By integrating with respect to T ,we get

P 2 |
Ny = ——0 + —2¢ lal”_ F,(X,T) (3.39)
p(C -1~ proc, (G -U)

where F, is another arbitrary function. Equation (3.10.f) is then used

with (3.37) to obtain a relation between A and P

220
2 o 2
N T T B S Ll SR G S ST
( g ) Tw 7 Gt ¢ sl (3.40)
: gd oo g g cosh kd :

or integrating it with respect to T

(c_-U) 2 ¢ (c-u c -U
- —B =k ‘878 "7 20 g " 1 1.2
@ - =g 220 2 8 ke + ¢ 7 |4l +F&T)

P g cosh"kd

(3.41)

where F3 is‘an arbitrary réal function. We note that'U%-U)z < gd always.
In very shailow water (qg-UDZ*-gd, the assﬁmption of intermediate depth
i.e. kh = 0(1l) breaksdown and our weakly nonlinear theory is no longer
valid. gzolis the préssure due to the mean flow which is produced by the
wave modulation. ;In the limiting case of nocurrent, its expreésion has been
given by Longuet-Higgins and Stewart (1962).

To get the governing equation for A we need to apply the dynamic

boundary condition ét the first harmonic. For this purpose P., and W

31 KX

must be calculated. From (3.10.a) and (3.10.b)
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- cosh k(z+h) _ i . sinh k(z+h) _ i(z+h)sinh k(z+h)
Py = 6T D “oeh kd Cg D Seosh kd cosh kd ‘X
4 : :
3 _k cosh 3k(z+h) 2 2 _cosh k(z+h) -iA
~2 243 2—lal"a - (z+0) 2 1T Cosh kd
p"0 cosh’kd sinh“kd  2Cg cosh kd

2 , _
{[-15(—25-;3-)—] X cosh k(z+d) + (%S Ux- _(kd)xt:anh- kd) (z+h) sinh k(z+h) }_

(3.{52)

where G is a new arbitrary function which correponds to an homogeneous
solution. To obtain W31 it is easier to use directly the 2z-momentum

equation (2.27) at the order 0(83) for m = 1. This equation can be put

in the form

153 - ' (3.43)

where 'Q31 is a sum of lower order terms and is listed in Appendix Al.
Using (3.42) in (3.43) and replacing the lower order term by their

respective values we get:

1k“sinh k(z+h) _ ik sinh k(z+h) 1a12
' B0t po  cosh kd c+0 1al"a

w . -~
pzcr2 (Cg-U) cosh kd

3 R

i

k Dy (c_-0)
- pgcg cosh kd [(z+h)é05h k(z+h) + (T{" - g sinh k(z+h)]

k Ax - }
~ 00 cosh kd [(z+h) cosh k(z+h) + (-E + E)sinh k(z+h) ]

_ k sinh k(z+h) A+ i_kA-n- [(z+h)2 (c.-1)

2 3 3 sinh k(z+h) + (—1]2 - —5——0 )
po~ cosh kd pcr(:g cosh kd
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(c -u) c -U

-8 ~1__s : SR . S

(z+h)coh k(z+h) 5 (k 5 )élnh k(z+h)] 50 cosh k4

2 | v 2%
b—1;-x (z+h) sinh k(z+h) + (z+h) cosh k(z+h)(k + ka‘E k i
- k(kd)x tanh kd) + khx cosh k(z+h) + kzhx(z+h)sinh k(z+h)
+ sin k(z+h) (2 ) (k) tanh kd(1 + l%l)) + cosh k(z+h)
, . 5

GE sinh k(z+h)) ] - i k"sinh k(z+h) AF (3.44)

g cosh kd T

pczcosh kd

This expression.is similar to Turpin's (1981) except for the terms
which are underlined. This différence.in the two results is due to the
fact that a term is missing in ﬁis expression for Q31 and that»an error
has been made in the evalﬁation of two other terms (see Apﬁendix Al);

Finally using (3.42) and (3.44) in (3.10.f) gives the governing

equation for A:

1 - 2, . -
alg +'E; Ap + Ay + 10,4+ ia3lAl A + iQA + o,G + a D =0 (3.45)

After a lengthy algebra the coefficients of this equation are found to be:

-1 cosh k(z+h) 0 ,k sinh k(z+h)
al(X’T) 2c {¢ cosh kd ) + kB8 (c cosh kd )T
8 z=§ ' z=£
(82-1) 2x8y
+ U (2 + (1—33 )) + O‘d (kd(8 —-l) B ———6—)
2 Uo
+ o kg(a? (871 + § 48 s Ky - (3.46)
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1 ~-U 2 2Cc_(c -0)

@y (X,T) = 5 [GJi-ﬂ 1+38%) + GJ% —P_E _asgh)] (3.47)
g | g
| 2 2
4 26°(c_-u)
a,(X,T) = ———3%;——-— [9-128°+138%-2¢8°- E
. 490’3C , gd - (C_-U)
g g
2¢
g+ 1- 897 : (3.48)
g |
(xmégﬁ (1-sw +[2 ei&' 2y &d gy
Wb =¢ BC poc, ‘b7 B 20F3
g gd—(cg-U)
(3.49)
o, =05 =0 . (3.50)

where B = tanh kd and Cp ='% (relative phase velocity). It should be
noted that the arbitrary functioné.G Andl)‘ representing the second and‘
third order homogeneous solutiéns disappear from (3.45) because of (3.50)
and that Q is a real funcfion of (X,T) depending on the unknown functions
‘Fl',Fz,F3.
, 3.e. Evolution Equation

So far the evolu;ion equation‘depends on the unknown function Q(X,T).
Lets consider a wave‘éroup started from rest, at a finite distance, the
wave group will be still localized i.e. the motion becomes zero as T+ + o,

Therefore, from Egqs. (3.36), (3.39) and (3.41) we dedﬁce that

F

laF =T

, = Fy =0 (3.51)



so Q will be identically equal to zero. In the particular case of a
stationary‘current i.e. with no depen&ence on T; we can get rid of Q
without saying that there is no motion at T = =, Since Q is then a

function of X only we introduce
X

B=Aexp i [ Q(u)du _ (3.52)

Because Q is real B and A have the same amplitude, however B satisfies
an equation similar to (3.45) without the Q term. 1In this case Q affects
the phase of A only. For these reasons Q will not be considered in what

follows. The governing equation of the first order wave amplitude becomes
ah+-L A +AL+ 0 A+ i lal?a=0 (3.53)
12T Ap T Agt ey At i - G

It is a nonlinear cubic Schrodinger equation with variable coefficients. .
These coefficients can be further simplified by using the governing
equation for the cutrent(2.18, 2.15), the conservation of wave crest

(3.2), the dispersion relation (3.17) and the expression of the group
velocity (3.29). |

o (X,T) = R S - (3.54.3)

. B 2
e, (,D) =g —Er— 1 - B agy s = - 25 £ @ausaun)
‘ c (C,~0) : 2c, gk

2 2
| 4 28°(C_-U) c
4C_p"0"B gd-(C_-U)
g g
C
+4 (g Py (1-8%) + —B— 1892 - (3.54.¢)
g (Cg—U)
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From the linear theory Turpin (1981) guessed that @y should have the
form (3.54.a), however he was unable to deduce it because of the errors
made in the third order velocity. Our défivation shows the validity of
this assumption.

In'the.particular'case'where théfe is no current (U =.0) and no
dependence on T we recover the evolution equation found by Djordjevic

and Redekopp (1978):

o A+ Ay + fay Ar, + 0] lAl A=0 (3.55)

where ai can be put in the same form as Djordjevic and Redekopp's
parameter U by using the dispersion relation and the expression of the

group velocity.

3(C fw) ‘ L
2
ap(®) = o [1 - B (1-8%) (1-6kn)) (3.56.1)
g Cc
g -
b 282> 4?2 .
a:';(X) =333 {9- 103 +9B '——'% (_E-E + 4 ‘EP- (1—-3 )
Acgm p 8" g’n-‘iig Cg
+.8% (1_32)2} ' - ’ (3.56.¢c)
c _
4

where 8 = tanh kh and Cp =-‘£-

As a limiting case, the result of linear theory can be found by
neglecting the nonlinear term IAIZA and taking A to be a function of the

very slow variables (X,T) only. (3.53) becomes then:
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3(Cc /o)
.1 g g o1 - -
¢ Mtic Tax AT Sgc AtaTO | (3.57)
g ““g g
C.A caA”
Let's take (357)* ‘~—§- + (3.57) - _gf we obtain:

3 al® . 8 c lal®> |
Rt s S I (358

which is just the conservation of wave actioﬁ. The evolution equation
(3.53) is‘therefore an exgended law of conservation of‘wave action.

The coefficient &, of the evolution equation is a measure of the
wave dispersion. From (3.54Qb) it can be seen that u2 remgins positive
for Any value of the wave period, the current velocity and depth. The
coefficient 0y is a measure of tﬁe nonlinearity. Let us introduce.

4C 020382 :

Y = -—5—4— a5 (X,T
: k

| Y can be easily seen to be a function of kd only. Y is plotted in

| fig. (3.1). It shows that Y increases from -9 when kd - 0‘to the
assymptotic value 8 when kd + + «, Its sign changes from negative to
positive across kd = }.363. So even if-the vaiue of 0q depends on
several parameters asgﬁ, u, h;its sign only depends on the value of
kd. It should be noted that Y (kd) is the s#me as X(K) defined by

Eq. (30) in Benjamin's paper (1967) where he studied the stability of

Stokes waves.
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Figure 3.1 Non Linearity Coefficient
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4-Wave Packets Over an Uneven Bottom Profile and a Stationary Current

To solve the evolution equation of the first order wave amplitude,
we first need to solve Airy's equations for the current, which is in
itself a coﬁplicated task. However the problem may be simplified in the
special case of a stationary current on variable depth i.e. the current
does not varj with time. By further assuming that the wave number has
no time dependence the conservation of crests Eq. (3.2) implies that w
is constant. Therefore if the boundary conditions of A do not involve
T, the problem is reduced to a 2-diﬁensiona1 one in (X,T).

4.a. Properties of the Stationar& Current

In the case where %T'= 0, Airy's equations (2.18) and (2419) can be

integrated to give:

(E+n)U = comstant = U H, : - (4.1)
%’- U2+g§ = constant = -—2]; - (4.2)

where U1 and Hl are the velocity of the current and the depth as X —»-=.
Following the open channel theory we introduce the total head H and

the specific head Hs;defined by

1 v

B = 3 "E' + £ | (4.3)
2
l1vUu : )
Hs E"‘g"" d (4.4)

B, represenﬁs the height of the total head line above the sea floor.

Eq. (4.2) states that the total head is constant i.e. there is a
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balance between the kinematic and potential energy. Substituting the
exp;eséioﬁ of U obtained from (4.1) into H_ we get:
2
%-%g¥?ﬁ+d' | | %)
.- o8d ' ' _

The specific headrdiagram in Fig. (4.1), shows that for a'given specific
head H__ larger than 2 minimum value H ., two different flows are possible:
The flow will be either at high velocity and small depth (i.e. U > U,
d < dc) or at low velocity and.large depth (i.e. U < U.» d > dc)' If
the specific head is below the critical value Hsc,‘steédy flow cannot
occur. The magnitude of the total critical depth dc; at which the
minimum value of Hs occurs can be detefmined by.setting to zero the

derivative of Hs with respect to d. ..

an (0,8, )2 3 iv.m )2
-—_s.a———l'—-]-'——-.}.l:o or dg.._..l—];__. (46
@ " "3 o or de g -6)

gd

c
The critical Specific head can then be deduced from (4.6) to be
3 7

U.H,)

E = 3 ( 171 4.7)
sc 2 8
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while thé total head is found from (4.2) and (4.3):
. Ui :
H=H_ - h ='§§ , (4.8)

(4.7) can be used in (4.8) to obtain the critical depth hc

Nwar? o o | |
h maf2l 1 (4.9)
c 2 g 2g - §

h - N
ﬁs-is plotted in fig. (4.2) as a function of L . We notice that
1 ' ' Jgﬂ

1

N _
hc < Hl. ‘Therefore if h 3 Hl, Hs Hsc always and steady current is

possible. When Ui > 3/3 ng, hc becomes negative i.e. for such a
current the flow is possible for any depth variation. When
Ui < 3/3 ng the flow is possible only if h is larger than the critical

value h, . At the critical depth , (4.1) and (4.6) determine the critical

velocity'Uc :

U = Vgd_ ' (4.10)

c [

The Froude number of the flow may be defined as F = —H-.

Vg,
F < 1 corresponds to a subcritical flow, while F >’1,corresponds to

a supercritical flow. Depending on whether the flow is originally
subcritical or supercritical, Fig. (4.1) shows that two totally
different surface profiles ;an be produced: If orginally the flow

is subcritical (i.e. U, < /§§;>an increase in depth h implies an increase
of the total depth &+h. However if the orginal flow is supercritical

(i.e. U1 > Jng) an increase in depth implies an increase of the specific
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head which will result in a decrease of the total depth d. 1If the total
flow is critical i.e. g = /ng when the depth increases the flow will be
suberitical or supercritical depending on the conditions downstream. The

flow is then unstable i.e. a small perturbation will produce a large

.variation of the surface profile.
' These qualitative results can be illustrated by solving the problem
numerically in the different cases. By eliminating U from (4.1) and (4.2)

we obtain the governing equation for the total depth d

2 @ |
ZgH )( ) o 78 e, =0 (4.11)

G—O G——-+
b By

4 . &h is the root of fhis equation which satisfies (—29 <+ 1 when
Lo , o

h > H . Fig. (4.3) represents the variation of the dimensionless

total depth-ﬁ% as the depth varies from the critical value h, to a given

'value h = 2H1 for different values of the current at X = - ®, As

78

the total depth increases with depth, for a supercritical current
U

Ul= yFTF-= 2, the total depth decreases as the depth increases and for
1 ' :

expected the plot shows that for a subcritical current U =—~L- = 0.5
1 .

a critical current U; = /Eﬁ;, there are two possible solutions which
behave very differently. |

It should be noted that when the flow is supercritical, the assump-
tions made in the derivation of the governing equations of the current
could break down in particular viscocity and turbplence could become

important.
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4.,b Wave kinematics
A second écep in solving the problem is to solve the dispersion
relation.

?z (- ku)2 = gk tanh kd (4.12)

Following Peregrine (1976), we consider the intersection of the two curves:

o(k) =w-kU and W(k) = * vgk tanh kd ' (4.13)

These curves are plotted in Fig. (4.4).

If the waves propagate .in the same direction as the current i.e.
U > 0; there are always two solution points A and B. A corresponds to

waves whose phase velocity relative to the current is in the same direc-

tion as the current (i.e. Cp =<%:> 0). Since the frequency of these waves

in a fixed frame w is 12:ger than their frequency relative to the water o,
the effect of the current is to increase the wavelength. B corresponds to

waves whose phase velocity and group velocity in a moving frame propagate

in the oppbsite directionlbfthe current (i.e. Cp 3‘2>< 0, (Cg)

k
%% < 0) but a fixed observer sees the waves propagating downstream

rel ~

(i.e. Cp +U > 0).

If the waves propagate against the current, i.e. U < 0, the solution
points, when they exist, are C and D. C represents waves whose crests and

energy in a fixed framepropagate upstream (i.e. -;—‘ =C +U0U>0,C =

Since the frequency w 1s less than the relative

ow _
ok (Cg)rel

frequency 0, the effect of the current i{s to shorten the wavelength. D

represents waves whose crests in a fixed frame propagate upstream (i.e.
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4 | | o(k)=w 4+ k|u|

W(k)= /gk tanh kd

1t

W(k)=-/gk tanh kc

o(k)=w - k|Uj

Figure 4.4 Dispersion Relation Diagram
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Cp + U > 0) but their energy for a fixed observer propagates downstream
(i.e. Cg < 0). When the opposite current becomes very large the solution
C and D may not exist. The limiting case is when the two points C and D

coalesce. This case occurs when

8w - . :
Ce = 3% (€ +U=0 (4.14)

The wave éngrgy in a fixed frame is, then at rest. Such a current velocity is
called stopping velocity. For this veloc1t§ the wave number and frequency
are both finite but the wave energy density increases and the amplitude
becomes very.large. Therefore our small amplitude theory is not valid

near a stopping ve;ocity. A more refined theory‘has been given by
~Stiassnie and Dagan (1979). The stopping velocity is defined by (4.12)

and (4,14)»which can be combined and put in a dimensionless form. if

we introduce

el il ek O (4.15)
Vgd & '
we have:
[tanh k"' K" ' L
o _,__;_ — 1+ m) 0 | (4.16)
w" = kK"U" + yk"tanh K" | (4.17)

(4.16) and (4.17) define implicitly w" as a function of U' or if we
use the dimensionless period T ='%%2 T" as a function of U". This
fﬁnction is plotted in figure (4.5.a). It can be easily seen from

(4.16) that when U" =+ - 1, k" + 0 so " -+ =, This means that for an

opposite current U" < -1, waves cannot propagate no matter how large



their period is. On the other hand when the current tends to zero,
waves of any period can always propagate.
In the case of a stationary currents propagating over variable

depth the velocity U is dependent on its value U1 at - « and on the

U
depth variation (cf. Eq. 4.1). For given values of == Ui and'él =h'
* »’gﬂl 1
waves of period T J—5-= T' will be stopped. From U. and h',—i-and-ll
s Hl s 1 Hl Ul

can be found by using (4.11) and (4.1) therefore from T"(U") we can
deduce T; (), h'). Fig. (4.5.b) shows in dimensionless form how the
stopping period T; varies with h' for different currents U}=-0.1, -0.3,

1
-0.6, -0.9. Alternatively this plot also shows the depth at which stopping

1
occurs for given T; and Ul.

In subsequent numerical computation we shall only consider the
solution A and C of the dispersive relation which corresponds to the

cases where the phase and group velocity are positive whether in a

moving or in a fixed frame.
4.c. Evolution Equation
In the case of é steady current the evolution equation (3.53) can

be further simplified. Let us introduce the following normalized variables:

-1/2

y',¢ct,c)Yy=(u,c, C H
( > g ? P) ( g P) (8 l)

X a2 a
X' == () T =T f]i G

H Hy i
' (4.18)
A' = A/pga k' = kH
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where a represents the wave amplitude and Hl represents a reference depth.

The evolution equation then becomes after omitting the primes

o A+ Ag+do, A+ 10, [a%a=0 ©(4.19)
: 3(c_/a) '
g . ‘ :
a (X) = =, —— | (4.20)
o1 S d 2 |
a0, (X) = 5o BT 11 - 5 (1-8%) (1-8kd)] (4.21)
g 8 , (Cg-U) - :
4 - (c_-U) c
000 = —5— {9-10 8% + 9 8% - 2 87 BB
- 4g7B°C d-(c_-U) g
g . g
4c_ - 2.2 B |
=25 g% + L6 ), (4.22)
8 (€0

For later purposes we introduce the following transformation

(Djordjevic and Redekopp (1978))

X ,
X= I a,(w)du (4.23)
o s
. x .
A=3Bexp (- I al(u)du) = sB ' (4.24)
o .

Equation (4.19) can be put in its canoni§a1 form:

2, .
_iBi+ B+ k|B|“B=0 o (4.25)
o]
' 3 2
where K=-—35s
X (4.26)
, ‘ (c_/o)
and s = exp (- J al(u)du) = C?EE7E§51/2
g
o
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The subscript 1 denotes the value at X = Q. The quantity s dependé only
on X or X and is known to be the shoaling factor of infinitesimal waves.
4.d Generalization of Stokes Waves
in.the,case of constant depth, the coefficients Qs a3 are constants
and a1v= 0. The eﬁolution equation (4.19) is just a nonlinear-cubic
Schrodinger equation with constant coefficients. Such an equation was
first obtained by Zakharév and Shabat’(1968) in the case of deep.ﬁater

and then generalized to the case of intermediate depth by Hasimoto and

Ono (1972). 1Its general solution hés been obtained by Zakharov and Shabat
(1972 - 1973) for both cases 0,0 > 0 and 0y0q < 0, by using the Inverse
Scattering method. Genefal or particular solutions could also be found
in Tappert and Zakusky (1971), Hasimoto and Ono (1972), Satsuma and Yajim;
(1975). | |

In the case of varlable coefficients, no general solution has been
reported and one has to solve the evolution equation numerically. However
, 1f the initial and boundary conditions are such that a Stokes wave train

is umodulated on the length scale and time scale 0( .?l')’the“ A depends

only on X but not c;n T and so does B (Eq. 4.24). The governing equation

for B becomes

B + 1K[B|%B = 0 (4.27)
X . . .

Let us take (4.27)* B - (4.11)B* we deduce that

|B] = constant = B(0) (4.28)



Substituting into (4.24) we have:

X

B(X) = B(0) exp(~i BZ(O) [ Kdv +¢) | ‘ (4.29)
. o .

where ¢ is an arbitrary constant. In terms of the amplitude A, (4.29) can

be written as

X
A(X) = B(0)s exp(-i BZ(O) j K(v)dv + ¢) S (4.30)
N o . .
Since A(0) = B(0) we have:
A(X) - ‘ /2 |
I'A'(TJTl =5 = ((cg/c)llccg/o)) . (4.31)

which is nothing but the shoaling law of infinitesimal waves. Thus at
the leading §rdér the aﬁplitude of Stokes waves on a variable medium
varies with X accbrding to the shoaling law.

4.e Side Band Instability |

In theAcase'of constant depth, (4.30) just giveg the classical Stokes
wave with-spatial modulation. It is known that a Stokes wave'train is
stable to side band disturbance if K < 0 or kh < 1.36 and is unstable if

K> 0 or kh > 1.36. This result can be extended to the solution (4.30),
(4.31). We let B h;ve a dependence on T: |

" B(X,T) = b(X,f) exp if (X,1) . _ (4.32)
where b and f are real functions of X and T. Substituting into the

evolution equation (4.27) and taking the real and imaginary part we

obtain:
2
3b° 9 2.
X "o (W =0
b (4.33)
W .3 Pt .2 2
x5 O W+ KbT) = 0
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where W = ft' With reference to (4.30) Stokes wave solution is obtained
for b don;tant'and f independent of T, f.e. b = B(0) = bo, W= 0. To
consider the linear stability of the Stokes waves we superpose on them

a small disturbance b' << b and W' << 1. Since b’ and W' are very small

the equation for b = bo and W = W' is obtained from (4.33) after lineariza-

" tion.
' a'.
by - b W 0

b! . - (4.34)

TT :
w;{+—5-;+ bob'-c =0 .

We assume a wavelike disturbance

~

b’ b '
€ ) =(~.) expi(p(x) - Q1) o ~ (4.35)
W' w

Plugging these expressions into (4.34) we find the eigenvalue coundition

2
dp Q :
<= = — - (4.36)
dx o Zbi : .

From the definition of K (4.26), it can be noticed that K has the same
a )

sign as ai (X). But as shown in sgcticn 3,&2 is always positive and the
sign of-a3 is just dependent on the value of kd = k(&+h) with respect to
1.363. When kd < 1.363, K is nega;ive.' Therefore (4.36) shows that %%
is real and the disturbance will not be amplified. When kd > 1.363 K is
positive. For small Q, %% is imaginary so "ip' will be real and monotonic
and the disturbance will be unstable i.e. it will decrease or grow éxpo-

nentially with X while the wave propagates. The quantity kd varies with

the current velocity at X = - o, the wave period and the depth variation.



When the waves propagate over variable depth, as long as k(&+h) is
larger than 1.363 the disturbance will grow but if k(Z+h) becomes
smaller than 1.363 the disturbance will stop growing. So we can have

a situation where a ﬁeriodic wavetrain is unstable at a given depth

but becomes stable while it propagates into a region of different depth.
Similarly a wavetrain which is stable in one region could become unstable
in a region of different depth. To illustrate the effect of variable
depth and current on the solution found previously, we have plotted iﬁ_
figures 4.6, 4.7, 4.8 and 4.9 for different values of the current
velocity Ul’ the variation with depth of the dimentionless'wave number

o]
kd, of the instability parameter K = aé s2 and of the inverse of the

~ _ (c_/o) 2
shoaling coefficient s ~ = TEE737 . All the quantities are normalized
g ‘1

according to (4.18). Figure (4.6) corresponds to the case without
‘current (i.e. Ul = 05. It shows the variation of kh, K, and s-2 as
the depth increases from zero to a given value h = 2, for different
wave periods T= 4,5,6,7. From the dispersion relationship, we have
kh = O(w/h) in very shallow water (i.e. h + 0) and kh = 0(w2h) in deep
water (i.e. h » =), Therefore as shown in figure (4.6.a) kh increases
with depth and paéses through the value 1.363. Figure (4.6.b) shows that
K will then increase from negative to positive values and cross zero at
the point where kh = 1.363. This is thé well known result of Benjamin-
Feir (1967): Stokes wave train are stable in a region where the depth.
is such that kh < 1.363. The effect of increasing the wave period is
to move the unstability zone toward deeper water. Figure(4.6.c)shows

that except for very shallow water, the shoaling coefficient does not
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vary rapidly. So outside the very shallow region where our solution
breaks down, Stokes waves amplitude will vary very slowly with depth.
In the case wherg waves propagate in the saﬁe direction as a sub-
critical current, the variation with depth of kd, K is similar to
that of figure (4.6). Figure (4.7) illustrates this case for a
current U1 = 0.5 and wave periods E = 3,4,5,6. The deptﬁ varies from
the critical.depth h, = 0.82 (see fig. 4.2) to a given depth h = 2.
By comparison with figure (4.6), the effect of the current is to
increase the wave length. Therefore, for a given wave period k(&+h)
crosses 1.363 in deeper water i.e. the instability region moves toward
deeper water when the current Velocity_increases. Figure (4.7.b) shows
that K crosses zero at the point where k(§+h) = 1.363 as predicted in
sectioq(4.7?. The variations of K are more rapid than in the case with-
ogt current. Figure (4.7.c) shows that the sﬁoaling coefficient has
larger amplitude variation with depth than in ﬁhe case without current.
Stokes waves aﬁplitude will increase substantially with increasing depth.
When the current{velocity U,, becomes supercriﬁical, the total
depth (E+h) decreases drastica11y with increasing depth (see Fig. 4.3). .
Such a behayior i-inplies that k(&+h) will decrease as the depth increases.
In this case, Stokes waves will be unstable in‘shallbw water and stable
in deep water, since K decreaseé from positive to negative values.
Figure (4.8) illustrates these features for a current U1'= 2 and wave
periods g = 1, 1.5, 2, 2.5. The depth varies from a critical depth hc |
to h = 2. Comparing figure (4.8) with figure (4.7) we notice that the

-2 ,
variation of k(&+h), K and s are opposite in each figure. For U1 = 2,



Figure 4.7 Subcritical Current U1=0.5
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Supercritical Current Ul= 2.0

Figure 4.8
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K varies more rapidly (For this range of pefiod I =1, 2.5, Gy is very
small i.e. oy f 0(10-2) and hence K = gf s2 varies very rapidly).

In the case where wavespropagate against a current, for a given
velocity and wave peiiod there is a depth ho for which wavés are stopped
i.e. Cg + 0 (cf. figure 4.5.b). This depth which could be called the
stbpping depth corresponds to a cautic. In the neighborhood of'this point
our nonlinear theory bréaks dowm. Figure (4.9) illustrates thi§ éase for
a current Ul = =0,1. The wave perio&s considered in the plot are T = 6,
6.5, 7, 8 and the depth'varies from the stopping point ho to h = 2. For
large depth the variation of k(&+h), K,s_2 is similar to the variation of
tﬁese quantities in the case without current, but in the neigﬁborhood of
the stopéing point k(&+h) and K admit a minimum value. This minimum
value proceeds from the fact. that near the stopéing depth the wave-
length becoﬁes shorter (i.e. k is largef ). When we mqvésiaway
from h towards deep water, k decreases rapidly and so does k(&+h); but
far enough from ho’ the increase in depth becomes larger than the decrease
in tﬁe wave number, so the trend is reversed and k(&+h) increases. For
short wave period K can be positive everywhere implying that Stokes waves
with a small period will be unstable at any depth, but as the wave period
increases K decreases and becomes negative in shallow water. TFor a given
wave period and depth, when the opposiﬁe current increases in magnitude
the wavelength decreases and so does k(&+h). The point where k(&+h)

crosses the value 1.363 moves toward deeper water so Stokes wave train

becomes stable in shallow and intermediate depth.



Opposing Current Ul= -0.1

Figure 4.9
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S. Numerical Approach

While the non-linear cubic Schrodinger equation with comnstant
coefficients, has been solved>analyically using inverse scattering
transform mgthod_(Zakharov and Shabat) ,very few results have been
obtained in the case of variable coefficients. Djordjevic and
Redekopp (1978) studied analytically the problem of the evolution of
a soliton moving over a slowly varying depth, without current. To
solve the‘problgm, they made very stroung assumptions abOuﬁ the shape
of the soliton on the shelf. In order to check these assumptions, it
is necessary to solve numerically Eq. (4.19). Furthermore in the case
of waves propagating 6ver stationary current and varying depth ffom a
region where K = 0.3/a2 32 <A0 into a region where K > 0 or inversely,

no analytical results are available. One must then resort to numerical

solutions. In the folldwing numerical study we restrict ourselves to

the case of a compact wave packet propagating over variable depth in
the same directiom as a stationary current or in the opposite direction.
5.2 Numerical Method

The problem we have to solve is:

’ i ' = 5.1.3)
Ag+a (DA -+ a, () A__+ 1 ay(D lal“a =0 (
on D={0< X<® +@o<T<-=- o} " (5.1.b)

AX=0, D = £(D (5.1.c)

A(X, T) >0 as |t » = (5.1.4)



where f is a prescribed initial wave envelope. The assumption that £
is compact (i.e. f = 0 as |t| » + @) implies that at any finite X the
wave envelope is s:ill compact. . For our numerical computation, we restrict

- the region D to a finite region.

DF = {0 < X< x& ;“16~< T< TB} . (5.2)

where T is choosen sufficiently large to avoid any boundary effect when

the condition (5.1.4) is applied at T = % 1;.

To solve numerically Eq. (5.1.a) an implicit scheme of Crank-Nicholson

type for integration in X, and centered second order for differemtiation in

T, is used. This écheme is known to be inconditionally stable for the
linear caée with constant coefficients. it hag been used by Yue (1989)
‘for the nonlinear case with constant coefficientéland extended ﬁy Turpin
(1981) for the case with variable coefficients and is found to be stable
for reasonable choice of &X and §T. The error due to &iscretisation is

2
0({s%) 9(57)2).1 Eq. (5.1.a) then becomes

o+l ,n Lo n+l n+l |, ,n-1
- +

Ay A N a, (n+l) + o, (n) R a, (ntl) + a,(n) (Aj+1 24,77 + Ay )
8X - 2 3 2 2(61:)2

n

n ' n ' n+l 2 n+l
5 2Aj + A7 oy (ml)+ ag(a) |K777]°ATT + [a7 |2
)+ 4 ) 3 =0
2(61) ,

(5.3)

where

- 28" 4+ A" )
| i-1"+ n;2,n
> ia3(n)lAjl Aj}

(5.4)

- (
A9+1 = AT - 8% {al(n)Ag + iaz(n) i+l

(67)



A‘j‘ = A(@-1)3X, (3 - J+1)8T) n=1,2,... N; § =1,...2341  (5.5)

N and J are defined by
(N-1) 6X = X, and J8T = T ' (5.6)

If the initial data f(t) is even in T, then, since T appears in (5.1.a)

through A the solution A(X,T) will be even in T. By imposing at T=0

the condition %% = 0 the problem can be solved for T > 0 only. 1In this

case Ai will be defined by the following:

A‘j‘ = A((n-1)8X, (3-2)6T) n = 1,...N; § = 1,..., 2J+1 C(5.7)

‘where (N-1)8X = X, and (2J-1)8t = To ' (5.8)

Applying (5.3) for a fixed n and j = 2,...2J we obtain a linear
n+l

A :
]

system in

n n+l n,n+l n ,n+l n
Yp A3 T R By T oy AT =W
n ,n+l n,n+l n .n+l n
A + 8.A. +a, A =W 5.9
Bihsa * Oy A 3 (5.9)

Yy 2442

n nt+l n n+l n n+l
Yay-1 Aare1 * Bayo1 Apy * %9318y = Woig
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where .
a 'n 8X (a2 (n+1)+a2 (n) )
Y. =0, =1 2 3
34 2(87)

o B ® ‘1 G B @ @)~
3 2 2 T 2 2 lAﬁ "1
(67) ,

o O (o). () oo (oFl)+aq(n)  a.(ndl)+a. (n)
> 1 % 2@ % 32121
2 2 (602 2 3

86X az(n+l)+a2(q) n n . ‘
3 : (Aj gt Aj_l) (5.10)

2(61)2

Following D. Potter, the solution of the linear system (5.9) can be found

by introducing:

ol _ o+l ol | ndl o o
A5 xg Aj f o 3 =1,...23 ~(5.11)

By plugging (5.11) in the set of equations(5.9) we find the general

recurrence relations:

_an ' W _ y1'1°l-l : .
1 . S 3+1 A '
B il “x?*l =7 e mculiE R R (5.12)
VX3 +e Y3%3:1+8
n+l

Since A -+ 0 as T + + © we have A2J+1 = 0 which implies from (5.9.c)

n ) :
21-1 " 5 Y23-1 Bn'““ - B .
23-1 Pag-1

If the initial perturbation A(0,T) is not even in T, the condition A > O

as T + - » gives A? =0 which implies from (5.9.a)
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n o+l
n+l _ W1y ¥2

A
2 n o+l gn
¥ Ui

(5.14)
If the initial perturbatiom A(Q,T) is even in T, we solve the problem
for T > 0 only by imposing the condition'%% (X, ) = 0. Using the

notations (5.7) and (5.8), this condition becomes:

A9+1~An+1
3 1 n+l _ n+l ,
260 0 | or A3 A1 (5.15)

which gives after using (5.11):

nt+l n+l, nt+l
o 2 1

' ' (5.16)

-The numerical procedure can be summarized as followé:
A} i= 1...2J+1 is the .initial data A(0,T) = £(T) which is given. The
coefficients (5.10)‘can then be calculated for j = 1,...2J-1. Uéing
(5.12) and (5.13) X§ §nd y§ j=1,...2J=1 are found by recurrence. If
the initial data ;é ﬁ;t even in T, Ag is given by (5.14) and A§ j = 3...23
can be detérmined using (5.11). If the initial data is even in T, Ai is
‘given by (5.16) and A§ j = 2...2J can be determined using (5.11). Once
A§ is knowm, Ag...Ag j = 1...2J+1 can be solved using the same procedure.

5.b Check of the Numerical Results

i. Case of Constant Depth

The program haé been checked in the case of constant depth, where
some exact solutions;;re kxnown. In particular for K > 0 it is known that

an initial solution



[

A(X =0, T) = sech (. 5%— ) . (5.17)
; |

preserve the same shape while it propagates ¢m constant depth (See
Hasimoto and Ono (1972)). Fig. (5.1) shows the wave envelope as a
function of X and 7. The current velocity at X = - ®, the wave period
and the depth have been chéosen‘to be Ul ; o, T= 5, h = 1 such that
K= (1.4 ). Since A(X,T) is even in T,.the wave envelope has been
plotted for T 3 0 only. Fig. (5.1.a).i§ < general view of the wave
envelope during its propagatiqn from X = 0 to X = 4 and for T = 0 to
T, = 15. In Fig. (5.1.b) the wave envelope profiles at X = 0, X = 1
and X = 4 have been superposed. It shows that the initial soliton
profile is conserved for a distance of propagation larger than ’§2=ué .
Fig. (5.1.¢) givés the ph#se of the wave at X =1 and X = 4. We can
notice that, as expected the phase is indepeﬁdent o£ T bﬁt varies with X.

1i. Evolution Law |

The'cuﬁic,Schrodinger equation with constant coefficients admitsban
"infinite number of ébnservation laws, some of them'express the conserva-
tion of physical quaniities as the mass and the energy conservation.

When the coefficients are not constants, laws allowing to follow the

evolution. of certain qugntities'can'be found .but they are not of
. the type of comservaton.laws ( see Turpin, 1981 ). Here we derive
the first evolution law and use it to check our numerical result. For

this purpose we use the canonical evolution equation (4.25). Let us
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. alsl? L2

* %
= = (BT B - BTB Yy =0 (5.18)

If we assume B and B~ 0 as T > % =, (5.18) gives by integration with
respect to T:

400 .
3 f 82 ar=0 (5.19)

-C0

which implies by using (4.24)
40

(Cg/c)(X)I [A(X,T)lz dt = constant (5.20)

-0

This result shows that for waves propagating against a current, when
+o0 '

Cg > 0 f lA'(x,r)I2 dT > + . This is just an extension of the linear

-0

result |A(X,T)| > « in the neighborhood of a caustic. The evolution law
(5.20) is used as a measure of the total error due to discretization,
round-off and truncation of T and is satisfied within few percents (less

§

than 5%) for.all coﬁputed cases in the following sectiods.

5.c.Geometry of %he Problem

In our numerical compﬁtation we consider a more specific problem
which is summafized in Fig. (5.2). The depth is considered to be
constant and equal to 1 for X € 0, it varies as a cosine curve in the
transition zone 0 € X € L i.e. h =1 +.é§-(cos G%?)'-l) and'becomes
constant and equal to 1 - dh in the region X > L.dh is the height of

the step. It is positive when the depth decreases and negative when



X2 h= 1 - dh

[4)

Figure 5.2 Geometry of the Problem
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the depth increases. The transition zone L, has been taken equal to
1 in all the computed cases. It should be noted that the depth is
normalized with respect to Hl while the distance L is normalized as

X, so the assumption of slowly varying depth is satisfied. Ul

current in the region X ¢ 0. 1If Ul is positive waves propagate in the

same direction as the current, if U1 is negative waves propagate in

is the

the opposite direction. The current induces a free water displacement

g(X) which can be found as shown in section (4.a). The original of the
vertical axis has been choosen such that & = 0 in the region X < O. I

is the wave period. T is cénstant during the propation of the waves.

A(0,T) is the initial wave envelope profile. It has been choosen in all

the cases to be of the form

oq | '
A(0,T) = sech ( —= (X=0) 1) _ (5.21)

20.2

where Oq aﬁd a, are the coefficients of the nonlinear cubic Schrodinger
equation as defined in (4.21) and (4.22). This initial profile represents
a soliton solution wﬁich is appropriate for the depth h = 1 i.e. if the
depth remains coﬁstant the wave envelope profile would not change.

Since the initial profile is even in T, we only consider the wave

envelope profile for T > O. T, must be choosen sufficiently large so

that the condition A(X,To) = (0 does not inducg any noise effect.in the

‘ 3
solution. From (5.21) we can see that T, depends on —=. It also depends
2

on X2’ the distance of propagation considered: the larger X2 is the iarger

€7



To should be. X2 is the distancé of propagation over which the wave
envelope is studied. To limit the computation time, in most of the cases
this distance has not been choosen to be very large. The program used

for the numerical computation has been developed by Turpin (1981) and

has been slightly modified to include the case of waves propagating against

current. This program is given in appendix AZ .
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6. Pfopagation of a Wave Pécket Over Varying Depch-

S.a Djordevic - Redekopp'S'Solu;ion

One purpose of the nuﬁerical study is to check the validity of the
assumptions made by Djordevic and Redekopp (1978) in solving the problem
of a soliton mbving over a slowly varying depth in a region where K is
positive everywhere. In this section, we present the method they used.
It should be noted that their methﬁd can be generalized without ﬁodifica-

tions to the case of a stationary current. In what follows, we refer to

Djordevic and Redekopp's paper as D-R. We use the same transformation as

in section (4.c):

. X . _
s = exp - [ oy dq where X = [ az(u)du (6.1)
: 0 : 0}

A(X,T) = s(X) P(X,T)

By substituting into (4.19) P is shown to be solution of the equation

) ,
-1 Pi +P + K|p|‘P - 0 | (6.2)

We consider an 1niti£l perturbation in region (1) (X < 0) which is a
soliton, whose amplitude length ratio is adapted to this region of

constant depth i.e.

o _
- ~ ’ 3,
P‘= Po sech KT and K P° 75; 1) (6.3)

Djordjevic and Redekopp made the assumption that at the end of the depth

variation X = L, P conserves its original shape and can be considered as



the initial condition for propagation in region (2). This assumption means

that if in regiom (1):

- ‘v
A(0,7)-= P_ sech (P J-—3(1) 1) : . (6.4)
o o Zaz

At the end of the depth variation it is assumed to be:

N N ) a : »‘ . .
3
A(L,T) = s(L) Po sech(Po' J-ia-;(l) (1:-_10) ) (6.5)
,(C /0) (1)
where s(L) = WY '
, g .

In region (2) X > L, this initial condition will in general evolve inﬁo N
solitons where N is determined from the Zakharov - Shabat eigen-value
problem (cf Zakharov and éhébat (1972)). 1f the potential q of the

eigen value problem is of the form q(t) = a sech E(T;fo) then, the

number of discrete eigen values with positive real parts i.e. the number
of solitoﬁsrwhich will emage as X + ® is the largest integer matter than

-la’z‘+ %a Using the wavé,envelope (6.5), the associated Zakharov and Shabat

eigen value problem h:és the potential
| (2) -J-l -02(2) s P_ sech lz(‘t-‘r ) | (6.6)
1 2 o, o o _ *

So the assymptotic number of solitons as X + + « is:

o] C o’
201y “&(1) o (29¥2% 11 (6.7
¢ c., 2

8
This result is given by Eqs. (5.5), (5.7) and (5.8) in Djordjevic and

a
‘N = largest integer smaller than [(3-3(2) ™
3

Redekopp's paper (1978). Let us introduce S’% the area under the wave

profile at the end of the transition 2zone.
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-M .
d’= I A(L,T) dt | ' . (6.8)

-0

From Djordjevic - Redekopp's theory, this area can be calculated by
using (6.5). It gives

c 20 _
ﬂfs = 1 B @ Zant? (6.9)
. . g . 3 i
To check the validity of the assumptions which have been made to find
(6.7) the assymptotic number of solitons N, thé- value of F{-’s expected
by D-R theory is compared to the value féobtained from the numerical

computation.We define
A-l-zi- : . | | : (6.10)

A measures the relative error between the numerical computation apd D-R
‘theory.

6.b Numerical Results

i . Constant Depth

We first considé} the evolution of an initial sech profile on constant
depth. The resuits of this case are kqown both analitycally (Zakharov and
‘Shabat, Satsuma and Yajima) and numerically (Yue, 1980). However it is

important to pfesent here some of these results in order to compare them

with those of the case of variable depth. Let us consider the initial

profile to be :
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A = a sech (t/)) o (6.11)

Then, we know that in a region where K < 0, the initial wave packet

flattens and spreads toward large 7. The decay of the envelope is as
—L-ang'no soliton emerges. Fig. (6.1) illustrates this case, the

v o
parameter A is 1 and the wave period is T = 7 so that X = 3.

2
-3.33 < 0. It shows the steadily decrease of the maximum height of
the envelope which is associated with the radiation of energy towards
large T.

In region where K > 0, the assymptotic state consists of N solitons

plus decaying oscillations where N is the largest integer less than
o ’ _
U -
m \ 2az -~ + 7 . : (6.12)

where 5¥= ma)\ is the area of the initial profile (6.11); If 1 < ﬁ < 1.5,
the #5symptotic state consists of one sol;ton. The evolution picture is
shovmn in Fig. (6.2) in the cése of T = 5,K=1.4,m = 1.25. It shows a
dispersive decay of'the wave envelope and does hot reveal any recurrence
period. If 1.5 <m C;Z only oné soliton emerges for lafge X while if
2<m< 2.5 tﬁo soliton emerge. However the evolution pictures of these
two cases are simiiar. There is a single 'recurrence period' after which
the profile repeats itself with a slow decay of the maximum amplitude and
a slight spreading towards large T, signalliﬁg radiation. This result is

shown in Fig. (6.3) in the case of T =5, K = 1.4 and m = 2. It should
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be noted that for two initial envelopes of the same area and height, the
evolutiontowards the final state can be quite different if their shapes

or phase distributions are different. This statement is illustrated in

Fig. (6.4) yhere the propagation of the initial profile:

A0,T) = sech ( %(1») pel0lt (6.13)
is shown. Comparing Fig. (6.4) and Fig. (5.1) we note that a difference
in the phase distribution of the initial profiles induces a qualitative
difference in the subéequent evolution of the wave envelope.

ii. Variable Depth

In what follows we.eonsider the initial profile (S.il) such that if
the nonlinearity parameter K is positive e?erywhere and the depth
constant the wave envelope will evolve without change in‘amplitude.
However when the depth varies, K changes according to Fig. (4.6.b) and
the initial profile must adapt to its new environment: its shape is not
conserved. In Fig. (6.5) we present the evolution of an initial sech
profiie, corresponding to the envelope of waves with a period T = 3,
during its propagaiion ieto deeper water (dh = - 0.5). We know from
Fig. (4.6.b) that K is positive and increases from K

1 2
The 3—dimensional plot gives the amplitude of the waves as a function of

= 1.4 to X, = 2.8.

T and X. As the depth increases the initial data becomes steeper and
steeper. At X = 1 the envelope is no longer a soliton, it has two side

groups separated by nodes as could be seen from Fig. (6.5.b). The
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evolution picture is qualitatively similar to Fig. (6.3). It shows
that ;he profile repeats itself with some decay after A recurrence
period which is approximately X = 0.9. As pointed by Yue (1980) it
can be noted that the node of the wave amplitude is accompanied by a
sudden jump by T of theAphase (see Fig. (6.5.c)). In the complex
plane it means that A crosseévzerq without discontinuity of its deriva-
tives. It also implies'that the wave frequency has a peak at the node.
Fig. (6.6) presents tﬁe evolution of the same initial profile
during its prépagation into shallower'water (dh = 0.15). The depth
variatioﬁ has been choosen such that.K is positive everywhere} As

shown in Fig. (4.6.b) K decreases with decreasing depth: K, = 1.4,

1
K2 = 0.72. The 3-D plot shows that as the depth decreases the initial
profile becomes flatter and flatter. A more quantitative picture is
obtained_by superposing thébwave»envelope profile at different locations
X=0, 1, 2, 4 as a function of T (Fig. 6.6.b). It shéws the continuous
decrease in the profile steepness during the evolution. Fig. (6.6.c)
- shows that, at each 19éation X, the phase decreases slightly‘as a function
of T. : |

Since K is positivé everywhere in the two previous cases, their results
can be used to check Djorjevic and Redekopp's assumptiéns (see section 6.a).
The reiative difference between the numerical results and the D-R results
as defined by (6.10) is for the case presented in Fig. (6.5) A = - 22%
and for the case presented in Fig. (6.6) A = 11%. It should be recalled
that in all the cases the evolution law (5.20) is satisfied within 5%.
Therefore these diffefences are larger than the gumerical errors and

hence could affect the prediction of the number of solitons emitted. We

>
note that 4 $ 0 when dh < 0, this result has been found to be valid in all
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the cases treated. It implies that for waves propagating into deeper
wa;er, the area under the wave envelope‘becoﬁes smallef than expected
by D-R vhile_fore waves propagating into shallower water thé area-under‘
the wave enveiope becomes larger than expected by D-R. Furthermore D-R
assumes that the §rofile at the end of the depth vafiation is still a
sech profile (Eq. 6.5) but a comparison betwéen.the initial profile
and the profile at X = 1 n Figs. (6.5) and (6.6) shows that this
assumption is not satisfied. Based oﬁ D-R theory the number of solitoms
which will appear as X > = is N the largest integer smallér than m, =
1.87 in the first case and m, = 1.22Ain the second. So in‘both cases
the initial profile would evolve into one soliton plus reéidual
oscillations which decay as (X)fllz. Since our computation has been
limited to a small distance of propagation (X2 = 3, X, = 4 respectiﬁely)
these predictions could not be checked numerically. However based on
the numerical value of the area of the wave envelope at X = 1 one can
find a2 more accurate>va1ue for m (Eq. 6.12): m = 1.5 for the case of
213.1(6.5). bThis resﬁlt implies that if the profile at X = 1 was a sech
profile then it woﬁld‘evolvevwithout shape variation. The fact that we
see in Fig. (6.5) both recurrence and radiation is due to the initial
departure from (6.11). ;n the case of Fig.r(6.6) m ='A1.3 and the evolu-
tion of the wave envelope is qualitatively similar to the one presented
in Fig. (6.2). |

It should be-noted that in the case where K is positive everywhere

and where the depth increases the effect of increasing the magnitude of

f1



the depth variation dh, 1ettipg all the other pérameters fixed is to
increasg the maximum amplitude and to shorten the inﬁer-ncdal distance.
This result can.be seen by comparing Fig. (6.7) where dh = -0.3 and Fig.
(6.5) wherg dh = -0.5. |

In the case where K < 0 everywhere, weAknow that the initial sech
profile does not conservé its shape even on constant depth (see Fig.
6.1). ﬁe présgnt the evolution of a sech profile correspondiné'tb waves
. of period 2 = 7 which are propagating into deeﬁer water { Fig.\(6.8),dh=
=0.3) and shallower water (Fig.(6.Y),dh= 0.3) . These figures are
qualitatively very similar to Fig. (6.1). The three of them can be
superposed with a'good agreement at least.during the initial stage of
propagation. It shows. that in the case where K< 0 depth variation has
very little effect on the qualitative features of the evolution which
is dominated by radiétion.

Fig. (6.10) illustrates the case where K crosses zero during the
: propagationAof the wave. It shows fhe évolutionvof an initial seﬁh
profile correspondiﬁg‘td waves with peribd T = 6, which propagates
into deeper water, dg'= - 0.5. Fig. (4.6.b).shows.that K is negative
initial;y but beéﬁmes positive as the depth increases: K

1
K, = 0.73. The initial profile first decays and radiates as in the

= - 0.56,

-case'K < 0, then begins to steepen as it' propagates into deeper water.
Soliton emission is clear in the deeper water, numerical computation of
mat X =1 gives‘m = 1.7. In the case where K decreases from positive

to negativé'values an initial soliton flattens. The evolution of a wave
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envelope (see Fig. 6.11) is a combination of an initial slow decay
similar to Fig. (6.6), followed by a very strong radiation similar to

Fig. (6.8) or (6.9).
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7. Propagation of a Wave PacketYOver Varying Depth and Current

7.a Suberitical Current

As discussed at the end of section (4.e), one effect of the current
is té‘increase the wavelength and hence to move the point where K crosses
zero towards &eeper water. Assuming the geometry of the problem to be
fixed as defined in section (5.¢) then at h = 1 (i.e. X=0) K is
positive for small periods only (see Fig. 4.7). For such period§ the
initial sech profile evolves into N solitons during its propagation over
increasing depth, while for larger periods X is negative at h = 1 and the
initial profile ténds tolradiate_during its evolution1. Figs. (7.1) and
(?.2) illustfate,sthe effect of a subcritical current U = 0.5 propagat-
ing in the same direction as the waves. Fig.’(7.1) corresponds to waves
of period I= 3 propagating into deeper water dh = - 0.3. As it can be
seen in Fig: (§.7.b) K is positive everywhere and incrgaées with depth.
The initial profile becomes steeper during its propagaﬁion into deeper
water. It desintegrates and then rebuilds with smaller amplitude with
a recurreﬁce distance of the.ordef of 0.6. The qualitativé features of
the evolution of the;ﬁnitial profile in Fig.(7.i)aresim11ar to those
presented in Eig: (6.5) in the case of no currents. The numerical
computation gives m = 1.9 so that assymptotically only one soliton evolves.
Howeyer applying D-R's éssumption to this éase gives ng = 2.1 i.e. two
solitons instead of one. It should be noted that this difference becomes

important only when X is large. Fig. (7.2) ﬁresents the case where K< 0
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everywhere. Waves of period T= 4 are propagating towards shallower water
dh = 0.15. The depth variation has been limited to 0.15 to avoid the
critical depth h, = 0.82 (see Fig. 4.7). TFor such period and depth
variation K is negative and decreases with decreasing depth. Fig. (7.2).
shows that there is a radiation of the initial profile which becomes
flatter and spread toﬁards large f. Neﬁertheless the réte of decaj is
much smaller than in the case of no cﬁrrent see Fig. (6.9).

7.b Supercritical Current

As noted in section (4.e), when the current becomes supercritical
turbulence cannot be neglected and our theory is incomplete. Nevertheless
in order to show that the evolutidn of an initial profile depends mainly
on the sign of K, we have plotted in Fig.‘(7.3) and Fig. (7.4) this
evolution ‘in the case of a currenﬁ U = 2. It should be recalled that
for a supercritical current the yariations of k(&+h), K and s-z with
depth are ;he opposi;e of those presented in the case of subcritical
current (see Fig. 4.8); Therefore we expect the features of the evolu-
tion'éf an initiate prpfile to.he reve;sed: for example if K > 0 the
initial profile ghotid steepen with.decreasing depth and flatten with
increasing depth. We also note that for U, = 2,0,=0 (10—2) so the
dispersion has no effect but after a very long distance of propagation.
Finally Fig. (4.8) suggests that at the depth h = 1, K is negative except
for very small periods (say T< 1.75). Fig. (7.3) illustrates the case
of waves of period z = 1.5 propagating into shallower water dh = 0.3. It

~shows the appearance of the first node after a long distance of propagation
X = 3. The result is opposite to that obtained in the case of subcritical

current where the initial sech profile flattened when propagating into

shallower water. The numerical computation of m gives m = 2.1 which
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suggests that the Qﬁve envelope evolves into two solitons plus some
oscillations which»dies for large X. Fig. (7.4) corresponds to waves
of period T = 2 propagating into deeper water dh = - 0.3. In this case
K is negative everywhere and the initial profile decays. The radiatioﬁ'
is very small. At this point the sign of K and its variations with
depth appear to be essential in determining the qualitative features
ofbthe evolufion of an initial sech profile.
7.c Subcritical Opposing Current

: A current propagating against waves tends to decrease their.waveleﬁgth |
and hence moves the point where K crosses zero towards shallower water
(see Fig. (4.9)). But as shown in Fig. (4.5) for any given current |
velocity and depth there exist a critical period such that waves wi;h
smaller period can not ﬁropagate against that current. For example
waves of period less than n 2.5 cannot propagate at h.= 1 against a
current Ui = - 0.1. Near the stopping point, our assumption of weaklyv
nonlinear wave brégkdown; the dispersion effect represented by o, becomes
-yery large and hgnce;the initial profile will change over a very short
distance of propagaiion. Several cases have been studied to illustrate
the effect of an opposite current on the evolution of waves. Fig. (7.5) -
(7.6) present the case where K is positive everywhere. Fig. (7.5)
represents waves of period T = 6 propagating into deeper water dh = 0.5,
against a current Ul = - 0.1. The initial soliton profile increases in
steepness during its propagation, disintegrates and then rebuilds itself

after a near recurrence period of order 2. The evolution picture is very
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similar to the one obtained in Fig. (6.5). In Fig. (7.6) the wave
period g is still T= 6, however the waves propagate towards decreasing
depth dh = 0.15 and againstva current U1'= - 0.1. In this case K> 0
but decreases.. fhe p1§t shows a small decay in the wave envelope mﬁximum
. amplitude very similar to the one obtained in Fig. (6.6). Since K is
positive everywhere in the two previous cases we have calculated A, the
relative‘difference betweén the area under the wave envelope at X = L as
expected by D-R theory and a; computed numerically. In the case of Fig.
(7.5) & = 8.4Z. The large. values obtained for A shows once again that
the.D-R aésumption is not reliable. According to the numerical results
m = 1.61 for Fig.(7#.5l.1soliton would evolve for large X. To point out.
the effect of thevmagnitude of the depth variation we have plotted in
' Fig. (7.7) the propagation of é soliton corresponding to waves'of period
z = 6 over an increasing depth dh = -0.3. By comparing ?his figure ﬁo
the previous one, we can see that the effect of decreasing the magnitude
of dh is to lengthen the near recﬁrrence period and to decrease the
maiimum amplitﬁde.: As the opposite cﬁrrent increases, the only waves
which can propagate at h=1 without being stoppedvare those having a
large period. Fpr‘é;ch waves the parameter K tends to become negative
in the neighborhood of h = 1 (see Fig. 4.9) and therefore an initial sech
profile will decay during its propagétion over variable depth. This
effect is illustrated in Fig. (7.8) for waves with period T = 7 propagating
into deeper water dh = - 0.15, against a current Ul = - 0.1. The initial
‘profile radiates during its propagation qualitatively as in the caée of no

currént, K < 0 (see Fig. 6.8).
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8. Conclusion

‘The previous results are a general survey of the evolution of a
slowly modulated wave packet propagating over yarying depth, in the
same direction as a strong curreﬁt or in the opposite direction. They
show that for any-subcritical current the qualitative features of the
evolution depend only on the sign of K and its variations: K increases
with increésing depth and decreases with decreasing depth.

In the case where K is positive everywhére, an initial s&liton
profile propagating into deéper water becomes steeper and steeper. At
the end.ofvthe depth change, the wave enveiope is morevpeaked and evolves
into a.soliton or a multisoliton appropriate for the_new depth.- Depending
on the charaéteristics of the initial soliton, of the depth variation and
of the current, the profile can fission into 2-bounded solitons with near
recurrence periods. On.:he other hand when the initial soliton profile
propagatés into shallower Qater, it becomes flatter and flatter. At the'
end of thé Aepth change, the wave envelope can either evolves into a
soliton adapted to the new depth of desintegrates as X + «.

In the casé whefé K is negative everywhere, whatever the depth
variation is, the initial profile desintégrates dufing its propaéation.
The.width in T of the wave packet increases with X wh;le its maximum
amplitude decays. The rate of decay of the maximum amplitude with X is
dependent on the characteristics of the waves, the current and the depth

variation.
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When K changes sign as the depth varies, two cases can occur. The
firstone corresponds to waves propagating into shallower water, in this
case K is initially positive and becomes Qegative as the depth decreases.
The_initial profile, first begins to flattem but as the sign of K changes
its rate of decay increases and finally it‘désintegrates. The sécond
case corresponds to waveé propagacing into deeper water and hence K
. increases from an initial negative value to a positive one. 1In the
region where K is negative the waves envelope begins to desintegrate.

If the profile of the waves ehvelope is very flat at the point where K
Secomes negative, it would just pursue its desintegration while propagat-
ing into.the region where K is positive, otherwise it would evolveiinto

a soliton or a multi-solitom. |

The previous discussion pointed out the importance of the sign of -

K fof the evolution of an initial wave packet. As shown in Figure (4.6),
(4.9) this sign dependé‘on the wave period, the depth and the éurtent.l

For a.givehAperiod a strong current in the same direction as the waves

tends to decrease the value of K at a given depth and hence mﬁves the

point where K changgéiits éign towards deeper water. Therefore in the
presence of the éﬁfrent, except for short wave packets, any initial wave
period whose énvelope is a sech profile desintegrates during its propagation
over variable depth. Depending 6n the depth variation a short wave packet
can desintegrate if the depth decreases or evolves into a soliton or a
multisoliton if the depth increases. For a current propagating against
waves the effect is to move the point where K crosses zero towards shallower
water and therefore long wave packets only, desintegrates during their

propagation over variable depth. (The opposite current also affects the

102



propagation of waves since it can stop the shortest of them; our weakly
.nonlinear theory is not valid in the neighborhood of this stopping depth.
Therefore as the current ipcreases only long waves can propagate at the
initial depth h = 1'and the envelope of such a long wave desintegrates
during its propagation over varying depth.

Through the ﬁumerical study we have shown that the assumption of
'shape conservation"made by Djordjevic and Redekopp to derive théir
analytical solution for the propagation of an initial soliton over
slowly varying depth, is not valid. The difference between the aréas_
under the wave envelope profile at the end of the depth change as pre-
dicted using D-R's assumption and as calculated numérically is in some
cases about 22%. It has been ckecked that this large difference is not
dge to the numerical method.

Finally this study.shows the very dfastic effect of depth variation
and strong current on the prop#gation of a wave packe;. It is based on

the assumption that the current is strong enough to influence the waves
without being inflgénged by them. This assumption holds in some cases,
for example a harborﬁéntrance with a river flow; our results can then be
applied directly;' In nature m;st currents are weak i.e. of the same
order of magﬁitude as waves. A new study is then needed to include the
effect of waves on the current itself and our results should be considered

as a first step to improve our understanding of this problem.
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(a) 3-dimensional plot of the wave amplitude IA(X,T)[;
(b) Wave amplitude [A(X,T)], and {(c) phase Arg(A(X,t)) for

X=0, 1, 4. No current, constant depth h = 1, wave

period T = 5, K= 1.4,(kh) ='1.69, m = 1.5
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Figure 5.2: Geometry of the problem _
Figure 6.1: (a) 3~dimensional plot of the wave amplitude |A(X,T)],
(b) Wave amplitude |A(X,T)|, and (c) Phase Arg(A(X,T))
forrx =0,1, 3, u, = 0, T=7, dh = 0, K = -3.33,
(kh) = 1.04 _
Figure 6.2: - (a) 3~dimensional plot of the wave amplitudeilA(X,T)l,
(b) Wave amplitude |A(X,T)|,and (c) Phase Arg(A(x,rj)

for X = 0, T = 5, dh =0, K= 1.4,

0, 1, 3,u

1.69, m = 1.25

(kh) _
Figure 6.3: (a) 3-dimensional plot of the wave amplitude |A(X,T)|,
(b) Wave amplitude |A(X,T)], and (c) Phase Atg(A(X,T))
for X = 0, 0.72, l,'U1 = @, z =5, dh = 0, K= 1.4,
(kh) = 1.69, m = 2.0
Figure 6.4: (a) 3-dimensional plot of the wave amplitudé IA(X,T)I,
(b) wave amplitude IA(X,T)I, and (e¢) Phase AIg‘A(X,T)).
for X = 0, 0.4, 1, U, =0, T=35,dh=0,T=5,
dh =0, K=1.4, (kh) = 1.69, m = 1.5
Figure 6.5: (a) 3—dimensional plot of the wave amplitude |A(X,T)|,
(b)lWave amplitude |A(X,Tt)|, and (c) Phase Arz(A(X,T))

for X =0, 0.9, 1, U, =0, T =5, dh = - 0.5, K, = 1.4,

1
(kh)l = 1.69, K, = 2.6, (kh), = 2.4, m = 1.62, A = - 22%,
global energy error = 4.27%
Figure 6.6: (a) 3-dimensional plot of the wave amplitude lA(X,t)I,
(b) Wave amplitude ]A(X,T)I, énd (c) Phase Arg(A(X,T))
for X=01, 4, Ul = 0, T= 5, dh = 0.15, Kl = 1.4,
(kh), = 1.69, K, = 0.72, (kh), = 1.49, m = 1.3,

A = 11%, global energy error = 0.1%
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Figure 6.7: (a) 3-dimensional plot of the wave amplitude |A(X,T)], -
(b) Wave amplitudé |A(X,T)|, and (c) Phase Arz(A(X,T))
for X = 0.1, 1.6,U; =0, T =5, dh = - 0.3, K, = 1.4,
(kh), = 1.69, K, = 2.19, (kh), = 2.11, m = 1.5,
A= - 26.6%, global energy error = 2.5%
Figure 6.8: (a) 3-dimensional plot of the wave amplitude lA(X,T)I;
(b) Wave amplitude |A(X,T)|, and (c) Pﬁase Arg(A(X,T))
for X =0, 1, 3,Ul = 0, T=17,dh=-0.3, Kl = - 3.3,
(kh)1 = 1.04, Ky = - 0.65, (kh)2 = 1.24, global energy
error < 0.1%
Figure 6.9: (a) 3-dimensional plot of the wave amplitude |A(X,T)l,
(b) Wave ampl%tude ]A(X,T)I, and (é) Phase Arg(A(X,T))

=0,T=17,dh=0.3,K

for X = 0, 1, 3,U = - 3.30,

1 1
(kh), =1.04, K, = - 14.6, (kh), = 0.83, global energy
error = 0.1% | ‘

Figure 6.10: (a) 3—dimensi§na1 plcot of the wave amﬁlitude ]A(X,T)I,

| (b) Wavglamplitude |A(X,7T)|, and (c) Phase arg(a(x,t))
for X =0, 1, 3, Up =0, T=6,dn=-0.5K =- 0.5,
(kh), = 1.28, K, = 1.10, (kh), = 1.75, m = 1.98, global
energy error = 0.05% |

Figure 6.11: (a) 3-dimensional plot of the wave amplitude ]A(X,T)[,

(b) Wave amplitude |A(X,T)|, ana (c) Phase Arg(a(x,T1)).
forX=0, 1,3, U =0, T =3, dh =0.3, Ky - 1.4
(kh)1 =1.69, K, =-0.68,(kh), =1 29 , global energy

error: 0.1%
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Figure 7.1: (a) 3-dimensional plot of the wave amplitude [A(X,T)I,
(b) Wave amplitude IA(X,T)!, and (c) Phase Arz(A(X,T))
for X=0,u.85,1, U; = 0.5, T = 3, dh = - 0.3, K, =
6.0, (kd)l = 1.68, Kz = 15.7, (kd)2 =2.62, m=1.9,
A = - 15.27% global energy error = 5%
Figure 7.2: (a) 3-dimensional plot of the wavé amplitude lA(X,T)I,
| (b) Wave amplitude ]A(X,T)‘, and (c) Phase Arg(A(X,T))
for X = 031, 3, U1 =05, T= 4, dh = 0.15, K, =
-4.8, (dk)l = 1.17, K2 = =42, (kd)2 = 0.82, global
energy error.
Figufé 7.3: (a) 3-dimensional plot of the wave amplitude lA(X,T)l,
(b) Wave amplitude ]A(X,r)[, and (c) Phase Arg(A(X,T))

for X

o, 1,v3, U; =2, T=1.5, dh =0.3, K, = 17.9,
(kd); = 1.51, K, = 48.0, (kd), = 1.86, m = 2.1, A =
-0.97% global energy error: 0.27 ,
Figure 7.4: (a) 3-dimensional plot of the wave amplitude lax, ],
" (b) Wave amplitude |A(X,T)|, and (c) Phase Arg(A(X,t))
"for X =0, 1, 3, U, =2, T=2,dh=~0.3, K =-39.9
(kd)1 = 1.1, K, = -91.0, (kd)2 = 0.95, global energy
error: 0.05%
Figure 7.5: (a) 3-dimensional plot of the wave amplitude [A(X,T)l,
(b) Wave amplitude |A(X,T)|, and (c) Phase Arg(A(X,T))
for X = 0, 1, 1.35, U} = -0.1, T = 6, dh = - 0.5,
K, = 0.63, (kd)l = 1.38, K, = 1.1, (kd), = 2.01,

m= 1.61, A = - 13.4% global energy error = 0.5%
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Figure 7.6: (a) 3-dimensional plot of the wave amplitude IA(X,T)I,
(b) Wave amplitude |A(X,T)|, and (c) Phase Arg (A(X,T))

for X=0,1, 3, U, =~-0.1, T =6, dh = 0.15, K

1 1
0.63, (kd), = 1.58, K, = 0.41, (kd), = 1.48, m = 1.3,
| A = 8.4% global energy error < 0.1%
Figure 7.7: (a) 3-dimensional plot of the wave amplitude |A(X,T)],
'(b) Wave amplitude lA(X,%)[, and (c) Phase Arg (A(X,T))
for X=0,1, 1.5, U

1
Ky = 0.63, (kd), = 1.58, K, = 0.94, (kd), = 1.83,

=-0.1, T=6, dh = - 0.3,

m=1,6, A = 9.4% global energy error = 0.3%
Figure 7.8: (a) 3-dimensional plot of the'wavg amplitude lA(X,T)I,
(b) Wave amplitude IA(X,f)I, and (¢) Phase Arz{A(X,T))
for X =0, 1, 3, Uy == 0.1, T = 7, dh = - 0.15,
Kl = - 0.61, (kd)l = 1.23, K2 = -~ 0.15, (kd)2 = 1.32,

global energy error = 0.05%
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PART 1II :
GENERATION OF SECOND ORDER LONG WAVES

IN WATER OF VARYING DEPTH
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1. Introduction

The interaction between waves and strong current was studied in the
first part. The current is‘found to affect strongly the waves by changing
their waveieﬁgth, their evolution proper:ies and their stability regions
while the waves do not affect the current. A second extreme case is
studied in this part: the cﬁrrent is assumed to be Qeaker than the waQés.
The waves then do affect the current but are not affected by it, at ;he
leading order. As én‘example, a slowly modulated wave evolving on constant
depth can generate a mean current and a mean set-down (see Longuet-Higgins
and Stewart (1962)). The mean free surface displacement, induced by the
wave group envelope, is a second order long wave propagating with the
group velocity and hence is bound to the wave group. As'noted by Longuet4
Higgins and Stewart, this 1ocke& wave is the result of the variations of
. the radiation stress which are induced by the slowly varying envelope. If
in addition the depth varies slowly (on the same scale as the envelope ),
the locked wave alone will not coméensate the effect of the radiation'stress
change due to the"dééﬁh variation and a forced wave ig generated in this
region. After ﬁeing created in the region where the depth varies, the
forced wave could.rédiate energy.towards the farfield in thé form of
progressive long waves traveling at the phase velocity /gh. In contrast
to the locked waves, these long waves are not bound to the short waves.
Since their period is of the drder of few minutes,they can be of nractical
Anterest in some engincerings problems: Harbor resonance, 6eeplwater
'structuréfdinamics...tn coastal regions they have also been related to

surf-beats.’
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Such mechanism for the generation of second order free long‘waves

was studied by Molin (1985) in the case where the first order short
waves are considéred to be déep water waves while the generated second
| order waves are considered to be shallow waéer waves. He found that

the waves fadiaced away from the region of depth variation have very
small amplitude (i.e. third order) and thattheir amplitude 1dcfeases

as the water depth becomes intermediate, i.e. kh = 0(l). 1In this part
we extend Molin's study to the case of plane wave in water of inter-
mediate depth. We first derive the governing equation for the mean
free surface displacement induced by a plane'wave group with slow modu-
lations in both directions x and &. For this derivation we use two
different methods and show that they are equivalent; the first ome is
'the multiple scale method which is ﬁoré formal.but straightforward, the
second one is an averaging method which is much less straightforward
but whose results can be easily interpreted physically using the radia4
tion stress concept. Then limiting ourselves to the case where the depth
variation is in theix direction only and where the wave envelope is
periodic in time with constant fréquency, we derive a governing equation

for the forced waves which is solved numerically by using a hybrid element

method.
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2. Governing Equations for the Mean Current and Set-Down

We consider a weakly nonlinear wave group propagating into water of

variable but intermediate depth h {i.e.

e=ka<<1l pu=kh=o0(l) , | (2.1)

vhere k is the wave number and a is the wave amplitude. The wave
envelope and the depth are assumed to vary slowly . Introducing

the slowly varying time and horizontal space coordinates

T= ¢t X = ex ¥ = ¢y (2.2)
we have
h=h(XY) and A= A(KY,T) O @2.3)

where h ié the depth of thg water measured from the still water level
and A is the Qave amplitude. Therefore the length of the wave envelope
is 0(1/€) and is of the same order as the distance over wﬁich the depth
varies. The wave envelope modulation is known to‘induce a second order
free surface di_.splé.;ement and current, which vary on t:hé same scales as
the first order envelope (i.e. X,Y,T scales). The governing equations
of the induced current and free surface displacement'can be found either
by using the multiple scale method or by averaging the equation of the
flow over the short scales.

2.a.- The Multiple Scale Method

This method has been applied to a slowly modulated Stokes'wave train
by‘Chu and Mei (1970). Through their derivation of the nonlinear govern-

ing equatiod of the wave amplitude, they obtained the governing equation



of the second-order mean free surface displacement and current (Egqs.
(4.5) and (4.6)). Let us summarize the main steps of this derivation.

In terms of the potential wvelocity ¢, the basic governing équations are -

o+, =0 -h@® €z <00 - (2.4)
bpe*8 0 * G+ B2 =0 z=nGe) (2.5)
¢, + V9T =0  z=-h@ | (2.6)

n= -% (¢, "‘%‘ le]) z=nG0 | (?-7)

where ; = (x,y) denotes the horizontal spatial coordinates,.;A=

. o (9 9.
(¢x, ¢y, ¢z) is the velocity.of a fluidvpaF;icle, V2 (§§’

dy
;9 3 9 '
V3 (§§,<5;{ Sz) represent respectively Fhe horizontal and total

) and

- gradient - operators, and n is the free surface elevation. Since
n = 0(g), the free surface conditions(2.5) and (2.7) can be expanded
about z = 0. Now we assume the following expansions

.°°";' +n

3G,z = I € 5 ¢ &D o198 (2.8)
’ n=1 mwm=-n
. o +n '*

nGhe) = I € I o &1 eImS (2.9)

n=1 m=-n

where f = (X,Y) = (ex, €y) and T = €t. The phase function S(;,t)

then defines the wavenumber E and frequency w.
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.1: = V?s - (2 .lo-a)
w= - St . - : v : (2.10.b)

If w is assumed to be constant, then the previous equations imply

that k is independent of t and satisfies
Vxk=0 . | - (2.11)
Substituting the expansions (2.8) and (2.9) into the governing

equations (2.4), (2.6) and the expanded form of (2.5) and (2.7) about

z = 0, and separating different orders and harmonics give a set of

equations:
2,2 > ' '
22 - > - :
8z ~ B WO, =G (X,T)  z=0 . (2.12.5)
-
,¢nmz = an(X,T) z=-h (2.12.¢)
-1 oo - w 1)

where an, Gnm’ an and Hnm depend on lower order terms and are
given in Appendix (Bl). At the first order n = 1 the system of

equations (2.12) yields that ¢10 is independent of depth and ¢1l

is the classical linear wave solution
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¢10 =¢10(XQT) (2.13-3)

- 1a¢T m & coh k(z+h)
%11 1A(X,T)

2w cosh kh : (2.13.5)
A 3 -
where w? = kg tanh kh : O (2.14)

At the second order zeroth harmonic Eq. (2.12.d) gives an equation

relating the mean quantities ¢10 and Nog*

2 ' :
l1.,20w 1 1
20748 T8 oy 8 Cl0t

 From the set of equation (2.12) it can be seen by using Green's formula
that a necessary condition for the second order first harmonic solution

to exist is that the following solvability condition is satisfied.

0
: : F ,
1 - cosh k(z+h) 21
g G21 I dZRZI cosh kh cosh kh ' (2.16)
¢ -h
which gives

_a.f‘.*i.,. V- (C %) =0 (2.17)
oT g . ' ‘

. IR 9 9
after using the expressions for 621 and RZl' Where .V (8:{’ BY). and
-68 is the group velocity defined as:

->

> kw 2kh
S =52 4 * Sk T (2.18)

Equation (2.17) represents the conservation of energy.



Similarly at the third order zeroth harmonic, using the Green's formula

we find the solvability condition:

0

1 ,

P G30 J dz R30 + F30 (2.19)
~-h

which gives a second equation relating “20 and ¢10
1ad =0 - (2.20)

Taking the derivative with respect to time of (2.20) and using (2.15),

~ we obtain the governing equation for the mean free surface displacement

2
. I n > 2.2
. 20 _o.kg .2y 4y WA
V- (gh¥n,) - —3 VeiE AP V. (hv(ASmhzkh)) (2.21)

Eq. (2.21) can be written in a slightly different form. Let us dif-
ferentiate the dispersion relation (2.14)

- |
c_ sinh 2kh Vh | (2.22)

Yk = -
Using (2;17) and (2522) in the right hand side of Eq. (2.21), this
equation becomes£

2

o n 2 .
. - ———2—0— T em 3 _&—ISP—— —-g- o . T3 2 . 2
Ve (ghVn,yg) - =57 V VG stmn 7mm) + 2w (K9 (CA0) + ATC V)]
' ' (2.23.a)
'Using the irrotationality of k Eq. (2.23.a) reduces to
2 ' ' 2
V-( hVn ) - 2 nzo = - 32 (.EA_Z.(E& - !'_)) - 9 9 (8A Cg kikj)
81VT20 3T 2 V2 '¢ ~2 3X, oX, ° 2C 2
. BXi i 773 k
(2.23.b)
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2.b. rThe Averaging Method

Since we are interested in the governing equations of mean
quantities,arguments similar to those leading to the, Reynolds
equations for the mean turbulent flow, can be applied. Therefore
by averaging the Euler's equations over the rapidly varying scales ,
we would expect to obtain the conservation laws of mass and horizontal
moientum for the mean current . This method have been applied by
Longuet-Higgins and Stewart (1962). They introduced the radiation
stress concept which is the equivalent of the Reynold stress in ﬁhe
case of turbulent flow. In what follows we rederive their results in

the context of our problem.

The basic equations areEuler's equationS'witﬁgppropriate boundary

conditions
Veu =0 (2.24)
B, o 1
T (*Nu = -{-5 V(P + P2z ) (2.25)
w+uVh=0 | z = ~h(x,y) (2.26)
L rdvE=w 2= gD (2.27)
P=20 z = §(x,y,t) (2.28)

where u = (ul, Uy, w) is the flow velocity, P the pressure and &
the free surface displacement. We now define the mean velocity Ui
(i = 1,2) by integrating u, over the water depth and then over the

short time scale T ( T= 2
- s W

represents the period of the short waves)
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rm————

3 _
U = J wdz  1=1,2 | (2.29)
&+h ‘h '
where the time averaging of a quantity (Q) is defined as:

t+T
j qQ dt - (2.30)

t

Q=

el

Physically p('E':-!--h)Ui represents the mean rate of mass flux across a
}vertical plané of unit width along Xy = comstant and 1is called the
mass flux velocity (see Mei (1982)). LetAGi be the deviation of the
velocity from its mean i.e.

-

u, = Ui + uy | _ (2.31)
then it follows from the definition (2.29) that

J uidz =0 ' (2.32)

-h

The continuity;equatioﬁ (2.24) integrated with respect to depth'

i

gives )
g
$ek o =0 | (2.33)
N
after using the boundary conditions (2.25) and (2.26). Substituting

(2.31) into (2.33)}and averaging over the short time scale we get

Q:Io:
ot ol

3 -
+'§§; ((; + h)Ui) =0 . (2.34)
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where Eq. (2.32) has been used.

Since the flow is inviscid, the equations of momentum comservation

can be written as follows:

auj auiuj aqu 1 |
& T, | ez 3 - P8, ) 1=1,2 (2.35)
%y
du ¥ . 2
9w . oW 193 .
ettt - o 3z (B + pg2) (2.36)

i
Let us now integrate (2.35) with respect to depth, use Leibnitz rule
to inverse the respective positjnn of the derivative with respect to t

or x, and the integration with respect to z and use the boundary

conditions (2.26) - (2.28):

g £

3 p h 3h

I (I ujdz) + i I (ui j 6 j)dz - ﬂ;)—-a—; =0 (2.37)
th 1 h | d

Using (2.31) and averaging with respect to time gives:

= (‘(€+h)U)+‘§—-((h+2)UU) Enom o f(ﬁ G+ 5 8,,042)

p 9x 8x ij
31
(2.38)
Introducing S, the mean dynamic pressure at the bottom
P=F, - pg(&+h) _ (2.39)
Eq. (2.38) can be written in a slightly different way:
3¢ (E+ ) + 35 (@ + Doy = B pEew B
3 *3 *3
i.a(si!) v (2.40)
T
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g
where Sij = I dz[pﬁiﬁj + @ - pg(E-z)) sijl (2.41)
~h

sij represents the sum of the ith component of the net momentum flux
across éﬁd‘the excess hydrodynamic pressure on, a surface normal to
the j-th direction. This tensor representing the excess momentum
fluxes is called the radiation stress (see Longuet-Higgins and
Stewart, 1960). In order to obtain the average pressure we integrate

~ Eq. (2.36) from z to §

g §

P(z) = pg(t - 2) +'§§Z (I puiwdz) - pw2 + p-g%([ wdz) (2.42)

z
wvhere the Leibnitz ;ule has been used to inverse derivation and
integration and the bqundary'conditions (2.27) and (2.25) have been
applied. So far the equations found are very general but to go further
we need to makevsome assumptions. First we assume th;t thé.depth is

slowly varying, i.e.

- Vh =0(g) ‘ . ' (2.43)

we also assume thgt;at the leading order the flow corresponds to the
propagation of ;n infinitesimal wave with slowly varying amplitude over
the variablé depth. Therefore the wave velocity and the free surface
displacement are:

k,gA ' . : _
m 3> cosh k(z+h) _dis . 2 .
9" oa T coshkm ° T FFO0ED 3=12 (2.44)

12n:



_ ikgA sinh k(z+h)e™

2
2w cosh kh +x +0(e) (2.45)
E= % eiS + % 4+ 0(82) . _ . (2.46)
where § = f kpdx + J kydy - wt | (2.47)

and * denotes the complex conjugate. Eqs. (2.44) - (2.47) impiy °
that the derivative with respect to time or horizontal space coordinate
of an averaged quantity is of higher order i.e.

) 3 (4 - ' :

3 () 3 () =00 (2.48)
we also deduce éhat

- = - 2 a :

u,s E, w < 0(e™) | ’ (2.49)

As a comment, we note from Eq. (2.26) that th = 0(83). From EqS.
(2.44) it can be éeen that u‘j and -g-g—— are out of phase therefore
9F

u. = 0(23)- and Eq. (2.27) implies that ;! = 0(5’3). Averaging
3 ij ; ) g

Eq. (2.49) with respect to time and using the previous assumptions give

B(z) = pg(E - 2) - pw> + 0(ed) - (2.50)

The dynamical pressure at the bottom is
- 3 :
P s 0(c7) (2.51)

Similarly,the radiation stress tensor can be estimated to the second

order, by plugging the expression for the pressure(2.42) into (2.40)
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g & ; 3 g 3 3
= | - 9 1 3 . * 2
Sij J uiujdz + (I dz(at f wiz') + [ dz(§§7 J uiwiz )-I w dz
-h _ -h z -h g ~h
41 -
+5 888, (2.52)
where £ = § - £. Applying the rules (2.48) and (2.49) we obtain:

o o —

~ ~ ‘ 2 1
Sij J ug

g dz + [w. dz + 3 et + 0¢edy (2.53)
“h h

To have Sij to the second order we only need the first order approximation

of the velocities and free surface displacement as given by Egqs. (2.44) -

(2.47)
2 ¢ 2 ¢ kk '
=82 8 _ A_ g 13 3
Sy > G 1/2)<sij+32—-C % + 0(c) (2.54)

C 2kh . . )
where C8 i'(l + <o 2kh) is the group velocity and C = i~ is the

phase velocity. Since U, and £ are 0(82) Egs. (2.34) and (2.38)

‘ i
become
9E 3 . 5
= +3xi (h U;) = 0(e) (2.55)
hod 4 gn2E o 13 ¢ + 0(e®) (2.56)
ot & -ij p ox; "ij < :
Taking - 5%-(2.55) + 5%— (2.56) we finally find the governing equation
3
for the mean free surface displacement
_% g @y 12 3 (o, (2.57)
Stz oxj ij o) ij axi ij



which is identical to Eq. (2.23.b). This equation shows that E is

equivalent to the surface elevation of a long wave when a horizontal
3s

force - 3;31 is applied to the fluid i.e. gradients of the excess -
i

momentum fluxes tend to change the mean free surface level.
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3. Generation of Forced Waves

The governing equacibn for the mean free surface displacement
is Eq. (2.57) or Eq. (2.21). However to solve it, one needs to
find the variations of the wavenumber, the wave direction and the wave
amplitude.with respect to the slow coordinates X s T. These quantities
are governed by the di#persion relation (2.14), the irrotationaliﬁy
condition (2.11) and the equatidn of conservation of energy (2.17).

Using the following normalization

k
’ = ,' = 1 B e
Xi . kmxi h kap k k.
' A ' __E_ ' 'k‘” ' T (3.1)
A' =3 T o= c,=—C T' ==
o k a g g @
© o
wz
where k= -E-is the wavenumber in deep water and a, is the wave
amplitude at some reference depth ho; these equations become
Nz 22 42 k, 2,2
] 9 0 ] " ' 9 i 0A
ax (hag)' g".'ax (ha?c( Az))"'ax 3 G2
i i 9T i i 4 sinh'kh i
w2 3 o '
T tax, (4G = 0 3-3)
i
1=k tanh kh | (3.4)
—2;—1-=-2—1;—2 | (3.9
2 1
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- In the most general case these two dimensional equations need to be
solved numerically. To simplify the analysis we assume the depth to

vary in one direction only i.e. h = h(Xl). Then Eq. (3.4) and (3.5)
imply:' |

k= k(Xl) kl = kl(xl) kZ = constant (3.6)

or by introducing a(Xl) the angle between the direction of propagation

of the wave and the Xl - axis.

kl =k cos a _kz =k sina= k° sin % (3.7

where the subscript 'o' refers to the values at the reference depth ho.
In what follows we will use (X,Y) as qepresenﬁing (xl,xz). We further
‘assume the wave envelope to be periodic in T with a constant frequency

V.

VQT

AKYD = 2 (a0 4 4 (3.8)

and to satisfy the boundary condition:

- 1vk2Y , .
A(X,Y) = e at X= xo : (3.9)

where X = Xo is a reference line in the region of constant depth h = ho'

Then Eq. (3.3) becomes
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~ ' - oC
% 7%

kBl 2dv0k, 32
ki YRy +'(E; 3 cg)‘A 0
(3.10)
|A] 3la k_f T2
kXt ke oy tT, TR la|” =0

where C8 is the group velocity in the X direction. The solution of
1

Eqs. (3.10) ﬁhich satisfies the bounaary conditon (3.9) is:

c_ X
%10 éiv(j KdX + k,Y) B (3.11)
c , :
s %
a %

where K T "% The wave envelope is then a progressive wave whose
81 1 . :

direction of propagation is at the angle B with respect to the X-axis

.kz o ) .
‘tan B = 3 (3.12)

and whose phase velocity is

Ca 2

K? + k

(3.13)

- NN

We choose Q = cg k, such that at the reference depth hos K = k05
o

C= Cg i.e. the wave envelope is propagating at the group velocity
(<

in the same direction as that of the short waves. We have plotted in

fig. (3.1) the variation of K and kl with depth for different values

a, = o, %, %, % The reference depth is taken to be ho = 0.5. As expected
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at h = ho we have K = kl’ B = a. In shallower water K < kl and there-

fore 8 > a. As h -0,

kl and K > ® i.e. @ and 8 + 0. In deeper water

K >‘k1 and 8 < a. Depending on the reference depth and the initial

angle of incidence'ao,
be reflected back by a

of all the rays). The
ky = k ".or

In the neighborhood of
reach the caustic with
incidence) while their
normal incidénce). In

shows that |A| » «,our

short waves propagating into deeper water can.
Caustic (A line corresponding to the envelope
Caustic line isdefined by :

| Lk siﬁ a |

221 (3.14)
k

the caustic kl + 0 but K =+ »: The short waves
an angle of incidence.a ¢.n/2 (i.e., glancing
enveiope reaches it with an angle B+ 0 (i.e.

the neighbbrhood of the caustic, Eq. (3.11)

small amplitude theory ceases to be valid and

a more refined treatment is needed. In fig. (3.2), K and kl are

shown for._ho = ] before the caustic is approached. The variatioms

of K and kl with depth

in fig. (3.1).

are qualitatively similar io those presented

From Eq. (3.8):and (3.11), we note that Az consists of zeroth

and second harmonic so

the right hand side of Eq. (3.2) consists of

the same harmonics, therefore we expect E to be of the form:

E=g (® +3 Eme

209(k,Y - Q1) (3.15)
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Plugging (3.15) into (3.2) we obtain the expression for €° and the

~

governing equation for &:

~

C
g 2
10 = - ____‘_A_L__ (3.16)

£ = - ——
° 8C_ sinh’kh  8sinh’kh
g
2..2 C
~ kh (K°+k,) 2. g : .
_g 2005 2’ 2k, 2 %10 2iv[¥kax
)+4\’ (9 kZh)E [sinthh + C]v c e - F
g g, X
~0
. : X
Qc
o5 dg, g0 f
4 10: 4, k,. 2iv| K d¥
[ ) + 1V(4Kh 7= + 28 dX (Rh) - —5 dX(C )le <
g
~0
(3.17)

Eq. (3.17) is then an ordinary differential equation in X

For normal incidence o, = 0, a limiting case was studied by Molin

(1982) by considering the first order waves to be deep water waves and

the second order waves to be long waves. In this limit kh = 0(—%),
€

c i ka1
g
> ~ 2iVGX ‘
4 %x§'> +a2fc=20502 c, (3.18)

Taking Qv = 1, Eq. (3.18) is equivalent to the governing equation obtained

by Molin.
For kh = 0( 'Y J,the steady state set—down,Eo(f() is plotted in fig
. The

4-\':1
wl:l

(3.3) for different angles of incidence a =0,

)
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reference depths in figs. (3.3.3) and (3.3.b) are respectively h = 0.5
and ho = 1. As espected from Eq. (3.16),'Eo is always negative and
increases from - « in very shallow water to zero in deep water. Near
a.caustic kl + 0 and Eo ;-w. The effect of increasing angle of incidence
vis very small before the caustic is approached.
| 3.a Locked Waves on Constant Depth

In the case of constant depﬁh, the second term on the right hand side
of (3.17) 1s zero. The equation admits a solution of the form

~ . éivj KdX

E=§ e “‘x

-0

2 @ady | 20
810 sinh 2kh - Q&

with - (3.19)
T 8¢ (h(x2+k2) - 09
8 2.

EL represents the amplitude of a wave travelling iﬁ the same directionand
with the same velocity as those of the envelope of the short waves.It is
therefore locked to the wave group. Note that the directions of the
short waves and tbei; envelopes are different. In the case of normal
Incidence o, = B = 0 and at a depth h = ho’ EL reduces to the expressioq

of the mean free surface displacement given by Longuet-Higgins and Stewart

(1962):

4k C -1
(41 8y -

EL‘ = - 2 (3.20)
scg (h, cg )

0 o
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EL is plotted in Fig . (3.4) as a function of depth for different angle

of incidence a, = 0, %3 %; %u The reference depths in figs. (3.4.a)

and (3.4.b? are fespectively h° = 0.5 and ho = 1. EL is always negative.
it corréséonds therefore to a set down of the mean free surface elevation.
[ELI is larger than [Eol but their variation with depth are similar.
The effect of increasing the angle of incidence remains very small except
in the neighborhood of a caustic.

3.b. Forced Waves on Variable Depth

In the case of variable depth,the second term in the right hand
side of Eq. (3.17) is non zero and contribute to the forcing of E.'
This equation has then to be solved numerically in the region where
thé depth varies. We assume the depth fo vary from ho in the region

X < xd to hl in the region X > Xl. In the regions of constant depth,

the solutions are of the form

~ Ziufxxbdx
&= g

% + &g for X <X, (3.21)
E= g, e“"[x“l“x +&, for x>%, ' (3.22)
| ¥

~0 .

where §LO and ELl are respectively the values of the locked wave
amplitude at depths ho and hl' EFO and EFl-are homogeneous solutions
of Eq. (3.17), in regions of constant depth. These solutions depend on

the sign of Az
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2
k
2 1,.2 2 0 2 2 ’ .
A ‘ﬁ'(ﬂ - k2h) = -fl— (Cgo - sin Ctoh) (3.23)

In the case vhere li >0 at h = hl, the solutions of (3.17) are of the

+2iv{A X .
form e 1'7. By imposing the radiation condition we deduce that

By = A 2wl L % | (3.24.3)

In the case where Ai is negative at h = hl’ the solution of (3.17) are

+2v|A, |x e '
of the form e 1'". By imposing the condition that EFl *+ 0 as

X >+ we deduce

.

- -2v|A, | '
gFl- Al e 1 for ¥ > &1 | | . (3.24.0)

Similarly in the region X < X’ depending on the sign of Az we have

- 21iVA X
EFO A° e o for X < X, (3;25)

where Ao == [A | 1f A2>0 amai = -1y ] 1222 <o
Ao and Alare complex constants which can be found by matching together

the solutions in regiods.of constant and variable depth.Outside the region
" of varying depth the free surface displacement is the sum of three

terms: a mean set down So’ a progressive locked wave

Ziv(rKd.-‘{ + k¥ - QT)
X

g e o and a progressive 'Forced Wave'
Aj e 3 a.o or 1
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2 .
If Xj is positive the forced waves are radiated towards large [X]

and propagate in a direction defined by
' k

tan 8 = 32 | | (3.26)
by

with the phase velocity

Q__ . Q
CF = - = -
: 2 2 2
: ‘ﬁ\j + k2 /9 + kz(l-hj)

By

(3.27)

The phase velocity and the direction of propégation'of these radiated
waves are constants which depend on the depths hj' In general they
are different from those 6f the locked waves. As imposed by the
radiation cond%tion 6o is negative and 61 is positive.

If A§ negagive the forced waves- are propagating in Y. direction
witﬁ a phgse velocity'fi. Their amplitude is not constant as in the
case Ag > 0 but décreases exponentiallycas we move away from the zone

“of variable deﬁth.A!The forced waves arethen trapped in this zone.

Depending ?n tﬁe values of the parageters ho’ ®ys hl, any com-
bination of the ﬁwo previous cases can occur. We can have either rad-
jated waves in both regions '0' and 'l' or radiated waves in one region
and trapped waves in the other or trapped waves in both of them. Table
(3.1) illustrates these cases.v For given values of ho and o, it gives
the depth h® at which A% is zero. The value X at which h® is reached

is called a turning point in the theory of differential equations. Ifh

_ ) %*
is-smaller thaﬁ“h*tlgis positive but if h larger tham h, AZ is negative.



o (o] o} (o] (o]
° 0 30 45 60
h
[}
0.5 ) 1.20 0.60 0.40
1.0 o 1.44 0.72 0.48
1.5 B 1.34 0.77 0.45
2.0 © 1.20 | 0.60 0.40
2.5 © | 1.10 0.55 0.38

_ . |
Table 3.1 Critical Values of h at which = 0

(Turning Poiht)

0.50 (0.77 }1.33 {1.33 |1.05 30.0 | 30.0 |143.8

1.00 }(0.77 }0.92 {1.19 |[0.50 | 39.9 | 32.9 57.0

0.50 |0.60 |1.42 |1.17 {1.04 22.9 { 27.1 30.0

1.00 |0.60 |1.04 |1.04 ]0.60 30.0 | 30.0 {135.0

Table 3.2 , Direction of Propagation of Short Waves a, Wave

Envelope B8, and Forced Waves 6



For oblique'inci&ence, the direction of propagation of the short
waves Q, thét of the locked waves 8 and that of the radiated
waves 6 can be different. At some constant depth » the values of
these anglés are only dependent on>ho and o and not on the profile
of the depth variatiom. 'They are given in table (3.2) for ho = 0.5,
hl =140,ahdlh;- 1.0,'51 = 0.5.  In both cases a, = 30°. as expected
o, =_B° bu? Bl <oy when h, > ho'and Bl > when hl < ho. The
magnitude of 8 increases with depth. When h = h*, ls] - 90°; glancing
incidence (h" = 1.20 for h_ = 0.5 and h" = 1.44 for h_ = 1.0,according
to table (3.1?). |

As mentioned above, in the region of varying depth the free éurface
has to be found by solving numerically Eq. (3.17) with the appropriate
matching conditions. By analogy with the form of the s§lutions in the

~

- regions of constant depth (see Eqs. (3.21) and (3.22)) we decompose &

in two parts: X

L e ; TZiVI KdXx
E=§(X) e x F & (%) o (3.28)

20

where EL is the locked wave amplitude as defined by Eq. (3.19) and
EF(x) is the discrepancy of the free surface displadément from the locked

wave due to the depth variation. EF is a wave which is forced in varying

depth and will be called the forced wave. This decomposition is mainly
for numerical convenience.. The governing equation for EF is obtained

from Eq. (3.17)
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d

d_ 2 ' '
3 (h ———9 + 4V (Q kzh)EF = F(y) : | : (3.29)
dzz dh dz daz d
where F(X) = Ih dxz xaxt iv (4bK = x T 22 Ei‘(Kh)
2 : X
(cso) kosos @, $ (k) 21\;J'de'
- == )] e '
2 dx CS Eo
2) = & - &
The Boundary conditions are:
21V) X 9%

Ep = Egp = A" 0 and gz = 24VA &0 at X = X (3.30)

L 3
- m - 2iva X EF -
b AT and gyt 2AGE, at X=X
e (_1y341 | 2 . - = 1Y )
where Aj .( 1) lle .if Aj >0, Aj (-1)"" ]xj| if Aj < o;

It should be noted that ]Fl is zero in regions of constant depth
and increases with ;pcreasiﬁg slope of the bottom profile. However
this increase is ve¥y slow in deep water and very rapid in intermediate
depth h = 0 (0.5) (Note from figs. (3.3) and (3.4) that Z and EH are
very small in deep water but increases sharply in shallower water).
Therefore |E | is expected to be small (i.e. |£] << O(E?)) if h and

h1 correspond‘both to deep water or if the slope of the bottom profile

is small.
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4. Numerical Procedure
“b.a, Nume‘rical Methoe

Eq. (3.29) with the boundary conditions (3.30) correspond to a )
boundary value problem in one dimension and can be solved easily by.
using a finite difference scheme. However in the most'general case the
governing equation is two-dimeneional and the finite difference method
becomes inappropriate. A different numerical method which can be
easily extended to the 2-D case is the so called 'Hybrid element method'
(see Mei,_1978). This method is an extension of the usual finite element
method to the case where the demaine is infinite but an analytical form
of the solution is known. in some cuter :egion; The solution is obtained
be using finite eleﬁents‘in'the innef domain and an analytical representa-
tion in the outer domain. By choosing an adequate variational form for
the finite elements problem the matching conditions can be transformed
into 'statioﬂarity conditions' for the functional at the extreme nodal
points. 1In our case the functional can be deduced from Mei's results
(Eq. 4.4 p. 407) |

5

| d
3 = [ - 8 )% + g - Fpax - mfgl ) ;’f}

%, | )

3
+ [h(EF—0 - -2 gm (4.1)
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s 2
where A = \)Z(Q2 - kzh), EFO and 5?1 are given in Eqs. (3.30). The

Variational form of (4.1) becomes after some ménipulations:
-

~1
d 3(SE..)
3= | (ente g - ) se + snEE E“ 2% ml e
%
h asFl 3(5€F1) 3€F0 3& B(GEFé)
2% T T X x - 88 (5 - T
4 '
QEF BSEF
h 0 0
MlEro = 8 =2 880 5% - &po Tax ]x (4.2

<o
Eq. (4.2) shows that any solution of Egqs. (3.29) - (3.30) corresponds

to a stationary point for the functional J i.e. 8J = 0. We subdivise

(x, - ¥)
. the interval [“ ’XI] into (N-1) elements of equal length 8z = —:l3r1f%%-.
For each element (Xi’xi41) i=1...N-1,we use a linear interpolating
‘function:
- (x,,, "X) X = X ~ »
£, = -—-"-_ &L———’ & + (——-—-———)5 Xy X< X,
' (4.3)
=0 XXX or X XNy

where E ’ €i+1 are the nodal unknowns at points xi and X The contri-

i+1°
bution of each element to the functional J is
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Xi+1

£ : E '2 ~2_ = -
E; [ (- 3 (B + 2A&; - FE,)dX 1—2,...,N2

Xy

which gives after integration:

a; 2 bi 2 - - -
By =7 &g+ 5 Gpaq + 0485800 - 4,8 - efiy

The contributions of the end intervals, El and EN—-l

term coming from the boundary conditions. El, EN-l

the sum of Eq. (4.5) for 1 = 1 or i = N-1 and the terms

2
or ivhl)‘lzﬂ where A, is defined in Eq. (3.30)

3
X

141 Xi41
8, =b, = (tx)z (-J hdx + 4 [ MO
R 1 Xy
Xi+1 Xi1
hdX + & [ XX, =0 (XX )X

xi-!-l

éi -2 2 ( i+l
(&)™ . X, %,
X1
_ 1 _
d; = % (f . F(x) (7341~¥)dX
Xi+1
e [ F(X) (¥X,)dX)

175 ©
Xy

then leadsto a set of N equations for N unknowns: -

[ z - .
inziﬂ + Bi-éi + “121-1 =W, i=2,...,N-1

-n2ax

The stationarity conditions at the nodal points (i.e. —9— (

(4.4)

(4.5)

have an extra

are respectively

2

'4thvo€1

(4.6)
N-1
I E,)=0)
3..53' 1=1 i ‘
(4.7)



where

AL+A +h
-
Y;=¢ =—(5)(i il) +( 1+1) i=1,...,N-1
Ao, + 2i +X. . h, . +2n +h
- b lin i i-1 i+1 i i-1
By = agtb, 5 = 3(80)¢ 3 ) =« 7% )
- - i*z,...,N-l
A, + A, h, +h
- =2 i i-1 i i-1
@ =c =3 8x( 5 )+ T i=2,...,N
Wo=d o +e, ) =Fex 1=2,...,81
The extreme values for‘B and W are:
A 1y h1+h2
(GX)( ) - (— ) - 21\)h )\
+A
By = (6)(Nl Ny hN )+21\)h7\ (4.9)
F
1 .
Wl =5 8k
F
N
‘.JN 2 &

The linear systém (4.7) is solved as in section (I.5.a). Introducing

the intermediate variables X and Yg such that:

-

x.§

gi-"l = i i + yi i = l,o.o,'N-l : (4,10)

They are found to obey the following recurrence relations:

%4 ViV Y ,
x; = Y % ) ¥y T Y x F 8 i=1,...,N-2
141541 141 1+1
f (4.11)
e U
*N-1" 3B IN-1 " B

N N
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Therefore having the initial value

W.-Y.y .
L1717y » |

all the other unknowns can be calculated by using Eq. (4. 10) Finally, '
from the values of Ei, by using the linear relatzon (4.3) one can deduce the
forced wave solution E(X) for 5; < X« §1' The listing of the program’
- 1s given in Appendix (B2). It should be noted that the computation is
done in double precision so that the forcing term which involves second
derivatives of Z can be found with sufficient accuracy. The parameter
v has been taken to be 1/Q in all the computed cases. This means that
in dimensional variables, £ also represents the ratio between the‘short
wave frequency and the envelope freguency i.e. €= %

4.b. Check of the Numerical Results

The nuﬁerical solution was checked with a 'quasi analytical solution',
in the case of normal *ncidence (o’ o 0'). and linear increasing depth.It

was found to give the same results within 0.1 % ( see" Appendlx (B2)).

The 'analytiCal solution' is found by solving Eq. (3.29) with the
boundary conditions(3;30) in the case of a linear depth variation. Let
us introduce:

BO =YX X, <X<X (4.13)
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Two cases have two be considered depending on whether the depth increases
(y > 0)‘or decreases (Y < 0). We first counsider the case Y> 0. By

using the transformation v = 4 /§ , Eq. (3.29) becomes:

2

dvz

Sy

(4.14)

<|rﬂ

dé |
dv

-bhﬂ

whose solutions can be found in terms of Bessel's functions YoAand

Jo. After éome manipulations, &£(X) can be written as follows:

E(X) =:’;— [(-E, (R + A)T (4 g) + (Eo(X) + B)Y (4 J%)] (4.15)
X
where E,(x) = f F(x')y, (4 -%—)dx' E,(x) = I'F(X')Jo(éﬁgz)dx'
' % : gb

A,B are two constants which are found by using the boundary conditions

(4.4).

c (c (x ) c E,(x.)) c ,
A= -2 2771 B=--La (4.16)
~ °23 14 2

with ¢, = - 3, (4 \/—’X—f) +13 (4 %9)
cy=- Y @ ]:{E) +1 Y4 ﬁ%)
cg=J, (4 X—;L) + i JO(A/—;'(_%)
c, = ¥ (4/2—3) + 1'&0(4[-%1)
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Actually this solution is not totally analytical in the sense that the
forcing term F is rather complicated and has to be computed numerically,

and similarly for El(() and E5(x). The listing of the program is given
in Appendix (B2).

In the case where y < 0, the solution of Eq. (3.29) can be siﬁilarly

expressed in terms of confluent hypergeometric functions
py XY = e M(1/2, 1, 2v) and p, () = &™¥ UA/2, 1, 2V)

where v = 4 T%Tu Since the computation of these functions is in itself

a long task, no attempt was made to use this analytical solution to check

the numerical'results.
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5. Numerical Results

The second order free surface displacement depends on the bottom
profile. 1In the region of'varying dépth it can be decomposed into
locked and forced waves. The magnitude of the forcing function depends
on the water depth, the slope of the bottom prbfile and the initial
angle of incidence. It vénishes in the region of constant depth.
Depending on the wave parameters andvthe water depth, the forced waves
can either be radiated towards large |X] in the form 6f free waves
with constant amplitude (case Az > 0) or be trapped along the zone of
depth variaﬁion with an amplitude decreasing exponentially with !Xl
(<:ase_)v2 < 0). For norﬁally incident waves, the second order forced
wa§é§ are always radiated in the ¥ direction towards both infinities.
In this section the forced Qave amplitude |£F| and the-éorresponding
phase are plotted for different bottom profiles. Note that‘é% (Arg(SF))_
gives the wave number of EF in the X direction. 1In gll the computed
~ cases, the parameters are choosen such that there is no caustiec.

5.a2. Linear Dééth Variation

Fig. (5.1) presents the case where the deptﬁ increases from ho = 0.5
to ho = l-over a distance XL = 1. The slope ;s then-Y;-%%-= 0.5. The
forced waves are plotted. for différent angles of incidence o, = O (normal
incidénce), o ; n/6, a, = n/4. For ao = 6 and /6 their amplitude is
larger on the right hand side than on the left hand side. As expected

their wavenumber in the X direction is positive on the right and negative
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Figure 5.1 TForced Waves over Lineafly Increasing Depth,

hy=0.5, dh=0.5, XL=1
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Figure 5.2 Forced Waves over Linearly Decreasing Depth,

h,= 1, dh=-0.5, ¥L=1
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on the left,i.e. the forced waves are outgoing. For ab= n/4, the
forced waves on the right hand side are trapped. The turning point

is at h*s 0.6, According to table (3.1), and is marked on the plot

by the dash-line. The amplitude of the trapped waves is smaller than
that of thé outgoing waves, and decrease§ exponentially aé X increases.
Similarly fig. (5:2) illustrates the case where the depth decreases
.from h°= 0.5 to h1= 1.0 over a distance XL= }. Fﬁr a°= T/4, the left
gding forced waves are trappe& but the figh: going forced waves prop-
agate towards increasing X with large amplitude.

From Figs. (3.3) and (3.4) we know that |Z| and lg—ﬁl become
smaller as the depth increase;. The forcing is Ehen smaller‘and we
expect the magnitude of |€Fl to decrease with inéreasing depth. VFig.
(5.3)‘shows the forced waves in the case where the depth'increases
from 1 to 1.5 with a slope ¥ = 0. 5. By comparing Fig. (5.1) and -

Fig. (5.3) we note that the amplitude'of the forced waves is much
larger in the first casé than in the second. For a more complete
iliustration of thegeffect of increasing depth, we have plotted for
the ;::ase of norma'i‘ incidence the right going and left gbi_ng radiated trave
amplitudes asa function of the initial depth ho (see Fig. 5.4). h‘J
varies from 0.5 to 3, h1 is taken equal to (ho + 0.5) and XL = 1 such
thatdh = 0.5 and Y = 0.5 always. Thefigure shows the rapid decrease
in the amplitude of the radiated Qavés.. |

The forced waves are aléo determined hv. thke slope of the hottoir profile.

In £ig.(5.5) we consider the ‘depth to vary from h°=0.5 to hl=l but

182



Figure 5.3 Forced Waves over Linearly Increasing Depth,

h,= 1, dh= 0.5, XI-1
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Figure 5.4 Forced Wave Amplitudes on the Left and Right Hand Sides

of a Linearly Increasing Depth region

Normal In¢idence, dh= 0.5, XL=1
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Figure 5.5 Forced Waves over Linearly Imcreasing Depth,

h,= ﬂ,S,—;'dh%"'l.S, ¥L= §
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‘the length of the transition zone is taken to be XL = 5, and therefore

Y = 0.1. Comparing Fig. (5.1) with Fig. (5.5) we note that the forced
wave amplitude is smaller in the latter. Similarly in the case where
the depth varies from ho =1 to hi = 0.5 over a distance XL = 5 ,

Fig. (5.6) shows smaller wave: amplitude than those in Fig. (5.2).
However in this case there is in_addition oscillations ofvtheforced
wave . amplitude with a period increasing with the angle of incidence.

The existence of these oscillations depends on the length of the transi-
tion zome. At each node of |EF|, there is a phase jump of 7. In the
complex plane it means that EF crosses zero and that .its derivative 1is
continuops. For a more general picture abbut the effecﬁ of decreasing
slope we display in Figs. (5.7) and (5.8) the variations with XL of

the right hand side |£;|, and left hand side IEF]qurc.éd wave amplitudes.
Fig. (5.7) co?responds to an increasing depth h = 0.5, hy =1 whilé

Fig; (5f85 corresponds to a decreasing depth h° =1, bk = 0.5. In
both figures norﬁa;lincidence o, = 0,and oblique incidence~ao = 1/4,

are considered. Wé:note that in the case of normal incidence the 1ef£
going wave ampiitude is always smallér than the right going wave
amplitude. 1In the case of oblique incidence o, = w/4, there is a turning
point at h* = 0.6, the forced wavé*amplitpde !EFI is smaller in the
regions where h > h* i.e. fegions where forced waves are trapped. The
effect of decreasing the slope is to decrease the amplitude of tﬁe forced
waves on both sides. For normal incidence the-decrease in the amplitude

of the left going weve is accompanied with small nscfllations.
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Figure 5.6 Forced Waves over Linearly Decreasing Depth,

h~ 1, dh= -0.5, XL= 5
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Figure 5.7 Forced Wave Amplitudes on the Left and Right Hand Sides
of the Linearly Decreasing Depth Region

h0= 1, dh= -0.5
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Figure 5.7 (Cont.)

(b) Oblique Incidence a0= .Z_..
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Figure 5.8 Forced Wave Amplitude onthe Left and Pight Hand Sides
‘of a Linearly Increasing DNepth Region
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Figure 5.8 ( Cont. )
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5.h. Canyons and Ridges

In this subsection we consider the depth variation to be a cosine

profile:

dh
h ho + 3 (1 - cos

il

)

The bottom profile cotresponds to a canyon if dh > 0 and to a ridge if
dh < 0. Figs. (5.9) and (5.10) showthe forced wave amplitude and phase
in the case of a canyon: ho = O.S,Ydh = 0.5. The length of the transi-
tion zone is XL = 2 in Fig. (5.9) and XL = 10 in Fig. (5.10). For such
depth variations progressive outgoing forced waves.are present on both
sides for normal incidence a, = 0,and oblique incidence o, = m/6 and
m/4. However for a, = 0 and w/6, kz is positive everywhere. The wave
amplitude is larger on the right hand side than on the left hand side.
The phase.distribution also shows that inthe zone of varying depth the
forced wéves are propagating towards the right except in a small region
in the neighborhood of X= 0. For a, = /4, Az is negative for h > 0.6.
The location of‘thefturning points is marked on the plots by the dashed
line. The right>and left going waves have amplitudes of the same order
of magnitude. In the case of normal incidence, the variations of the
right going wave amplitude ]EFIR and left going wave amplitude [EFIL
with the length of the transition zone XL are displayed in Fig. (5.11).
IEF!L decreases rapidly towards zero with small oscillatioms while [EFIR

is much bigger and undergoes large oscillations. Depending on the length
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Figure 5.9 Forced Waves over a Canyon, h0= 0.5, dh= 0.5, XL= 2
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Figure 5.10 Forced Waves over a Canyon,h0= 0.5, dh= 0.5, XL= 10
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Figure 5.11 Forced Wave Amplitudes on the Left and Right Hand Sides

of a canyon, Normal Incidence, h0= 0.5, dh= 0.5
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of the transition zone the right going wave can either have a very
large amplitudeior be absent. For 'XL= 8 there is hardly any iFin both
directions.

Fig. (5.12) and (5.13) correspond to the case of a ridge ho = l,
dh = -~ 0.5, o, = 0, /6, m/4. The length of the transition zone is
XL = 2 in Fig. (5.12) and XL = 10 in Fig. (5.13). For a, = 0 apd
/6 progressive outgoing waves are present in both sides of the

region of variable depth. The left going wave amplitude is much smaller

than the right going wave amplitude. For o 7/4 forced waves are

trapped on both sides, their amplitudes at X

0 and X = XL are of

the same order of magnitude. The ridge acts as a wave guide for the
forced waves. In the case where progressive outgoing waves are present
(i.e. o, = 0, o, = w/6), from the comparison of Fig. (5.12) and (5.13)

we note that ‘gF!R is larger for XL = 10 than for XL = 2. This seems

to contra&ict our earlier experience that |€Fl decreases with increasing
XL. In Fig. (5.14) we have plotted the variations of[iF]R and |E |,
with XL for the case‘of normal incidence. It shows that IEFIR is
oscillating with a long period. The problem has now two different length
scales: a length scale chafacterizing the oscillations and a much larger
length scale over which the effect of the slope becomes important. On
this long scale the maximum amplitude of the right going forced wave

decreases.
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Figure 5.12 Forced Waves over a Ridge, hn= 1, dh=-0.5, XL= 2
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Figure 5.13 Forced Waves over a Ridge, h0= 1, dh=-0.5, XL= 10
™ a. = L
a.= 0 0.= — 0 4
0 n 6
Q < [}
Q L 4. s 1. a 4 - 3 Fl a 3. L I 1
e ' ¢ ' = + i | " —
1 1
] !
2 % 2 ! |
G T & t o ! ! $
1 ]
1 1
© [ o } 1
t? i P Iy a r . 3 « 3 i & 4 | 4
o } 4+ i ' ' + f e +— + t Lt
1 1
€ o o ! !
M3 wn W |
4 + 2 + o : : 3
1 !
i |
a 3\ a 1 |
.; T L ’: L] L L LJ —‘ T ' Ll T ‘
‘0. 02 2.0 4.00 5. 00 3. 00 10.00  'o.co 2.00 s.00 5. 00 3. 00 19.00 '0.00 2. 4.00 5. 00 3.00 18.00
(%) (XD aece () (x)
(a) Forced Wave Phase F
T
«©Q € <
«Q 4 —d .y L a A 4 ys L a . s . s
“ ' } ' ' e “ ’ l
' 1
1 1
2] € 3] [ 1
] i “ J o] ' 1 }
- - 1 i 1
{ {
1 ]
© [+] a N ] {
al L el ! o 1
4 = 4 |
i I
1 i
a 1] 9 ! ! ]
rﬁ T n‘ 1 . ! ! 1
1 . .
' 1
i i
8 2 3 ! !
“0. 00 2.0 4. 00 5.00 "3.00 19.00  “b.og 2.00 4.02 5.00 3.00 19,086 “h.as 2. 4. 00 5. 03 3. 00 18,88

(X)

(b)

(x)
Forced Wave Amplitude | (X)|

(x)

168



Figure 5.14

Forced Wave Amplitudes on the Left and Right Hand Sides

6f a Ridege, Normal Incidence, h = 1, dh= -0.5
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6. Conqlusion

A slowly modulated wave train propagating on varying depth generates
second order long waves which can be decomposed into 'locked' and'forced'
waves. The locked waves propagate in the same direction and with the
same velocity as the wave envelope. They are bound to it. The forced
waves exist in the'region of depth variation. In the case of normal
incidence (Xz >0 evefywhere), they are radiated in the form of out-
going waves with constant amplitude. Their phase velocity and direction
of propagation are different from those of the wave envelope. In the
case of oblique incidence, the forced waves could be trapped along the
zone of variable depth if the constant depth region is deep enough
(Az < 0). Tbeir amplitude then decays ekponentially as we move away
from the transition zone.

In the case where Xz is everywhere positive, the forced waves are
right going on most part of the region of depth variation. Their
amplitude on the right hand side is in general larger than on the left
hand side. 1In the:case where Az is somewhere negative, for linear depth
variation the gorcgd wave amplitude is smaller on the side where it is
trapped,for a canyon or a ridge the forced wave amplitudes are of the
same order on both sides whether they are trapped or not.

The effect of increasing depth is a rapid decrease of the forced

wave amplitude. The effect of increasing the length of the transition
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zone is a decrease of the right going and left going wave amplitude

accompanied with some oscillations. These oscillations are small for

a linear depth profile but have large amplitude and large period for

a canyon or a ridge. |
It should be noted that these.results are valid everywhere but

near a caustic. In the neighborhoo& of a caustic a more refined

theory is needed to take into account the finiteness of the short

wave amplitude. The numerical part of this study could also-be extended

by considering a two dimensional topography.
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Figure Captions: Part II

Figure 3.1:

Figure 3.2:

Figure 3.3:

Figure 3.4:

Figure 5.1:
Figure 5.2:
Figure 5.3:

Figure 5.4:

Wavenumbers in the X-direction of the short waves (kl)
and their envelope (K) for different angles of incidence
(@) aj =0, (®) o, =7/6, () o = n/4, (d) a, = /3.
The reference depth is ho = 0.5.

Wavenumbers in the. X-direction of the short waves‘(kl)
and their envelope (K) for different angles of incidence
(a) a =0, (&) o) =7/6, (c) o = 7/4, (d) a = 7/3.
The reference depth is ho = 1,

Mean set-down for different angles of incidence ao = 0,
w/6, w/4 , T/3 and reference depths (a) ho = 0.5,

(b) h°‘= 1.

Set-down associated with the. locked waves for different
angles of inecidence a, =0, w/6, /4, m/3 and reference

depths (a) h = 0.5, (b) h = 1.
© ° Arg(iF(X))
Forced wave (a) amplitude IEF(X)I, and (b) phase —_—

over linearly - increasing depth. h0 = 0.5, dh = 0.5, XL = 1.

Arg(E,(X)
Forced wave (a) amplitude lEF(X)l and (b) phase —a
over linearly decreasing depth. ho =1, dh = - 0.5, XL = 1.
Arg(EF(X))
Forced wave (a) amplitude [EF(X)I, and (b) phase —

over linearly increasing depth. ho = 1, dh = 0.5, XL = 1.
Forced wave amplitudes on the left |£F(O)[ and right [EF(XL)[
hand sides of a linearly increasing depth region, for

variable ho' Normal incidence, dh = 0.5, XL = 1.
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Figure

Figure

Figure

Figure

Figure

Figure

Figure

Figure

Figure

Figure

5.5:

5.6:

5.7:

5.8:

5.9:

5.10:

5.11:

5.12:

5.13:

5.14:

ATg (£, (X))

Forced wave (a) amplitude I&F(le and (b) phase -

for linearly increasing depth. h_= 0.5, dh = 0.5, XL = 5.
)
Arg(€;(X))

Forced wave (a) amplitude |EF(X)! and (b) phase p

" for linearly decreasing depth. ho = 1, dh=- 0.5, XL = 5.

Forced wave amplitudes on the left IEF(O)I and right-
|€F(XL)] hand sides of a linearly decreasing depth region,

for variable XL.(a) Normal incidence, (b) oblique incidence

o)

o “/4‘ h°=l, dh=-0.5v

Forced wave amplitudes on the left IEF(O)[ and right [EF(XL)[
hand sides of a linearly increasing depth region, for
variable XL. (a) Normal incidence, (b) oblique incidence

o, = w/é. ho = 0.5, dh = 0.5.

Arg(EF(X))
Forced wave (a) amplitude IEFCX)[ and (b) phase ————
™
over a canyon.ho = 0.5, dh = 0.5, XL = 2.
Arg(EF(X))

Forced wave (a) amplitude |§F(X)] and (b) phase -
over a canyon. h_ = 0.5, dh = 0.5, XL = 10.

Forced;wave amplitudes on the left IEF(O)¥ and right
|éF(XL)] hand sides of a canyon, for variable XL. Normal

incidence, ho = 0.5, dh = 0.5.

Arg (5 (X))
Forced wave (a) amplitude Iipc()] and (b) phase-
L
over a ridge. h° =1, dh =~ 0,5, XL = 2.
Arg(iF(X))

Forced wave (a) amplitude ]EF(X)I and (b) phase _
over a ridge. ho =1, dh = - 0.5, XL = 10. "
Forced wave amplitudes on the left ]EF(O){ and right
]EF(XL)I hand sides of a ridge, for variable XL. Normal

incidence, h_ = 1, dh = - 0.5,
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The

APPENDIX Al

lower order terms which appear in Eqs. (3.10) are listed below:

Iio= I =0
: Ju ou
- - 2 -l — 1L o i1
Tpo = = 20(Zk" uppuy ik == Wy + 1k =527 Wyy)
op du
- 2ik 11 10 .. .
Iy c, 2ikp —52= Wyq
' ou
a2 AT
Ipp = = 20(k" w0y, + ik —7= W)
op op ' a°p
T R R UL - VR v
Iy c. ot Ckmp - TP T35 (Qk pugy
g (:g oT
du ou . - du
21k %10 24 20 . 22
+ c, o upy F AT Y Yy ik —m Wy -tk == Wy
u
-1 . -
* 20k —22 W)
Ji0 = J11 " J0 = Iy "Iy = 0
e g B
Iy =ik
Kig=%,;=0
g ooyl Mo o ¥y o 3p 1 %P
20" "% T W 10 5z~ Y1 32 113 e, BT
e L Rt N | L (I WLt A
21 9T Cs 9T 11710 10 3z 11 9z pcg 9T
du
) 11
Kyp = = ik upquy 4 =Wy 53
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au Su du
%0 %Yo au v 290 10 su
K30 = 3¢ 3T~ 3x Y10 'cg 5t " C T3x + (zHh)
+ By 10 1 u 210 + ik - ik
% " 9z T 10 Tt tikupv g %1-1 Y21
ou du
1 11, un
c, Y1 T3t c, U1-1 T3¢ T ikuy gupmikougyu,
. u '
-W auzo_w .a.L:Zl-W _a;z;l.-w‘ aun_ )
10 T3z 1-1 T3z 11 73z 2-179z ~BC, E
_1 %
o X
Lig =L =0
L [ J— .—3:- aulo
20 C oT
g
A Wt ¥
21 C 9T
g
Ly =0
Mg =My = 0
an ' an oW
10 v Mo Mo
Mo =3¢ " c, ot o T TR UM T iRu gy,
T Pt R 5
3z M1 oz
y o v, B I t S ]
SR T T R 10M1
W
11
Myp = Nyy 3z~ koupy,y

X 32



Np=¥,=0
.. . 3p 3p 3p
P10  u P10 _ o1 P11
Yoo = T3t ¢, ot ion, 3z F oy 5 Tikupe
p op ap oW
P . P P Mo
“ikuy 1P117Y0 T3z T M1 T3z Wi-1 5zt P8 Ny 35
oW oW
1-1 11
+ g5z T PENy ) T,
op, 59 op op ap
=211 _ U 711 11 _ 11 10
T ¢, o iy 5z T uPi Y0 TE T Y Tz
+ g nyy 211 Wy + ogn Wy
oz 11 3z
dp op W
~ 1, Py M
Nyp = domy; 57~ ikuyypyy = Wy 57+ eeny; 5
To simplify the expressionsfor N30 and N31 we use the result
(3.28): Myg = ujp = Wyg =Py = 0
; P, 9P,q op ap op
o u P2 et Py 2-1
N3o = T3¢ c, ot ionyy —5; o, 5 - iong; —3;
‘3p 3% 3%p 32
P21 -1 U 1-1 SPh

*iMy 75 Y Torer ¢, "1 Towez T -1 e

1
<, M-1 379z - K UpgPyy T IR Uy Py g - ik uy ipyy

op . 3p dp op
+ikup -lu 1-1 - 1 u, 11 - W 1-1 - W,_ 11
11P2-1 e 11 ot c 11—t T W A2
3p 3p W W W
2-1 _ 21 My1 M
W11 Tz T Mie1 T PNy T t ey Tar BNy 5
Bwll

* 8Ny 1 oz



Py By PRy Uy, on. 1L o %Py
31 "ot C, 9t 3T 5% N20 T3z N22 "5z

ig
7 (M1 " .2 +2n0My ) ) 1k Y0P11

' o, o a1
+ ik upopy g = 2ik w7y, 1k (n) py) 5o M3 P11

duyy o 3“11) * % 1, 3y
3z 1-1P11 T3z "M% ez F Y11 5z

n 3911) o P11 i) LYY y %y,
Y-1 M1 T3z 22 5z " M1-1 3z " Y11 5z " Taz

T, P ¥y Py M 01
oz T M1 ez 8z T M-13z oz M1 T2

a? P a2p op
9Py 11 3 ay P11
AT R e oa2 MRULT ) ——37) - P8y uyy + (B x5

ap; oW Bﬁ
an Pu au 22 1-1
+Uaxaz,p X Mt eeMy 5 T eENy; Tz T PENy

™y, ) ' a2y
L, 08 (2 2o
az

3;2

Wiq
20,00 3.2 )

o mo g vy B Py 3y u ¥
31" " 3T

E;’ 3t 3% T Wy 3x T (z+h) ax 3z

oW ' , . W
gh 11

X

20

+ 1-1722 + ik W _juyy - ik w11 20 ~ Y11 5z

w MWyy , MWy , LR
1-1 09z 20 oz 22 23z
The underlined terms are those which differ from the similar expression

found by Turpin (1981)
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Appendix A2

" - FILE: WAVE FORTRAN A

SPROCESS SC(AX1S)

s N e e Mo NeNs N NeNeNeNe oo Ne)

100

200
300

(I E I ERL SRS EERR PASELEREE 2SR RS2 RS ERESESFESEEZFRERF )
. .

- COMPUTE THE EVOLUTION OF A SECH PROFILE

.
A -
* OVER VARIABLE DEPTH AND CURRENT .
- ®
RN EPURAGS SN SRS AR AR ENB AR AR A RN A RSBV AR RS AR NERE NS

AsAMPL . ;H=DEPTH; XHI=TOTAL DEPTH(W1TH CURRENT):

T=ADIM.PERIOD;KA»WAVE NUMBER:Y1,Y2,Y3=COEF.OF EQUA.GOVER.A:
CGG=GROUP VELOC.IN FIXED FRAME;UINF=CURRENT VEL. AT X=Q

ERR=CONSERVED QUANTITY( EVOLU.LAW)

NA,2+JA1 ARE DIMEN. OF MATRIX A(AMPL.)
NAV,DH,L=PARAM. OF DEPTH PROFILE

DX,DTO=DISCR. LENGTH -

COMPLEX A(302,151)

DIMENSION H(76).XHI(76).KA(76).Y1(76).Y2(76),Y3(76)

$,CGG(76),ERR(500)

REAL KA,KAA,L

WRITE( 10, 100)

READ(S5, *)UINF,T,DH1,NAV NA,UA Y
FORMAT(5X, “UINF,T,0H1,NAV,NA,JAL?)
DTO0=0. 1 .

JA=2%UA

L=1,

DX=L/FLOAT(NAV-1)

OME=2.23.14159/T

CALL DEPTH(NAV,DH{,H)

GIVES THE DEPTH VARIATION

DO {1 I=1,NAV

HH=H(1)

IF(ABS(UINF).LE.0.0001) GO TO 10
CALL MEAFS(HH,UINF, XHII)

GIVES THE SET UP DUE TO THE CURRENT
GO TO 11 J

XHII=H(I)

XHI(I)=XHIY

CALL WAVENU(OME,UINF,XHII JKAA)
GIVES THE WAVENUMBER

IF WAVENUMBER NEGATIVE WAVES ARE STOPPED
KA(I)=KAA

IF(KA(1).GT.0.)GO TO 1
WRITE(10,200)
WRITE(10,300)UINF,T , H(I) . XHII KA(I)
FORMAT(5X, "WAVES CANNOT PROP. AGAINST THIS CURRENT’)
FORMAT(SE12.4)

GO TO 20

CONTINUE

KA(NAV+1)=KA(NAY)

XHI (NAV+1)3XHI(NAV)

CALL COEFF(NAV,XHI,KA,H.UINF,OME,DX,Y1,Y2,.Y3,CGG)
GIVES THE COEFF. OF GOV. EQ.
Y21=Y2(1)

XX=ABS(Y3(1))

CALL INIT(UA,DTD,Y21,XX,A,1S,ERR)

WAVOQ010
WAVO0020
WAVQ0030
WAVO0040
WAV000S0
WAVQO0€60
WAVOQ070
WAVO0080
WAVO00S0
WAVO0100
WAVQO0110
WAVO0120

‘WAV00 130

WAV00140
WAV00 150
WAVO00 160
WAV00170
WAVO0 180
WAV0O 190
WAV00200
WAV00210
WAV00220
WAV00230
WAV00240
WAVO0250
WAV00260
WAV00270
WAV00280
WAVO00290
WAV00300
WAV00310
WAV00320
WAV00330
WAV00340
WAV00350
WAV00360
WAV00370
WAV00380
WAV003S0
WAVO0400
WAV004 10
WAV00420
WAV00430
WAVO0440
WAV00450
WAVO0460
WAVOO470
WAV00480
WAV00490
WAVO0S00
WAVOOS 10
WAV00520
WAV00S30
WAV00S40
WAV00550



20

12

11
13

10
14

17

1S
19

GIVES INITIAL PROFILE AT X2=0.

CALL SOLUT(NA,NAV,JA,DX,DT0.Y1,Y2,Y3,IS,A,ERR,ADR,AN)
SOLVES THE LINEAR SYSTEM OF EQS.

CALL IMPRES(NA,NAV,KA,XHI,Y2,Y3,ERR,ADR,AN)

CALL WPLOT(NAV,NA,JA,DTO,.DX,A)

CONTINUE

STOP

END

"SUBROUTINE DEPTH(NAV,DH1,H)

DIMENSION H(1{)

DO 1 N=1,NAV

R-FLOAT(N-i)'a 14159/FL0AT(NAV-1)
H(N)=1, +DH1-(cos(n) 1.)/2.

CONTINUE

H{NAV+ 1) =H(NAV)

RETURN

END

SUBROUTINE MEAFS(HM, UINF,XHII)
EPSI=0.001

A2=(UINF=»2)/2.

X2=(A2+22)+4, +A2
X1=(A2-SQRT(X2))/2.
X2=(A2+SQRT(X2))/2.
DELT=0.25+A8BS(1.-X2)
IF(DELT.LE.O0.0S) DELT=0.05

XHII=t, .

N=0

Z=HH-1.

ER=ABS(2Z)

IF(ER.LE.EPSI) GO TO 20

PTE=2. % (HH-1)-(1.-X1)*(1.-X2)
IF(HH.LT.1.) GO TO 1

IF(UINF.GT.1.) GO TO 10

GO TO 11
IF(UINF.LT.1..AND.Z1.LE.O.) DELT=DELT/2.
IF(UINF.GE.1..AND.21.GT.0.) DELT=DELT/2.
N=N+1 '
IF(N.GT.500) GO TO 20
XHI1=XHII+DELT

GO TO 14
TF(UINF.LT.1..AND.21.GT.0.) DELT=DELT/2.
IF(UINF.GE.4..AND.Z1.LE.O.) DELT=DELT/2.
N=N+1

IF(N.GT.500) GO TO 20
XHIT=XHII-DELT P

21=2 RS
Zo(XHIT~1.)*(XHII-X1)*(XHII-X2)
Za(HH=1.)*(XHII»#2)~2

ER=ABS(Z)

IF(ER.LE.EPSI) GO TO 20
1F(2.GE.O..AND.UINF.LT.1.) GO TO 12
1F(2.LE.O..AND.UINF.LT.1.) GO TO 13
IF(2Z.LE.O..AND.UINF.GE. 1. ; GO TO 12

IF(Z.GE.O..AND.UINF.GE.1.) GO TO {3
GO TO 20

IF(UINF.GT.1.) GO TO 18

G0 TO 16

IF(UINF.GE.1.AND.(21.GT.0..0R.PT1.LE.O.)) DELT=DELT/2.
IF(UINF.LT. 1 AND.Z1.LE.O.AND.PT1.LE.O.) DELT'DELT/Z.
N=pN+1{

IF(N. GT.SOO) GO TO 20

XHII=XHII+DELT

GO TQ 18

IF(UINF.GE.1.AND.Z1.LE.O.AND.PT1.GT.0.) DELT=DELT/2.

IF(UINF.LT.1.AND.{(21.GT.0..0R.PT1.6T.0.)) DELT=DELT/2.

N=N+1
IF(N.GT.S00) GO TO 20"

180

WAVO0560
WAVOQ0S70
WAVCOS80
WAVO0S30
WAVOO0600
WAVQ06 10
WAV00620
WAVO0630
WAVO0640
WAVQO06S0
WAVO0660
WAVO0870
WAVOO680
WAVO0690
WAVOO700
WAVQO710
WAV00720
WAVOQ730
WAVQO740
WAVOQ7S0
WAVOO760
WAVOQ770
WAVQO0780
WAVOQ790
WAVO0800
WAVO08 10
WAVO0820
WAVO0830
WAVO0840
WAVO0850
WAVO0860
WAV00870

. WAV00880
_WAV00890

WAVO0900
WAVO0910
WAV00920
WAV00930
WAVO00940
WAVO0950

'WAVQ0960

WAVO0970
WAVQ0980
WAVOQ920
WAVO 1000
WAVO1010
WAVO1020
WAVO1030
WAVO 1040 -
WAVO1050
WAVO 1060
WAVO1070
WAVO 1080
WAVO 1080
WAVO1100
WAVO1110
WAVO1120
WAVO1130
WAVO1140
WAVO1150
WAVO1 160
WAVO1170
wAvVO1180
WAVO1 190
WAVO 1200
WAVO1210
WAV01220



16
18

20

11

10

12

. 131

13
130

14

15

XHIIsXHII-DELT

21s2

PT1sPTE

Za(XHII-1.)*(XH11-X1)*{XHII-X2)
Z=(HM=1.)*(XHII**2)-Z

ER=ABS(Z)

IF(ER.LE.EPSI) GO TO 20

PTE=2. #(HH=1._)*XHIZ-(XHIL-X1)*(XHII-X2)-(XHII-1.)*(2.*XH?
SI-X1-X2) -
IF((Z.GT.0..0R.PTE.LE.O.).AND.UINF.GE.1.) GO TO 19
IF(Z.LE.O..AND.PTE.GT.O..AND.UINF.GE.4.) GO TO 17
IF(Z.LE.O..AND.PTE.LE.O. .AND.UINF.LT.1.) GO TO 19
IF((Z.GT.0..0R.PTE.GT.O. ) AND.UINF.LT.1.) GO TO 17
RETURN

END

SUBROUTINE WAVENU(OME,UINF , XMII,KAA)

REAL K1,K2,KAA,K1INF, K2INF

EPSI=0.0001

Xi=1,

X2=1,

X3=0.

If X1=1.(RES.~1.),X2=4.({RES.0.).X3=0.(RES.1.) ,WE sruo THE
SMALLEST (RES . LARGEST)ROOT

UN=UINF/XHIT

N=0

APPROX1.PLAC.OF ROOTS

Ki=14. .
K1=K1/2.

FMG=(OME**2)/K1-2, *UN+OME+(UN*22)*K1-TANH(K1*XHII)
PTE=UN#*#2-(OME/K1)*#2-XHII/((COSH(K1*XHII))*»2)
IF(FMG.LE.O..OR.PTE.GT.0.) GO TO 1

DELT=K1

K2x=K1

FMG=(OME#+2)/K2-2. *UNAOME+(UN++2)+K2-TANH(K2*XHII)
IF(FMG.LE.0.) GO TO 10
PTE=UN*»*2~(OME/K2)»*2-XHII/{ (COSH(K2+XHI1))*»+2)
IF(PTE.GT.0.) GO TO i1

K2sK2+DELT

GO TO 2

DELT=DELT/2.

K2sK2-DELT

IF({DELT.LT.0.0005).AND. (UINF.LT.0.))GO TO 900

K DOESNOT EXIST

GO TO 2

K1INF=K2-DELT

FMG=1,

IF(X1.GE.O0.) GO T0 131

K2=K2+DELT
FMG=OME*#2/K2-2 . sUN*OME+{UN*#+2 ) »K2-TANH(K2+XHII)
1F(FMG.LE.O.) GO TG 12

K2INF=K2

AT THIS PT.THE 2 ROOTS ARE K1(K2)BETW. K{INF AND K1INF+D€.

LT.(K2INF)
K2=X2+K1INF+X3*K2INF

GO TC 130

IF(FMi.LE.O.) DELT=DELT/2.
K2=K2+X 1*DELT

N=N+1

IF(N.GT.50) GO TO 1000

GO TO 15

IF(FM1.GT.0.) DELT=DELT/2.
K2=K2-X1+0ELT

N=N+1{

IF(N.GT.50) GO TO 1000
FM{=FMG

FMG= (OME**2)/K2-2. *UN*OME+(UN*%2) «+K2-TANH(K2*XHI1)
ER=ABS(FMG) -

WAV01230
WAVO1240
WAVO 1250
WAVO 1260
WAVO 1270
WAVO1280
WAVO 12980
WAVO 1300
WAVO1310
WAVO1320
WAVO 1330
WAV01340
WAVO1350
WAVO 1360
WAVQ 1370
WAVO 1380
WAVO 1390
WAVO 1400
WAVQ14 10
WAVO 1420
WAVQ 1430
WAVO 1440
WAVO 1450
WAVO 1460
WAVQ 1470
WAVO1480
WAVO 1490
WAVO 1500
WAVQi510
WAVO 1520
WAVO 1530
WAVO 1540
WAVQ 1550
WAVO 1580
WAVO1570
WAV0O1580
WAVO1590
WAVO 1600
WAVO1610
WAVO1620
WAVO 1630
WAVQO1640
WAVO 1650
WAVO 1660
WAVO 1670
WAVO1680
WAVO 1690
WAVO1700
WAVQ1710
WAVO1720
WAVO1730
WAVO1740
WAVO1750
WAVO1760
WAVO1770
WAVO1780
WAVO1790
WAVO 1800
WAVO1810
WAVO1820
WAVO1830
WAV01840
WAV0O 1850
WAV0O 1860
WAVO 1870
WAVO 1880
WAVO1890



900
1000

IF(FMG.GE.OQ..AND.ER.GT.EPSI) GO TO 13
IF(FMG.LT.O..AND.ER.GT.EPSI) GO TO 14

KAA=SK2

GO TO 1000

KAA=-K2-DELT

THE WAVE NUMBER IS SET TO BE NEGATIVE FOR STOPPED WAVES
RETURN

END

SUBROUTINE COEFF(NAV,XHI,KA,H,UINF,OME,DX,Y!,Y2,Y3,CGG)
DIMENSION XHI(1),KA(1).¥1(1).Y2(1),Y3(1),H(1),CGG(1)
REAL KA,KX1,KX,KH

DG 1 N=1,NAV

UN=UINF/XHI(N)

C=-UN+(OME/KA(N))

KX=KA(N)*XHI(N)

BETsTANH(KX)

CO=COSH(KX)

SI=SINH(KX)

CGM=C#+0.5+{ 1.+KX/(SI*C0))

CG=CGM+UN -

CGG(N)=CG

Y2(N)=1, -XHI(N)*(t.-BET‘BET)‘(i =BET*KX)/(CGM=»2)
Y2(N)=Y2{N)*(CGM»+2)+KA(N)/(2.»C#(CG=+3))

Y3(N)=4. «((C/CGM)++2)+4 .+C/(CGM*CO*CO)+XHI(N)/((CGM=CO*CO)*22)
Y3(N)==2,.+YI(N)=((BET+CGM)»+2)/(XHI(N)-(CCM*22))+9.-10.*(

SBET++2)+9.+(BET=»4)

o006

Y3(N)=KA(N)*Y3(N)/(4.*CG»C+{(C+BET)*=2))

KX 1=KA(N+1) s XHI (N+1)

CG10S=0.5%( 1. +KX1/(SINH(KX1)*COSH(KX1)))/KA(N+1)
CG10S$=CG10S+UINF/(XHI (N+1)*(OME-UINF*KA(N+1)/XHI(N+1)))
Y1{N)=(CG10S-CG/(C*KA(N)))/DX
Y1(N)=Y$(N)/(CG10S+CG/C+KA(N)) .

CONTINUE _

RETURN

END

SUBROUTINE INIT(JA,DTO,Y21,XX,A.IS,ERR)
COMPLEX A(302,1)

DIMENSION ERR('1)

15=1

1Ff 1S=1 INIT. PROF.SYM.IN TO

IF 1S=1 GIVE A AT X2=0 FOR TO=-DTO TO JA*DTO
IF 1520 INIT.PROF.NOT SYM.IN TO

QO=1,

W=QO*SQRT(ABS(XX/(2. tv21)))/o 75

JA2m=YA+1

£20. .
‘D01 I=1,JA2 2

R=FLOAT(I-2)
A(I,1)=CMPLX{Q0/COSH(W*R+DT0),0.)

IF(I.LE.2) GO YO 1

E=E+CABS(A(1I, 1))**2+cnas(4(1 “1,1))*=2
CONTINUE

ERR( 1)=E*DTO/2.

RETURN

END

SUBROUTINE SOLUT(NA,NAV,JA,DX,DTO,Y1,Y2,Y3,15,.A,ERR,ADR,AN)
COMPLEX AL(500),BE(500),GA(500),W(500),X(500),Y(500),
SA(302,1)

DIMENSION Y1(1),Y2(4),Y3(1),.ERR(1)

IF 150 A 1S NOT SYMET.IN TO

IF IS=1 A IS SYMET.IN TO

JAi=JA-1

YY=0.

KK=3-1S

0O 1 I=2,NA

€=0.

A(JA+1,1)=CMPLX(0.,0.)

182 ‘ .

WAVQ19200
WAVQ1910
WAVO 1920
WAVQ 1930
WAVO 1940
WAVO 19S50
WAVQ 1980
WAVO1970
WAVO 1980
WAVQ 1980
WAV02000
WAV02010
WAV02020
WAV02030
WAV02040
WAV02050
WAV02060
WAV02070
WAV02080
WAvVQ2080
WAVO02100Q
WAVO2110
WAVO2120
WAV02130
WAVO2140
WAVO2150
WAVQ2160
WAVO2170
WAVO2180
WAV02190
WAV02200
WAVQ2210
WAVQ2220
WAV02230
WAV02240
WAV02250
WAV02260
WAV02270
WAV02280
WAV02290
WAV02300
WAV02310
WAV02320
WAV02330
WAVO2340
WAV02350
WAV02360
WAVO2370
WAV02380
WAV02390
WAV02400
WAVO2410
WAV02420
WAV02430
WAVO2440
WAV02450
WAV02460
WAV02470
WAV02480
WAV02490
WAV02500
WAV02510
WAV02520
WAV02530
WAV02540
WAV02S550
WAV02560



100

101

IF(1S.£Q.0) A(1, 1)-CupLx(o..o )

‘IF(I.GT.NAV) GO TO 100

Yitt=yY1(1-1)

¥2222Y2(1-1)

Y3332Y3(1-1)

Yi1=(Y1(I-1)+Y1(1))/2.

v22=(Y2(I-1)+Y2(1))/2.

¥33=2(Y3(I-1)+Y3(1))/2.

GO TO 10t

IF(1.GT.(NAV+1)) GO -TO 101

Y111=0.

¥222=Y2(NAV)

¥Y333=Y3(NAV)

Yi1=0.

Y22=Y222

Y332Y333

00 2 J=i,JAd

s-CABS(A(d+i 1-1))

AL(u)-CMPLx(o..vzzaox/(z «(DT0*s2)))

GA(U)=AL(J)
W(J)=A(J+1,1-1)%CMPLX(1.-DX*Y11/2.,DX*¥22/(DT0*«2)-Y33+S+
$S*0X/2.)

W(J)=W(J)- (A(u*z I-1)+A(J,1-1))*AL(J)
BE(U)=A(J+1,I-1)*CMPLX(1.-DX*Y111,DX*2. -vzzz/(oro:-:)-vsa
§3#§55+DX)

BE(J)=BE{V)-(A(vu+2,1-1)+A(J,1- 1))*CMPLX{0. ,Y222+DX/(DTO**
52))

S=CABS(BE(J))

BE(V)=CMPLX(1. +DX*Y11/2..-DX*Y22/(DTO*'2)*DX*Y33'S‘S/2 )
CONTINUE

X(JA-1)==AL(JA-1)/BE(VA-1)

Y{JA-1)=W(JA-1)/BE(uUA-1)

- DO 3 JY=3,VA

K=JA+1-J
X(K)==-AL(K)/(GA(K)*X(K+1)+BE(K))
Y(K)=(W(K)-GA(K)*Y(K+1))/(GA(K)=X(K+1)+BE(K))
CONTINUE
IF(1S.EQ.0) A(2,1)= (W(1)-GA(1)'Y(2))/(GA(1)*X(2)+BE(1))
IF(IS.EQ.1) A(1,I)=(X(2)»Y(1)+Y(2))/(1.-X(2)*X(1))
DO 4 J=KK,UA
A(JU.I)=A(U=1,1)sX(J=1)+Y(J=-1)
1F(J.LE.2) GO TO 4
E=E+CABS(A(J, I))‘*2+CABS(A(J 1,1))#»2
CONT INUE
1F(1.GT.NAV) GO TO 103
YY=YY+Y1(I)+Yi(I-1)
ERR(1)=0.5+DTO+*E*EXP(DX*YY)
CONTINUE
AN,ADR ARE THE NUM. VALUE & THE D-R THEORY VALUE OF THE AREA
UNDER THE WAVE PROFILE AT THE END OF THE DEPTH VARIATION
AN=O,

. ADR=3,14159+SQRT(2.+Y2(1)/(ABS(Y3(1))+EXP(DX*YY)))

JA1=JA+1

DOS J=3,JUAt
SV=CABS(A(uJ,NAV))+CABS(A(JU=-1,NAV))
AN=AN+SV

CONT INUE

ANsAN+DTO

RETURN

END

SUBROUTINE IMPRES(NA,NAV,KA,XHI,Y2,Y3,ERR,ADR,AN)
DIMENSION Y2(1),Y3(1),ERR(1),XHI(1)
REAL KA(1),KH1,K{ ,KH2,K2
Ki=Y3(1)/Y2(1)

KHi=XHI(1)*KA(1)

K2=Y3(NAV)/Y2(NAV)
K23K2»((ADR/3.14159)=2)*ABS(K1)/2.
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o00n00

(S 3

300

PLOT THE WAVE AMPL.

DOt I=2,JAt,IDELT

11=1-2 '

XO=-FLOAT(I1)+51+COS(AL)
YO=-FLOAT(I1)*SI~SIN(AL)+CABS(A(I.1))=1.4
CALL PLOT(X0.Y0.3)

D02 u=1,NA

Jisy-t

XP=K0+FLDAT(J1)’SJ-COS(AL)
YP=-FLOAT(I1)*SI»SIN(AL)- FLOAT(J1)*SJ*SIN(AL)
YP2YP+CABS(A(I.J))=1.4

CALL PLOT(XP,YP,2)

CONT INUE

CONT INUE

D03 J=1,NA,JDELT

Jizg-t

XO=FLOAT(J1)*SU+COS(AL)
YO=-FLOAT(J1)*SU~SIN(AL)+CABS(A(2,U))+1.4
CALL PLOT(X0,Y0,3)

D04 I=2,UAt

11=1-2 ’

XP=XQ-FLOAT(I1)*SI~COS(AL)
YP2-FLOAT(J1)*SU*SIN{AL)~FLOAT(I1)=SisSIN(AL)
YP=YP+CABS(A(I,J))+1.4.

CALL PLOT(XP,YP,2)

CONTINUE

CONT INVE

PLOT THE WAVE AMPL. AND ARG. AT XO=(IN(I)-1)+0DX
NU:NUMBER OF CURVES

THE CURVES ARE PLOTTED FROM T-o TO T=1STOP
D1:SUBDIVISION OF THE T AXIS

WX:LENGTH OF THE T AXIS

NU=3

IN(1)=1

IN(2)=NAV

WRITE(10,300)

FORMAT(SX,  ISTOP,IN(3).D1’)
READ(5,+)ISTOP,IN(3),D1

WX=(ISTOP-2)*DT/D1

CALL PLOT(-9.5,-9.,-3)

PLOT THE WAVE ARG. AT XO ;
SUB. LIN PLOTS HOR. AND VERT. AXIS

X1=0.5+WX

CALL AXIS(0.5,1. 5. . *,2,4,.,90.,-1.,0.5)

CALL AX1S(0.5.1.5.° '.-2 ¥WX,0..0.,D1)

CALL LIN(0.5,5.5,WX,0.)
CALL LIN(0.5.3.5.WX,0.)
CALL LIN(XI,1.5.4.,90.)
00S J=1,NU

XP=0.5
w=AIMAG(A(2,IN{(J)))
S=CABS(A(2,IN(V)))
YP=ARCOS(REAL(A(2,IN(J))/S))*SIGN(1. W)
YP=(2sYP)/3.14159+3.5

CALL PLOT(XP,YP,3)

006 Is=2,1STOP
XP=0.5+(1-2)+WX/(1STOP-2)
WeAIMAG(A(I,IN(J)))
S=CABS(A(I.IN(U)))

IF(S.LT.0.001)G0 TO §
YP=ARCOS(REAL(A(I,IN(J))/S))*+SIGN(1. W)
YP=(2+YP)/3.14159+3.5

CALL PLOT(XP,YP,2)

CONT INUE

CONTINUE
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KH2=XHI (NAV)*KA(NAV)
WRITE(10, 100)K1 ,KH1 ,K2 ,KH2
100 FORMAT(SX,’Ki=’,E12.4,2X, 'KHi=’ ,E12.4,/,5X,’K2=",
&E£12.4,2X, ‘KH2=’ ,E12.4)
WRITE(10.200)ADR, AN
D03 JU=1,NA,20
WRITE(10,300)J,ERR(Y)
3 CONTINUE
200 FORMAT(2X,’D-R=*,E12.4,2X,'NUM=’ E{12.4) :
300 FORMAT(5X,’QUANTITY CONSER.AT(’,13,’)=’,E12.4)
1000 RETURN :
END

FILE: WPLOT FORTRAN A

@PROCESS SC(AXIS)

SUBROUTINE WPLOT(NAV ,NA,JA,DT.DX.A)

[ 3-DIMENSIONAL PLOT OF AMPL. A(T.X)
DIMENSION IN(4)

COMPLEX A(302,1)
WRITE(10, 100)

100 FORMAT(SX,’DELX,DELT,JDELT,1DELT")
READ(S,*)DELX,DELT,JDELT, IDELT
DELX,DELT:SUBDIVISION OF X AND T AXIS
JDELT,IDELT:X AND T PLOTTING STEPS
WX, WY:LENGTH OF T AND X AXIS
AL :PROJECTION ANGLE
JA1=JA+1
WX=JA+DT/DELT
WY=(NA-1)*DX/DELX
JA2=JA- 1
NA2=NA-1
SI=WX/FLOAT(JA2)
SJ=WY/FLOAT(NA2)
AL=35.+3.1416/180.

X0=9.5

Y0=9,

CALL PLOTS(120,1I0UM2,08)
CALL FACTOR{0.6)

CALL PLOT(X0,YO,-3)

c PLOT THE AXIS
X0=-JA2+*S1+COS(AL)
YO=-JA2*SI~SIN(AL)

CALL PLOT(X0,Y0,2)

CALL PLOT(0.,0..3)
XP=NA2+SJ*COS(AL)
YP=-NA2*SJ*SIN(AL)

CALL PLOT(XP,YP,2)
XP=X0+WY*COS(AL)
YP=Y0-WY*SIN(AL)

CALL AXIS(xDo,Y0,’ *,-2,WY,-35.,0..DELX)
C=WX*DELT

8=-DELT

CALL AXIS(xP,YP.’ ',-2,WX,35..,C,B)
CALL PLOT(0..0..3)

CALL PLOT(0.,2.8,2)

CALL PLOT(0.,1.4,3)

CALL PLOT(0.1,1.4,2)

CALL PLOT(0.,2.8.3)

CALL PLOT(0.1,2.8.2)

o000
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FILE:

0O000

PLOT THE WAVE AMPL. AT X0

CALL AXI1S(0.5.7.2,° ’,-2,.WX,0..0..Dt)
CALL AX1S(0.5.7.2.° ’.2.4..90.,0.,0.5)
CALL LIN(0.5,11.2,wX,0.)

CALL LIN(XI,7.2,4.,90.)

007 J=1 ,NU

XP=0.5

YP=CABS(A(2,IN(J)))/0.5+7.2

CALL PLOT(XP,YP.3)

DO8 1=2,1ISTOP
XP=Q.5+(1-2)WX/(1STOP-2) -
YP=CABS(A(I,IN(J)))/0.5+7.2

CALL PLOT(XP,YP,2)

CONTINUE

CONTINUE

CALL ENDPLT(15.,0.,999)

STOP

END

LIN FORTRAN A

SUBROUTINE LIN(XO,YO,XL,XA)
PLOTS HOR. AND VERT. AXIS
X0,Y0=COORD. OF AXIS
XL=LENGTH OF AXIS
XA=ANGLE OF AXIS (XA=0. OR 90.)
CALL PLOT(XD,Y0,3)
N=INT(XL)+1
IF(ABS{XA-90.).LT.0.1)G0 TO 2
X1=X0+XL .

CALL PLOT(X1,Y0,2)
Y2=Y0-0.05

Y12Y0+0.05

X1=X0

DO1 I=1.N

CALL PLOT(X1,Y2,.3)

CALL PLOT(X1,Y1,2)
X1=X0+1

CONTINUE

GO TO 3

Y1=YO+XL

CALL PLOT(XOD.Y1,2)
X2=X0-0.05

X1=X0+0.0%

Yi=Y0

DO3 I=1,N

CALL PLOT(X2,Y1.3)

CALL PLOT(X1,Y1,2)
Y1=Y0+1

CONTINUE

RETURN

END
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Appendix Bl

The lower order terms appearing in eqs. (2.12) are listed below
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Appendix B2

FILE: FORCED FORTRAN A

BPROCESS SC(AXIS)

0000000000000 NNNNONOO0D

SR AP AR IR BECI AR AR IR IR RN RERARNERB I RA RN AR R IR S SRR R

. COMPUTE FORCED WAVES ON VARIABLE DEPTH .
» USING .
. HYBRID FINITE-ELEMENT METHCO ..

IR RS E 22 AL R R RS R AR AR R YRR R AR SRR R RS2 R R R ¥)

I1P=t THE PRG. COMPUTES & PLOTS THE FORCED WAVE AMPL.

FOR N2(<4) DIFF. ANGLES OF INCIDENCE ALO:SAME LENGTH OF
TRANSITION ZONE=XLO{(DXL=0)

IP=0 THE PRG. COMPUTES THE AMPL. OF THE WAVES AT THE ENDS OF
THE REGION OF VAR. DEPTH;THE LENGTH OF THIS ZONE INCREASES
FROM XLO WITH INCR. DXL:;ANGLE OF INCID. CONST. =ALU(IAL)
H=DEPTH ,KA=WAVENUMBER,CG=GROUP VEL.

AL=DIR. OF PROP. OF SHORT WAVES

ALO=DIR. OF PROP. AT REF. DEPTH

KL=ENVELOPE WAVENUMBER IN X-DIR.

A,ET= FORCED WAVE ,AML,AMR= AMPL. ON LEFT & RIGHT HAND SIDE
OF VARYING DEPTH REGION

Z=*DIFF. MEAN SET-OOWN AND LOCKED WAVE AMPL.

" LA,LAM=CQEF. OF GOV. EQ.

10=0 :LINEAR DEPTH VAR., ID=1 : COSINE DEPTH VAR.
XL=LENGTH OF TRANSITION REGION )

XHO=REF. DEPTH, DH= AMPL., OF DEPTH VAR

DX=DISCR. LENGTH, NA=NUMB. OF INT.

IMPLICIT REAL*8 (A-H,0-Z),INTEGER (I-N)

REAL+8 H(1005),KA(1005),CG(1005),AL(1005) ,KL{ 1005)

REAL*8 LA(1005),LAM(4,1005),AML(1005),AMR(1005),AL0(4),KAA
COMPLEX*16 F(1005),A(100S5),ET(4, 1005)

WRITE( 10,200)

READ(S,*)IP,1D,IAL,XLO,DXL,XHO,DH, N2

200 FORMAT(SX,’IP(O NO PLOT,.t PLOT),.I1D(0 LIN.DEPTH.1 CO0S.)’./.

&SX, TAL(ANGLE). xLo DXL ,XHO,DH,N2’)
0X=0.02
ALO(1)=0.
ALO(2)=3. 1415900/6
ALO(3)=3.14159D0/4.
ALO(4)=3.1415900/3.
H( 1) =XHO
K=1
IF(IP.EQ.O)AL(1)=ALO{IAL)
IF(IP.EQ. 1)AL(1)=ALO(Y)
CONTINUE
XL=XLO+(K-1)=DXL
NA=3+IDINT(XL/DX)
CALL DEPTH(ID,H,NA,DH)
GIVES THE DEPTH VAR.
001 Isy ,NA .
HH=H(T1)
CALL WAVENU(HH,KAA)
GIVES THE WAVENUMBER
KA(1)=KAA
CG(I)=(1.+2.sKA{I)*HH/DSINH(2.*KA(I)sHH))/(2.*KA(1))
CONTINUE
IF=0 NGO CAUSTIC, IF>0 THERE IS A CAUSTIC
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FOROO4 10
FORO0420
FORQ0430
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FOROQ460
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10

400
401
1000
100

1000

IF=0
CONT INUE

CALL FORC(IF,H,KA,AL,LA,DX.NA,F,CG)
COMPUTES THE FORCING FCT.

IF(IF.GT.1)GO TO 10

CALL SOLUT(H.LA,DX,NA,F,A)

SOLVES THE LINEAR SET OF EOS.
IF(IP.EQ.0)GO TC 6

D03 I=1,NA

ET(K,I1)=A(1)

LAM(K,I)=LA(I)

CONT INUE

K=K+1 :
IF(K.LE.N2)AL(1)=ALO(K)

IF(K.LE.N2)GO TO 8

CALL DRAW(XL,N2,NA,DX,ET,LAM)

PLOTS THE WAVE AMPL. AND PHASE

GO TO 1000

AML(K)=CDABS(A(1))

AMR(K)=CDABS(A(NA))

KaK+1

IF(K.LE.N2)GO TO 7

WRITE(7, 100) (AML{K) .K=1,N2), (AMR(K) ,K=1 ,N2)
GO TO 1000

WRITE(10,400)
WRITE(10,401)1F H(IF), AL(1)

FORMAT(6X, *CAUSTIC’)

FORMAT(2X, T=,14,3X,’H(I)=* E10.4,3X,'AL(1)=",E10.4)
CONTINUE

FORMAT(4(2X,E10.4))

sTOP .

END

SUBROUTINE DEPTH(ID,H,NA,DH)

IMPLICIT REAL#8 (A-H,0-Z),INTEGER (I-N)
REAL=*8 H(1005)

N=NA-1

IF(ID.EQ.0)GO TO 3

D01 1=2,N
H(I)=H(1)+0H*(1.-DCOS(2.%3.1445800+(I1-2)/(N-2)))/2.
CONTINUE

H(NA)=H(N)

GO TO 1000

D02 1=2,N

H(I)=H(1)+DH*(I-2)/(N-2)

CONT INUE :

H(NA)=H(N) '

CONTINUE

RETURN

END

SUBROUTINE WAVENU(HH,KAA)

IMPLICIT REAL*8 (A-H,0-Z),INTEGER (I-N)
REAL*8 K1,K2,KAA,K1INF, K2INF

OME=1, ’

EPSI=1.E-8

X1=1,

X2=1,

X3=0.

IF X1=1,(RES.-1.),X2=1.(RES.0.),X3=0.(RES.1.) ,WE STUD.THE

SMALLEST(RES.LARGEST)ROOT

N=0

APPROXI.PLAC.OF ROOTS

K1=28,

Ki1=K1/2.

FMG=(OME+*+2)/K1-DTANH(K1*HH)
PTE=-(OME/K1)»+2~-HH/{ (DCOSH(K1*HH))»»2)
IF(FMG.LE.O..OR.PTE.GT.0.) GO TO 1
DELT=K1
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00000

1

10

12

131

13
130

14

15

1000

K2=K 1
FMG=(OME*#*2)/K2-DTANH(K
IF(FMG.LE.O.) GO TO 10

2+HH)

PTE=-(OME/K2)*=2-HH/( (DCOSH(K2*HH) ) *=22)

IF{PTE.GT.0.) GO TO 14
K2=K2+DELT

GO TO 2

DELT=DELT/2.
K2=K2-DELT

GO TO 2

K1INF=K2-DELT

FMG=1,

IF{X1.GE.0.) GO TO 131
K2=K2+DELT
FMG=0OME«*2/K2-DTANH(K2+*
IF(FMG.LE.O.) GO TO 12
K2INF=K2

AT THIS PT.THE 2 ROOTS ARE K1(K2)BETW. K{INF AND KlINF+DE

LT.(K2INF)
K2=X2*K1INF+X3+K2INF

GO TO 130

IF(FM1.LE.O.) DELT=DELT
K23K2+X1+DELT ‘
NaN+1

HH)

/2.

IF(N.GT.150) GO TO 1000

GO TO 15

IF(FM1.GT.0.) DELT=DELT,
K2=K2-X1*DELT

N=N+ 1

/2

IF(N.GT.150) GO TD 1000

FM1sFMG

FMG= (OME #*2) /K2-DTANH(K2+HH)

ER=DABS(FMG)

IF(FMG.GE.O. .AND.ER.GT.EPSI) GO TO 13
IF(FMG.LT.O..AND.ER.GT.EPSI) GO TO 14

KAA=K2
RETURN
END

SUBROUTINE FORC(!F H.KA,AL,LA,DX,NA,F,CG)

KY=WAVENUMBER IN Y-DIR.

Z=DIFF. MEAN SET-DOWN AND LOCKED WAVE AMPL.

XNU=DEF. RAIO OF FREQ.
F=FORCING FCT. TIMES DX

THE MATCHING COND. ARE APPLIED AT X=DX & X=(NA-1)+DX
IMPLICIT REAL+*8 (A-H,0-Z),INTEGER(I-N)

OF WAVE ENVEL.

& SHORT WAVES

REAL+*8 xA(toos).H(toos).cs(1oos).z(1oos)
REAL*8 KL(1005),.AL(1005),LA(1005)

REAL*8 KY
COMPLEX*16 F(1005)
DOY I=1,NA
KY=KA(1)+«DSIN(AL(1))
WaKY/KA(I)
1F(W.GE.1)GO TO 6
AL(I)=DARSIN(W)

KL(I)=CG(1)*KA(1)/(CG(1)+0COS(AL(I)))

KL(1)=KL(I)-KY+*DTAN(AL(

Z(1)=22. *KA(2)«H(I)*((KL(I)=»2)+(KY*+2))/DSINH(KA(I)*H(I)*2. h)

1))

Z(1)=2(1)+2.+KA(1)*((CG(1)*KA(1))*»+2)/CG(1)

Z(1)=-2(1)/C((CG{1)*KA(1))**2) ~H(1)*((KL(I)*+2)+(KY*+2)))

2(1)=2(1)-1./(DSINH(KA{

I)*H(I))**2)

Z(I)-Z(!)*CG(1)‘0COS(AL(1))/(8 *CG(1)+0COS(AL(1)))

CONTINUE
XNU= 1., /(CG(i)*KA(t))
D08 1=1,NA

LA(I)= =(CG(1)*+2-H(1)*(DSIN(AL(1))**2))*(KA(1)>+2)

LA(I)=LA(I)=(XNU*%2)
CONTINUE
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FORO1230
FOR0O1240
FORO 1250
FORO1260

FORO1270
FORO1280
FORO1290
FORO 1300
FORO1310
FORO1320
FOR01330
FORO1340
FORO 1350
FORO1360
FORC1370
FORO1380
FORO1390
FOR01400
FORO14 10
FORO1420
FORO 1430
FORO1440
FORO1450
FORO 1460
FORO1470
FOR01480
FORO1490
FORO 1500
FORO1510
FORO1520
FORO1530
FORO1540
FORO1550
FORO1560
FORO1570
FORO1580
FORO1590
FORO 1600
FORO1610
FOR01620
FORO1630
FORO1640
FOR0Q1650
FORO1680
FORO1670
FORO1680
FORO1690
FORO17C0
FORO1710
FORO1720
FORO1730
FORO1740
FORO1750
FORO1760
FORO1770
FORO1780
FOR01790
FORO1800
FORO1810
FORO1820
FORO 1830
FORO1840
FORO1850
FORO1860
FORO1870
FORO1880
FORO1890



1000

TETA=0.

N=NA-1

002 I=2,N

IF(1.€0.2)G0 TO 3

IF(I.EQ.N)GO TO 4
0Z=(2(1+1)-2(1-1))/(2.-0X)
DDZ={Z(1+1)-2.+2(1)+2(1-1))/((DX*+2))
DH=(H(I+1)-H(I-1))/(2.+0X)
DAaKL(I)=DH#H(I)+«(KL(I+1)-KL(1-1))/(2.+0X)
DB=(KA(T1+4)-KA(I~1))~KA(I)=(CG(I+1)-CG(I-1))/CG(I)
08=08/(2.+0X*CG(1)) .

GO TO0 S

DZ=(Z(1+1)-2(1))/0X
DDZ=(Z(1+2)-2.+2(1+1)+2(1))/(DX**2)
OHs(H(I+1)-H(I))/0X )
DA=DH+KL (T)+H(I)*(KL(I+1)-KL(I))/DX
DB=(KA(1+1)-KA(I))-RA(1)~(CG(I+1)-CG(I))/CG(1)
08=08/(DX*CG(1))

GO TO S

0Z=(Z(1)-2(I-1))/0X

0DZ=(Z(1)-2.+2(1-1)+2(1- 2))/(ox--2)
DH=(H(I)-H(1-1))/0X
DA=DH+*KL(I)+H(1)»(KL{1)-KL(1~1))/DX
OB=(KA(I)-KA{I-1))-KA(I)*(CG(I)-CG(I-1))/CG(I)
DB8=08/(DX*CG(1))

X1=2DDZ~H{I)+DZ+*DH

X2:DA*2(1)+2. 'H(I)'KL(I)*DZ'DB*(CG(1)"2)‘KA(1)*DCOS(AL(1))/4.

X2«2. «XNU*X2
F(1)=DCMPLX(X1,X2)=DCMPLX{DCOS{TETA) ,OSIN(TETA))*DX
IF((1.£Q.2).0R.(I.EQ.N))F(I)=F(1)/2.
TETA=TETA+(KL(I)+KL(I+1))*XNU*DX
CONTINUE

F(1)=0.

F(NA)=O.

GO0 TO 1000

IF=1

CONT INUE

RETURN

END

SUBROUTINE SOLUT(H,LA,DX.NA,.F,A)
IMPLICIT REAL+*8 (A-H.0-Z),INTEGER (1-N)
REAL*8 H(1005),LA{1005)

COMPLEX»16 F(1005).A(1005)

COMPLEX+16 W(1005),X(1005),Y(100S)

. COMPLEX*16 GA(100S),BE(100S), AL(fOOS)

COMPLEX*16 S1,SN “:-
N=NA-1

IF(LA(1).GE.O. )sz-ocmpnx(o 000, 1.0D0)
IF(LA(1).LT.0.)S1=DCMPLX(-1.000,0.000)
IF(LACNA).GE.O. )SN=DCMPLX(0.0DO, 1.000)
IF(LA(NA).LT.O. )SN=DCMPLX( -1.0D0,0.000)
GA(1)=(2.*DX=LA(1)/3.+H(1)/0X)
BE(1)=(4.+0X+LA(1)/3.-H(1)/DX)
BE(1)=BE(1)+2.+S1+*0DSQRT(H(1)+*DABS(LA(1)))
BE(NA)=(4, *DX*LA(NA)/3.-H(NA)/OX)
BE(NA)=BE(NA)+2.+*SN+DSORT(H(NA)+DABS(LA(NA)))
AL(NA)=(2.+DX=LA(NA)/3.+H(NA)/OX)

w(1)=0.

W(NA)=O.

DOt I=2,N

GA(1)= (LA(I+1)*LA(I))‘DX/3 +{H(I+1)+H(1))/(2.+0X)
BE(I)=2.+(LA(I+1)+2. «LA(I)+LA(I-1))+DX/3.
BE(T)=BE(I)-(H(I+1)+2.+H(I)+H(I-1))/(2.+DX)
AL(T)={LA(I)+LA(2-1))*0X/3.+(H(1)+H(I-1))/(2.+DX)
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FORO 1900
FORO191Q
FORO1920
FORO1930
FORQ1940
FORO 1950
FORO 1960
FORO1970
FORO 1980
FORO1990
FOR02000
FORO2010
FOR02020
FOR02030
FOR02040
FORO20S0
FOR02060
FOR02070
FOR02080
FORO2090
FORO2 100
FORO2110
FOR02120
FOR02130
FOR02140
FORO2150
FOR02160
FOR02170
FORO2180
FORO2190
FOR02200
1 JRO2210
FORO02220
FORO2230
FORO2240
FORO22S50
FOR02260
FOR02270
FORO2280
FORO2290
FOR02300
FORO2310
FORO2320
FORO2330
FORO2340
FOR02350
FORO2360
FOR0O2370
FOR02380
FORQ2390
FOR02400
FORO24 10
FORO2420
FOR02430
FOR02440
FOR024S0
FORQ2460
FORO2470
FORO2480
FOR02490
FORO2S00
FORO2S 10
FORO2520
FOR0O2530



W(l)=F(I) : FORD2540

1 CONTINUE FOR0O2550
X(N)=-AL(NA)/BE(NA) : ' FORO2560
Y(N)=W(NA)/BE(NA) FOR02570
NB=N-1 - FORO2580
002 I=1,NB _ FORO2590
I1sN-1 FOR02600
12s11+1 ) FOR02610
X(I1)=-aL(12)/(GA(12)*X(12)+BE(12)) FOR02620
Y(I1)=(-GA{I2)+*Y(12)+W(I2))/(GA(I2)=X(I2)+BE(I2)) FOR02630

2 CONTINUE . FOR02640
A(1)3(W(1)-GA(1)»Y(1))/(GA(1)=X(1)+BE(1)) : FOR02650
D03 I=%,N FOR02660
A(I+1)=A(T)*X(1)+Y(I) FOR02670

3 CONTINUE , ' FOR02680
RETURN . . : FOR02690
END ' FOR02700

OPROCESS SC(AXIS) : _ FOR02710
SUBROUTINE DRAW(XL,N2,NA,DX,ET,LAM) FORO2720
IMPLICIT REAL*8 (A-H,0-2),INTEGER(I-N) FOR0O2730
COMPLEX*»16 ET(4, 1005) FORO2740
REAL*8 LAM(4,1005) FOR02750
CALL PLOTS(120, IDUM2,08) : FOR02760
CALL FACTOR(0.5) FOR02770

< XO0=1. FOR02780
YO=1.S FOR02730
N=NA-1{ : . FOR02800
DEL=N»DX/5. FOR02810
DEL=IDINT(10.+DEL)/10. FOR02820
D06 K=1,N2 FOR0O2830
X12X0+S. FOR02840
Y1aY0+4. FORO2850
CALL AX1s(xo,Y0,’ ‘,-2,5.,0.,0.,DEL) FOR02860
CALL aAXxIs(xo0,Y0,’ ‘,2,4.,90.,0..0.5) FOR0O2870
CALL LIN(XO.Y1.,5..0.) . FOR0O2880
CALL LIN(X1,Y0,4.,90.) FOR02890
D02 1I=2,N ' FOR02900
XP=X0+(I1-2)+DX/DEL FOR02910
YP=YO+CDABS(ET(K.1))/0.5 FORO2920
IF(I.EQ.2)CALL PLOT(XP,YP,3) ’ - ’ FOR02930
CALL PLOT(XP.YP,2) FOR0O2940

2 CONTINUE . v FORO2950
003 I=2.N FORO2960
S=LAM(K,I)*LAM(K,I-1) ‘ FOR02970
1F(S.GT.0.)GO TO 3 FOR02980
XP=X0+(1-2)+DX/DEL FOR0O2990
YP=YO ‘ FORO3000
CALL PLOT(XP.YP,3): . FORO3010

5 YP=YP+0O. 1 o FOR03020
IF(YP.GT.Y1)GO TO 3 FORO3030
CALL PLOT(XP,YP,2) FORO3040
YP=zYP+0. 1 : FORO3050
CALL PLOT(XP,YP,3) FORO3060
G0 TO 5 FOR03070

3 CONTINUE FORO3080
YO=YO+6. FOR0O3090
YiaY0+2. FOR0O3100
Y23Y0+4. FORO3110
CALL AXISs(xo0,Y0,’ ‘,-2,5.,0.,0.,DEL) FORO3120
CALL AXIs(xo,Y0,* ‘,2,4.,90.,-1.,0.5) FOR03130
CALL LIN(X0,Y1,5.,0.) FORO3 140
CALL LIN(X0,Y2,5.,0.) ‘ FOR0O3150
CALL LIN(X1,Y0,4.,90.) FOR0O3160
D04 I=2,N ] FORO3170
ET(K,I)=€ET(K,I)/CDABS(ET(K,1)) FORO3180
WP=DARSIN(DIMAG(ET(K,1))) ’ FORO3190
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WSsSIGN(DARCOS(DREAL(ET(K.I))).WP) FORQ3200

XP=X0+(1-2)+*0DX/DEL : FORO3210
YP2Y 1+WS/(0.5+3, 14159) . FORQ3220
- 1F(1.EQ.2)CALL PLOT(XP,YP,3) FOR03230
CALL PLOT(XP,YP,2) FORO3240
4  CONTINUE ) FOR03250
007 I=2,N FOR0O3260
S=LAM(K,I)+LAM(K,I-1) FORO3270
IF(S.GT.0.)G0 TQO 7 . FOR03280
XPsX0+(1-~2)+0X/DEL . . FORO3290
FYPaYQ .. : " FORO3300
CALL PLOT(XP.YP,3) : . FOR0O3310
8 YP=YP+0. 1 ; : FORO3320
IF(YP.GT.Y2)GO TO 7 FOR03330
CALL PLOT(XP,YP,2) ’ : FOR03340
YP=YP+0.1 ) ) FORO3350
CALL PLOT(XP,YP,3) . . FORO3360
GO T0 8 ’ . : FORO3370
7 CONTINUE i FORO3380
X0=X0+6. FORO3390
Y0=1.5 ’ _ : FORO3400
[ CONTINUE ’ FOQRO34 10
CALL ENDPLT(20..0.,999) . FORO3420
RETURN . ‘ FORQ3430
END e : ‘ FORO344C

FILE: LIN FORTRAN A
SUBROUTINE LIN(XD,YO,XL,.XA) : LINOCOO10
c PLOTS HOR. AND VERT. AXIS LINCOO20
c X0,Y0=COORD. OF AXIS LINOOO30
c XL=LENGTH OF AXIS : : LINOQO40O
c XA=ANGLE OF AXIS (XA=0. OR 90.) . . L INOOOSO
CALL PLOT(XO,YO,3) : L INOQOG60
N=INT(XL)+1 : LINOOO70
IF{ABS(XA-90.).LT.O. i)GO T0 2 ‘ LINOOCO8O
X1=X0+XL . . L INOOO90
. CALL PLOT(X1,Y0, 2) . LINOO1I0O
¥23Y0-0.05 ) . LINCO110
Y12Y0+0.05 I LINCO120
X1=X0 o : LINCO130
DOt I=4.N . : LINOO140
. CALL PLOT(X1,Y2,3) ' LINOO1SO
CALL PLOT(X1,Y1,2) LINOO160
X1=X0+I LINQO170
1 CONTINUE : LINOO180O
G0 TO 3 . LINCO190
2 Y1=Y0+XL ’ . . LINOCO200
CALL PLOT(XO,Y1,2) LINOO210
X2=X0-0.08 LINCO220
X1=X0+0.05 . LINOOQ230
Y1=Y0 . LINOO240
D03 1=1.N ) LINOO250
CALL PLOT(X2,Y1.3) LINOO260O
CALL PLOT(X1,Y1,2) LINOO270
Yi=YO+]I LINOO280O
3 CONTINUE LINOO290
RETURN L INOO300
END LINOO310
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FILE:

Q000000000

200

100
1000

TEST2 FORTRAN A

u0'tﬁttitt*i'it#bvt’*tmitt!i*tttt‘tttﬂ;.#t#ta'#!tt
- FORCED WAVES ON VARIABLE DEPTH *
= ANALYTICAL SOL. FOR LINEARLY INCREASING DEPTH ~»

I EEE R AR E SRR SRR AR R E AR E RS AR AR E R SRR E RN

H:DEPTH ; AL:SLOPE ; XI,XF:END POINTS
A:FORCED WAVES AMPLITUDE ; F:FORCING TERM
Z:REL. DISPLACEMENT (ETO-ETL)
KA:WAVELENGTH ; CG:GROUP VELOCITY
DOX:LENGTH INT. :NA-1:NUM. OF INT
IMPLICIT REAL#*8 (A-H,0-2Z),INTEGER (I1-N)
REAL=8 KAA

REAL*8 H(1000).KA( 1000),AM( 1000}
COMPLEX=*16 F(1000),A(1000)
WRITE(10,200)

READ(S,*)XI XF, AL

FORMAT(SX, ‘XI_XF,AL’)

DX=0.02

NA=1+IDINT((XF-XI)/DX)

D02 I=1,NA
H(I)=AL*(XI+(XF-XI)=(I-1)/(NA-1))
CONTINUE

FIND WAVELENGTH

DO1 I=1,NA

HH=H(I)

IF{DABS(HH).LT.0.01)GO TO 1000

CALL WAVENU(HH,KAA)

KA(I)=KAA

CONTINUE

FINDS FORCING TERM

CALL FORC(H.KA,DX,NA,F)

GIVES FORCED WAVE AMPLITUDE

CALL SOLUT(XI,XF,AL,DX,NA,F,A)

003 I=1,NA

AM(1)=CDABS(A(I))

CONT INUE U

WRITE(7,100) (AM(I),1=1 ,NA)
FORMAT(2X.4(2X,E10.4))

CONTINUE

sTOP

END

SUBROUTINE WAVENU(HH,KAA)

IMPLICIT REAL+8 (A-H,0-2),INTEGER (I-N)

- REAL*8 K1,K2,KAA K1INF K2INF

OME=1.,

EPSI=1.E-8

X1=1,

X2=1.

X3=0.

IF X1=1, (RES.-1.),X2=1.(RES.0.).X3=0.(RES.1.),WE STUD.THE
SMALLEST(RES.LARGEST)ROOT
N=0

APPROXI.PLAC.OF ROQTS
K1=28.

KisKi/2.

194

TESOCO10

TES00020
TES00030
TESQ0040
TESQ0050
TESO0060
TESO0070
TES00080
TES00090
TESC0100
TESO0110
TESO0120
TES00130
TES00140
TESOO150
TESO0160
TESO0170
TES00180
TESO0190
TES00200
TES00210
TES00220
TES00230
TES00240
TES00250
TES00260
TES00270
TES00280
TES00290
TES00300
TESO0310
TES00320
TES00330
TES00340
TES00350
TES00360
TES00370
TES00380
TES00390
TES00400
TES004 10
TES00420
TES00430
TES00440
TES00450
TES00460
TES00470
TES00480
TES00490
TES00500
TESO0S510
TES00520
TES00530
TES00540
TESO0550



00

11

10

12

131

13
130

14

15

1000

FMG=(OME=*2)/K1<DTANH({K 1+HH)
PTE=s~(OME/K1)+*2<HH/((DCOSH{K1+HH))*+2)
IF(FMG.LE.O..OR.PTE.GT.0.) GO TO 1
DELT=K1

K2=K1

FMG=(OME+*~2)/K2-DTANH(K2+HH)
IF(FMG.LE.Q.) GO TO 10
PTE=~(OME/K2)++2- HH/((DCOSH(K2'HH))--2)
IF(PTE.GT.0.) GO TO 11 -

K2=K2+DELT

GO TO 2

DELT=DELT/2.

K2=K2-DELT

GO TO 2

K1INF=K2-DELT

FMG=1.

IF(X1.GE.0.) GO TO 131

K2=K2+DELT

FMG=OME #+»2/K2-DTANH(K2=HH)
IF(FMG.LE.O0.) GO TO 12

K2INF=K2

AT THIS PT.THE 2 ROOTS ARE K!(Kz)BETw K1INF AND K1INF+DE
LT.(K2INF)

K23X24K $ INF+X3*K2INF

GO TO 130

IF(FM1.LE.O.) DELT=DELT/2.

K2=K2+X 1%DELT

N=N+1

IF(N.GT.150) GO TO 1000

GO TO 15

IF(FM31.GT.0.) DELT=DELT/2.

K2=K2-X 1 +DELT

N=N+1{

IF(N.GT.50) GO TO 1000

FM1=FMG

FMG=(OME»22) /K2 -DTANH(K2+HH)
ER=DABS(FMG)
IF{FMG.GE.O..AND.ER.GT.EPSI) GO. TO 13
IF(FMG.LT.O..AND.ER.GT. EPSI) GO TO 14
KAA=K2

RETURN .

END :

SUBROUTINE FORC(H, KA OX,NA, F)

-IMPLICIT REAL*8 (A-H,0- Z) INTEGER(I-N)

REAL*8 KA{ 1000),H( 1000).CG( 1000),2( 1000)
COMPLEX*16 F(iOOO)

DO1 I=1,NA

cG(1)= (1 +2. 'KA(I)*H(I)/DSINH(z *KA(I)'H(I)))/(Z +KA(I))
2(1)=(4.+CG(1)*KA(I)-1.)/((CG(I)**»2)-H(I))
2(1)=2(1)+1./(DSINH(KA(I)*H(1))+=2)
Z(1)=~2(1)*CG(1)/(8.+CG(1))

CONTINUE

TETA=O.

002 I=1,NA

IF(1.€Q.1)30 TO 3

IF(I.EQ.NA)GO TO 4

D2=(2({I1+1)-2(1-1))/(2.20X)
D0Z=(Z(1+1)-2.+2(1)+Z2(I-1))/(DX*»=2)
DH=(H(I+1)-H(1-1))/(2.+0X)
DA=DH/CG(I)-H{1)*(CG(I+1)-CG(1-1))/(2.4DX+(CG(1)+2))
DB=(KA(I+1)-KA(I-1))-KA(I)=(CG(I+1)-CG(I-1))/CG(I)
p8=DB/(2.+«DX*CG(I))

GO 70 S

0zZ=(2(1+1)-2(1))/DX

DH=(H(I+1)-H(1))/DX
00Z=(Z(1+3)-2.*Z(1+1)+2(1))/(DX**2)
DA=DH/CG(1)-H(T)+(CG(I+1)-CG(1))/{DX=(CG(1)v+2))
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TESQOS560
TESOCOS70
TESOCOS80
TESQOSSO
TESQQ600
TESOOE 10
TESO0620
TES00630
TESO0640
TESO0GSO
TESOOGEQ
TESQQ670
TES00680
TESO0E90
TESCO700
TESCO710
TESOO0720
TESCO730

- TESO0740

TES00750
TESO0760
TES00770
TES00780
TESO0790
TESO0800
TESO0S 10
TES00820
TES00830
TES00840
TES00850
TES008G0
TES00870
TES00880
TES00890
TESQ0900_
TES00910
TES00920
TES00930
TES00940
TES00950
TES00960
TES00970
TES00980
TES00990
TES01000
TESO1010
TES01020
TES01030
TESO1040
TESO10S0
TES01060
TESO01070
TES01080

‘TESO1080

TESO1100
TESO1110
TESO1120
TESO1130
TESO1140 -
TESO1150
TESO1160
TESO1170
TESO1180
TESO1190
TESQO1200
TES01210
TESO1220



OB=(KA(I+1)-KA(I))-KA{I)*(CG(I+1)-CG(I))/CG(])
DE=*DB/(DX<CG( 1))

GO TO S

DZ=(Z(1)-2(1-1))/0X

DH=(H(I)-M(1-1))/0X
D0Z2(Z(1)-2.°2(1-1)+2{1-2))/(0X**2)
DA=DH/CG(I)-H(I)s(CG(I)-CG(I-1))/(DXe«(CG(I)«+2})
DB8=(KA(I)-KA(I-1))-KA(I)*(CG(I)-CG(I-1))}/CG(I)
08=08/(0X+CG(1))

X120DZ<H(I)+DH-D2Z

X2=(2.°DA=2(1)+4. *H(1)+DZ/CG(1)-DB*CG(1)/2.)
F(I1)=DCMPLX(DCOS(TETA).DSIN(TETA))+X1
F(1)=F{1)+DCMPLX(-DSIN(TETA)},DCOS(TETA))*X2
TETASTETA+(1./CG(I)+1./CG(1+1))+DX

CONT INUE

RETURN

END

SUBROUTINE SOLUT(XI,XF,AL, ox NA.F.A)
IMPLICIT REAL*8 (A-H.0-2),INTEGER (I-N)
COMPLEX#*16 F(1000).A(1000)

REAL*8 X(1000).Y(1000),ET( 1000)

COMPLEX*16 C1,C2,(3.C4.81.82

COMPLEX+16 GA{1000).BE(1000)

DOt I=1,NA

XX2XI+(XF-XI)r{I-1)/(NA-1)
XX30SQRT{XX/AL) =4,

CALL BESSEL(O.XX,.XJ.XY)

X(1)=xy

Y(I)=XyY

CONTINUE

GA(1)=0.

BE(1)=0.

© D02 I=2,NA
GA(1)=GA(L-1)+(F(I)eY(I)+F(I-1)»v(I~ 1))'ox/2
BE(I)=BE(I-1)+(F(I)=X(1)+F(I-1)X(I~ 1))tox/2.
CONT INUE
XX=4.+DSQRT(XI/AL)

CALL BESSEL(1.XX.XJ,XY)
C1=DCMPLX(-XJ,X(1))
C2=0CMPLX(-XY,Y(1))

XX=4 . *DSQRT(XF/AL)

CALL BESSEL(4,XX.XJ,XY)
C3*0CMPLX( XU, ~X(NA))
.C4=DCMPLX(-XY,-Y(NA))
81'C2*(63*GA(NA) C4~BE(NA))/(02-C3 C1sC4)
B2=-C1*81/C2

D03 I={,NA

A(1)=(- GA(I)+81)'X(1)*(BE(1)+82)tY(I)
A(1)=A(1)=3.14159/AL

CONTINUE

RETURN

END

SUBROUTINE BESSEL(I0.X,.XJ, xv)

" GIVES BESSEL FUNCTIONS J AND Y ACCORDING MATH. TABLE
10:0RDER OF BESSEL FUNCTION ,10=0 OR 1
IMPLICIT REAL*8 (A-H,0-2),INTEGER(I-N)
IF(10.€Q0.1)G0 70 3
IF(DABS(X).GT.3.)G0 TO 2
X1=(X/3.)»+2

XJ=1.+X12(-2,2499997+X1+(1, 2ssazoa+x1t( ~0.3163866+X1*(
£0.0444479+X1+{-0.0039444+X1+0.00021)))))
XY= . 36746691+X1~(.60559366+X1*(-.74350384+X1+(.25300117+

&X1+(-0.04261214+X1+(0.00427916+X1+( -0.00024846))))))
XY=XY+2,*DLOG(X/2.)*XU/3. 14159
GO TO 11
X1=2(3./X)
XF=,79788456+X1+(~.00000077+X1+(-.0055274+X1+(-.00009512
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TESQ1230
TESO1240
TESQ1250
TESQ1260
TESO1270
TESO1280
TESO1290
TESO1300

- TESO1310

TES01320
TESO1330
TESO1340
TESO1350
TESO1360
TES01370
TES01380
TES01390
TES01400
TESO1410
TESO1420
TESO1430
TESO1440
TESO1450

TESO1460

TESQO1470
TESO1480
TESOC1490
TESO1500
TESO1S10
TESO1S20
TESO1530
TESO1540
TESO1550
TESO1560
TESO1S70
TESO1S80
TESO1590
TESO1600
TESO1610
TESO1620
TESO01630
TESO1640
TESO1650

* TESO1660

TESO1670
TESO1680
TESO1690
TESO1700
TESO1710
TESO1720
TESO1730
TESO1740
TESO17S0
TESO1760
TESO1770
TESO1780
TESO1790
TESO1800
TESO1810
TESO1820
TESO1830
TESO1840
TESO1850
TESO1860
TESO1870
TESO1880
TESO18S0



11

&+X1+(.00137237+X1+(-.00072805+X1+.00014476)))))
XT=X-.78539816+X1a(~.0416G397+X1*(-.00003954+X§~(
&.00262573+X1*(~.00054125+X 1 +( - .00029333+X1*.00013558)))))
XJ=XF«DCOS(XT)/BSORT(X)

XY=XF*DSIN(XT)/DSQRT(X)

GO TO 11

CONT INUE

IF(DABS(X).GT.3.)GC TO 4

X12(X/3.)==2

XJd=(.5+X1%(~.56249985+X1+(,21093573+Xt+(~. 03954289+x1~(
&.00443319+X1+(~.00031761+X1+_,00001109))))))*X

XY=~ _6366198+X1+«(.2212091+X1+(2, 1682709+X12(~-1.3164827+X1+(
&.3123951+X1+(-.0400976+.0027873¢X1)))))

XY3XY/X+2.*DLOG(X/2.)*XJ/3. 14159

GO TO t1

X123./X

XF=.79788456+X1+(.00000156+X1=(.01659667+X1+(.000017105+X1+(
&-.00249511+X1+(.00113653-X1+.00020033)))))

XT£X+2.35619449+X 1~(. 124996 12+X1+( . 0000565+ X 1=(-.00637879+
&X1+(.00074348+X 1+(.00079824-X1».00029165)))))

XJ=XF «DCOS(XT)/DSQRT(X)

XY=2XF+DSIN(XT)/DSORT(X)

CONTINUE

RETURN

END
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TESO1900
TESO1910
TESO1920
TESO1930
TESO1940

"TESQ1950

TESO1960
TESO1970
TESO1980
TESO1990
TESO2000
TESQO2010

- TESQ2020

TES02030
TES02040
TES02050
TE502060
TESO2070
TES02080
TES02090
TES02100
TES02110
TES02120
TES02130
TES02140



Numerical Results -

0.43900+09
0.48050+00
.0.56130+00
0.64740+00
0.72840+00
0.80110+00
0.86420+00
0.91720+00
0.95980+00
0.99220+00
0. 10150+01
0. 10290+01
0. 10350+01

0.44220+00
0.493900+00
0.58300+00
0.66830+00
0.74740+00
0.81780+00"
0.8784D+00
0.92880+00
0.96890+00
0.99880+00
0.10180+01
0.10310+01
0.10360+01

0.45110+00
0.51900+00
0.6046D+00-
0.6888D+Q0
0.76590+00
0.83390+00

0.89200+00

0.93980+00
0.97730+00
0. 10050+01
0. 10230+01
0. 10330+01
0. 10360+01

Analytical Results

' 0.43890+00°

© 0.48050+00
0.56120+00
0.64730+00
0.72830+00
0.80100+00
0.8641D+00
0.91710+00
0.95980+00
0.99220+00
0. 10150+01
0. 10290+01
0. 10350+01

0.4422D+00
0.49890+00
0.58290+00
0.6682D+00
0.74730+00
0.81770+00
0.87840+00
0.92880+00
0.96880+00
0.89870+00
0.10190+01
0. 1031D+01
0.10360+01

0.45100+00
0.51890+00
0.60460+00
0.6887D+00
0.76580+00
0.83380+00
0.89190+00
0.9397D+00
0.97720+00
0. 1005D+01
0. 10230+01
0. 10330+01
0. 10360+01

Amplitude of Forced Waves over Linearly Increasing Depth,
Normal Incidence, XL= 1, h0= 0.5, h1= 1

0.4642D+00
0.53990+00
0.62620+00
0.70890+00
0.7838D0+00
0.84940+00
0.90490+00 .
0.95010+00
0.98500+00
0.10100+01
0. 10260+01
0. 1034D+01

0.46420+00
0.53980+00
0.62610+00
0.7088D+00
0.7837D+00
0.84930+00
0.90490+00
0.95010+00
0.98500+00
0.10100+01
0. 10260+01
0.10340+01

The relative difference is less than 0.1% .
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