
Self maps of quaternionic projective spaces

by

Gustavo Granja

Licenciado em Matemitica Aplicada e Computag5o
Instituto Superior Tecnico, 1993.

Submitted to the Department of Mathematics
in partial fulfillment of the requirements for the degree of

Master of Science in Mathematics

at the

MASSACHUSETTS INSTITUTE OF TECHNOLOGY

JUN 25 1997

June 1997

@Gustavo Granja, 1997. All rights reserved.

The autor hereby grants to MIT permission to reproduce and
distribute publicly paper and electronic copies of this thesis document

in whole or part.

Author ....

Certified bA

...... .. .. . . . . . . . . . . . . . . . . . . . ...'
1pepartment of Mathematics

May 9, 1997

Michael Hopkins
Professor of Mathematics

Thesis Supervisor

A ccepted by .... . . ...... ...... .....................
Richard Melrose

Chairman, Departmental Committee on Graduate Students

n/7--~----

/ . .



Self maps of quaternionic projective spaces

by

Gustavo Granja

Submitted to the Department of Mathematics
on May 9, 1997, in partial fulfillment of the

requirements for the degree of
Master of Science in Mathematics

Abstract

The homology classification of self maps of quaternionic projective spaces is s
A survey of the known results is given and some new self maps are shown to

Thesis Supervisor: Michael Hopkins
Title: Professor of Mathematics



Chapter 1

The Feder-Gitler conjecture

Let HfW P denote n-dimensional quaternionic projective space with n a positive integer.

Recall that H*(HPIP") = Z[y]/y n+l where y is a generator of H4( Hpn).

Definition 1.1 The degree of a map f : HIP•n  H]p n is the integer deg(f) such

that f*(y) = deg(f)y

The homomorphism induced by a map on cohomology is determined by its degree.

The determination of the possible degrees of self maps is the first step towards the

homotopy classification of such maps'. It also amounts to the determination of the

An self maps of SU(2) [14, p. 300].

Consider the congruences

m-1 2 (2m)! if m is even
H (k - i2 ) 0 mod (1.1)
i=O (2m)!/2 if m is odd

Feder and Gitler [4] have shown the following result:

Theorem 1.2 If f is a self map of IH]P then deg(f) satisfies the congruences (1.1)

for m = 1,... , n.

1The two problems are, however, not equivalent. One can see, for example, that there are at
least 2 distinct homotopy classes of self maps of IRI&3 of each allowable degree (precisely 2 of degree
0). See also [7].



In the same paper, Feder and Gitler made the following conjecture:

Conjecture 1.3 If k is an integer satisfying the congruences (1.1) for m = 1,... , n

then there is a self map of HP'n of degree k.

There is some evidence in support of this conjecture. So far, it has been verified

for n = 1, 2, 3 and oc and many of the conjectured maps have been shown to exist.

In this chapter we prove theorem 1.2 and in the next chapter we present the available

evidence in favor of conjecture 1.3.

We will now prove theorem 1.2. Embedding C in H in the usual way, H becomes

a right vector space over C isomorphic to C E C and the left action of Sp(1) on H

is identified by this isomorphism with the usual action of SU(2) on C2 . Moreover if

S 4n + 3 is the unit sphere in H-P+ 1 = C 2n+ 2 , there is a commutative diagram

S 4n + 3  (1.2)

Cp2n+ 1  h

where h is the projection of the principal Sp(1)-bundle associated to the tautological

quaternionic line bundle H, q is the projection of the principal Sl-bundle associated

to the tautological complex line bundle L and r is the projection of a bundle with

fiber Sp(1)/S 1 = S 2 .

Lemma 1.4 r*(H) = L e L

Proof. S 1 c SU(2) acts on C2 by

S0 -io 1

1



S 4n+ 3 X S1 (C C) - S4 n +3 XSp(l) EH

I I
ICtI2n+1 r ffn

defines an isomorphism between L e L and r*(H). O

Lemma 1.5 Let z = [H] - 2. Then K(1HI n ) = Z[z]/z +l .

Proof. Let x = ci(L) and recall that H*(CPI2n + 1) = Z[x]/x2n+ 2 . It follows from the

Serre spectral sequence that the map r in (1.2) injects the cohomology of IHPW in the

cohomology of CP 2n+ 1 and if we define y by r*(y) = X2 , then H*(IHIP") = Z[y]/yn+l .

Let w = [L] - 1, so that Ch(w) = x + X2 /2 + .... Since ci(L) = -cI(L), by naturality

of the Chern character and lemma 1.4 we have

r*(Ch(z)) = Ch(w + W) = x + Z2/2 + ... - + 2/2 -..

Ch(z) = y + 2y2/4! + -..

Note also that since K(HI n") and K(CP 2n+1l) are torsion free the Chern character is

a ring monomorphism [2, p. 19]. The lemma is clearly true for n = 0. Assume it has

been shown for n < k. As 1Hi n admits an even cell decomposition, there is a short

exact sequence

0 -- 4 K(Hlk+1, IH[pk) = K(WIp=fk+l/Hppk) --- K(IHP k+ l ) -- K(IHIP k ) -- 4 0

Since HPk+I/HpIIk = S4k +4, Ch(zk+l) - yk+1 and the Chern character is integral

on even dimensional spheres [6, p. 308] we see that zk+1 generates the summand

K(Hllk+1l, Hk). Since Ch(zk+2) = 0, we have K(IHPk+l) - Z[z]/z k+2 as required. O

so we see that the canonical complex vector bundle map



Recall that K(CP 2" + 1) - Z[w]/w 2n + 2 where w = [L] - 1 (one can prove this

exactly as the previous lemma). We have a commutative diagram

K(CP 2 n + 1) h H* (Cp2n+l; )

K(HP n ) Ch H* (HP"; Q)

where all the maps except perhaps r* : K(H-Pn ) --- K(CP2n+ 1) are injective. It

follows that r* is also injective in K-theory. This allows us to give an expression for

the Adams operations. Since L 0 L = C and k ([L]) = [L]k, by lemma 1.4, we have

r*(z) = w + T= -ww and so

r*(4kz) = (1 + w)k 1 + (1 + )k 1 (1.3)

To simplify notation, we will omit r* and identify K(IHP n ) with its image in

K(CP 2n+1). In particular, we have

0 2 z = 2(w + U) + (w+ + )2 - 2wUw = 4z +z 2  (1.4)

A self map f of 1HIP" determines a ring endomorphism 9o = f* of K(IHIP " ) that

commutes with the Adams operations (which are themselves endomorphisms). Write

p(z) = aiz + a2z2 --2_'

On H4 (IHP"n), the equation Ch(f*(z)) = f*(Ch(z)) yields deg(f) = al. Given a ring

endomorphism r of K(HIPn•), not necessarily arising from a map, we will also denote

by deg(rq) the coefficient of z in rj(z). Note that if qj and A are two ring endomorphisms

we have deg(QrA) = deg(r) deg(A).

Lemma 1.6 Let al be an integer. There is at most one endomorphism r7 of K(HIP n )

commuting with the Adams operations with deg(rl) = al.
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Proof. By (1.4) we have

rq(z 2 + 4z) = 7(z) 2 + 4,r(z)

Writing Tr(z) = a1z + a2z2 + .- . the last equation determines the coefficients ai in

terms of al. For example, the first two coefficients are

a2 = a(a- 1) (1.5)
a3 = 16a(al - 1)(al - 4)

Note that this lemma implies that q commutes with Ok for all k if and only if it

commutes with 02. Verily, if r0,2 2= 277 then T¢k and Okqr also commute with 4,2

and their degrees coincide so they are equal.

Lemma 1.7 The image of KSp(HIP n ) in K(IHIP) = Z[z]/z n+ l is {ao+alz+... a2i E

2Z for i > 0}

Proof. Consider the diagram

0 > - K(S 4 n ) = K((HIn, HI]• n - 1) > K(EHU n ) > K(HfP" n - 1) > 0

0 - KSp (S 4 n ) = KSp(HP]n, H]pn-1) -- KSp (]HIP) -~ KSp(H1 nP" - 1 ) --- 0

The splitting of the injection on the first row is given by an as was seen in the proof

of lemma 1.5. The bottom row is exact by the long exact sequence of the pair for
R04 R75

KO-theory. Indeed, KSp = KO 4, KO (S4n) = Z, KO (S4n) = 0 and by the Atiyah-

Hirzebruch spectral sequence KO 3(IHIl n- 1) is torsion. By induction we may assume

that KSp(1~H P - 1) = g n with a basis {vo,... , v•_1} such that the natural map sends

vi to ciz i E K(HPln-l 1) with ci = 1 if i is 0 or odd and ci = 2 if i is even and positive.

This is certainly true for n=1. To conclude the proof we have only to check that

the image of the leftmost map w4n(BSp) = Z -+ 7r4n(BU) = Z has index 1 or 2



respectively when n is an odd or even positive integer. Indeed, in that case we can

pick v, E KSp(HIHP n ) mapping to C,z n and then lifts of vo,... , v-1_ E KSp(IHP n- 1) to

KSp(IHP n ) with the required properties. From the long exact homotopy sequence of

the fibration U/Sp -- 4 BSp -+ BU and the fact that 74n (U/Sp) = 74n- 1 (BSp) = 0,

ir4n- 1 (U/Sp) = Z/2 or 0 respectively when n is even or odd [10, p. 212] we obtain the

required result, which completes the proof. Ol

We can now prove theorem 1.2:

Proof. Since a generator z of K(IHfP") lies in the image of KSp it follows that

f*(z) = a1 z + a2z2 + . will also be in that image. The congruences (1.1) are just

the conditions obtained when one requires that the coefficients ai in (1.5) be in the

image of KSp, described in lemma 1.7.

However, it does not seem easy to obtain formulas for the coefficients ai in terms of

the degree directly from the recursive relations we obtained in the proof of lemma 1.6.

Instead, we will determine explicitly all the ring endomorphisms of K(HIP"n) commut-

ing with the Adams operations.

'k are such homomorphisms and the expression (1.3) suggests that we consider

homomorphisms determined by

01(z) = (1 + w)" - 1 + (1 + w)i - 1 (1.6)

where z = w + = -wT. The right term of this equation is a symmetric power series

in w,w with complex coefficients and so a power series in z. For certain complex values

of p the coefficients in the power series expansion will be integers and we will presently

see that these values of t give all the endomorphisms of K(HIP~ ) commuting with the

Adams operations.

The power series in (1.6) converge in a neighbourhood of 0 so we can regard "'"
as holomorphic functions. To compute the composite of two such functions we note

that, in a neighbourhood of 0,



"(z) = (1+w) - 1 + (I +  ) - 1= - ( ( + w ) - 1) ( (1 +W ) - 1)

Hence

"(¢"(Xz)) = #"((1 + w)" - 1 + (1 + )" - 1)

= (1+(1+w)"-1)" - 1 + ( 1 + ( 1 +· w ) " - 1) " - 1 )

0" (Z)

and we conclude that the endomorphisms of K(H1I" n ) 0 C determined by O'(z) com-

mute with each other.

We define the degree of an endomorphism of C[z]/z n in the obvious way. Just as

in lemma 1.6 we see that the degree of an endomorphism of K(H]]P n ) 0 C commuting

with V2 actually determines the endomorphism. Since deg(5"') = p2 it follows that

the /' are all such endomorphisms.

It remains only to determine the coefficients of z" in 0'(z) as a function of p. For

this we write
z + Vz 2 + 4z

W--
2

z- Vz 2 + 4zWO=---------

2

and we get

(z1) = (1+w)" -1+(1 + )"-1

1 ( 4z z - Vz2 + 4z )1+ -1+ 1+ 2 -1

(1k) 2 2
k=1

= k2(-k (k) ) ((z 2 + 4z)1/2Zk-1 (_1)(Z 2 + 4z)1/2Zk-1)
k=1 1=0



k

k=l 1=0

oo k/2

k=1 m=O

00 k/2

k=1 m=O

2-k ($-) (p') (k + (_)I)zk-1/2(z- 4)1/2

22m-k+-1 ( ) 2k( zk- m(l + z/4)m

2 2m-k+1-2j=k ) (2m) k-m+j

j=0

The coefficient of z" is

k/2
an = C 2 21-k+2m-2(n-k+m) () ( ) (m -

k2mn 'm k n - kk=1 m=0

2n k/2

= E 21+k-2n p) k n- )

k=n m=O \k} (2m m + k)

Now deg(ý'b) = t2 SO OA = 0-'" (they both have the same degree). Consequently,

the coefficients in the power series expansion of 0j are even functions of /p and hence

an = an(ft) is a polynomial of degree n in p2. Its roots include 0,1, ... n - 1 so it can

be written as
n-1

A (t2 - i2)
i=0

for some A E C. As a,(n) = 1 at we conclude that A = 2/(2n)! and hence a necessary

condition for the existence of a self map of ]HPn of degree k is that

2 m-1
(2m)! io (ki=0

Z
2Z

if m is odd

otherwise

for each m = 1,... ,n.



Chapter

Construction of self maps

We will now show the existence of some self maps of HHPsn . The method consists in

analysing the obstruction to extension of a self map of JHfl n to Hpn+l .

First, recall that there is a cofiber sequence

S4n+3 h ]ipn _ Hfpn+l

and a fiber sequence

S 3 -- S 4 n+3 h Hipn (2.1)

where h denotes the Hopf map and i the inclusion.

Lemma 2.1 There is an isomorphism

-ri_1S3 ( 7"iS 4 n + 3 -__ 7ri ]' n

(a, 3) -- j (EZa) + hP

where j : S 4 -4 1Hyn denotes the inclusion and E the suspension homomorphism.

Proof. The diagram



S4n+3 pn >3 S 3 - S4n+3 > ff n

QS4

commutes up to sign, since all maps in the triangle induce isomorphisms of 7-3 = Z.

Hence the long exact homotopy sequence of the fibration (2.1) breaks up into split

short exact sequences

0 - 7F-S 4 n + 3 
ih, - iHlpn >7- 1S3 >- 0

and the proof is complete. []

In what follows, we will often denote by 1 a map whose homotopy class is determined

by the integer 1 (for instance a self map of a sphere).

Proposition 2.2 There exists a self map of degree k of HIp n+ l iff there exists a self

map c of HE •n of degree k such that the following diagram commutes up to homotopy.

S 4n +3 h IBUp n  (2.2)

S4n+3 • _H n

Proof. If the diagram commutes up to homotopy, a choice of homotopy determines

a map between the cofibres IHIn+l which extends o and hence has degree k.

Conversely, suppose 0 is a map of degree k which we may assume to be cellular

and let o be its restriction to HIlPn . Letting F denote the homotopy fibre of the

inclusion HW"n i* Hjpn"l we have a homotopy commutative diagram



S4n+3

F -- HI" -• Pn+

F --• WHIn - H Pu + 1

S4n+3

where g is the map to the fibre determined by the canonical null homotopy of ih and

r7 is the map induced on the fibre. The exact homotopy sequence of the fibration

F -4 HW" -, H]p"n+l together with lemma 2.1 imply that the map g is a (4n + 5)-

equivalence and so there is a map ( making the diagram commute up to homotopy.

Choosing a homotopy we can form the map of cofiber sequences

S4n+3 h ]n f fn-t+1 S4n+4

S4n+3 • ]HY n  -E Hp n l -> S4n+4

and by looking at the diagram in cohomology we see that EZ has degree k" +l . Hence

( has degree kn+ l .  E

The previous proposition tells us that the obstruction to extension of a self map

p is the element o(=p) df p,[h] - kn+l[h] E 7T4n+3HPn

We will write X(o) for the rationalization [5] of the nilpotent space X.

Lemma 2.3 There exists a G 74n+2S 3 such that o(c) = joEa.

Proof. Let k = deg(p). Since 7r4n+2S 3 is a finite group, we have only to check that

P ([h]) = k4n+ 4 [h] in r4n n I (H Q, or equivalently that the diagram (2.2) commutes

for any map p after rationalization. Rationally, since 7( (Hp1I) = 7~i_1(S 3) is torsion

for i > 4 ,the fiber sequence S4n + 3 -- Hn P - HP 'Y becomes K(Q, 4n + 3) -_ IHo0) -H



K(Q, 4) where the second map classifies the fundamental class in H4( (HIP; Q). Then

we have a homotopy commutative diagram

K(Q, 4n + 3) h H "0 ) -- K(Q, 4)

K(Q, 4n + 3) h- IH]Pno) -> K(Q, 4)

where 1 is the map induced on the fibre. But since the cofibre of h is H1Pn+l we see by a

cohomology calculation as in the proof of proposition 2.2 that 1 = k"n + as required. O

So the obstruction to extension is actually an element in 7r4n+ 2S3. We will need a

formula for the behaviour of the obstruction under the composition of maps:

Lemma 2.4 Let p, 0 be self maps of Hpll, k = deg(p), 1 = deg(4). Then o(o9o) =

ln+1 o(p) + k o(4).

Proof. We have

0o(cp) = (po),[h] - (kl)n+l[h]

= p (ln+l[h] + o(/)) - (kl)n+l[h]

= ln+1(kn+l[h] + o(cp)) + ý, o(O) - (kl)n+l[h]

= 1f (Op) + k o(O)

where the last equality holds because, by lemma 2.3, o(4) is a suspended class in the

image of the inclusion of the bottom cell of 1Hp n and o has degree k on this cell [17,
p. 479]. L

We can now give some evidence in support of conjecture 1.3. The following result

is due to Arkowitz and Curjel [1, Proposition D] and verifies the conjecture for n = 2.

Proposition 2.5 There exists a self map of IHIP2 of degree k iff (k) = 0 mod 12.

|
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Proof. Since HY' = S4 we can apply the distributivity formula [17, p. 494] and get

k.[h] = k[h] + Ho([h]) (k) [t4, 14]

where 14 denotes the class of the identity map on S4 , and Ho is the Hopf invariant.

Recall that Ho([h]) = ±1 [17, p. 506]. Let h = ±h , so that Ho([h]) = 1. It follows

from the EHP sequence [17, p. 550] that [L4, 14] generates the kernel of the suspension

map E : 7 7S4 --- + 8 S5 . By [16, p. 42 and p. 177] this is generated by 2[h] - Ev' where

v' generates 7 6 S3 = Z/12, so [t4, 14] = ±(2[h] - Ev'). But [17, p.495] Ho([t4 , 4]) = 2

so [t4, 14] = 2[h] - Ev' and hence

k, [h] = k2[ -/ 2(
o([k]) = T(k) '

Since, by lemma 2.1 with n = 1, the map E : 7,S 3 -+ 7r+S 4 is injective, we con-

clude that o([k]) = 0 iff (k) 0 mod 12 as required. [l

It does not seem easy to get explicit formulas for the obstruction such as in the

previous proposition for n > 2. Instead, we can try to analyse the obstruction one

prime at a time.

Let P C Z denote the set of primes. Given a subset L2 C P, write XL for the

localization of the nilpotent space X at 2 [5]. If/2 = {p}, 0, P we write respectively

X(p), X(o), X for the localizations.

Recall [5, p. 88] that for L, L' C P we have Sullivan's homotopy pull-back square

XLuL, - >- XL (2.3)

Xjy, - Xen;'

where all maps are localization maps. Self maps of Xc, Xc, and Xcnc, compatible

up to homotopy together with a choice of homotopies give a self map of the pullback.



We are interested in the case when X = IHIP' and C n L' = 0. Then to give a self

map of the diagram

4~p,

HIP -n1HynL' (O)

amounts to giving self maps of WIH and HP, with the same degree. Verily, the

obstructions to homotopy between maps •HIIUP -- HPn(o) of the same degree lie in

4i (O) M 4i ln Q = 0, for i > 1, so [I)II, WI" )] = Q with the identification

being given by the degree of the map.

We have seen in lemma 2.3 that the obstruction to extending a self map of IHyn

one more stage lies in 7r4n+ 2S3 . At an odd prime p, we have [16, p.177]

Z/p ifn=i 2- , 1<i<p
7-4n+2 S3- (2.4)

0 otherwise for n < pP-l
-- 2

In particular, if L = {p E P7p > 2n} then there are no obstructions to extending a

self map of IiI to H•LP and we see that Sullivan's pullback square (2.3) implies the

following result:

Lemma 2.6 There exists a self map of HIP n of degree k iff there is a self map of

(P) of degree k for each prime p < 2n.

We will need the following result of Rector [12, p. 103]:

Theorem 2.7 If k C Z(p) is a p-adic square and a p-adic unit, there is a self map of

(P) of degree k.

It follows that self maps I-H(P@ ) with such degrees exist for all n. In fact, given a

self map <p of ]HIP', we have

yVn c POO
]H~ IFp)--, ]HIIP~)

|



where Y denotes the homotopy fibre of the inclusion. Since Y is (4n + 2)-connected,

op factors through IHIP(np) up to homotopy.

Recall [3, p. 184] that, if p is odd, k E ZP is a unit and a square iff k is a nonzero

square mod p and if p = 2, this happens iff k - 1 mod 8.

Lemma 2.8 Let p be an odd prime and k E Z. If p k there exists a self map of

Hp(p+1)/2 of degree k.

Proof. We begin by showing that HMIP and the James construction [17, p. 326] Jn(S 4)
are equivalent at p for n < (p - 1)/2. Consider the following diagram, where the rows

are cofiber sequences:

S4k+3 g k (_4 > jk+1(S4) > S4k+4
(p) J (S4) (p) (S4)(p) - -  (p)

A A

S4k+ 3  h _ p k -Hk+1 S 4k+4(P) - (P) (p) (p)

Here g is the attaching map for the standard cell decomposition of J(S 4) and ( is

a homotopy equivalence constructed by induction (we take the identity for k = 1).

Assume k < (p - 1)/2. By (2.4) and lemma 2.1, 7r4k+3 Hi) = Z(p) generated, as a

Z(p)-module, by [h] so there is A E Z(p) such that the diagram commutes. Let X be

an induced map on the cofiber and v be a generator of H4 ( k+ l'; Z(p)) Then vk+'

generates H4 k+4 (Hpk+l; Z(p)) and, as H*(J(S 4 )) = H*(QS 5 ) is a divided polynomial

algebra [17, p. 326] , X*(v k +1) generates H4 k+ 4 (Jk+1(S4)(p); Z(p)). We conclude that A

is a unit in Z(p) and hence x is a homotopy equivalence.

We can now use this equivalence to prove that the obstruction to extending a self

map of Hp (p - l) / 2 of degree p vanishes. Consider the diagram:(p)

S2p+l h (p-l)/2 (p-1)2(S4)(p, J(S4

IP
Hoe (p - l )/ 2 e J(p-1)/2(S4)(p)C---- J (S4)(p)

where p denotes a degree p map, e a homotopy equivalence and P the pth-power map



on the loop space J(S 4 ) = QS5 . The diagram commutes up to homotopy because

homotopy classes of maps from 1HIP ( -1 )/ 2 to J(S 4)(p) are classified by their degree(p)
(there are no obstructions to homotopy between maps of the same degree). We want

to show that o(p), the component of p.[h] in r 2p (S'p)) = Z/p, is 0. On this subgroup

of r2p1W -I (p 7- 1)/2, the homomorphism induced by HI?(p-1)/2 -+ J(S)(P) is just the

double suspension, which is an isomorphism [16, p. 177], so it is enough to check that

applying this map to the obstruction yields 0. The result now follows from the fact

that 72p+lJ(S4)(p) = 2p+ 2 S(p) = Z/p and the power map P induces multiplication

by p on the homotopy groups.

By (2.4), we have self maps of HIP(p - 1)/ 2 of any degree. Lemma 2.4 now implies

that for any 1 E Z(p), the composite pl : H, (p - 1)/ 2 -- (p-1)/2, extends to Hp (p+1) / 2

Indeed, o(p) = 0 and o(1) is squashed like a bug by p. EO

Lemma 2.9 Let p be an odd prime. If p2 k there exists a self map of IHIPP() of degree

k.

Proof. By (2.4) there are no obstructions to extending self maps of HIP 1p - 1)/ 2 to(p)
1HHP) 1. By lemma 2.8, for any I E Z(p) there are self maps (p, 0 of HIPp-1 of degrees

p and Ip respectively. By lemma 2.4 and the fact (2.4) that p is an exponent for

7 4p- 2 (Sp)), o(p4) = 0 so the composite of the two maps extends to give a map of

the required degree k = 1p2. E

We can now give a different proof of the following result of McGibbon [8, Theorem

8, p. 483], which verifies the conjecture for n = 3:

Proposition 2.10 If k satisfies the congruences (1.1) for m = 1, 2, 3 then there is a

self map of IHIP 3 of degree k.

Proof. The only primes involved are 2,3, and 5. At the prime 2, the congruences (1.1)

reduce to

k(k - 1) 0 mod 8



The proof of proposition 2.5 shows that, if k is a solution of this congruence, the

obstruction to extending a map of degree k on S'2) to (1H2) vanishes. Since [16,

p. 186] 7r10S 3 = Z/15 has no 2-primary component, all of these maps extend to IHyP~2).

At the prime 3, the congruences reduce to

k 0 mod9 or k 1 mod3

and the required maps are provided by lemma 2.9 and theorem 2.7 respectively.

At the prime 5, the congruences reduce to

k(k - 1)(k - 4) - 0 mod 5

and the required maps are provided by theorem 2.7 and lemma 2.8. Ol

Using the same argument, we can improve Proposition 2.4.(i) of [9]:

Proposition 2.11 If k = 1 mod 8 , k is a nonzero square mod p for p < 2n/3 + 1

odd and k satisfies the congruences (1.1) for m = 1,..., n then there is a self map of

HIW of degree k.

Proof. We can assume that n > 1. By lemma 2.6, we have only to show that there

is a self map of degree k of HP() for p < 2n.

If n < p < 2n then the set of congruences (1.1) reduces mod p to the single

congruence

k(k - 1) ... (k- )- -0 mod p

k satisfies this equation iff k is a nonzero square mod p or p k. In the first case, a self

map of degree k is provided by theorem 2.7 and in the second case by lemma 2.8 and

the observation (2.4) that there are no obstructions to the extension of a self map of

Hp(p-1)/2 to HIP n
(P) (p).



If 2n/3 + 1 < p < n then the set of congruences 1.1 reduces mod p to

k(k-1).
k(k - 1).

.. (k-(p1) 2 ) =0 modp

.. (k - (p - 1) 2) E0 mod p2

k satisfies these congruences iff k is a nonzero square mod p or p2 1k. In the first case,

a self map of degree k exists by theorem 2.7 and in the second case by lemma 2.9

together with the fact (2.4) that there are no obstructions to the extension of a self

map of IHPP) to 1HIP(u).

Finally, if p < 2n/3 + 1 the maps are provided by theorem 2.7. O

The formula given in lemma 2.4 can be used to show [9, Proposition 2.4.(ii)] that

if k is any even integer then there is a self map of HIP n of degree ki for some i e N.

This is a special case of the following

Proposition 2.12 Let {Pi = 2,... ,pm} = {p E Pp < 2n}. Let

22n -
33

qi = 2n-pi+l
Pi

if n<3

if n> 3

ifpi > n

ifpi < n

If for each i, either qi |k

map of IHyFn of degree k.

or k is a pi-adic square and a pi-adic unit then there is a self

Proof. We have only to check that if qjik then there is a self map of degree k of

H() . This has already been seen in the cases when i = 1, n < 3 and i > 1, n < pi.

The remaining cases follow by induction. If we have self maps of degree k of

HIP) whenever p.ik for some 1 > 2 then, by lemma 2.4 and the facts [13] that 4 is an

exponent for 7riS2) and p odd is an exponent for iS3), there are self maps of degree

m of HPnIl) whenever p1 |m. [
(pi) Z I .E



Finally we note that the set of integers satisfying (1.1) for all n are precisely the

odd squares [4]. It was proved by Sullivan [15, p. 5.93] that there exist self maps

of H1P" of these degrees (this also follows from theorem 2.7) thus the conjecture is

true for n = oc. Moreover, in this case, the self maps are classified up to homotopy

by their degrees [11]. One should also note that McGibbon [9] has verified that the

conjecture holds stably, in the sense that for each k satisfying (1.1) for m = 1,... , n

there is a stable self map of H1IP inducing the same homomorphism on homology as

that which an unstable map of degree k would induce.
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