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Chapter 1

The Feder-Gitler conjecture

Let HP™ denote n-dimensional quaternionic projective space with n a positive integer.

Recall that H*(HP") = Z[y]/y™*" where y is a generator of H*(HP™).

Definition 1.1 The degree of a map f : HP" — HP" is the integer deg(f) such
that f*(y) = deg(f)y

The homomorphism induced by a map on cohomology is determined by its degree.
The determination of the possible degrees of self maps is the first step towards the
homotopy classification of such maps'. It also amounts to the determination of the
A, self maps of SU(2) [14, p. 300].

Consider the congruences

mot (2m)!  if m is even

(k —i*) = 0 mod (1.1)
0 (2m)!/2 if m is odd

Feder and Gitler [4] have shown the following result:

Theorem 1.2 If f is a self map of HP" then deg(f) satisfies the congruences (1.1)

form=1,... n.

!The two problems are, however, not equivalent. One can see, for example, that there are at
least 2 distinct homotopy classes of self maps of HP® of each allowable degree (precisely 2 of degree
0). See also [7].



In the same paper, Feder and Gitler made the following conjecture:

Conjecture 1.3 If k is an integer satisfying the congruences (1.1) form =1,... ,n

then there is a self map of HP" of degree k.

There is some evidence in support of this conjecture. So far, it has been verified
for n = 1,2,3 and oo and many of the conjectured maps have been shown to exist.
In this chapter we prove theorem 1.2 and in the next chapter we present the available

evidence in favor of conjecture 1.3.

We will now prove theorem 1.2. Embedding C in H in the usual way, H becomes
a right vector space over C isomorphic to C @ C and the left action of Sp(1) on H
is identified by this isomorphism with the usual action of SU(2) on C?. Moreover if

S4n+3 is the unit sphere in H'™! = C*"*2 | there is a commutative diagram

S4n+3 (12)

]H]]P)n

where h is the projection of the principal Sp(1)-bundle associated to the tautological
quaternionic line bundle H, ¢ is the projection of the principal S'-bundle associated
to the tautological complex line bundle L and r is the projection of a bundle with

fiber Sp(1)/S! = S2.

Lemma 1.4 r*(H)=L& L

Proof. S' € SU(2) acts on C? by



so we see that the canonical complex vector bundle map

S4n+3 X g1 ((C o (C) __>34n+3 XSp(l) H

1 1

CIP2n+1 H]P)n

defines an isomorphism between L @ L and r*(H). O

Lemma 1.5 Let z = [H| — 2. Then K(HP") = Z[z]/2"".

Proof. Let z = ¢;(L) and recall that H*(CP?**!) = Z[z]/2?**2. It follows from the
Serre spectral sequence that the map r in (1.2) injects the cohomology of HP" in the
cohomology of CP***! and if we define y by r*(y) = z2, then H*(HP") = Z[y]/y"*".
Let w = [L] — 1, so that Ch(w) = z+2%/2+.... Since ¢;(L) = —¢; (L), by naturality

of the Chern character and lemma 1.4 we have
r*(Ch(z)) =Ch(w+w) =z +2%/2+ - —z +2%/2 —---

Ch(z) =y +2y%/4! + - --

Note also that since K(HP") and K(CP?**!) are torsion free the Chern character is
a ring monomorphism [2, p.19]. The lemma is clearly true for n = 0. Assume it has
been shown for n < k. As HP" admits an even cell decomposition, there is a short

exact sequence
0 — K(HP*+!, HP*) = K(HP*+!/HP*) — K(HP**') — K(HP*) — 0

Since HP**!/HP* = S%+4 Ch(z**!) = y**! and the Chern character is integral
on even dimensional spheres [6, p.308] we see that z**! generates the summand

K(HP**! HP*). Since Ch(z*¥*2?) = 0, we have K (HP*1) = Z[2]/2**? as required. O



Recall that K(CP*"*') = Z[w]/w?*? where w = [L] — 1 (one can prove this

exactly as the previous lemma). We have a commutative diagram

K(C]P;Zn—i—l) Ql__) H* (CP2n+1; Q)

A A

K (HP") —"— H*(HP™; Q)

where all the maps except perhaps r* : K(HP") —s K(CP**™) are injective. It
follows that r* is also injective in K-theory. This allows us to give an expression for
the Adams operations. Since L ® L = C and ¥*([L]) = [L]¥, by lemma 1.4, we have

r*(z) = w+ W = —wW and so
PR = (1+w) — 1+ (1+D)F -1 (1.3)

To simplify notation, we will omit r* and identify K(HP") with its image in

K(CP?**!). In particular, we have
Y2z = 2(w+ W) + (w +W)? — 2uW = 4z + 2* (1.4)

A self map f of HP™ determines a ring endomorphism ¢ = f* of K(HP") that

commutes with the Adams operations (which are themselves endomorphisms). Write
0(2) = a1z + a2 + - - -

On H*(HP™), the equation Ch(f*(2)) = f*(Ch(z)) yields deg(f) = a;. Given a ring
endomorphism 7 of K(HP"), not necessarily arising from a map, we will also denote
by deg(n) the coefficient of z in 7(z). Note that if » and A are two ring endomorphisms
we have deg(n)) = deg(n) deg(N).

Lemma 1.6 Let a; be an integer. There is at most one endomorphism n of K(HP"™)

commuting with the Adams operations with deg(n) = a;.



Proof. By (1.4) we have
n(¥*(2)) = ¢*(n(2))
n(2* +42) = 1(2)* + 4n(2)

Writin 2) = a1z + ayz® + - - the last equation determines the coefficients a; in
g

terms of a;. For example, the first two coefficients are

a9 = %al(al - 1)

L al(al — 1)((1,1 — 4)

3= 360

(1.5)

(]
Note that this lemma implies that  commutes with * for all & if and only if it
commutes with ¢2. Verily, if ny? = 9?n then ny* and *n also commute with 2

and their degrees coincide so they are equal.

Lemma 1.7 The image of KSp(HP") in K(HP") = Z[z]/2"! is {ag+arz+- - |ag €
2Z for i > 0}

Proof. Consider the diagram

/T\
K(S%) = K(HP", HP" ') K (HP™) K(HP" ') —0

| | |

0 —> KSp(S*") = KSp(HP", HP"~') — KSp(HP") — KSp(HP" ') —0

0

The splitting of the injection on the first row is given by a,, as was seen in the proof
of lemma 1.5. The bottom row is exact by the long exact sequence of the pair for
KO-theory. Indeed, KSp = KO*, R64(S4”) =Z, RBS(S‘*") = 0 and by the Atiyah-
Hirzebruch spectral sequence KO*(HP™™!) is torsion. By induction we may assume
that KSp(HP" ') = Z" with a basis {vy, ... ,vn_1} such that the natural map sends
v; to ¢zt € K(HP™ ') with ¢; = 1 if i is 0 or odd and ¢; = 2 if ¢ is even and positive.
This is certainly true for n=1. To conclude the proof we have only to check that

the image of the leftmost map m4,(BSp) = Z —> 74,(BU) = Z has index 1 or 2



respectively when n is an odd or even positive integer. Indeed, in that case we can
pick v, € KSp(HP") mapping to ¢,2™ and then lifts of vy, ... ,v,_1 € KSp(HP"™!) to
KSp(HP") with the required properties. From the long exact homotopy sequence of
the fibration U/Sp — BSp — BU and the fact that 74, (U/Sp) = 74n_1(BSp) = 0,
Tan—1(U/Sp) = Z /2 or 0 respectively when n is even or odd [10, p. 212] we obtain the

required result, which completes the proof. O

We can now prove theorem 1.2:

Proof. Since a generator z of K(HP") lies in the image of KSp it follows that
f*(2) = a1z + az2? + - - - will also be in that image. The congruences (1.1) are just
the conditions obtained when one requires that the coefficients a; in (1.5) be in the
image of KSp, described in lemma 1.7.

However, it does not seem easy to obtain formulas for the coefficients a; in terms of
the degree directly from the recursive relations we obtained in the proof of lemma 1.6.
Instead, we will determine explicitly all the ring endomorphisms of K(HP") commut-
ing with the Adams operations.

¥* are such homomorphisms and the expression (1.3) suggests that we consider

homomorphisms determined by

D)= 1+ w) —1+1+2)F -1 (1.6)

where z = w+w = —ww. The right term of this equation is a symmetric power series
in w,w with complex coefficients and so a power series in z. For certain complex values
of u the coefficients in the power series expansion will be integers and we will presently
see that these values of y give all the endomorphisms of K(HP") commuting with the
Adams operations.

The power series in (1.6) converge in a neighbourhood of 0 so we can regard *
as holomorphic functions. To compute the composite of two such functions we note

that, in a neighbourhood of 0,



Prz)=1+w)l -1+ 1+ -1=—-(1+w)*-1)(1+w)*-1)
Hence

P(WH(z) = P (I+w) -1+ 1+w)*-1)
= 1+(Q4+wHr-1)-1+1+1+w)*-1)"-1)

= ()

and we conclude that the endomorphisms of K(HP") ® C determined by %*(z) com-
mute with each other.

We define the degree of an endomorphism of C[z]/z" in the obvious way. Just as
in lemma 1.6 we see that the degree of an endomorphism of K(HP") ® C commuting
with 4?2 actually determines the endomorphism. Since deg(y*) = p? it follows that
the ¥* are all such endomorphisms.

It remains only to determine the coefficients of 2" in 1*(z) as a function of u. For

this we write

w = z+Vz2+ 4z
N 2

_— z— 22+ 4z
N 2

and we get

Pi(z) = 1+w)l-1+1+w)" -1

u "
2 4 —_ 2 4
B <1+z+\/; . z) *1_’_(1_'_2 V2T z) .,

2
S (Z) ((z+\/m>k+ (z—\/m)k>
£ 2 2
- g g ok (’]:) (’;) (22 + 42225 4 (“1)(2 + 42)/224)



= i i 2k (‘]:) (ll“) (14 (—=1))AH2(z 4 4)?
= f‘; m=k+1 (2‘) (2;) 214 2 /4)™

iQQm—k+1—2j (::) ( k ) (m) SR—mtj
k=1 m=0 j=0 2m/\J

The coefficient of 2" is

o k/2

k m
. = 21—k+2m—2(n—k+m) H
@ Z Z k)\2m)\m+n—k

k=1 m=0
on k/2

- 227 (D) (o)

k=n m=0

Now deg(1)*) = u? so ¢* = 1p™* (they both have the same degree). Consequently,
the coefficients in the power series expansion of 1) are even functions of x and hence
an = an (1) is a polynomial of degree n in p2. Its roots include 0, 1,...n — 1 so it can

be written as .
e

AL =)

1=0
for some A € C. As a,(n) = 1 at we conclude that A = 2/(2n)! and hence a necessary

condition for the existence of a self map of HP" of degree k is that

—_

2 5 ' Z if mis odd
@) [](# - € ‘
) 2o 2Z otherwise
foreach m=1,... ,n. O

10



Chapter 2

Construction of self maps

We will now show the existence of some self maps of HP™. The method consists in
analysing the obstruction to extension of a self map of HP" to HP"*!.

First, recall that there is a cofiber sequence
gin+3 _h) HP™ _z_) HP"+!
and a fiber sequence
§3 - Gints by gpn (2.1)
where h denotes the Hopf map and 4 the inclusion.
Lemma 2.1 There is an isomorphism

7Ti_153 ($) 7TiS4n+3 — 7Ti]HHPm

(@, B) — j.(Sa) + h.B

where j : S* — HP™ denotes the inclusion and ¥ the suspension homomorphism.

Proof. The diagram

11



Qs4n+3 —_— Q]HHP"

RN

commutes up to sign, since all maps in the triangle induce isomorphisms of 73 = Z.

SB S4n+3 . ]H]]Pm

Hence the long exact homotopy sequence of the fibration (2.1) breaks up into split

short exact sequences

45,5

h* 6
0 — m; it — rHP" ——>7,_,5° —=0

and the proof is complete. O
In what follows, we will often denote by [ a map whose homotopy class is determined

by the integer [ (for instance a self map of a sphere).

Proposition 2.2 There ezists a self map of degree k of HP™*' iff there ezists a self
map ¢ of HP"™ of degree k such that the following diagram commutes up to homotopy.

S4n+3 _h_> HP" (2'2)

l’“"“ l¢

S4n+3 L,. HP™

Proof. If the diagram commutes up to homotopy, a choice of homotopy determines

a map between the cofibres HP™*! which extends ¢ and hence has degree k.
Conversely, suppose ¢ is a map of degree k which we may assume to be cellular

and let ¢ be its restriction to HIP". Letting F' denote the homotopy fibre of the

inclusion HP™ - HP™*! we have a homotopy commutative diagram

12



S4n+3

where g is the map to the fibre determined by the canonical null homotopy of ih and
n is the map induced on the fibre. The exact homotopy sequence of the fibration
F — HP™ — HP™*' together with lemma 2.1 imply that the map g is a (4n + 5)-
equivalence and so there is a map £ making the diagram commute up to homotopy.

Choosing a homotopy we can form the map of cofiber sequences

G4n+3 h HP" HP™! — G4n+4
O O A
Gin+3 h HP" HP" ! —> g4n+4

and by looking at the diagram in cohomology we see that X¢ has degree k1. Hence

¢ has degree k"1, O

The previous proposition tells us that the obstruction to extension of a self map
¢ is the element o(y) & ©«[h] — k" [R] € Typ s HP™.

We will write Xy for the rationalization [5] of the nilpotent space X.

Lemma 2.3 There exists & € Tyn125® such that o) = j,Za.

Proof. Let k = deg(y). Since 74,4252 is a finite group, we have only to check that
@«([h]) = E**4[R] in 74n, s HP™ @ Q, or equivalently that the diagram (2.2) commutes
for any map ¢ after rationalization. Rationally, since m;(HP™) = 7;_;(S?) is torsion

for 7 > 4 ,the fiber sequence S*"*3 — HP™ — HP® becomes K(Q, 4n+3) — HP{,, —

13



K(Q,4) where the second map classifies the fundamental class in H*(HP"; Q). Then

we have a homotopy commutative diagram

K(Q, 4n + 3) 2> HP() — K(Q, 4)

ok

K(Q 4n + 3) -2~ HP(,, — K(Q, 4)

where [ is the map induced on the fibre. But since the cofibre of h is ]H]]P?O‘;l we see by a

cohomology calculation as in the proof of proposition 2.2 that [ = k™*! as required. O

So the obstruction to extension is actually an element in 74,,,53. We will need a

formula for the behaviour of the obstruction under the composition of maps:
Lemma 2.4 Let ¢, be self maps of HP", k = deg(yp), | = deg(v)). Then o(pyp) =
"o(p) + ko(y).

Proof. We have

oley) = (py).[h] — (k1)"*'[A]
= (" [A] + o(v)) — (k)™ []
= " KR+ 0(0) + @a o(4h) — (kD)™ [A]
= " o(p) +ko(y)

where the last equality holds because, by lemma 2.3, o(%) is a suspended class in the
image of the inclusion of the bottom cell of HP™ and ¢ has degree & on this cell (17,
p.479]. O

We can now give some evidence in support of conjecture 1.3. The following result

is due to Arkowitz and Curjel [1, Proposition D] and verifies the conjecture for n = 2.

Proposition 2.5 There ezists a self map of HP? of degree k iff (’;) =0 mod 12.

14



Proof. Since HP' = S* we can apply the distributivity formula [17, p.494] and get

b ] = 8]+ B 5 1

where ¢4 denotes the class of the identity map on S%, and Hj is the Hopf invariant.
Recall that Hy([h]) = 1 [17, p.506]. Let h = +h , so that Hy([h]) = 1. It follows
from the EHP sequence [17, p.550] that [t4, 4] generates the kernel of the suspension
map ¥ : m75% — mgS5. By [16, p. 42 and p. 177] this is generated by 2[h] — v/ where
V' generates m6S® = Z/12, 50 14, 4] = £(2[h] — Tv'). But [17, p. 495] Hy([e4,24]) = 2

80 [t4,t4] = 2[h] — ¢/ and hence

k[F] = k?[ﬁ]—(g)zy'
o) = %(3)=v

Since, by lemma 2.1 with n = 1, the map ¥ : 7,5% — m,,,5% is injective, we con-

clude that o([k]) = 0 iff (’2“) =0 mod 12 as required. O

It does not seem easy to get explicit formulas for the obstruction such as in the
previous proposition for n > 2. Instead, we can try to analyse the obstruction one
prime at a time.

Let P C Z denote the set of primes. Given a subset £ C P, write X for the
localization of the nilpotent space X at £ [5]. If £ = {p}, D, P we write respectively
X(p)» X(0), X for the localizations.

Recall [5, p. 88] that for £, L' C P we have Sullivan’s homotopy pull-back square

Xﬁucl ———>X£ (23)

L

Xp—— Xingp

where all maps are localization maps. Self maps of X, X, and X s compatible

up to homotopy together with a choice of homotopies give a self map of the pullback.

15



We are interested in the case when X = HP" and £N L' = (). Then to give a self
map of the diagram

HP}

l

HPz, — HP(g
amounts to giving self maps of HP} and HP7, with the same degree. Verily, the
obstructions to homotopy between maps HP}, — ]HHP’?O) of the same degree lie in
T4 HP () ®Zp = T4 HP"®Q = 0, for i > 1, so [HPY, ?o)] = QQ with the identification
being given by the degree of the map.
We have seen in lemma 2.3 that the obstruction to extending a self map of HP"
one more stage lies in 74,4253 At an odd prime p, we have [16, p.177]

Zfp ifn=42211<i<p

7T4n+283 = (24)

0  otherwise for n < pE*

In particular, if £ = {p € P|p > 2n} then there are no obstructions to extending a
self map of HP; to HP} and we see that Sullivan’s pullback square (2.3) implies the

following result:

Lemma 2.6 There ezists a self map of HP" of degree k iff there is a self map of
]H]]P’?p) of degree k for each prime p < 2n.

We will need the following result of Rector [12, p. 103]:

Theorem 2.7 If k € Z,) is a p-adic square and a p-adic unit, there is a self map of
HPE) of degree k.

It follows that self maps ]H]]P’?p) with such degrees exist for all n. In fact, given a

self map ¢ of HIP%, we have

HP () — HP )

\

16



where Y denotes the homotopy fibre of the inclusion. Since Y is (4n + 2)-connected,
@ factors through ]HDP’?Z,) up to homotopy.

Recall [3, p. 184] that, if p is odd, k € Z, is a unit and a square iff k£ is a nonzero
square mod p and if p = 2, this happens iff ¥ = 1 mod 8.

Lemma 2.8 Let p be an odd prime and k € Z. If plk there exists a self map of

HP Y02 of degree k.

Proof. We begin by showing that HP™ and the James construction [17, p. 326] J"(5%)
are equivalent at p for n < (p—1)/2. Consider the following diagram, where the rows
are cofiber sequences:

g
Szllf)+3 Jk (54) ) Jk-i—l (34) ) SEI:)—M

DY lf X A
Y N '
S4k+3 h ]H]]P)k: ]HIIP’C-}-l S4k+4
(p) (p) (p) (p)

Here g is the attaching map for the standard cell decomposition of J(S*) and ¢ is
a homotopy equivalence constructed by induction (we take the identity for k = 1).
Assume k < (p —1)/2. By (2.4) and lemma 2.1, 7r4k+3]H|]pr) = Z(p) generated, as a
Zy)-module, by [h] so there is A € Z,) such that the diagram commutes. Let y be
an induced map on the cofiber and v be a generator of H4(]HHP’Z$1; Z)). Then vF*1
generates H4k+4(IHHP’€“I;;1;Z(p)) and, as H*(J(S*)) = H*(QS®) is a divided polynomial
algebra [17, p.326] , x*(v**') generates H***(J¥*1(S%))- Z(,)). We conclude that A
1S a unit in Z,, and hence x is a homotopy equivalence.

We can now use this equivalence to prove that the obstruction to extending a self

(p-1)/2

map of ]H]IP’(p) of degree p vanishes. Consider the diagram:

2p+1 h —-1)/2 e _
Sey | —HPEVE & -0z (ga) s 554,

lp | X

HP ) /% —5 307D/ (54) 4y —= 3 (5*)g

where p denotes a degree p map, e a homotopy equivalence and P the p-power map

17



on the loop space J(S*) = Q55 The diagram commutes up to homotopy because
homotopy classes of maps from ]HHP’g)_ D2 46 3 (8%)p) are classified by their degree
(there are no obstructions to homotopy between maps of the same degree). We want
to show that o(p), the component of p,[h] in 7r2p(S(3 ) =Z/p, is 0. On this subgroup
of 7r2p+1lHIP(p /2 , the homomorphism induced by H]P’(p) ne J(S4)(p) is just the
double suspension, which is an isomorphism [16, p. 177], so it is enough to check that
applying this map to the obstruction yields 0. The result now follows from the fact
that mp4q J(S4)(,,) = 7r2,,+25'f’p) = Z/p and the power map P induces multiplication
by p on the homotopy groups.

By (2.4), we have self maps of ]HIIPg) D2 of any degree. Lemma 2.4 now implies
that for any [ € Z,), the composite pl : ]HHPE”) bre_, ]H]]P’ p n/z , extends to ]I-]IlP’g;“l)/z.

Indeed, o(p) = 0 and o(l) is squashed like a bug by p. O

Lemma 2.9 Let p be an odd prime. If p?|k there exists a self map of ]HI]P”(’p) of degree
k.

Proof. By (2.4) there are no obstructions to extending self maps of ]HIIP’g )_ D2 o
]H]]P’{’;. By lemma 2.8, for any | € Z) there are self maps ¢, 9 of ]HHP’Z,")I of degrees
p and Ip respectively. By lemma 2.4 and the fact (2.4) that p is an exponent for
7r4,,_2(.5'(3p)), o(wy) = 0 so the composite of the two maps extends to give a map of

the required degree k = Ip%. O

We can now give a different proof of the following result of McGibbon [8, Theorem

8, p.483], which verifies the conjecture for n = 3:

Proposition 2.10 If k satisfies the congruences (1.1) for m = 1,2,3 then there is a
self map of HP? of degree k.

Proof. The only primes involved are 2,3, and 5. At the prime 2, the congruences (1.1)
reduce to

k(k—1)=0 mod 8

18



The proof of proposition 2.5 shows that, if £ is a solution of this congruence, the
obstruction to extending a map of degree k£ on Sé) to ]H]]P’(zz) vanishes. Since [16,
p. 186] 7052 = Z/15 has no 2-primary component, all of these maps extend to ]H[[P’f’z).

At the prime 3, the congruences reduce to
k=0 mod9 or k=1 mod 3

and the required maps are provided by lemma 2.9 and theorem 2.7 respectively.

At the prime 5, the congruences reduce to
k(k—1)(k—4)=0 mod5

and the required maps are provided by theorem 2.7 and lemma 2.8. O

Using the same argument, we can improve Proposition 2.4.(i) of [9]:

Proposition 2.11 Ifk =1 mod &8 , k is a nonzero square mod p for p < 2n/3 + 1
odd and k satisfies the congruences (1.1) form =1,... ,n then there is a self map of

HP™ of degree k.

Proof. We can assume that n > 1. By lemma 2.6, we have only to show that there
is a self map of degree k of HPY, for p < 2n.
If n < p < 2n then the set of congruences (1.1) reduces mod p to the single

congruence

k(k—1)...(k—(3;—1)2)so mod p

k satisfies this equation iff k is a nonzero square mod p or p|k. In the first case, a self
map of degree k is provided by theorem 2.7 and in the second case by lemma 2.8 and

the observation (2.4) that there are no obstructions to the extension of a self map of

(p—-1)/2
IHHP’(p) to ]HI]P’?p).

19



If 2n/3 +1 < p < n then the set of congruences 1.1 reduces mod p to

k(k—1)...(k— (”_1)2) =0 modp

2

k(k—1)...(k—=(p—12) =0 mod p?

k satisfies these congruences iff £ is a nonzero square mod p or p?|k. In the first case,
a self map of degree k exists by theorem 2.7 and in the second case by lemma 2.9
together with the fact (2.4) that there are no obstructions to the extension of a self

map of ]HHP’ZJ) to HP{,.
Finally, if p < 2n/3 + 1 the maps are provided by theorem 2.7. O

The formula given in lemma 2.4 can be used to show [9, Proposition 2.4.(ii)] that
if £ is any even integer then there is a self map of HP™ of degree k' for some 7 € N.

This is a special case of the following

Proposition 2.12 Let {p1 =2,... ,pn} = {p € Plp < 2n}. Let

8 ifn<3
1 =

2278 fp >3

Di ifpi>n
qg =

PP i<

1

If for each i, either ¢;|k or k is a p;-adic square and a p;-adic unit then there is a self

map of HP"™ of degree k.

Proof. We have only to check that if ¢;|k then there is a self map of degree k of
HP,.y- This has already been seen in the cases when i = 1,n <3 and i > 1,n < p;.
The remaining cases follow by induction. If we have self maps of degree k of
HPY,,) whenever pi|k for some I > 2 then, by lemma 2.4 and the facts [13] that 4 is an
exponent for 7riS(32) and p odd is an exponent for ﬂ'iS?p), there are self maps of degree

m of HP{*} whenever p?|m. a
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Finally we note that the set of integers satisfying (1.1) for all n are precisely the
odd squares [4]. It was proved by Sullivan [15, p.5.93] that there exist self maps
of HIP* of these degrees (this also follows from theorem 2.7) thus the conjecture is
true for n = co. Moreover, in this case, the self maps are classified up to homotopy
by their degrees [11]. One should also note that McGibbon [9] has verified that the
conjecture holds stably, in the sense that for each k satisfying (1.1) form =1,... ,n
there is a stable self map of HP™ inducing the same homomorphism on homology as

that which an unstable map of degree & would induce.
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