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Abstract

We construct noncommutative ruled surfaces, over a smooth curve X, as noncommu-
tative projectivizations of rank 2 locally free Ox-bimodules. The noncommutative
analog of the projectivized vector bundle Px (&) is discussed, and conditions are de-
scribed for this construction to extend to the noncommutative situation. Locally free
bimodules over the generic point of X are described, and many cases of noncommu-
tative ruled surfaces are classified up to birational equivalence. Global bimodules are
also described in detail, and geometric conditions are given for a bimodule to give a
noncommutative surface. Finally, three examples over X = P! are presented: sheaves
of differential algebras, noncommutative deformations of commutative quadric sur-
faces, and quantum quadrics arising from Sklyanin algebras.
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Chapter 1

Introduction

Much work has been done by Artin, Schelter, Stafford, Tate, Van den Bergh, and
others attempting to classify graded rings of Gelfand-Kirillov-dimension 3 which are
“nearly commutative” in some sense. For example, [ATV] describes those graded
rings of GK-dimension 3 which are of finite global dimension and Gorenstein: these
rings can be described as homogeneous coordinate rings of quantum projective planes.

The goal of this thesis is to develop a method for constructing GK-dimension 3
graded rings as homogeneous coordinate rings of a quantum ruled surface, which is
a noncommutative analog of a ruled surface. Since dimension 3 commutative rings
arise naturally as homogeneous coordinate rings of algebraic surfaces, it is reasonable
to expect that noncommutative GK-dimension 3 graded rings may be constructed as
homogeneous coordinate rings of quantized versions of algebraic surfaces. Many ex-
amples of GK-dimension 3 rings can be formed in this fashion, including homogeneous
coordinate rings of quantum quadric surfaces, quotients of 4-dimensional Sklyanin al-
gebras, and quotients of quantum homogeneous enveloping algebras of the Lie algebra
sly.

We start with the usual construction of an algebraically ruled surface S over a
smooth projective curve X, namely S = P(£), where £ is a rank 2 vector bundle
over X. This construction describes S as a P'-bundle over X. Specifically, P(£) =
Proj S(€) where S(€) is the sheaf of symmetric algebras of £.

Van den Bergh has proposed the idea of constructing a noncommutative ruled



surface by taking £ to be, instead of a vector bundle, a rank 2 bimodule over X; i.e.
€ is an Ox-bimodule which is locally free of rank 2 as both a left module and as a
right module.

In chapter 2 we define bimodules, following the definitions of Artin and Van den
Bergh in [AV] and [V]: £ is defined as a quasi-coherent sheaf on the product space
X x X, such that the support of £ is relatively locally finite over each factor of X
(i.e. each coherent subsheaf has support which is finite over each factor of X). We
think of £ as a left module via its image under the projection to the first factor of X,
and as a right module via its image under the projection to the second factor of X.

Next, we make the noncommutative definition of P(£). The resulting object
that we get is a noncommutative scheme. If this scheme has a polarization, which
is a noncommutative analog of a projective embedding, then we may construct a
homogeneous coordinate ring from the scheme. However, not all rank 2 bimodules
yield noncommutative schemes, as there are additional conditions on £ in order to
form the noncommutative analog of P(£). In order for £ to generate a quantum
ruled surface, it is necessary that £ ® £ contains a rank 1 subbimodule. This is
necessary for the existence of the noncommutative analog of S(€). Recall that in the
commutative case S(£) = T(E)/R, where T'() is the sheaf of tensor algebras of £
and R is the subsheaf of T'(£) generated by sections of the form (z® y —y ® ). The
noncommutative analog of R is generated by a rank 1 subbimodule Q of £ ® £, which
is not decomposable into a tensor product Q@ = £ ® M of rank 1 subbimodules of £.
If such a subbimodule Q exists, we call £ admissible. In this case, set B = T(€)/(Q),
where (Q) is the subbimodule of T'(€) generated by Q. The quantum ruled surface
is then Proj B.

By analyzing the behavior of the bimodule £ at the generic point 7 of X, we
may develop a theory of birational equivalence of quantum ruled surfaces. In the
commutative case, we say that two surfaces S; and S, are birationally equivalent if
the functions fields K(S;), K(S2) are isomorphic. Also recall that the function field of
Proj R, where R is a commutative graded domain, is given by (Frac R)o, the degree-0

component of the graded field of fractions of R. In chapter 3, we discuss this concept
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for the noncommutative ruled surfaces described above.

We first classify the possible rank 2 bimodules at the generic point. This classi-
fication, given in Theorem 3.2, categorizes bimodules into three cases, depending on
how the right bimodule action is expressed in terms of the left bimodule action.

More specifically, let E be a locally free rank 2 bimodule over K = K(X), with
generators denoted y and z. However, the action of K on the left differs from the
action of K on the right. If we let the row vector (p q) denote the element py + gz
for any p,q € K, then the right action can be described, for any A € K, as

(p q) A= (p q) M),

where M is a homomorphism from K to M,(K), the algebra of 2 x 2 matrices with
elements in K. The possibilites for M, and hence the possible K-bimodules E of rank
2, are explicitly described.

It follows that the structure of the bimodule algebra B at n can be described in
terms of M and the subbimodule @, which corresponds to an eigenvector of M o M,
the composition of M with M (which will be defined precisely in chapter 3).

Let &;,& be two rank 2 locally free admissible bimodules, with corresponding
bimodule algebras By, Bs; here B; = T(E;)/(Q;) for suitable Q; C &; ® &;, for i =
1,2. We call the two quantum ruled surfaces given by the bimodule algebras B
and B, birationally equivalent if the degree-0 components of the graded skew fields
of fractions Frac (B;),Frac (B;) at n are isomorphic as skew algebras over K(X).
Birational equivalence classes for the bimodule algebras resulting from the three cases
of rank 2 locally free K-bimodules of Theorem 3.2 are determined.

We begin chapter 4 by describing the structure of locally free bimodules of low
rank. Rank 1 locally free bimodules are easily described in Theorem 2.8 as being
supported on the graph of an automorphism of X. We classify rank 2 bimodules &€
by Theorem 4.5 into four different classes, based on the geometry of the support of

€ inside of X x X. If Y = Supp &, then the four classes are

(1) € is defined over a nonreduced bidegree (1,1) divisor,
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(2) Y is a reduced bidegree (1, 1) divisor,
(3) Y is a reducible bidegree (2, 2) divisor,
(4) Y is an irreducible bidegree (2,2) divisor.

We then describe precise necessary and sufficient conditions for £ to be admissible in
the four cases.

In case (1), every € is admissible. Specific admissibility conditions for case (2) are
unknown. In case (3), the geometry of £ is determined by two automorphisms of X,
and we show that & is admissible only if the two automorphisms commute or have
equal squares. In case (4), we have the following result:

Theorem 4.12 Let £ be a rank 2 locally free bimodule supported on an irreducible
curve Y in X x X, such that the projections m,ms from Y onto each factor of X
are finite of degree 2. Then & is admissible if and only if there exists a birational
automorphism ¢ of Y and an automorphism o of X such that my = m ¢ and m ¢* =
omy.

In chapter 5, we conclude with examples of homogeneous coordinate rings of
quantum ruled surfaces over X = P! using the techniques developed. The first class
of examples is quantum ruled surfaces arising from homogenized differential algebras,
which is locally given by the algebra k[u](y, z), where u is a local coordinate on P?,
with relations

YU — uY — 2,Yz — 2Y, Uz — 2u.

The degree 1 component of this algebra is a rank 2 locally free bimodule which is in
case (1). The surface constructed has as its homogeneous coordinate ring a central
quotient of a homogeneous quantum enveloping algebra of sl;. This algebra has been
studied in [LbS].

Another class of examples is deformations of quadric surfaces. These belong to
cases (2) and (3) over the curve PL.

The last example, constructed by Van den Bergh in [V] though using different

techniques, is a bimodule of case (4) supported on an elliptic curve in P! x P! which
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gives a quantum quadric surface over P! whose homogeneous coordinate ring is a
quotient of a 4-dimensional Sklyanin algebra by a central quadratic element. This

algebra has been studied extensively in [SS] and [LvS].
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Chapter 2

Bimodules

2.1 Definition

Recall that in the affine setting, if R is a commutative ring and M is an (R, R)-
bimodule, we may think of M as a left (R ® R)-module, where the module action is

defined as follows (for r € R,m € M):

rm = (r®1)m

mr = (1®r)m

More generally, if A is an arbitrary (non-commutative) ring, then (A4, A)-bimodules
are equivalent to left (A® A°)-modules, where A% is the opposite ring to A, in which
multiplication order is reversed.

We wish to extend this idea of representing bimodules to sheaves of bimodules
over a projective scheme X. The definitions presented here follow the conventions set
forth in [AV] and [V].

Fix throughout an algebraically closed field k of characteristic 0. Let X be a
projective scheme over k£, and Oy its structure sheaf. Let pry, pr, denote the canonical

projections from X x X to X.

Definition 2.1 Let f : Y — X be a morphism of finite type between noetherian

schemes, and let M be a quasi-coherent Oy-module. We say that M is relatively
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locally finite (rlf) for f if, for all coherent M' C M with support Z C Y, the

restriction f|z : Z — X is finite.

Definition 2.2 An Ox-bimodule is a quasi-coherent sheaf on X x X which is rlf for
the two projections pry, pry from X x X to X.

This definition has the effect of defining an Ox-bimodule to be an Oy x-module.
This definition is consistent with the affine case described above.

If M is an Ox-bimodule, then we think of M as a left Ox-module via the pro-
jection to the first factor, and M as a right Ox-module via the projection to the
second factor. In situations where there is no ambiguity, we will use the notation M
to denote both the bimodule on X and the sheaf on X x X.

We introduce the convention that for a bimodule M, the notation M(U) for an

open set U C X is taken to mean the sections of the left module structure of M; i.e.

M(U) = (prl*M)(U) = M(U X X)7

where M(U x X) are the sections of M over the open set U x X in X x X.

Under this convention, M(U) is a left Ox(U)-module. However, M(U) does not
in general have a bimodule structure, as M(U) is not a right Ox(U)-module. The
sections which have a right Ox (U)-module structure are precisely M(X x U), which
are not the same sections as M(U x X) = M(U).

Some additional notation: If F is a coherent sheaf on X, then we define F7 :=
o*F, so that F7(U) = F(oU). Also denote by f? the image of f under the map
o*: F = F. Soif f € F(U), then f° € F(aU).

If o is an automorphism of X and L is a coherent sheaf over X, then we define
the bimodule £, by

L, = (priL) @ Or = miL,

where T is the graph of ¢ in X x X, pr; : X X X — X is the projection in the first

factor, and m; : I' = X is the restriction of pr, to I'.
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L,, thought of as a left module, is the original sheaf £, and the right module
structure of L, is given by

pro, Lo = g L= L.

Locally, we can view L, (U) as an (Ox(U), Ox(oU))-bimodule, and in particular for
z € L,(U),a € Ox(U),

ar = za’.

We also have a notion of the tensor product of two bimodules. This is done by
lifting both bimodules up to X3 = X x X x X. Let pry,, pry3, Pryy denote the three
projections from X3 to X x X (so, for instance, pr,, is the projection in the first
two factors). If M and N are two Ox-bimodules, then we define the Ox-bimodule
MON by

M®oyx N = pry, ((prizM) ®o,, (prisN)) .

In other words, we pull M up from X x X to X3 via the projection to the first
two factors, we pull N up via the projection to the last two factors, tensor them
together (as Oxs modules), and then push the resulting module back down to X x X
by projection to the first and last factors. This is analogous to the affine case, in that
the right action of M “commutes through the tensor” with the left action of N.

The geometric properties of the bimodule tensor operation can be described by

the following lemma.

Lemma 2.3 Let M,N be two Ox-bimodules, with supports A, B (respectively) in
X x X. Denote the projection maps from A to the two copies of X by f1, fo and the
projection maps from B to the two copies of X by g1, g2. Let A xx B denote the fibre
product of A and B given by the following diagram:

AXXB__>B

|, b

A—2 =X

Then the support of M ® N is the image of A xx B in X x X, via the projections
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f1 from A to X and go from B to X, as in the following diagram:

AXXB

// S
LSA™N

Proof: Let P be the Oxs-module (prj,M ®o_ ; pryzN). Then for an open set
UxV xW C X3,

P(U x V x W) = M(U X V) ®0X3(va><w) N(V X W)

where M, N are thought of as modules over Oxs via pri,, prj; respectively. Hence

for any point p € X3,

p € SuppP & (pria(p) € Supp M) and (prys(p) € SuppN)

& (prip(p) € A) and (prys(p) € B).

But

Axx B = {(r,s) € Ax B| fo(r) = g1(s)}
= {(r1,72,51,82) € Xx* | (r1,72) € A, (81,82) € B,ra = 81}
= {(t1,t2,t3) € X° | (t1,t2) € A, (t2,t3) € B}

= Supp?P.

Finally, the support of M ® A on X x X is given by Supp pry3,P = pry3(Supp P).
But this is the set pr;3(A xx B), mapped to X x X via the outer curved arrows in
the diagram above. [

For bimodules of the form £,, described above, we have the following result (from

[AV]). The proof is a matter of chasing the definitions.

18



Lemma 2.4 ([AV, 2.14]) £, Qo, M, = (L ®ox M?)10.

_ Let us interpret the tensor product in Lemma 2.4 locally. Recall that L(U) is an
(Ox(U), Ox(cU))-bimodule, and that M°(U) = M(oU) is an (Ox (cU), Ox(10U))-
bimodule. Therefore, (L ® M?)(U) = L(U) ®oxw) M(o(U)) has the structure of an
(Ox(U), Ox(roU))-bimodule.

Definition 2.5 A bimodule L is called invertible if there ezists a bimodule M such

that COQM O M® L. M is called the inverse of £, and is denoted L7!.

Proposition 2.6 ([AV, 2.15]) An Ox-bimodule M is invertible if and only if it is
isomorphic to a bimodule of the form L,, where L is an invertible Ox-module and o

s an automorphism of X.

We will be especially concerned with bimodules which are locally free when con-

sidered as left or right modules, as in the following definition:

Definition 2.7 Let M be an Ox-bimodule, thought of as a coherent sheaf on X x X.
We say that M is locally free if pry,(M) and pry, (M) are each locally free on X.
If both of these modules are locally free of the same rank r, then we say that M 1is

locally free of rank r as well.

This definition states that M is a locally free bimodule if M is locally free as a
left module and as a right module, and has rank r if the left and right module ranks
are both r.

It is easy to characterize the rank 1 locally free bimodules.

Theorem 2.8 Let X be a smooth curve, and suppose M is a rank 1 locally free Ox -
bimodule. Then M = L, for some rank 1 locally free module L over X and some

automorphism o of X.

Proof: Let us consider the affine case first. A commutative ring R is given, and
we wish to determine the possible commutative rings S with embeddings R < S,

and the possible S-modules M, with Ann M = 0 (i.e. M is a faithful S-module), such
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that M, when considered as an R-module by restriction of scalars, is isomorphic to
the rank 1 free module R.

Let e be a generator of M. We claim that S = R. Suppose not, and let s € S\R
be given. Then se = ae for some a € R. But then for any r € R, s(re) = a(re). Thus
s acts on M the same way that a does, and hence s — a # 0 is in the annihilator of
M. But this contradicts the fact that M is faithful. Hence S = R.

Geometrically, this says that over any affine open subset U C X, the support of
M is isomorphic to U, and M is locally free of rank 1 on that support. Thus, when
considered globally, M must be supported on a bidegree (1,1) divisor isomorphic to
each factor of X, and be locally free of rank 1 over that divisor. But every such
bidegree (1,1) divisor of X x X is the graph of some automorphism o of X, and the

result follows. O

2.2 Bimodule Algebras

We have the following definition of a bimodule algebra from Van den Bergh:

Definition 2.9 ([V]) An Ox-bimodule B is called a bimodule algebra if it is en-
dowded with Ox-linear maps u : Ox — B and p : B ®o, B — B which satisfy
the usual algebra azioms; i.e. the following diagrams commute, where id denotes the

appropriate identity map and ou, Lo, denote respectively left and right scalar multi-

plication:
Associativity:
BoBYB—5B®B
u®idl lu
B®B—; B
Left identity:
09B—2L BB

NP

20



Right identity:

B0 —% .BeB

RN

This is not a local definition. In general, B does not come equipped with local
multiplication maps

B(U) ®ox(v) B(U) = B(U).

More specifically, multiplication provides local maps
(B® B)(U) — B(U),
and recall that

(B@B)(U) = (B®B)(U x X)
= (prya.(pripB ® pryB))(U x X)
= (priyB @ pryB)(U x X x X)
= (priB)(U x X x X) ® (prysB)(U x X x X).

In particular, let b; € B(U), b, € B(V') be sections with Y = Supp(1), Y2 = Supp(b2),
with Y1,Y; C X x X. Let the projections be denoted 7rf : Y; = X;; hence 7} (Y1) =U
and 72(Yz) = V. Then b; ® b, is defined in B(U) if and only if 7}(Y;) = m3(Y2). In
other words, we require that the open set upon which the right action on b, is defined
is equal to the open set upon which the left action on by is defined.

The definition of bimodule algebra can easily be extended to give a definition for

graded bimodule algebras. This again is presented by Van den Bergh.

Definition 2.10 ([V]) An Ox-bimodule B which is a direct sum B = ®B,, of bi-
modules is called a graded bimodule algebra if it is equipped with Ox-linear maps
u: Ox = By and pipm n @ By @0y Bn — Bpyn which satisfy the usual graded algebra

azioms.
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As above, a graded bimodule algebra in general does not have local graded algebra
structure.

Given a bimodule £, we wish to construct a bimodule algebra which is the non-
commutative analog of the symmetric algebra of £. Recall the definition from commu-
tative algebraic geometry: If £ is a (commutative) sheaf over X, then the symmetric

algebra S(€) is defined as
T()
(z®y—-y®1)

S(€) =

where T'(€) is the tensor algebra of £ and = and y range over all sections of £. This

can also be defined locally as
SE)U) =5EW))

for any open set U C X, where S(£(U)) is the usual symmetric algebra of £(U).
However, as bimodules do not have such a nice local structure, this definition is not
directly extendible to the noncommutative situation, and must be suitably modified.

We begin our definition by explicitly stating the definition of the twisted tensor

algebra of a bimodule £.

Definition 2.11 Let £ be a bimodule over X. The twisted tensor algebra of £,
denoted T'(£), is defined as

o0

7(€) = Dé.

1=0

where & = Ox (the trivial bimodule), and

En=EP"=EQE® Q.

n times

The multiplication & ® E; — &;1j is the canonical isomorphism given by the tensor
product of the bimodules &; and &;, and the unit map is the canonical isomorphism

Ox = &.

T(€) is itself a bimodule, since any coherent submodule of T'(€) as an Oxxx-

module must be contained in the sum of finitely many of the &;, and hence has finite

22



support. However, in general T(£) is not a sheaf of algebras in the usual commutative
sense, as it does not have an algebra structure locally.

However, for all £, there are two natural ways in which T'(£) yields an algebra
structure. First, let n € X be the generic point of X. Then &, has the same sections
as a left module and as a right module (see [V, 2.9]), so we can think of &, as a

K (X)-bimodule, where K (X) = Ox, the function field of X. Also, by ([V, 2.10]),
(E® &)y =& Bkx) &y

Thus, T(£), is an skew K-algebra. We will examine these skew algebras in more
detail in Chapter 3.

Second, we may think of global sections of £ as a k-bimodule, since
prl*g(X) = pr2*€(X) = S(X X X)

(i.e. £ has the same global sections when thought of as a left module and as a right

module). Also, tensor product gives us a map
EX)®EX) = (E®E)X),

and hence H°(X,T(€)) has the structure of a k-algebra. This algebra will be consid-
ered in Section 2.4.

Recall that we wish to make the noncommutative analog of the commutative

construction
_ T()
SE) = t®y-yoz)
We may write this as
TE
5(6) = g

where Q is the locally free submodule of £ ® £ generated by all sections of the form
(z®y—-y®2)
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In the noncommutative case, let Q be a locally free subbimodule of the bimodule
£ ® £. Here Q is the noncommutative analog of the submodule (z® y — y ® z) in
degree 2. We then form the quotient

_TE)
5=79

where (Q) is the subbimodule ideal of T'(€) generated by Q (e.g. the degree 3 com-
ponent of (Q) is (Q®E) + (€ ® Q)). This quotient is well-defined as a bimodule,
since we may consider it as a quotient of O x-modules.

In general, in the noncommutative situation, we will not simply be able to take Q
to be the subbimodule of £ ®E generated by sections of the form z®y —y®z, as these
sections are generally not defined. For example, suppose sections z € £(U), y € E(V)
for open sets U,V C X are given. Then the section z ® y € (€ ® £)(U) is defined if
and only if 7;1(U) = a7 (V). Similarly, the section y ® z € (€ ® £)(V) is defined
if and only if 77(U) = 73*(V). In general these conditions are not simultaneously
satisfied, so the section z ® y — y ® z is undefined. In fact, z ® y and y @ z, if defined,
are defined as sections over different open sets unless U = V/, and even in this case
we require that 77 (U) = 73 ' (U).

If £ is a locally free rank 2 bimodule, then we will want Q to be a locally free
rank 1 subbimodule of £ ® £. Later, we will impose additional conditions on Q, but

for now we suffice to find any rank 1 locally free subbimodule of £ ® £.

Definition 2.12 We say that a rank 2 locally free bimodule £ admits a quadratic
relation if there erists a rank 1 locally free subbimodule Q of EQ® E.

Proposition 2.13 If £ admits a quadratic reltaion, then the support of £€ ® € in
X x X has a component which is a divisor of bidegree (1,1).

Proof: Let W be the support of EQE in X x X. If @ C £ ® £ is a subbimodule
of rank 1, let C be the support of @, which is necessarily a component of W. Then
Theorem 2.8 states that C is a divisor of bidegree (1,1). O
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We wish to determine the conditions under which the bimodule algebra B has
suitably nice properties, given that B should be a noncommutative analog of a sym-
metric algebra sheaf. One such property should be that the Hilbert series of B should
coincide with the Hilbert series of a symmetric algebra. Recall that the Hilbert series

of Sym F for F a commutative locally free rank 2 module is

rank(Sym F), =n+ 1.

Hence, we want that rank B, = n + 1 as well.

We will make use of the following lemma, due to Van den Bergh:

Lemma 2.14 ([V, 3.4]) Let B be a bimodule algebra, M an Ox-module, and N a

B-module. Then there is an isomorphism

Homp(B ® M, N) = Homp(M, N).

Since we have the following Ox-module maps:

O - 0O
£E - B
Q — BQ®E,

we may use Lemma 2.14 to extend these maps to B-module maps:

BO —» 0O
BRE — B
BRQ — BE,

and get a sequence of B-module maps

B®Q)—=(B®E)—B—0.
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These are in fact graded B-module maps (a B-module map M — N of graded B-
modules is a graded B-module map if M,, maps to N, for all n), with appropriate
degree shifts:

B® Q)(-2) —(B®&)(-1) —B—0,

where the notations (—1) and (—2) indicate graded shifts, so that for instance

(B®E)(—1); = (BRE)p =E.

Definition 2.15 Let B be a bimodule algebra constructed by B =T(£)/(Q) as above.

We say that B has an admissible resolution if the sequence

0—(B®Q)(-2) —(BRE)(-1) —B—>0—>0

18 exact.

This gives us the desired Hilbert series for B, although we need an extra condition

on Q.

Definition 2.16 Let £ be a rank 2 locally free bimodule which admits a quadratic
relation, and let Q be a rank 1 subbimodule of E® €. Set B = T(€)/(Q). We say
that Q is fully saturated if B, is locally free for all n > 0.

Theorem 2.17 Suppose B = T(€)/(Q) is a bimodule algebra with an admissible

resolution, where Q is fully saturated. Then

rank B, =n + 1.

Proof: Let h, = rank B,; this is well-defined since Q is fully saturated. Then
ho = 1, hl = 2, and
rank(B ® Q)(—2)n = hn—2

and

rank(B ® 5)('—1)1; = 2h’n—la
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so the exact sequence gives for all n > 1:

hn = 2hn_1 = hn_o.

This solves to give h, =n+1. O
Suppose £ has an admissible resolution. If we examine the exact sequence of

Definition 2.15 in degree 3, we conclude that the sequence

ERE EQRERE
0 E®Q ) ®E Y R Y 0

is exact. But this sequence is exact if and only if the sum £ ® @ + Q@ ® £ is direct;
ie. if

(ERQAN(A®E) =0.

This condition is therefore necessary for £ to have an admissible resolution.

Note that if this condition holds, then the sequence of Definition 2.15 is precisely
the Koszul complex corresponding to B, where the definition of Koszul algebra (as
in [Mal]) is extended to bimodule sheaves. So the condition that £ has an admissible
complex may be equivalent to B being a “Koszul bimodule algebra.”

We can express an equivalent algebraic condition for £ to have an admissible
resolution as follows:

Let R denote the subbimodule of B generated by Q, so that B = T(€)/R. Then

the canonical sequence

is exact. Furthermore, £ is a flat Ox-bimodule, since it is locally free; flatness of
locally free bimodules follows directly from flatness of locally free Ox-modules. The
operation (- ® &) locally is tensoring by a free module, although it rearranges the

open sets. Thus, the sequence

0—RRX~E—T(E)RE—>BRE—0
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is also exact.

We then get the following commutative diagram, where the two rows are exact:

0 ker
L
0——>RQE TE)®E—>BRE—0
0 T T(E) B 0
R/(R®E) o o
0 0 0

There is a natural surjection (B ® Q) — ker, hence by the Snake Lemma there is
a natural map

R
B®Q—)r®g,

and B has an admissible resolution if and only if this map is an isomorphism. In

degree n, this map is
Rn

B,._ _ —
2®Q R ®E

For n = 0,1, this is trivial (both sides are 0). For n = 2, it is also trivial (both
sides are Q). Forn =3, R; = (£ ® Q) + (Q ® £) by definition, and the condition is

(ERQ)+(QRE)
QR¢& ’

E®Q=

and this holds if and only if the sum (£ ® Q) + (Q® &) is direct, as discussed above.

In degree n,
E"?®Q

(B® Q) = Ra®0’

hence the condition is that the kernel of the natural map

n—2 n
g ®Q_-) Rn—l ®£
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is precisely R,_2 ® Q. But this map is simply the composition of the inclusion of
E"2®Q into R, with the quotient by R,_1®E. Hence £ has an admissible resolution
if and only if

E?23NN(Ri1®E) = (Rn2® Q)

for all n > 2.

2.3 Admissibility

Unfortunately, admitting a quadratic relation is not a strong enough condition for £,
even if we include the condition that @ ® £ and £ ® Q do not meet. For example,

consider the situation of algebras of global dimension 2. In some sense, the algebra

k(z,y)/(zy — yz)

is a “good” algebra, whereas the algebra

k{z,y)/(zy)

is a “bad” algebra (in particular, it is not a domain), even though both (zy —yz) and

(zy) have no overlaps in degree 3:
(kz ® ky)(zy — yz) N (zy — yz)(kz ® ky) =0,
and

(kz ® ky)(zy) N (zy)(kz & ky) = 0.

The precise condition we wish to impose here is called regularity, in the sense of [AS]:

Definition 2.18 ([AS]) A graded k-algebra A=k ® A, ® Ay @ - - - is called regular
if:

(i) A has finite global dimension d,

(i) A has finite gk-dimension,
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(111) A is Gorenstein; i.e.

0 ifg#d

Ext%(k, A) = '
k ifg=d

We would like to extend this definition of regularity to bimodule algebras. Before
we can state such a definition, we need to discuss the definition of Hom for bimodules.
First, let us recall the definition of global Hom. Let B be an arbitrary bimodule
algebra, and let M, N be B-modules. An element f € Homg(M,N) is an element

of Homp (M, N') which satisfies the following commutative diagram:

M—L N

uMT mv'[
BoaMLBeN

where gy, un are the B-module multiplication maps.
To define Hom, we need to require the above diagram for all open sets; i.e. for
an open set U C X, we define the sections Homg(M, N) to be those sections f €

Homy (M, N) such that the following diagram commutes:

MU) —L— N ()

o o

Be M)U) 2> (BoN)U)

However, the added difficulty here is that in general, (B M)(U) # B(U)@M(U).

In particular,

(B M)(U) = (pri.(B®pryM))(U)
= (B®przM)(U x X)
= BU x X) ® (prsM)(U x X).
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In other words, if b € B(U),m € M(V) such that b® m € (B Q® M)(U), then
73 (U) = w7 *(V), where my, ma are the projection maps from the support of b to each
factor of X.

Define Ext to be the derived functor of Hom in the usual fashion. We may now

extend the definition of regular to bimodule algebras:

Definition 2.19 Suppose £ is a rank 2 locally free bimodule which admits a quadratic
relation, with @ C £ ® £ a rank 1 locally free subbimodule. Let B =T(£)/(Q). We
say that B is regular if

0 ifi#2

Exty(0, B) = {
Homy(Q,0) ifi=2

To see the motivation of this definition, suppose B has an admissible resolution,

and take the exact sequence from Definition 2.15:

0— (B® Q)(-2) — (B &)(-1) B o 0

and apply the functor Homg(—, B). We use the facts that

Homgz(B® M, N) = Homp (M, N)

(this is an extension of Lemma 2.14 to Hom) and that if M is locally free, then

Homy, (M, B) = Homy(M, O) ® B.

This gives us a complex (where MY = Homy(M, O)):

0<—(QV®B)(2)~— (EV®B)(1) ~<—B<~—0.

The Gorenstein condition says that this resolution should be exact in the first two

positions, and that the last map should have cokernel @V in degree -2.
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Unfortunately, regularity is technically difficult to work with. So for now we
will work with a simpler condition, motivated by the following discussion of regular
algebras of dimension 2.

Consider an algebra of the form

A= k(z,y)/(f)

where f is a quadratic polynomial. Then A is regular if and only if f is not decom-
posable into a product of linear polynomials (see [AS] and [I]). We wish to mimic

this definition for bimodule algebras:

Definition 2.20 Let £ be an rank 2 locally free bimodule which admits a quadratic
relation. We say that £ is admissible if there exists a rank 1 locally free subbimodule
Q C £ ® & which cannot be decomposed as @ = L @ M, for rank 1 subbimodules
L,MCE.

Note: If £ is admissible as above, we will often say that Q is an admissible rank
1 subbimodule.

This is clearly a weaker definition than the AS-regular condition for algebras
given above, as this definition in some sense only addresses the “local” properties of
&. For a more precise definition, we need to use the Gorenstein condition for bimodule
algebras. However, as this definition is not well understood, we proceed using the

more basic admissibility condition.

2.4 Noncommutative Projective Schemes
Recall the definition of a noncommutative projective scheme from [AZ]:

Definition 2.21 ([AZ]) Let B be a noncommutative graded ring. We define the
category

(B — qgr) = (B — gr)/(tors)
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where (B — gr) is the category of all finitely generated B-graded left modules, and
(tors) is the subcategory of all torsion B-modules, that is those modules M where

B,M =0 for all n > 0.

In this definition, we are not specifying a particular polarization for the scheme.
The goal now is to form a noncommutative projective scheme in the sense of [AZ)

for a bimodule algebra B. Define

(B — qgr) = (B — gr)/(tors)

where (B — gr) is the category of finitely generated graded B-modules, and (tors) is
the subcategory of torsion B-modules: M is torsion if M, = 0 for all n > 0.
We may then use a result of Van den Bergh to describe (B — qgr); first, we need

a notion of ampleness.

Definition 2.22 ([V, 5.1]) We say that B is ample if for any coherent module M
over X, and forn > 0, B,®M is generated by global sections and HY(X, B,QM) =0
for all ¢ > 0.

Theorem 2.23 ([V, 5.2]) Let B be a left-noetherian bimodule algebra over X and

assume B is ample. Then B = ['(B) is noetherian and there are inverse equivalences
(B — qgr) «— (B — qgr).

Therefore, via this theorem, to understand Proj B, we need only compute B, the
algebra of global sections of B. Then Proj B = Proj B.

We now ask whether two different bimodule algebras give the same noncommu-
tative projective scheme. Recall that for commutative ruled surfaces, we have the

following result (see, for instance, [B, II1.7]):

Theorem 2.24 Let X be a curve, £ a vector bundle over X, and L a line bundle

over X. Then Px(€) =Px(EQRL).
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In other words, we can twist a locally free vector bundle by any rank 1 line
bundle without changing the resulting ruled surface. It is reasonable to inquire if a
similar result holds for noncommutative ruled surfaces. However, it is not so simple to
tensor a bimodule by a line bundle. Given a line bundle with suitable nice bimodule

properties, however, we may state a result similar to the commutative result above.

Definition 2.25 Let M,N be bimodule algebras, with multiplication maps p™, uV
and unit maps unm, uy. We say that M, N are compatible (through 1) if there ezists

an O-linear isomorphism

P MOIN SINOM

which is compatible with multiplication and the unit map; i.e. the following diagrams

commute (where id denotes the appropriate identity map)

MOINRIM

MRON NOMJIN

q Jiaov

N @M < NN M

pN ®id

MROIMRN

MRIN MOIN QM

| s

NeoM NOMeM

id@uM

M®OLBY N

| lw

OIM—7>N M

un ®id

(three other unit compatibility diagrams omitted)

Proposition 2.26 Suppose M, N are graded bimodule algebras which are compati-
ble through v, such that the compatibility maps preserve the grading. Let l‘%,m ,ufnf,n
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denote the multiplication maps and upr, uy denote the unit maps on M, N respec-
tively. Define N = N, ® M,. Then there ezist canonical multiplication maps
e Ny @ NG, = Noy, and a unit map wV' 1 O = N such that N is a bimodule

algebra.

Proof: Define uﬁ\nf:n to be the composition

N ®N, = (Nm ® Mp) @ (Np ® M,)
= Na®Mn@MN)OM,
LIV N ® (Np ® M) @ M,
= Nm @ N,) ® (M, @ My,)
O, Npim ® M
= Nogn

Define ux~ to be the composition

O =—08 O&'M, @ Ny — M,

Associativity of pV' is given by the diagram in Figure 2-1. The upper two tri-
angles are commutative trivially. The middle two triangles are commutative by the
compatibility conditions. The lower rectangle is commutative by the associativity of
multiplication on M and N.

The right unit axiom is verified by the commutative diagram in Figure 2-2. The
upper and lower triangles are commutative by the right unit axioms on M and N
respectively. The middle rectangle is commutative by the compatibility axioms. A
similar diagram exists for left units. O

Note: Some general results regarding algebra objects in tensor categories can be
found in [MacL]. Specifically, the category of B-modules is a tensor category. Then
the condition for algebra objects M, N to give an algebra object M ® N is precisely
the compatibility condition of Definition 2.25.

35



N, QN QN

Nn @ M @ Ny @ M @ N @ M,
/
Ny QN, @M, @ M, @ N, ® M, N @My QN, N, @ M, @
N @ Ny @ Mypyy @ N, @ M, Ny @ N, QN, @ My, @ M, @ M, Ny @ My, @ Ny @ M, @ M
Ninn @ M @ Npy @ M, N @ My, @ Ny @ My
Non @ Ny @ My, @ M, N @ Nop @ M, @ My
\ /
Ny @ Mumnp
l
Nonp

Figure 2-1: Associative law



N.®O

|

NoOM, R0

Ne@M, 000 —> N, @ M, Ny @ M,

| |

"nQO0ORIM, R0 — N, QN; @ M, @ M,

——

N, @M,

|

Na

Figure 2-2: Unit axiom

Theorem 2.27 Let B be a graded bimodule algebras, and L a Z-graded bimodule

algebra; i.e.

L= @ L

such that L, is an invertible bimodule for alln >0, and L' = L_,,. Let L, denote

the subbimodule

£+ = @En

n=0
Suppose that B and L are graded compatible, and let B' = B® L, be the bimodule

algebra described in Proposition 2.26. Then there is an equivalence of categories

(B — qgr) = (B — qgr).
Proof: 'To show the equivalence of categories, we construct an invertible functor

F:(B—gr)— (B —gr)
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so that, for any B-module M,

(FM))p = L, @ M,,.

Let u™ denote the multiplication map B® M — M. We define a multiplication map
B' ® M' — M' by the composition

B, ® M, = Brn®Lm ®L, QO M,
—zd&‘—wi B ® Lopin @ My,
Immin @, in ® B ® M,
% Lmin ® Mpin
= M:n+'n°

It is easy (but tedious) to check that these maps satisfy the module multiplication
and unit axioms.

The inverse functor is

Then

(FHFEM)) = (La)'® F( M),
= (Ln.)-_1 L, M,
= M,.

The multiplication on F~1(F(M)) is the same as the multiplication on M, due
to the compatibility axioms.
Finally, F' sends torsion B-modules to torsion B'-modules. O

A special case of Theorem 2.27 is the case where B is the algebra

B=T(£)/(Q)
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where £ is an admissible rank 2 locally free bimodule, and F is an invertible bimodule
such that
L= @ For

where F®" = (F~1)®" = (F®)~1  If the supports of £ ® F and F ® £ are equal,
then it is reasonable to expect that B and £ will be compatible. This is the closest
noncommutative analog of the commutative algebraic geometry equivalence Px (€ ®
F) =Px(€)

There is another case of equivalence of categories, due to Van den Bergh, which

does not have a commutative analog.

Proposition 2.28 ([V]) Let B be a bimodule algebra, and L an invertible bimodule.
Define the bimodule B' by
B=L"9B®L.

Then
Proj B = ProjB'.

Proof: B’ is a bimodule algebra, since we can define multiplication as follows:

B,®B, = (L'®B,®L)®((L'®B,®L)
= L1'®B,B,0L
idQuid, [l Bpin ® L
= B;n+n'

Then we may define an equivalence of categories
(B —gr) = (B'—gr)
by sending a B-module M to the B'-module (£~! ® M). The inverse equivalence is

given by tensoring on the left by £. O
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Chapter 3

Birational Equivalence

3.1 Algebras at the Generic Point

Let X be a reduced, irreducible curve; for most examples X will be smooth. Let
K = K(X) be the function field of X. Let £ be a rank 2 locally free Ox-bimodule.
Recall that at the generic point 7 € X, the tensor algebra T'(€), has the structure of
a skew K-algebra, since

(E®&)y =& ®k &n.

At the generic point, &, is a rank 2 locally free K-bimodule; that is, £, is a rank
2 K-vector space when thought of as a left module and when thought of as a right
module. Choose a basis y, z for the left module x(&,), such that y, z is also a basis for
the right module (&,)k. (A generic left-basis y, z for &, will satisfy this condition.)
We wish to analyze how the left and right structures of &, differ.

For any A € K, we may express right multiplication by A in terms of left multi-

plication by elements of K. In particular:

yA = a(Ny+b(A\)z
zZA = c(Ny+dN)z

where a,b,c,d are functions from K to K. More generally, we may express any
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element of £, as a rank 2 row vector, where the vector

(# 9

corresponds to the element py+ gz, for any p,q € K. Then we may express the above

equations in matrix form:
b )am @
p "A=I\D ¢q '
c(A) d(A)
On the left side of the above equation, the notation

(p q)°>\

does not denote scalar multiplication of p and g by A; it instead denotes the right
action of A on the vector py+gz in the right module structure of £,. However, the ma-
trix multiplication on the right side of the equation is standard matrix multiplication
over K.

If we let M denote the map from K to the ring of 2-by-2 matrices with elements
in K (denoted K2*%), which sends ) to the matrix

then
(p q) A= (p q) M(X).

Proposition 3.1 M : K — K?*2 is a k-algebra homomorphism.

Proof: Clearly M(\ + pu) = M(\) + M(p) and for s € k,

s 0
M(s) = ( )
0 s
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since the action of k is central; i.e. it acts the same on the left and on the right.

Furthermore,
(p q)'(/\u) = ((p q)M()\))-u
= (p q) M(A)M ()

so M(Ap) = M(MM(p). O
We now classify the possible K-bimodule structures, based on the structure of the

map M.

Theorem 3.2 Let E be a free rank 2 K-bimodule. Then there ezists a basis y, z of

E as a left module, with right action given by

(p q) A= (p q) M(X),

such that M () is one of the following:

(1)

with a,d € Autg(K), a # d.
()
M) — (a()\) b(A))
0 a())
with a € Auti(K), and b an a-derivation; i.e. for all \,p € K,
b(An) = a(A)b(p) + b(A)a(w).

MO = (a(/\) b(/\))
mb(A) a()N)
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such that
(a) a is a k-linear map,

(b) b is a non-zero a-derivation: i.e. b(c) = 0 for c € k and for all \,u € K,

b(A)b(w) = a(M)b(k) + b(N)a(w),

and

(c) m € K is not a perfect square, such that for all \,u € K,
a(Au) = a(A)a(u) +mb(A)b(n).

Proof: Choose a basis y, z of E, and denote

MOy - (a(A) b(A))
c(A) d(N)

for some functions a,b,c,d: K — K.

We divide the argument into three cases, which correspond to the three cases in
the result of the theorem.

Case (i): Suppose there exists some A € K such that M(X) has two distinct

eigenvalues in K. Choose a basis y, z such that M(}) is diagonal; then

- alA) 0
M) = 1.
0 d(\)
We now use the fact that in K2*2, diagonal matrices with distinct nonzero elements

only commute with other diagonal matrices; to be precise, the centralizer of a matrix
m 0
0 n
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with m # n both nonzero is

o )

Hence, since the image of M is commuative in K?*2, every matrix M()) is diagonal

for all A € K. Thus
(a()\) 0 )
M) = ,
0 d\)

where a # d. Comparing the upper-left elements in the identity
M(Ap) = M(A)M ()

shows that a is an automorphism, and comparing the lower-right elements in the same
identity shows that d is an automorphism. This is case (i) of the theorem.

Case (ii): Suppose that every matrix M()) has a unique eigenvalue. Since the
characteristic of K is 0, this eigenvalue must be in K. Choose a basis y, z of E such
that y is an eigenvector of M () for all A (since all the M(A) commute, they must

have a common eigenvector, if one exists). Hence

A) b(A
R LY
0 a())
Comparing the upper-left entries of the identity
M(Ap) = M(A) M ()

shows that a is an automorphism, and comparing the upper-right entries of the same
identity establishes that b is an a-derivation. This is case (ii) of the theorem.

Case (iii): If neither case (i) or case (ii) above, then some matrix M()) for some

A € K has eigenvalues not in K. Write

M) — (a()\) b(A))
c(n) d(N)

45



with a, b, ¢, d all nonzero. Suppose a # d. We will show that there is a change of basis
which makes a = d.
For any A, p € K, b(A\y) is the upper right component of M(Au) = M(A\)M(p).

Hence

b(Au) = a(A)b(k) + b(A)d (k).

But also b(Ap) = b(uA) is the upper right component of M(uX) = M(p)M(X), hence

b() = a(w)b(A) + b{)d(A).

Hence

a(A)b(p) +b(A)d(p) = a(u)b(A) + b(u)d(N).

Here b(X) # 0, since M()) has no eigenvector. Set u = A, and let B = b()), A =
a()), D = d()). Then

a(\)B + b(A\)D = Ab(\) + Bd(}).

Since A # D, solve for b()) to get

b(A) =
Let m; = -2; then m; # 0 and

D_A’
MOy — (am ma(d(3) - a<,\))) |
oW AW

Since K is commutative,
MM (p) = M(Ap) = M(p)) = M(p)M(A)

for any A\, 4 € K. Comparing the upper-left term of M(A)M(x) and M(u)M(A), we
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get that
a(A)a(p) +b(A)e(p) = a(p)a(A) + b(u)e(A)

hence

b(A)e(p) = b(p)e(N).

Since neither b nor c is zero, there must exist my € K such that ¢ = mb = my(d(\) —

a(A)) where mg = mom,;. Thus

MO - ( ah) () - a(A))) |
ma(d()) ~a(N)  d()

Now make the change of basis

Yy — y/my

zZ < Zz

to give

M(A):( a) d(/\)—a(/\))
m(d(A) — a(N)) d(A)

where m = mym,. Then the change of basis

Yy — y+2z/2

zZ 4~ Zz

gives
MO = ((du) ta)/z d(3) - a() )
) (d(A) +a(X))/2
for some function f(A). Hence the upper left and lower right elements of M()) are

equal for all A.
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So now assume that we have a basis y, z such that

MOy — (a(A) b(A)) |
o¥) a()

By the same argument as above, we must have ¢ = mb for some non-zero constant
m € K. Since this matrix is not diagonalizable, we conclude that m does not have a

square root in K; otherwise, the transformation

y — Vmy+z

zZ & 2

would diagonalize M. This is case (iii) of the theorem, and the functional equations

for a and b are easily checked by comparing elements of the identity

M(Ap) = M(A)M(p).

3.2 Admissibility of Rank 2 Bimodules Over K

We wish to examine admissibility, at the generic point, of a rank 2 locally free Ox-
bimodule £. Globally, admissibility is the existence of a rank 1 subbimodule Q C
(€ ®E) such that Q@ 2 L ® M for L, M C €. We simply restrict this definition to

the generic point 7:

Definition 3.3 Let E be a rank 2 free bimodule over K. We say that E is admissible
if there exists a rank 1 free subbimodule Q C (E Qk E) such that Q 2 L ® M where
L, M are rank 1 free subbimodules of E.

To determine admissibility at the generic point, we need to examine how the left

and right actions differ on E ®x E. Let y, z be a fixed left and right basis of E. We
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compute (y ® y)A for an element A € K. (Note: we will omit the tensor sign in our

notation, so yy is shorthand for y ® y.)

(yy)A = y(a(Ny+b(A)z)
= (a(@)y +ba(N)z)y + (a(d(N)y + b(b(N)z) 2
= a(a(N)yy + a(b(\)yz + b(a(A))zy + b(b(X))22

Similar calculations can be done for the other three generators of E ® E. If we

represent the element pyy + qyz + rzy + szz by the rank 4 row vector

(p’ q’ r’ s)

this gives us the matrix form

(p, g, 1, 8) A= (p, g, 7, s) ((M o M)(N)),

where M o M is the “composition” of M and M, defined as

Moy — [HHO) b(M(A)))
\c(M(N) d(M(N))

(a(a(N)) a(b(N)) b(a(X) b))

_ [ale() a(d) ble(N) b(d)

c(a(n) c(b(N) da() d(b(N))

\cleV) cd(V) d(c(N) d(dN)

Theorem 3.4 Let E be a rank 2 free bimodule over K. Then E is admissible if and
only if there exists an common eigenvector v of (M o M)(A) for all A € K, such that

v# 21 Qxo for T1,%2 € E.
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Proof: E is admissible if and only if there exists an element z € E ® E such that
K = Kz. But this means that for any A € K,

z-A=pMNz
for some automorphism p of K. However we know that
z-A=a((MoM)(),

so we need that

z((M o M)(N)) = (p(V)z,

in other words, z is an eigenvector of (M o M)()). And, since this must hold for all
) € K, we need that z is an eigenvector for all (M o M)()\) where A ranges over all
of K.

Finally, since the definition of admissibility states that Q 2 L ® M, we require
that £ # z, ® x with 1,2z, € E. O

We now determine admissibility conditions for bimodules of each of the three cases

described in Theorem 3.2.

Theorem 3.5 Let E be a rank 2 free K -bimodule with basis y, z such that M () is as
in Case (i) of Theorem 8.2. Then E is admissible if and only if ad = da or a® = d°.

Mn=tw 0)
0 d()

a®*(A) 0 0 0
0 ad()) O 0
0 0 da(A) O
0 0 0 d?())

Proof: Write

then

(Mo M)(\) =
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There are four obvious eigenvectors, but each of these are nonadmissible; for example,

(1, 0, 0, o)

is not admissible since it represents the element yy € E ® F, which is the product

the eigenvector

of two elements of E. To get an admissible eigenvector, we need that two of the

eigenvalues

a2()\), ad()), da()), d2())

coincide for all A € K, which means that, since a # d, we have either ad = da or
a?=d* 0O

For example, if ad = da, then

(0, 1, q, 0)

is an eigenvector for any ¢ € K. Let @ be the subbimodule of £ ® E given by this
eigenvector; i.e. Q is generated by yz — gzy. Then the skew algebra B = T(E)/(Q) is

B Ky, 2)
(YA — a(Ny, 2A — d(N)z, yz — qzy)

where A ranges over all elements of K.

Theorem 3.6 Let E be a rank 2 free K-bimodule with basis y, z such that M()) is
as in Case (i) of Theorem 3.2. Then E is admissible if and only if ab = pba for
some u € K.

Proof: Write

MOy (a(A) b(A))
0 a())
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where b is a non-zero a-derivation. Then

a2()) ab(X) ba(X) B*(M

)
(M o M)() = 0 a%2()) 0 ba(N)
0 0 a*(\) ab(N)
0 0 0 a*(\)

This has an obvious eigenvector

(o, 0, 0, 1)

but this eigenvector is not admissible, since it represents the element 2® zin EQ E.

We look for an eigenvector of the form

(p, q, T, 0)

for p,q,r € K. Then

(p. 0,7, 0) (M 0 I

= (a2(>~)p, ab(N)p + a®(N)g, ba(N)p + a*(A)r, B*(N)p + ba(M)g + ab(/\)r)
We wish this to be an eigenvector with eigenvalue a%()), that is

(a209p, ab(3)p + a2(N)g, ba(Vp + (N, BZ(N)p+ ba(Ng + ab(N))

= (W, 2N, (W, 0).
Comparing the second and third elements of the vectors above, we see that

ab(A)p = ba(M)p =0,
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hence p = 0. Then by comparing the fourth element, we get
ab(A\)g +ba(A)r =0

for all A € K, which means that
ab

ba

should be constant. In particular, if uab = ba, then

(0, 11 —H, O)

is an eigenvector. O
Suppose that gab = ba, and let () be the rank 1 subbimodule of E ® E generated
by yz — qzy — r22. Then the skew algebra B = T'(E)/(Q) is given by

B K(y, z)
(YA —a(N)y — b(N\)z, zA — a())z,yz — qzy — r2?)’

where ) ranges over all elements of K.

In the special case where a is the identity on K, the ratio

a_b
ba

is equal to the constant 1 for any derivation b, and we get an eigenvector

(0, -1, 1, 0) :

Theorem 3.7 Let E be a rank 2 free K-bimodule with basis y, z such that M()) is
as in Case (iii) of Theorem 8.2. Let t = a(m) and u = b(m). Then E is admissible
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if and only if the matriz

a*()) ab() ba()) B2())
(tab+ mub?)(\) a2(\)  (uab+3)(\) ba(A)
mba(\) mb? () a’(\) ab(})

m(uab +th?)(A)  ba(X)  (tab+ mub?®)()\) a?())
has a common eigenvector in K for all A € K.

Proof: Write

as in case (iii) of Theorem 3.2. Then

a*(3) ab(}) ba(\) ®())
Moy = | G TmIR) () (uabt () ba(d)
mba(d)  mP() @) ab()

m(uab +t6?)(A)  ba(\) (tab+ mub®)(\) a%(N)

3.3 Birational Equivalence Classes

In commutative algebraic geometry, we say that two schemes X and Y are birationally

equivalent if the 0-degree components of the function fields K(X), K(Y) are isomor-

phic. We make a similar definition for noncommutative schemes over the generic

point:

Definition 3.8 Let E;, Ey be admissible free rank 2 K -bimodules, with Q); C E; ® E;
rank 1 subbimodules, for i = 1,2. Let B; = T(E;)/(Q:), for i = 1,2. We say that
By, B, are birationally equivalent if the graded (left) fields of fractions D; = Frac(B;)

ezrists and if the degree 0 components (D;)o are isomorphic as skew K -algebras.
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We can use our classification of admissible rank 2 free K-bimodules above to
describe the birational equivalence classes. Some notation: if A is an algebra, a an

automorphism of A, and § an a-derivation of A, then the algebra

A(z)

Azl = e =5’

where a ranges over all elements of A, is called a (left) Ore extension of A. If § =0
we will omit it from the notation and simply write A[z; .

We will also use the following standard results from noncommutative algebra:

Proposition 3.9 ([C, 9.3.3],[MR, 2.1.15]) (i) If A is a left noetherian domain,
then A[z; «, 6] is also a left noetherian domain.

(i1) If A is a left noetherian domain, then A has a left field of fractions.

So in particular, left Ore extensions of noetherian domains have left fields of
fractions.

Case (i) of Theorem 3.2

Here F is given by

M() = (a()\) 0 ) -
0 d(\)

E is admissible if either ad = da or a? = d?. Suppose ad = da, and Q is the rank 1
subbimodule of £ ® E generated by

Yz —qzry
for some nonzero ¢q € K.
Then B =T(E)/(Q) is given by
B K{y, 2)

~ (vk — a(k)y, 2k — d(k)z, yz — q29)

Let C' = K|z;a], and extend a to an automorphism of C by a(z) = gz, hence

a(2") = qa(q)a’(q) - --a" " (g)".
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(This shows that C extended as above is indeed an automorphism; the inverse is

a~!(2") = (ga(g)a®(q) - - -a" *(q)) " 2",

since the coefficient is nonzero.) Then B = C[y;a]. In particular, B has a left field

of fractions D, by Proposition 3.9.

Theorem 3.10 Let B = K|z;al[y;d] as above, and let D be the field of fractions of

K. Then
K(t)

Do= S —a e

Proof: Every element of Dy can be written as

f(y,2)7"g(y, 2)

where f, g are homogeneous polynomials with deg f = deg g = n. Write

fly7) = Yy

=0

and

n
9(y,2) =) _biz" 'y
=0

We can always write our polynomials this way since the relation given by @ allows

us to skew-commute 2z’s past y’s. Let us rewrite f and g as

n
fly,2) = Zaiznz_iy'i

=0

and
n
9(y,2) =Y b2z 7'y,

=0
We now need to commute the z" term past the constant terms, using the rule zA =
d(\)z. This gives us
n
fly,2) = 2 aiz™y'

=0
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and

n
9(y,2) =Y 2"bz7"y,
i=0

where a; = d™"(a;) and b, = d""(b;). Also, define a new variable ¢ by

1= z'ly.
Since the y’s and z's skew commute, we can write
2y = gt
for some constants ¢; € K.

Proposition 3.11 2%y = ¢;t!, where

¢ = ﬁ f[ ’d™*(q).
3=0 k=j+2
Proof: Consider the relation
Yz = qzy.
Thus
yz =zd"'(q)y
and hence

27y =d N (q)yz .

Next, consider

2d 7 (\) = )z,

and multiply on the left and on the right by z~! to get

ZIA=d(\)z
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We now show by induction that
2y = ([[d7(9)y="
Jj=1

Let d; € K satisfy

27y = dyz

Recall that d; = d~!(g) by the previous step, and that we can write d; in terms of

d;_y fori>1:
iy = gl
= z'ldi_lyz"(i"l)
= d7(di_1)z lyz 0N
= d7(di-1)d 7 (g)y2 "
So

di = d—l(Qd'_l).

The formula can be easily checked to satisfy this recurrence.
To complete the proof, observe that ¢; = 1, and we may express c; in terms of

¢i—1 for 1 > 1 as follows:

—i,i z—lz—(i—-l)yyi—l

— z_ldi_lyz"(i_l)yi_l
= 27Md;1yci_ it
d™ (di—1)d "a(cioy) 2 ytt !

= d_l (d,-_l)d_la(c,-_l)ti

So thus
ci = d Mdi1)d ra(ciy).
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The formula can be easily checked to satisfy this recurrence. (Recall that a and d
commute.) O

Now we may write

fly,2) = Z z"ag’ti

=0
and

n
9(y, 2) = Zznbg’t’
i=0

where a] = ¢;a} and b} = ¢;b;. Then

F,2) Ygy,2) = (3 2 alt)™S e
=0

i—0
1 n . n .

— (Z a;ltz)—lz—nzn (E bg’tz)
=0 =0

n n
= (L) ()
=0 =0

Hence, Dy is simply K (t); however, the action of K on ¢ differs on the left and on the
right. Specifically, we can write for any A € K,

th = z7lyA

d

Note that the structure of Dy does not depend on the particular choice of @) in
E ® E, since Dy is independent of q.

We then get the following corollary describing birational equivalence classes of

bimodules in case (i).
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Corollary 3.12 Let E; and E be two rank 2 free K-bimodules in Case (i) of Theo-

rem 3.2, with basis y;, z; and multiplication on E; given by

Mi(\) = (ai()‘) 0 )
0 di(})

for i =1,2, with a; # d; and a;d; = d;a;. Let Q; be the free rank 1 subbimodule of
E; ® E; generated by

i%i — 4iZilYi,

for some nonzero ¢; € K, and let B; = T(E;)/(Q;) Then B, and B, are birationally

equivalent if and only if di'a; = d;'a,.

Proof: By Theorem 3.10,

__ K()
(Frac Bi)o = 3 -ra, e
and
(Fra.c Bz)o = K(t)

T tA—dylag( W)t
Hence they are isomorphic as skew K-algebras if and only if d;'a; = d;'ay. O
Case (ii) of Theorem 3.2
Here E is given by
a(A) b(A
M(A):(( ) ())_

0 a(})

For admissibility, we require that gab = ba. Then @ is the rank 1 subbimodule of

E ® E generated by

yz — qzy — r2°.

Then B = T(E)/(Q) is given by

B K(y, z)
(YA — a(N)y + b(N)z, 2A — a(N)z,yz — qzy — 122)°
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Let C = K|[z;a], and extend a to an automorphism of C by a(z) = ¢z (as in case (i)
above). Also, let 6 denote the a-derivation of C defined by é(k) = b(k)z for k € K
and &(z) = rz?. Then B = C[y;a,d]. In particular, B has a left field of fractions D.

Theorem 3.13 Let B = K|z;al[y; a,d] as above, and let D be the field of fractions

of K. Then
_ K(t)
T tA— M —a"1b(N)

Dy

Proof: Again, every element of Dy can be written as

f(y,2)7"g(y, 2)

where f, g are homogeneous polynomials with deg f = degg = n. Write f and g as

f7) = 3 oy

=0
and
n . .
9y, 2) =D b2y
=0

We can always write f and g in this form since the relation given by @ allows us to

skew commute y’s past 2’s. Rewrite f and g as
n . .
fly,2) = Za,—z"z_'y’
=0

and

n
9(y,2) =D bi2"z 7'y

1=0

We can commute the 2" past the constants, using the rule z)A = a()\)z. This gives

n
fly,2) =) 2 a2y
=0

and

9(y,2) =Y 2"biz 7ty
1=0
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Define a new variable ¢ by

Proposition 3.14 '
(]
z"‘y’ = Z Ci,jtJ
j=1
for some constants c; j € K, satisfying the recurrence

Cij= a_l(di—l)ci—l,j—l + a_l(d-_l)a"lb(ci_l,j) + a"l(e,-_l)ci_l,j.

with ¢11 = 1. In particular ¢;; # 0.

Proof: We know that
Yz = qzy + rz’.

Thus
yz = za”(q)y + za7(r)z,

and multiplying by z~! on the left and on the right gives
2y =a"Yq)yz" + a7 (r).
Next, we show inductively that 27y = d;yz~* + e;2~ 1), where
di=[[a7(q)
Jj=1
and

ei=i(a-f(r> 11 a-'%q)).

k=j+1
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Recall that d; = a™(q) and e; = a~!(r) by the above step. Then for d > 1

—iy — z-—lz—(i—l)y
= z_l(di_lyz_(i'l) + 61'_12_(1:_2))
— a_l(di_l)z_lyz_(i_l) + a—lei_lz—(i—l)

= a Ydi-) (e (q)yz  + a7 ()2 "V 4 a7 (g_q )2V

o Hdi—)yz" + (a7 (diy)a 7 (r) + a7 (ei1)) 2”67V,

So
d; = a '(d;_1)a"'(q)

and

ei=a " (di_1)a () +a  (eil1),

which solve to give the expressions given.

Finally, observe that ¢;; = 1. Then for ¢ > 1,

P e e GV
= 27 disayz 7D + g2 )y
= 27l yr GVl 4 g e G2y

= o (dis1)z tyz 0y a7 (o) e Dy

i—1 i—1
= a'l(d,-_l)z_ly Z Ci_l,jtj + a_l(ei_l) Z Ci_l,jtj

i—1 -1 i—1
= a7 (di1) 3 cimr gt + a7 dima) Do a7 Mo 1) + a7 (einr) D e gt

So by collecting the ¢/ terms, we get the given recurrence.

In particular,

cii = a (dic1)cic11

with C1,1 = 1, so

i
cii =[] [Ia*(q)-
=2 k=2
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a

So we may write

n
fly,2z) =) 2"at’
i=0

and
9(y,z) =Y 2"t

=0
where a” and b" depend on a' and ' and the ¢; ; constants. This provides a bijection

between D and K(t), as before. And for any ) € K,

th = z7ly)
= 2z ' (a(N)y +b())2)
= Az7ly+a7'h(N)

= M +a 'b(N).
Then a~1b is a K-derivation:

(@'0)(An) = a7 (a(A)b(k) + a(m)b(N))
= Aa7'b(p) + patb(N).

This does not depend on g or . O

This gives the following corollary regarding the birational equivalence classes:

Corollary 3.15 Let Ey, E, be two admissible rank 2 free K-bimodules in Case (ii)

of Theorem 3.2, with multiplication on E; given by

M) — (a,-(» b,-(A))
0 a; ()\)

fori=1,2. Let Q; be any admissible rank 1 subbimodule of E; ® E;, and set B; =
T(E;)/(Q;). Then B, and B, are birationally equivalent if and only if ay'b; = a3 'bs.
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Proof: By Theorem 3.13,

K(?)
Frac By)g =
(Frac Bio = X 3= a0
and
(Frac B2)0 = K(t)

tA — At — a3 'by())
Hence they are isomorphic as skew K-algebras if and only if a;7'b, = a;'b,. O
If we only care about birational equivalence, we may use this corollary to set a

equal to the identity automorphism of K; then a birational equivalence class is given

by a choice of b € Der K.
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Chapter 4

Global Bimodules and

Noncommutative Ruled Surfaces

4.1 Geometry of Rank 2 Locally Free Bimodules

We may now characterize locally free rank 2 bimodules. As in the proof of Theorem
2.8, we will first consider the affine case. It is convenient to first consider the situation

over a field.

Lemma 4.1 Let K be a field. Suppose that S is a commutative ring with an injection
K — S, and that M is a faithful left S-module, such that as a K-module, My =
K ® K; 1.e. Mg 1is a vector space of rank 2 over K. Then S is isomorphic to one of

the following:

~
QIN 8
NS

=

[y]

21
Ky

y? —m

3.

<

4.

where m does not have a square root in K.
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Proof: Denote elements of M by ordered pairs (k;,ks) € K & K such that for
any c € K,
C(kl, kz) = (Ckl,ck‘z).

Let any element s € S be given, and suppose that

5(1,0) = (a,c)
3(071) = (bd)

Then for an arbitrary element (ki, k) € M,

s(ki,ka) = s(k1(1,0)+ k2(0,1))
= k15(1,0) + ks(0,1)
= ki(a,c) + kz(b,d)
= (kia+ kob, k1c + kod)

(L)

Thus the action of s on M is determined by its action on (1,0) and (0, 1); furthermore,
two elements s;, s; cannot have the same action, since in that case (s; — s5)M = 0,
contradicting the assumption that M is a faithful S-module. Thus we may think
of S sitting inside of K?*2, with the action on M = K? given by standard matrix
multiplication.

So it remains to classify those commutative rings S with
K — S — K*2,

If S = K then we have case 1, so assume that there exists an element y € S — K. We

claim that S is the subring of K2*? generated by K and y. Let z € S be any other
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element such that z ¢ K. Then

a b
y o
c d
and
a Vv
Z =
cd d

Let y =y —d and 2; = 2 — d'. Then y;,2; € S with

r b
=
c 0
and
,rl bl
zZ =
¢ 0

with r =a —d,r’ = o’ — d'. Observe that y,, z; # 0 since we assume y,z ¢ K. But S

is commutative, so y;2; = z1y;. Comparing matrix entries, we conclude that

rt = r'b
rd = rc
bd = bc

These equations imply that z; € Ky, hence z € (K + Ky).
Since y? € (K + Ky), we conclude that y> — py — ¢ = 0 for some p,q € K.
Replacing y by y — (p/2) gives

¥ —m=0

for some m € K. If m = 0 we have case 2. If m has no square root then we have case

4. Otherwise, if m = m2 for some my € K, replacing y by y/mq gives case 3. [

Lemma 4.2 Let R be a commutative integrally closed domain, with field of fractions
K. Suppose that S is a commutative ring with an injection R — S, and that M is

a faithful left S-module, such that as an R-module, Mp =2 R @ R; i.e. Mg is a free
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module of rank 2 over R. Then S is isomorphic to one of the following:

1. R

R+ Iy

2 =

for some nonzero ideal I of R

R+ 1y
y?—1
R+ 1y

y*—m
square root in R and I?m C R.

for some nonzero ideal I of R

for some nonzero ideal I of R, and some m € K such that m has no

Proof: By the same argument as in Lemma 4.1, we may consider S as a commu-
tative subring of R?*2, containing R.

Let K be the field of fractions of R, and let S = S ® K. Then by Lemma 4.1, S
is isomorphic to one of the four cases shown. In case 1, if S is K, then we must have
S = R, since in all cases R C S.

In the other three cases,
K+ Ky

y?—m

S =

where m = 0,1 or m has no square root in K. In the last case, take a sufficient

multiple of ¥ so that m € R. Think of S as subring of K?*2, and write

Y Y2
y =
Ys Ys
for some Y1,Y2,Y3, Y4 € K.

Let
Ji={ce€ K |cy; € R}

for 1 < i < 4. Then J; is a fractional ideal of R, and if y; # 0, then J; &£ R as an
R-module, since J; is the preimage of R under the R-module isomorphism of K which

sends = € K to zy;.
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Let Jo = Jy N Jy N J3 N Jy, and choose ¢ such that y; # 0. Then Jp is isomorphic

as an R-module to some ideal I of R, since we may think of J; as
Jo=J;iN ﬂ J;
J#i
which is an R-submodule of the R-module J; & R. Furthermore, the map from J; to

Iy send an element z € J; to the element y; 'z € I,.

By construction, Jyy = Ky N R?*2. Hence,

R+on

SN R
y?—m

as R-modules. But S is an R-submodule of S N R?*2 hence

R+1
g=2t1
y2—m
for some ideal I C I;.
However, as an algebra,
R+ J
§=t2Y
y:—m

for some fractional ideal J C Jy, with mJ? C R, and where J = | as R-modules by
the R-module isomorphism z + y;'z. If m = 1, then J2 C R, hence J C R since R
is integrally closed. This gives case 3.

Otherwise, as an R-algebra,

R+ 1y
S=——5—.
y? —y;°m

If m = 0 this gives case 2. If m does not have a square root, then neither does y; ?m,
and this gives case 4 (since (Iy)? C R in the R-algebra S). O

The following technical lemma is useful.
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Lemma 4.3 Let R be a commutative domain with elements f,g € R. Then, as

R-algebras,

R+ (f)y . _ Rl
-9 y:-f

Proof: The isomorphism from the algebra on the right to the algebra on the left is
given by the algebra morphism which sends the element a+ by to the element a+ fby.
This map is an isomorphism since R is a domain (so fb =0 only if 5= 0). O

Also recall the following standard fact from commutative algebra: If I is an ideal

of R and q is a prime ideal of R, then

(I®r Ry =Ry) & (I £ q).

We now consider the geometry of the four cases described above.

Lemma 4.4 Let R,S be commutative rings. Suppose X = SpecR, Y = SpecS
are curves, X smooth and irreducible, with a projection f : Y — X, and M is a
coherent Oy -module, with Ann M = 0, such that f,(M) = Ox @ Ox. Then one of
the following cases holds:

1. Y= X, and f is an isomorphism

2. Y is a nonreduced curve, generically degree 2, and freq : Yrea — X is an iso-

morphism

3. f is finite of degree 2, and Y consists of two irreducible components Y1,Ys,
intersecting in a finite number of points, such that f; = fly, : Yi & X is an

isomorphism.
4. Y is irreducible and f is a degree 2 finite morphism.

Proof: Observe that the geometric conditions imply that R is a commutative
integrally closed domain and that R embeds into the commutative ring S. Let M =
H%(M,S). Then M is a faithful S-module, and Mr = R @ R. Hence, the four

geometric cases above correspond to the four algebraic cases of Lemma 4.2.
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Case 1: S = R. This is immediate.

Case 2:

_R+1Iy
==
Let q be a point of X, such that I € q. Then

S

R
Sy = ——;Ly].
Since R is noetherian of dimension 1, this happens at all but a finite number of points
of X. Thus, except at a finite number of points, freq : Yrea = X is an isomorphism;
hence it must be an isomorphism over all of Y.

Case 3 and 4:
_R+1Iy

y*—c’

S

where either ¢ = 1 or ¢ has no square root. At any prime q such that I ¢ q,

Thus, except over a finite number of points, Y is a 2-to-1 cover of X, and Y is reduced
(since S has no nilpotent elements). Then the two cases are distinguished by whether
S is a domain. If it is a domain, as in case 4, then Y is irreducible; otherwise, as
in case 3, Y has two reducible components, each of which must then necessarily be
isomorphic to X. O

We can now determine the possible structures of a rank 2 locally free bimodule

over a curve X.

Theorem 4.5 Let £ be a bimodule over X which is locally free of rank 2. Let Y be
the support of £ in X x X. Then Y is finite over each factor of X, and one of the

following cases holds:
1. Y is irreducible of bidegree (1,1), and & is locally free of rank 2 on Y.

2. Y is irreducible of bidegree (1,1), and £ is generically locally free of rank 1 over

a nonreduced scheme Z, with Z,.q =Y, such that Z is degree 2 over Y.
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3. Y is of bidegree (2,2), reducible with irreducible components Y1,Ys, such that Y;
is of bidegree (1,1).

4. Y is irreducible of bidegree (2,2).

Proof: Affinely, the situation is as in Lemma 4.4: if U = Spec R is an affine open
set of X, with V = Spec S its cover in Y and M = £(U), then M is free of rank 2
over R, and hence V must lie over U as in the Lemma. Extending the local situations
of Lemma 4.4 to the projective smooth curve X, and considering the geometry over
both projections to X, gives the four cases listed in the statement above.

Since Y is finite over either factor of X over any affine open set U C X, this is
also true globally.

In case 1, since pry, pr, are isomorphisms, we conclude that £ is locally free of
rank 2 over Y. In case 2, locally, we get £ = Oy; this gives the statement about £ in

case 2. U

4.2 Admissibility of Rank 2 Locally Free Bimod-
ules
Before considering each of the cases, we need the following lemma.

Lemma 4.6 Let X be a smooth curve and F a locally free sheaf of rank 2 on X. Then
there exists a subbundle @ C F @ F such that Q cannot be written as @ = L M
for some subbundles L, M of F which are locally free of rank 1.

Proof: Take Q= A\’F C F® F;ie. Q is defined locally as
QU)={se FU)QF({U) | 0s = —s}

where o is the map which sends z ® y to y ® z. Then Q is locally free of rank 1,
but cannot be written as a tensor product of two subbundles of F, since this cannot

happen locally: for any open set U, we cannot have Q(U) = L(U) ® M(U), because
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sections of Q(U) of the form z ® y — y ®  with z and y linearly independent cannot
be rewritten as a single tensor product [ ® m. O
We now consider admissibility conditions for each of the four cases described in

Theorem 4.5.

4.2.1 Case 1: £ Defined on a Reduced (1,1) Divisor

Suppose € is a rank 2 locally free bimodule, supported on an irreducible bidegree (1,1)
divisor Y in X x X, such that the projection maps m,m5 : Y — X are isomorphisms.

Then Y =T, for some o € Aut X.

Theorem 4.7 Let £ be a locally free rank 2 bimodule supported on an irreducible

divisor of bidegree (1,1) which is finite over each factor. Then € is admissible.

Proof: Let W be the support of £ ® £. Then W = I',2, which is a divisor of
bidegree (1,1), so £ is admissible. Also, &, considered as a sheaf over W, is locally

free of rank 4. Then by Lemma 4.6, we may choose Q C £ ® £ which is admissible.
O

4.2.2 Case 2: £ Supported on a Nonreduced (1,1) Divisor

Conditions for the admissibility of £ are unknown in this case.

4.2.3 Case 3: £ Supported on Reducible (2,2) Divisor

Suppose that £ is supported on a reducible curve Y of bidegree (1,1) in X x X, where
each component is finite over each factor of X. The components are then necessarily
the graphs of automorphisms o, 7 of X, with ¢ # 7. Denote S = I';, T = I';; then
Y=SUT.

Let 7, m3 denote the projections from Y to the two copies of X. Since m,£ and
mo«€ are each locally free of rank 2, we conclude that £ ® @5 and £ ® Or are each
generically locally free of rank 1 over S and T respectively. This is also clear by

examining the local algebraic situation in Case 3 of Lemma 4.4: the coordinate ring
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of each component annihilates a saturated rank 1 submodule of the free module of
rank 2 over R,.

Let £ =€ ® Og and &r = € ® Or. Then we have an exact sequence
0———>g-—>€s®gT-———>]-'—-—>0

where F is a sheaf supported on SNT.
€ ® £ is supported on

W =Ty2 UTy, UT,4 UTa.

If these four graphs are distinct components of W, then £ ® £ is generically locally
free of rank 1 on each of these components (specifically, £ ® £ is locally free of rank 1
except possibly at intersection points of two or more components). However, choosing
Q to be the rank 1 locally free bimodule supported on one of the components is not

admissible, since for example
(8 ®8) ® OI‘,z =5 ®Es.

Hence, two of the components must coincide:

Proposition 4.8 Let £ be a rank 2 locally free bimodule supported on a reducible
curve Y whose with two irreducible components, each finite over each copy of X, and
of bidegree (1,1). Let 0,7 be automorphisms of X such thatY =T, UT;. Then € is

admissible only if o7 = 70 or o = T2

If £ = £ @ &7, then it is clear that the converse of Proposition 4.8 is also true,
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because in that case

ERE

(55' ® Sg a?
® (Es®Er

oT

)
)
(&} (ET ® 55)10
)

@ (gT ® 5{« 2.
Suppose o7 = 70. Then £ ® £ restricted to I',, = [';, is locally free of rank 2, and a
general rank 1 subbundle will be admissible. A similar argument holds for 0% = 72.

Finally, let E = &£, be the bimodule at the generic point. Then using the notation
of Chapter 3, the right K(X)-action on E is given by the matrix

M(A):(a()‘) 0)
0 7(XA)

and by Theorem 3.5 E is admissible (in the generic sense) if and only if o7 = 70 or

o2 =12

4.2.4 Case 4: £ Supported on an Irreducible (2,2) Divisor

Let us suppose that £ is supported on a curve Y in X x X, which is irreducible, and
the projections 7,7 from Y to X are each finite of degree 2. We can describe the

support of £ ® £ geometrically. Recall that
€ ® £ = pry3, (pris€ Bo, s Pryzé)-

Thus, by Lemma 2.3, the support of £ ® £ is the image in X x X of the fibre product
Y xx Y given by the diagram

YXXY—_>Y
Yy —2—>X
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This set is mapped into X x X via the maps f; and f;, as given in the following

diagram:

YXXY
fi / \ fa
Y Y
X X X

Note f; and f, are degree 4 maps. Let Z =Y xx Y (where this is the fibre
product of Y over X via m, with Y over X via m; as described above), and let W be

the image of Z in X x X via f; and fs, as in the diagram above.

Proposition 4.9 £ is admissible if W has a component isomorphic to X, such that

the projections from W onto each factor of X are isomorphisms.

Proof: By Theorem 2.8, a bimodule of rank 1 must be supported on a (1,1)
divisor in X x X, which is the graph of an automorphism of X, which necessarily is
isomorphic to X. O

So the question becomes: when does W has a component isomorphic to X? In
general W will be birational to Z. If Z itself has a component isomorphic to X, then
this component would be just a point in W, since the maps from Z to X go through
Y, and any component of Z which is isomorphic to X would map to a point in Y.

The next case to consider is the case where Z has a component birational to Y.

Proposition 4.10 Z has a component birational to Y which maps birationally onto
each copy of Y if and only if the two projections my,m2 from Y to X differ by a

birational map ¢ : Y — Y i.e. the following diagram commutes:

¢

NP

X

Y

Y
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In the above case, Z consists of two components, each of which is birational to Y and
which map birationally onto each factor of Y. Otherwise, Z is irreducible, and maps

2-to-1 onto each factor of Y.

Proof: Set-theoretically, Z can be written as

Z ={(y1,y2) €Y x Y | oy = mya}.

Consider the diagram

/\
\/

(The copies of Y are labeled separately to avoid confusion.)
To prove the “if” direction: Suppose that my = ¢mr;. Then there is the following
commutative diagram:

Z

Yl/"’\ya
N

Then for a sufficiently general point p € Y3, the points of Z lying over p are (p, ¢(p))

and (p, 7¢(p)), where 7 is the automorphism of Y which interchanges the fibres of ;.

Then the subset of Z given by

{(p,9(®)) | p € Y1, ¢(p) defined}

is a dense open subset of a component of Z birational to Y. In this case,

{(p,70(®)) | p € Y1, ¢(p) defined}
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is also a dense open subset of a component of Z birational to Y, and Z is composed
entirely of these two components.

Conversely: suppose that Z has a component Y’ with birational maps ¢, ¢, onto
Y1, Y respectively. Define ¢ = ¢o¢;™". Then ¢ has the required property; i.e. the

following diagram commutes:

'YI
v\
¢
\ri V
X

If Z does not have a component birational to Y, then any component of Z must

Y Y,

map 2-to-1 onto each factor of Y, since Y is irreducible. But the maps from Z to

each copy of Y are already 2-to-1, hence Z has just a single component. O

Proposition 4.11 Suppose Z has a component Z' whose image W' in X x X maps
birationally to each factor of X. Then Z' is birational to Y, and hence the two maps

from'Y to X differ by a birational automorphism ¢ of Y.

Proof: Suppose Z' exists as in the statement. Then W’ is the graph of some

automorphism o of X, and the following diagram is commutative:

ZI

Yfl/ YY
AN AN
- 0~

g

X, X3

(The X and Y are labeled separately to avoid confusion.) Suppose Z’ is not birational
to Y; then by Proposition 4.10 the maps g;, g2 from Z’ to Y; and Y, are generically

2-to-1. We will show this leads to a contradiction.

80



Consider a point p € X;. For a suitable general choice of p, the preimage of p in
Z under f; is four points 21, ... , z4. Moreover, fo(z;) = o(p) for all 1 < i < 4. Hence,
the image go({z1,...,24}) consists of two points in Y3, since only two points of Y;
map to o(p), namely the two points in the fibre 75 (o (p)).

Let {q1,¢2} = g1({21,--.,21}) and {r1,72} = g2({z1, ..., zs}). Recall that we can

express the points of Z as ordered pairs of points of Y, so that

{21,22,23,24} = {((11,7‘1), ((11,7”2), (Q2,7”1), (Q2,T2)}-

But this means that m2(q1) = m2(g2) = m(r1) = m1(r2) = s for some point s € X,.
In particular, the fibres of m; and the fibres of 7y coincide. But this means that the
maps m; and 7o differ only by an automorphism p of X, which means that Y sits as

the graph of p in X x X, contradicting the fact that Y is a bidegree (2,2) divisor. O

Theorem 4.12 Let £ be a rank 2 locally free bimodule supported on an irreducible
curve Y in X X X, such that the projections m, 7o from Y onto each factor of X
are finite of degree 2. Then £ is admissible if and only if there exists a birational
automorphism ¢ of Y and an automorphism o of X such that (i) my = m ¢ and (i1)

the following diagram commutes:

2
y 2y
X——X

Proof: Suppose £ is admissible. By Theorem 2.8, W must contain a component
which maps isomorphically to X by each projection. Then by Proposition 4.11,

Y Xx Y has a component birational to Y, and there is a birational automorphism ¢
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of Y and an automorphism ¢ of X which give us the following commutative diagram:

Following the three outside curved arrows gives the requisite commutative diagram.

Conversely, if the two projections 7y, 75 differ by an automorphism ¢, then Y x x Y
has a component birational to Y, and the existence of o and the commutative diagram
ensures that this component will project to the graph of o in X x X. We can then take
@ to be any rank 1 locally free bimodule supported on the image of this component
in W. Furthermore, since Y itself does not have any component isomorphic to X, it
does not have any rank 1 locally free subbimodules, and hence any rank 1 locally free

subbimodule of £ ® £ will automatically be admissible. [

Corollary 4.13 Suppose X is a curve, with the genus of X not equal to 1, and let
& be a rank 2 locally free admissible bimodule as above, supported on a smooth curve

Y. Then the automorphisms ¢,0 of Theorem 4.12 are of finite order.

Proof: Let g(X), g(Y) denote (respectively) the genus of X and the genus of Y.
If g(X) > 1, then g(Y) > 1 as well, and all automorphisms of X and Y are finite.
So we are left with the case where X is rational. Since Y is an irreducible divisor of

X x X of bidegree (2,2), the genus formula gives that:

o) = Y +K)+1
1

= 5(2,2).(0,0) +1

= 1.
Hence, the Riemann-Hurwitz formula states that there are four points py,...,ps of
X over which the map m; is ramified, with preimages qi, ... ,qs. But since ¢ maps
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fibres of m; to fibres of 7y, it must preserve the g; set-wise. Thus ¢?* thus fixes the
points ¢qi, ... ,qs pointwise (since any element of the symmetric group ¥, has order
dividing 12). But any automorphism which fixes four points of a curve must be finite
order, so ¢** is of finite order, and hence so is ¢. But by Theorem 4.12, m¢?™ = o™n,.
Hence, for N such that ¢* = idy, we conclude m = o¥V7y, hence oV = idy. O
This argument does not hold for g(X) = 1, for in that case we could also have

g(Y) =1, with m; an étale cover of X.
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Chapter 5

Examples

In this chapter we will describe some examples of bimodules and their homogeneous
coordinate rings over the curve X = P'. Let u, v be projective coordinates for X.
We will use the following coordinate system: Consider the projection maps pr,, pry
from X x X to X. Often, we will denote the two factors of X as X;, X, to avoid
confusion, where Xj is the image of pr; for i = 1, 2. Let u;, v; be projective coordinates
on X; for ¢ = 1,2. Then we can write the homogeneous coordinate ring of X; x X,

as the subring of k[u;,uz, v1, v, 2] generated by the elements wu;uy, uyvs, v1ug, vVouUsy.

5.1 Bimodule of Differential Operators

Let D be the sheaf of differential operators, given locally on P! by
D = O(z)/(zu — ux — 1),

where u is a local coordinate and y is to be thought of as the differential operator
0/0u. It is more convenient to work with the homogenized version of this algebra,
given by

A=0(z,2)/(zu — uz — z, Tz — 2z, Uz — 2U).

We will construct this algebra as a bimodule algebra as follows.
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Let A denote the diagonal of X; x Xo; i.e.
A= V(’U,l’Ug - ’U1U2)

and let 2A denote the nonreduced curve of degree 2 over the diagonal; i.e. 2A is the
closed subscheme corresponding to the ideal (ujvy — viug)?. Let £ = Oqn. Then £ is
a bimodule of Case 1.

Consider the affine subset U; x U, of X; x X, determined by v; # 0 and v, # 0,
which has coordinate ring

R = k[uy, us).
Then |y is the (affine) module corresponding the quotient

R
(ur — up)?’
As a bimodule, recall that the convention is that the left action of u on X cor-
responds to action of u; on X x X, and the right action of 4 on X corresponds
to the action of us on X x X. Let z denote the identity element of €|y, and let

z = (u; — ug)z. Then, as a bimodule, the relations on £ are
ur — zu = (ug — ug)T = 2

and

uz — zu = (u; — ug)z = (u; — ug)’x = 0.

This is simply the degree 1 component of the sheaf of differential operators.
Moreover, let Q|y be the rank 1 subbimodule of (£ ® £)(U) generated by the

element zz — zx. We must verify that this indeed generates a rank 1 bimodule, by

86



verifying that the left and right modules generated by this element coincide. But

u(zz — zz) = urz—uzz
_ 2
= rTuz+ 2" — 2ur
= zzu+ 22 — 2% — zzu

= (xz — zz)u.

Then set B =T(€)/(Q). Over each affine cover, the bimodule algebra B is given
by

B(U) = k[ul(z, 2)/(zu — uz — 2, z2u — uz, 2z — 12),

which is precisely A(U) as described above.

The same calculations can be done on the other standard affine subset of X; x X5,
namely the set where u; # 0 and u; # 0, and we conclude that B = A. Hence, to
understand Proj B, we need to compute the global sections of A.

Let U,V be the standard affine cover of P!, so that

A(U) = k[u)(z, 2)/(zu — uz — 2, 2 central),

and

A(V) = k[v|[(y, z)/(yv — vy — 2, z central).

Alternatively, A(U) is the Ore extension k[u, z][z;id,d] where & is the derivation
defined by 6(u) = z,6(z) = 0, and A(V) is an Ore extension in a similar fashion.
These are graded algebras, with degu,v = 0 and degz,y,z = 1. The transition

functions from U to V are given by

U — v
T —> —vyv

zZ —r Z
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It is easy to check that the global sections of A are given by the following basis

set of elements of A(U): {z,z,uz,u*r+uz}. Let us in fact choose the following basis

for the global sections:

e = &

f = uwz+uz
h = 2uzr+=z2
z = z

The reason for these choices (and the names that we have given them) will be apparent

when we compute the relations in the algebra A = I'(A).

(£, 7]

[e,h] = eh— he
= z(2uz + 2) — (2uz + 2)x
= 2(uzx + z)x — 2uxx
= 2zx

= 2ez

fh—hf

(ur + uz)(2ux + 2) — (2uz + 2) (U’ + uz)
2ulzuz + 2uzuz — 2uzu’s — 2uTuz

2ulzuz + 2uzur — 2u(uz + 2)ux — 2(ux + 2)z
—2uzux — 22°

—2fz
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e, f] = ef —fe
= z(u’z +uz) — (vl + u2)z
= gulz + zuz — u’z® — uzz
= (uz + 2)ur + (uz + 2)z — u?s® — uzz

= u(uz + 2)T + uzz + urz + 22 — u¥r® — vz

= 2uzz+ 2°

= hz

We also get the relations [e, z] = [f, 2] = [h,2] = 0, and also the relation h? =
def — 2hz — 22.
These relations are exactly the relations of the homogenized enveloping algebra of

sl modulo a central quadratic element. Specifically,

H(B[g)

A= (h — def — 2hz — 22)

where H(sly) is the homogenized U(sl,), given by the relations:

ke, f, h,z)
le,h] — 2ez, [f,h) +2fz, [e, f] — hz, [e, 2], [f, 2], [h, 2]

There is a more general theory relating quotients of homogenized U(sl;) and dif-

ferential algebras over P?; see [LbS] and [V] for details.

5.2 Quantum P! x P!

Let 0,7 be automorphisms of P!, with graphs S =T, and T =TI, in P! x P!, Let
€ =0r,(1)®Or, (1). This is a bimodule of case 2 or 3 (depending on whether o = 7
or g #T).

€ is a bimodule which is isomorphic to O(1) @ O(1) as either a left module or a
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right module, and hence the resulting noncommutative scheme may be thought of as
a quantum version of P(O(1) & O(1)) = P! x PL.

Since we wish to discuss the left and right multiplication operations on this bimod-
ule, it will be useful to write o and 7 in some “normalized” form. In other words, we
will want to choose convenient projective coordinates [u, v] for P! in such a way that
o and 7, when written as elements of Aut P! = PG L,, will have nice representations.

Recall that an automorphism of P! has exactly one or two fixed points. We have
four cases:

(1): 0,7 do not have a common fixed point. Choose projective coordinates u, v so
that [0, 1] is a fixed point for o and [1,0] is a fixed point for 7.

(2): o has two fixed points, with exactly one fixed point in common with .
Choose projective coordinates u, v so that [0,1] is the common fixed point and [1, 0]
is the other fixed point of 0. If o, 7 have a fixed point in common with ¢ having only
one fixed point and 7 having two fixed points, interchange o and 7.

(3): 0,7 each have two common fixed points. Choose projective coordinates xy, T,
so that [0,1] and [1, 0] are the fixed points. This includes the case where o = 7.

(4): 0,7 have only one (common) fixed point. Choose projective coordinates u, v
such that [0, 1] is the fixed point, and so that o([1,0]) = [1,1].

Then we may represent o, 7 as elements of PG L, as follows:

Case o T

a 1 1 0
(1)

01 b ¢

a 0 c 1
(2)

01 01

a 0 c 0
(3)

0 1 0 1)

11 c d\
(4)

01 \0 1

where, in each representation, a,b,c,d must be nonzero. These representations
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act on the point [u,v] on the left; e.g. in Case (1),

o([p,q]) = [ap + ¢, q]

a 1) |[p ap+q
0 1/ \q q
Let us now examine how the representations of o and 7 determine the left and

right actions of Op: on €. Let s,t be non-zero global sections of Og, Or respectively.

As an Ox, xx,-module,

Il
o

(o(u1) — ug)s

(T(’U,l) — U2)t = 0.
Hence, as an Ox-bimodule, for an open set U C P! and a section a € O(U),

sa = o(a)s

ta = 7(a)t.

This allows us to write the bimodule relations for the bimodules in each of the
four cases above (keeping in mind that u and v do not act directly on s and ¢, but

instead rational functions of u and v act on s and t):
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Case(1): su = aus+wvs
su = wvs
tu = ut

tv = dut+ cut

Case(2): su = aus
sv = wus

tu = cut+ vt

tv = vt
Case(3): su = aus

su = vs

tu = cut

tv = ot
Case(4): su = us+wvs

su = vus

tu = cut+ vt
tv = vt
These relations give us the full information on how the bimodule multiplication
laws work. In particular, if z is any section of £ over an open subset U, then = can be
written as £ = zg+ z7, for suitable zg € Og(U), zr € Or(U), and for any a € O(U),

we can write a = f(u,v) for a suitable rational function f. We then have

za = (zs + zr)f (v, v) = f(o(u), 0(v))(zs) + F(7(u), 7(v))(zr)-

Note that this bimodule action is a bit unusual, as f(o(u),o(v)) € O(cU) whereas
f(7(u), 7(v)) € O(rU), which are in general different open sets of P1. So our bimodule

£ is not a bimodule locally on some open set U unless cU = 7U.
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Case (1) : (ss)u = (a’u+ (a+ 1)v)(ss)
(ss)v = w(ss)
(styu = (au+v)(st)
(st)v = (adu+ (c+ d)v)(st)
(ts)u = ((a+d)u+ cv)(ts)
(ts)v = (du+ cv)(ts)
(thu = u(tt)
(tt)v = ((cd+ d)u+ 2v)(tt)
Case(2): (ss)u = (a?u)(ss)
(st)u = (acu+ v)(st)
(ts)u = (acu+ av)(ts)
(tu = (Pu+ (c+1)v)(tt)
v commutes
Case(3): (ss)u = (a’u)(ss)
(st)u = (acu)(st)
(ts)u = (acu)(ts)
(t)u = (cPu)(tt)
v commutes
Case(4): (ss)u = (u+2v)(ss)
(styhu = (cu+ (c+ 1)v)(st)
(tshu = (cu+ 2v)(ts)

)y = (Pu+ (c+ 1)v)(tt)
v commutes

Figure 5-1: Bimodule action on £ ® £

We can also write down the bimodule actions for the tensor product £ ® £, as

shown in Figure 5-1.

In order to find a rank 1 subbimodule Q@ C £ ® £, we must find a section y, given
by
Y = €188 + C38t + c3ts + cyitt

such that Oy = yO. Furthermore, for this subbimodule to be admissible, we need at

least two of the coefficients ¢; to be nonzero. This gives the following table:
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Case | Non — zero coefficients | Conditions
(1) c1,Cs a=c=-1
(2) C1,C4 c=—-1,a==1

C2,C3 a=1
(3) €2,C3 any

C1,C4 a==c

any a=c
(4) any c=1

Let us consider a specific example from case (3); i.e. o, 7 have two common fixed
points. Let U be the open set defined by v # 0. Then O(U) = k[w], where w = u/v,

and the bimodule relations are given by

sSw — aws

tw = cwt

Let us choose Q to be the sub-bimodule of £ generated by st — gts for some q € k.
We now wish to compute global sections of £. Since £ = O(1) & O(1) as a right
module, the global sections have as a basis {s, ws, t,wt}. Let these sections be denoted
by {z1, %2, 3,4} respectively. Then the multiplication relations in the algebra are

given by the following (note s and ¢t commute because of the relation given by Q):

ToT; = WSS = a lsws = alzy29
_ _ -1 _ -1
r3z; = ts = q st = q 7173
T4z = wts = ¢ lalswt = g lalzizy
T3Ty = tws = q lestw = q lexazs
_ 1.1 N
TyTy = witws = g a0 ‘cwswt = @ "a CIZ4
TaT3 = wit = c ltwt = clzyzy
T1Zy = swt = clstw = c 2,25
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So the algebra is the quotient of k(z1, s, 3, Z4) by the relations:

Tol1 — a*lxlxg
-1

T3Ty —q "CT2T3
-1

T3 —q "T1T3

=11

TyZT2 —q " "CTaZ4
-1,—1

TaZ1—q G "T1T4

TaTs — ¢ lT32y

ZT1%4 — C 10T

and it is easy to see that this algebra has the correct Hilbert series to be a quantum
quadric surface. In particular, if a = ¢ = ¢ = 1, then this is simply the homogeneous

coordinate ring of P! x P!

5.3 Quantum Quadrics from Sklyanin Algebras

Let Y be an elliptic curve, o be an automorphism of Y given by translation by a
point of E, and £ be an invertible sheaf on Y. Then one can define the 4-dimensional
Sklyanin algebra A = A(Y,0,L). The definition is rather technical; see [LvS] or [SS]
for details.

The 4-dimensional Sklyanin algebra has very nice homological properties. In par-
ticular, if Q is a degree 2 central element of A, then the quotient algebra A/AXQ is
a “quantum quadric surface”: it has the same Hilbert series as the homogeneous

coordinate ring of the commutative quadric surface, namely

k[a,b, ¢, d]
(ad — be)’

Also, A/AQ has two families of line modules, which correspond naturally to the two
sets of ruling lines on a commutative quadric surface. (See [LvS] or [SS] for the specific
constructions.)

Van den Bergh has shown (in [V]) that the 4-dimensional Sklyanin algebra may
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be constructed as the algebra of global sections of a bimodule

B=T(E)/R

where £ is an Op:-bimodule and R is a subbimodule of T'(€) generated by a rank
1 subbimodule of £ ® £. Moreover, £ is supported on an elliptic curve in P! x P!,

isomorphic to Y, which is finite of degree 2 over each factor of P!.
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