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ABSTRACT

This investigation presents an approach that removes the ambiguities
usually found in the electrodynamics of moving bodies, as well as the mathe-
matical tool necessary for the development and application of a self-
consistent theory.

An analysis of these ambiguities is made, including & brief description
of the paths followed in the past for their removal. In addition, the
necessity of a relativistic approach even for small velocities is justified.

A brief review of the fundamental concepts of vector and tensor analysis
necessary for the development is also made.

After a presentation of the postulates used, a matrix notation which
is most convenient for the four-dimensional formulation of the theory is
developed. This notation is applied to derive relativistic mechanics and
electrodynamics as a consequence of the postulates.

An investigation of the fields in materials and of the influence of
motion on their interaction is made, thus clarifying the physical meaning
of the different entities in terms of this approach.

The general equations of motion are developed and compared with
Minkowski's formulation.

The conclusion is reached that this approach eliminates the ambiguities
previously existing and that, by an experimental investigation of the
detectable differences in the strains of a body in an electromagnetic
field, it will be possible to determine the adequacy of the approach.

Thesis Supervisor: David C. White
Title: Associate Professor of Electrical Engineering
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CHAPTER I

INTRODUCTION

1.1 Objective and Introductory Discussion

Electromechanical energy conversion devices rely for their operation on
the interaction between fields and moving bodies. Faraday's law is generally
sufficient for the analysis of the usual devices, which are based on electro-
magnetic induction, even though some of the physical details are not con-
sidered.(l’z) This is so because‘in the conventional electromechanical
energy converters only electromotive forces are of interest. However, in
trying to shed some light on the general conditions of electromechanical
energy conversion, where a more general analysis is required, consideration
of the rigorous laws of electrodynamics of moving bodies becomes essential.

In trying to establish a general procedure for analyzing the influence
of motion on the electromagnetic fields it was soon realized that the usual
classical procedure found in the engineering literature was marred by funda-
mental ambiguities. As a result, many amusing yet instructive paradoxes may
be found, the endless discussion of which still appears in the engineering
literature.(3’h’6) .

The situation seems to be better in the physics literature. Due to the
fact that the physicist works at a more fundamental level in the quest for
the laws of nature, the difficulties above mentioned appeared at an early
stage. Thus there appeared the profound possibility of defining an absolute
state of motion, which could be detected by electrodynamicael means. The nega-
tion of this possibility, as given by experiment, initiated the development
of the special theory of relativity, the far-reaching conclusions of which

have been thoroughly checked. The maJority'of the paradoxical results of
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the electrodynamics of moving bodies then lost their significance and, even
though not treated in detail, could be dismissed as meaningless.(a) The
physicist, due to the self-consistency of the theory at a very fundamental
level, can confidently expect that a rigorous approach, based on the special
theory of relativity, will give no paradoxical results in the solution of
these problems.

Unfortunately, this assertion is true only for fields in vacuo. When
fields in materials are considered, ambiguities in the definitions of the
fields themselves are still admittedly existent, giving uncertain results

even for the case of stationary bodies.(lo)

This does not trouble the physi-
cist of today greatly because of the well-known fact that matter is camposed
of particles whose interaction ultimately expleins its properties. For the
regions between particles, electrodynamics in vacuo is necessary and does
not involve any ambiguity. For the particles themselves, in whose interior
electrodynamics in vacuo would not apply, there is enough evidence for the
belief that other important actions have to be considered, the full under-
standing of which still lies in the future. At the present it seems futile
to expect a solution in purely electrodynamical terms, for it is known that
very important quantum mechanical aspects play an all-important part in the
equilibrium among particles.

Yet the engineer is faced with the problem of studying electromechanical
devices in which electrodynamics of moving bodies is a necessary tool, and,
in order to conduct a really meaningful quest for the conditions of electro-
mechanical energy conversion, the existing ambiguities have to be eliminated.

With reference to the electromagnetic fields in vacuo this is possible

by the use of the special theory of relativity. But for this purpose this

theory has to be used as a tool and not as a collection of results. It is
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one of the purposes of this work to show that only a few elementary concepts
of vector and tensor analysis are necessary for the successful resolution of
this situation. In addition, by the use of partitioned matrices, it is pos-
sible to keep the usual three-dimensional entities in evidence, avoiding the
loss of the physical reasoning due to the mathematical complexities.

It is here attempted to develop the theory of the electromagnetic field
in materials from the premise that its only source is electric charge. Thus
the interaction between fields and materials is assumed to arise from internal
charges.¥

A self-consistent development results, giving the majority of accepted
conclusions and eliminating the ambiguities mentioned. A measurable differ-
ence arises, however, with respect to internal stresses in materials, and this
will allow an experimental verification of the adequacy of the above-mentioned
hypothesis.

A brief discussion of the classical approach will follow in order to
show the necessity of the relativistic approach.

1.2 Principles Used in the Classical Approach

In this section some of the principles and theories used in the past in
the analysis of the interaction between fields and moving bodies are stated
and discussed. They are not all independent, but they are generally taken
as self-consistent. It will be shown that this is not so and that in the
resulting contradictions lies the source of most of the usual paradoxes.

The theories and principles to be discussed are the following:

(a) Classical mechanics. This theory is built on the assumption

that the three-dimensional space of the variables x, y and z forms a

completely separate entity from the variable t (time).

*This is by no means the unique possibility. Professor L. J. Chu has investi-
gated recently the possibility of considering magnetic charges and currents
as additional sources of the electromagnetic field.(l6)
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It is then possible to treat the mathematical entities necessary
for the development of the theory as being defined in the three-dimensional
space of x, y and z, containing in addition the time t as an independent
parameter.

(b) Principle of relativity as applied to systems in uniform
motion. This principle is used in the past results from the invariance
of the laws of classical mechanics under a Gallilean transformation,
which is

r'=r-vt

t' =1t
where r is the position vector of én event happening at time t, and the
primes refer to a frame in uniform motion with velocity v with respect
to the unprimed frame.

This principle will be briefly called Gallilean relativity, meaning
invariance of physical (or mechanical) laws with respect to Gallilean
transformations.

(c) Maxwell's equations. Classically all entities are here con-
sidered as three-dimensional, and four equations connecting the field
vectors to their sources result. These entities are also functions of

the independent parameter t.

(d) Transformations of vector fields.(u’ll’l5)
E'=E +vxB
B'=B - ELE%;Q (sometimes simply B' = B)
c
where
E = electric field vector
B = magnetic induction vector
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¢ = ——— = velocity of electromagnetic waves in vacuo

and the primes refer to a system moving with velocity v with respect to

the unprimed system.

(e) Transformations of the sources of the field vectors.(lS)
p' =p
J'=3-pv
where
p = charge density

J current density.
The first of these equations results from the conservation of
electric charge, which in turn results from Maxwell's equations.
The second one is due to the experimental determination of the
equivalence between current and moving charge.
(f) ZLorentz's force density.
f=pE+ jxB

It is immediately apparent that, due to the transformation law of j,
this force density, and consequently the force, depends on the state of motion
of the reference frame, a fact which is in contradiction with classical
mechanics.

Even more fundamental in character is the inconsistency between Gallilean
transformations and the transformations of field vectors. In fact, consider-
ing a system Q' with velocity v with respect to a system 0, and a system 0"
with velocity u with respect to O', according to the Gallilean transformations

0" will bave velocity (u + v) with respect to 0, but the field vectors will

be the following:

vxE)

2
c

E"=E'4+4uxB'=E+vxB+ux (B -



E'"=E+ (u+7v) xB-=5ux (v x E)
c
and
gt JWxXE' o vXE 1
B" =B 2 =B 2 2 ux (E+vxB)

B - 55 (u+v) xE - ;5 ux (v xB)
c c

B"

In order to be consistent with Gallilean transformations the last term
of each expression should be zero. In particular, for u = - v, that is,
making the system 0" fixed with respect to O, the following meaningless

result is obtained:

E=E+ 25 vx (v xE)
' c

B=3B+ £§ v x (v x B)
c

It might be argued that the inconsistencies disappear if terms of the second
order in v/c are neglected, and so, no contradictions will arise if only
terms up to the first order terms in v/c are considered.(e)

This is not true, however, of the contradiction existing between the
transformation of field vectors and the transformation of sources. 1In fact,
if Maxwell's equations are to satisfy the principle of Gallilean relativity,
then they should hold in two different frames O and 0O', where O' is moving
with constant velocity v with respect to 0. This will imply an error of the
first order in v/c.

Considering for simplicity a case in which the field vectors are time
invariant in both frames, then the sources in O' can be obtained by teking
<' x B! and ¥v' - E&E', vhere the primes refer to quantities and operations

in the system O0'. But according to the Gallilean transformations as applied



to the time invariant vectors
v' xB' =¥ x B!
and

' . ' = .
< EbE A\ SBE

This means that the current density should be obtained from:

1

5 Vx(vxE)=j- £V x (v x E)
o o c p.oc

1 1 1
T 'L - = = -
=0V x B' = " v x (B VXE) =] 5

The second term can be transformed by the use of the formula:
Vx(vxE)=v(V+E)-E(T' V) +(E  -)v - (v V)E
and since for the case of uniform velocity
Vveov=0
and
(E +V)v=0
with the additional fact that
(v -VE =0
because the field vectors were assumed to be non time varying in O' also.
The current density is then given by

j'=3 -v(v- E&E) =3 - pv

This shows that the transformation of current density is in agreement
with the transformation of field vectors. In addition, it is clear from the
derivation that the term pv is the source corresponding to the term (v x E)/ce.
It is to be concluded that the term (v x E)/c2 will be negligible if and only
if pv is negligible. That is, the c2 in the dencminator is a consequence of
the choice of units, and does not mean that (v x E)/c2 is always negligible.
In other words, this term is not of the second order in v/c.

The charge density is obtained as follows:
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p' =V (€OE')=6§7- (E+va)=p+£oV- (v x B)

The second term can be transformed by the formula
V:-(vxB)=BN=xv)-v-: (xB)
and, since
Vxvs=0

there follows

637 + (vxB) =~ éouov cj=-2 ;23

Consequently, the transformation of charge density consistent with -the

transformation of fields is

1
©
]
:

p!

and not

p' =p
Here again, (v . .j)/c2 is a first order term corresponding to the term v x B.
Again the c2 in the denominator of the charge density term is a matter of
units and does not imply that this term is, in general, negligible. Only in
the cases in which charges of the same sign are present at a given point does
this term become a second order correction, because then

j=opv
and

2
p'=p(l-§)

However, the existence of charges of different signs may produce situations

in which



is very small, yet

J ’Z Pi¥s
1

is large; consequently, the (v - J)/c2 term is the predominant effect.

This is particularly true in cases involving conduction in metals. At
this point it is important to notice that this difficulty can be avoided by
accepting the fact that Maxwell's equations are not invariant under Gallilean
transformations, that is, that they do not comply with Gallilean relativity.

These equations should then be applicable to a special reference frame,
and fields in other frames should be obtained by the transformation equations.
This will imply that the v x B term is directly ascribable to the state of
motion of the frame and will be in a sense a measure of its velocity with
respect to the preferred frame., In the past these considerations appear to
have led to two classical approaches differing widely in philosophy, which,
however, can be expected to lead to the same results as far es first approxi-
mations are concerned, if applied properly. These approaches are briefly
discussed in the next section.

1.3 Brief Historical Background

The two different philosophies referred to stemmed mainly from the 4if-
ferences existing between the approaches of the machinery engineers and the
propagation engineers.

In electromechanical engineering the constant necessity of handling the
interplay between electric fields and moving circuits tends to make the
intuitive picture of fields by lines of forces seem more fundamental than it
really is. This is mainly because Faraday's law of induction has to be used
generally, and this law is more than a simple consequence of Maxwell's equa-

tions for vector fields. As a result, an intuitive feeling about the existence
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of an almost material field, pictured by lines of forces, arose. It was Jjust
a short step further to attach these field lines to the sources, and from
this it seemed quite obvious that they should share, in a rigid way, the
motion of their sources. In contraposition, the propagation engineer, having
to handle electromagnetic waves (which are strictly a consequence of Maxwell's
equations) had to have a more fundamental knowledge about the mathematical
aspects of these fields and had to understand clearly that they are defined
with respect to an observer. In additicn, being familiar with these fields
propagating themselves in vacuo, he could not possibly fall into the mistake
of attaching them to the sources. On the other hand, this point of view
created the idea of a medium (the ether) for the propagation of these fields.
There followed the assumption that Maxwell's equations should be true for a
frame at rest with respect to this medium, and transformations should be
applied in going to any other frame.(s)

The propagation engineer's point of view has been closer to the physi-
cist's, and, since he seldom had to consider materials in motion, he could
consider Maxwell's equations to be true in the observer's frame. Thus he
did not need to worry about the possibility of different observers and the
consequent contradictions.

This allowed him to use the methods of the physicist without regard to
the important fact that relativity does not hold for them.

The electromechanical engineer on the contrary, by having to use
mechanics, was well aware of this difficulty and was always reluctant in
abandoning the principle of relativity. The consideration of the fields as
attached to the source led to fewer conceptual difficulties in this respect.(u)

It is fairly easy to make the idea of fields carried by their sources

rigorous.



-11-

In order to do this it is sufficient to define the field vectors in the
rest frame of the source. By rest frame of the source is meant an inertial
frame in which the source is at rest at the instant under consideration.

According to this definition, the moving field point of view can be
considered as a point of view assuming the validity of Maxwell's equations
in the rest frames of the sources, and requiring the use of the transforma-
tion laws for the determination of the field vectors in the observer's frame.
Of course, superposition has to be used for the case of many sources in
different states of motion.

This clearly shows that, in the case of a source whose different points
have different velocities (case of rotation, for example), Maxwell's equations
have to be used in the rest frame of each point of the source, then trans-
formed to the observer's frame, and finally a summation has to be made in
order to obtain the field vectors in the observer's frame. It is clear that
the velocity to be used in the transformation formulas has to be the velocity
of the source element under consideration. This procedure evidently gives
results completely different from those obtained by considering the field

lines rigidly carried by the sources. It amounts to taking, for instance,

&Jq v_x dB,
s
Vol

where Vg is the velocity of the element of source producing dB, instead of

v, X B, where v

P is the velocity of the field vector imagined as rigidly

(5,7)

£

carried by the motion of the source.
In this manner, it can be shown that both approaches lead to the same

first order results, in the majority of cases, and the predictions of the

carried field theory which are wrong (as shown experimentally) can be brought

into agreement with experiment.
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In physics, both approaches had to be discarded, because of the fact
(verified experimentally) that the speed of propagation of electromagnetic
waves is independent of both the motion of the observer and of the source.
In the ether theory this velocity is independent of the velocity of the
source, but depends on the velocity of the observer, and thus can be used to
detect his motion. In the carried field theory the velocity of electro-
magnetic waves in vacuo is dependent on the relative velocity between
observer and source. Even though this conclusion does not contradict
Gallilean relativity, it is not verified experimentally.

Experiment then pointed to the fact that Maxwell's equations are valid
in all inertial frames, independently of their state of motion, and electro-
magnetic waves in vacuo behave as if they were waves in an ether fixed with
respect to any chosen inertial frame. This led to the discovery of the
appropriate transformations between inertial reference frames, namely Lorentz
transformations, under which Maxwell's equations are invariant. The main
contribution of Einstein was‘to show that this implied a modification of the
concepts of space and time.(a) After that Minkowski indicated the mathe-
matics appropriate for the new concepts of space and time.(8) Finally, the
modifications in the theory of mechanics necessary to satisfy the principle
of relativity utilizing Lorentz transformations not only proved to be true
experimentally, but induced conceptual changes (like the equivalence of mass
and energy, for instance) which opened new paths for the explanation of many

(9)

obscure and puzzling observations of physics. Today, it is beyond doubt
that Maxwell's equations are a consequence of the behavior of the space-time
continuum, the behavior of which cannot be understood in classical theory,

and that any law of physics has to comply with the requirements of this

kind of relativity, which will herein be briefly called Einstein relativity.
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1.4 Preliminary Approach

The realization that the main source of difficulty existing in the
carried field theory arose from the misunderstanding of the transformations
required for the case of non-uniform motion, opened the possibility of resolv-
ing the internal contradictions existing in this viewpoint. Moreover, the
rigorous definition of moving fields showed that both points of view, the
moving fields and the fixed fields, are actually particular cases of a
general approach in which fields may be defined in any convenient state of
motion., It was thus expected that both approaches should agree within terms
of the first order in v/c. This is in fact true, and both viewpoints predict
that the transformations of sources compatible with the field transformations

should be

il
.
'
©
2

J'l

pr=p-v_'_sj.

In the moving field approach the new term (v - j)/c2 in the transformation
of p arises from the divergence of the electric field in the primed reference
frame. In the fixed field theory, this term can be easily shown to result
from the equilibrium of conduction current charges within a conductor in
motion through the field. For the case of convection current the situation
is not clear at all, unless the charges are considered as carried by particles,
and the fields are computed by adding the fields of the individual charges.
The fields of the charges have to be calculated by retarded potentials. The
final result is equivalent to the use of the term (v - j)/cg.

Incidentally, it is interesting to point out here that a calculation
of the field of a particle in motion, by retarded potentials, gives an indi-

cation of the space contraction due to the state of motion, which, in the
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past, was attributed to an effect of the motion ﬁhrough the ether. This
interpretation had to be abandoned because the experimental discovery of the
validity of the principle of relativity for electromagnetic phenomena required
the same contraction to be attributed to the relative motion, with no refer-
ence to an ether.

In order to avoid these difficulties of interpretation and, in addition,
to keep the advantages and flexibility afforded by the use of the principle
of relativity, a purely phenaomenological approach along the lines of the
generalized moving field theory was tried. It might be in order to mention,
as a clarification, that many problems that require complicated integrations
of retarded fields may be easily solved by a transformation, if a convenient
frame is chosen.(ll) It was soon realized that this approach led to the
necessity of abandoning the principle of conservation of charge. In addition,
ambiguities arose in trying to define the state of motion with respect to a
current, unless this definition was restricted to conduction current, an
approach which implies the introduction of ideas extraneous to electrodynamics.

This is certainly too much patch work at a fundemental level and requires
the abandonment of some very fundamental facts well-established by a rigorous
theory. Such a high price is not warranted by the meager advantage of obtain-
ing a self-consistent, approximate theory which does not even remove the
contradictions with mechanics. This last statement follows from the obser-
vation that force in mechanics does not depend on the state of motion of the
inertial frame used, while Lorentz force changes according to this state.

This contradiction was difficult to understand in face of the usual
statement that for small velocities Einstein relativity is approximated by
Gallilean relativity and that, consequently, a classical approach may be

safely used. This difficulty disappeared with the realization that Gallilean
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transformations are the limit of Lorentz transformations when c¢ tends to
infinity but are not first order approximations in v/c of the Lorentz trans-
formations. It will be shown that in the approximate Lorentz transformations
contractions are disregarded, but the interdependence between space and time
cannot be disregarded. In order to consider time independent of the state

of motion of the reference frame, it is necessary to restrict the transforma-
tions of coordinates to a sufficiently small region, while the transformations
of the different physicel entities may have to satisfy additional restrictive
conditions. These additional restrictions are generally not met in electro-
dynamics.

The consequence of these considerations is that even in an approximate
theory time cannot be considered as a parameter but has to be a variable
differing between inertial frames. Thus, there will be no gain in intuitive
thinking by using an approximate theory. The concepts have to be defined in
essentially the same way used in the rigorous theory. In addition, one has
to be continually discarding terms of the second order in v/c in order to
avoid meaningless results arising from the use of an approximate theory.

The final conclusions reached by this preliminary investigation are
the following:

(a) space and time concepts have to be in agreement with Einstein's
relativity even for an approximate theory of electrodynamics of
moving medisa;

(b) all other physical entities, being defined in this kind of space-
time, have to be understood according to this new way of thinking,

(¢) no advantage exists in an approximate approach.

The necessary method of approach is then bound to use Einstein's

relativity as a tool and not as a collection of results. This can be
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accamplished easily with the help of a few concepts of tensor analysis which
lead to the four-dimensional formulation of the laws of physics., Unfortunately,
the conciseness of thought and notation afforded by the four-dimensional
formulation is gained at the high price of loss of clarity in physical think-
ing, due to the loss of track of the role of the three-dimensional entities
which are ultimately to be used. This disadvantage may be overcame by the

use of partitioned matrices which can always keep clear the composition of

the four-dimensional entities. The next section will show how these ideas

can be used.

o
1.5 Vectors, Tensors and Matrices(1“’15’lh)

As already mentioned, the essential novelty in Einstein's relativity is
the fact that time has to be considered as a fourth varisble. Thus, associ-
ated with every inertial frame of reference there is a paerticular time which
changes when transformations are made to another inertial frame. In addition,
the three-dimensional space of the variables x, y and z also changes when
changing to an inertial frame in a different state of uniform motion. Con-
sequently, all the physical entities have to be considered as defined in the
four-dimensional space of x, y, z and t.

The principle of relativity requires that the laws of physics should be
independent of the particular frame of reference in which the physical entities
are defined. In other words these laws should be laws among the four-
dimensional entities and not simply among particular coordinates of these
entities.

The apparent difficulty in establishing these laws and operating with
them arises from the lack of geometrical intuition with reference to spaces
of dimension larger than three. The situation is analogous to having to

operate with the coordinates x, y and z without having any geometrical
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intuition about three-dimensional space.

Vector analysis is a construct specially designed to benefit fram this
geometrical intuition. For instance, once three functions are recognized as
coordinates of a vector all of the deductions can be made directly in terms
of the vector, making all of the consequences independent of reference frames.
This not only affords an advantage in conciseness of notation and thought by
uniting three entities into one, but also allows the corresponding three
laws in any convenient reference frame to be obtained at once when necessary.
From a practical standpoint, this last observation is the most important.

Since all calculations must ultimately be made with the coordinates, a
knowledge of their value in every possible frame gives all the necessary
information., This knowledge is furnished by giving the coordinates in one
particular reference frame and the law of transformation to any other frame.
This last procedure is obviously independent of any geometrical intuition
and can be used for the complete characterization of the necessary entities.
Obviously, this is the procedure to be used in spaces of more than three
dimensions.

A brief account of the important considerations and definitions of this
procedure as applied to three-dimensional space will now be given in prepara-
tion for the developuent of the method and notation to be used in this
investigation.

Scalar - A scalar is an entity characterized by its value at every point
of space. Since a point is given by its three coordinates in a given refer-
ence frame, a scalar is analytically represented by a function of the three
coordinates of the point in the given frame. Its independence of the refer-
ence frame chosen implies that a change of reference frame simply induces a

substitution of variables in the function characterizing the scalar.
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The transformation of reference frame is generally given by the trans-

formation of coordinates of the points of space as follows:

x=x(xt) y', z')
V=Y(X': y', z')
z = z(x', y', 2')

and the substitution gives for the scalar
o(x,y,2) = olx(x',y',2"), y(x',y',2'), z(z',y',2')] =¢ (x',y',2")

Vector - A vector is an entity typified by a directed segment. It is
given in a reference frame by its three coordinates. In other words, it is
given by an ordered set of three functions of x, y and z. When a change in
reference frames is made, the three functions have to undergo a transforma-
tion equal to the transformetion of the coordinates of a directed segment in
addition to the substitution of variables.

From now on, for simplicity, the development will be restricted to
linear orthogonal transformations, which will be sufficient for this investi-
gation. Linear transformaetions are conveniently handled by the use of

matrices. An orthogonal transformation will be given by

r‘* = r + Rr
o)
where

x' X X

o

Vo= ' r = r o=

r y ) o yo ) y
z! Z Z

0

and R is a 3 x 3 matrix of constants such that

where the index % indicates transposition and 15 is the 3 x 3 unit matrix.

From this last relation there follows



or

det R = + 1

The positive sign refers to rotations which transform right handed systems
into themselves and left handed systems also into themselves. The negative
sign indicates transformation from a right handed system to a left handed
system or vice versa, as can easily be seen by noticing that such a trans-
formation can be represented by

- I5P

where P is a rotation.
A segment transforﬁs like the differential of the position vector
dr' = Rdr
Theré follows that a vector is characterized by the transformation
v' = Rv
where v' and v are the 3 x 1 matrices of the coordinates of the vector.
Tensor - In this work only tensors of the second order under orthogonal
transformations will be necessary. With this restriction a tensor may be
defined as an entity that linearly transforms a vector into another vector.
This definition shows that a tensor is independent of the reference frame
in which it is represented by & 3 x 3 matrix T, such that
u="Tv
where u and v are 3 x 1 matrices representing vectors. The law of transforma-
tion of a tensor is obtained as follows:
Since u and v are vectors
u="7Tv

may be written
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t 1
Rtu = TRtv
from which
| 1
ut = RTRtv
showing that
| I
T = RTRt

which is the required law.
Important particular tensors are the symmetric tensors, characterized
by

T= Tt

and the antisymmetric tensors, characterized by

T=-Tt

These properties are independent of the reference frame used, as shown by

the fact that from

there follows

= - - t
T{ = RI,R, = + IR = + T

Scalars and tensors can be constructed by operations with vectors. 1In
fact the dot product of two vectors is a scaler, as is shown by the follow-
ing deduction

ut ¢« v = ulv! = wR.Rv = u

t +5¢ v

t

In this deduction the practice, freely followed from now on, of not making

any distinction between entities and their representing matrices was employed.
Conversely, if u * v is a scalar for an arbitrary vector v, then u is

a vector. In fact, from

—_ iyl = 11!
utv = utv = uth
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there follows, due to the arbitrariness of v

ulR

Uy = Uy

from which
u' = Ru

The product uv, is a tensor, as follows from

u'v

= R(uvt)Rt

Pseudo-scalar - There are important entities called pseudo-scalars which

are characterized by their value at a point, and do not change under a rota-

tion transformation. They behave differently though under more general

transformations. Even the transformations between right handed and left

handed fremes can detect this difference. One example of a pseudo-scalar is

the volume of the parallelepiped constructed with 3 vectors. It is given by
V = det {[abc]

where a, b and ¢ are 3 x 1 matrices representing vectors.

There follows

<
I

det{:R[abc]g = (det R)(det [abc])
That is

V' = (det R)V

in proof of what was said.

Pseudo-vectors or axial vectors - A pseudo-vector or axial vector is a

set of three functions that transforms like a vector under rotation trans-
formations but involves an additional change in sign of all of the components
in changing between left handed and right handed systems.

A characteristic example of pseudo-vectors is the cross product of two

vectors. In fact, the volume previously considered can be written



-22-

where

There follows

mt
a;B' = (det R)atB

The matrix a, can be expressed in terms of a%. In fact, from

a' = Ra

there follows

and so
1 | t
aB' = at(det R)RB
giving the transformation formula for an axial vector
B' = (det R)RB
An antisymmetric tensor has only three independent components, as can be

seen by writing its matrix representation explicitly

The result of its application to an arbitrary vector b may'be obtained by a

cross product of this arbitrary vector with an axial vector having the three
independent components of the given tensor.
In fact
0 a - -
3 a2 bl b2a5 b3a2 b
=Ab= -8, 0 = - =
] 3 ay b2 b3al bla.3 b, x
a, ~al 0 b3 bla2 - b2al b5
The last 3 x 1 matrix is the representation of what is called the complement

of A, and will be represented by



>0
i
o

)
N

c
Its definition may be written using the components of A and A as

c
Ai =A,jk

where ijk is an even permutation of the numbers 123.
So with this definition, the relation
c = Ab
may be written
c
c=bxA
c
That A is an axial vector follows from the fact that c and b are vectors.

Pseudo-tensors may be defined in the same way, but they will not be
necessary in this work.

All the considerations and definitions made can be extended with no
change whatsoever to n dimensional complex spaces, except for those relative
to complements. The extension to four dimensions provides the necessary
mathematical tool for the development that will follow. It will also be

convenient to extend the definition of complement to four-dimensional anti-

symretric tensors in the following way

C
Bis = Pe
where ijk£ is an even permutation of the numbers 123k.
c

Also, A will be antisymmetric, as the explicit expressions below

indicate.
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The material briefly reviewed in this section is sufficient for the
development of the rigorous approach to be discussed in the main part of
this investigation.

Some additional comments pertinent to the four-dimensional formulation

will be made at the proper places.



CHAPIER II

FUNDAMENTAL POSTULATES AND RELATIVISTIC THEORY

2.1 Fundamental Postulates

The point of view teken in this investigation is that electromagnetic
fields describe the interaction of electric charges, and so if materials
interact with electromagnetic fields they should be considered as aggregates
of charges. It is possible, in this way, to remove all ambiguities in the
theory.

It will be seen that & possibility. of an experimental verification of
the theory exists, since it does not give the usual stresses in magnetized
and polarized materials.

The entire mathematical theory rests on five postulates which will be
stated and commented on here. The first four postulates refer to the so-
called fields in vacuo. According to the fifth postulate adopted in this
investigation, materials are considered simply as aggregates of charges and,
therefore, fields in materials are simply fields in regions where charge and
current densities are different from zero. Consequently, the usual dis-
tinction between the case of vacuum and the case of materials loses its
significance.

Postulate 1 - Lorentz law of force on a charged particle

c
F = q(E + v x B)
where

charge upon which force acts

electric field vector due to all other charges

oo = o]
[}

magnetic field vector due to all other charges
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v = velocity of charged particle with respect to the
observer's reference frame

This is a well-established experimental law and can be used for the
definition of the electric and magnetic field vectors produced by all other
charges when the charge on.which the force & acts does not perturb the dis-
tribution of the other charges. The magnetic field axial-vector was indicsted
as g because it is preferable, in this work, to consider the magnetic field
as an antisymmetric tensor B whose complement is g. Then the Lorentz force
will be written

F= q(E + Bv)
from which the tensor character of B immediately follows.

Postulate 2 - A field point of view is allowed. This is the assumption
made in a macroscopic theory, where attention is not focused on the large
oscillations of the quantities which arise on a microscopic scale. This
procedure is equivalent to a smooth extrapolation of the laws verified at a
macroscopic scale to zero dimension. The results are only applicable to a
macroscopic level. This allows for considerable simplification; however,
the discontinuities that arise in the application of this point of view have
to be handled by a well-known limiting procedure.

Accordingly, a force per unit volume msy be defined and written

f = p(E + Bv)
where p is the charge density at the given point. It is now unnecessary to
consider E and B as fields due to the other charges, but as simply the fields
of the charge distribution, because the perturbation due to a finite p at a
given point is an infinitesimal. Surface charges are handled by a well-

known limiting procedure. Introducing the definition

J=pv



-27-

for current density, the force density may be written
£f=Bj+ B
Postulate 3 - Maxwell's equations in vacuc. With the appropriate
boundary conditions these equations determine the field vectors by giving

their curls and divergences.

B AEE) 2
Y X E; = J+ > <7’x E=- 3t
° P
VY+*B=20 W e+eE=~—
€'o
where
F‘aj
x
)
V=15
0
| 9z |
They may be rewritten as
o c
1 1 & OB _
L—(Bv-—é E):J EV+§'E_O
o] c
1 c
—évtE=p VtB=O
e

where the product of a function by a differential operator indicates differ-
entiation irrespective of the order in which they are written. This conven-
tion is used in order to keep the matrix products convention.

Postulate 4 - Principle of relativity. This principle may be considered
as a consequence of the definition of motion. It mey be conveniently inter-
preted as allowing any reference frame to be considered at rest, motion being

referred to it. This work will be restricted to considerations of inertial

frames.
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Postulate 5 ~ The interaction between materials and electromagnetic
fields is due to internal charges. This postulate will be discussed in the
chapter dedicated to materials.

The adoption of postulates 1 to 4 implies the use of Lorentz transforma-
tions when changing from one inertial frame to another in motion with respect
to it. This will be shown in the following section.

2.2 Lorentz Transformations(9’lo’ll)

From postulate 3 it follows that electromagnetic waves travel with
velocity ¢ = l/VFE;F;'in vacuo with respect to the observer. From postulate
4 it follows that this should be true in all inertial frames, or else there
would be a criterion for distinguishing between them. This can be restated
in the following way. Calling r and r' the position vectors in the inertial
system O and 0O', if propagation of electromagnetic waves is described by

dr2 - c2dt2 = O in the inertial system O, then it will be described by

dr'2 - czdt'2 = 0 in the inertial system O'. That is, considering the
variables ict and ict' instead of t and t', where i = \/— 1, it can be said
that ds = 0 in O implies ds' = O in O', where

as® = (ax)® + (ay)® + (a2)2 + (icat)? = (ar)2 + (icdt)?

and

ds'? = (d_x‘)2 + (dy')2 + (dz')e + (icdt')2 = (dr')2 + (icdt‘)2

On the other hand, if a particle is described as being in rectilinear
uniform motion in 0, i.e., by & linear relation between x, y, z, and ict,
then postulate 4 implies the same type of description in 0', i.e., a linear
relation between x', y', z' and ict'.

This means that the law of transformation must be a linear one, i.e,,

ds' = a + bds
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where a and b are constants. But the previous argument gives a = 0, so
ds' = bds
Since a space rotation of the reference frames does not change (dr)2
and dt, then it does not change ds. This shows that b is independent of the
direction of the relative velocity v of O' with respect to O. But since 0O'

can describe O as being in motion with velocity - v it follows that

ds = bds'
and so

ds = beds
from which

b = f 1

By continuity arguments it is concluded that b has to be either + 1 or - 1,
and this latter possibility has to be discarded because it does not include
the identity transformation. Consequently, the transformations between any
two inertial frames O and O' have to be such that
ds' = ds
These are orthogonal transformations in the four-dimensional space of
X, ¥, z and ict. In fact, calling L the 4 x 4 matrix of a linear transforma-

tion, one can write
dr' - L dr
icdt!' icdt

dr! dr

icdt'] = [drt icdt]LtL
icdt! jedt

from which

ds‘2 = [dr!

t

On the other hand

> dr
ds” = [drt icdt]
icdt
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and so
dr
[drt 1cdt]LtL . = [drt
icdt
It is immediately seen that

dr
icdt]
icdt

(where I, is the b x 4 unit matrix) is a sufficient condition. That the

condition is also necessary follows from the fact that [;igé} is an arbitrary

four-dimensional vector.

In fact, meking it such that all components are

zero except the kth component, which is 1, it follows that

(LtL)kk =1

which means that the diagonal elements of L

th

equal to zero, there follows

(LtL)kk + (LtL{ek + (L.L)

but since

(LtL)t = L,L
there follows

2+ 2(LtL) =2

LIk

that is

(LJJ =0

Lk

and so

These transformstions are the Lorentz transformations.

rotations in the three-dimensional space of x, y, z.

L are equal to 1.

& Making the

k  and the ﬁgth element of the arbitrary vector equal to 1 and the others

+ (L,L) =2
k2 L2

They include

In fact
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1

R 0 Rt 0 RRt 0] I3 0 _
0 1y {0 1 o 1 4

The physical meaning for the case in which time is transformed can be
obtained by considering the following simple case in which only one space

variable is transformed

r— — — —

ax* 7 Tax] | ax 7
I o
ay' 2 dy dy
dz! 1 a dz ¥(dz + icadt)
0 ¥ ,
icdt! -a 1 icdt ¥(~adz + icdt)
- L. — L. . L i
where
1
Y=
1+ a2

in order to make the above transformation orthogonal. Considering any point

at rest with respect to Q0', there follows

ax! ax
dy'l = 0= dy
az' ¥(az + icadt)

which means that the point is moving along the z direction with velccity v
= - ica with respect to 0. Or, in other words, the 0' system is moving with

velocity v with respect to O. Then

e Laad

and

[ =]
1

ol<

A1 BV

It is now easy to relinquish the restriction of motion along the’ z direction.

Thus
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pen —— —-———-1 g

— [
dr) 12 0 ar, d:r'_L dr_‘_ T
dr! | = 1 i v ar,| = | ¥Y(ar, + i vicdt) | = | ¥(dr, + i viedt)
It c wf o~ u e N W c
icdt! 0 ¥i-=v 1 || |icat ¥(- = var, + icdt) ic¥(at - L 4ry
c L_ c u L_ 2
1 L N1 L | 2

where the indexes L and Ul refer to components perpendicular and parallel to

v. Or, considering the vectors r and r'

i v v i
' — - —— L] S— —
dr dr, + ¥ar, + S Yvicdt ar + (¥ l)(|vl dr) Tt o ¥Yvicdt
iedt! -1 Yv,dr + ¥icdt -1 Yv.dr + Yicdt
c % c t
and so
Y-1 i
t — —
ar (I5 + 2 Wt) S v dr
icdt! iy Y | |icat
c t

This gives the Lorentz transformation matrix

(15 + ____)’-21 W‘b) %b’v
v
L(V) =
i ¥
i T b’vt
from which
r Y-1 i
(13 + —:;2— Wt) - EFV
Lt(V) = = L(- V)
i
S v ¥
Since
dr'’ dr

L(v)
icdt! icdt

1
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there follows

dr dr’ dr'

= L;(v) = L(- v)

icdt icdt! icdt!
This shows that if O sees O' with velocity v, then O' sees O with velocity
- v, as it should. This may be teken as an indication of the fact that if
0' were brought to rest with respect to O the corresponding axes would be
parallel even though they are not so while in motion (in fact the system O'
is not even orthogonal as seen by 0). This is so because the above trans-

formation was obtained from the case in which the velocity was along one of

the axes and the axes were all parallel then.

For the case of the axes of O' being rotated with respect to O by a

rotation matrix R, if brought to rest, the pertinent Lorentz transformation

is
¥-1 i ¥Y-1 i
R 0 I3+ > v, ch R + . Rvv, EB’RV
L' = =
i ¥ i Y
o 1 clfv,c =¥,

The transformation from O' to O will be

Ry + Y;zl wWR - -lc-b’v
L% =
%b’vth 13
-
Or, letting
u= - Rv
from which

u, = - v.R

and



2 2
v==-Ru VvV =vvVs= (- utR)(- R) = u
there follows
Y-1
R, + u2 Rtuut —b’Rtu
L! =
t .
1 ¥
S Xut

which shows that O' sees O with velocity u = - Rv and rotated by the inverse
rotation Rt'
From these considerations the general Lorentz transformation among

coordinates results

r! r R + -1 Rvv 2 YRv r
o) 2 t c
= + v
ict! ict -y Y ict
0 c t

2.3 Approximate Lorentz Transformation

The approximate Lorentz transformation, appropriate for small velocities,

is obtained by making ¥ = 1

which is not the Gallilean transformation. The Gallilean transformation may

be obtained by letting ¢ tend to infinity, giving

It should be mentioned that % v has to be kept because it multiplies icdt.

The reason why a Gallilean transformation can be used in most cases can be
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better understood by considering the transformation in the form

dpi = er
dr! = Y(dr“ - vdt)

att

¥(at - ngz)
c

which, for small v can be written

dr' = dr - vdt
dt'=dt-v—’-2d—r
C

The last term in the last equation can be neglected only for sufficiently
small dr, giving the Gallilean transformation. This same approximation is
generally velid in mechanics.

In electrodynamics, as will be shown, some of the entities do not allow
this additional simplification, and Gallilean transformations cannot be used
even for small velocities.

2.4 PFour-dimensional Formulation

Postulate 4 implies that all inertial frames are equivalent as far as
description of the laws of nature is concerned. So, all physical laws
should take the same form in them. This can also be stated as saying that
the laws of nature should be form invariant under Lorentz transformations.

Classical mechanics is form invariant under Gallilean transformations
and, thus, does not comply with Einstein's relativity which follows from
the stated postulates, since they imply Lorentz transformations. It is not
difficult to check if a law is invariant under Lorentz transformations, but
to modify a law which is not, in such a way as to make it so, is & hopeless

task. A more fundamental approach is necessary.
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The fundamental difficulty in building a law according to Einstein's
relativity arises from the fact that Lorentz transformations create a tie
between space and time in such a way that they are no longer independent.

The result is that time becomes e variable instead of a parameter, as formerly.
The use of the variable ict makes Lorentz transformations formally equal to
orthogonal transformetions in the space of x, y, z and ict. This allows a
generalization of an analogous situation existing in three-dimensional space.
In fact, in three-dimensional space it is possible to reason directly with
space entities independently of their components in & given reference frame.
The laws established among these space entities are obviously true for all
orthogonal frames. In other words, the laws among the components in any
reference frame are invariant under orthogonal transformations. The natural
extension of this procedure is to define all physical entities in the four-
dimensional space of x, y, z and ict, and establish all laws directly for
these entities.,

No direct intuitive way of reasoning is possible in this four-dimensional
space, but by use of the general way of definition and transformation already
shown it is possible to reason directly with the formal representation of
these entities. By the use of partitioned matrices it is possible to keep
the three-dimensional entities clearly in evidence and thus follow the
physical reasoning through every mathematical derivation.

The entities necessary in this work will be scalars, vectors and tensors
in four-dimensional space. The character of the component three-dimensional
entities can easily be obtained by performing a three-dimensional space
transformation.

Nothing has to be said about scalars, except perhaps that they are not,

in general, the same scalars of three-dimensional space.
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Consider: the:four-dimensional vector V = [:] » Where u.is.a 3 x 1 matrix

and a.a number. .

u'l - |R: 0l ju

al ) 0 1} |a
from which

u" =.Ru

al“=-a

This shows. that'u is & three-dimensional-vector (which may be called: the
‘gpace: component): and a is-& three‘-dimenéional gcalar (which may be called
the time ‘component).
Consider now thetﬁfour'-dimensional tensor
A B
c

gD

where A is & 3 x '3 matrix (which uay be called the space-space part), Ba
3'% 1 matrix (vhich may be called the space-time part), C is a 3 x 1 matrix
(iimé-épac'g _pai‘t) and D a 1 x 1 matrix '('l')ime'-ti\z‘ne‘ part). Pérfdi-miné a three-
dimensional transformation

0 RARtRB

av sl |R offa csElR, o] [ma me|[R,

t
C;{;' D! o 1fjc, D}Io 1 Cy D||O 1 0]

| tfe D

The space-space part is transformed according to

| -
A' = RAR,

showing- that the space-space part is a three-dimensional tensor. Also
B*'=RB amd  C'=RC
siiowing'that' the space-time and time-gpace parts are three-dimensional vectors

Finally
.Dt t'='3 D
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showing that the time-time part is a three-dimensionsl scalar.

According to this formulation, all entities defined in three-dimensional
space are simply components of the four-dimensional entities., They have an
invariant meaning as long as transformstions between fixed frames are con-
sidered; however, they do not have an invariant meaning when transformations
between moving frames are considered. So, they have to obey laws which result
from the four-dimensional laws in order to comply with the initial postulates.
This is easy to accomplish, by simply generalizing the procedure of defini-
tion used for th?ee-dimensional entities, as will be shown in the next section.

2.5 Relativistic Mechanics and Maxwell's Eqpations(g’lo’ll)

Lorentz transformations, being a consequence of the first four postulates
adopted here, imply that relativistic mecheanics should be used in this inves-
tigation. Since Einstein's relativity arose from the interplay of Maxwell's
equations with the principle of relativity, it is to be expected that rela-
tivistic mechanics and electrodynamics are closely related. Consequently,
it is proper to develop relativistic mechanics and the four-dimensional
formulation of electrodynemics simultaneously. This will also be a good
opportunity for showing the ease and clarity afforded by the matrix notation
adopted in this work.

In order to see what path has to be followed in the development of the
four-dimensional formulation of mechanics, it is coanvenient to consider the
way in which the character of the necessary entities was ascertained in
classical mechanics.

Starting with the position vector

X
r=1y
Z
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and recognizing that time t is an invariant in classical mechanics, the

vector character of the velocity follows from its definition

[[ax |
dat
ar _ o _ (&
dat dt
az
kd

From the assumption that mass is an invariant, there follows the vector
character of momentum

G =mv
The fundamental law of mechanics

F= d(mv) 4G
T odt T at

is proof of the vector character of force. In the mechanics of deformable
bodies, a stress tensor is defined in order to obtain the force f per unit
area transmitted through an area of normal unit vector n
£f="Tn
The tensor character of T results from this definition and the vector
character of f and n. With these entities and others defined from them, the
whole mechanics can be developed.
Following the same path for relativistic mechanics, the starting_point
is the position vector in four-dimensional space
r
ict
A difficulty immediately arises here. Time t, being a variable, destroys
the vector character of R by differentiation. The best solution is to define
a parameter (invariant) closely connected to time. This is done in the

following way: The differential of R is a four-dimensional vector
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; dr
d_R:
iedt
Its megnitude is a scalar
ldR|2 = ,dr‘2 - c2at?

Thus, the following scalar may be defined

2 ; 2 2
2 1aR| 2 dr 2 v
db = = “—"‘2—‘ = d't - '—é—- = d.'t (l - "-2”)
c c ]
or, finally
= 4t

¥

which shows that Eris a scalar (invariant) closely connected to time. Its
physical interpretation can be obtained as follows. A particle in motion is
rgpresented in four-dimensional space by the line described by the tip of
the position vector R. In a reference frame in which the particle is at
rest at a given instant (which is called the rest frame of the particle)

the previous relation gives

aCT = dto

where to is the time measured in the rest frame. This is true because the
veloci;; of the particle is v_ = 0, and thus ¥ = 1. Therefore, T is the
time measured in the successive .rest frames of the particle in motion, or
briefly, the time measured in following the particle.

Differentiation with respect to proper time, as T is called, will not
destroy the character of the entities because Efis a scalar by its very

definition. On the other hand, since

ar - dt 4T

this differentiation will give four~dimensional entities whose components
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will be closely related to the three-dimensional entities obtained by

differentiation with respect to time. In this way

dr
e §v

. ydt .
ict 3% ic¥

which is called the four-dimensional velocity. This name is likely to be
misleading. It is to be understood that the four-dimensional entities are
built with three-~dimensional entities, but are not a mere generalization of
them. Their usefulness arises from the fact that from the laws established
between them three-dimensional laws are deduced. It will be seen later that
other entities are built with components §f different three-dimensional
character, and combine two three-dimensional laws into a single law. In
this connection, it is worth mentioning that the use of partitioned matrices
is a great help in keeping the role of the three-dimensional entities clearly
in evidence.

It is useful to notice that the four-dimensional velocity has constant
magnitude,
2

[¥v  ic¥] = 3P - c282 = - cha(l - XE) = - f
ick¥ c

A four-dimensional vector having force as one of its components has to
be built now, in order to pursue the development. This will be done through
the use of the initial postulates, while establishing the four-dimensional
form of Maxwell's equations.

One of the consequences of Maxwell's equations is the invariance of
charge. In fact

o(EE) B
§%=v-——g——t =v: (Vx=-d)=-v-

(¢}
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which may be rewritten

9 .
3%+V'J=O
This is the so-called equation of continuity, which implies conservation of

charge. In fact, for the case of j = pv, there fcllows

%%+V'(DV)=%+(VD) VAPV V=4V V=0

where dp/dt is the derivative following a volume element of charge. The
term ¥V + v can be transformed by use of Gauss's theorem. Thus, considering

a volume V changing in time, having a bounding surface 5

av = vdt * nds = at v « ndS = dt (¢ « v)av
S S v
or
av
sT=| (¥-viav
'

For an element of volume 6V

—ﬁ——zdd‘év = (v v)v

which substituted in the equation of continuity above gives, after multipli-

cation by dv

40 gy + M:%(p&V):O

ar T
This shows that an element of charge is conserved in its motion, or in
other words, is independent of its velocity. In conclusion

p8V = invariant = §— (U(SV)

On the other hand, the element of four-dimensionel volume is also invariant,

SO
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icatdv = ic¥aTéV = invariant
and, since 4T is invariant,
Kév = invariant

Thus, the conclusion
X = invariant

The result of the multiplication of the four-dimensional velocity, by this
invariant is therefore a four-dimensional vector.
v pv J

e = = = four-dimensional vector

¥liey icp icp
This is the so-called four-dimensional current density. The name here may
be even more misleading than in the case of the four-dimensionel velocity,
since this four-dimensional vector is composed of two physically meaningful
three-dinensional entities. This is clearly shown in the matrix notation
used, which in addition always keeps the positions of the components, and
thus shows their role and three-dimensional significance.

It is an easy metter now to establish the four-dimensional electro=-

magnetic field tensor. In order tc achieve this it is only necessary to

conveniently rewrite the pair of Maxwell's equations containing current

density and charge density, using ict instead of t

1 i ok .
;;(BV‘E SEery) = 9

1 i :
=W + (£ E) = icp
HO c

which may be combined to form four-dimensional entities

B - % E| {v7 3
1
7

1]

[e)
(e b

E 0 ah icp
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vhere 9 = 9/3(ict), and the index t indicates transposition.
The operator 0= [ah] transforms like a vector, as can be seen by the
fact that when applied to a scalar 4’ it produces a vector
oY = vector
'I,'his’vectgr: ,chara.cter foq.lows from _
ay= @y) . dR = scalar
This in turn implies that in th;e‘ four-dimensional Maxwell's equation written
above’the‘ field entity_when apﬁiied .to the 1 vector produces the four-

dimensional current density vector

J
Jd =
icp
Therefore

. | i"
| B -3 E
F= ‘

; Lf Et 0

is a four-dimensional tensor, the electromagnetic field tensor, which is
seen to be a.n'bisymmetric. ‘The previous Maxwell equa.tion may therefore be
written as | ‘ | |

‘ i FO=J

Ho

“The other pair of eqﬁafipns become

' c
¢ 3B
EV +-ic g(—-”ct =0 -
¢
X7tB = 0

c
(where E is the antisymmetric pseudo tensor whose complement is E_) or, in



45~

matrix notation

c c
E icB| |V
=0
c
- 1cB 0 9,
which on multiplication by - % becomes
EEEEN T
c N
=0
c
| g
or
c
FO=0

c
where F 1is the four-dimensional complement of F.

It is now possible to see the four-dimensional character of force
density by the use of the formula
f =38Bj + Ep

which in four-dimensional notation is

i .
B -EE J f

i
° E 0 icp

o} Lna

p

where p = E - j is the power density. This is the four-dimensional force
density, which is a vector having force density for the space component and
power density for the time component.

Integration of the four-dimensional force density vector over a given
region of space-time gives a four-dimensional vector which will be shown to
be built from the increments of momentum and energy. In fact, this integral

when divided by ic can be written



t2 F |
' atav = dt
space %— Pl - tl %P
where f is the force acting on the three-dimensional volume over which
integration was performed and P is the power fed into that same volume.

Défiping the 'inérem;eﬁt of 'm-anentulm NG as the integral of force over the time

1-,2 - tl, and calling M;vthe increment of energy of the volume during the
same time .
t
T jdt=A
14 1
Fl - Je P c W
This shows that
= four-dimensional vector
i , .
=W
c

The classical equation G = mv now has to be generalized in such a way
; @hat four{-d.imenslional vectors are equated and the space components go over
into the classical equa'ﬁion for small velocities which is known to be true.

The most natural generalization is

where m_ is the mass measured in the rest system of thé‘body being considered
(and thus is e.n:inva.ryiavxrb) giving, therefore, an equation between two four-
dimensional v;.dfors It is iiosérirblef to k‘re%ain the classical form by defining
mass in general as'beivng S R ' '

m';:ﬁox

and so



‘G mv
Lwl |iem
.c . .

The time components give the well-known result
W= mes
meaning that mass is & measure of energy content.
‘Differentiation of the above "equ‘a’.tibri"iri‘th respect to proper time gives
the following four-dimensional vector equation
. 1. d(mv
¥# ;J_ld T
= .
i¥s 1l - dm
z¥p | |1c¥5E
which shows that the definition of mass adopted (m = m %) allovs the

classical equation £

7o)

“at
to be rigorously'correct‘ 'vfor”é.ny inertial reference frame. The above four-

dimensi‘oné;l"eduation'-c_:eixi also be written in the following way

Tys
i
ZYP
and, since [IZ)] is a vector of constant magnitude, there follows
; _ _ Y
a
v, 1c¥] 3 A
Conseqﬁ'ently‘, -
Ty @m
, o
[vat 105] . = 3T [b’vt icb’]
=¥r | ic¥

or, in a different notation,
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‘(?(P -$~ j) =a?°‘o'2 (c2 - v2) = ca-d—t-?-

For purely mechanical systems in which P = & . v this equation gives

dm dm
—2_._2%2_9p
dz =~ dt

showing that the rest mass is: conserved in the rest system. In this case
the four-dimensiona.l force is perpendicula.r to' the four-dimensional velocity.
When the above statement is not true, there is a non-mechanical power

Q= P tT v, and the rest mass is not constant. In fact

K?Qe‘ ¢2'&"9
2 0
¥Q=c =

~ which in the rest system gives
2 o
,V‘SA,';«,"’.‘ x' T . Q = c .d-;-t.-

showing that the increase ih i'est me.ss is due to the non-mechanical power.
The non-mechanical power in any system will be related to the non-mechanical
power in the rest system by

5 ;
¥a=q

2.6 Transformation Laws

It is useful to see the transformation laws of some of the more important
entities developed up to now. |
The transfomation laws of vectors are typified by the law of trans-

formation of an increment of position vector. The most intuitive formulation
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is in terms of components parallel and perpendicular to the relative velocity,
- 1.e. o o
dr_:_ = dr, '

dr;l»': X(df‘:' - udt)

at' = ¥Y(at - l‘-—'—'éii.—‘l) N
Cc

vwhere u is the véloéity of O' as measured in O.
| Fof'sm;li‘veloéifieslthe foliowing gpprdximations result‘
o ~dr' =ar -udt
at' = at -2 4

2
c

The usual values of dr considered are such that the last equation may again
be approximated by
att = at

"~ In the case of the velocity, the transformation is obtained in the

following way , L
Vol ?,xvi+,_'
.where : |
¥, =t
v'2
-
c
_ 1 .
¥. =
v -y
l-=
e

thus R RS



i,
v! ao— v
= 8v' J.
In addition
Y viTh = K(XVV. -ul)
where
- o
: 2
. -
1-73
c
and, thus

W,
v!'= -g;l:- (V"' - u)

 The time camponent ‘gives »
X
¥y =8 Fpn 2

from wdeh

: KKV' =KKV(1 -2 2“7)

c

Finally the transformation formules are obtained

= u -V
no g

For small velocities u
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Only for u and v much smaller than ¢ can the following approximation be

used.

For current and charge densities the following is obtained
3 =3,

Jl

¥(3,, - ou)

i

p!

¥(p - P—'—Q—‘i)
C

which is approximated by

J'

]
<.
1
°
<

p!

i

Further approximations are allowed only in certain kinds of problems. For
the case of charges of the same sign, then
J = PV

and

u . v
p' = p(l = 2 )
C

which can be approximated by
p' =p
when u and v are much smaller than c.
This approximation can then be used every time a strong predominance
of charges of one sign exists at a point. On the contrary, when charges of

opposite signs almost balance each other at a given point (as in conduction



-52-

problems) the term (u - J)/c2 cannot be neglected. In these cases, the first
equation can generally be approximated by

J'=3
that is, pu may be neglected for small u. As was discussed in the intro-
duction, this corresponds to neglecting u x B in the first.case, and
(u x E)/c® in the second case, in the field vectors. -

In the case of force, the following transformation is obtained

T
35'531 - Xv'fl
giving
x;
S
yi- K‘V' J.J:
or, explicitly,
u2
-3
v Ve
JJ.- u - v ”‘:L
1 -
2
c
For the component parallel to u
X _ ¥ u‘;P
'— -
V'ﬁll— (XVJ;; 02)
from which
XY o
= e (F - B)
u 5;7 " c2
or, explicitly,
Pu
-
R R
g = u - v

] 1l -

2
c
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These two transformation formulas for the force have a behavior similar
to the transformation formulas of velocity because the force is not a com-
ponent of four-dimensional force per se but becomes one only after multipli-
cation by a X'factor. In addition the characteristic behavior of time in
Einstein's relativity introduces the novel feature of power being a part of
the transformed force, and this is still true for the approximate formulas

unless power is small enocugh to make Pu/c2 negligible. For the power

1982 1P u-¥ &
c2 = X( 02 = c2 )

giving
111
Pleg— (P-u.&)

v

or, explicitly,
_P - F . u

U e« Vv
1 -

2
c

Pl

The only novel feature here is the denomirnator, which is mainly a con-
traction effect and is negligible for small relative velocities. The follow-

ing approximations result

and P is usually such that Pu/c2 can be neglected, yielding
F=F

and
P'=P - - u

For the force density the transformation is

-
fL = fL

and



£ = ‘(ftl %)
i - ¢
a.nda.lso :
| Vo £f..u
P‘é =X(P§ -7
c c c
i._‘or

| p=¥p-2.w)
Here again the tie between space and time makes force density borrow
fram power density in its transﬁbmtion-, in addition to the contraction
ge;ffec?s vhich are negligible for small relative velocities. For small

{velocities

Y

which cé.h uéually be apprbx;mted by
and
R P'=p-f"u
. The transformations for the field vectors can be obtained from the

transformation for the field tensor

' -
{ i
0 Bé | -Bé -EE:'L
(
‘e 1 ! ' __.A__:_I._ '
-Bé ° ! Bl cEl
------ I e S I
{ i .
’Bé -Bi : 0 -cE3
, ‘
1‘. t .j; ] é'_ 1
cEl cE2 : cE5 0



Al \ N |
i o1 [ o By !
, | ,
o 1! o 0 -B o
R S 3 1
) i e
] - -
0 o ! ¥ s8u| | B, -B !
|
|
N | 111 i !
o o0 u'cxu 8 cB1 GEy
_ ! 4 '

i

B, -2

1

B, -2

\ i

° -3
i

25 o

t=
|

1 =
o =

t=f
W

4

which, for brevity, will be written with partitioned matrices composed of

.‘2 é 2 matrices.

At : ‘-C_:_' 12 | 0 A" ; -Ct 12 o A -C_b _I2 0
c p'| Jo allec DpJlo a| |ac |0 a
- R

A'“ 9Ct§t
LG.C aDq,t
Equating' tiie éaﬁﬁoﬁent mdﬁricés; the féllowing transformations result
T L AL = A
and 5o St tuy L
! = B I -
35 B3 i S
Also _ : L
i 0 ";‘-l . -
D' = =E! = aDa,
¢c3 1 0 t
1 S u 0 =1 1 - i u
c 1 c
=¥ iE ¥
i ¢ 5 1
-3 u 1 1 0 3 u 1
r.
2
0 - (1 -8
(':'2
=2y
3 2
u
1l - ] 0
c
| -




which givés the z:esuli:

or

Eé_

Es

The perpendicular components appear in the transformation of the 2 x 2C

matrix.
R .
] «R! - -
B2 Bl | 1 P u 32 Bl
C! = =qaf = b’
igr ig i i ig.
c Elh‘ c Ea c B 1 ¢cB - TB
r— -
. uk
gk . T2
(B, - 27 - (B +57)
c c
=¥ | |
R I S i
15 By -wBy) (Bt “31),l
Putting all components together
e Te] [l Pe] [o] [27
el [¥e; uB,, XEl o| [z,
™ ol | ‘ 4
E | =| ¥E, +“6 uB, £ +$ of x |B,
B! E 0 E u B
L5._. L 5.— - pu . 5--- L_ Lj._.l
or
Ey =By
and -

E! = §(E, + u x B)

And, for the magnetic field



= r’ T — . - -~
' -
B} }Bl uE; YBJ 0 E,
¥ ~ Y
] - — = - ——
By |=|¥B, 3| ¥8, | - 2 |0 = |
B! B " 0 B u E
b3_ i 5_ L 1 L 3_ || L‘3_
or
c v (]
By = By
(] Cc .
. ux E
B = K(B.L - =7
. N N c‘. :
The kapproxin'xations for small velocities are
e . ; c,. :
- EB'=E+uxB
(I (o] ’
Bt = B »"‘ u XZE
C [+]

"' In this way it is easy to see that the transformations of the field
vectors are a consequence of ‘space~-time behavior and they are in complete
harmony with the transformations of thé ‘other physical entities. The
exigtence of two types of electric charge, thét can neutralize each other
as far as production of electric field is concerned, made it possible to
detect expefiment&llftéms of the type Lx_g_ that stood alone clashing
with the transformations of other entities at a time in which the wrong

transformations were used.
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CHAP'JER I
FIE.LDS IN MATERIAL BODIES

3 l Comments on Postulate 5

Postulates 1 a.nd 2 have a.ssumed that the field vectors are tools for
the . purpose of‘ studying the interaction between charges. The developments
that ffollowed combined .' these field‘vectors into ‘a. single entity, the electro-
magnetic field tensor. This is the pnysica.uy significant entity and its |
parts ) electric and magnetic ’ are merely aspects seen by an observer, depend-
ing on his state of motion. Electric charge is the source of the electro-
magnetic field tensor , and the four_-current density is the appropriate
entity to be used in the equations that dei'ine the tensor. The necessity of
nsing, the‘ mathematically defined ,' ;four-current density arises from the fact
that therelative motionj»between‘charg_e and observer affects the aspects as
“ gseen by the,observer. - It*is.clear,. then, :that- the three-dimensionalzcurrent
density and magnetic field are due to. relativistic effects. In addition,
the specia.l structure of space-time unraveled. by the principle of relativity
makes charge density and electric field depend .on: relative motion also.» It
then seems. ns.tura.l to consider electric charge as:the: on],y' pbysical cause
of  the V:electromaygneti%c i‘ield tensor .. CQnsequently ” the interaction between
material bodies -'andh%‘electromagnetic fields has to be' attributed to the con-
stitutive charges of the material. , If- a.ny Other;consti'tuent is assumed to
take part in this interaction, then this would require a modification of
Maxwell's equations in vacuo in order to account for the influence of this
additional constituent as far as fields are; concerned.

From the previous development it seems almost unavoidable to assume
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"~ that any different constituent would have to be described by a different
associated field. This is the point of view followed here. In other words,
it is assumed that the only source of electromagnetic field is electric
charge. Or, equivalently, the electromsgnetic field is the only entity
-neceesany té describe.thedinteraction between charges. These eseentially
are'the coneiderations that led to-Poetulate S |

i In considering the interaction between materials and electromagnetic
fields, the internal binding between the charges assumes special importance.
This binding is closely connected to the structure of matter and cannot be
investigated by the macroscopic theory developed here. It depends on the
inxerpley’between‘the fact that charge exists in discrete portions and the
principie of exciusion, and thus is strictly under the scope of a microscopic
theory, requiring a quantum mechanical approach. The amount of information
thax can be’ obtained by the macroscopic -approach, however, is sufficient
Justification for its use.

. The influence ‘of the internsl binding has to be recognized, however,
/end_assumed to be.according to experimental»evidence. This does not imply
interaction with the electramagnetic £ield but only a different kind of
interaction between the elements of metter superimposed on the electric
interaction.

Three different processes are recognized in practice.

(o) Conduction. No‘binding exiets, only & kind of viscous effect
associeted‘with the motion of charges. These will be displeced, reaching
static equilibrium only when the field is annulled.

(b)  Polarization. This process implies internal binding, and static
equilibrium is reached when balance exists between the electric forces and

the binding forces.
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% (c)  Magnetization. This process 1is attributed in this approach to
internal cﬁrrents and, ééain; binding forces have to be assumed because
equiiii)rium is reached for finite values of the internal fields. The exist-
ence 6f constant magnetization implies lossless internal currents ‘in this
process. - |

3.2 - Polarization-magnetization Tensor:

_Conduction, being associated with free charges, is conveniently handled
by -cons‘idering“ current densities and charge densities because they will be
cﬁéplaced by the electromagnetic fields , no other mechanism being involved.

‘ Polarization and maghetization can best be cheracterized by different
entities, 'ffom which the internal current and charge densities can be derived.
These entities are -pblarization‘ and magnetization vectors. It will be shown
7tha.t":£hey can be ’combine'd‘into a four-dimensional tensor. The influence of
'motién' in these entities i:ésults immediately from the transformation laws

of _cﬁrrent and charge densities. This is one of the advantages of the
approaéh which follows from postulate 5. In addition, there is no possibility
of ambiguitiesi about the significance -of " the field vectors inside materials,
since these 'nnterials" are considered merely ‘a8 aggregates of charges. Thus,
E and B retain their original significance as they did in regions occupied

by ‘charges.. They will still be the vectors to be used in calculating the
force per unit volume on the net charge at a given point.

As will be seen in the development, polarization and magnetization find
their ultimate Justificé.fion in establishing a functional local tie (tbat
characterizes the material) between the entities used in Maxwell's equations
as generalized to materials. The functional relation between polarization
and 'nﬁgnetization'ié ‘generally very complex, nonlinear, and even dependent

on the past history of the material. However, it may be assumed that a
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condition of neutrality can be: reached.by’ the application of. some : convenient
field.: This means that, in the case of polarized materials, it is possible

P

%,0;1.4;_0 ,

where the index o indicates this particular neutral state. From

Py Uvs s R E:t_:. - v B Ji
where . .
S dp= ey

there follows

tl

Py = Poi = \VARF LY
Jt
o

where ty is the time under consideration and t_ the time at which the

material was neutral. Consequently,’

4
,,.»Zdidt"
%
(o]

Polarization may then be defined as
tl
P = 23t
. CoJs.
o .

| Z"i"v_’;P

i~.

Thus
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Itimay be said that P is a thr_ee-dﬁensional vector whose divergence gives

the net charge density at a given instant and at a given point in the material.
Its importance arises frqm the fact that net charge density is the only
pertinent quantity in the alteration of the fields.

From the definition it is immediately seen that

that is, the partial derivative of P is also important in altering the fields.
' The circulating currents that produée nmegnetization are obviously
excluded from these definitions, because for them

o V.Jk =0
However, this condition allows them to be expressed by

J=Vx A

which allows the following to be written.
o el
>3 =VEIM=NY
E R

: : _ c .
where M is the three-dimensional antisymmetric magnetization tensor and M is

its complementary three-dimensional vector.
These definitions may be put in four-dimensional form, as follows

M 1cP) [ ,jm

|-iePy 0 ah iep

where jm'ahd Pp are thé net current and charge dezisi‘bies due to the polariza-
tion and magnetization. This shows at once that
M icP

-1 cPt 0]

is a four-dimensional tensor, obviously antisymmetric.
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3.3 -.Maxwell's Equations for Materials

| A§> a.lreaclv ‘stated, postulate 5 reduces the study -of materials to the
‘case of fields due to charges, as\ixi vacuo. Consequently, the same equations
,appxy,éwith.thevbnly addition that the total current density should be used.
In genéfal,*; it:is convenient to keép' the bound charges and currents separated
from the unbound chargeg.

The first equation is then written

1 ’n
E— +
oli

-EEt 0 :i.cpm

where the first four'-dimensionaf currént density refers to unbound charges
- and.the second to processes-involving binding (polarization and magnetization).

. No alteration exists in the second Maxwell equation

: ar
. c . .C -
e c]f
-cE Bl |V
i =o

: o

‘'« B 0

» . l..,"'..

: )"‘In"bréd\ic:t.nfg M and P in place of J o arid:‘bm,i there follows

S i . f

(@]
Q/
=
0
O
1
&
o
Q/
=

Maxwell's equations have to be supplemented by the functional relations
. between fields and magnetization,_polari.za"ci,qn and conduction in order to
d.ete‘rm:;.ne the field eﬁtities. This‘ relation is genérally established by
meé.éu.rements in conveniently simplified cases which meke Maxwell's equations
particularly easy to solve. These are generally stationary body cases.

.Considéraﬁle simpliﬁce.tion can be achieved ‘by' a slight modification
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of. the equations.

% . | .
(“o M) ~ic(EE +P)| |V 3
|ic(€E + P), o o, |dee

which, by the definitions

E-----;M‘=H
“O
EE+P=0D

may be rewritten as

5 -id] [w 3

ieD, 0 Bh icp
According to the pqint ‘of view followed in;'this investigation, H and D appear
as convenient mathematical enfities- having the unbound charges as sources.
Tﬁé relation characterizing the bound processes cé,n be considered to exist
directly bebween the fields and the H and D quantities. In this sense,

va"cqum can be considered as & particular case of materials characterized by
the well-known single linear relation between B and H, and E and D.

o The transf‘drmtions pertinent to P and M result directly =f;-om their

chai-acter as components of a tensor. Rewriti'ng

M -1 (-caP)
| c

i

E (-cth) 0
then ,. by anslogy with the electramagnetic field tensor
"°2E.’|'|_= .'~°2PN . o By

: - e . pr vM

_czPJ'_ = X(-caP_L‘-i-*v xM) ' ‘ P HE 5(11- —-CT)



c .

s Gl ' . } c .. C
Mu"'l‘dll! | , *e M:l My
c,:~~6° vx!-czPl. -' c' ‘6c
M} = m;f 2 ) e M= mL+vxm
~The approximate relations for small velocities are
_ c
P =P -~ xaM
' c
c c

M =M+vxP
Rewz"i'i:ing:’the' H-D tensor aé
- H -fi,(caD)
B ;v_ : c
S (D)o
there follows - - |

Fye, oo

] " L , : o "

Nt . o - 7y v ) Ce v ‘ :VXH
cZD_L = K(can-'_ + v x H) A v D= X(D_L + --——c2 )
and
- e c , - c c

t o ‘ . .
H“ = H, <o Hy=1,
@ =¥ - vE(eD) A . m =& D)
L L c2 ' vt 1 6w " VX
These relations are approximated at small velocities by
c
VX H
D' =D + —
e
c c

H =H~vxD
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3.4 Physical Interpretation of the Influence of Motion

The four-dimensional formulation gives equations which comply with
relativity. On the other hand, it obscures some of the intuitive meaning
usually attached to the different entities. 1In addition, the relative
velocity of the materials is not explicitly indicated. It is thus interest-
ing to look at the intuitive three-dimensional aspect of the field equations
showing explicitly the influence of motion. For clarity, the following will
be restricted to the approximate equations. In addition, material entities
will be introduced in the form usually encountered in experimental measure-
ments. These entities are usually measured with the material at rest, i.e.,
in the rest frame of the material.

Calling v the velocity with respect to the observer of a body at a
given point, and indicating the rest quantities by an index o, the approximate

transformations for the observer's frame are

J = Jo + PV
J, v
0
p = po + 2
c
c ¢
M=M -vxP
o )
c
vV x M0
P = P° + 5
c
Consequently,
¢ &
B B(EGE) c BPO 1 B(Mo X V)
VX;;-—-S{—=J°+DOV+VXMO+VX(POXV)*-Eg--:é —sr—

and
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jo'v l (&4
V.(&OE)=QO+ g -V-Po+;§V‘(MOXv)

In the left side of these equations are the field vectors as seen by
the observer and in the right hand side the material entities as measured
with the material at rest. This is the way in which the material entities
are intuitively pictured and understood. The terms involving the velocity
of the material at a given point can then be thought of as apparent material
entities resulting from the motion of the material with respect to the
observer.

3.5 Material Constants

Even though the above equations clearly show the physical meaning of
the material quantities with respect to their effect in producing fields
when the material is in motion, their usefulness is severely limited. This
follows, because the material entities used are produced by fields in the
rest frame of the material. They would be very useful for the case of
permanent magnetization and polarization, i.e., in the cases in which these
entities can be considered as being independent of the fields, and given as
known quantities. In general, this is not the case, and the polarization,
magnetization and current and charge densities appear simply as convenient
ways of establishing the characteristics of the materials.

It is then usually better to establish the alterations that motion
introduces in these characteristic equations. This will be done now for the
simple case of homogeneous and isotropic materials in which they can be
characterized at a given point at rest by constants.

The characteristic relations will then be written in the rest frame as

PO = KCGE

and



where K is the usual electric susceptibility, but Km is used instead -of :the
usual magnetic susceptibility in -order to »mai;nﬁain:ynmetry and té camply
with the point of view that g is "producing- the forces that separate charges
and currents. There follows - | |

P =P =KEE  =KEE

" on o oM - o n
or
| By = EXE
’Own tﬁe mc')'tﬁer‘hand‘ nd
. VX M
] . \ 1 ol
= zf(Po.l. %) = Y(éomox 2VXUIEK )
c c om
K : _ v X E_L
= [Ebe(EL.};v X B, )+ 2 x U(B - —)]
Cig K c

.,~66[(K+ )E +(K+ =)v ﬁcB]
; °2>"m : X '
o i a5
B = LK + V..K; Ye, + Y3k + %&T)v x B]
For thek-mé.gnetization
| B, B
C_Con - Pu
M= Yoy oKm‘ oKm
or
B
—
M“ uOKm

In addition
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X(MOL -V X PO) = ‘ [.LOK

onm

=
u

o ol

m X(B.L - T)- KﬁoKY XJ(E-L +v X_B.L)

¥ idoxq - ‘-;5) IB, - ¥26(K +2)v x E

Mo K K

Consequently
- 1 ‘2 : o _ 2 1 VXE
M =g [—Km + (¥° - 1)kIB, - ¥(K + )~

The approxima.te relations for small veloci‘bies are

P=£[KE+(K+—-)va]

5
and
1l (B l,vxE
Mai B (ke ]
ol T

These‘fje‘quations shdw that in firstt apprb:d.matiAon the state of motion
of a material é.oes not alter its characteristic coﬁsta.n‘bs but introduces a
nev dependence of polarization on B and of magnetization on E in addition to
the explicit dependence on v.
If preferred 3 the relations may 'be expressed in terms of the relative
permittivity 8 and the rela'bive permeability TS
The rest frame relations are '
Dog.‘eoC'Eo; and | By = nil,
For an element of material with velocity vy
D, = "Do(«( = E£E oy = EFEy

or
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vxhE, § oL
Dl=K(DOJ.-—-c-§-—« =YEOEEOL';'§VXH—(>E'
o | 2 VXE
UCOE(E_L-!-vx,B_L)‘-k 5 vx(B_L- 5 )
DT TR c
A V -
5 2 2
- (e - 2 T, +uca- 2y xs
'Cuu c C HM

Consequently
h . 2 82 -1 2/ 1
-6[(5 - u“)E.L"'a'(e“ﬁ)vav]‘

For the magnetic fields

By = Bon = “o"ﬁou HoHHy
or
By = noHy,
In addition
vxXE
: , 4y _ 1 v. . _otL
B = X(Bo.l. = ) = x("'o“'ﬂo.L"' 2 X 6)
) c , c (o)
= 13 )+ ¥2 (0, + —ty
1 H -vxD;) + — X D e
ol-l 1 c £ (3 c2
= w8 - -—28-)15 ¥¥(u - $)v x D]
or:..

- 1)H_L -’;'12'(u. - e-l-')v x D]

2 3
'I'he, apprb:clmaté rela'ﬁions are
D= Eo[(‘:E + (€ - H)v x B]
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B=u[uH (u--)VxD]

Here again the effect of mqtion is to introduce a :mixed ‘dependence non-
existent for the caée ‘of é.ta;tiona.ry material.
. The only case that remains to‘ be examined is that of conductors. The
fesﬁ frame relation is

- ‘JO =C'E°
and from this there follows
Jy = dy, =OE_, = o¥(E, + v xB)

‘and ‘thus

',j;L'= U‘V(EJ:‘+ v x B)

In addition‘
K('jon + Do\f) =10'E°“+ Kpov
J
.-.-Yo*E +Yv‘6’(p - --

Therefore

‘623“ = %crE,; + ¥%v
or

,j“ = %—— E" + pv
The following approxima.te relation results .
4=0’(E +va) +pv
No pa.rticular new feature appears in this result, because the term
vx3B w'as' recognized as qecessgry to explain experimental results even though

it created many difficulties in the classical theory.
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. CHAPTER IV
~ FORCES AND ENERGY IN MATERTALS

l}.lf Sti'ess-Energ Tensor
\ The development so far has been restricted to the calculation of thev
fields and to the investigation of the influence of motion on them. Essen-
tially, fields were considered as tools to be used for the determination of
forces on charges. It is well known tha;t‘the existence of waves and the
associated finite velocity of propagation of this action strengthened con-
siderably the belief in a contigulty action. In this sense the fields acquired
& physical meaning that transcended their mea.ning as mathematical tools. If
this physical meaning is actually related to some true state of spa.ce-time s
then forces should be transmitted along the fields through surfaces. Mathe-
ma.tically » this means that instead of calculating the tota.l force on a body
(or pa.rt of it) by integrating force density over the volume , it should be
possible to obtain the same result by integrating a tension over the surfa.ce
of that volume. On a d.ifferential point of view this means that it should
be ‘possible to find a tension, the divergence of which is the force density.
This is the aim of the f_ollowing development, which repeats well-known
calculations in order to point out ‘the diffe’nences in point of view due to
the postulates assumed ‘here. That the field entities used here are the usual
ones is shown by the fact that the usual:Maxwell's equations were obtained
for mteria.ls. The differences should then'be due to postulate 5.
Considering the force on the total charge and current at a given point,

there follows



1
£ B mTE ) deot
i - i = FJto‘b
AR 0 | |*ePyot

Recalling the first four-dimensional Maxwell's equation
. L
;—;‘FD— J‘tQ’t
there follows
= -|~l— F(FO) = [fi]
. E
p

]

In index notetion this may be written .

| | ' (F, F ') OF |

1 1 i k i
,a_zzp &i"ir E_f __#:L_E;d e
(e} j,k lj,k .

In order 'bo obta.in a divergence, the second term has to be modified. Thus'

w, | @,
%&f jkl &T"k.j Z IZ F)Jk

Jsk

The term in parenthesis can be simplified by 'bhe use of the second four-
o .

dimensiona.l Ma.xwell's equations. Since this equation involves F, the sum
referred to has to be writ‘ben | S
. c‘
‘ aFiQ ‘a.Fki Fyg aF,iee

+ = +
=, - %X,

where. i, J, k, -£ is an even permutation of 1,.2, 3, 4. The antisymmetry
i
of F allows the following transformation to be made. -

: ar laF
5{;13;;: +&J__+ 1.,6_1..,6 .,C.ZZm..Z

Due to the second four-dimensional Maxwell's equation



-

(]
FO= 0"

which, written in index notation, is

(]

PGP

m nm .
there follows that

., O, OF aF

4 ok _ it __ Jk

axk ox, . axi_- &i_
which gives v

1S E (%,

J,k&f x="3 »Jk_&"‘ ='1: &'Z ¥t )

This may now be substituted into the force -density‘équa'bion, giving

b3 TEE AT

- Po T3k &
wliere (Sik is the Kronicker delta. In matrix notation this equation is ‘
‘written | | | | '
- i— (FF - %{Tr(m)} 1,10
i o
e

'vhere Tr(FF) stands for the trace of the matrix (FF).

In order to obtain a better visua.lizati:on, the three-dimensional

entities will be introduced.

—

p -i5][s -] [melm, -im]

t
, c
FF = =
1. e I O | |
c By 0 e B¢ o . T EB 3 BB
L L N I c

. -, . x . . . c -
which can be put in'a more common form by the use of B in place of B.
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and, in addition,

there follows

It is immediately seen 'tlgat

cc cc

- . © 2 B;B - : BB
1 t 2 1 t
'ETr(FF) = -T.me?E‘bE = . e

and, thus,
B ..' r .. fc e .
ce EE BB E,E
t t +
T )BT s\t 3/
= =
Ho
¢
1. 4 |
c? 'c(ExB)t
. 4 L :

or, in slightly different notation




] ce - TG0
. []
BB
£ —Y 4 CEE, - WI “Exiliv
H ot 5 c M
, (e} - (o}
(]
i i B
B | B t _JL_

where -

ce
BB EE -
W= -2—-‘;- + &~ = energy density of the field

The tensor on the right is the four-dimensional stress-energy tensor, which
is obviously symmetric. It may be written as
i

o -2 S
9. =
i
-3 S’b W
‘where
ce”
BB‘b -
O = ;—J..;. + COEE‘b - w13

is the three-dimensional Maxwell stress-tensor of the field, and

S=E x

tlwd

o
is the Poynting vector of the field.
| This form of Poynting's vector is usually recognized as Poynting's
vector for vacuo. - In -the approach-adopted in this investigation it describes'
the energy flow to‘be charged to the field in general. This does not mean
that it will éive the total energy flow at a given point, since other energy

fldiis may exist inside a material as the next section will show.
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4,2 Physical Interpretation of the Stress-Energ Tensor

The four-dimensional equation for ‘the force density can be written as

two three-dimensional equations
t=0v-% (&)
: BE 2
M
P=- V S - &
The last equation, when written as-
- 5—- p + V S8

showe that the decrease in energr density of the field at a given point is

eqp.a.l to the power p_ plus the divergence of S. Consequently, S gives the
flow of energy per unit surface in the field, except for a solenoidal vector.

| Whe‘bher P has to be considered as storage of energy in the material or not

. d_epends on the particular case at hand, and will be discussed later.

The first equation, when written as
‘ .,.'»: g a S - uon
av="f+ &4(—2) .

c

‘sﬁo&is that.s/ c~25‘ ‘has to be considered as ~‘a"momentmﬁ per unit volume, except
f’o“z" a vector: constant in time’; Tkiis streng'bhens the interpretation of S as
a.:riv‘ene.rgy flow (egccepf now i"crla time invariant solenoidal vector) due to
the e}quiva.}egce of, mass and energy-

~ The: force. deinsity‘-:obta.ine@,‘ by this equation .
. P=Oow- F‘ ( )

is the force acting on the total net charge and current at 'bhe given point ’

irrespective of vhether or not there is ma‘berial a.t this point. The different

A
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parts ofit .can’be understood.by wiiting it in terms.of the material quan-
tities PR R T x e T

st oo w R c . e aP c ¢ e .
f=E(p+p)+(j+J)xB=¢E - (¥ P)E«i-,ij-n-FxB-l-(va)xB
m “m o t

The terms pE and j x B give the force on the unbound charge and current, and
the others give force on the net bound chaerge and current. It should be
noticed that the forces required to separate charges and currents in the
‘processes. of polarization and. magnetization are not explicit here, since
they are intrinsically included in the establishment of the fields. The only
apparent forces are the. net resultant forces which ca.nnot be balanced by
these internal processes a.nd ha.ve to be be.la.nced by inertia end internaly “
stress of the materia.l. These reactions will be discussed later.

( The different pa.rts of the power P cen be understood by writing its

expression in terms of the material quantities

| | 3P °
P=E= (J#3) =E«J+E - F+E - (Ux¥)

The term E .-' J is the power fed into the free charges. It may be put into
kinetic energy in increasing the speed of the cha.rges (convective pe.rt) or
into Joule hea.t in the conduction currents. Whether this la.st is stored in
the materia.l or flows out as hest depends on the thermodynann.cal conditions.
lIt will be stored if the process is ediabstic. o ‘

The term E - (oP/Bt) is associated with the polarization processes,
a.nd a.gein whether it is stored or not depends on the type of material and
on the type of thermodyna.micalf-conditions. For lossless processes it is
-stored in the internal mechanism that binds the charges together. In lossy
processes, part of 1t is transformed into heat Which may be partly stored

with an increase of temperature and partly carried away by thermsl conduction.
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«, . The same considerations apply to the term E (Vx'!?!) » except for the
following additional remarks. ' The existence of time invariant é in materials
implies that YxM li refers to lossless currents. Consequently, if E - (wx ;;)
4 0, then M is time varying. '

‘But a change in hj implies ’moti,on‘ of currents. In fact ,‘ the internal

currents, being solenoidal, may be pictured as closed tubes, and since

- c- ‘ c- .
(7 x M)as =§M )
c

acha.nging M means a change ‘in the current interlinked with a closed path
4, “that is, motion into or out of -£. On the other hand, for E -« (Vx li)
;4 0 there is a field component along 'these currents e.nd therefore, these
currents have a power content. In other wo:ds » there is an energy transport
by the motion of these currents. This can be put in evidence by applying
the formila | |

. . e e R . e,
VeExM)=M.(xE)-E . (xM)
fromwhich -~ - |

. . c - ¢ . . (o]
| E-(vxM) =M"- (VXE) -7 (Ex¥)
The first term may be transformed with the aid of

c

VxEl—:-%%

and, thus
c

E'(VxM)a-M 5— v (ExM)

showing tha.t E x M is an energy flow per unit area.

This reasoning is not a proof of 'bhe valid.ity of this interpretation,
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but rather, a plausibility argument stemming from the desire to:.obtain-the:

usual- form of Poynting's theorem. In fact, the power equation may now be

written
e c & E 2
E'3+E-F M'% Vf@xw=fvv@x%--%f%r+%rl
o o
thetjlis',‘
' c 'c : c
E'j-l-E-F(P eE)+(—--M)y+V [Ex(—-M)]=0
Mo
c

Or, “by -introducing ~the '-vectoré. D 'a.nd ‘H

c

E-J+E %D-q-m %-rv (ExH)

It is important to notice here tha.t this result was obtained -without- any
hypothesis a.bout the characteristic relations of the materials. Therefore;
this is a perfectly general result. On the other hand, the power E + (aD/dt)
1s here to be thought of as composed of two parts. the field part

E . [3(8 E)]/ ot and the ma.teria.l part (storage in the internal binding
mechanism) E - (BP/Bt) The same applies to H . (BB/Bt), which is camposed

of the field part

‘:'tﬂo‘
A& o

(]

and the material part

e . a;
-M . B-t | "

In the same way, the energy flow per unit area contains two parts:

c.
E x (B/u ) due to the field and ExM pertaining to the material. It is

1mporta.nt to notice that these lest,interpretations are va.lid for adiabatic
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apr.oees”see ». otherwise part of the energy storages in:the materials ‘has to be
considered ‘as heat flow.

It is also very importe.nt to notice that even for adiabatic processes
in moving materials, the fact that the binding mechanism is ca.rried by them
Ema.kes the energy flow different f‘rcm E x M. It will be shovn later- how this
case can be handled. These considerations are mentioned here to show that,
according to the point of view taken here » the usual form of Poynting's

~‘theorem has to be considered as res'bricted to sta:b:.onazy bodies.
.(20)

1', 3 Canpa.rison with the Usual Stress-EnerQr Tensors
o The stress-energy tensor obta.ined differs fram the tensors formulated
in the past for the case of majheriele; ~Apart from the differences in the
’space-tilhe ‘parvts‘, ‘t‘aethV Minko'wskiv's and Abraham's tensors have the same space-
~spev.ce and time-time pa.rt These parts are Maxwell's three-dimensional stress
’tensor for materials and energy storage in fields in materials as usua.l]y
used. It is the purpose of 'hhis section to investigate the reason for the
differences obta.ined here. Canparisons will be made mainly wi’ch Minkowski'
tensor » which is 'bhe most accepted.

" As shown in Ref. 10, this tensor is obtained by starting with Maxvell's

eduat:.on in the form

¢O=J
c
FO=0
where
: H  -ic
G = ’
i, 0
.and
T .
Jd =
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Then the-following four-dimensional vector-is:calculated

ol
= FJ = F(GO)
o .

ol

According to the point of view adopted in this work, this four-dimensional
vector gives the force a.nd power densities acting on the unbound charges and
currents , and does not include force and power densities a.cting on polarized

a.nd magne‘cized ma’cerials. The sa.me type of mathema.tical deductions shown in

Sec. l& 1 can then be fo].'l.owed up to the . point of obta.ining(lo)
[ e,
- 1 k
1 - -_—
13 | -1 e
. ’ .

For the case of media with C a.nd B independent of positlon (homogeneous

media,), this can be written

a(F G ) oF..G, .)
- e ‘ .1 TV 3kk;
R
Jok i
or, in matrix _not_afion
£ 1
© | = - Te(F6) 10
i . . .
Z P
In ‘terms of three-dimensional entities this is
T [ee e [ [ 7]
- ' - 1
| r' HB, +ED, - W 1_5} 1‘c(D xB)| |V
i i e »
.= p! -= (B x H), W o
| il L c t 1L h__x
where
" ccC
=72 2

The above tensor will only give the forces on the unbound charges and currents



..85-*

as:was already said, and will give zero internal. forces in hamogeneous
u‘pola.rized and magnetized materials, even for cases in- which N7+ P # O and
| vx M # 0. This obviously follows from the definition of f£'. The power
density equation will give the usual Poynting's theorem in which field and
ma'beria.l's binding mecha.nism s‘borages and flows are. lumped together.

The sa.me tensor is then assumed for the case of non-homogeneous naterials )

By the‘ following reasoning. (20)
AF G,) | AF,G | 1w, o ¥
f‘:'r=~z _?%;l‘ Fs | 2 BT met T = G
Tk i 3k 1 1
oF
1 Tk
-3 Gy

which mayrlbe rewri'ﬁtén as

1l 1
£1 + Z F, G, - . (F G ,)
174 E&%‘ k3 Jk&_l T &1‘: 1373k E;m dmm¥
This then is postulated to be the four-dimensional force density in

materials. It is apparent that this is equivalent to postulating

e fOR,,. %G
= f > E?'EGkJ - F,jk,&’k"l
g jk i i
as8 the four-dimensional .force density in the interior of non-homogeneous
materials, sincg .fi is the four-dimensiona.l»forcedensity in the unbound
charges. In particnlaf,' it will give the tensions at the surfaces of dis-
continuities. It is then clear that the use of Minkowski's tensor is con-
tradictory to postulate 5 and implies a different interpretation of the inter-
action between materials and the electromagnetic field.
Even though the difference between the space-time parts is difficult
to verifyrexperimentauy (as it is for the difference between Abrahem's and

Minkowski's tensor), the differences in the space-space parts, on the contrary,
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do not seem to be difficult to verify experimentally. In fact, this veri-
fication can be made by a measurement of deformations in stationary fields.
No difference: exists between the total forces acting on a body in vacuo,
because the result of the integration over the volume of the body has to be
‘equal to the integral of the tensor over a bounding surface in vacuo. Since
in vacuo H = B/uo.and‘D = EE, the results coincide for both tensors. On
the -other hand, the internal stresses are different, thus giving different~
resultant strains. This measurement will declide whether or not postulate 5
is adeqnate. | |

.Y Inertial Reaction

The previous section developed the force with which the field acts on
Wmaterials and showed that it can be calculated directly from the fields with-
out any additional entities. These forces will act on the materials producing
deformations and motion. Eqpations are necessary to establish the connection
ibetween;theifield forces and the motion and deformations produced.-

These equations will introduce the reaction of the materials as inertial
and elastic forces, and the equilibrium between these passive reaction forces
and the active forces of the field will establish the state of motion and
~deformation,of the .-body. In order to understand the inertial reaction in its
simplest form, the followingydevelophent.will_neglect the internal stresses;
-that.is, this.seetionivill be restricted to the so-called incoherent matter.
At ‘a later stage, elastic stresses will be introduced and, finally, energy
.£low .in.the materials will be  considered.:

- Pwo kinds of mass densities may be. defined, the usual mass density

el

as the mass per unit volume, and the rest-mass density
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. ')(I"_'= -&—V-

as the rest-mass per unit volume. In the rest frame these become equal,

i;e,;~
. Sm
0
"o = Xro = &V,
Since"
(Sm = \(8111
S e
Thergiféllgws | |
6mo 5m° &m

SV, WV y24y
which shows that

,

The inertial éffect is contaihe@ in the right hand side of the following

equation
¥F a v
B AR S B
at o '
%XP ) icd

vhich for an element of volume §V takes the form

W. (S d;’ § KV..
i PL V = E%_‘ yg vo . y
b te

or
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£ Yv ¥v | a@v)
" ‘Svo = %—‘(-)’ \?o Tl + }ok : d.'ct3
c P icl ic¥

On the other hand, the equation ‘

g‘a(i—!l = (V‘ V)(SV

becomes in the rest frame of the element

a(dvy) adv)

= (v, - vo)év0

T, T AT
but
| ¥ov LA
V. 'v_=[vw 9,] =K. 90,]]  |=invariant
.0 o ot ok icxo t 4 ic\‘

80 that the above may. be written

Catdv) b
—é‘%—;l?[vt Bh] icv

Consequently, the.force-density equation may be written

. ouU
o k
o yfi G ,(.?‘?Ui) * )(°Ui(zk . %X

“where -
_ [ £
c ®
LS
(u;] =
i ic”(;
L_ "

Transforming the first term of the second member



or, in matrix form

i N ho [Kvtf ieV]

Oy o @) &
icﬁéfevt - ?ocafa 3,

which gives
’ e T :"hwt 'ic)(v v

o| oo 2| [a,

o) Lo

Recognizing that.)(v 1s the momentum per unit volume
=g
and, from the equivalence between,mgss and energy, that;qca is the energy
density
)(c?_ = h
this eqnatiop mey be written

b g v icg | IV

t

i.
P: 'Ehv - h a,_}

e
ct

This four-dimensional equation is eqnivalent to the two following three-

'dimensional eqpations.

£ = (gv v+ %%
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which says that the force density is the source of momentum density, and

p= V (hV) +

which sa.ys the.t the power density is the  source of energy density. For a
closed system these equations imply the conservation of momentum and the
conservetion of energy

The first equetion eleo implies the conservation of engular manentum in
a closed system, due to’ the syzmnetry of the spe.ce-spe.ce part of the four-

dimensione.l inertia tensor. In order to see this, the first equation may be

written
. — o(g,v,) dg,,
i ZJI 1’i‘;ij— * 37‘1,
Consequently e v |
. (g, v,)
6t = 23 e =
S Axe,v,) - xeg) Ox, o,
’Z; axji“' 3t 'ZJ:givJEJ'giBT'
Y oy |
- Z (xgiivd . (;]:gi) - gin
J J
Therefore

X fy - K= ZJ: 323 [A(.xkgi - %8 )V, + %% (8 - x;&) - 2 (gv, - gvy)

fﬁue +to the mentioned.symme;hry, the hst term‘is zero. The quantity

xkf'ik”m

iis recognized as 'bhe moment of the force density, and

xki - 1,91;_ et
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as the angular momentum density. The equation may then be written

M = a(mikvj) . om,
ik 3 ox 3 ot

meaning that the moment of force density is the source of angular momentum

density. For a closed system this implies the conservation of angular mamentum.
For this to hold in any reference frame, it 1s necessary that &vy be

symetric in any reference frame, and this can be true only if the—;;ﬁr-

dimensional tensor is symmetric. There follows

g=—5V

S

which again shows the equivalence between mass and energy.

It is interesting to see that the four-dimensional inertia tensor could
have been obtained directly from the energy density in the rest frame. 1In
fact, the only non-zero component in the rest frame is the time-time component,
which is the energy density

0 0

0 -h
o

If a reference frame in which the material has a local velocity v is now con-
sidered, the inertia tensor is obtained by the use of L(-v), because - v is
the velocity of this frame with respect to the rest frame. Therefore, the

inertia tensor will be obtained by the following calculation.

- ¥-1 i p ¥-1 i
I, + =5 Vv -—c-\‘v—‘ 0 0| |T5+ =5 vy -EXv
A's v
1 1 5|
E(vt X L0 -ho L_ -cxvt
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[ -
K2h° v ifﬂeh v gv icg-—1
c2 t c (o} t
i i
Ehlabovt - tho—l 2 th - h
where
h
h = Kaho and g = :é v .

4.5 Internal Stresses

In order to describe the complete behavior of materials, the internal
stresses must be considered. These stresses are transmitted through surfaces
and are best handled by means of the stress tensor. Since a surface element
is campletely characterized by the vector nds, where n is the unit vector
normal to the surface and ds its magnitude, the force transmitted can be
written

des = Tnds

where T is obviously a three-dimensional tensor. The total force over the

surface of a given volume is, then

f £,45 =f TndS =f (TV)av
S S v

which shows that the local force per unit volume is given by TV. An approp-

riate choice of the sign of T allows the momentum law to be generalized to

£ = (gvt)v+§%+w
or
9
£=(gv, +TIV+ 55

Since the work per unit time done by these forces is



ffT-vdS=f(Tn_)-vdS=fvtTndS=. (2,v) +nds = | v (T,v)av
S S S S '

the corresponding pover density is <7 - (Ttv). The power density equation is

then generalized to

p=V" (hv) + +V (TV)
or
. -
P= (hyt + vtT)V-!- b
Combining these two equations, the faur-dimenéional equation of power and

force density results

8V + T legi|7 £
i : - i
3 (hvt + vt'l‘) -h ay 5P
, The symmetry condition gives, in this case

1l
g = -;—2- (hv + Tt.v»)’ _

wﬁich shows that stresses cdntribizte to the momentum, not only due to their

contribution to energy density, bu‘b also directly through the term Ttv.

It is instructive to look a.t the transformation from the rest frame.

'I_n the rest frame the stress-energy tensor has the form

where ho,is the energy density (including elastic energy) and To is the

stress tensor, which is known to be symmetric. In this frame, energy and

stresses can be separated into



In a frame of .reference moving with velocity - v, in which the material has

a veloci'tjr Vv, the energy part becomes '
gg'y . 1og
fpe  n
c hH t hH
ﬁhere
2h : o o 2 ho
hﬂ=h’ O and gHV=K"':§v.

For the stress part, the transformation is more complicated; as is shown

below.
PR i1 - - ¥-1 iy 7
13+ *_’2 Ve - -é-?fv To a 13 + v2 - Vv, -c-xv
i ¥ ,, i ¥
3‘ Vi o 0 0 cﬁvt,
L - L —

e
I 1 ¥ 1oy Ly $-1 |
Az, + 2 tT + 2 T vV, + i——h—-L WtTowt] 3 (‘(To +{——;é— v, T )v

i t(\éT "‘\‘ b’ l Towt) | - -i-é fzvtTov
vhich can be put in£o the form -
8Tv‘t + T ich
(th +v 'I') | - hT
by letting

. ;(Tv) |



&p 2 ot T3 Vilo
Therefore ,
T=T, +L— S-L-u—)—(v'l'v)w - &gy
. v ‘ 2
=T + -)-/,—'-2—1-'th°.‘+ [(-\-/-:2—l - -)-/5)'1‘0 + ((Y'ul) - ();'21)) v, I vlvv,
v v c v cVv
and, since
1
I_-X“’_eg.{.u 1y - ?f_'j’
2 2 2 2 2 2
¢ VvV ¢ v Ye v

the following law of _trensfprmation; for the three-dimensional stress tensor

results.w,/
¥y L =D (¥-DE-D)
"I"‘=‘=H".lfo+ ?val w, T, +‘Yv2 owt""f , ,VF (vtToj)vv?

which shows that T is, in general, not symmetric, even though '.['o is.
7 The following last verification is necessary.
hyv, + VT .‘=‘Y—2 (vtTov)vt + v, T+ Y-2 v,vv,T +-K:2—— (vtTov)vt

o v2 ,t t7o

g
+(X— l)(?-l)
o
| 1_, | -0
=¥VT, +[2+Y +V(X );7 l)]("tTo")"t
- Le v, : v

= v_b[XT + A-Kv-——)- T°W£]

Tv)v vV,

which is in a.ccondance with the initial expression.
Incidentally, the case of a non-viscous fluid, in which the stress tensor



in the rest frame may bevﬁritten as

T =p:|:5

(where p is the internal pressu.re) s is particula.rly interesting. The trans-

formation formlla gives

'T=p1 +5 5 () - 1)+(7(-1)+(z( 1)(3,-1)1w

Therefore e

‘.'L'=jp]:3

which shows thai'. the internal pressure p is a four-dimensional scalar.

The interesting poinﬁ in the transformation of the three-dimensional
gtress tensor lies’ in ’the realization that, due to the state of motion, the
effess contributes not only to the energy and momentum densities, but also
directly to the power flow. In fa.ct, hT may ‘be considered 8s an energy

density due to the motion of the surface forces, producing the power flow

t

h',_Dv} In addition , there is. a powver £iow T v, and both contribute to momentum
(as they should) -due to the equivalence of mass and energy.

1«» 6 Internal Power Flow and Tensor of Material Reaction

Assuming the existence of a non-mechanical power flow characterized in
the rest frame by a vector P* (which may include heat flow and E x M ) this
power flow will also contribute to the momentum. . This means that its con-

tribution in the rest frame will be

| i
°  TE
cfot

In motion, the contribution is again obtained by & Lorentz transformation,

as shown below.



" . T v .
¥ -1 i i -1 1
13+,,v2 w, =-=¥v| | o P 13"'1;'2_""1-, =Yv
i 1 i
14 ¥ Ef  ofL--e¥w ¥ |

| | .
- 1 2% - X -
2wt aE vEEy 3 [XPS * U‘g 'vax =, (vth)a

i 2y - 1
! o [0Pg + 2 (v P2)v,] - -2 KZ‘ V¢Po |
k (o]
Introducing the definition
A
e = 285 v 2

e opppx g (2 - ¥-1) ‘
Bpx = g WEE + S (vPpv]
the space;espacyeﬁ_terp may be ’put in the form
epaly VP%
‘by letting

1

'To:lP%-t=- [{vp* +3’P*v +-K2—-J( P*)W]-—[JP*V +—f-—f———(vr*)vv
e e

which implies

1l

1-Y
P*‘=XP*°('+ 2 (vtpg)v

the time-space term then becomes



—[an_f__b’____(vp*)v-—[pu(l ?f-l I 2 (vz0v)
i e 4 2072 - 1) o
Cc

i
v§ 2?{2 v] = 3 [P* + bP*v]

This gives the following form for' the non-mechanical power flow.
gP*v + L vP¥ ich*
t c2 t
Y (b, v, + P¥) -
c (bpyVy + FY) - By,

The final equation including all of the effects may be written in terms of

the reaction tensor.and the-tensor due to the field. Thus

P v .1
gvt+T+c2‘vP§ icg a- cS V
1 : R
= (hvt+vtT+P_'§) -h ah -8 W au

ﬁﬁére""the 'ﬁot‘a‘.l manenj:zm density is -
8 = &+ &g * &
_g.nd,“the‘ t‘otalv energy density is
| memeiyen,
This four-dimensional equation embod.ies the equation of motion of mtter in

an electromagnetic field and the energy equation.
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CONCLUDING REMARKS

" fThis investigation has shown that the difficulties in the analysis of
. electromgnetic fields interacting with moving bodies essential]y fall into
two categories' | v ' ‘

() Misunderstending of the kind of relativity to be used (even in
Pirst approximation) in electrodynamics. This was due to the common belief
that for small velocities Gallilean relativity.b could be used instead of
Eins"tein"s. relativity..‘f:»As a consequence, time was handled as a parameter
and the law of transformation of the electric field had to be introduced as
an e‘xperimentalﬁffact v;clashing with the laws of transformation of the sources
of electromagnetic field and ms.king electrodynamics inconsistent with
classical mechanics.

| This investigation has shown that Ga.ll:l.lean relativity is not adequate
for: “the establishment of a set of laws of transformation for the electro-
magnetic fields and -sources self-consistent even in first order terms in v/c.
It'is now clear that time cannot be vconsidered as invariant, and therefore,
care as o be-exercised when reasoning intultively. In order to handle the
sitnation properly, a few concepts of vector and tensor analysis » employing
the convenient matrix notation, allowed a simple and clear development of |
the necessary'theory vhile maintaining the physical meaning in evidence.

(b) Ambiguities in the definition of electromagnetic field vectors in

znaterials. Historical]y, the influence of materials on electromagnetic
fields was taken care of by the introduction of parameters (characteristic

of the materials) which accounted for the effects measured at the boundaries.
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E‘ven‘ though hypotheses were advanced ab/out thé‘ electric origin of these
ﬁaraméters s these hypo‘bheses .were_not ‘used for the determination of internal
force and 'ene'rgy densities. These force and energy densitieé were obtained
from energy cqi;éemtion and virtual work principles which, strictly speak-
ing, ‘acc‘oﬁnted‘on.'ly.y,for the';nteéréted effects. The understanding of the
béijé.viér of the field ‘véc‘:f.ors at the surfaces of separation between materials
and vacuum a.llo_wed' & defini}:iop pf‘tl;ese‘ vegtors inside materials by the use
of app:’cap:iate, cavities ’ which obs.cured: still more their role as force-
pr,oducin‘g‘ ent_itiv.elsv,_ .These ambiguities were removed in this invgstigation
by postu.fl.ate" 5 s which.a]lowed not only & clear interpretation of the influ-
ence. o:t‘ motion, Vl_mt ,z_a.lso gave & very straightforward proqedure for handling
forces and energj.es.*_ - - o
An experimggtal :I.m're_si‘.igaa.jl::i.on~ is now necessary in o:der.to verify the

é.dequacy of this,last postulate. Should this postulate not be valid, still
the: situation ig nowvclea.r enough for an gnd_erstanding of where the aiffi-
cuity .fI.:I.Aes.’-g There _is no reason to kbelieve tha.t essentially the same method
o;‘.: , approacl} ca.nnoi': bg usec_i for handling the q.eyelopnxent after a convenient
modification of postulate 5. |

It seems that, in thisvcase » & new source of fields has to be considered
in a.ddition‘to. the electrig_: ch_arge. .A decision has to be then made about
fhe pcssibilify “of the use of elec'branaggetic fields for the description of
'bhe intgraction betwegn these new sources, or the ,'possibi]ity of introducing
a corresponding new field. This last approach is felt as being the better,

'even though the more difficult, ’s:.i.nce this 1nv§stiggtipn seems to strengthen

*This seenis i'.‘o“be th ‘ same‘proéedure' followed by Professor L. J. Chu in his
recent investigation 16) with a different postulate about the sources of the-
electramagnetic field and a convenient modification of Lorentz force.
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»"'tpé ‘belief that.‘, electromagnetic, fie;.d i»s, pt_lre_ly an'a_.spect of charge igter-
action. . ..

. In any case,. the neat and straightfprva_rd lapproach afforded by the
nota.tion and methodfollcwedhere ‘seems f.o be as important as the results
‘ ach;l.gved (if 'xrlot' more. sb) , ’specj.alvly‘ considéxj.ng the amou.n‘b»of addi“b;l.ong.l

information put within the reach of the engineer by its use.
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