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Abstract

A generalized viscoelastic model is used to describe the rheological properties of mud
and is fitted to the available experimental data, so that its constitutive coefficients
are just material properties independent of the frequency of the external forcing. We
integrate this model into a perturbation analysis to solve the interaction between a
thin layer of viscoelastic mud and sinusoidal waves propagating on top of a water layer
of intermediate depth. In contrast with the previous studies the analysis is done for
decaying water waves and a rheological model with frequency independent coefficients.
The leading order motion and the mean second order motion inside the mud layer
is determined analytically together with the first two orders motion in water. The
analysis is done in a fixed Eulerian frame and it is shown that both a mean horizontal
displacement and a Eulerian mean horizontal velocity exists inside the mud layer at
the second order. The effect of elasticity and viscosity on the damping of water waves
and on the mean motion of the mud is studied. It is shown that a light mud with
a high proportion of elasticity will significantly modify the leading order movement
through damping. The results are applied to solve analytically the problem of the
evolution of the narrow-banded waves propagating on top of a semi-infinite mud layer.
It is shown that the presence of the mud layer gives rise to a negative mean current in
water layer and to free waves generated at the edge of the mud layer and propagating
at the dimensional velocity +/gh.
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Introduction

The behavior of the cohesive sediments under ocean waves is a vast topic that has
long been studied by various authors. The major goals of such studies are the under-
standing of the transport by the water waves toward the beaches of the potentially
contaminated sediments and the modeling of a significant water waves’ damping that
occurs when the waves propagate over coastal seabeds loaded with cohesive sediments.
The major difficulties arise in these studies because of a highly complex rheological
behavior of cohesive sediments that renders their modeling challenging. Moreover,
any analytical work is possible only for simple rheological models of the mud. This
is why the mud was often modeled as a Newtonian viscous fluid (e.g., [10] and [7]).
The results of such modeling do not predict large values of damping for shallow mud
layers and hence are inconsistent with the experimental data. The mud was also
modeled as a linear elastic solid (e.g., [11]) and as a poro-elastic medium (e.g., [12]).
A more accurate way is to model the mud as a viscoelastic material, that combines
at the same time the properties of a fluid and of a solid. This approach was taken
by a number of authors: MacPherson [13] in 1980, Maa and Mehta [14] in 1990, Ng
and Zhang [6], [5] in 2006 and 2007 and by others. It was shown that the the elastic
properties of the mud can produce resonant motion of the layer and significantly en-
hance the energy dissipation.

In all the previous studies the models used were similar to the Voigt body:

+ i (0.0.1)

I~
Il

=1

=

where 7 is the dimensional stress tensor, 7 is the dimensional strain tensor and l is
the dimensional rate of strain tensor. However, as the experimental data suggests (see
next chapter),the coefficients G and fi depend strongly on frequency. This suggests
that the models used are not appropriate to represent the mud, as they not only de-
pend on the mud properties but also on the frequency of the external forcing. We will
present a generalized viscoelastic model that will have all the coefficients independent

of frequency and will be valid for any sinusoidal forcing.
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In the most recent paper on oscillatory motion of a viscoelastic mud [6] Zhang
and Ng solved the equations of motion in Lagrangian for the problem of a viscoelastic
mud layer put into motion by harmonic pressure applied on the surface of the layer.
In our analysis the mud layer will be put into motion by the waves propagating on the
overlying water column. We allow the water waves to decay due to energy dissipation
inside the viscoelastic mud and we solve the equations of motion in the Eulerian form
allowing a nonzero mean horizontal velocity inside the mud layer. Zhang and Ng ap-
plied the perturbation analysis to obtain first and second order equations of motion
inside the mud layer and then solved them numerically. In our approach we solved
the equations of motion analytically, in particular for the mean displacement inside
the mud layer, and compared to the numerical results of Zhang and Ng. The profiles’
shapes of the mean horizontal displacement are the same but the quantitative results
differ because Zhang and Ng considered that there is no shear stress on the top of
the mud layer even at the second order. However, as it will be shown later, due to
the second order movement of the interface between mud and water layers the shear

stress at the interface is non zero at the second order.

The plan of this thesis is the following. First, we introduce a generalized viscoelas-
tic model and fit it to the experimental data available, so that its coefficients depend
only on the properties of the mud and not on the external forcing. Second, we use the
perturbation analysis to analytically solve the interaction of a thin mud layer with
sinusoidal waves propagating on top of a water layer of intermediate depth. Finally
we apply the obtained results to analytically solve the propagation of narrow-banded

waves on top of a thin semi-infinite layer of viscoelastic mud.
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Chapter 1

(zeneral viscoelastic model of fluid

mud

1.1 Experimental Background

In a technical report from Institute of Mechanics, Beijing China, Huhe and Huang

(1993) describe experiments on the rheology of fluid mud in Hangchow Bay. Using

a RMS-605 rotating drum viscometer they recorded stress/strain relations in both

steady and time harmonic tests for a wide range of fluid-mud densities and clay

concentrations. For steady flows the relation is essentially Bingham plastic in accord

with nearly all past experiments. For time-periodic tests within the frequency range

of 0.2 < w < 70 rad/sec, the relation is much more complex, suggesting that the

rheology of mud under waves differs considerably from that of steady flows. Their

results are reported in the form of a simple viscoelastic material,

where

(1.1.1)

(1.1.2)



and where the symbol @ represents the velocity and the symbol U represents the
displacement. Note that in this thesis the dimensional variables will be marked by a

bar (@, U, ...) and the dimensionless without.

The data show however that both G,, and u,, measured depend not only on mud
properties (chemistry, salinity density and sediment concentration, etc.), but also
strongly on the frequency. Specifically, G,, increases while the viscosity coefficient
1 decreases sharply with frequency. This dependence on frequency implies that the
simple model (1.1.1) is inadequate.

In a more recent study Jiang and Mehta (1998) reported extensive time-periodic
tests for fluid mud from the south coast of India for circular frequencies in the range
of 0.02 < f < 4 hertz, or 0.12 < w < 24 rad/sec. They fitted their data to a three-
parameter viscoelastic model. These parameters however are also dependent on the

frequency.

Since in both known experiments the frequency dependences are similar and the
frequencies tested coincide with the common range of wind-induced sea waves. Both

sets of data are of direct relevance to coastal/ocean engineering.

In the following of the present chapter we treat the available data to obtain the
experimental complex viscosity pg as function of w, then we propose a generalized
visco-elastic model based on all the experimental data. The frequency dependence
is taken into account by the proposed model rather than by frequency dependent
coefficients of the simpler models used by Jiang & Mehta (1998) and Huhe & Huang
(1993). Meaning that the coefficients of the proposed model are independent of
frequency. In the next chapter the resulting rheological law is applied to a simple
problem of wave attenuation and the wave induced mass transport inside the mud
layer. In the last chapter we will treat the nonlinear evolution of the narrow-banded

waves over a semi-infinite and finite length mud layer.
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1.2 Data by Huhe & Huang, 1993

In this section we deduce the experimental values of the complex viscosity pq(w)
characterizing the mud from the data supplied by Huhe & Huang.

For harmonic motion
F=Fe, =%, §=Fe™ (1.2.1)

and

¥=-7 (1.2.2)
In the simple Maxwell model used by Huhe & Huang (1993), one gets

~

= . = (1G

7= (Gpm — Whn)y = (—cjﬁ + Hm) 84 (1.2.3)
Defining the complex viscosity p4 relating stress and strain by

7= pd(w)?y, where pg = puf +ipl, (1.2.4)

it is evident that

i) = i), piw) = En (1.2.5)

With these relations the frequency dependence of the real and imaginary parts of 14

can be inferred from the data of Huhe & Huang.

The data from Huhe & Huang is available from two different flume tests noted
A and B. The values of p,, and G,, provided by Huhe & Huang are listed in the
Appendix A.2 in tables A.4 and A.5 for the flume A and in tables A.6 and A.7 for the
flume B. The deduced values of u7; and p} are plotted in figure (1-1) for the flume A
and in figure (1-2) for the flume B. In both figures the log-log scale was used instead
of the normal scale. The reason for this is that the complex viscosity varies sharply

with the frequency and the data cannot be clearly visualized using the normal scale.
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Figure 1-1: Experimental data by Huhe & Huang (1993), data set A. Real and imag-
inary parts of the complex viscosity p4 in log-log scale.

As the viscosity g is complex we can define its modulus |u4| and phase 6 € [0,7/2)

such that
pa = |pale® (1.2.6)

The parameter has to be necessarily confined into the interval [0, 7/2] because the
experimental values of real and imaginary parts of the complex viscosity p4 are both
positive.

6 €0,7/2)

It is clear that the parameter 6 indicates whether the mud is more or less elastic. In
the extreme case when 6 is equal to zero the mud is a simple Newtonian fluid. At the
other extreme the mud behaves as an elastic solid when the parameter € is equal to
7 /2. Because of the importance that the parameter § has on the mud properties it is

plotted in figure (1-3) for the data set A, and in figure (1-4) for the data set B.
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Figure 1-2: Experimental data by Huhe & Huang (1993), data set B. Real and imag-
inary parts of the complex viscosity g4 in log-log scale.

1.3 Data by Jiang and Mehta, 1998

In this section we deduce the experimental values of the complex viscosity pq4(w) from
the data supplied by Jiang & Mehta.
Jiang & Mehta chose the three-parameter viscoelastic model to model the rheology
of the mud:

T+t = fo7 + B (1.3.1)

The mechanical analogy of this model is represented in figure (1-5). It consists of a
spring 2G1 in series with a Maxwell unit, which is a spring 2G, and a dashpot 2u,,
in parallel. The parameters a3, Gy and B; will be deduced as functions of Gy, G,
and p,, later in this section. Jiang and Mehta plotted their recorded values of Gy,
G, and pn, for eight frequencies in the range of 0.02 Hz < w < 4 Hz for Attapulgite
and Kaolinate (AK) mud and summarized similar results for other mud samples in
an empirical formula (eq. 1.3.2) with two parameters ¢ and A depending on the

frequency, mud type and the solid fraction ¢

pa, Gi, Gy, = exp(e)f? (1.3.2)
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Figure 1-3: Experimental data by Huhe & Huang (1993), data set A. Modulus and
phase of the complex viscosity pq in log-log scale.

The data provided by Jiang & Mehta is presented in the appendix A.1. The physical
characteristics of the mud samples considered by Jiang & Mehta are summarized in
the table A.1, and the values of the parameters ¢ and A for each mud sample are
listed in table A.2.

Unfortunately the raw data is no longer available and Jiang & Mehta report only the
parameters € and A which represent the fit of the data on the entire range of exper-
imental frequencies 0.12 < w < 24 rad/sec. In the following section we will present
a generalized viscoelastic model and will describe a method to obtain the coefficients
of this model based on a finite number of the experimental points. Therefore we will
base our computation as if Jiang and Mehta measured the viscosity for all mud sam-
ples at the same eight frequencies w= [.12 .24 .54 1.2 2.4 5.4 12 24] rad/s as they did
for AK mud sample. The values of the parameters G;, G5 and p,, will be evaluated
at these eight frequencies using the data for € and A and the empirical formula (eq.
1.3.2).

By applying force balance on the mechanical analogy, the coefficients o, 8, and 5
can be related to Gy, G and ., as follows

2G1 G2 2/4’4mc"v1

= _Hm = 212 =

Gy +G2’

(1.3.3)
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Figure 1-4: Experimental data by Huhe & Huang (1993), data set B. Modulus and
phase of the complex viscosity pq4 in log-log scale.

Using the three-parameter model (eq. 1.3.1) and considering the case of a simple

harmonic motion, the complex viscosity becomes

B +i2
= W 1.34
H 1 —way ( )
hence its real and imaginary parts are
B — a1
= — 1.3.5
Ha 1+ w?a? ( )
Bo
: =4 walﬁl
v o= 1.3.6
Ha 1+ w?a? ( )
(1.3.7)

Thus knowing for each mud sample the parameters ¢ and A we can evaluate the
parameters G, G2 and p,, at any frequency and in particular at the 8 frequencies
considered. From these we can deduce the parameters a;, By and 8; and finally the
experimental complex viscosity ug. The real and imaginary parts of the complex
viscosity are plotted in figure (1-6) using the log-log scale. The modulus and phase
of the complex viscosity ug are plotted in figure (1-8). The values of the phase 6
are close to 7/2, which indicates that the mud samples considered by Jiang & Mehta

have an important component of elasticity.
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Figure 1-5: The three-parameter viscoelastic model of Jiang & Mehta, 1998.

In figure (1-7) only the data for the mud samples MB (Mobile Bay mud) was plotted.
All three samples plotted have the same composition but different solid volume frac-
tions ¢ (0.07, 0.11, 0.17). As one can expect the real part of the viscosity increases
with the solid volume fraction ¢. It is interesting to note that the imaginary part
of the complex viscosity also increases with the solid volume fraction ¢, keeping the
ratio of elasticity to viscosity approximately unchanged for different values of ¢ (see
the right-hand side plot in figure (1-8)). In the same figure we observe that the mud
samples studied by Jiang & Mehta have a much greater elasticity to viscosity ratio

compared to mud samples studied by Huhe & Huang.

1.4 Generalized viscoelastic model

Let us introduce the generalized viscoelastic model, relating the components of the

stress and the strain tensors by a differential equation:

N N-1
(1 v zan@)") 7 = (25,,(65)") 7 (14.)

n=0
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Figure 1-6: Experimental data by Jiang & Mehta (1995). Real and imaginary parts
of the complex viscosity uq in log-log scale.

with the symbols O; representing the partial derivative with respect to time £. A
similar form of a viscoelastic model was introduced by Bird et al. [2]. The only
difference with the last one is the fact that we introduced the coefficient by responsible
for the elastic behavior at zero frequency. In our model (eq. 1.4.1) the material
behaves as purely elastic solid at zero frequency, with the elasticity coefficient being
bo (79 = byy¥). Note that the linear cases of a purely viscous fluid is captured by the
proposed model (eq. 1.4.1) when all the coefficients @, and by, except b; are equal to

zero. In this case the model reduces to
7 = by (077) = b7 (1.4.2)

Indeed the dimensional coefficients @, (in s") and b, (in Pa.s™), which should de-
pend only on the properties of mud, can be found from the experimental data of
the complex viscosity pg. It should be pointed out that, in a linear problem and
simple harmonic motion, empirical information on the frequency dependence of the
complex viscosity pq is sufficient for modeling purposes as long as the shear motion
is dominated by one component, as in the case of long waves over a shallow layer
of fluid mud. The generalized viscoelastic law (1.4.1) can however be used for more

complex problems where convective nonlinearity may introduce higher harmonics.
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Figure 1-7: Experimental data by Jiang & Mehta (1995), MB mud samples only. Real
and imaginary parts of the complex viscosity pq in log-log scale.

This situation is similar to the nonlinear Navier-Stokes equations in which the linear

Newtonian viscosity is determined empirically from steady shearing experiments in

concentric rotating cylinders.

For the special case of a purely sinusoidal motion in time

we have from (1.4.1)

where y is complex B ~
i bo + 25;11 bp(—iw)™

= ei@ =

(1.4.3)

(1.4.4)

(1.4.5)

The constant @, was taken to be equal to one without modifying the generality of

the model. In fact if the constant @ is not equal to one and is different from zero, it

is enough to divide the numerator and the denominator by the value of @y simulta-

neously to get the equation (1.4.5). Note that in the numerator the highest index of

summation is N — 1 as opposed to the one in the denominator which is V. This is

done to keep the same number of unknown coeflicients in the numerator and denom-

inator - N.
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Figure 1-8: Experimental data by Jiang & Mehta (1995). Modulus and phase of the
complex viscosity pq4 in log-log scale.

Note that using the expression (1.4.5) the limit of complex viscosity at zero frequency
can be evaluated. In fact when w — 0 the viscosity tends to a finite real value and
an infinite complex value

p— (b — dod;) + z% (1.4.6)

1.4.1 General method for finding the coefficients a, and b,

There are 2N unknowns to be determined @,,bn_1, n = 1,2,3,...N. For this we
need 2N real or N complex equations. Suppose that the experimental value of the
complex viscosity ugq is given at N frequencies wq, wsy, ...wy. By equating the values
of pg(w;) at N frequencies wy, [ = 1,2,3,... N to the complex viscosity u given by
the equation (1.4.5), one obtains N complex or 2N real linear algebraic equations for

2N unknowns @n,bp_1, n=1,2,3,..N

/*‘d(wl) = M(Wt), l= L,2,3, N, (147)
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The equation 1.4.7 can be rewritten more explicitly in terms of coefficients @, and b,

A(wy) + 1Al (w) = 2=l - (1.4.8)

where A7 = —iwpT and A% = —iwp} are known from the experimental data.
Separating the real and imaginary parts, one gets 2N real equations for @, and by,.
Two cases are to be considered: N is even or N is odd.

In case when N is even, N = 2M and the equations are:

M-1 M-1
Ag(wr) Z( 1Panw;? + Ay(wr) Y (=1)Pagperwi™ = Y (—1)/hypui® = —Af(w)
p=1 p=0 p=0
Aj(wr) Z( 1)”a2,, — Aglwr) Z( 1)P ‘l2p+1""2p+1 + Z( 1)”’7‘2p+10"2pJrl = —Ajw)
p=1 p=0 p=0
In case when N is odd, N = 2M + 1 and the equations become:
M M-1 _
Aﬁ(wz)Z(—l)pdzpw (Wz)Z( DPagppaw;” = D (—1Phypuf? = —Ajw)
p=0 p=0
() Z( 1Pgpu;? — Ajfw) Z( Dazpaw; + Z( Dhapiiwf? = —Aj(w)
=1 p=0 p=0

The system of equations for @, and b, can be written as A.X =Y with the unknown
X = (c‘zl, ...an, bo, ...I-)N_I)T. Let us obtain explicit expressions for the matrices Y and
A.

Let Y] be the [-th component of the matrix Y. Than

Vi = —Aj(w) for 1<ILKN
Y, = —AY(w) for N+1<I<2N
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To get the expression of the matrix A we consider two distinct cases. The case when
N is even and the case when N is odd.
In case of an even N we can find an integer M such that N = 2M. The elements A,

of the matrix A are for the first NV lines (1 <! < N):

Az = Ag(w)(-1Paguw;” for 1<p<M
Argpr = Ai(w)(~1)agwiPt for 0<p<M-1

Ay nyryzp = —(=1)Pbywi? for 0<p<M-1
for the next N lines (N +1 <! < 2N):

Ay = AYw)(-1)Pagpw? for 1<p<M
Doy = —Af(w)(~1)Pagpuwi™ for 0<p<M-1

Ainizizp = (~1Pbypraw™ for 0<p<M-1

In case of an odd N we can find an integer M such that N = 2M + 1. The elements
Ayp of the matrix A are for the first N lines (1 <! < N):

Aigp = Ayw)(=1Pagw;” for 1<p<M
Apgprr = Ai(w) (18wt for 0<p<M

A nirszp = —(—1)Pbyuwi? for 0<p<M-1
for the next N lines (N +1 <[ <2N):

Digy = Ayw)(-1Payw;” for 1<p<M
Algprr = —AYw)(-1)apnw™ for 0<p<M

JAV N+2+2p = (—1)p52p+1w,2p+1 for 0<p<M-1
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The unknown matrix X is obtained by inverting the matrix A
X=A"Y (1.4.9)

Note that in the viscoelastic model (1.4.1) the order N of the highest derivative is
equal to the number of used data points. Thus the order of differentiation increases

with the number of data points within a given range of frequencies.

1.4.2 Generalized model for Huhe & Huang, data set A

At this point the values of the complex viscosity was deduced from the experimental
data of Huhe & Huang and a method was presented to compute the coefficient a,, and
b,, of the generalized viscoelastic model. For the data set A Huhe & Huang presented
the results for 12 different frequencies. Using the method described above we could
compute 12 coefficients @, and 12 coefficients b,, such that the resulting complex
viscosity p would match exactly all the data points. However as the data is highly
scattered but possess clear trends there is no need in to exactly match all the twelve
data points available. Instead we chose four points (N=4) inside the data range which
capture the trends given by the data but avoid the irregularities. The number of the
coefficients is the reduced from 12 x 2 to N x 2. The resulting complex viscosity
is plotted together with the experimental data in figure (1-9) for different volume
fractions in log-log scale. The data points used for the evaluation of the coefficients
an and b, are marked by squares.

The corresponding values of the coefficients @, and b, are plotted in figure (1-10).

The values of the computed coefficients a, and b, are listed in table (1.1).
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Figure 1-9: Experimental data by Huhe & Huang (1993), data set A and fitted real
and imaginary parts of the complex viscosity u(w) (continuous lines) using selected
data points (marked by squares). Log-log scale.

¢ 0.37 0.23 0.20 0.17 0.14 0.08
a, -0.12218 | -41.9780 | -15.1629 | 108.529 | -375.600 | -175.717
a2 -118.133 | -67.9081 | -69.241 | -1753.64 | 628.434 | 163.232
as -2.88248 | -5.93441 | -2.65462 | -62.8995 | 212.318 | 30.4877
Ga 0.07374 | 0.42527 | 0.04753 | 3.34052 | -34.6822 | -2.02384
bo 180159 | 85454.7 | 18467.0 | 24831.1 179539 | 6240.70
b 4555330 | 25932.1 | 65989.3 | 1376920 | -1759440 | -83303.4
ba -3346770 | -1040300 | -140502 | -2280260 | -1940330 | -151503
bs -4356320 | -940117 | -176451 | -6021200 | 3791420 | 132053
b — boay | 4577350 | 3613150 | 346004 | 4071810 | 65675300 | 1013290

Table 1.1: Coefficients @, (in s”) and b, (in Pa.s") - Data by Huhe & Huang, data
set A

1.4.3 Generalized model for Huhe & Huang, data set B

For the data set B provided by Huhe & Huang the coefficients @, and b, as well as
the resulting complex viscosity p were computed using four data points (N = 4). The
resulting complex viscosity y is plotted as function of frequency in figure 1-11
The corresponding values of the coefficients @, and b, are plotted in figure 1-12.
The values of the computed coefficients &, (in s*) and b, (in Pa.s") are listed in

table A.6.

33



40
2
s §
2 x
%*
g
[IS] 40
-60 V]
-80
-100
-120 =+ . .
1 15 2 25 3 35
n
(a) @n
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1.4.4 Generalized model for Jiang & Mehta

The data provided by Jiang & Mehta was treated in the same way as the one provided
by Huhe & Huang using four data points (N = 4) from the available frequency range.

Four coefficients @, four coefficients b, as well as the resulting complex viscosity p

were computed.

The resulting complex viscosity yu is plotted as function of frequency in figure (1-13).

The corresponding values of the coefficients @, (in s*) and b, (in Pa.s™) are plotted

in figure (1-14).

The values of the computed coefficients @, and b, are listed in table (1.2).

¢ 0.37 0.23 0.20 0.17 0.14 0.08
a1 3.39210 | 15.6591 | -155.898 | 15.4006 | 11.1584 | 9.58842
0 0.19550 | 13.0727 | 4.11920 | 12.8004 | 6.85566 | 5.41669
a3 -0.05810 | 0.91256 | 28.5325 | 0.88478 | 0.32268 | 0.14459
a4 0.00021 | -0.00111 | -0.20689 | -0.00039 | 0.00038 | 0.00095
bo 4294.43 | 90.3429 | 505.357 | 516.287 | 2964.15 | 1008.04
by 40368.6 | 4765.02 | -11906.4 | 13458.3 | 62655.7 | 40132.4
bo 5422.86 | 6102.73 | -2813.15 | 14077.0 | 51952.7 | 33268.5
bs -1641.19 | 589.746 | 2097.43 | 1165.82 | 3104.06 | 1114.9
by — boay | 25801.5 | 3350.32 | 66877.8 | 5507.14 | 29580.6 | 30466.9

Table 1.2: Coefficients @, (in s”) and b, (in Pa.s") - Data by Jiang & Mehta
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Figure 1-11: Experimental data by Huhe & Huang (1993), data set B and fitted real
and imaginary parts of the complex viscosity p(w) (continuous lines) using selected
data points (marked by squares). Log-log scale.

1.4.5 Conclusion

A viscoelastic model with frequency-independent coefficients was fitted to the avail-
able experimental data. The number of the time derivatives present in the model and
the values of its coefficients depend on the number of the data points considered. For
the available experimental results it was shown that a fair agreement with experi-
ments can be obtained using 4 data points and 3 time derivatives.

It was noticed that the real part of the complex viscosity should tend to a finite value
even when the frequency tends to 0. To prove it experiments should be done at low

frequency (lower than f = 0.02Hz2).
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Figure 1-12: Dimensional coefficients @, and b, for mud samples provided by Huhe
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Figure 1-13: Experimental data by Jiang & Mehta (1995), and fitted real and imagi-
nary parts of the complex viscosity u(w) (continuous lines) using selected data points
(marked by squares). Log-log scale.
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Chapter 2

Multiple-scale analysis of water
waves interacting with a muddy

seabed

The problem of the small amplitude water waves riding over a thin layer of mud
inherently possesses small parameters which are the wave steepness and ratio of the
mud layer to the water layer depths. Thanks to the existence of these small param-
eters the problem of the evolution of water waves over a thin layer of mud can be
linearized by expanding the unknowns into the perturbation series. This also give us
the possibility to introduce slow scales characterizing the time and the distance at
which the waves are damped.

The solution at the leading order will give the rate of damping of water waves and the
wavenumber shift that arise through the interaction with the rﬁud layer. The second
order solution will provide the mean displacement inside the mud layer, the higher
order corrections to the leading order movement and the analytical expressions of
the long waves generated by the slow modulations of the envelope of the free surface
waves. The analysis will be conducted for the case of a single frequency characterizing
the sinusoidal oscillations of the free surface waves.

The studied problem is the propagation of waves on a layer of water of depth h over

a thin layer of mud of depth d. The forcing water waves are harmonic of frequency w
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and have a wavenumber ko that will be determined using the dispersion relationship.
The forced free surface displacement is 7j(Z,t), where Z is the horizontal coordinate
and t represents the time. The displacement of the interface of the mud layer is
((z,%). The viscosity and density of the mud are u and o™ and the viscosity of
water is p®). The mud will be modeled as a linear viscoelastic material as described
in the first chapter of the present thesis. The local erosion and deposition rates are
neglected as they are too small to affect the wave-induced motion of the mud layer
to the leading order (Liu and Mei 1989).

Given the experimental data, a reasonable assumption will be that the water layer

o
v X
i
m(x,t)
h Water
&(x.t) Mud layer d{

Figure 2-1: Studied problem

can be treated as inviscid. That is to say that the mud is much more viscous than the
water. In fact the experimental data suggests that the viscosity of water is smaller
than that of the mud by a factor 1075 on average for the mud samples considered.
As a consequence the water layer can be treated as inviscid to a very good approxi-
mation. The water layer is also assumed to be homogeneous, incompressible, initially

irrotational and of intermediate depth (i.e. kh = O(1)).
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2.1 Scaling

The dimensional quantities will be marked by a bar, and the dimensionless without.

The obvious common scale to both water and mud layers is the time scale w™!.

2.1.1 Water layer

It is natural to scale the free surface displacement by its amplitude that will be noted
a. It is expected that the movement of a thin and dense mud layer does not affect the
water motion at the leading order. Therefore it is reasonable to expect that the scale
of the wave number is “’?2 and that the horizontal length scale inside the water layer is
given by 4 that neglects the effect of the mud layer. The scale of the water horizontal
velocity is aw. The scale of the velocity potential is then given by 2. In water of
intermediate depth it is expected that the horizontal and vertical length scales are
comparable and therefore the mass conservation equation requires the horizontal and
vertical velocity scales to be equal. The dimensionless height of the water layer is
defined as H = h“’Tz. Finally the dynamic pressure scale is p™ga.

The scales for the water layer are summarized in the table (2.1) below.

2

=%z U=awU t=wt ¢=249 k=«
7=y V=awV p¥)=pWgep® f=ayp h=

o

€ m“

Table 2.1: Scaled quantities inside the water layer

2.1.2 Mud layer

The horizontal length scale and the wave number inside the mud layer are the same
as the ones inside the water layer. However, as the mud layer is thin compared to the
wavelength, it is natural to chose the mud layer depth d as the mud layer’s vertical
length scale #'. Note that §’ = §+ h+d is the vertical coordinate inside the mud layer
and  is the vertical coordinate inside the water layer. The horizontal velocity has
the same scale as the one inside the water layer aw. The scale of the vertical velocity

however is given by the balance of the terms in the conservation of mass equation
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and is equal to ewd, with the small parameter € defined as:

w2

9

a

€ <<1 (2.1.1)

The mud viscosity is scaled by its real value at constant shear (zero frequency) which
was obtained by interpolation of the experimental data using the method described

in previous section:

Ho = b] - boal (212)

The components of the rate of strain tensor scale as %' and the components of the
stress tensor scale as £, The pressure scale is the same as the one inside the water
layer. The components of the stress tensor scale as their larger term which is expected
to be the pressure term. The displacement inside the mud layer is scales as velocity
times w which gives a for the displacement in the horizontal direction and ed for the
scale of the displacement in the vertical direction.The strain tensor is then naturally
scaled as §, and the rate of strain tensor as %*. The scale of the interface displacement
can be estimated using the fact that the ratios of the upper surface displacement to
the height of the underlying layer are expected to be the same in both water and mud
layers, i.e. 2 ~ £ (Liu and Mei 1989 ). The water/mud interface displacement scales

then as ea because of the assumption that d ~ a.

The scales inside the mud layer are summarized in the table (2.2) below.

T = &x U= awu 7ij = 577'.7 ﬁ(m) = 'Yp(m)gap(m) 22 =aX
7 =dy U= eawdy 79 = sy v = vp™ gact Y =edY
7 ,

a _ g . iy 3
= w—lt k= ‘.*.;;k C o ea( ,71..7 — %’)’” ,3,13 = aTw,sz

Table 2.2: Scaled quantities inside the mud layer

where the parameter v represents the densities ratio:

_ p(w)

7= p(m)
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The depth of the mud layer is assumed to be comparable to the amplitude of the free
surface waves: 4
.= 0o(1)

The symbols ¢% and 7 represent respectively the components of the total stress
tensor g and the viscous stress tensor 7. Each of the dimensionless components of

the two tensors are related by

i _pmg 4 € i
o 4 ”+7ReT

where 4;; is the Kronecker delta and where the Reynolds’ number Re is defined as

p™awd
Ho

(2.1.3)

The magnitude of the Reynolds number for the mud samples available is of order
O(1072) for the case @ = d = 0.1m and of order O(1) for the case of a = d = 1m.
In all that follows all the equations will be written in terms of dimensionless quanti-

ties, unless otherwise specified.

2.2 Exact governing equations and boundary con-

ditions

2.2.1 Exact governing equations

In this section the exact equations governing water and mud motions are stated. It is
assumed that water and mud layers are separated by a clearly defined interface and
the erosion and deposition are neglected. In all that follows the partial derivatives
with respect to a variable z of a function f will be denoted by f,, and the derivative

with respect to z as an operator will be denoted as 9,.
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Water layer

The governing equation for the inviscid water is the Laplace equation
&+ Py =0 —H<y<en (2.2.1)

The pressure inside the water p®) layer can be deduced from the velocity potential

® by using the Bernoulli equation which is
€
p™ = &, — 5 [(@z)z + (Qy)z] (2.2.2)

Mud layer

The governing equations for the mud layer are the Navier-Stokes equations for an

incompressible fluid. They are the mass conservation equation
Uz + vy =0 (2.2.3)

the x-momentum conservation equation

1 d
up + e(uug +vuy) = —ypi™ + E% (T;,y + eg'r:””) (2.2.4)
and y-momentum conservation
: 2[ +euv, + 0] =~ + = (8 + S (2.2.5)
e | vt eluvs tvvy)| =—py" + o |y e 2.

2.2.2 Exact boundary conditions
Free surface

The kinematic boundary condition on the free surface is

= ‘I)y - €’I’]$(I>z, y=en (226)
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The dynamic boundary condition is
=0, + % (®2+@2), y=e (2:2.7)

The kinematic and dynamic boundary conditions (equations (2.2.6) and (2.2.7)) can
be combined by taking the Lagrangian derivative of the dynamic boundary condition

(2.2.7) with respect to time. The combined boundary condition becomes:

@+ @y +e |04+ = (@0, + 2,3,)] (82+0%) =0, y=en (2.2.8)

Water/Mud interface

The kinematic boundary condition on the water/mud interface is in terms of the

water quantities:

D, =€ + €GP, y=—H+€X (2.2.9)

and in terms of the mud quantities:
d / a
G=_v—€Gu, y=1+e( (2.2.10)

The dynamic boundary condition on the water/mud interface requires the continuity
of stresses through the interface (g.t = —p™)7) with @ = (n(®,n®) being the unit
vector normal to the interface and pointing inside the water layer. In component
form the continuity of stresses through the interface reads:

'=1+¢€%, (y=-H+¢€¢) (2211
ay“n(“’) + o»yyn(y) — _p(w)n(y), y dC (y C) ( )
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Bottom of the mud layer

Finally the no slip boundary condition on the bottom of the mud layer reads in terms

of the velocity field:

u =0 9y=0 (2.2.12)
v =0 y=0 (2.2.13)

(2.2.14)

~

S
I

o o
I

o o

~

o«
il

(2.2.15)

2.3 Approximate governing equations and bound-

ary conditions

In this section the exact governing equations will be approximated using the fact
that the parameter ¢ governing the nonlinearities of the problem is small. At first
the slow variables will be introduced and the physical quantities will be developed
into perturbation series. Secondly the approximate equations up to the third order
O(€?) in water and up to the second order O(e) in mud will be obtained and the
approximation of the sinusoidal forcing will be introduced. Finally the approximate

equations will be deduced for each order.

2.3.1 Slow variables

Given the fact that the mud layer is thin compared to the water wavelength and
because its dimensionless depth 4‘—;3 = O(e) is of order €, we expect the leading order
equations to be unchanged by the presence of the mud layer. The mud layer will
influence the order O(e) equations and the length and time corresponding to the

damping of waves will be of order O(1/¢). It is therefore natural to introduce new
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time variables ¢, ¢1, t2,... and space variables z and z; such that ¢t = O(1/€") and
z; = O(1/e) represent the slow scales. They new time and space variables are defined

as follows:

[
I
R
[ 3
[
I
a
o~
[\V]
Il
N
Rl

(2.3.1)
(2.3.2)

8
I

8
8
S
I
m
8

Note that the slowest horizontal length scale is z;. This is due to the fact that after
the distance z; waves will be significantly damped and there will be no more point
in studying their evolution afterward.

The derivatives with respect to ¢t and z should be replaced with the derivatives with

respect to the slow variables:

8 — 8,+¢€dy, + €0, +O0()
0; — O+ €0, + €0, +O0()
Ou — O+ 2€0u, + €0u, + 0y, + O(®)

Opz — Oug + 2€05g, + €0,,5, + O(€%)
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2.3.2 Perturbation series

Using the fact that the nonlinearities of the problem are governed by a small param-

eter €, the unknowns of the problem can be developed into the perturbation series:

n(z,t, 21,11, 10, ...) = no(z,t, 21,81, b, ...) + em(z, t, 21,1, 82, ...) + ...
C(x,t, 21, t1,t2,...) = (o=, t, 21, 81, b0, ...) + €Ci(, 8, 1, tr, boy ) + -
O(z,y,t,11,t1,t0,...) = DPo(z,y,t,21,11,t2,...) + €P1(z,y,t,21,81,82,...) + ...
P (z,y,t, 2, b, t0,..) =P8 (2,9, 8,21, b, b, ) + 0 (3,9, 8, T, b, By )
u(z,y,t,21,t1,t2,...)  =uo(Z,y,t,T1,t, 12, ...) + eus(z,y, t, T, t1, b2, ) + .-
v(z,y,t, 21, t1,t,...)  =vo(,y,t, 21,1, b, ...) + evs(z,y,t, 21, b1, t2, ... ) + - ..
P™ (2, y,t, Tt b, ) =Bz, y, b, T, b by ) + D (2,9, 8, T, bty )
(Y, t, 21, b, b2,...) = T2(x,y,t, 21, by, b, .) + €7 (T, Y, t, T1, by, b, ) F
NIz, y, b, T, b, b ) = (X, Y, t, B, b, by ) + €V (T, 1, 8, T, B, by )

ﬁij(xa Y, t7 xl,tlat% ) = 7(z;j(x7y7tax11tl’t2a ) + ef'y’l.j(x,y,t,ml’tl, t2a ) +...

where for n = 0,1,2, ... the unknowns ®,, 1., 2, Cn, Un, Un, P, T A4 and 44

are of order O(1).

2.3.3 Governing perturbation equations

Using the perturbation series expansions stated in previous section, the governing
equations can be approximated to the wanted precision. The purpose of the present
chapter is to compute the damping rate, the wavenumber shift and the mean dis-
placement inside the mud layer. In the water layer we also want to determine the
characteristics of the generated long waves due to the modulation of the short waves.
To get these properties, we need to write the governing equations for the first three
orders (up to the order O(€?)) inside the water layer and for the first two orders (up

to the order O(e)) inside the mud layer.
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Water layer - Laplace equation

Let us first deal with the Laplace equation (2.2.1). Introducing the slow scales we
get:
@y + 2604z, + EP; 10, + By =0

Now using the perturbation series expansion and keeping the terms up to the order

O(€?), the approximate Laplace equation becomes

O(ES) = (I>0,yy + <I>0,m: +e (q)l,yy + ‘pl,w + Zq)O,zzl)

+€2 (¢2,yy + q>2,za: + 2q)1,.1:a:1 + ¢0,z11:1)

Summarizing the equations order by order we get the final expressions of the approx-

imate Laplace equation

O(): ®ogy+Bose = Fo (2.3.3)
O(): @1y + P10 = F (2.3.4)
O(): Bopy+ Do = F (2.3.5)

where the functions Fy, F; and F;, were defined as:

Fo =0 (2.3.6)
Fi = —2®g.0, (2.3.7)
Fy = —28140, — Pose (2.3.8)

Water layer - Bernoulli equation

Using the slow scales the Bernoulli equation (2.2.2) becomes:

€

p(w) = "‘@t — E@tl - €2(bt2 - 2

(92 + 2 + 26D, ®,,) + O(®)
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Introducing the perturbation series expansion

p(()w) + fpgw) + €2péw) = —®y, — D1y — €Dy — €Bpy, — D1y, — €Dy,

—% (@2, + 260, By 5 + B, + 200, Dy, + 2By, Doz, ) + O(€%)

Regrouping the equations order by order we get

o) : p§? = -, (2.3.9)
O@E): p¥ = - <I>1,t+<1>0,t1+%(<1>§,$+<1>§,y) (2.3.10)
o) : p = —[®@2 + P14, + Doy,

+®0,P1 4 + Do, P1y + PooPoz,] (2.3.11)

Mud layer - Mass Conservation equation

Introducing the slow scales the conservation of mass equation (2.2.3) becomes
Uz + €Uy, + Uy =0 (2.3.12)
Introducing the perturbation series
Upz + €Uz + EUp 7y + Vo + €V = O(€?) (2.3.13)
For the first two orders the mass conservation equation is

O(&): upz+voy = 0 (2.3.14)
O(e): wz+vy = —upg (2.3.15)
Mud layer - Horizontal Momentum Conservation equation
Using the slow variables the x-momentum conservation equation (2.2.4) becomes

laf ., d
e+ e+ et +vuy) = —pf — erpl + -3 (T + fanz) +0()
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Introducing the perturbation series we get

Uy + €urs + €ugy, + €(Uolo,s + Volloy) = “’YP(()?;) - evpg’,';) - G'Yp(()r,’;)l

la d
+5o 7 (r;’;, +erpy, + e;*rg':‘;) +O(é)

Collecting the terms order by order, we obtain the final expressions of the approximate

equations for the horizontal momentum conservation:

la
O): e = i+ Al 2319
la 1 TT
O(e): ure+uos +uotios +votioy = —1P{% = VP, + ooy + oo
(2.3.17)

Mud layer - Vertical Momentum Conservation equation

The introduction of the slow scales do not modify the vertical momentum conservation
equation (2.2.5) to order O(e). The introduction of the perturbation series expansions
gives:

(m)

m €
O(&) = ~1wiy = €Wy + =Ty (2.3.18)

The final expressions order by order are:

O): pim = 0 (2.3.19)
n., m _ 1
O(f ) . pl’yl _ ;‘RTe'Tg’z/ (2.3.20)
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2.3.4 Boundary conditions in terms of the perturbation se-

ries
Free Surface - Combined Kinematic and Dynamic Boundary Condition

Let us first introduce the slow scales. The combined kinematic and dynamic boundary

condition on the free surface (2.2.8) becomes:

O(?) = @y + 2Dy, + € [Dryy, + 20y,] + D,
te [at +edy, + % (®,0, + <1>yay)] (82 + @2 + 2¢0,8,,), y=e

By expanding the last parenthesis we obtain on the free surface (y = en):

O() = ®u+ Dy + 2Dy, + € D44, + 2Py,

e [(22+00),+ ¢ (824 82), +26(0,2..), + £ (2ue + B,8,) (22 + 03|

Grouping the terms order by order and introducing the differential operator I' =

Oy + 0, the boundary condition on y = en becomes:

O(¢) = T®+e [2<I>u1 + (22 + @2) t]

1
+é [%n + 28y, +2(2,9,), + (B2 + @7), + 3 (2.0, + ®,8,) (92 + @3)]

Now expanding the unknowns dependent on y around the average position of the free

surface (y = 0) we get:

€2
O(€) = (T®)lo+en(Ty®@)lo+ 7' (Tu®)lo
e [2(@a, o + 2en(By, o + (2 +2),Jo + en (02 + 2), o]

+€? [(q)tm)lo + 2(‘I)ttz)'0 +2 (q)xq)zl)t |0 + ((I)i + (I’;zj)tl |0

J

1
+ 3 [(@maz + ®,9,) (92 + 22) ]
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Grouping the terms order by order:

O(€) = (C)o-+e [n(T@)lo +2(Tu o + (B2 + @2), o
2
+e2'[%(Fy,,<1>)|o + 2By lo + 1 (82 + 23),, lo + (Bl + 2(2sy)lo

1
+2 (‘Dz@zl)t lO + ((pazu + q’i)tl |0 + 2 I:((I)max + (I)yay) (@i + (I)Z) }

J

Expanding the unknown functions into perturbation series the boundary condition

becomes:

0(63) = (P@o)lo + €(F‘I’1)|0 + 62(Fq)2)|0

+e€ [WO(Fy%)b + em(Ty®o)lo + eno(Ty@1)lo + 2(Po ., )|o + 26(Prst, )o
+ (q)(z)’z + (b(2),y + 26(@0,3@1,:5 + q)o,yq)l,y))tlo]

2
+é2 [%O(Fyyq’oﬂo + 210 (Poyees o + 0 (D5 - + ‘I’g,y) ’0 +(Rout: o + 2(Posza)lo

ty

1
+2 (@O,xq)mxl )tlo + (‘I)(2),:c + (pg,y) t1 lo + 5 [(QO,maz + (I’O,yay) (q)g,a: + q)(z),y) }

J

Grouping the terms order by order we get:

O(€®) = (T'®o)lo
+e€ [(Nh)lo + 10(Ty®o)lo + 2(Poe, o + (P52 + ‘I’g,y)tlo]
9
+€ [(F ®3)|o + M (TyPo)lo + 2(PozP1,s + PoyPi1y): + %O(Pyyq’o)lo + 210(Po e, ) o
+ o ((bg,z + q)(2),;1])ty|0 + 770(1-‘1/@1)'0 + (¢0,t1t1)'0 + 2(q)0,tt2)|0 + 2 (¢0,z¢0,w1 )tlo

1
+2(@uan)lo+ (250 + 25,),, | + 5 [(Rosde + D0,y8)) (23, + 25,)]
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The combined kinematic and dynamic boundary condition can now be written for

the first three orders:

O(e): [T®)o = Go (2.3.21)
0(61)2 (Fq)l)lo = Gl (2322)
O(?): (T®)o = Ga (2.3.23)

with the constants Gy, G; and G, defined by:

Go = 0 (2.3.24)

G = - [no(ry%no + 2Bl + (8, +93,) | (23.25)
2

G, = — [nl(f‘y@o)lo + 10(Ty@1) o + 2(Poz P12 + PoyP1y): + %)'(Pyyq’o)b + 210 (Po g2, ) o

+ Q(q)l,tﬁ)lo + 7o ((P(z),z + q)g,y)tylo + (q)O,tltl)lO + 2(4)0,“2)'0 +2 (q)ﬂ,zq)o,m )tlo

1
(8,48, ]+ 3 [(20.0. +80,0,) (85, +83,)] |0] (2.3.26)

Free Surface - Dynamic Boundary Condition

Let us first introduce the slow scales. The dynamic boundary condition on the free

surface (2.2.7) becomes:
—n =&, + By, + Dy, + % (82 + 82 +2¢8,8,,) =0, y=en

Due to the small amplitude of the free surface waves the terms that depend on the
vertical position of the interface can be developed into Taylor series around the average
interface (y = 0):
€ 4 2 2
-1 = (2)lo+en(@u)lo + 57 (Pyw)lo + (P )lo + €N(Pesy)lo + € (e )lo

+£{ (@2 + 8o+ en (824 8),] o+ 260 lo(@2 ) | + O(E)
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Grouping the terms of the respective orders, we get:

-n = (‘I’t)|0+€[W(‘I’yt)|0+(‘I’n)|0+%(q’§+¢§)|o +0(€)

+¢ Bn%%)b +0(@e)lo + (1)lo + %n [(@Z + 23], + (22)lo(@z)lo

Expanding the unknown functions into perturbation series we obtain:
—no —em — €' = (Pog)lo+ €(@14)lo + € (D2)lo
+€{770(‘I’0,yt)|0 + em(Royt)lo + eno(Prye)lo + (Dot )lo + (P10
1
# 50 88, )lo+ e[ @atrolo+ (Do)l |
1
+é? { Eﬂg(éo,yyt)lo +10(Po,t1)l0 + (Po2)lo

1
+ 5770 [(q)g,x + q)g,y)y + cI)O,z(I)O,xl] IO} + 0(63)

Grouping the terms by order we get:

1
—no—em — € = (Dog)lo+ 6{(‘1’1,t)|o + 70(@oyt)lo + (Do )|o + §(<D(2),x + ‘I’g,y)b}

1
+{ @20l + M@yl + m(@ue)l-+ (B10)lo+ 378 Comel
+ 10(Ro1y)lo + (Ro2)lo + [(Ro2P1,c)lo + (Poy Pry)lo]
1
+ 50 (25 + 25y )y + PosPo ]|, } +0(¢)

The dynamic boundary condition on the free surface can now be written for the first

three orders:

O(EO) . =T = Ho (2327)
oE): -m = H (2.3.28)
0(62) . — T = H2 (2329)

55



with the constants Hy, H; and H, defined by:

Hy = (®ot)lo (2.3.30)
1
Hi = (®14)lo + m0(®oge)lo + (Pos)lo + 5 (95, +25,) ‘0 (2.3.31)

1
Hy = (®24)lo +m(Pogt)lo + m0(P1ye)lo + (Prey)lo + §n§(<1>o,yyz)lo
+ 70(Po,19) 0 + (Po,e2) |0 + (Lo, P1,2)lo + (PoyP1y)lo

1
+ 570 [(@5 + B,)y + PoaPos] (2.3.32)

o

Interface - Kinematic Boundary Condition in terms of water quantities

After the introduction of the slow scales the dynamic boundary condition on the

interface in terms of the water quantities (2.2.9) becomes:
D, =G+ G, + €60, +O(®)  y=—-H+€X
Expanding into the Taylor series around the average interface (y = —H):

(@)l + €¢(By) |- = Gt + €G, + €2¢o(Bs) -1 + O(€?)

Expanding into the perturbation series we get:

(<I>0,y) l —H+€(q)1,y) | —H'l‘62 ((1)2,3/) I—H+€2C0 ((I)O,yy) ' -H= ECO,t'*'fré’<1,1t‘|'52<0,t1 +€2C0,m (@O,x) —H+O(53)

Grouping the terms of the last equation order by order we get:

0(60) : (q>0,y)|—H = Lo (2333)
O(): (®uy)l-v = L (2.3.34)
O(€®):  (P2y)l-1 = Lo (2.3.35)
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with the constants Lo, L; and Ly equal to

Ly = 0 (2.3.36)
Ly = (op (2.3.37)
Ly = Qi+ Con + [(C0®oz)s]l_g (2.3.38)
To compute the expression of L, the fact was used that ®oyy = —Pog;. This identity

comes from the Laplace equation at the leading order (equations (2.3.3) and (2.3.6)).

Interface - Kinematic Boundary Condition in terms of mud quantities

After the introduction of the slow scales, the dynamic boundary condition in terms

of the mud quantities (2.2.10) becomes
d 9 , a
G +ey, = Ev—e(,,u-!-O(e ), ¥ = 1+ec—iC
Expanding into Taylor series around the average interface position (3’ = 1) we get:
d
G+ eGy = = ()l + eCloy )| — eCa(u)ls + O(é)
Expanding the unknowns into the perturbation series we get:
d d 9
Cou + €€ + €Qon = —(v0)1 + €= (v1)l1 + o(vo.)1 ~ € o,z(uo)1 + O(€")

The dynamic boundary condition at the interface in terms of the mud quantities can

now be written for the first two orders:

d

O(€): ot = E(UO)ll (2.3.39)
d
O(): G = E(vl)ll — o — [(Gouo)zll, (2.3.40)
where we made use of the fact that vy,» = —ug,. This identity comes from the mass

conservation equation to the leading order (2.3.14).
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Interface - Dynamic Boundary Condition

The dynamic boundary condition on the interface (2.2.11) can be simplified by using
the fact that due to the shallowness of the mud layer the interface stays relatively flat.
Let us estimate the orders of magnitude of the components of the vector @i = (nz,n,)

normal to the interface. In terms of the dimensional variables these components are

equal to
@ d¢ __x
V(dzP +(dCy? (14 (Ly2
a0 - T 1

dz
VDR +@pR oy &y

In terms of the dimensionless variables the components of the normal vector are

(@) v 2
n¥ = g = O(¢)
V(L +e(E)
n® = ! — =1+ O(e*)

2
Ve (9 &)
Therefore the dimensionless components of the tangential stress are to order O(e?)

(@.7).8D = 6™n,+0%n, =™ +0() = :Y—]%;'rzy + O(€®)

a.7).¥ = o%n, +o%n, = 0¥ + O(e?) = —p™ + £ _w + O(€?
= Y ")/RC

The dynamic boundary condition on the interface (2.2.11) can now be rewritten as

O(&) = ™

@) — _pm € w02
D P +'yReT+(6)
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By using the Taylor expansion around the average position of the interface (y' = 0)

the approximate dynamic boundary condition on the interface becomes

T a I
O(e) = 7%|y=1+ GEC (T,,fy)ly,=l

w m a 'm €
P yeorr = =™, — e (5 ))L,:l 2 he (=1 +O(€)

Expanding the unknowns into perturbation series, the conditions expressing the con-

tinuity of the stresses through the interface become

T a
O(é®) = 70”|y1=1+erfyly:=1+63(0 (T(f,:,)|y,=1
_ ) P )] - (m)’ _ (m)}
Do - €D e Do =1 €N =1
_2 (m) € (v 2
e300 (750)]_, + o ly= +0(@)

The dynamic boundary conditions - tangential and normal stress continuity - on the
interface can now be written for the first two orders.

Tangential stress continuity:

O : 1¥y=1 = 0 (2.3.41)

& a T
O(): m'ly= = =6 ()], (2.3.42)

Normal stress continuity:

o) : ply=r = P ly=-n (2.3.43)
o) : pMya = 1 )Iy=-H—ECo (2) M=l+%rg’ylyl= (2.3.44)
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Bottom - Horizontal Velocity
It is straightforward to see that the no slip condition for the horizontal velocity (2.2.12)

for the first two orders is

O : (u)lo = O (2.3.45)
0(61) : (u1)|0 = 0 (2346)
Bottom - Vertical Velocity
The no slip condition for the vertical velocity (2.2.13) becomes
O(EO) : (’Uo)lo = 0 (2347)
O@E): (w)lo = 0 (2.3.48)
Bottom - Horizontal Displacement

The no slip boundary condition in terms of the horizontal displacement (2.2.14) is

O@E®: (Xo)o = 0 (2.3.49)
O@E): (X))o = 0 (2.3.50)

Bottom - Vertical Displacement
The no slip boundary condition in terms of the vertical displacement (2.2.15) is

oE®: W) = 0 (2.3.51)
O(): (M) = 0 (2.3.52)

2.3.5 Sinusoidal waves

We will assume the waves to be sinusoidal with respect to the fast scales z and ¢ at
the leading order. The amplitude of the sinusoidal waves is allowed to vary with the

slow scales. Note also that as viscoelastic model of the mud involves derivatives with
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respect to time ¢, the assumption of sinusoidal wavetrain will simplify the computa-
tions of the stress strain relationship.
In fact we will assume that at the leading order the free surface displacement is a

slowly varying in time and space sinusoidal wave train of the form:
1 )
770(.’1!, t, Ty, t1, tg, ) = 5 [A(£E1, tl, t2, ...)e“/’(z’t) + C.C.] (2353)

with A = A(zy,t1,15,...) being a function slowly varying with time and with the real
function ¥(z,t) given by
Y =19(z,t) = koz — ¢ (2.3.54)

In that case the dependence on time ¢ and on short length scale x is known at the
leading order. In fact, under this assumption, any leading order Fy quantity will be
of the form

Fo(z,y,t,21,t1, 12, ...) = Foo + (Fore™ + c.c.)

with Foo = Foo(y, z1,%1,ts,...) and Fyy = Fp(y, 21,t1,12,...) being slowly varying
functions with time and horizontal coordinate.

For the next order O(e) the governing equations indicate that the second order solu-
tions will not only be composed of zeroth and first harmonics, but also will include

second harmonic. Therefore any second order quantity F; will be of the form
Fl(:z:,y,t, :El,tl,tz, ) = Fm + (Fllei'/’ + C.C.) + (F1262i¢ + C.C.)

with Fig = Fio(y, 21, t1, 2, -..), Fi1 = Fi1(y, z1, 41, b2, ...) and Fip = Fio(y, 21,1, 12, ...)
being slowly varying functions of time.

Finally for the third order O(e?) the governing equations indicate that the solutions
will also include third harmonics. Therefore any second order quantity F, will be of

the form

Fz(SL', t,z1,t,19, ) = Fy + (leew) + C.C.) + (F2262i¢ + C.C.) + (F2363i¢ + C.C.)
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with on = Fgo(y, Ty, tl, tz, ), F21 = le(y, 1, tl, tz, ), F22 = Fzz(y, Z1, tl, t2, )
and Fp3 = Fy3(y, 1,11, s, ...) being slowly varying functions of time of order O(1).
Using the assumption of the sinusoidal forcing we will now obtain explicit relationships

between the stress and strain tensors for the first two orders.

2.3.6 Relationship between stress tensor and the velocity and

displacement fields

In this section the relationship between the stress tensor z, the velocity (u,v) and
the displacement field (X,Y") will be obtained for the first two orders. To do it we
first express the stress tensor in terms of the strain tensor, then we express the strain
tensor in terms of the displacement field and link the displacement field to the velocity

field.

Dimensionless Stress-Strain Relationship

The mud is modeled as a viscoelastic fluid using the model (1.4.1). As opposed to
the case of a purely viscous fluid, the stress tensor is not simply proportional to the
rate of strain tensor, but is related to the strain tensor by the differential equation

(1.4.1), which in dimensionless terms is:

n=1 n=0

N N-1
(1 +> a,,(at)n) T = (Z b,,(at)") 7 (2.3.55)

with the dimensionless coefficients a,, and b, defined as

ap = anw" (2.3.56)
by = (2.3.57)
How

Note that the dimensional values of @, and b, were computed in chapter 1 and listed

in tables (1.1) and (1.2).
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Our objective is to express in terms of the displacement and the velocity field the
components of the stress tensor appearing in the governing equations of the mud
layer movement (2.3.16), (2.3.17) and (2.3.20), which are: 757, 7§¥, 7&® and 777.
Before we can do this we first need to compute explicitly the strain components in

terms of the perturbation series.

Explicit expressions of the components of the strain tensor

Now the strain tensor will be expressed in terms of the displacement field.
The strain is defined as:

NTE g2 26%Xx Xy + (eg)zy; 2eng Xy +0( 2)
1= = = €
= YT AV Xy + (e2)’Y, 2¢4Y,, Xy 2e8Y,

Note that the introduction of the slow scales does not modify the last expression to the
studied order O(€?). Expanding the unknown displacement (X,Y) into perturbation

series we get

26;!X0,z Xo,yl + €X1,yl

v= + O(é?)
B Xoy + X1y 255%,:/’
Grouping the terms order by order we get
% =0, 7" = 28 X0,
0(60) . ,ng = Xo’yl, 0(6) : ’yfy = Xl,y’,
% =0 W =28y

Note that as the strain tensor is symmetric its components v and 4¥* are equal.
The expression of the strain tensor can now be deduced straightforwardly for each
harmonic. We assume that the mean displacement inside the mud layer is of the

second order O(e), therefore the terms Xy and Yy are equal to zero.
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At the leading order O(€°) we have:

"0 =0, % =0,
Yoo = Xooy =0, Yor = Xovy, (2.3.58)
00 =0 "% =0

At the second order O(e) we have:

’Yf(:)z = 0’ ’Yﬁ‘: = 2ik0%X01, 7%21 = 07
Y = X0y, ¥ = Xy, Y = Xppy, (23.59)
Yo = 25Y00,y’ =0 = 2gYOl,y’ 73 =0

Approximation of the generalized visco-elastic model

Introducing the slow time scales the differential operators appearing in the generalized

visco-elastic model (2.3.55) become:

N N N
1+ aa(@)" — 1+ an(8)" +€ ) nan(8,)(3)™ " + O(%) (2.3.60)

n=1 n=1 n=1

N-1 N-1 N-1

D (3 = D ba(8)" +€) nbi(8,)(B)" TV +0(¢)  (2.361)
n=0 n=0 n=0

Introducing the perturbation series expansions the viscoelastic model (2.3.55) be-

comes:

N N N
(1 + Zan(at)") e [(1 + zan(at)") - (}j nan(anxat)("-”) 2]
n=1 n=1 n=1 N1
= (z bn(at)n) ﬁ

n=0

+e [(Z bn@)") n+ (i nbnwn)(at)(n-l’) vz} +0(&

n=0 n=0
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Combining the terms of the last equation order by order we get the stress-strain

relationship for the first two orders:

N N-1
O(e°) : (1 + Zan(at)") = (Z b,,(at)") Yo (2.3.62)

n;l 1;\70
O(e) : (1 + Zan(at)") 7+ (E nan(at)("_l)) Toa
Nt =1 n=1
= (Z bn(at)n) N + (Z nb )(n 1)) Yo, (2'3'63)

Introducing the sinusoidal movement approximation we get to decompose the un-
known stress, strain and rate of strain tensors into different harmonics.

At the leading order O(€°), the stress-strain relationship (2.3.62) becomes:

O(e%) : Top [(1 +Zan —)" )ﬂew} +ec
1

n=0

Equating the terms of the last equation harmonic by harmonic we get
= b0 =0 (2.3.64)

(”f b,,(_z-)n>L (2365
n=0

3
I

2
[

N

(1 + Zan(—i)")
n=1

Where in the equation (2.3.64) the fact was used that there is no mean displacement

at the leading order O(1) and thus yg = 0.

We can now determine the leading order components of the stress 757, 78, 7&* needed

for the governing equations (2.3.16), (2.3.17) and (2.3.20). In fact from the equation
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(2.3.64) we get for the zeroth harmonic

= = 0 (2.3.66)
o= 0 (2.3.67)
W o= 0 (2.3.68)

From the equation (2.3.65) we get for the first harmonic:

N N-1
(1+Zan(—z'>") = (an<—z')<") W=0  (2369)

n=0

N-1
(1 + Zan( z)”) oY = (Z bn(—17)"

n=0

(Z by (—i)" ) Xowy (2.3.70)

n=0

(Zl bn( —-z)") V= (2.3.71)

n=0

zy
Yo1

]

N
(1 +y an(—i)") it

Note that in the equation (2.3.70) the shear stress is related to the displacement Xp;.
A more compact and usual form can be obtained as the displacement can be expressed
in terms of the velocity. In fact the velocity is simply the Lagrangian derivative of
the displacement:

u= DX = [0; + € (u0; + v0y)] X

Introducing the slow scales we get
u = [0 + € (84, + ud; + vd,)] X + O(€%)
Introducing the perturbation series:

Ugp + €Uy = Xo,t + € (Xl,t + XO,t1 =+ U()Xo,z + ’l)oXo,yl) + 0(62)
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Separating the orders we get:

vy = Xog (2.3.72)

?

u = XO,t1 + Xl,t + 'u,gXo,w + ’UoXo,yl (2373)
Introducing harmonics we get for the equation (2.3.72):
Ugo + (uO1€i¢ + C.C.) = —iXme"’/’ + c.c. (2.3.74)

which gives the following relationships between the leading order velocity and dis-

placement:

Ugp = 0 (2375)
Uoyn = —‘iX()l (2376)

For the second order O(e) the equation (2.3.73) gives:

1o + (v11€™ +c.c) + (ue®™ +cc) = Xoog, + (TkoXoruf; + Xoiy vl + c.c)
+ [(Xorg, — X101 + ikotiooXo1 + vooXor,y) €% + c.c.]

+ [(—2’iX12 4 ’l:kouOlX()l -+ ’U()1X01’yr) ezw + C.C.]

remembering that there is no leading order displacement Xy = 0 and using the

equation (2.3.75) saying that ugy = 0 we get:

Uig = 2R {’ingm’u;l + X01,yl’l);1} (2377)
Uy = —tXu+ X01,t1 + 'U00X01,yl =—1X1 + XOl,t1 (2378)
uz = —2iX12 + ikouo1 Xor + vo1Xo1 (2.3.79)

where in the equation (2.3.78) we used the equation (2.3.80) to say that v = 0.
The relationship between the vertical velocity v and the vertical displacement Y is in

all ways similar (v = D,;Y’) and can be written immediately in terms of the different
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harmonics of the perturbation series. At the leading order O(e°) we get:

Voo = 0 (2380)
Vo1 — —ﬂfol (2381)
At the second order O(e) we get:
Vig = 2R {ikoYInual + )f()l,yl'l)(’;l} (2382)
vin = —iY1 + Yo + veoYory = —iY11 + You, (2.3.83)
Vig = —2’iY12 + Z'ko’ul()l}/ol + ’Uollf()l’yl (2384)

where in (2.3.83) we again used the equation (2.3.80) to say that vgy = 0.
Noticing that at the leading order the first harmonic of the velocity ug; and of the
displacement X, are related simply by equation (2.3.76) we deduce that Xo; = sug;.
Now using this fact we can rewrite the equation (2.3.70) in terms of stress and velocity
only:
N N-1
(1 + Z an(——i)”) Tod =1 (Z bn(-—z')") Ug1 (2.3.85)
n=1 n=0

Defining the dimensionless viscosity u

N-1
> ba(-i)

p=i— (2.3.86)

1+ ) ap(—-)"

n=1

we can rewrite the leading order components of the stress tensor (equations (2.3.66)-
(2.3.68) and (2.3.69)-(2.3.71)) in a compact form. For the zeroth harmonic compo-

nents we have:

T = 0 (2.3.87)
= 0 (2.3.88)
™ o= 0 (2.3.89)



For the first harmonic components we get:

o =0 (2.3.90)
Tot = MPuoly (2.3.91)
W o= 0 (2.3.92)

Let us now express the second order O(e) shear component of the stress in terms of
the velocity and the displacement. The second order O(e) relationship between stress,
strain and the rate of strain is given by the equation (2.3.63) and is rewritten below

for easier reference:

N N
O(é") : (1 + Za,,(at)") T+ (Z na,.(at)@-l)) T4 (2.3.93)

N—f—_-l N-1
- (Z b,,@)n) et (Z nbn<a><n—1>) -
n=0 n=0

The left-hand side of the equation (2.3.93) is:

N N
Tio + [(1 + Z an(—z')") ge"’/’ + c.c.] + {(1 + Z a,,(—2i)") 2@2% + c.c.}
n=1 n=1
N .
+ a17o0,, + [(Z na,,(——i)("”l)) Tor € + c.c.]
=i o —h

The right-hand side of the equation (2.3.93) is:

N-1 N-1
bo71o + [(Z bn(—-i)") jée""/’ + c.c.] + [(Z bn(-—2i)"> :Y_1=262i¢ + c.c]

n=0 n=0

N-1 .
(Z nbn(—i)("‘l)) Yoi4,€* + c.c.]
n=1 ’

+b1700;, +

Equating the zeroth harmonic of the left-hand side and the right-hand side:

Ti0 + 17004, = boYyio + b1Y00,,
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Using the fact that there is no mean displacement at the leading order (o9 = 0),

the relationship (2.3.64) between 7o and 7o (7;.0 = b0 = 0) the last equation is
rewritten as

g = bOi)’_l__O

o

Finally the shear component is:
Tio = boio

Or in terms of the velocity and the displacement field:

Tlagl = boXlo’yl (2394)

Now let us evaluate the second order O(e) first harmonic of the stress, equating the

first harmonic of the left-hand side and the right-hand side:

N N
(1 +y an(—i)n> Tt (Z ”an(—i)(n_l)) ToLty

n=1

N-1 N-1
= (E bn(—i)”) o + (Z "bn(—i)‘"‘”> Jouy

n=0 n=0

N
Dividing both left- and right-hand sides by (1 + Z an,(—%)" | and using the defini-
n=1

tion (2.3.86) of the complex viscosity s we get for the shear component 77

N N-1
(Znan<—i><“-‘>) (Z nbn(—z'ﬂ"-”)

= N Tott, — —ipit + N 'yffi’,tl
(1 + Z an(—z‘)") (1 + Z an(—z’)n)

n=1 n=1

Ty
i1t

From the system of equations (2.3.59) we have that vj} = Xi1,, from the system of

equations (2.3.58) and from the equation (2.3.76) we get that 45} = Xo1y = ury
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and the equation (2.3.91) says that 73¥ = pugry. The expression of 7i7 becomes:

N-1 N
> nby(=i) Z na,(—i)"

. n=0 ' n=1

= —tuXpy+ | I - p =
14+ an(=i)" 1+ an(—i)"
n=1 n=1

Uo1,y'ty

N-1
Multiplying and dividing the first term in the parenthesis by Z ba(—4)™ and using

n=1

again the definition (2.3.86) of the complex viscosity u the last equation can be

rewritten:
N-1 N
Z nb,(—i)®™D Z na,(—i)®Y
o= —ipXny +p| S - = Vo1y't,
D oba(=i) 14 an(—i)
n=0 n=1

Equating the second harmonic of the left-hand side and the right-hand side of the
equation (2.3.93) we get:

N N-1
(1 + Zan(—%)") Tig = (Z bn(—2i)") Nz

n=0

N

Dividing by 1 + Z an(—2i)" both left- and right-hand sides of the last equation we
n=1

get for the shear component of the stress 7#¥:

N-1

> ba(—20)"
T3 =~ N3
1+ Z an(—20)"
n=0
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From the system of equations (2.3.59) we have 7{y = X1,,/, and the last equation in

terms of the displacement field becomes:

N-1
> ba(~20)"
Ty = ——F Xizy
1+ an(—2i)"
n=1

Summarizing the above analysis the second order O(e) shear stress is:

o = bXiy (2.3.95)
N-1 N
Y nba(=) Y nan(—i) Y
o= —ipXny +p | 55 -= Uo1 y72,(2.3.96)
Db (=)™ 1) an(—i)
n=0 n=1
N-1
> ba(—20)"
g = Xizy (2.3.97)
1+ ) an(=20)"
n=1

2.3.7 Approximate governing equations under the assump-

tion of sinusoidal waves

Using the assumption of sinusoidal waves the governing equations can be simplified
by being separated into different harmonics. Let us rewrite the governing equations

in terms of different harmonics for the water and mud layers.

Water Layer - Laplace Equation

The Laplace equation for the first three orders and for each harmonic will now be
written.

At the leading order O(e°) the Laplace equation (2.3.3) becomes, after using sinusoidal
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wavesn:
Booyy + (Porgye™ +c.c) + (—ki®pie™ +cc) = Fo+ (Fne®™ +c.c.)
With the right-hand side (2.3.6) being:
Fy = Fyo + (Fne®¥ +cc) =0
Grouping the terms of the last two equations harmonic by harmonic we get:

®oo,yy = Foo =0,

(2.3.98)
DPo1,yy — kgPo1 = Fou =0

At the second order O(e) the Laplace equation (2.3.4) becomes for sinusoidal waves:

B1g4y + (11456 +c.c) + (—kg®11e™ +cc.) + (Prayy€®™ + c.c) + (—4kE®12e™ + c.c)

= Fyo + (Fnne™ + c.c.) + (Fi2e®™ + c.c.)
The right-hand side (2.3.4) is equal to

Fio + (Fuei‘l’ + C.C.) + (F1162i¢ + C.C.) = —2@0’“;1

= —2’1:]60@01,31 e""’ +c.c.

Grouping the terms of the last two equations harmonic by harmonic we get:

P10,y = F10 =0,
D114y — k§P11 = Fi1 = —2iko®or,z,, (2.3.99)
Proyy — 4k3P12 = F13 =0

73



Finally at the third order O(e?) the Laplace equation (2.3.5) becomes for sinusoidal

waves:

Booyy + (Paryye™ + c.c) + (—kg®ue™ + c.c.) + (oo €™ + c.c.) + (—4k3P20e™ +c.c.)
+ (q)23,yy63i¢ + C.C.) + (—gkgq)23€3i¢ + C.C.)

= on + (leew + C.C.) + (ngezw’ + C.C.) + (F23€3i¢ + C.C.)

with the right-hand side (2.3.8) being equal to

F2 F20 + (leei‘b + C.C.) + (F2262i¢ + C.C.) + (F2363W) + C.C.)

= _2q)1,z11 - q’O,zlzl

(—22"60@11’1-1 6i¢ -+ C.C.) + ("41:I€0<I)12’x162i¢ + C.C.) - q)OO,:clzl + (——<I>01,xlzlew + C.C.)

Grouping the terms of the last two equations harmonic by harmonic we get:

(
P04y = Fao = —Poo,2121
By — K2Boy = Fyy = —(2ike®@1y 0, + Dot aras),
ﬁ 21,5y 0221 21 ( . 0®11,0; + Pot,z121) (2.3.100)
Qoo 4y — 4k P = Foo = —4ikoP124,,
| Pasyy — 9k2Pg3 = Fp3 =0

Water Layer - Bernoulli Equation

The Bernoulli equation relates the pressure to the velocity potential of the same order.
As it will be observed later we do not need to determine third order pressure relation.
Therefore we only need to write expression of pressure for the first two orders.

At the leading order O(e°) the Bernoulli equation (2.3.9) is:

Pt()l‘)’) + (P(()tf)ew +cc) =~y = i®g e + c.c.
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Grouping the terms of the last equation harmonic by harmonic we get:

(w) =0
P ?3) ’ (2.3.101)
por = i®n
At the second order O(e) the Bernoulli equation (2.3.10) is:
) . 1
P’ + (i€ +ce) + (€ +ce) = — | Bret Doy, + 5 (25, + <I>§,y)]

= -—{(—iq)lle'i"p + C.C.) + (—2iq)1262i1/) + C.C.) + ¢00,t1 + (Qﬂl,tleid’ + C-c.)

1 i i
+3 [2K3|®01[* + (k3 D5, € + c.c.) + 2| ®or4|* + (BF €% + c.c.)] }
Grouping the terms of the last equation harmonic by harmonic we get:

P& = — (Boos, + k2| Pos|? + @01, |?),
Pﬁ)) =19y — Pgy 4, (2.3.102)
Py = 2i®1, + 1383, — 103,

Mud Layer - Mass Conservation Equation

The mass conservation of the mud layer (equations (2.3.14) and (2.3.15)) will now be
written harmonic by harmonic for the first two orders.

At the leading order O(e®) the mass conservation equation (2.3.14) is:
(ikouore™ + c.c.) + Yoo,y + (vm,yfei"’ +cc)=0
Grouping the terms of the last equation harmonic by harmonic we get:

(Y =0
0 (2.3.103)

Uo1,y 4 iko'do] =0

As it was stated previously by the equation (2.3.80) the zeroth harmonic of the

vertical velocity is zero vpp = 0 and the first equation of the system (2.3.103) is
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trivially satisfied.

At the second order O(e) the mass conservation equation (2.3.15) is:

(ikoui1e™ + c.c.) + (2ikoure®¥ + c.c.)
+v104 + (Vi1 g€ + c.c.) + (vigy €™ +c.c)

= _u00,:z:1 + (_u01,11 ei¢ + C.C.)
Grouping the terms of the last equation harmonic by harmonic we get:

UlO,y' = _'U'OO,ml = O
Uiy +tkotn = —Uo1z, (2.3.104)

V12, + 2ik0u12 =0

Where the fact was used that there is no leading order mean velocity inside mud layer
(equation (2.3.75)). Note that the first equation of the last system is consistent with
the previously found result (2.3.82) which says that:

vio = 2R {ikoYoruy; + Yo1,,v5: }

In fact the second equation of the system (2.3.103) says that ikoug; = vg, ,, and the

equation (2.3.81) dictates that Yp; = ivg;. Therefore we can write:
vio = 2R{Yuvg,, + Yoryv5: ) = 2R {(Yblv&)y/} =2R {2 (|U01|2)y,} =0

Mud Layer - Horizontal Momentum Conservation

The horizontal momentum conservation inside the mud layer (equations (2.3.16) and
(2.3.17)) will now be written harmonic by harmonic for the first two orders.

At the leading order O(°) the horizontal momentum conservation equation (2.3.16)
is:

. , 1a z .
(—iugre™ + c.c.) = —(ikop{Me™ + c.c.) + ol (oo + (o €% +c.c.)]
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Grouping the terms of the last equation harmonic by harmonic we get:

Ty
Tooy =0

s (m) | 1 a, zy
—tugr = —tkoYpy;  + m%"’m,y'

Using the leading order expressions of the shear stress (2.3.88) and (2.3.91) the last

system of equations becomes:

0=0
. - (2.3.105)
—iug; = —tkoypy + ﬁﬂgum,y’y’

At the second order O(e) the horizontal momentum conservation equation (2.3.17) is:

(—iup e + c.c.) + (—26u12€®™ + c.c.) + ugos, + (w014, €% + c.c.)
+ [uoo + (uor€™ + c.c.)] (ikoto1e™ + c.c.) + [voo + (vor€™ + c.c.)] (uor ™ + c.c.)
= —'y[(ikgpgT)ei'l’ +cc)+ (2ikop§?)ezi¢ +cc)+ p((,'(;:il + (p((,'{gl eV + c.c.)]

1,
[Tooy,y; + (zko'rgfe"/’ + c.c.)]

la . -
+EE [T:&yl + (Tff{y' i + C.C.) + (ngl’ylehll) + C.C.)] + E

Opening the parenthesis we get:

(—iun e + c.c.) + (—26u12€* + c.c.) + ugoz, + (vor, €™ + c.c)

+ugo(ikouoie™ + c.c.) + (ikoul,e®¥ + c.c.)

+2R {vorufy  } + vootiooy + (uooyrvore™ + c.c.) + voo(uor €™ + c.c.) + (vortorye® +c.c.)
= —fy[(ikopg'l")ew +ec)+ (2ikepMe? + c.c) + p((,'(;fil + (pgl't)zl e’ +c.c.)]

la . X 1 - )
thed [riay + (111 ,€? +c.c) + (117, + cc)] + ﬁ(zko’rgfe"/’ +ee)

Grouping the terms of the last equation harmonic by harmonic we get:

m 1 x
Ugo,t, + VooUoo,y + 2R {v°1ual,y’} = _'Ypl()o,il + E%Tlé’,y'
. . . m m .
—iUuy1 + Uo1,t, + ZkoUooUol + Uoo,y' Vo1 + UgoUo1,y’ = —7Y [Zkopgl) +p(()1,)11] + %%Tﬁ’,y; + ’Lkoé?'gf
. . 2 _ . (m) 1 zy
—2iuy9 + thoug, + Vo1o1y = —2ivkopis + 77257'12,@,'
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Using the expression (2.3.95) of the zeroth harmonic of the shear stress 777, the
equation (2.3.90) saying that 737 = 0, and the equations (2.3.75) and (2.3.80) saying

that ugy = vgo = 0, the last system of equations becomes:

2R {Umual,yr} = “’)’P(%z,ll + ﬁ% (bOX 10,y'y’)

—iugy + torg = —[ikoply’ + ] + 3T, (2.3.106)
—2iuy + iko’u,%l + Vo1 Ugry = —22’7k0p§.12n) + ﬁ%'rﬁ:y’

With 777 and 775 given by equations (2.3.96) and (2.3.97) respectively.

Mud Layer - Vertical Momentum Conservation

The vertical momentum conservation inside the mud layer (equations (2.3.19) and
(2.3.20)) will now be written harmonic by harmonic for the first two orders.

At the leading order O(€®) the vertical momentum conservation equation (2.3.19) is:
o), + (o€ +cc) =0

Grouping the terms of the last equation harmonic by harmonic we get:

(m) =0
P s (2.3.107)
Pory =0

At the second order O(e) the vertical momentum conservation equation (2.3.20) is:

: . 1 .
Pgrort;' + (pY{fi/e"” +ce)+ (p§'£fi,e2”” +ecc)= ~“Re [roay + (11 € +c.c.)]

Grouping the terms of the last equation harmonic by harmonic we get:

(m) _ 1 _yy
plO,y' - "yReTOO,y'

(m) _ , wy
Piy = Tory
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Using the leading order expressions of 753 = 0 (equation 2.3.68), the last system of

equations becomes:

m (2.3.108)

Py =

Py =0

2.3.8 Approximate boimdary conditions under the assump-

tion of sinusoidal wave

In this section the approximate boundary conditions will be obtained explicitly for

each order and each harmonic.

Free Surface - Combined Kinematic and Dynamic Boundary Condition

At the leading order O(€®) the combined kinematic and dynamic boundary condition
(2.3.21) with the use of the equation (2.3.24) becomes:

(®oo,y)ly = Goo = 0,

(2.3.109)
(q)Ol,y)lo - ((I>01)|0 =G =0

At the second order O(e) the combined kinematic and dynamic boundary condition
(2.3.22) with the use of the equation (2.3.25) can also be computed explicitly. But
first we need to compute the different harmonic components of Gy = Gy + (G11€™¥ +

c.c.) + (Gi2e® + c.c.). As a reminder the expression (2.3.25) is rewritten here:

G1 = — | 10(Ty®o)o + 2(Posz, )0 + (‘I)g,x + ‘I)g,y)tlo]
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Term by term we obtain:

Iy® = (9yy +0uy) [(I)OO + (oe® + C-C-)] = Qoo y + [(‘I’m,yy - ‘I)01,y)6i¢ + c.c.]
m (Ty@0) = ( —gew +c.c.) {@ooyy + [(Boryy — Pory)e™ +ccl}
= {A*@m w — Po1 y)} (% (<1>oo,yy)e"¢ +ecc)+ [%(@01% — By ) + c.c
(—2i®g; 4, €™ + c.c.)
(‘I’g,x)t = [(zko%lew’ + c.c.) ]t [2k§|<1>01|2 + (—k2®2, ¥ + c_c_)]t
= (2ik2®2,e¥ + c.c)
(95,), = [‘I> + (®o1,4€™ + c.c. )2] )

= [2'@01,1,'2 + q) + (2<I>00,y<1>01,yei¢ + C.C.) + (@glyyezw + C.C.)]t
(-

2@0,&1 =

22@00,,,(1)01,3,6’ + C.C.) -+ (—22.@(2)1’?}62“/) + C.C.)

where the assumed expression (2.3.53) for 7y was used. Now each harmonic of the

constant GG; can be deduced:

G =-% {A* (‘I)Ol,yy - q)Ol,y)lo}
Gun=- [% (Qoo,yw)lo — 22 (Por)l — 2 ((I’OO,yq’Ol»y”o] (2.3.110)

G2 = — [%(‘bm,yy — ®o1y) + 20k 23 — Znglyy] !0

And the boundary condition at the second order O(e) being:
(Pr0g)lo = Gro = —R{A* (Boryy — Pory)lo} »

(@114)lo — (@11)lo = G11 = — [5(Rooy) — 2 (Do1,,) — 26 (Poo,y Bory)] |§2-3-111)

2
(@129)lo — 4(P12)lo = G12 = — [£(Poryy — Pory) + 26k3PF, — 2i®3, ]|,

Finally at the third order O(e?) the combined kinematic and dynamic boundary

condition (2.3.23) for the zeroth harmonic become:

(@200)lp = G20 (2.3.112)
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with the constant Gy that will now be deduced from the equation (2.3.26). In fact
we need to compute the zeroth harmonic of the constant G, given by the equation

(2.3.26) and reminded for easier reference here:

2
G2 = —|m([y@o)lo + m(Ty®1)lo + 2(Po:P1,c + PoyP1y): + %(Fyyq’o)lo + 270(Po 4111 )lo
+2(®1,0)lo + 70 (®5 + ¥5,) tﬂlo + (@o,at1)lo + 2(Rots)o + 2 (Po.Po,e: )y,

1
+ (2. +23,),, ‘0 + 5 [( @020z + B0y dy) (5, + B5,) ], (2.3.113)

Let us compute each term of G separately.

The term 7;(T'y®o)|o

Fy(po = (ayy + ay“)[@oo + ((1)016W’ + C.C.)] = (q)Ol,yy - <I>01,y)ei"’ +c.c.
™ (Fyq)o)lo = [7)10 + (nlle"“” + C.C.) + (7]126'“/) + C.C.)][(‘I’olyyy - (I>01,y)|0 e"'/’ + C.C.]
= 2R {77;1 (Po1,yy — (POl,y)Io} + h.h.

where the abbreviation h.h. stands for ’higher harmonics’.

The term 7o(T,®1)lo

(T,®1) = (8 + 0,u)[ @10 + (Pr1€™ + c.c.) + (9126 + c.c)]
= [(®r1gy — Priy)e™ +cc] + [(Drayy — 4012, )€™ + c.c]
0(Ty®)o = -;—(Aew +ec] [(Prgy — Bny)e”® +cc]+ [(Progy — 4P12,)e™ +ccl|,
= R{A* (@11, — Biry)lo} + hih. (2.3.114)

The term n2(Tyy Po)lo

Ty®0 = (Opy + yytt)[Po0 + (Pore™ + c.c.)] = (Porgyy — Porgy)e™ + cc.
1 ) .
To(Tyw®o)lo = Z[QIAIZ + (A% + c..)][(Porapy — Borgy)e™ +ccllo
= 0+hh. (2.3.115)

81



The term 2770(<I’O,ytt1)lo
20(@oyees o = (A€ +c.c)(=iDoryn € + c.c.) = 2R{(1ADG 41, )lo} + b
The term (Po4,,)lo

(‘I’O,tltl)lo = ((I)OO,tltl)lo + h.h.

The term (®3, + ‘Dg,y)tl

(95 + ®5,).,

0o [(iko®ore™ + c.c.)? + (Porye™ + c.c.)? . '0

22 (1Bal’), | +2 (20yl?), | +hh

Il

(<I>§,z + @g,y) " lo = [(ik()‘I)mew + c.c)? + (o e™ + c.c.)z] "

= 2 (12af), | +2 (1201, | +hh

The terms 2(®o;P1,,+Po,y P14 )t> 2(P1411)l0, 70 (B3 + (bg’”)tylo’ 2(®o1,)lo and 2 (@05 Po,z, ),
do not have zeroth harmonic because of the differentiation with respect to fast time ¢.

It can be shown that the term [(®020: + Boy0y) (B3, + P2,)]|, also does not have

lo
zeroth harmonic, and the expression of Gy can be worked out so that:

(‘I’zo,y')|0 = Gy
—{§R [A* (cbll,yy - (I)ll,y)lo] +R [277;1 ((I)Ol,yy - <I)Ol,y)|o] + R [2ZA ((I)Sl,ytl) |0}

+2 ([|<I>m,,,|2]tl) lo} (2.3.116)

I

+ (®ooats ) + 2K3 ([lq)mlz]tl)

Free Surface - Dynamic Boundary Condition

The dynamic boundary condition (equations (2.3.27)-(2.3.32)) on the free surface will
now written for each harmonic for the first two orders.

At the leading order O(e®) the boundary condition expressed by (2.3.27) and (2.3.30)
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becomes:
0= Hyp =0,
{ ® . (2.3.117)

At the second order O(e) the boundary condition (2.3.28) with the use of the equation
(2.3.31) can also be computed explicitly. But first we need to compute the different
harmonic components of H, = Hig+ (Hpe® +c.c.) + (Hi2e*¥ + c.c.). As a reminder

the expression (2.3.31) is rewritten here:

1
Hy = (210)lo + mo(Pogt)lo + (Ros)lo + 5 (®3. +92,)l, (2.3.118)
Term by term we obtain:

@, = (—i®e™ +c.c.) + (—2iD1e® +c.c.)
Doyt = (—i®orye™ +c.c.)

A i . i A * A 2t
nPoy: = (56 + c.c.)(—i®Pg 4 + c.c.) = 2R 2—2—<I>01’y + (—2—2"1’01,1;6 +c.c)
Dos, = Poos, + (q’m,tlew +c.c.)

02, = (ikoe®oe™ + c.c.)? = 2k2|Bg |2 + (—K282, €% + c.c)

0y = (Porge™ +cc)? = 2@l + (25,6 + cc)
The harmonic components of the constant H; become:

Hio = 8 {id (25,)],} + @oos)lo + B (@)l + (@1, Pl
H11 = —1 (‘bll)lo + (@Ol,tl)lo (23119)
Hyp = =2 (®12)]y — i% (Po1y)le — %kg (<I>(2,1)|0 + % (‘I)%l,y) lo

and the dynamic boundary condition itself is written as

—Tho = HlO =R {ZA (@61,3;) lo} + ((I)OO,h)IO + kg (lq)mlz)lo + (I@Ol,ylz)loa
~n = H11 = —t ((I)n)lo + (q)()l,tl)lo, (23120)
—mg = Hyg = —2i (‘1’12)|o - i% (q)OLy)|o - %kg (q%l)'o + % ((P(z)l,y)lo
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Interface - Kinematic Boundary Condition in terms of water quantities

At the leading order O(€°) the boundary condition expressed by (2.3.33) and (2.3.36)

is simply:

{ (®o0g)l—rr = Loo = 0, .

(®Pory)|-r = Lo1 =0

At the second order O(e) the boundary condition expressed by (2.3.34) and (2.3.37)

becomes

(®10y)l- = L1o =0,
(®119)|-r = L1y = —io1, (2.3.122)
(‘I’IZ,y)I—H = L12 =0

At the third order O(e?) we first estimate the constant L, term by term:

Ge = (—iCne™ +c.c.) + (—2i¢12e* + c.c.)
Cotr = Cootr + (Corp€™ +c.c)
0Pz = (A€™ +c.c.).(iko®ore™ + c.c.) = 2R {ikoA* @01} + (iko ADp1e™ + c.c.)
((o®os), = (—2k3APuE™ +c.c.)

The boundary condition expressed by (2.3.35) and (2.3.38) becomes

' (®a0)|-# = L2o = Coots
(®21,9)|-1 = L1 = —iCu1 + Con,t1
(®229)|—1 = Loz = —2iC12 — 2k Ao,
L (®23y)l-g =Lz =0

(2.3.123)

Interface - Kinematic Boundary Condition in terms of mud quantities

The Kinematic boundary condition on the interface expressed in terms of the mud

quantities (2.3.39) and (2.3.40) will now be obtained for each harmonic.
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At the leading order O(e®) the boundary condition (2.3.39) becomes:

{ 0= (v0)h, (2.3.124)

—iCo1 = %(Um)h

At the second order O(e) we first rewrite in terms of harmonics the right-hand side

of the boundary condition (2.3.40) term by term:

d d ) .
Evl = E [’Ulo + (vue"” + C.C.) + (’U1262"p + c.c.)]
—Cotn = —Coot, + (—Cm,tlew + c.c.)

Cuo = [(oo + (Cmew + C.C.)] . ['U,o() + (umei'l’ + C.C.)]
= (ooloo + 2R {Cousl} + [(Cooﬂm + C()]’U,oo)ew + C.C.] + (C(numez""’ + C.C.)

(§0u0)$ = [ikg((oo'llo] + C01UO0)€i¢ + C.C.] + (2’ik0C01u0162"'/’ + C.C.)

Finally the second order boundary condition (2.3.40) can now be written for each

harmonic

0= £(v10)l1 — 00,1
-l = %(mi)ll — Co1,, + tko(Cooo1 + Co1too), (2.3.125)
~2iC1a = %(v1a) |1 + 2ikoloruor

Interface - Dynamic Boundary Condition

The dynamic boundary conditions on the interface (equations (2.3.41)-(2.3.44)) will
now be rewritten for each harmonic. First we will obtain the expressions for the
tangential stress continuity (equations (2.3.41)-(2.3.42)) and then we will get the
expressions for the normal stress continuity (equations (2.3.43) - (2.3.42)).

At the leading order O(e%) the tangential stress continuity (2.3.41) is:

Ty —
700 ly=1 =0,
ZY —
Tot ly=1="0
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Using the leading order expressions of the shear stress (equations (2.3.88) and (2.3.91))

we rewrite the last system of equations:

0=0,
(2.3.126)
fory ly=1 =0

At the second order O(e) the right-hand side of the tangential stress continuity (2.3.42)
is:
a a % T i
_ECO(T(:)C,?;/) = —= [Coo + (Cue” +c.c)]. [Ty + (Tor€¥ +c.c.)]
= {Coo s 2R {g;lrg;”y } + [ Co0Tory + 01700 )e¥ + c. c]

T (o ™ c.c.)}

The second order tangential stress continuity condition becomes:

¥lym1 = =5 [Go Tmy )| . 1+2ére{cm ol
i lvar = =% 6o (751y) oy + on (753) |y’=1] ’
i ly=1 = 3o (751 I

The equation (2.3.88) says 750 = 0 and the equation (2.3.91) says 757 = uugy,
and the equation (2.3.95) says 75 = boX10, therefore we rewrite the last system of

equations as:

bo (Xrow)lymy = =3 [2R { G (or)lya })
™ |y’ -1=—3% [HCOO (w0149 ,=1] , (2.3.127)

With 777 and 717 given by equations (2.3.96) and (2.3.97) respectively.

Now let us obtain the normal stress continuity boundary conditions (2.3.43) and

(2.3.44) for each harmonic.
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At the leading order O(e?) the normal stress continuity boundary condition (2.3.43)

for each harmonic is straightforward:

(pgg>) |y'=1 (p g‘g’) y=H' (2.3.128)

)], = ()
(Po1 =1 Por v—H

At the second order O(e) the term —5¢o (p&Z?) in the right-hand side of the normal

stress continuity (2.3.44) is:
a a ; ;
_ECO (pg'j;?) = =3 [Coo + (Core™ + c.c.)]. [p},’{,’;;, + (pgf;,e v+ c.c.)]
a m * (m m, i
= —3 {Coop(()o’;r + 2% {C()lp((nj/} + [(Coopélyzl' + C()lp(()z:‘)yl) e‘l«’l/! + C-C.]

+ (Coup e + cc) }

The second order normal stress continuity condition (2.3.44) for each harmonic be-

T {c;;l (#57)) y,=l}] ,

a (m) (m)
y=—H —d Goo (pOI,yr)l ' + o1 (Poo,y:)’ ] , (2.3.129)

y'= y'=1

comes:

( (pﬁ’é’)) = (pﬁ’é’)) oy " [Go0 (pf,'é‘L)
@) -
(Pn =1 (P

(m) —_ (@ a (m)
\ (P12 ) yor (Plz ) ot 2o (pm,y,)

.

y'=l1

Bottom - Horizontal Velocity

At the leading O(e) and second order O(e) the boundary conditions (2.3.45) and

(2.3.46) are expressed for each harmonic as:

ugolo = 0,
{ oolo (2.3.130)

ug1lo =0
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uolo = 0,
ulllO = O, (23131)

U2jo =0

Bottom - Vertical Velocity

At the leading O(e) and second order O(e) the boundary conditions (2.3.47) and

(2.3.48) are expressed for each harmonic as:

{ wolo =0, (2.3.132)

vo1lo =0

Umlo =0,
v11 '0 = O, (23133)
v12jo =0

Bottom - Horizontal Displacement

At the leading O(e) and second order O(e) the boundary conditions (2.3.49) and

(2.3.50) are expressed for each harmonic as:

Xoolo =0,

oolo (2.3.134)
Xoilo=0
X10|0 = 01
X1lo =0, (2.3.135)
X12l0 = 0
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Bottom - Vertical Displacement

At the leading O(e) and second order Ofe) the boundary conditions (2.3.51) and

(2.3.52) are expressed for each harmonic as:

Yoolo = 0,

oolo (2.3.136)
Yoilo =0
Yiolo =0,
Yitlo = 0, (2.3.137)
Yialo=0

2.3.9 Solvability Conditions

The differential equation governing different orders (indexed by the integer n) and

different harmonics (indexed by the integer m) of the velocity potential @y, is
Prmyy — M k@ = Frm (2.3.138)

with the functions F,, defined previously by equations (2.3.98)-(2.3.100). The cor-

responding boundary conditions are:

(®amy — M*®nm) |, = Gom (2.3.139)
(q)nm,y)I_H = Lym (23140)

with the constants Gnm defined by equations (2.3.109), (2.3.110) and (2.3.116) and
the constants Ly, defined by equations (2.3.121) and (2.3.122).

The governing equation is an inhomogeneous ordinary differential equation. As the
corresponding homogeneous problems may have nontrivial solutions, for each couple
(n,m) the function F,,, and the constant G,,, and L,,, should verify the solvability

condition.
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Zeroth harmonic (m = 0)

For the zeroth harmonic the boundary value problem at order O(e") is

q)nO,yy = F n0

(‘I)nO,y)‘o = Gno
((I)nO,y)I_H = Lno

The homogeneous solution is constant in y and the solvability condition to be verified
is:

0
/ Fnody = GnO - LnO (23141)
-H

First harmonic (m = 1)

For the first harmonic the boundary-value problem is at order O(e") is

q)nl,yy - kgq)nl = Fnl
(in,y - m2q>n1) |0 = G’nl

(in,y)I_H = Lnl

As it will be verified in the next section, the homogenious solution for m = 1 is
proportional to cosh @ with @ = Q(y) = ko(y+ H). The solvability condition follows

from the Green’s formula:

0 cosh Q L.,
——2dy = G — 2.3.142
/_HFlcoshqdy G cosh g (23.142)

with ¢ = Q(y = 0) = ko H.

Higher harmonics (m > 2)

For harmonics higher than the second one m > 2 there cannot be any homogeneous
solution (see C.C. Mei, 1989). As it will be seen very soon, if the homogeneous

solution existed, it could not satisfy the dispersion relationship (2.4.5). Thus the
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corresponding inhomogeneous problems for m > 2 are always solvable.

2.4 Solution to the approximate equations

In this section we will derive the solution to the approximate equations for each order
and for each harmonic. We will proceed incrementally. The first step consists in
solving the leading order water problem, which is not affected by the presence of
the mud layer. The next step is to couple the obtained solution with the leading
order mud layer solution. The two are coupled through the interface kinematic and
dynamic boundary conditions. The so obtained leading order movement of the mud
layer affects second order O(e) movement in water which will be computed. Then,
the second order O(e) solution inside the mud layer, which is coupled to the second
order solution of the water layer through the interface, will be obtained. In particular
the mean displacement inside the mud layer will be deduced. Finally the use of the
solvability conditions for the inhomogenious water problems for the first three orders

will give the equation governing the slow evolution of the free surface wavetrain.

2.4.1 Leading order O(1) solution - Water layer

Because the mud layer is thin, the leading order water problem is not affected by the
presence of the mud layer. It is confirmed by the governing equations which are sum-
marized and solved below. Now each harmonic of the leading order velocity potential
@ = oo + (Po1€™ + c.c.) and leading order pressure py = poo + (por1€™ + c.c.) will

be determined.

Zeroth harmonic

The equations governing the zeroth harmonic of the velocity potential are the Laplace

equation (first line of the system (2.3.98)) and the Bernoulli equation (first line of the
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system (2.3.101)):

Doy = O,
P = 0

The corresponding boundary conditions are the combined kinematic and dynamic
boundary condition on the free surface (first line of the system (2.3.109)) and the
kinematic boundary condition on the interface (first line of the system (2.3.121)):

((I)OO,y)‘o = Gg =0,
(Pooy)l-r = Loo=0

The boundary-value problem above imply that the function ®g9 = Poo(y, 21,1, t2,. - . )

is independent of the variable y. It depends only on slow space and time-scales.

‘I)oo = (1)00(1131, tl, t2, . ) (241)

First harmonic

The equations governing the zeroth harmonic of the velocity potential are the Laplace
equation (second line of the system (2.3.98)) and the Bernoulli equation (second line

of the system (2.3.101)) are:

Boryy —ko®1 = Fu=0

P(()tlu) = Py

The corresponding boundary conditions are the combined kinematic and dynamic
boundary condition on the free surface (first lines of the system (2.3.109)), the kine-

matic boundary condition on the interface (first line of the system (2.3.121)) and the
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dynamic boundary condition on the free surface (second line of the systems (2.3.117)):

(®org)ly — (®o1)ly = G =0
(Pory)l-# = Lo =0
A

—5 = Ho=-i(%a)

This boundary-value problem is governed by a homogeneous ordinary differential
equation and thus there is no need to use the solvability condition.
The solution of the above written boundary-value problem is the classical water prob-

lem solution which is:

.cosh @
= — . 2.4.2
(1)01 Z2coshqA($1,t1,t2, ) ( 4 )

W) _ cosh @ A .
Po1 2coshg (z1,t1,19,...) (2.4.3)
(2.4.4)
and the dispersion relation:

kotanhg = 1 (2.4.5)

with the constant ¢ and function @ = Q(y) being defined as

koH (2.4.6)
ko(H + ) (2.4.7)

q
Q

To see if we recover the usual water dispersion relationship from the obtained one
(2.4.5) we need to transform the dimensionless variables into dimensional. As it was

introduced in the section on the nondimensionalization ky = I}o-‘fg and H = h%i.
w? = gky tanh(koh)

Therefore the usual water dispersion relation is recovered.
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2.4.2 Leading order O(1) solution - Mud layer

The mud layer is put into the movement because of the pressure gradient created
by the leading order water waves. The momentum is transfered to the mud layer
through stresses on the interface separating water and mud layers. Let us now obtain
the expressions of the leading order quantities describing the leading order of the mud

layer (ug, vo, Po)-

Zeroth harmonic

At the leading order the problem is linear and we expect the leading order solution
to contain the first harmonics only. Therefore we predict all the leading order zeroth
harmonic terms to be equal to zero. Let us show it mathematically. The equations
governing the zeroth harmonic of the unknown quantities are the mass conservation
(first line of the system (2.3.103)), the x-momentum conservation equation (first line
of the system (2.3.105)), the y-momentum conservation equation (first line of the
system (2.3.107)) and the condition on the zeroth harmonic of the velocity (2.3.75)
and (2.3.80):

’Uoo’yl =

Phoy =

Ugp =

o o o o o

Voo =

The corresponding boundary conditions are the non slip boundary conditions in
terms of the velocity field (first lines of the systems (2.3.130) and (2.3.132)), the kine-
matic boundary condition at the interface (first line of the system (2.3.124)), the tan-
gential stress continuity through the interface (first line of the system (2.3.126)) and
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the normal stress continuity through the interface (first line of the system (2.3.128)):

(uoo)lo =

0
(voo)lo = 0
(voo)h = 0

0

bo (Xooy)l;, =

). - ()
y'=1

In case when by # 0, the obvious solution of these equations is:

y=—H

Ugo = 0 (248)
Yo = 0 (2.4.9)
pg) =0 (2.4.10)
X = 0 (2.4.12)

The last equation comes from our initial assumption that there is no mean displace-
ment of the mud layer at the leading order.

The zeroth harmonic terms come from the nonlinearities of the equations, but as the
mud layer is thin these terms affect only the second order O(e) solution. This explains

why all the zeroth harmonic quantities are zero at the leading order.

First harmonic

The equations governing the evolution of the first harmonic are the mass conservation
(second line of the system (2.3.103)), the x-momentum conservation equation (second

line of the system (2.3.105)) and the y-momentum conservation equation (second line
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of the system (2.3.107)):

Vo1, + thougy = 0
. . (m) 1 a
—tugy = —tkoypy + Rk gloyy
Phy = 0

The corresponding boundary conditions are the non slip boundary condition (second
lines of the systems (2.3.130) and (2.3.132)), the kinematic boundary condition at the
interface (second line of the system (2.3.124)), the tangential stress continuity through
the interface (second line of the system (2.3.126)) and the normal stress continuity

through the interface (second line of the system (2.3.128)):

(uor)lo = 0
(va)lo = 0

. d
-1 = 5(”01)|1

puory)ly=1 = 0

)y = (#0))
(Po1 sl Po1 —H

First, let us solve the y-momentum equation. Because the mud layer is thin the
pressure is constant through the entire layer and equals to the pressure in water by
continuity of stresses through the interface:

A
v=—H 2coshg

oy = (o)

Secondly, let us solve the x-momentum equation. It can be rewritten as:

.Re ., Red
Uo1,y'y + 27-&”01 = Zk‘o’}’;‘ Ep(()T)
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Using the definition (1.4.5) of the phase of the complex viscosity (1 = |ule) we

define the dimensionless complex parameter A as a positive root of A2 = —i%‘?f
(o, 7\ | R
A= emid+), [Red (2.4.12)
|l a

Note that the expression under the square root may be rewritten in terms of the ratio

of the mud layer depth d to the Stokes’ boundary layer thickness 6, = pz,f"w
ds = 51 (2.4.13)

The expression under the square root becomes

dlp| _ pMdPw _ & 2
Re = —— = 2— = 2d;
alpl |l &

Finally the simplified expression for A is
A= d,v2e-(3+%)

The experimental values of the parameter § are confined into the first quadrant, so
that the phase of )\ is also confined into [0, 7/2] interval. The amplitude of A increases
with the dimensionless depth d,.

The equation of conservation of the x-momentum becomes

Uor,y'y — Nugy = -)\2’90’)’19(()'1")
The solution is the sum of the solutions of the corresponding homogeneous equation

(cosh()Ay') and sinh(Ay’)) and the particular solution (ko'ypg{')):

uor = kool [1 + Gocosh(Ny') + Ho sinh(\y))
’)’koA
2coshgq

[1+ Gocosh(\y') + Hpsinh(\y')]

97



Note that if the only other root A~ —%ﬁe"i(%ﬁ) was selected as the square root

il

of —i%% then the solution will be unchanged. This is due to the fact that A= = —A
and that the solution always involves both e*’ and e .

Applying the boundary conditions the constants Gy and H, are determined:

uptlo =0 & Go=-1
’U,01’y/|1 =0 & Hy= tanh()\)
Therefore the horizontal velocity inside the mud layer is completely found:

_ YkA
~ 2coshgq

U1 [1 — cosh(Ay') + tanh()) sinh(Ay')]

Now, we can solve the mass conservation equation to obtain the expression of the

vertical velocity vg;:

yl
’Um(y, .’Bl,tl,tz, . ) = vOlly’:O - Zk()/ u01(y”,:v1,t1,t2, . )dy”
0

using the no slip boundary condition (vp;)]o = 0 we get:

Yoy = __i_’_y_kif_l_ [Ay’ — sinh Ay’ + tanh A(cosh Ay — 1)]
2\ cosh g

or using the dispersion relation:

2\ sinh ¢

vor = [Ay’ — sinh Ay’ + tanh A(cosh Ay’ — 1)]

Finally, the amplitude of the interface displacement (p; can now be found from the

approximate kinematic boundary condition on the interface (o1 = 9% (vo1)|1):

vko A 5(1 3 tanh)\)

d
Cor = Z'&('”Ol)ly’:l " 2sinhqa A

Since A o< £, the amplitude of the interface movement goes to zero (o — 0 as £ 0.

Meaning that when the mud layer is shallow compared to the Stokes’ boundary layer
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thickness there is no movement inside mud. As the experimental values of the viscos-
ity, and therefore of the Stokes’ boundary layer thickness, increase sharply when the

frequency w goes to zero, we expect to have no mud movement at low frequencies.

Let us summarize the leading order solution inside the mud layer for the first

harmonic:

(m) A

B 2.4.14
For 2coshgq ( )
_ kA _ , _ )
Yot = gioshg L~ ©sh(W) + tanh(}) sinh(Xy/)] (2.4.15)
_ . kA b , .
U = oy p [)\y sinh Ay’ + tanh A(cosh Ay’ — 1)] (2.4.16)

1 =

vko A d(l 3 tanhA) (24.17)

2sinhq5 A

The study of the properties of these solutions will be conducted in the section (2.5).

2.4.3 Second order O(e) solution - Water layer
Zeroth harmonic

The equations governing the second order zeroth harmonic of the water layer are the
Laplace equation (first line of the system (2.3.99)) and the Bernoulli equation (first
line of the system (2.3.102)):

<I)IO,yy = FlO = 07

plo) = —(Doos, + K|arl? + @01, [7)
The corresponding boundary conditions are the combined kinematic and dynamic

boundary condition on the free surface (first line of the system (2.3.111)), the kine-
matic boundary condition on the interface (first line of the systems (2.3.122)) and the
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dynamic boundary condition on the free surface (first line of the system (2.3.120)):

(®104)ly = Gio=—-R{A* (Poryy — Pory)ly}
(Proy)l-r = L1o=0
—To = Hioy=% {iA (q’(*n,y) |0} + (‘I’oo,tz + k§|<1>01|2 + |<I)01,y|2) |0

The mean pressure correction can immediately be determined by plugging in the

expressions of the leading order solution ®; and $gq:

h’Q sinh® Q
K2|®0 |2 + |0y, 2 = KJAPZL R L 21412
ol®o1|” + |Dory| ol 4cosh® q o4 4cosh? ¢
A 2 A 2
T 1 slinL2 q (cosh® @ + cosh® Q) = 7 s'inllz g )
w i
Py = —®gy - dsinhZq cosh(2Q)

By plugging in the leading order solution ®y; and ®q we obtain the expressions of
the constants Hyg and Gyg.

For the constant G19 we have:

(Por,yy — Pory)ly = (—ikgA cosh @ A sinh @ )

2coshq_H 0 2cosh g
1 1

Go = —R [i|A|2—;- (1-kg)] —0

0
= —-ik?,A-;- +iA

The solvability condition

0
f Fiody = Gio— Lo
-H

is trivially satisfied as all its terms are equal to zero.

The equations and the boundary conditions for ®;9 imply that the function &, =
®10(y, 71,11, 2, .. ) is independent of the variable y. It depends only on slow space
and time-scales.

D19 = Dro(x1,t1,t2,...)
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For the constant H;y we have:

. , ) .. a4 SIDHQ
R ["A (%1,9)'0] =R [ZA (ZkOA 2 cosh q) 0]

ool L e
= §R[2A(1,A 2)]_ >4

h2Q sinh? Q
kZ(D 2 (0] 2 = (’CZA2£O'S— k2A2 )
(k3101 |? + [@o14[*) |, ol |4cosh2q+ olAl 4cosh®q

|A]?

- Pli-v

4
1 A2
Hy = —§|A|2 + ‘I’()(),t1 + u(k’g + 1)

4
A 2
%(kg —1) = oy, +

0

|A]?
= & + _—
0041 4sinh?q
Then the second order solution for the zeroth harmonic is

q)lo = @10(3’:1, tl, t2, .. ) (2418)

2
@ _ _g. _ A
Pio 00.t1 4 sinh? q

A2

4sinh? ¢

cosh(2Q) (2.4.19)

Mo = —Poot, — (2.4.20)

Note that in case of purely sinusoidal waves, there is no slow time modulation and all
the derivatives with respect to ¢; vanish. In such case the usual nonlinear correction
is found: the mean free surface is lowered (7;0 < 0) and the mean pressure is negative
pro < 0. In case of narrow-banded waves, the slow time variation appears and the

terms 719 and pyp depend on the time variation of the long waves (®ooy, ).

First harmonic

The equations governing the second order first harmonic of the water layer are the

Laplace equation (second line of the system (2.3.99)) and the Bernoulli equation
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(second line of the system (2.3.102)):

Br1yy — keP11 = Fi, Fiy = —2iky®o1,4,,
Y = idy = Porty
The corresponding boundary conditions are the combined kinematic and dynamic
boundary condition on the free surface (second line of the system (2.3.111)), the
kinematic boundary condition on the interface (second line of the systems (2.3.122))

and the dynamic boundary condition on the free surface (second line of the system

(2.3.120)):

(®119)lp — (®u1)le = Gu,
(®11y)|l-r = Ln,

-m1 = Hn

with the constants Gy, Ly; and Hj; given by the second line of the systems of

equations (2.3.110), (2.3.122) and (2.3.119):

A i .
Gu = - '2—((1)00,:1/:/)'0"22 (®or,:)lg — 2i (Poo,yPo1,)ly
Lll = —i<01
Hy = —i(2u)l+ (Poru)l,

Let us first express the constant G1; in terms of the free surface amplitude A. As the
function ®gg is independent of the variable y its derivatives with respect to y vanish

and we get

= A,

1

. . .cosh @
G = 2i (Pory)lg = 21 (_z2cosh qA)t

102



Now let us compute the expression of the function Fi; in terms of the free surface

amplitude:

Fiy = —2iko®014, = 2sz(  cosh ) .

2<:oshq Ocoshq hq

The solvability condition (2.3.142) can now be written explicitly in terms of terms of

the free surface wave amplitude A:

! 0 cosh @
A = —A, d
bt cosh q ko osh g cosh ! o 08

n

koAz, |[° Ag, 1 0
— = — h2
; (1 + cosh2Q) dy Sinh 27 H+ 6T sinh 2Q) p

2cosh?q J_
_ Az, sinh2q\ = Ag, 2q
= T nhog (H+ %o ) = "%k (sinth +1

Note that the factor in the parenthesis of the last equation is equal to the group

velocity C, given by the dispersion relation (2.4.5). That is

1 2q
= — 24.21
Co 2kg (1+ sinh2q) (24.21)

Thus the solvability condition can be written in a compact form:

COI

A + Colzy = — coshq

Replacing the expression of {o; by its expression (2.4.17) in terms of the free surface
wave amplitude we get:

Ay, + CoAy, = ikiC,A (2.4.22)

where the complex parameter k; was defined as:

d 2k2 tanh A

The newly defined parameter k; characterizes the rate of decay of the free surface

wave amplitude due to the energy dissipation inside the mud layer.
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The equation 2.4.22 describes the evolution of the free surface wave amplitude with the
slow time- and space-scales. In case of a purely sinusoidal wave the slow time derivate
0;, vanishes and the equation governing the slow evolution of the wave amplitude

reduces to

Ay, = ik A

Its solution is an exponentially decaying function:
A(.’Iil) = Aoeiklzl = Aoe'ki“ eik{

Note that the in terms of fast space-scale we have k1z; = ek;z. In the following by

change in the wavenumber it will be meant €k; unless otherwise specified. We have:

ek _ d(l_tanh/\) 2q

~'h A/ 2g+sinh (2q)

o i (2.4.24)

The damping and the induced wavenumber shift can be computed respectively from

the real and the imaginary parts of the expression (2.4.24)

Do=5(%), Ar=wn(P (2.4.25)
kO kO

Note that when 4 — 0 then

On the other hand if d >> &, (d; >> 1) then 2582 é ~ 0 and

ky . d 29
% "h\27+smh2g

which is real and negative. In other words for a large values of d, the damping is
negligible and the waves become longer.
The influence of the water layer depth is the following. For very short waves or deep
water, g = koH > 1,

— = 0. (2.4.26)



and for long waves in shallow water,

le -~ ’}’d
P (2.4.27)

Now let us obtain the solution for the first harmonic ®;;. ®;; is the solution of
an inhomogeneous equation at the second order. It consist of a sum of the solution
to the homogeneous equation and a particular solution ®7,. The solutions of the
corresponding homogeneous equation are sinh ¢) and cosh ). The part of the solution
proportional to the cosh @ is already included into the leading order solution. We

expect the solution to be of the form:
(I)u = Csth + @11)1

Note that there is only one constant to be determined, but two boundary conditions.
This is not a problem, as the application of both boundary conditions produces equiv-
alent results. This is due to the fact that the boundary conditions are linked by the
solvability condition.

To find the particular solution the method of the variation of the constants is em-
ployed. Let us look for a particular solution in a form ®;; = C(y)sinh @, with C(y)

being a function of y. Then

cosh @
cosh q

Qll,w - k§¢‘11 = C"(y) sinhQ + 2C’(y)ko COShQ = Fu = —k()

T1

The equation above holds if

C'ly) = 0
2k C'(y) = —22;;19,
which is equivalent to
Cly) = ~5o2= +C

2coshg
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A particular solution is then

Ay . i
P _ 1
ol = Toosh sinh @ + Cy sinh @

This solution should satisfy the boundary conditions on the free surface and on the
bottom. As the two boundary conditions are linked by the solvability condition we
need only to impose one boundary condition and the second boundary condition will
automatically be satisfied. For the ease of the computations the bottom boundary

condition will be applied:

A OA:L‘ )
(q)ll,y)!_H = (C()ko COShQ - 2—O_Sh— Q - _hlq cosh Q)

-H
= Coko + 5coshq = —ilpn = tk1CyAcoshq
The constant Cy is then
Co = iﬁ()’ Acoshq— ——q—A,,. = ik,C,Asinhq — ——g——Az
ko ° 2kgcoshg g 2kocoshg™ ™

The total solution for the first harmonic of the second order velocity potential @, is:

A
— 1 4
Dkgcoshg sinh Q) — sh p —2—sinh Q)

@sinh Q A
2kgcoshq ™

®; = ik CyAsinhgsinhQ —
= 4k1CyAsinhgsinh Q —
The pressure correction inside the water layer can be deduced straightforwardly
) = m (koAy, cosh Q — A, @ sinh Q) — k;C,Asinh gsinh Q

The first harmonic free surface movement correction is

. . . gsinh g 1
mi = —Hu =1(2u)l— (Poru)l =1 (Zklch sinh? g — mAm + §At1)
i 9 gsinhgq
= 5 —A;, — k1CyAsinh” ¢ ——-———2 kgcoshg” ™
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Note that in absence of the mud layer (k; = 0) the solutions are the known water
layer solution (see C.C.Mei 1989).

Let us finally summarize the obtained solution for the second order first harmonic:

&, = ik,C,AsinhgsinhQ — %Am (2.4.28)
i = m (koAs, cosh Q — A, Q@sinh Q) — k;C,Asinh gsinh (2.4.29)
0
i . 19 . gsinhgq
_ g _; asimhg 2.4,
M1 2At1 k1CyAsinh®q — 4 2kgcoshqul (2.4.30)

Note that in the absence of the mud layer k; = 0 and we recover the solutions for

inviscid water waves propagating over a solid bottom (C.C. Mei, 1989).

Second harmonic

The governing equations for the second harmonic are the Laplace equation (third line

of the system (2.3.99)) and the Bernoulli equation (third line of the system (2.3.102))::

‘I)l‘mw - 4k§q>12 = Py, Fi, =0

. 1 1
Py = 2idu+ k0% - 5oh,

The corresponding boundary conditions are the combined kinematic and dynamic
boundary condition on the free surface (third line of the system (2.3.111)), the kine-
matic boundary condition on the interface (third line of the systems (2.3.122)) and the
dynamic boundary condition on the free surface (third line of the system (2.3.120)):

(Prog)l-# = Li2
(@124)ly — 4(P12)l0 = Gr2
-2 = Hip
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with the constants G2, L1z and Hj, given by the third line of the systems of equations

(2.3.110), (2.3.122) and (2.3.119):

L12 = 0
A 1.2 FH2 - H2
G12 = - 5(@01,yy—¢01’y)+22k0q)01—22@01,1’
0
. A
Hyp = -2 (‘1’12)|0—1§ (Pory)lg — ko ‘1>01)|o+ CHMIR

Let us first compute the constant Gs.

B A 5 cosh @ _sinh @ o cosh’Q , ( sinh?’Q ,
Gz = [2( ZkOZcoshqA) A( zZsinhqA)-'-mk0 4cosh2qA & 4sinh2qA ‘

___2&2_2_22222 322_ 3 A’

= [ A 4k:0+4A k02A +2A] ; 4zA (kg—1)= 4s1nh2

Now the boundary-value problem for the velocity potential can be solved. In fact the
corresponding governing differential equation is a homogeneous ordinary differential

equation. Its solution is:
®,2 = C; cosh 2Q) + Cs sinh 2Q)
Applying the boundary condition on the bottom we get:
0 = (®12)|_g = (2koC sinh 2Q + 2koCy cosh 2Q)|_5 = 2k Co

This implies
C>=0

To determine the constant C; the boundary condition on the free surface is applied:

3 A?
4 sinh?q

((I>12»y)|0 -4 (@12)‘0 = (2k001 sinh 2Q + 2k()C2 cosh Q)IO -4 (Cl cosh 2Q)|0
= 4C)(kosinh g cosh g — cosh 2¢) = 4C;(cosh? g — cosh? g + sinh? q)
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This implies
3 A?
" 16sinh%q

And the second harmonic of the second order velocity potential is:

3 A2
12 = o h4 cosh 2Q)

(w)

The pressure component p;,° can now be determined:

(w) 3 A? ho 2 ( cosh®Q ) ( kZ sinh® Q 2)
= — + - k ——A
Pr2 8sinh?q cosh 2Q 4 cosh2 “4cosh®q
3 A2 1 (cosh®Q 1 (sinh®Q
= osh 20 — = A? -
8 smh4 cosh 2Q 8 ( sinh? ¢ ) 8 ( sinh? ¢ )

1
8 smh2
1 1 cosh 2¢)

= ————A%(1+43
8sinh’ ¢ ( sinhzq)

Finally the second harmonic of the free surface displacement can be determined:

smh2

A? (sinth cosh®Q — 3cosh )

1 1
e = 2 (‘1’12)|0+" (‘I’Ol,y)lo"' k2 (‘1’01)|0 2 (QOI:V)I

3 A? A [ kosinh Q
= 2 2 j—
(16 b g © Q) 2 ( 2coshg )0
WL (_ cosh® Q Az) 1 (_ k2 sinh? Q A2)
2%\ 4cosh’q” /|, 2\ 4cosh?q 0
3i A? A’kosinhg  A? ,cosh’q = AkZsinh’q
= ———cosh2q+ — 2__ i Rl |
8 sinh*q coshedT coshg 8 Ccosh?q 3 cosh? ¢
: A2 2 2 2
= :Zs g cosh2q+AT-—é8—k2 f;
in
3 A? oA
= = h2g+ — — 2
sinh?* ¢ cosh 2q + 4 8 sinh®¢
A? 3i
= = 2sinh®q — 1 —
8 sinh?q ( S sinh2q)
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Summarizing the solution for the second order and second harmonic:

3 A?
&, = ————cosh2
12 16 sinh* g cosh2Q
w _ 1 1 42 ( 1 cosh 2Q>
= -z +3
Prz 8 sinh? ¢ sinh? ¢
A? 1 3i
= 2sinh®q -1 —
2 8 sinh?q ( s g sinh? q)

The last expressions provide second order second harmonic correction to the leading
order movement and they are unchanged by the presence or the absence of the mud

layer.

2.4.4 Second order O(¢) solution - Mud layer

The second order solution for the mud layer provides the second order correction to
the leading order movement. In particular the zeroth harmonic solution gives the
mean displacement inside the mud layer, meaning the average displacement around
which the mud layer oscillates. In the present section we will compute the average
displacement of the mud layer. The first and second harmonic corrections to the
leading order movement will not be computed here as they do not carry interesting

physical significance.

Zeroth harmonic

The presence of the viscous component in the viscoelastic model makes it possible for
the mud layer to dissipate the energy. Due to the nonlinearity introduced by the in-
ertia terms, the displacement inside the mud layer has a non zero steady component
- mean displacement. In the approximation of small amplitude waves, this steady
correction is of second order O(e) and will be computed in this section.

The governing equations for the zeroth harmonic mud quantities are the mass con-
servation (first line of the system (2.3.104)), the x-momentum conservation (first line

of the system (2.3.106)) and y-momentum conservation equation (first line of the
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equation (2.3.108)):

’()IO,yI = 0
* — (m) la
2R {1)01'“01,y'} = —VPo,x T Red (boX10,47y)
Ploy =0

we also have the relationship (2.3.77) relating the velocity u;o to the previously ob-

tained leading order displacement Xy; and velocity uq:
U0 = 2§R {ikoXmu(‘;l + Xm,yl’ual}

This expression can be rewritten using the mass conservation equation (second line of
the system 2.3.103) saying that ikoug; = vg; ,» and using the equation (2.3.76) which

implies Xg; = tuo;:

uo = 2R{XoWg, + Xoryvs} = 2R {(va;l)y,} = 2R {z (um'u;,‘l)y,}
= -2 {i(upym)y =28 { (udom), }

These equations can be simplified using the previously obtained solution for the ze-
roth harmonic of the leading order O(1) (equations (2.4.8)-(2.4.11)). In fact, as the
equations (2.4.8) to (2.4.11) state, all the zeroth harmonic mud-related quantities are
identically zero at the leading order and we get for the second order zeroth harmonic

governing equations:

vioy = 0, (2.4.31)
Xioyy = 2%%%{1}01%1&, , (2.4.32)
2, =0, (2.4.33)
wo = 28 {(uv01), } (2.4.34)
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Note that these equations are valid only in case when by # 0. In particular in case of
a purely Newtonian fluid these equations will not hold, and the assumption of having
the zeroth harmonic displacement X;o will be not valid anymore.

The corresponding boundary conditions are the non slip boundary conditions in terms
of the velocity field (first line of the systems (2.3.131) and (2.3.133)) and in terms of
the displacement field (first line of the systems (2.3.135)), the kinematic boundary
condition at the interface (first line of the system (2.3.125)), the tangential stress
continuity through the interface (first line of the system (2.3.127)) and the normal
stress continuity through the interface (first line of the system (2.3.129)):

uplo = 0
violo = 0
Xlo = 0
0 = g(vlo)ll_c"ﬂ:tu
bo Krowlyer = =5 [t06o0 oo lyos + 28 {1 (g}
(), = ()]sl ()] o ) )

Again using the previously computed leading order O(1) solution (equations (2.4.8)-
(2.4.11)) the boundary conditions are simplified:

'UIO‘I = 01

(Xrop)ly—y = —QEE;?R [HC& (uoryry )|y ],

)] = 69,25 [r{s G L b

u1o|o =

0
volo = 0
Xwlo = 0
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The zeroth harmonic of the vertical velocity can be deduced straightforwardly from

the governing equations and the boundary conditions. One can immediately see that:
V10 = ’Um(y, I, tl,tg, . ) = 0 (2435)

The pressure and the mean horizontal displacement require a little more work.

Let us first compute the mean pressure correction. From the equation (2.4.33) one
can see that the zeroth harmonic of the pressure is constant through the layer and
equal to its value on the interface plus a nonlinear correction which is due to the

curvature of the interface. We have

o 22 [éR {ca‘l (#57) |y,=1}]

From the second order solution inside the water layer we obtain the first term of the

2
("’))| = —®py, — _lAP
(p e %4 ™ 4sinh? q

52 = (o)

right-hand side:

The leading order solution for the mud layer tells us that the leading order pressure

p((,'ln) stays uniform inside the mud layer. As a consequence the term p((,'l'g, is zero. The

zeroth harmonic of the second order pressure inside the mud layer finally is:

m _ g, _ AP
10 ' 4sinh?q

P (2.4.36)

Let us now compute the mean velocity ujo given by the equation (2.4.34). The

nonlinear term (voi1ugy,; )y appearing in the equation (2.4.34) can be estimated. First
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. ..
let us estimate vg1ug;:

* . 7k0A I o / no_
Vorly = ( i 2)\sinhq) [M\y' — sinh(Ay') 4+ tanh(A)(cosh(Ay’) — 1)] x

2sinh g
= —z'*yzko—lj—qL—l- [)\y' — Ay’ cosh(A*y') + tanh(A*)(\y') sinh(\*y")
4sinh? g A

— sinh(Ay') + sinh(\y') cosh(A*y’) — tanh(\*) |sinh(Ay')[?

X ( o ) [1 — cosh(X\*y") + tanh(A*) sinh(A*y"))

+ tanh()) cosh(Ay') — tanh()) — tanh()) |cosh(Ay')[* + tanh(A) cosh(A*y)
+ |tanh(X)]? cosh(\y') sinh(A*y') — |tanh(X)[* sinh(/\*y')]

The derivative of the last expression gives:

AP 1
N = —ivk | =X = Xcosh(\*y) — | A%y sinh(\*y/) + X tanh()\*) sinh(\*y/
(Vo1 )y vy "ZsinhZg X cosh(A*y) — |A|*y sinh(A*y’) + A tanh(X*) sinh(A*y)

+2* tanh(A*)(Ay) cosh(A*y’) — A cosh(\y') + A| cosh(A*y')|2 + A*| sinh(X*y/')|?

— 2tanh(A")R {\ cosh(\y') sinh(A\*y') } + A tanh()) sinh(\y')
— 2tanh(A)R {Asinh(A\y') cosh(A*y')} + A* tanh(\) sinh(A\*y')
+ Mtanh(X\)|? | sinh(Ay')|2 + A* |tanh())]? | cosh(X*y/)|?

— X* [tanh(\)? cosh(\*y’ )]

The expression of the mean velocity ujo given by the equation (2.4.34) is

Ui = 23 {(u(‘;l'vm)y,}
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Therefore

2
U = -72k0£|—2—§)?{1 — cosh(A"y') — X"y sinh(A\*y’) + tanh()\*) sinh(\*y/)
2sinh® ¢
A*
+tanh(A*)(A*y") cosh(A*y") — cosh(Ay) + | cosh(A\*y/)]? + T, sinh(\*y")|?
- 2tanl;\()\ )§R {Acosh(Ay") sinh(A*y’)} + tanh(A) sinh(\y')
_ Ztanf\l(/\)% {Asinh(Ay) cosh(A*y')} + % tanh(A) sinh(\")

A*
+ [tanh())|? | sinh(Ay/)|? + < |tanh(\)|? | cosh(X*y/)[?
- )\T [tanh(\)]? cosh(/\*y’)} (2.4.37)
The last unknown to be computed is the horizontal displacement X;q governed by
the equation

Red
Xiogy = 2E5%{v01u31,y,} (2.4.38)

The corresponding boundary conditions are:

al .
(XIO,y’)'y'=1 = _2353% [NCM (UOI,y’y')|y'=1] ’ (2.4.39)
Xioly—p = 0 (2.4.40)
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The nonlinear term vo; ug; appearing in the equation (2.4.38) can also be estimated

. . 7koA : ,
Vorlgry = (—z 2)7si(;1hq) [Ay’ — sinh(Ay’) + tanh(A)(cosh(Ay') — 1)] x

x ( A )\*) [ — sinh(X*y’) + tanh(A*) cosh(A*y/)]

2sinh q
= —2'72140—'/}‘—2—2\—*i [Ay' — sinh(Xy') + tanh(A)(cosh(Ay') — 1)] x
4sinh?q A
x [ — sinh(A*y’) + tanh(A*) cosh(A*y")]
2 *
= —i72koﬁlz—é—{)\y'[ — sinh(A*y’) + tanh(A*) cosh(A\*y')] + |sinh(A\y")[?
4sinh®q A

— tanh(X\*) sinh(\y’) cosh(A*y’) — tanh(A) sinh(A*y’) cosh(Ay')
+ [tanh(A)[? |cosh(Ay')]? + tanh(A) sinh(X*y’) — Jtanh(N)]? cosh()\*y’)}

. |A|2 * . * 1 * * ./
= _172k04sinh2q A*y'[ — sinh(A*y’) + tanh(A\*) cosh(A\*y')]

+—)/\T [ |sinh(Ay/)]* — 2R( tanh()) sinh(A\*y’) cosh(\y"))

+ [tanh(A)]? |cosh(My")| + tanh()) sinh(X*y') — |tanh())|? cosh(X*y/ )} }
Adding the complex conjugate to obtain the real part we get

* _ * *
2R (vOIuﬂl,y') = UOUOI,y' + Up1 Uo1,y

l‘l‘z { / : I}
M9/ | — sinh(\*y') + tanh()\*) cosh(\*y/
Isilzq y[ S1 ( y) ( )CS( y)]

—y'[ — sinh(Ay’) + tanh()) cosh(Ay')]

= —iv’ko

+ [ [sinh(\y')|* — 2R (tanh()) sinh(A*y’) cosh(Ay'))

+ [tanh(A)? Icosh(/\y')lz] ()‘7 - %)

+AT tanh(}) sinh(A\*y’) — f— tanh(X*) sinh(\y/)

— |tanh(X)]? (2\/\1 cosh(\*y') — %cosh()xy’)) }
|A]”
4sinh? q

‘A2 / /
o)+ Rw) + B0
sinh® ¢

= —i72k0

21’9{1?1(3/) + F(y') + Fs(y’)}

= 29’k
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Where the functions Fi(y'), F>(y') and F3(y’) were introduced to simplify the nota-

tions. They are defined as follows

Fi(y) = X\/[sinh(\y’) — tanh(}) cosh(Ay)] (2.4.41)
F(y) = % (tanh()) sinh(A"y’) — [tanh(})[2 cosh(A*y)) (2.4.49)
Fyy) = AT [sinh(Ay/)|? — 28] tanh(A) sinh(\"y’) cosh(Ay/)]

+ [tanh(A)[? [cosh(Ay/) |2 ] (2.4.43)

Now the horizontal momentum equation (2.4.32) can be written in terms of functions

Fl(y’), Fz('y,) and F;;(y’):
Xioyy = Bm%{Fl(y') + F(y') + Fs(y')}

where the constant f?m was defined as

. 2 2
By = w——.lAI fed (2.4.44)

In order to integrate the last equation let us compute the first integrals of the functions

Fi(y), F5(y') and F3(y'). They are

/ RW)dy = Al / y sinh(Ay')dy/ — tanh(}) / o cosh(My')dy] (2.4.45)

/ By )dy = ; (ta.nh()\) / sinh(\*y')dy’ — [tanh())]? / cosh(A*y')dy')(2.4.46)

[ Ry

A*
oY [ / |sinh(A\y')[? dy’ — 2% [ tanh(\)dy' / sinh(\*y) cosh(\y/)dy’]

+ [tanh())]? / |cosh(Ay')|? dy'] (2.4.47)

The following relationships will be used to calculate the integrals of Fi(y’), F2(y’) and
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F3(y'):

/ y'sinh(\y')dy’ =

/ y' cosh(\y)dy’ =

3 !
1 y' cosh(A\y') — sinh () + const
A A
/
% (y’ sinh(\y') — @)(‘A_y)) + const

In the following the integration constants will be omitted while computing the in-

tegrals, and only one global constant of integration will be added in the end. The

products and sums of the used hyperbolic functions are related by the following equa-

tions

sinh(a) sinh(b)
cosh(a) cosh(b)

sinh(a) cosh(b)

[ cosh(a + b) — cosh(a — b)]

[ cosh(a + b) + cosh(a — b)]

DN = DO = DN =

[sinh(a + b) + sinh(a — b))

The primitives of the products of the hyperbolic functions apearing in the expression

of F3(y') are

oty =

/ cosh(\y') cosh(\*y')dy’

/ sinh(Ay) sinh(\*y')dy’

% / [cosh(A + A*)y’ — cosh(X — X*)y']dy’

sinh(A + X*)y’  sinh(A — X*)y/
A4 A A=

(2.4.48)

/ [cosh(A + A*)y’ + cosh(A — A*)y'] dy’

1

2

1 (sinh(A+ A*)y’ = sinh(A — X*)y/
5( A+ N A= )
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/ sinh(X\*y') cosh(\y')dy’ = % / [sinh(X* + A)y’ + sinh(A* — A)y/] dy/

_ 1 fcosh(A+ A7)y cosh(A — ")y
2 A+ Ax A=)

The primitives of the functions Fi(y'), F5(y’) and F3(y’) can now be evaluated:

. ’ \ )
/Fl(y')dyl = y’ COSh(Ay’) - @_y_y). _ tanh(A) l:y’ Sinh()\y’) _ COShA( y )]

= y'[cosh(\y’) — tanh(X)sinh(Ay')] + %[tanh(/\) cosh(\y') — sinh(Ay')]

2
/ Fy)dy = ____tanil(/\) cosh(\*y') — ____Itanl;()\)| sinh(A\*y')

/ B = { (sinh(A +X)y _ sinh() - )\*)y,)

2 A+ A A=A
sinh(A + A*)y’  sinh(A — A*)y/
A+ A A=A

+ |tanh())|? (

o o (SO _ 03] |

Finally the once integrated horizontal momentum conservation equation becomes

Xioy = Blog{y'[cosh()\y') — tanh(\) sinh(\y")]

+ X [tanh() cosh(y) ~ sinh(y)]

2
+ ___tani()\) cosh(A*y’) — ____!tanl;‘()\)| sinh(,\*y’)

_1_:\_* sinh(\ + A*)y/ B sinh(A — A*)y/

2\ A+ A=A

o (sinth(A+ A*)y  sinh(A — A*)y/
+ [tanh(A)] ( X+ X\ — M\
cosh(A+ A*)y’  cosh(A — A*)y/
2R [tanh()\) ( ST Y + Zo

Integrating again we find the expression of the mean horizontal displacement X, as
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function of the variable y:

Xy = BuS {% [y' sinh(\y/) — coshi)\y’)] B tanf\l()\) [y' cosh(\y/) — sinh)(\/\y’)
+X1§ [tanh(X) sinh(Ay') — cosh(Ay')]
ta?;lg)\) sinh(\*y') — ___tanh()\) 2 cosh(\*y)
1X* [ [cosh(A+ X*)y  cosh(A — A*)y
+§T{ ( B+XNE (A= )
2 fcosh(A+ A*)y’  cosh(A — \*)y/
a0 (SR + R )
—2R [tanh()\) <51n(h/\(,:-_:32)y _ Sln(h)‘();—/\*);;)y )} }} + Zoy' + Z4
= Bm%{%’[sinh()\y’ ) — tanh(}) cosh(Ay')] — /\lz'[COSh()‘y’) — tanh(X) sinh(Ay')]
+-§5 [ tanh()) sinh(Ay’) — cosh (/)]
taT;llg/\) sinh(\*y’) — tini—p‘—) : cosh(\*y')
] (S0 SE80) (22020
2 frann() () SN s 2y 4 2
= Bm%{%’ [sinh(\y') — tanh(X) cosh(Ay')] — %[cosh()\y' ) — tanh()) sinh(Ay')]
e sy - |25 cosh(y)
12* [ (cosh(2X\7y')  cos(2X'y) cosh(2A\"y')  cos(2\'y')
g { (p L ) s (S5 - <)
_ sinh(2A"y') isin(2)\"y’) ,
2R [tanh()\)( )2 + )2 )] }} + Zoy' + Zy

where Zy and Z; are the constants that will be determined using the boundary con-

ditions. Let us now apply the boundary conditions.
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The no slip boundary condition (2.4.40) gives

~ 2 tanh(\
0= Xl = Blo(\\f{ - i-——g—)-

21 1 1
=[5 55 (o o)
+ [tanh())[? (ﬁ - ﬁ) ] } + 7

This gives the expression of Z;:

A = BB 1] () om0 (- ) )
- 31(,%{%}{1 - %W[ ((/\1)2 + ﬁ) + [tanh(\)[? (ﬁ - (Tl)“z) ]}

The nonlinear term appearing in the boundary condition (2.4.39) is:

G (woryy)lyey = 7ko

A? 1 tanh A*
4sinh q A*

) X?[ = cosh(Xy') + tanh(X) sinh(Ay')] |,=1
A? tanh \* sinh?(\)

= ~2 - 2(_

= 7 Zsmhg™ (1 X ) A [ cosh() + Zsh(n) ]

A (_tamhxr) X

4sinhq A* cosh())

= —72

The right-hand side of the boundary condition (2.4.39) can now be rewritten as

2 2 2 N
Xioylyy, = 2 b, d4sinh q§R [N cosh()\) (1 A*

ko A 02 2 e~ (0+3) _ tanh\*
bo 4sinhg ||u|cosh()) A*

2 2 ; *

ko A -1 tanh A

= 2 Bl
ke bo 4sinhq§R_cosh()\) (1 A )]

2 2 i *
Yky A 1 tanh A
“ Asinhq | cosh(\) ( A* )]

A 1 tanh \*
— Cx —
B“"‘[coshm (1 T )}

= 2Re

A = Re— —¢i0+3)
alp
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The boundary condition (2.4.39) becomes

Xoylyo = Bm%{ [ cosh()) — tanh(X) sinh(A)] + -i—[sinh()\) — tanh(A) cosh())]

)\ [ tanh(X) cosh()) — sinh())]

Y]
2
+__tanh()\) cosh(\*) — __Itanlj\()\)| sinh(A\*y")
22* [ (sinh(2X7)  sin(2X) o {sinh(2XA7)  sin(2XY)
+3 { ( % N + [tanh())] v T T

_9R [t nh()) (COShFAT) +i Cosgf’\z))] }} + Z

A 1 tanh(A) 1
— x
Bm\s{ cosh()) A cosh(A*)

4 % X
—oR [tanh(/\) (COSW’\T) + iCOS(Q.Ai))] }} + Z

)\r

AT A
N 1 tanh \*
—_— Cx —_
= BuwS [cosh()\) (1 A* ) ]

The last equation determines the value of Zj:

A 1 tanh \* 1 tanh()) .
Z = Bm%{cosh()\) (1 It ) osh() ~ x ooshN)
L)\ f (sinh(2\")  sin(2X’) 2 ((sinh(2X7)  sin(2XY)
i3 { ( r ol ) + ranh () (L 4 2

_op [t h(\) (cosh(2)\" cosg)\’))] }}

REY { (sinh(ZX”) ~ sin(gAi)) + ftamh(Y) (sinh(z,\r) N sinE\ZiXi))

_ Bm%{ _ 15{ (smh(Z)\’ sm(ZX)) + [tanh(\) (sinh(2/\’") N sing‘Zi)\"))

)\1.

o [t h(\) (cosh(2A’ cosgfx\"))] }}

Xr

A
_ Bm(\{ } (smh (2X7) s1n(2)\’)) + ltanh(V)[? (sinh(2/\’) N sin()‘2i)\"))

X o
—2R [tanh(k)(cos}l)\(r2 X) + COSE\?X))] }

Putting all the information found together we can write the final expression for the
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mean displacement of the mud layer Xiq:

!
X0 = Bmi‘s{yx[sinh()\y’) — tanh()) cosh()y')]

2 — [ tanh(A) sinh(\y') — cosh(\y')]

32
taT/\hlg)\) sinh(\*y') — \————— cosh(\*y')
1X* [ [cosh(2X"y')  cos(2\'y') 2 (cosh(2)\’y’) 3 cos(2)\iy’))
(o ) + o (S - S
sinh(2X7y/)  _sin(2X\%y) ,
—2R [tanh()\)( D)2 +1 )2 + Zoy' + Z1 (2.4.49)
With the constants Zy and Z; given by:
By X sinh(2X")  sin(2X’) 2 ((sinh(2X7)  sin(2X)
Zo = _TS{ by }{ ( b N + Itanh(/\)| G + N
—2R [t h()\)(COShA(% ) °°Sf\2f ))] } (2.4.50)

7 = Bus{ Mo ] (s o) ot (- 1))
(2.4.51)

The equations (2.4.49) to (2.4.51) give the explicit expression of the mean horizontal
displacement Xjq inside the mud layer. The profiles of the mean displacement were
studied by Zhang and Ng [6], who considered a similar problem of a thin viscoelastic
mud layer under a non-decaying progressive wave modeled by a harmonic pressure
applied uniformly on the surface of the mud layer. Our approach is different in two
ways. First, Zhang and Ng modeled mud as a Voigt body with only two coefficients,
but according to the experimental data available to us these coefficients strongly
depend on the frequency of the forcing. In our approach for each mud sample we
found the dimensional coefficients @, and b, that are frequency independent and rep-
resent the mud properties in the entire range of experimentally available frequencies

(0.1Hz < w < 20Hz). The second difference is the wave decay for which Zhang and
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Ng did not account in their article. In fact the wave damping is considerable even at
the leading order and t he mud movement will change when the waves are damped.
In particular for large values of z; after the waves are damped there should not be any
mud movement. This is taken into account by our approach as the mean horizontal
displacement inside the mud layer is proportional to the square of the decaying wave
amplitude:

X0 o |A(zy, 1) [? ox e 2= (2.4.52)

Zhang and Ng did not provide an explicit expression of the mean displacement and
solved the averaged governing equation numerically. We compared our computed
mean displacement Xjo to their numerical results plotted in the article [6] for the
same values of the dimensionless parameters introduced by the authors: the elasticity
parameter Ay, = ”—(’—"%‘:2—'12 and the viscosity parameter dy, = p—(,-?,‘)‘;?. The results
are plotted in figure (2-2) for three values of SNQ = 0.1, 0.3, 0.5 and three values of
’):Ng =1, 3, 10. The difference in the values of the mean displacement amplitude
is due to the difference in the normalization. Otherwise the profiles have the same
properties: the reversal at large values of X Ng and for SNQ = 0.1, the growing values of
the amplitude with the elastic parameter Ay, and even the shapes are the same. Still
an important difference is present between the results of Zhang and Ng and figure
(2-2). The slope at the edge of the mud layer is finite in the present work but is equal
to zero in the work of Zhang and Ng, who considered that the shear stress at the top
of the mud layer is zero at both leading and second orders. The shear stress is indeed
equal to zero at the leading order but at the second order the interface movement
should not be neglected and the shear stress is no more equal to zero. This condition
is expressed mathematically by the equation (2.3.42).

It was also checked that in case of a purely elastic mud (all the coefficients a,>; and
bn>1 equal to zero and by finite) the mean horizontal mud displacement is identically
zero. In fact, as it was pointed out by Zhang and Ng, elasticity enables the mud
to recover from any applied deformation, while the viscosity makes such a restoring

capacity impossible. Therefore it is natural to have no mean deformation of the mud
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Figure 2-2: Profiles of the mean horizontal displacement Xio for three values of
Ang =1, 3, 10

layer for the purely elastic case. The study of the properties of the mean displacement

will be done in section (2.5) for different mud samples.

2.4.5 Long wave equation

Note that till this point the long wave potential ®gp = Pgo(z1, 21,12, ...) is undeter-
mined. The equation governing it is given by the solvability condition (2.3.141) for
n = 2. That is:

0
/ ondy = G20 - L20 (2453)
-H
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with the constants Gy and Ly given by the equations (2.3.116) and (2.3.123):

F20 = _q)OO,sz

G = —{§R (A" @114y = 11a)lo] +R (2001 (Poray = org)l] +R (204 (D1,,)] ]

+ Do 1, + 2Kk ([I‘I’mlz]tl) ‘o +2 ([|¢01,y|2]t1) 0 }

Ly = (oo =0
Both constants Go9 and Log will now be computed in terms of the previously found

expressions for the first two orders solutions.
To compute Gy we first evaluate each term one by one. The first term of the right-

hand side becomes:

sinh ¢
2 cosh q

@ully = -

ko sinh
(@uw)ly, = (k gko Sin q) Az, +ik AC, cosh? ¢
1

) Az, +ikiAC, cosh®

(1199 — Puglly = (m— 0) 2
( 1

R {4 (@11 — Bi1y)lo} -y ) e
The second term is:
(Porlly = —%A
@olly = —3AR
@y~ Bog)ly = —5ACE —1)
{21 @~ Folo} = 208 - 0% { (~34) (—541 — Ko, s g+ izl )}

1 . . ‘A gsinhq |,
= §(k§ -1)R {—A Ay, + 2ik}C,A* Asinh® g + kocoshqA Awl}

1 sinh . . o .
= 4sinh? q [kqocoshqq(A Ay, — (A*A)y, + 4KkiCysinh® g(A A)]
1 i h * i *
4 sinh® g | ko coshgq
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The third term is:

cfon k] - wlaa ()] -2

The last two terms give:

24 (190, )| -2 (19071, )|, = 26 (40 42 ()

1
= S+ 14,

So that the constant Gy becomes:

— 1 (A*A),, 1 gsinhgq , ., e L o
O = - (2’60 ko) 2 4sinh? q kocoshq(A A)zy — (A7A) | — FCe(A™A) = Doty

A*A),,

1
+(—§— - E(kg +1)(A*A)s, — Poopty

= _.l L 2q — * l 1 — 2 * _ i *
= 3 |5k (+ cmgg) o] 470+ 5 (e ~1%) (4~ o~ O ()

1 ( 1 1—cosh®q

1 *
= —3 [Cg - kO] (A A):cl + 9
_ -.;. [(A*A)y, + Cy(A*A)yy] +

1
4sinh? g

- A*A),, — @ - KC,(A*A
2 sinh? q sinh? q ) ( )tl 00,t1%1 1 g( )

k
2
(A*A)tl - ‘I>00,t1t1

(A*A)zl - A*A)tl - q>00,t1t1 - k;CQ(A*A)

P
4sinh®q
_ ke

Where the use was made of the equation governing the slow evolution of the wave

amplitude found previously from the solvability condition for ®,;:
At1 + CgAzl = Zklch
which implies
(A A)y, + C,(A* A),, = ~2KiC,(A"A)
Finally the long wave equation can be fully written:

Ko, 1 .
q)OO,tltl - Hq>00,1:1.1:1 = 30(14 A)zl - m(A A)t1 (2454)
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This is exactly the same equation as the one governing the long waves in the absence
of mud layer (see Mei, 1989 [9]). We conclude that the mud layer does not affect the

generation of the long waves.

2.5 Physical deductions

This section is dedicated to the analysis of the physical properties and experimental

values of previously obtained solutions.

2.5.1 Interface displacement

We now study how the interface displacement is affected by the free surface waves.
For that we will study the properties of the ratio R,nm, of the interface displacement

to the surface displacement, both in dimentional terms:

- _@ _ ealo1 _ €Co1
Ramp - ﬁ01 - aA - A (251)

The interface displacement (g, was found previously (eq. 2.4.17) and its product with

A qg d tanh A
or = Esinhqﬁ(l— A )

2
—_ aw® ..
€ 9 1S:

The ratio of interest is finally:

_d gq tanh A
Ramp_’yﬁsinhq(l_ A ) (25.2)

where g = koH = koh.

The ratio Rymp goes to zero in deep water when the waves are short (koh >> 1) and
do not reach the bottom.

Also the ratio R, decreases when the ratio % of mud layer depth to the water layer
depth decreases. Physically this means that the shallower the mud layer is compared
to the water depth and the wavelegth the less it will be able to move and dissipate

wave energy.
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To get an idea of how the factor 1 — %—’\- influences the ratio Rymp let us express

it in terms of the parameter 6 and the ratio d, = 3‘% explicitly. The parameter 6
characterizes elasticity. An entirely viscous material will have § = 0 and a material
which is entirely elastic will have § = 7. A material which combines both the viscous
and elastic properties, as in case of the mud, will be characterized by values of
between 0 and 7. The ratio % determines how much of the mud layer depth will
be affected by the motion of the waves. In particular if the ratio d, = % ~ 1 one
can expect that the entire mud layer will be in motion. To determine how the two
parameters 0 and d, = 3‘13 affect the amplitudes ratio R,m, its expression will now be
rewritten explicitly in terms of the two parameters. Note that up to now the effects of
elastic properties of mud were implicitly hidden into the parameter A = dsx/ie'i( +5),

To simplify the notations let us introduce two real parameters o and 8

a = V2sin (g— + %) (2.5.3)
B = V2cos (g + %) (2.5.4)

Note that both parameters are known as long as the value of 8, characterizing the
elasticity of the mud, is given. Also note that the values of the parameters o and 8
are not independent, but linked by the relationship a? + 8% = 2. The parameter A

can be rewritten in terms of o and §

A= (B — ia)d, (2.5.5)
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Now let us evaluate tanh(}) in terms of o, 8 and d;.

e)\ _ e-—z\ eﬁds e——'iads _ e—ﬁdge—iads

ta:nh(A) = CA + e—A = eﬁdse—’iads + e—ﬂdse—iads

P (cos(ad,) — isin(ad,)) — e=P% ( cos(ad,) + isin(ad,))
ef4s (cos(ad,) — isin(ad,)) + 4% (cos(ad;) + isin(ad,))
cos(ad,) sinh(8d,) — i sin(ad,) cosh(8d;)
cos(ad;) cosh(Bd,) — isin(ad,) sinh(8d;)

[cos(ad,) sinh(8d;) — isin(ad,) cosh(Bd;)] [cos(ad;) cosh(Bd,) + i sin(ad,) sinh(Gd,)]

cos2(ad,) cosh?(8d,) + sin?(ad,) sinh?(8d,)
sinh(3d,) cosh(8d;) — isin(ad;) cos(ad;)
cos2(ad;) cosh®(Bd,) + sin®(ad,) sinh®(8d,)

The ratio ta—nh)‘—(’\—) can be computed

tanh()) _ 1 B+ia
A dya?+ 32

tanh(A) = 2. 2‘:0‘ tanh()) (2.5.7)

The real and imaginary parts of 1 — 222 are

m(l_tan“) = 1 [~ a%(tanh ) + AR tanh )]

A
-1 1 (a sin(ad,) cos(ad,) + Bsinh(8d,) cosh(ﬂd;),) 5.8)

~ 2d, \ cos?(ad,) cosh®(Bd,) + sin®(ad,) sinh®(3d,)"

8‘(1 - ta.nh)\) = —Ezz[a%(tanh A) + B3 (tanh ))]

_ 1 (a sinh(8d,) cosh(8d,) — Bsin(ad;) cos(ad&,))2 5.9)
"~ 2d, \ cos?(ad,) cosh?(Bd,) + sin®(ad,) sinh®(Bd,) )

To simplify the labeling on future figures let us introduce two new functions

_ _keH
filkeH) = oh(k ) (2.5.10)
9(6,d,) = 1—tali\h)‘ (2.5.11)
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The parameter R, given by the equation (2.5.2) is then rewritten as
d
Ramp = 77 fi(koH)g(8, d) (2.5.12)

In the limit of a thin Stokes’ boundary layer d, — oo we have g(6,d,;) — 1 and

d kH

Romp = 13 on o)

and if we consider only long waves in shallow water (koH << 1) then the approximate

expression of the amplitude ratio becomes:

Ramp - 7§

h

On the other hand when mud layer is shallow compared to its Stokes boundary layer

thickness we have d, — 0 and

%(l—tanil(/\)) R 1—-1—(a2ds+/32ds)=0

2d,
h(A 1
& (1 — tan/\( )) — —-23; (aBds — Bad,) =0
9(6,d;) — 0

and independently of the fact if waves are short or long the interface displacement is

negligible compared to the one of the free surface:

In the general case we need to consider the full formula (2.5.12) for the expression of
Rump- The function fi(koh) decreases exponentially for large water depth, as it can
be seen in figure (2-3). From the equation (2.5.6) the denominator of the function
9(0,d,) is

cos®(ad,) cosh?(Bd,) + sin*(ad,) sinh?(8d,)
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It may become zero, causing a resonant behavior of the amplitude of the interface

displacement (p;. Let us study in which cases that can happen.

Figure 2-3: Behavior of the function fi(q) = fi(koH) = fi(koh)

In order for the denominator of the function g(6,d;) to be equal to zero two

conditions should be satisfied simultaneously

cos(ad,) cosh(Bd;) = 0
sin(ad,)sinh(Bd,) = 0

As the hyperbolic cosine is always different from zero, and as sine is different from

zero when cosine is equal to zero the previous condition becomes:

cos(ad,) = 0
sinh(Bd,) = 0

or

ad, = (%-i—m)ﬂ
0

pds

Note that d, = 0 does not satisfy both conditions and therefore does not cancel the
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denominator. Using the identity o + 82 = 2 the condition of resonance become

B =0
1

i = (3+m) %

By definition 3 = v/2cos (4 + %) and the condition for resonance in terms of 6 and

d, is

9 = (2.5.13)

ds =

NN

1 T
3 + m) E (2.5.14)

with m being an integer. Therefore for the resonance to take place the material

0
-1
0

o 0.5

—’

& -3
-4
o 09

% 1 2 3 4 5 6 1 2z s 4 5 s
koH koH
(a) Real part of g(ds, 8) (b) Imaginary part of g(ds,6)

Figure 2-4: Real and imaginary parts of g(d,, )

should be entirely elastic (§ = %) and have a particular ratio of the mud layer depth
to its Stokes’ boundary layer thickness given by (2.5.14). In particular it is clear that
no resonance can be observed for an entirely viscous fluid.

From the experimental results available it can be seen that neither of the mud sam-
ples has an entirely elastic behavior. However as the material exhibits behavior close
to elastic the resonance peaks should become visible. To demonstrate this the de-
pendence of the real and imaginary parts of g(, d,) on d, was plotted in figure (2-4)
and the dependence of the modulus and phase of g(6,d,) on d, was plotted in fig-
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Figure 2-5: Modulus and phase of g(d,, 6)

ure (2-5). In both figures three values of the elasticity parameter § were considered:
(0,0.5,0.9) x %, representing respectively purely viscous, viscoelastic and almost en-
tirely elastic materials. One can see that there is no resonant peak for a purely viscous
fluid (8 = 0 case studied by Ng [7]), however when the material becomes more elastic
the resonant peak can be seen clearly. At # = 0.5 x  the resonant peak exists but
is not as important as the one corresponding to # = 0.9 x 5. The mud samples pro-
vided by Huhe & Huang posses average values of § of approximately 0.3 for all mud
samples and thus one should expect to see a small tendency to resonate. For the mud
samples provided by Jiang & Mehta the elastic behavior is much more pronounced
with the experimental values of § close to 5. Therefore one should expect to observe
resonant behavior for values of d, satisfying the condition of the resonance (2.5.14).
The first values of d, corresponding to the resonant behavior are 1.11 and 3.33 which
can clearly be seen in figure (2-5). The expression of both real and imaginary pars
of g(6,d,) have a factor dls appearing, the maximum values of the peaks are reduced
hyperbolically when d, increases.

It is interesting to note that the real part of g(f,d,) takes the same value of ap-
proximately 0.4 independently of 6 at the first resonance (when d, = %Lz) As a
consequence when the material is highly elastic the imaginary part of g(6, d;) is much
larger than the real part at the first resonance, and the phase of g(6, d;) is very close

_1
to 7 when d; = 5%.
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The modulus and phase of the ratio Rgmp of the interface displacement to the free
surface displacement given by the equation (2.5.12) is plotted in figure (2-6) for one

sample from Jiang & Mehta’s experiments (MB, ¢ = 0.11). One can clearly see a res-

0.4
0.35{
—= % 0.07
gozs
K o2
0.15
04 0.1
0.05 0.11
% 1 2 3 4 5 6 35 1 2 3 4 5 [
koH koH
(a) Modulus of Ramp (b) Phase of Ramp

Figure 2-6: Modulus and phase of R,n, for samples by Jiang & Mehta, MB ¢ =
0.07, 0.11 0.17

onant behavior for the values of d, = 1.11 as predicted by the equation (2.5.14) with
m = 0. The resonant peaks at higher values of d, = (3 +m) Z for (m = 1,2,...)

are not as pronounced. Let us explain why it happens.

In fact it can be seen that the terms creating the resonance of the function g(d,, )
are inversely proportional to d,. Therefore the amplitude at the resonance decreases
when d, increases. In other words we expect to have a larger amplitude at the first
resonant peak of g(ds,6) than at other resonant peaks. The first resonant peak of
g(d,, 8) is given by the equation (2.5.14) and corresponds to m = 0:

= _~111 (2.5.15)

2v/2

The phase of the ratio Rgm,p is plotted in the right part of the figure (2-6). When the

ds =

& =

mud layer is shallow compared to its Stokes’ boundary layer thickness, the interface
displacement is almost in antiphase with the free surface (phase shift is approximately

equal to —m). On the other had when d, is large the interface and the free surface
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are almost in phase (phase shift is approximately equal to 0). The small peaks at
ds = 32"? ~ 3.33, d, = 5%/‘5 ~ 5.55 etc. correspond to the resonant peaks and can
be seen because the elastic parameter 6 is very close to 7.

Another sample is presented in figure (2-7) where the modulus and the phase of the
ratio R,mp were plotted for the case of the data set A with solid volume fraction
¢ = 0.08. One can see that the shorter are the water waves the more in phase are
the interface and the free surface. As the elasticity parameter for this sample is only
about 0.5 x 7 the resonance is much less pronounced compared to the case of Jiang

& Mehta. The peak value of Ry is 7 times smaller.

0.035 0.08

phase of Rump

0.01 14
0.005/ .20

koH
(a) Modulus of Rymp (b) Phase of g(ds,0)

Figure 2-7: Modulus and phase of Ry, for samples by Huhe & Huang, data set A
¢ =0.08, 0.14 0.20

2.5.2 Analytical study of damping rate and wave number

shift
Definitions

The second order correction k; to the leading order wavenumber was obtained previ-
ously (2.4.23). This expression is complex, and its real part represent the wavenumber
shift and the imaginary one - the damping. We will now study both the damping as

well as the wavenumber shift. Of particular interest to us is the following dimension-
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less ratio:

eky d 2q tanh A
o (4 ) (;_ltembA 2.5.1
ko Th (2q+sinh(2q)) (1 ) ) (2:5.16)

The damping and the induced wavenumber shift can be computed respectively from

the real and the imaginary parts of the last expression (2.5.16)

Dy = 3(%>=—v%f2(q)9{9(9,d3)} (25.17)

Ak = én(ki) = 1% f@)R {o(6, )} (25.18)

where the function f(q) was defined as:

2q

fila) = 2¢ + sinh (2¢g)

(2.5.19)

Note that as the imaginary part of g(6,d,) is always negative, hence the damping
rate Dy is always positive.

The behavior of the function f3(q) = fo(koh) = fa(koH) is relatively simple and is
plotted in figure (2-8). The function f(koh), and therefore the damping, decreases
exponentially with the increasing depth. As higher frequencies mean shorter waves
and larger wavenumbers, we conclude that the high frequency waves are not damped.

Physically this happens because the waves do not reach the bottom.

Limiting cases for different mud layer depths

As the mud layer becomes shallower % << 1 the complex wave number correction
vanishes: _
E_ﬁ — 0

When the mud layer is thick compared to its boundary layer thickness d >> 6

(ds >> 1) then the elastic properties lose their influence on the complex wavenumber
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Figure 2-8: fo(koH)

correction ky. In fact for large d, we have 2202 ;}’- ~ 0 and

ek d 2q

—E: ¥y 2q + sinh 2¢
which is real and negative. In other words for a large values of d, the damping is
small and the waves become longer. Also the damping becomes independent of the
viscoelastic properties of the mud layer.
The influence of the water layer depth is the following. For very short waves or deep

water, kogh > 1, the complex wave number correction vanishes:

and for long waves in shallow water the complex wave number correction takes the

following form

Limiting case of a Newtonian fluid

The obtained complex wave number correction should be valid in the case when the
mud is modeled as a purely viscous fluid. In that case the expressions of the damping
and the wavenumber shift should reduce to the known corresponding expressions for

a purely viscous fluid.
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In fact in the limiting case of a purely viscous fluid the imaginary part of the viscosity

and the parameter @ vanish and we get

8 — 0
a - 1
B — 1
3{g(0,ds)} —

R{g(0,ds)} —

1 sinhd,coshd, — sind; cosd,
" 2d, cos? d, cosh? d, + sin? d, sinh? d,
1 sind,cosd, + sinhd, cosh d,
2d, cos? d, cosh? d, + sin? d, sinh? d,

The corresponding damping rate and wavenumber shift tend to

R q sinh d,; cosh d; — sind, cos d,
D il - 2.5.20
o T (2q + smh(2q)) (cos2 d, cosh? d, + sin? d, sinh® ds) ( )

d 2q 1 sind,cosd, + sinh d, cosh d,
Ak — o P a9 P] . 2 T 1.2
h \ 2g + sinh(2q) 2d, cos? d, cosh® d, + sin’ d,sinh® d,
(2.5.21)

The last expression of the damping rate Dy is exactly the expression obtained by Ng

(2000) [7] in case of the inviscid water limit.

2.5.3 Damping rate and wavenumber shift for muds in two

experiments

The damping rate and the wavenumber shift were computed using all available ex-
perimental data provided by Huhe & Huang (1994) and by Jiang & Mehta (1995).
The samples exhibiting the most elastic behavior are from Jiang & Mehta’s data and
we expect the largest resonant amplitude from these samples.As it will be seen the
resonance corresponding to the samples of Jiang & Mehta is about 7 times stronger
than the one corresponding to the samples by Huhe & Huang.

The case of a purely viscous material was studied by Ng (2000). Ng did not pre-
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dict resonant behavior as the material needs to be at least partly elastic to tend to
resonate. The present work differentiates itself by using the viscoelastic model to
represent the behavior of the mud and, therefore, by introducing the possibility of
the resonant response of the mud layer. The resonance occurs for particular values
of dimensionless mud layer depth ds; and the largest resonant amplitude is expected
to occur for d, given by equation (2.5.15). By dispersion relation one can deduce the
corresponding values of koH, as function of which the damping Dy and the wavenum-

bershift Ak are plotted. At resonance the water wave energy dissipates significantly.

Damping rate

The damping rate corresponding to the mud samples MB ¢ = 0.07, 0.11, 0.17
provided by Jiang & Mehta is plotted in figure (2-9) for three depth ratios % =
0.1, 0.15, 0.2. It clearly possesses a peak that is due to the resonance inside the mud
viscoelastic mud layer which increases with the depth ratio i,‘;. Small peaks of damp-
ing are observed for some samples close to the predicted values of d, = 35% ~ 3.33
and d; = 52—"—\/5 = 5.55. These peaks are not pronounced as they are canceled by the
factors dls fa(koH) decreasing exponentially with increasing frequency. The damping
rate for mud samples OK ¢ = 0.11, KI ¢ = 0.12 and AK ¢ = 0.12 is plotted in
figure (2-10) for three depth ratios % = 0.1, 0.15, 0.2. Note a difference in the scales.
The damping rate corresponding to the samples KI ¢ = 0.12 and AK ¢ = 0.12 are
one order of magnitude smaller than the one corresponding to MB ¢ = 0.07 or OK
¢ =0.11.

The damping rate corresponding to the data provided by Huhe & Huang is plotted
in figures (2-11) and (2-12) for the data set A and in figures (2-13) and (2-14) for
the data set B. As the elasticity parameter 8 is only about 0.3, the maximum value
of the resonant peaks are not as important as in the case of Jiang & Mehta samples
(note the difference in the scales of the plots). Moreover, there are two opposite phe-
nomena present: the resonant behavior tending to increase the values of the damping

rate Do when d, increases to its first resonant value ;%= =~ 1.11 and the factor fa(koh)
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tending to decrease the value of Dy when ds , and thus w increases. As in the case
of Huhe & Huang’s data the elasticity parameter is small, resonance is moderate and

== 1.11

the factor fa(koh) wins and cancels the resonance before the peak at d, = 75

is achieved.

Another interesting phenomenon is that the value of the damping rate decreases con-
sistently when the the solid volume fraction increases. This is due to the fact that
an increase of solid volume fraction makes mud heavier and therefore more difficult
to move. This can be seen in figure (2-15) where the amplitudes of the interface are
plotted for a mud samples of the same chemical composition but for three different

solid volume fractions ¢ = 0.08, 0.14, 0.24. It is clear that the amplitude of the

interface displacement decreases when the solid volume fraction ¢ increases.

koH
(2) MB ¢ = 0.07

Figure 2-9: Damping coefficient Dy = % for three depth ratios % = 0.1, 0.15, 0.2.
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Figure 2-10: Damping coefficient Dy = —l for three depth ratios £ 7 =0.1, 0.15, 0.2.

Samples by Jiang & Mehta, OK ¢ = 0. 11 KI ¢ = 0.12 and AK ¢ = 0.12
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Figure 2-11: Damping coefficient Dy = %:1'; for three depth ratios % = 0.1, 0.15, 0.2.
Samples by Huhe & Huang, data set A, ¢ = 0.08, 0.14, 0.17
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Figure 2-12: Damping coefficient Dy = 7’:% for three depth ratios % =0.1, 0.15, 0.2.
Samples by Huhe & Huang, data set A, ¢ = 0.20, 0.24, 0.34

Wavenumber shift

The wavenumber shift corresponding to the mud samples MB ¢ = 0.07, 0.11, 0.17
provided by Jiang & Mehta is plotted in figure (2-16) for three depth ratios § =
0.1, 0.15, 0.2. As in case of the damping coefficient, it clearly possesses a peak that
is due to the resonance inside the mud viscoelastic mud layer which increases with
the depth ratio %. The wavenumber shift for mud samples OK ¢ = 0.11, KI ¢ = 0.12
and AK ¢ = 0.12 is plotted in figure (2-17) for three depth ratios % =0.1, 0.15, 0.2.
Note the difference in the scales. The wavenumber shift corresponding to the samples
KI ¢ = 0.12 and AK ¢ = 0.12 are one order of magnitude smaller than the one
corresponding to MB ¢ = 0.07 or OK ¢ = 0.11.

The wavenumber shift corresponding to the data provided by Huhe & Huang is plotted
in figures (2-18) and (2-19) for the data set A and in figures (2-20) and (2-21) for the
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Figure 2-13: Damping coefficient Dy = % for three depth ratios ,% = 0.1, 0.15, 0.2.
Samples by Huhe & Huang, data set B, ¢ = 0.08, 0.14, 0.17
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Figure 2-14: Damping coefficient Dy = lf;% for three depth ratios % = 0.1, 0.15, 0.2.
Samples by Huhe & Huang, data set B, ¢ = 0.20, 0.23, 0.37

data set B.

To determine whether the waves become shorter or longer due to the interaction with
the mud layer, one needs to determine the sign of Ak. The sign of the wavenumber
shift Ak is determined by the sign of the real part of g(6,d,) plotted in the left
part of the figure (2-4). One can immediately infer that for a purely viscous fluid
g(6 =0,d,) > 0 is positive for all values of d,, and therefore the wavenumber shift is
negative for the entire range of frequencies. If the mud is purely viscous (no elasticity)
then the water waves become longer due to the interaction with mud layer.

When the elasticity becomes more important the behavior of the function g(0, d,) and
therefore Ak changes. When the parameter kygH is lower than the the one at which
the mud layer resonates (let us call it (koH )yes), (m’% < 1) the wavenumber shift

is positive Ak > 0, meaning shorter waves. For larger frequencies ((—ko%?li)lr: > 1) the
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Figure 2-15: Amplitude of the interface displacement |(y| for different values of solid
volume fraction ¢. Data by Huhe & Huang (1994), data set A, ¢ = 0.08, 0.14, 0.24

wavenumber shift is negative Ak < 0 (longer waves).
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Figure 2-16: Wavenumber shift Ak for three depth ratios % = 0.1, 0.15, 0.2. Samples
by Jiang & Mehta, MB ¢ = 0.07, 0.11 0.17

2.5.4 Mean horizontal displacement X, inside the mud layer

The analytical expression for the mean displacement Xj0(y’) inside the mud layer was
computed previously in this chapter and is given by equations (2.4.49)-(2.4.51). In
the present section we will study graphically its behavior and use the experimental
data to compute the predicted values of X for different mud samples.

First let us note that the shape of the profile of the mean horizontal displacement
is entirely determined by only two parameters: the dimensionless mud layer depth

ds = % and the phase 6 of the complex viscosity p representing the proportions of
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Figure 2-17: Wavenumber shift Ak for three depth ratios % = 0.1, 0.15, 0.2. Samples
by Jiang & Mehta, OK ¢ = 0.11, KI ¢ = 0.12 and AK ¢ = 0.12
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Figure 2-18: Wavenumber shift Ak for three depth ratios % =0.1, 0.15, 0.2. Samples
by Huhe & Huang, data set A, ¢ = 0.08, 0.14, 0.17

elasticity compared to viscosity (for a purely viscous mud 6 = 0 and for a purely elastic
mud 6 = 7). The amplitude of the mean horizontal displacement is proportional to
the constant By given by the equation (2.4.44).
From the experimental data (see figure (1-3(b))) the value of the parameter @ is
approximately 6 ~ 0.3 x 5 for the mud samples provided by Huhe and Huang and 6 ~
0.9 x 7 for the mud samples provided by Jiang and Mehta (see figure (I-S(b))). These
two cases represent a moderately elastic mud and a highly elastic mud respectively.
The profiles of the mean horizontal displacement X;q are plotted in figure (2-22(a))
for the case of a moderately elastic mud § = 0.3 x % and in figure (2-22(b)) for a
highly elastic case § = 0.9 x 7 for three values of the dimensionless mud layer depth
ds = 0.1, 2, 5. For simplicity in both cases the value of the parameter §10 was taken
to be unity Elo =1.

In figure (2-22(c)) are plotted the profiles of the mean horizontal displacement for
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Figure 2-19: Wavenumber shift Ak for three depth ratios % = 0.1, 0.15, 0.2. Samples
by Huhe & Huang, data set A, ¢ = 0.20, 0.24, 0.34
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Figure 2-20: Wavenumber shift for three depth ratios % = 0.1, 0.15, 0.2. Samples by
Huhe & Huang, data set B, ¢ = 0.08, 0.14, 0.17

# = 0.3 and for values of d, smaller than 1.5. From this figure it can clearly be
inferred that when the mud layer is shallow or comparable to the Stokes boundary
layer thickness ds = % < 1.5 the profile is close to linear. It was checked that the same
linear profile with a different amplitude is observed for other values of the parameter
6. The amplitude of the mean horizontal displacement for the linear profiles defined
as Xm|y,=1 is plotted as function of dimensionless mud depth d, for three values of
the elasticity parameter § = 0.1, 0.3, 0.9 in figure (2-22(d)). In summary the profile
of the mean horizontal displacement inside the mud layer is linear while d, < 1.5 and
only its amplitude depends on the value of 6. It only starts to have a nonlinear shape
when the dimensionless mud layer depth becomes larger than d, =~ 1.5.

When the mud layer is deep compared to its Stokes boundary layer thickness, the
profile becomes highly nonlinear and can reverse as it can be seen in figure (2-22(b))

for the case d;, = 5. The extreme case of a deep mud layer of low viscosity d, = 15 >>
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Figure 2-21: Wavenumber shift Ak for three depth ratios % = 0.1, 0.15, 0.2. Samples
by Huhe & Huang, data set B, ¢ = 0.20, 0.23, 0.37

1 is plotted in figure (2-22(e)) where one can see a strongly nonlinear profile.

Let us now obtain the values of the mean horizontal displacement inside the mud
layer using the experimental data available. We will not present the results for each
of the mud samples available but only for selected ones. From the data of Jiang
and Mehta, 1995 we selected the three M B mud samples corresponding to the solid
volume fractions ¢ = 0.07, 0.11 and 0.17. These mud samples have the same chemical
composition but different solid volume fractions.

As it was pointed out the two parameters that govern the shape of the profile of the
mean horizontal displacement are 6 and d, = %. Given the experimental data (see fig
(1-8(b))) the parameter 6 is approximately constant 6 = 0.9 x 5 on the entire range of
experimental frequencies. However the dimensionless depth d, = % depends strongly
on the frequency through the Stokes boundary layer thickness s = \/;%@;L:. As it
was inferred from figures (2-22), the profile of the mean horizontal displacement is
linear while the dimensionless depth is smaller than d, < 1.5, therefore it is important
to know the order of magnitude of the experimental Stokes boundary layer thickness.
The experimental data for the viscosity fixes the values of the Stokes boundary layer
thickness g that is plotted in figure (2-23(a)) for the M B mud samples. In the case
of the solid volume fraction ¢ = 0.17 and ¢ = 0.11 the mud layer depth should be
larger than 3m in order to get a non linear profile of the mean horizontal displacement
(ds < 1.5). In reality the mud layer depth is no more than d = 1m with a usual depth

of d = 10cm, hence the profile of the mean horizontal displacement will be linear for
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the entire range of experimental frequencies for the samples corresponding to ¢ = 0.11
and ¢ = 0.17. The mud sample corresponding to ¢ = 0.07 can potentially have a
nonlinear profile if the mud layer depth is sufficiently large.

From the data by Huhe & Huang three samples from the data set A that have a
solid volume fraction equal to ¢ = 0.08, ¢ = 0.14 and ¢ = 0.24 where selected
and the corresponding Stokes boundary layer thicknesses plotted in figure (2-23(b)).
From this figure it is clear that for all three samples considered the Stokes boundary
layer thickness is larger than 2m. Therefore for any mud layer that is thinner than
approximately 3m the profile of the mean displacement will be linear.

We notice that in the paper [6] Zhang and Ng obtained numerically nonlinear profiles
of the mean horizontal displacement Xy using certain values of the dimensionless
parameters. In fact by translating these values into the dimensional quantities we
find that the mud layer depth d should be of order 10m, the same as the water layer
hight h. Under these conditions we naturally expect a nonlinear profile of X3 and
our results are not contradicting the work of Zhang and Ng [6].

The mean horizontal displacement is proportional to the constant ﬁm given by the

equation (2.4.44):

2 2 2 (m), ,2
) ko |AI® Red Al 2,3 W
Boy=———F"——-=—7"7) 29%kg——— .5.22
! 2 sinh®q by a 2cosh g " b (25.22)
~ 2
The parameters governing the constant By are clear. The first factor (2—160’—3}1—(1) is

simply the square of the value of the dimensionless pressure on top of the mud layer.
The factors v = ;‘:7(:—,); and 31; are fixed for a given mud sample. The factors k3 and
w? depend on the frequency and the water layer depth only. Finally the depth of the
mud layer d appears explicitly in the expression of §1o-

Finally the experimental profiles of the mean horizontal displacement are plotted in
figure (2-24(a)) for the Jiang & Mehta’s data (MB ¢ = 0.17, ¢ = 0.11, ¢ = 0.07)
and in figure (2-24(b)) for the Huhe & Huang data (data set A ¢ = 0.24, ¢ = 0.14,
¢ = 0.08). In all the cases the mud layer depth was taken to be equal to d = 1m and
the dimensionless water layer depth to koH = 0.7. These plots confirm that all the
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profiles of the mean horizontal displacement Xo are very close to linear except the
lightest mud from the data by Jiang & Mehta (MB, ¢ = 0.07) that start to have a

nonlinear shape as d, approaches the value of 2.

2.5.5 The mean horizontal velocity u;¢ inside the mud layer

The mean horizontal velocity ujo was computed previously in this chapter and is

given by the equation (2.4.37) and rewritten here for convenience:

Uy = -—ﬁmék{l — cosh(\*y’) — A\*y/ sinh(A\*y’) + tanh(A*) sinh(A\*y/)

+ tanh(A*)(A\*y/) cosh(A*y) — cosh(\y') + | cosh(A*y')|* + /\TI sinh(A*y')|?
tanh(\*)
A
tanf\l()\) R {Asinh(\y') cosh(\*y)} + %‘— tanh()\) sinh(\*y")

-2 R {A cosh(\y') sinh(A\*y')} + tanh(X) sinh(Ay')

-2
2 - |2 A* 2 *, 1|2
+ |tanh(\)|* | sinh(Ay')| +—)T|ta,nh(/\)| | cosh(A\*y')|

- % |tanh(\)[? cosh()\*y')} (2.5.23)

Were the constant ;g is the amplitude of the mean horizontal velocity ui¢:

(2.5.24)

As in the case of the mean horizontal displacement X,o, the profile of the mean
horizontal velocity u;o depends only on two parameters: the dimensionless mud depth
ds, = % and the phase 6 of the complex viscosity u indicating how strong the elastic
properties of the mud are compared to its viscous properties (for a purely viscous mud
6 = 0 and for a purely elastic mud § = 7). The profiles of the mean horizontal velocity
are plotted for three different dimensionless mud layer depths d;, = 0.5, 1, 2, 5 in
figure (2-25(a)) for = 0.3 x § and in figure (2-25(b)) for § = 0.9 x 5. For these plots
the value of uo was taken to be one: %o = 1. It is clear that the profile of the mean

horizontal velocity becomes more and more nonlinear at when the dimensionless mud
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layer depth increases. In particular we observe a highly nonlinear profile for d, = 5
in both § = 0.3 x § and 6 = 0.9 x 7 cases. The amplitude of the mean horizontal
velocity is much larger for the case of a highly elastic mud 6 = 0.9 x  than for a
moderately elastic mud 6 = 0.3 X 7. This is something we could expect from the
leading order results. In fact we saw that the amplitude of the leading order interface
movement is getting stronger when the mud layer becomes more elastic § — 7.
The experimental values of the mean horizontal velocity were plotted for two samples
from the data provided by Jiang & Mehta (MB, ¢ = 0.07 and ¢ = 0.11) in figure
(2-26(a)) and for two samples provided by Huhe & Huang (data set A, ¢ = 0.08
and ¢ = 0.14) in figure (2-26(b)). Because of a large difference in the magnitudes
of uyo the scales in the figures (2-26(a)) and (2-26(b)) are different by a factor 15.
Both for the data from Jiang & Mehta and from the data from Huhe & Huang the
magnitude of the mean horizontal velocity is larger for lighter muds. The magnitude
is significantly (more than 10 times) larger for the sample MB ¢ = 0.07 than for data
set A, ¢ = 0.08, because the MB 0.07 sample is highly elastic (§ = 0.9 x %), whereas
the data set A, ¢ = 0.08 sample is only moderately elastic (9 =03 x g)
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Figure 2-22: The profiles of the mean horizontal displacement Xjq
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Figure 2-26: The profiles of the mean horizontal velocity ;o for selected mud samples.
Different scales are used for the two plots.
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Chapter 3

Narrow-banded waves propagating
on top of a shallow semi-infinite

mud layer

In the present chapter we will apply previously obtained results to study the propa-
* gation of narrow-banded water waves on top of a shallow mud layer. First the case
of a semi-infinite mud layer will be considered, then the water waves interaction with

a mud layer of a finite length will be studied.

In the case of a semi-infinite mud layer the problem can be decomposed into two
domains: the ’-’ region where there is no mud and the '+’ region where a shallow
layer of mud is present (see figure 3-1). The problem can then be solved separately
for each of the two regions. The two solutions will then be coupled by the boundary
conditions at the edge of the mud layer, which are the pressure and the horizontal
flux continuity. All the quantities in the -’ region will be indexed with a sign -’ and
the quantities in the '+’ region will be indexed with a sign '+’ respectively.

Before we are able to solve the long wave equation (2.4.54), we need to obtain an

explicit expression for the slowly varying amplitude of the water waves.
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Water'layer

Figure 3-1: Narrow-banded waves on top of a thin semi-infinite mud layer

3.1 Leading order solution

As it was shown in chapter 2 only the amplitude of the leading order wave problem
is affected by the presence of a thin mud layer. In particular at the leading order
there is no reflected wave generated at the edge of the mud layer and the incoming
wave from the ’-’ region continues its propagation in the '+’ region. Thus the velocity

potentials ®;; and ®F; in both -’ and '+’ regions are both given by equation (2.4.2):

_ .cosh@ ,_
g (2, t, 24, t1) = 5 oosh qA (z1,t1) |
_cosh@
(P(-:i(x’ t’ xl)tl) = _?’2coshqA+($l7t1)

the velocity potential is continuous at the boundary (z,z;) = (0, 0).
(@) o = (®31) o
which implies the continuity of the amplitudes at the edge of the mud layer

A~_($1,t1)|0 = A+(x1,t1)lo (311)
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3.2 Slow evolution of the short waves’ amplitude

A(l‘l,tl)

3.2.1 ’-’ region

In the ’-’ region where the mud layer is absent we consider the propagation from
left to right of the narrow-banded waves, which are modeled by the superposition of
waves having very close frequencies. We consider two waves of the same amplitude
with dimensionless frequencies 1 — €2 and 1 + €2 with 2 << 1. The corresponding
dimensionless wavenumbers are respectively ko — eX and kg + €K so that the free

surface displacement 7~ in the -’ region is written as:

1 é_qei[(ko—eK)z—(l-—eQ)t] + %ei[(kwel{)z—(weﬂ)tl +cc.

o =302
— _:‘42_2 ei(kox—t)% [ei[—eK::+th] + ei[eKa:—th]] +cec.
Ao

= Tei("""t) cos(eKz — eit) + c.c.

= %—0 cos(Kz; — Qt;)et®o*t) 4 c.c.
Finally defining the slowly varying amplitude A~(z1,t;) of the short waves
N~ = A™(z,t,)e®= 4 cc (3.2.1)

A7 (z1,t) = Agcos(Kz; — Qt;) (3.2.2)

In the ’-’ region the solvability condition (2.4.22) in the absence of the mud layer
(ky = 0) is simply:
A, +CA;, =0 (3.2.3)

and provides a relationship between K and Q:
Q=C,K (3.2.4)
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3.2.2 ’4’ region

Let us now deduce the explicit expression of the slowly varying free surface wave
amplitude in the '+’ region where a thin layer of mud is present. First note that the
mud layer does not introduce any inhomogeneity in time and we expect the amplitude

A*(z1,t1) to be of the form:

1

At(zy,t) = 5 [Bf (z1)e™™ + Bf (z1)e~] (3.2.5)

This amplitude should satisfy the solvability condition (2.4.22), this time with a non
zero value of k;

A + C A} =ik Cy AT (3.2.6)

This gives:
[iQBT + CyBitm] eiQt1 + [—iQB;_ + CQB;::H] e—mtl = iklcg [Bikemtl + B;e—mtl]

This gives the governing equations of the variables Bf and Bj:

ik1Cy — i)
o (M6

Bis = (——————ZkICé’L ’Q) Bf =i(k+ K)Bj,
g

)Bl+ _ i(ks — K)BY,

The solutions are straightforward:

Bil— — Bil-ei(kl_K)xl,

+ _ p+,i(ki+K)z

with Bf and B; being constants. The expression of the free surface wave amplitude

in the '+’ region is then

A+($1,t1) — §ezk1x1 I:Bii-ez(—Kzl+Qt1) + B;-ez(Kzl—Qh)] (327)
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The constants B and B; are determined by the boundary condition (3.1.1). In fact
the boundary condition (3.1.1) is rewritten as:

ég [eiﬂtl + e—iﬂh] —

5 [Bf (0)¢™ + B3 (0)e ™™ ]

DO = DN =

['B?i}-eiﬂtl + E;—e—iﬂtl]
the constants By and Bj are then

Bf = A
Bf = A

Finally we can write the expression of the free surface wave amplitude in the '+’

region:
AT (z,t;) = Ape™™ cos(Kz; — Q) (3.2.8)

3.3 Long-wave equation

Now that the explicit dependence of the slowly varying free surface wave amplitudes
on z; and t; is found, the long wave equation (2.4.54) can be solved analytically. It

is rewritten here for easier reference:

k * 1 *
Pootrts — HPo0,zy2, = EO(A A)zy — m(/l Ay, (3.3.1)

We will need to solve separately the long wave equation in the -’ and '+’ regions and

then couple the solutions using the second order boundary conditions.
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3.3.1 Solution to the long wave equation in the ’-’ region

First let us evaluate the right-hand side of the long wave equation. To simplify the

notations we introduce a new variable

Y = \Il(xl,tl) = Kx]_ - Qtl (332)
then we have
A- = Ayjcos¥ = % (e + ™)
AT*A- = Ag ) 2i¥ —2i¥
= T ( + e +e )
2 .

(A™*A7),, = % (2z’K 2 — %K e‘zi‘l’) = ’—;ng (em' — e‘Zi‘I')

—% g— A} . 207 .y, —2i¥ K o siw 2w
(A™*A7);, = Y (—2iQe*" + 2iQe V) = —C’_,,—2—AO (e —e™®¥)

The right-hand side of the long wave equation (3.3.1) is then

- 1K 2 ko 20 —2i¥ k:ng 2V — 2%V
RHS™ = 5 AS [2 (e e ) + 25inh(2g) (e e )
—_ iko K 2 Cy 2%V —2iW
= = A2 (1+Sinh(2q) (e e %)

= i (%Y — e72Y)

RHS™ =iag (e*¥ — e7%¥) (3.3.3)

where the real constant oq is defined as:

= 34
%o 4 A (1 + sinh(2q) (3:34)

The right-hand side dictates the form of the particular solution Py, to the long wave

equation in the ’-’ region:

PO'{,(zl,tl) — 6.1— (621'\1/ _ e—2i\Il)
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The value of the constant 6‘1_ is determined by substituting the expression of Py, into

the long wave equation (3.3.1). This gives
(—49? + 4HK*)C; = i

the constant 51’ is finally equal to

~_ ’l:Ozo
C —

1 = m (3.3.5)

Note that the constant 51“ is purely imaginary and therefore the particular solution
is real and equal to:
Pp(z1,t) = 5{6“’ +cc (3.3.6)

Physically the particular solution is the bound wave generated by the slow amplitude
variation and propagating at the group velocity.

Now that a particular solution was found let us find the solution to the homoge-
neous equation. The homogeneous equation satisfied by the velocity potential @,

(physically the free wave) is simply the wave equation:
Q(—)-O,tltl - HQEO,zl:I:l =0

The most general solution is a superposition of two waves traveling with velocity v H
to the left and to the right. The radiation condition eliminates the existence of the
right-going wave in the ’-’ region, as the wave can only be generated at the edge of
the mud layer and propagate to the left, as opposed to being generated at —oco and
propagate to the right. Therefore the oscillatory part of the homogeneous solution
Goo(z1,t1) depends only on one variable z; + VHt,.

As the presence of the mud layer does not introduce any inhomogeneity in time, the

solution can only be of the form

-~ -~ - c o~ . c
Gq = 1:G5 + G XK TAE+HVAL) | G- ~%K Zh (@1 +VAt) (3.3.7)
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where the term z; @5 was introduced in order to allow the existence of a current in
the left region that will match the boundary condition at the edge of the mud layer.
Note that any constant would also be a solution of the homogeneous long wave equa-
tion, but a modification of the velocity potential by a constant does not affect any
related physical quantity, since they are obtained by differentiation.

The values of Pyy(z,t;) are real and as the velocity potential ®go(z1,%1) = Pz, t1)+
Ggo(z1,11) is also real, hence the values of the Ggy(zy,t1) have to be real as well.
Therefore

G; = (6;)* (3.3.8)

The total solution ®g, is the superposition of the particular solution and the solution

to the particular equation:
Doo (21, t1) = Fro(@1,t1) + Gool@1, 1)
and its final expression is:

~ o~ B c —~~ .,
B (z1,t1) = 2.G5 + [G;ez”" V@V | Gont c.c] (3.3.9)

3.3.2 Solution to the long wave equation in the ’+4’ region

Let us now compute the right-hand side of the long wave equation in the '+’ region:

A+ = Aoeiklml cos U = é (ei[(K+k1)z1—Qt1] + e—[(K—kl):n—Qtl])

At AT = %i (26—216:{:1:1 +e2'i[(K+ik’i)z:1-—9t1] +e—2’i[(K—ik'i):€1—Qt1])
2 . R e
(AT AY),, = % (—4k§e"2kixl + 2i(K + ik} P ke =00l _ 94(f¢ — ik})e'2’[(K“k1)““mﬂ)
iK kt i kt : L kt , L
= A2 |:2,i_le~2kla:1 + (1 + 2_1) 621,[(K+zk1)z1—9t1] _ (1 _ 1_1) e-—Zz[(K——zkl):cl—Qtl]}
217K K K

o

A2 . -1.1 I3 . !‘
(A+*A+)tl — —f (_2iQeZz[(K+zk1)a:1—Qt1] + 21:96—21,[(K—zk1)11—ﬂt1])

_ Cg %‘K—Ag [_e2i[(K+‘ik}: ):L‘l —Qt1] + e—2i[(K—’ik'i ):t;[ —Qtﬂ]
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The right-hand side of the equation is then

tho K

RHS+ _ A2{ kl -—2k1:c1 + [1_'_ E__'_ e2i[(K+ik{)zl—Qt1]

4 "K° 'K smh(2q)]

Kkt C e
1—42 g —2i[(K—iki)z1—Ot1]
[ 'K + sinh(2q)] ¢

—_ iao{z,iﬂoe—ﬁlk'ia:l + [1 + ZﬁO] eZi[(K+‘iki):l:1—-Qt1] _ [1 _ zﬂO] e—2i[(K—ik}.)zl—Qt1]}

with the real constant Gy defined as

ki 1
Po= (——) (3.3.10)

1+ sinh(2q)

By linearity the particular solution Py, can be obtained by linear superposition of

P (z,t) = Cje = (3.3.11)
Pi(z1,ty) = Cie lK-ikm-an] (3.3.12)
P (zy,t) = CjePlE+ik)m—0t] (3.3.13)

The constants Cj, C;+ and Cjf can be determined by substituting the expressions of
Py (z1,t1), Pft(z1,t1) and Py (z4,t;) into the long wave equation (3.3.1).

For the constant Cj we get:

+ —
F Otits 0

+ — i\2A+ _—2kiz;
PO,I]_.’Dl - 4(kl) CO € !

The partial long wave equation gives:

—H x 4(1(771:)266'-6_-2’3{1:1 = ——2(1(),['306—21‘:{:81
therefore
A+ C!OﬁO
G =3 HK P (3.3.14)
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For the constant C; we get:

P1+’t1‘~‘1 = —4926re_2i[(K_ik§)31—Qt1]
P;’_xlzl = —4K* (1 - ’L%) af'e_%[(K_ik’i)m—Qtl]

The partial long wave equation gives:

i

2
[—492 +4HK? (1 - z%) } Ct = —(1 — ify)ic

therefore
a+ _ (1——iﬂo)’iao _ iao l—i,Bo
1 = i\ 2 - 2(H — (2 . i i\2
e (- ) -] D it e ()
= —7Cr

where the complex constant v, was defined as

1— i

1—9i Bk B (K)
H-C:K  H-C, \K

Yo = (3.3.15)

Note that when there is no mud to the right, k% is equal to zero and vy = 1.

For the constant C;” we get:

F 2+,t]t1 = —4925;'3‘2"[(K+ik§)z1 —Qt)
ki -~ ] .y
Pz-zlzl = —4K? (1 + 1?1) O;e—2zl(K+zk1)11—Qt1]

The partial long wave equation gives:

i\ 2| __
[-49%415{}{2 <1+i%) ]c;r = (1 +6)ic
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it is clear that

*

Gt = (Cr) =% (Cr) =nCr (3:3.16)

Finally the particular solution is real and has the following expression:

oo
2H(ki)?

Pp(z1, 1)) = e~2kim [ + (736;e2”’ + c.c.)] (3.3.17)

The homogeneous solution is again the solution of the wave equation:
Q&),tltl - HQ&),ZIZ]. = 0

The radiation condition says that there is no wave generated in the infinity and

therefore the free wave can only propagate to the right in the ’+’ region.
Gy = Gf e HKA VI | G MKy o1V (3.3.18)

As opposed to the -’ region where short waves exist and propagate, the short waves
are sooner or later damped in the 4’ region. Therefore we cannot physically accept
the mathematically acceptable steady current in the '+’ region, which was accepted
in the ’-’ region.

As the values of Py(z;,t;) are real and as the velocity potential ®3,(z1,#;) is real the

values of the Gy(z1,t;) have to be real. Therefore
Gt = (@;f) (3.3.19)

Finally the velocity potential on the ’+’ region is the sum of a particular solution and

the solution to the homogeneous equation:

@&(xl,tl) = Gg-o(.’l,'l,tl) + Pof)(xl,tl)
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and its final expression is:
-~ i ~, _ukE - ~ i . .
d (z1,t)) = Cre 2o 4 [G;“e 2K Zg@=VHh) | yrOre-thm i | c.c.] (3.3.20)

The constants appearing in the expressions of @y, and @, will be determined using

the second order boundary conditions.

3.3.3 Second order boundary conditions at the edge of the

mud layer

The boundary conditions at the edge of the mud layer (z,z;) = (0,0) are the pressure

and horizontal flux continuity. They are at the second order:

) = ()]
(pl 0 y2i 0

(q>6,$1 + q)i_,w)lo = (q%:zl + @—li-w) |o

We are interested in the zeroth harmonic only and the corresponding boundary con-

ditions are:

W), = (%)
(pm o DPio 0

(an,xl ) |0 = (@3-0,11 ) IO

The expression of the zeroth harmonic of the second order pressure was found in

previous chapter and is
2
@) = _@ggs, — I cosh(2
plO Ooytl 4Sinh2 q ( Q)
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As the amplitude of the free surface waves is continuous through the interface we

obtain:

(Pl = (@hu)l (3.3.21)
(®ooz)ly = (®dozr)l, (3.3.22)

3.3.4 Constants in the expressions of the velocity potentials

To get the final expression of the velocity potentials we need to determine the values
of the three constants @g , 6:; and @; appearing in the expression of the the ho-
mogeneous solutions Ggy(z1,%;) and the two constants C’}’\f and 6; appearing in the
expression G (z1,t).

Let us apply the boundary conditions by starting by the continuity of the pressure
at the edge of the mud layer (eq. 3.3.21). In the ’-’ region we have

q’&),tl (xl) tl) = PO—(i,tl (311, tl) + G(;O,tl (xl’ tl)
Foo (21, t1) = 22’9(—61—)6—21"1’ +eoc.

Gaou(@,t) = 20G7e™ Gh@E) | oo
Thus
S04, (21, 11) = 26U —C7)e™ %Y + NGy AV | oo (3.3.23)
and at the edge of the mud layer z; =0

(®50.,) | 0 = [2i9@i’e2mt1 — 2i95'1" et | c.c.]
= [Ziﬂ (@1‘ - Cr ) e 4 c.c.] (3.3.24)
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In the '+’ region we have

‘I)E)'-O,tl(wlytl) = P(';'(-),tl(zhtl)+G;0,t1(x1,t1)
P&;)tl(xl,tl) = e—2k'i:t1 [2i9'70(‘51_)€_2i‘1’+0.c.]

Gioy, (21, t1) = 2iQ@fe‘2iK§%(m_ﬁtl) + c.c.
Thus
By, (21, 11) = 2iQyo(—C e 2Himte 2 4 QiQafe—ziK%(zl_mtl) + c.c. (3.3.25)
and

(®hoss) | 0 = [2iQ@fezm — 2iQ7061’ 29 4 c.c.]
= 20 (@;f - 705;) e 4 cc. (3.3.26)

Equating the expressions of (®g,,)|, and (®%,,)|, (equations (3.3.24) and (3.3.26))

harmonic by harmonic we get:
G;-C; = Gf —vC; (3.3.27)

Now let us apply the flux continuity boundary condition (3.3.22) at the edge of the

mud layer. In the ’-’ region we have:

‘I)Eo,zl (371, tl) = PO—O,:L‘l ($1, tl) + G(;O,zl (xla tl)
PoB,zl(xl,h) = —2’iK(—6i‘)e’2w +c.c.

~ ~ 0.3 C
Gao’zl (xl,tl) — Ga + |:2iK:/g_9ﬁ_G1-e2zK7%(x1+\/I_1t1) +c.c’]
Thus

®oo.2, (71,11) = Gy + [2iK\/—;;{G1”ez K74 @+VHn) | 2%KCre Y + Goozy (1, 11) + c.c]
(3.3.28)
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and

(q>50,z1)|o = GO [ C G %ty +22KC" %M 4 ce.

|
- [ (Gl + ———C1 ) 20 4 c.c.]

In the ’+’ region we have
cI)g-O,xl (xl?tl) = PO-’(_),M (371, tl) + Gg-o,zl (zl, tl)

Po'gm(xl,tl) = 6—2k‘ix1 [—2]6‘;53— - 2Z(K - iki)")’o(—a{)e-%‘p + C.C.]

ﬂl

~ .- C
G&,ml (xlj tl) = _2iK&GTe_21K7% (zl_\/ﬁtl) + c.c.

vH

Thus

ey (a,t1) = 5 [2HCF — 2(K — iko(~C)e™ + ]

~ .y, C
—2iK%G’1”e_2'K7%(z‘—‘/m’) +cc. (3.3.29)

and

(ng,m)lo = —2’6}53_ + {22K\—/—C"‘_Ig? ["@-1'- \él_{ (1 - 71];{) Yo C ] 2i€2t + C.C.}
g

Equating the expressions of (@, )|, and (%3, )|, harmonic by harmonic we get:

G; = —2%C; (3.3.30)
~  VH 4 ~. VH AN
Gy + '27701 = —Gil- + —C—g (1 - ’LK) YC1 (3.3.31)

This, together with the pressure continuity boundary condition, gives us a system of
three equations for three unknown constants 50' ) @1‘, @3‘ and @i"

The expression of @5 is clearly
Gy = —2kiC; (3.3.32)
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To determine the expressions of the constants @1‘ and éf we need to solve the

following system:

G —Cr = Gf —Cr

Gr + —C‘/{z@; = -Gf + \/FQH (1 - z%) wCr
The sum of the last two equations gives:
2GT + ‘—é——gﬁ@; —Cr = —%Cr + —g_{ (1 - z%) o
and the expression of @1‘ is
Gy = %5; {1 — - -\g{- [1 — 7 (1 - z%)]} (3.3.33)
The difference of the same two equations gives:
~Cr ~ ‘é—:ljﬁf =2G} —%Cr - g (1 - z%) %Cr

and the expression of G is

Gt = %6; {—(1 — ) — %—? [1 ~ % (1 - z%;)] } (3.3.34)

3.3.5 Final expression of the velocity potentials

Let us now summarize the final expressions of the velocity potentials in the -’ and in
the ’+’ region.

In the -’ region we have:

—~

_~ . o~ .y C,
o5 (z1,t) = 105 + ( —e?Y | Gtk vREtVAR) | c.c.) (3.3.35)
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with constants Gy, Cf, C7 and G being defined as

Gy = —2kiCy (3.3.36)
A+ @b . koAg

G = 2H (k)2 8HEK! (3.3.37)
A— iao N Cg ’Lk’()A%

G = 4K*(H - C?) (1 * sinh(2q)) 16K (H — C2) (3:3.38)

Gy = %6;{1—7 —‘é—_f[l—%(l—z‘%)]}
_ zkoAz (1+S‘“h(2q’) {1—70-‘/—H[1—70 (1-&)]} (3.3.39)

32K(H - C?2)

In the '+’ region we have:

q’ab(ilfl,tl) = 53’6_2’“{“’1
~ i . ~, _ougC _
+ [’7301_6“2’“1’”162“1' + Gfe MK 7A@ VAL) | c.c.] (3.3.40)

with constants 7y, Gy and @f being defined as

-

1—12
Y = o bo — (3.3.41)
1 - 2ig K T H-G, (7{1)
ki 1
o = = (—-—C—> (3.3.42)
K\1+ Fh(gzﬂ
koK c,
a = A3 <1+Smh(2q)) (3.3.43)
A 14 vH K
Gf = 5C1 { (1 —") - E’g_ [1—70 <1—ZE1)}}
_ ZkOA2 (1 + Smhizg) smh(2q \/ﬁ 1 1 ki 3344
T T RKH-CY) c, |'7e g )| (334)
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3.4 The second order mean horizontal velocity

The second order mean horizontal velocity is U = ®goz;, + P10z = Pooz,, Where
the fact that the potential ®,o is independent of the fast scale z was used. The
expressions of ®g ,, and ®F, ., were computed previously in both -’ and '+’ regions
and are given by equations (3.3.28) and (3.3.29).

In the -’ region we have:
o C oy i G, -~ i

This expression of the velocity has three distinct parts: the mean current, the free
wave and the bound wave. Let us study each of the components separately. First we

introduce the new notations:
B0, (T1,11) =U (1, ts) = (U7) + Uz + Uy (3.4.1)

Where U~ is the total mean velocity in the -’ region, ({{~) is the mean current, L~l;
is the velocity of the free wave and iig is the velocity of the bound wave.

The mean current ({{~) in the -’ region is:

U)=G; = _kzgg =-Ug (3.4.2)

Where the constant Uy, represents the amplitude of the mean current at the edge of

the mud layer and is given by:
_ koAj
~ 4H

Unm

Even though the mean current is constant in the -’ region, it will decay exponentially
in the '+’ region. This is the reason why we introduce the new notation Uy,.

The steady current is always negative and is generated at the edge of the mud layer.
As long as the mud layer exists in the '+’ region, there will be steady flux to the left
in the -’ region. As will be seen later, this is due to the fact that the ¢, averaged

pressure (p%’) ) is increasing with z; in the '+’ region and is pushing the fluid to the
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left, creating a negative current in both -’ and '+’ regions.

The free wave velocity Ij; in the ’-’ region is:

~ —~ .7, C
Uy = 271K—5—%G;ezm7%(m+mtl)+c.c.

= 4Ki§)%{z'@;e2""§%<xl+‘/ml)}

vH
2 C, C )
_kvoy—ﬁ (1 + m(gg_q)) 2441 - - @ 1= (1= zﬁ ] e2iK%(x1+\/§t1)
8(H - C?) C, K
ko A3 7% (1 + S_Linf(2q))
8(H — C?)
vH ki C _
X [1—2v— 77;. |:1 — Y (1 —ZEI):I Ccos |:2K\/—Ig_1(.'£1 + \/ITItl +¢F+7T):|

Where ¢ is the phase of the complex parameter 1 — v — ‘é—gﬁ [1 — % (1 — z%,'l)]

Finally the free wave velocity in the ’-’ region L~l}‘- is

~ C,
Uy = Ugcos [2KTZ(x1 +VHL) + 67 + w] (3.4.3)

with the amplitude Uy given by:

C, Cy
- koAgﬁ (1+sinh(2q)) 1 e vH 1 1 ﬁ (3.4.4)
F — S(H_Cg) Yo Cg Yo ZK =X,

The velocity 271,; of the bound wave is:

Us = 2KCre®™ +cc. =4KR {i@l_e%‘l'}

- _ Oy koAg
= (1 * sinh(2q)) 1@ - cz) =)

Or, written in a more compact form:

Uy = Ug cos2 (Kzy — 0t + 2) (3.4.5)
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with the amplitude Uz

. C, \ kAl
Us = (1 + sinh(2q)) 1(H - C?) (3.4.6)

In the '+’ region the total mean velocity ®g, ., (21,t1) is given by the equation (eq.

3.3.29) and is rewritten for easier reference below:

+ — i A+ ,—2ki
@m’xl(xl,tl) = —2’{?;'_006 171

—~~ . i —~~ : »,

+ |-2K —C—Q—G{'e_?’K%(z‘_mt‘) +oik (1-8 vCre Tz L cc
vH K

As in the case of the -’ region the expression of the mean velocity ®F, , (z1,t;) has

three distinct parts: the mean current, the free wave and the bound wave. Let us

study each of the components separately. First we introduce the new notations:
Boe (T, t1) = UT (1, 11) = UF) + U + Uy (3.4.7)

Where U™ is the total mean velocity in the '+’ region, (U*) is the mean current, U
is the velocity of the free wave and (7,}' is the velocity of the bound wave.

The mean current (U™) in the '+’ region is:
2
(u+) = ——2]{;'{66"6"2’6{-’”1 — _%e—%{zl — _UA_;e_Zki‘zl

Where the parameter Uj; represents the amplitude of the mean current at the edge

of the mud layer and its expression is given by:

i _ koA

Ui = =5 (3.4.8)

The last expression shows that the mean current is also negative in the '+’ region
and decreases exponentially with kiz;. Naturally at +oo when the short waves are

totally damped the t; averaged mean current (/™) vanishes.
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The free wave velocity U in the '+’ region is:

~ Cy ~ —2ik S8 (21—
Uf = —2iK—LGie ¥KA@VED 4 00

vH

—_ Cy A+ —2iK§£-(x1—\/17t1)
= —4K7m {ZGI (4 H }

_ koA 8(}51 +C_<,21r)1h(2q)) 5 {{( o)+ _\é_lg? [1 o (1 _ Z’;)] }e—2iK§%—(z1—\/l_it1)}

2Cy
kgA 0V/H (1+ smh(2q)) %
8(H - C%)

e i (- )

Or, in a more compact form the free wave velocity ﬁ; in the plus region is:

cos [2K——\/=(x1 ~VHty) — ¢t + 7r]

Ut = Ut cos [ZK—\/=(:1:1 VHtL) — ¢f + 7r] (3.4.9)

with the amplitude U7 of the free wave given by:

X {(1—7)+ \/Fjj [1 - Y (1 - z%)] ’ (3.4.10)

The velocity 23 of the bound wave in the *+ region is:

koA2 S (1 + smh(,‘,q))

+
Ur=——sm oy

Ur = 2K (1 - z%) 10Cre e e,

= 4K §R{ (1 - z%) G e”zkizleﬁ‘p}
_ Co koAS ki ki 2%
= (1 + sinh(2q)) WH-CB° R\ -ix ) e

C,
_ koA} (1 + s"in"L'h(zq)) . K
ga-c2 |\ 7'k

e~ 2ki%1 0o 20

175



A more compact expression is
Ui = Ufe 2= cog2 (K:rl — Ot + g) (3.4.11)

with the amplitude UZ defined as:

C .
U+ _ kOA{2) (1 + sinh(2q)) 1 ki (3 4 12)
B™ 4H-C?) 7 'K -

Note that the factor 5%21 is common to all six constants Uy;, Uy, Uz, Ut, Ug and

U3 can be rewritten using the dispersion relation (2.4.5) in terms of koH only:

2 2 A2 A2
kody _ kol _ 0 (3.4.13)
4H ~ 4koH ~ dkoH tanh®(koH)
Let us summarize the results for the mean velocity.
In the -’ region we have:
U (z,t) = U )+Uz +Ug (3.4.14)
U = Uy (3.4.15)
U; = Ujcos l2K~\[—=(w1 + VHty) + ¢5 + w} (3.4.16)
U; = Ugcos2(Kzy — Oty + 5) (3.4.17)
With the constants U,;, Ur and Uz defined as
ve - Fods (3.4.18)
koAz \/_ (1 + smh(2q)) \/I—{ ki )]
= 1—v——|1- 1—-1:1= 3.4.19
H
21+ gggg—
v; = Bod (1 st (3.4.20)

Hooa-F)
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In the '+’ region we have:

Ut(zy,t) = UD+UF+UT (3.4.21)
Uty = ~Uje = (3.4.22)
~ C
Ur = Ui cos z>1{\/—f’ﬁ(:cl —VHt) - ¢+ (3.4.23)
Ur = Ufe i cos[2(Kzy — Q) + 7] (3.4.24)

With the constants U,;, U and Ug defined as

ko A2
+ _ Fofp 3.4.25
U, L ( )
C, Cy ]
kOAg ﬁ (1 + sinh(2q)) \/I_{ |: ki
U+ . 1 —_ fyo + — 1 - % 1 — 1 (34.26)
F 4H 2 (1 — %&) C, K
2(1+ sinc i
vy = & ( —’_h<zq)) o (1 _ ,;’;?1) (3.4.27)

)

Note that all the amplitudes depend only on two parameters: the dimensionless
depth koH and the fraction EI% representing the ratio of the characteristic length
of modulation to the characteristic length of damping. The constant mean current
(®oo,z;) is the same in both -’ and "4’ regions, depends only on the dimensionless
depth kyH and is equal to

koA AS

(®o0,z) = — iH —4k0H tan(koH)

(3.4.28)

The amplitude of the mean current |(®goz, )| is plotted in figure (3-2). From this
figure it can be seen that the value of the current is singular for kcH = 0 and the
theory is invalid for too shallow water, as the theory was developed for a water layer

of intermediate depth koH = O(1). The current is weak in deep water and increases

in intensity in shallow water.
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Figure 3-2: Amplitude of the mean current (®g ,) = Uy, = Uj;
3.5 Second order mean pressure

As it was shown in chapter 2 (eq. 2.4.19) the second order mean pressure has the

following expression

A2

The last term on the right-hand side can easily be evaluated in both -’ and '+’
regions.

In the - region we have:

A2
|A7? = Alcos®?U==2

1 [2 + (eziq' + c.c.)]

The first term of the right-hand side of the second order mean pressure has been

computed previously and is given by the equation (3.3.23):
~ ol ~
oo, (T1, 1) = [ZiQGl_emKV%(m""‘/ﬁt‘) — 2i0CT e¥Y + c.c.]

The second order mean pressure in the ’-’ region becomes:

(w)- _ COSh(2Q) — 21,K7L (z1+VH:) _ 2-96— COSh(ZQ) ) 21,\11 :‘
Pio 8sinh® ¢ 200; BT 16sinh® ¢ .

(3.5.1)
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The averaged in ¢, slowly varying pressure is

cosh(2Q) ,,  koA%cosh(2Q)
a2, A= T a5
8sinh®¢q 4 sinh2q

%"y =

In the '+’ region we have:
i A2 i :
|A+|2 — 426—2k1z1 COS2 U = 406_2];1;,;1 [2 (ezz\p C.C.)]

The first term of the right-hand side of the second order mean pressure has been

computed previously and is given by the equation (3.3.25):
— . C, - : ]
By, (x1,11) = [2iQGf”e"2’K7%(“—‘/m‘) — 2i0y;Cre Fime¥ 4 c.c.]

The second order mean pressure in the '+’ region becomes:

pg’g)+ — _COS.h(22Q) A2 e—2k‘ix1
8sinh” ¢
oAy _2ik S8 (/T .~ +A_ cosh(2Q) okizy 2
- I:2ZQGT6 7%( ! 1) - (QZQ’YOCI - mAg e 2k 162‘11 + c.c.
(3.5.2)
The averaged in t; slowly varying pressure is
%’H) _ __COSh(2Q) A2 e-2Kiz1 — _koA% cosh(2Q) 2Kz
8sinh® q 4 sinh2q

Note that at large values of z; the averaged pressure vanishes
(Pl ") — 0

and this term is due exclusively to the free wave generated by the presence of the
mud layer and traveling with the velocity v/H.
In particular we see that the averaged in ¢; pressure increases with z;. Therefore we

expect to have a mean current independent of ¢; and going to the left.
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3.6 Second order mean free surface displacement

As it was shown in chapter 2 (eq. 2.4.20) the second order mean free surface displace-

ment has the following expression

A

= - SN e S
Tho 00,t1 Asinh? koH

This expression is in all ways similar to the second order mean pressure expression
except for the factor cos 2Q). The expressions for the free-surface displacement can be
deduced right away. _
In the -’ region we use the equation (3.5.1) and replace cos 2Q by 1 to get:

- AZ A 2K L (21 4V ( A A2 ,

=—————— | 2O0Gye”"" VE™ V200 - —2— ) e +cec.

o = T8 sinh? koH ! ' 7 16sinh? koH
Similarly to the case of the mean long wave velocity, the last equation shows that
the mean free surface displacement 7;, consists of three distinct terms. The first one
represents a constant free surface set down and is due to the short waves modulation,
the second is the free wave contribution and the last term is due to the short waves

modulation. Let us study each of the terms separately. Let us first introduce short

notations for each of the above mentioned terms:
Mo(z1,t1) = N~ (z1,t1) = N7) + Nf + Ny (3.6.1)

where (N™) is the constant free surface set down,Nz is the mean free surface dis-
placement due to the free waves generated at the edge of the mud layer and Ny is
the mean free surface displacement due to the bound waves. Let us now compute the
expressions of each of these three terms.

The constant free surface set down in the ’-’ region is

(N7) = —Ng; (3.6.2)
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with N;; being the amplitude of the set down, which expression follows straightfor-
wardly from the equation (3.6.1):
A2
Ny=—2— 3.6.3
M 8sinh® ke H (3:63)
The mean free surface displacement Nz due to the free wave generated at the edge

of the mud layer is:

~ Y of
N7 = o {-2inGre /Al

— _40R {ié_ezix%(z1+fﬁt1)}

koAz (1 + h(2q)) \/}'—{ ki o/
_ sin Vg L 21K7%(a:1+\/ﬁt1)
= SK(H = Cg) Qﬂ?{ [1 Y c, [1 Yo (1 zK)” e }
Cy .
_ kOAo 1+ sinh(2q) _ _ ﬁ _ _ ﬁ )]
= 2H ( - 02 1—7 c, l—-%(l-: e X
X CoS (2K\/—%(x1 +VHt) + qﬁ;) (3.6.4)

where the constant @1" was replaced by its previously computed expression (3.3.39)

and where ¢ is the phase of the complex parameter 1 — vy — ‘é—f— [1 - Y (1 — z%i)] .

The mean free surface displacement Nz due to the free wave can be rewritten as

N; = NF— COS (2KT($1 + \/_tl) + ¢F) (365)

With the amplitude Nz of the mean free surface displacement due to the free wave:

L+ gy vVH ki
NE—kOAO (“—nh‘@) l=%--5- [1—’70 (1—2}-{1)]
g9

(3.6.6)

8H 1- 9%
H
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The mean free surface displacement Nz due to the bound wave generated by the slow

modulations of the short waves envelope is:

= ] (300 )

B = 1 16sinh®koH

- 0005 b))
Q) 16 sinh® ko H

ko A2 1 A2 |
— 40 _ - 21
R ( + Soh 2q)> 16K(H — C?)  Q 16simh? k:oH] ¢ }

cos [2(Kzy — Qt1) + 7]

koA ( 14 C, ) 1 4 K H
4HK sinh(2q) (1- %3_) Q kosinh® koH

Cy
_ koAj 1+ nbo koH
= TH [Cg ( i %92_) + T cos [2(Kz1 — Qt1) + 7]

(3.6.7)

Where we used the dispersion relation (2.4.5) and the expression (3.3.38) of the con-
stant C; . Finally the mean free surface displacement Az due to the bound wave

generated by the slow modulations of the short waves envelope is:
Ng = Nz cos[2(Kz, — Q1) + 7] (3.6.8)
with Nz being the amplitude of the surface wave:
ve _ ko [ (Lt mm koH 360
o= — + .0.
B™ 4g |77 (1- %92_) cosh® koH ( )

In the '+’ region we use the equation (3.5.2) and replace cos 2Q) by 1 to get:

1
Mo = " 8sinh?q

.y C, ~ i .
_ |:21:QGT6_21K_‘/%($1_‘/§“) _ (2197501— _ ﬁ_Ag) e—2k1z1 621,\11 + C.C.:|
smn” q

AZ —2klz‘1

(3.6.10)
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As in the case of the -’ region, the last equation shows that the mean free surface
displacement 7;; consists of three distinct terms. The first one represents a constant
free surface set down and is due to the short waves modulation, the second is the free
wave contribution and the last term is due to the short waves modulation. Let us
study each of the terms separately. Let us first introduce short notations for each of

the above mentioned terms:
Mo (z1,t1) = Nt (z1,t1) = WY + NEF+ N (3.6.11)
The constant free surface set down in the '+’ region is
(N'+) = —Nj;e~2ki= (3.6.12)

with Nj; being the amplitude of the set down, which expression follows straightfor-

wardly from the equation (3.6.10):

A2
N+ =70 N, .6.1
M~ 8sinh?kgH M (36.13)
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The mean free surface displacement A7 due to the free wave generated at the edge

of the mud layer is:

Nf = 2&%{-2@9@%‘”“ ‘C«%(’““ml)}

koA3 ( h(2 )) vH ki K S
— 40 sinh(2g 1 _va _ _ K —2iK =L (z,—VHt1)
R { 2K (= ng) (1—-) C, [1 Yo (1 ZK)] } e VH

2 Cy .
8K(H — C?) 0, ° K

C,
ko A2 1+ b5 vVH ki in—2iK SL (21 —vHt1)
= SHC ( 1_%3_ R (1—70)_*-—@':[1_70(1_%?)] € vH

Cy
ko A3 1+ sinh(2q) vH ki
SHCg 1_9,—3. (1—’)’0)+Tg 1—’)’0 1—’LE)] X
X COS (2KT($1 -V Htl) +mT— ¢;) (3614)

where the constant é;“ was replaced by its previously computed expression (3.3.44)
and Where ¢}, is the phase of the complex parameter (1—,)+ 3C.CI: [1 -7 (l - z%i)] .

So that the mean free surface displacement N} due to the free wave is:

NF = N cos (2K———(x1 - VHt1)+1r—¢}) (3.6.15)
’ NG
With N7} being the amplitude of the mean free surface displacement N} due to the
free wave:
Cq )
koA2 + vH 4
+ __ ho smh(2q) _ _ 1—4 1 1
Nf = SHC ( 1— ) (1 )+_Cg [1 'yo( zK)} (3.6.16)

The mean free surface displacement N7 due to the bound wave generated by the slow

modulations of the short waves envelope is:

: * — A2 —2kiz1 2
Ng = 2%{(27,9’}’001 - ws—nfhi—q) e 2k} 182\1,}

(3.6.17)
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2

g = 2R{ (26090 - ——— ) 2k "“’}
Ne m{( Bt 16 sinh? ko H ¢ ¢

. ~ 1 A2 )
— 49 —Zkixl .k - __ 0 ) 22‘1’}
eI { (”0 R Ty
, 2 2 2 ,
— 496—216;31% _,),5 (1 + — Cg ) kOAO o kOH A02 621,\11
sinh(2g) 16KH(1 - %) HQ 16 cosh® koH

C,
_ koS Mgl | e It 56\ | kH (27
4H U\ - %2.) cosh® ko H

Cq
’Y* C 1+ sinh(2q) + kOH
0~e (1- %%) cosh® ko H

2 )
kvo e—2kizl

4H

cos [2(K:1:1 - Q)+ 7+ qu]

(3.6.18)

here ¢, is the phase of the complex parameter |:C, b+ s + —HH
where ¢p is the p pieX param ToLg 1-%) cosh®koH |°
H

Finally the mean free surface displacement N due to the bound wave generated by

the slow modulations of the short waves envelope is:
N = Nje 24 cos [2(Kzy — Q1) + 7 + 6] (3.6.19)

with N being the amplitude of the free surface displacement N7 due to the bound

wave: c
ko A} L+ st koH
Ny = —=—|%C, 2 3.6.20
B= g |10 ( (1- %92_) * cosh? ko H ( )

Let us finally summarize the results for the mean free surface displacement in both
- and '+’ region.

In the -’ (no mud) region we have:

mo(zn,t1) = N7(z1,t1) = (N7) + N7 + N (3.6.21)
(N7) = —Ny (3.6.22)
N7 = Npcos (2](%(:1:1 + VHt) + ¢;) (3.6.23)

Nz = Ngcos[2(Kz; — Qty) + 7] (3.6.24)

185



With N;; being the amplitude of the set down, N being the amplitude of the mean
free surface displacement due to the free wave, and Nz is the amplitude of the free

surface displacement generated by the bound waves. The expressions of the ampli-

tudes are:
A2
Ny, = —2 .6.
M 8sinh? ko H (36.25)
Cy )
- kOAg 1+ sinh(2q) H .kz
N; = = YH i _
= Vi C’g( 1_%3 11— c, 1—-v(1 iz ] (3.6.26)

1
2
c cz
N- = kA, (ITtamGg) |, 1 1-% RH 1 (36.27)

B aH 9 1_%? C, 1+3in(%(1_) cosh? koH o

In the '+’ (mud) region we have:

Mo(z,t) = N7(z,t) = NF) + N+ N (3.6.28)
(N*) = —Nfje im (3.6.29)
Nif = Njcos (21{%@1 —VHt) + 7 - ¢;c) (3.6.30)

Ng = Nfe 2% cos [2(Kzy — Qty) + 7 + ¢F] (3.6.31)

With Nj; being the amplitude of the set down, N being the amplitude of the mean
free surface displacement due to the free wave, and N is the amplitude of the free

surface displacement generated by the bound waves. The expressions of the ampli-

tudes are:
AZ
Ny = — 20 3.6.32
M 8 sinh? ko H ( )
CE .
]‘70-'42 1+ sinh(2g) 1 vH kK
4+ 0 q et _ y-- _ _ _1
N = 10 C, ( - %@". 5 11—+ c. 1-7|(1 iz (3.6.33)
N kg Lt g | | LS 7 koH (3.6.34)
B tH NG )70\ 1+ o ) costheH|

The constant free surface displacement (N) is negative in both -’ and '+ regions ,

and as one can intuitively expect vanishes for z; — +o00. In fact while the short
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waves exist it is a well known fact that the average free surface sets down and this is
confirmed by the negative sign of 7, in both the -’ and the '+’ regions (equations
(3.6.22) and (3.6.29)). However when the short waves are damped (at large values of
) there is no more reason for the average free surface to set down, and the average
value (M*) vanishes exponentially together with the amplitude of the short waves.

For the plotting purposes let us define the following functions:

Cy
_ koA? T
K 1 vH :
np(koH, =) = =|1—x ———[1—’7 (1—2’——1-)] (3.6.36
P K 2 e, 0 K | )
ki 1 vVH K
(k’oH K) = "2' 1- Yo + Fg [ - %Y (1 - Zg)] (3637)
n(kai) [1+1 ( 1- 3 ) boH_ (3.6.38)
B\"0 = ~ C 3 .0.
C2
K 1 1- koH
nhkoH,2) = |+ ( ) : (3.6.39)
K Co \ 14 5 nh(2q) cosh? ko H

Now the amplitudes N;;, N, N5, Ni;, Nif and N# can be rewritten as:

_ A2
Ni = fulkaH)mi(koH, 5 (3.6.41)
Ng = fzv(koH)nE(koH,—‘) (3.6.42)

A2
Nit = o koH (3.643)
NE = fn(koH)ng(koH, ’;) (3.6.44)
N = fN(koH)nE(koHyfl) (3.6.45)

The t;-averaged free surface displacement Ny; = N} is plotted against koH in figure
(3-3), together with the function fy(koH). The functions ny and n} are plotted in
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figures (3-4(a)) and (3-4(b)), and the functions np and n}; are plotted in figures (3-
4(c)) and (3-4(d)) against the dimensionless water layer depth koH for three values of
the parameter % Note that the constant free surface displacement and the amplitude
of the bound waves in the -’ region are unaffected by the presence of the mud layer

in the '+’ region.

0 05 1 15 2 25 3

koH

Figure 3-3: Constant free surface displacement Njs and the function fy

The analytical expression of the damping coefficient k% is given by the imaginary part
of the equation (2.4.23) and depends not only on the mud properties but also on the

properties of the water waves. Its expression is rewritten below for convenience:

i d 2k2 tanh A

It is interesting to see directly the influence of the dimensionless mud depth d, and

of the phase # of the complex viscosity p on the slow evolution of the free surface
waves. For simplicity we take 75 =1 and K = 1. In figure (3-5) we plotted for three
values of the dimensionless depth d, = 0.1, 1.1, 3 the functions ny, n} and n} for a
highly elastic case (§ = 0.9 x § ). The value d, = 1.1 corresponds to the resonance
of the function < {1 — 822} appearing in the expression of ki. The dependence
of the functions ny, n} and n}; on the parameter 6 for a fixed value of d, = 1.1
corresponding to the resonance is plotted in figure (3-6).

From the figures (3-5) and (3-6) we infer that the amplitude of the free waves in the *-’

(no mud) region is extremely small and is of any significance only when the function
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Figure 3-4: Functions ny, nj, np and n}, against the dimensionless water layer depth
koH for several values of ’—}{'1 =01, 1, 10

3 {g(ds,0)} = S {1 — 2822} s very close to resonance (d, = 1.1 and 6§ — %). The
amplitude of the free waves in the '+’ (mud) region vanishes slower with increasing
koH in case when the function & {g(d,, )} is close to resonance (d, = 1.1 and § — 7).
On the other hand the amplitude of the bound waves in the '+’ region vanishes faster

when the function 3 {g(d,,6)} is close to resonance (d, = 1.1 and § — ).
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Figure 3-6: Functions ny, n}, nz and nj; against the dimensionless water layer depth
koH for d, = 1.1 and § = (0.1, 0.5, 0.9) x &
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Conclusion

We have introduced a generalized viscoelastic model to fit the existing experimental
data so that the constitutive coefficients are just material properties independent of
frequency. We showed that the use of 8 coefficients was enough to obtain a good fit of
the experimental data in the considered range of frequencies. By applying the pertur-
bation analysis we obtained an analytical solution to the problem of the interaction
of a thin viscoelastic mud layer with a sinusoidal wave propagating on top of a water

layer of intermediate depth.

At the leading order we found that a strong damping and wave number shift are
possible if the waves induced Stokes boundary layer thickness is a certain fraction
of the mud depth (see equation (2.5.15)) and if the material has a large proportion
of elasticity compared to viscosity (phase & of the complex viscosity u close to ).
It was further noticed that lighter mud corresponded to a more significant damping.
This is due to the fact that lighter muds are easier to move and hence have a larger
amplitude of movement at the resonance that in its turn enhances the energy dissi-
pation by viscosity. Therefore a light highly elastic mud will be extremely efficient
at the energy dissipation for the values of forcing frequencies such that the induced

Stokes boundary layer thickness is approximately equal to the mud layer depth.

At the second order we obtained analytically that a mean horizontal displacement
occurs inside the mud layer under sinusoidal waves if the real part of the viscosity
is non zero. In fact, as it was mentioned by Zhang and Ng [6] a purely elastic solid
will always restore its initial position when the stress is released, meaning that for
an elastic mud the displacement will be zero. In case of a general viscoelastic mud
the viscous part will be responsible for a non zero mean displacement. We found
that the mean displacement inside the mud layer has a linear profile as long as the
dimensionless mud layer depth d, = % is smaller than 1.5. As the Stokes boundary

layer thickness dg is larger than 2m for most of the experimental samples considered
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we predict that the profile of the mean horizontal displacement inside the considered

mud layers should be linear unless the mud layer depth d is larger than 3m.

As we studied the water/mud interaction in a fixed frame, we found a non zero
mean Eulerian velocity at the second order which is due to convection. For mud layer
depth d such that d, = % < 3 the mean horizontal velocity is negative. Its amplitude
strongly depends on the phase 8 of the complex viscosity u. As the material becomes
more elastic (6 approaches %) the amplitude of the mean horizontal velocity increases

together with the leading order quantities.

Finally, we studied the evolution of the narrow-banded waves on top of a thin
semi-infinite mud layer. The analytical expressions of the mean second order veloc-
ity, free surface displacement and pressure were obtained. It was shown that due to
the damping of waves through viscous dissipation inside the mud layer a negative
current will be generated in water with an amplitude independent of the mud proper-
ties. The amplitude of the steady current depends only on the amplitude of the free
surface waves and on the dimensionless water layer depth koH. In the mud region
the current decays together with the amplitude of the short waves to vanish when the

short waves are completely damped by the mud layer.

The next steps will be to study the evolution of the narrow-banded waves on top

of a finite mud layer and to extend the perturbation analysis to a slopping bottom.
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Appendix A

Experimental data

A.1 Experimental data by Jiang & Mehta, 1998

The physical characteristics of the mud samples used in the experiments by Jiang &

Mehta are listed in table A.1.

Type Size ¢ Principal Constituents
KI - Kerala, India mud 2um 0.12 Montmorillonite, kaolinite, illite, gibbsite, organic matter (5%)
OK - Okeechobee mud Yum 0.11 Kaolinite, sepiolite, montmorillonite, organic matter (40%)
MB - Mobile Bay mud 15um | 0.07, 0.11, 0.17 Clayey silt of undetermined composition, sand
AK - Attapulgite + kaolinite | 1lum 0.12 Attapulgite (50%), kaolinite(50%)

Table A.1: Physical characteristics of mud samples used

For each of the mud samples the values of the parameters € and A defining G, G2
and p,, are listed in the table A.2. The real and imaginary parts of the resulting
viscosity are listed in the table A.3.

G, (Pa) G, (Pa) p (Pa.s)

Mud | ¢ € A € A € A
KI {012 9.160 0.257 | 3.843 -0.405| 9.292 -0.405
OK (011} 5548 0.127 | 0.318 -0.687| 5.290 -0.687
MB (007} 3.659 -0.030| -1.439 -0.975| 3.165 -0.975
MB |0.11| 6.352 0.075 2.139 -0.745| 6.695 -0.745
MB | 0.17| 8274 0.108 | -3.864 -0.696| 8.374 -0.696
AK 10.12| 8049 0.114 | 2.604 -0.490| 8.222 -0.490

Table A.2: Coeflicients of Equation (1.3.2) for KI, OK, MB and AK muds
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w (in s71) 013 | 025 | 057 | 1.26 | 251 | 565 | 126 | 251 |
KI R(u) | 2.2107 | 1.1551 | 5.1640 | 0.2270 | 0.1090 | 0.0463 | 0.0197 | 0.0094
¢ =012 || S(p) | 4.3051 | 2.8111 | 1.6448 | 0.9454 | 0.5769 | 0.3206 | 0.1787 | 0.1072
OK R(u) | 0.0861 | 0.0438 | 0.0194 | 0.0086 | 0.0042 | 0.0018 | 0.0008 | 0.0004
¢ =011 | S(p) | 0.2072 | 0.1181 | 0.0604 | 0.0309 | 0.0172 | 0.0086 | 0.0043 | 0.0024
MB R(u) | 0.0193 | 0.0094 | 0.0040 | 0.0017 | 0.0008 | 0.0003 | 0.0001 | 0.0001
¢ =0.07 || S(u) | 0.0617 | 0.0307 | 0.0135 | 0.0060 | 0.0030 | 0.0013 | 0.0057 | 0.0003
MB R(u) | 0.1417 | 0.0683 | 0.0285 | 0.1191 | 0.0056 | 0.0023 | 0.0010 | 0.0662
¢=011 | (w) | 0.6366 | 0.3420 | 0.1639 | 0.0790 | 0.0419 | 0.0199 | 0.0095 | 0.0050
MB R(u) | 1.1567 | 0.5557 | 0.2343 | 0.0996 | 0.0473 | 0.0197 | 0.0083 | 0.0004
¢ =017 || S(p) | 3.7310 | 2.0534 | 1.0150 | 0.5048 | 0.2744 | 0.1342 | 0.0662 | 0.0358
AK R(w) | 1.4015 | 0.6648 | 0.2598 | 0.0986 | 0.0416 | 0.0150 | 0.0054 | 0.0022
¢=0.12 | S(p) | 2.2662 | 1.3981 | 0.7495 | 0.3895 | 0.2164 | 0.1073 | 0.0534 | 0.0290

Table A.3: Real and imaginary parts of the complex viscosity u (in N/cm?), Jiang &

Mehta

A.2 Experimental data by Huhe & Huang, 1993

The mud samples used in the experiments of Huhe & Huang differ by the type of flume

from which they were obtained and by their solid volume fraction ¢. For the mud

samples from the flume A (respectively from the flume B) the measured parameters

Gy, and p,, are listed as functions of frequency and of solid volume volume fraction

¢ in tables A.4 and A.5 (respectively in tables A.6 and A.7). The resulting real and

imaginary parts of the complex viscosity are given in table A.8 for the data set A and

in table A.9 for the data set B.

¢

0.34

0.24

0.20

0.17

0.14

0.08

w

0.11
0.19
0.30
0.46
0.74
1.10
2.00
3.00
4.80
7.50
11.00
19.00

9.00
5.00
3.80
3.50
3.50
3.60
3.70
3.70
4.30
6.50
12.0
21.0

0.65
0.55
0.42
0.41
0.48
0.75
1.40
1.80
2.30
2.90
3.20
3.60

0.40
0.37
0.11
0.15
0.17
0.19
0.19
0.19
0.30
0.45
1.10
1.80

0.31
0.22
0.25
0.29
0.23
0.18
0.20
0.30
0.40
0.80
1.00
1.30

0.39
0.30
0.32
0.28
0.30
0.31
0.38
0.38
0.38
0.45
0.49
0.65

0.05
0.05
0.01
0.04
0.03
0.01
0.06
0.07
0.12
0.15
0.28
0.21

Table A.4: Real elastic module G, (in N/cm?) - data set A
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¢ 034024020017 |0.14 | 0.08

w
0.11 190 | 17.0 | 7.00 | 5.00 | 5.00 | 0.40
0.19 75.0 | 7.00 | 2.50 | 2.10 | 2.50 | 0.30
0.30 40.0 | 4.00 | 1.50 | 1.10 | 1.50 | 0.12
0.46 21.0 1 2.50 | 0.80 | 0.70 | 0.90 | 0.21
0.74 12.0 | 2.00 | 0.60 | 0.55 | 0.70 | 0.11
1.10 9.00 | 1.70 | 0.40 | 0.40 | 0.50 | 0.11
12.00 6.00 | 1.80 { 0.28 | 0.35 | 0.40 | 0.08
3.00 4.00 | 1.50 | 0.29 | 0.30 | 0.22 | 0.06
4.80 3.30 | 1.10 ] 0.23 | 0.25 | 0.17 { 0.04
7.50 3.10 | 0.80 | 0.23 | 0.25 | 0.11 | 0.03
11.0 2.80 | 0.50 | 0.23 | 0.25 | 0.08 | 0.02
19.0 2.60]0.33|0.15 | 0.09 | 0.05 | 0.01

Table A.5: Viscosity pu, (in N.s/cm?) - data set A

¢ 037 ]023|0.20]|0.17|0.14|0.08| .

w
0.11 20.0 | 1.00 { 0.35 | 0.09 | 0.30 | 0.03
0.19 18.0 | 0.65 { 0.28 | 0.12 | 0.10 | 0.03
0.30 1401084 | 0.17 | 0.11 | 0.17 | 0.04
0.46 13.0 | 0.74 | 0.18 | 0.12 | 0.14 | 0.05
0.74 13.010.75 | 0.19 { 0.13 | 0.06 | 0.06
1.10 13.0 | 0.76 | 0.20 | 0.12 | 0.11 | 0.05
2.00 13.0 | 0.80 | 0.12 | 0.11 | 0.09 | 0.05
3.00 13.0 | 0.93 | 0.12 | 0.15 | 0.07 | 0.07
4.80 140 | 1.10 | 0.14 | 0.31 | 0.12 | 0.08
7.50 15.0 [ 1.80 | 0.24 | 0.69 | 0.22 | 0.08
11.0 19.0 | 2.10 | 0.72 | 0.90 | 0.42 | 0.11
19.0 28.0 1230|190 |1.10 | 0.55 | 0.18

Table A.6: Real elastic module G, (in N/cm?) - data set B
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¢ 037023020 0.17 | 0.14 | 0.08

w
0.11 600 | 15.0 | 6.50 | 1.70 | 2.00 | 0.50
0.19 210 | 4.50 | 3.00 { 1.00 { 0.70 | 0.12
0.30 110 | 2.50 | 1.50 | 0.70 | 0.40 | 0.50

0.46 70.0 | 1.60 | 0.80 | 0.50 | 0.36 | 0.20
0.74 41.0 | 1.00 | 0.45 } 0.35 { 0.31 | 0.10
1.10 26.0 | 0.80 | 0.30 | 0.25 | 0.21 | 0.09
2.00 15.0 | 0.60 | 0.25 | 0.24 | 0.15 | 0.08
3.00 10.0 | 0.55 | 0.18 | 0.21 | 0.13 | 0.06
4.80 7.00 | 0.55 | 0.15 | 0.20 | 0.10 | 0.04
7.50 5.20 | 0.45 | 0.15 | 0.20 | 0.09 | 0.03
11.0 4.50 | 0.30 | 0.20 | 0.12 | 0.08 | 0.02
19.0 4.00 | 0.20 { 0.19 | 0.08 | 0.05 | 0.01

Table A.7: Viscosity pm, (in N.s/cm?) - data set B

w (in s77) 0.11 [ 0.19 | 0.30 [ 0.46 | 0.74 | 1.10 [ 2.00 | 3.00 | 4.80 [ 7.50 | 11.0 | 19.0

R(p) | 190 | 75.0 | 40.0 | 21.0 | 12.0 | 9.00 | 6.00 | 4.00 | 3.30 | 3.10 | 2.80 | 2.60
$=034 | (p) |81.8(263 127|761 473327185 |1.23]|0.89|0.87]1.09 |1.11

R(n) | 17.0 | 7.00 | 4.00 | 2.50 { 2.00 | 1.70 | 1.80 | 1.50 | 1.10 | 0.80 | 0.50 | 0.33
=024 [} S(p) | 591 (289|140 0.89 [ 0.65|0.68 [ 0.70 | 0.60 | 0.48 | 0.39 | 0.29 | 0.19

R(p) | 7.00 { 2.50 | 1.50 | 0.80 | 0.60 | 0.40 | 0.28 | 0.29 | 0.23 | 0.23 | 0.23 | 0.15
=020 | (p)|364(1.94|0.36]|0.33]|0.23|0.17 | 0.09 | 0.06 | 0.06 | 0.06 | 0.10 | 0.09

R(p) | 5.00 | 2.10 | 1.10 | 0.70 | 0.55 | 0.40 | 0.35 | 0.30 | 0.25 | 0.25 | 0.25 | 0.09
¢=017 || S(n) | 2.82(1.16 | 0.83 | 0.63 | 0.31 | 0.16 | 0.10 | 0.10 | 0.08 | 0.11 | 0.09 | 0.07

R(p) | 5.00 | 2.50 | 1.50 | 0.90 | 0.70 | 0.50 | 0.40 | 0.22 | 0.17 | 0.11 | 0.08 | 0.05
¢=014 | S(pn) | 3.55(1.58 | 1.07 | 0.61 [ 0.41 | 0.28 [ 0.19 | 0.13 | 0.08 | 0.06 | 0.04 | 0.03

R(u) | 0.40 ; 0.30 | 0.12 | 0.21 | 0.11 | 0.11 | 0.08 | 0.06 | 0.04 | 0.03 | 0.02 | 0.01
¢=0.07 | S(p) | 0.42|0.24 [ 0.03 | 0.08 | 0.04 | 0.01 | 0.03 [ 0.02 [ 0.03 | 0.02 | 0.02 | 0.01

Table A.8: Real and imaginary parts of the complex viscosity p (in N.s/cm?), data
set A, Huhe & Huang
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[W(nsT)] [0.11 [ 0.19 [ 0.30 [ 0.46 [ 0.74 | 1.10 | 2.00 | 3.00 | 4.80 | 7.50 | 11.0 | 19.0
R(w) | 600 | 210 | 110 | 70.0 | 41.0 | 26.00 | 15.00 | 10.00 | 7.00 | 5.20 | 4.50 | 4.00
=037 || S(u) | 182 | 94.7 | 46.7 | 28.3 | 17.6 | 11.8 | 6.50 | 4.33 | 2.92 | 2.00 | 1.73 | 147
R(u) | 15.0 | 450 | 2.50 | 1.60 | 1.00 | 0.80 | 0.60 | 0.55 | 0.55 | 0.45 | 0.30 | 0.23
¢=023 || S(u) |9.09|342]280|1.61]1.01| 069 | 0.40 | 0.31 | 0.23|0.24 | 0.19 | 0.12
R(i) | 6.50 [ 3.00 | 1.50 | 0.80 | 0.45 | 0.30 | 0.25 | 0.18 | 0.15 | 0.15 | 0.20 | 0.19
$=020 || S(u)|3.18|1.47]|057|0.39|026| 0.18 | 0.06 | 0.04 | 0.03 | 0.03 | 0.07 | 0.10
R(u) | 1.70 [ 1.00 | 070 | 050 | 0.35 | 0.25 | 0.24 | 0.21 | 0.20 | 0.20 | 0.12 | 0.08
¢ =017 || S(x)|0.82|063|037]026|018]| 0.11 | 0.06 | 0.05 | 0.06 | 0.09 | 0.08 | 0.06
R(u) | 200 | 0.70 | 0.40 [ 0.36 | 0.31 | 0.21 | 0.15 | 0.13 | 0.10 | 0.09 | 0.08 | 0.05
¢=014 | S(x)|272|053]057 (030|008 010 | 0.05 | 0.02 | 0.03| 0.3 | 0.04 | 0.03
R(u) | 050 | 0.12 [ 0.50 | 0.20 | 0.10 | 0.09 | 0.08 | 0.06 | 0.04 | 0.03 | 0.02 [ 0.01
¢=0.08 || S(u) |027]0.16]0.13|0.11 | 0.08| 0.05 | 0.03 | 0.02 | 0.02 | 0.01 | 0.01 | 0.01

Table A.9: Real and imaginary parts of the complex viscosity p (in N.s/cm?), data

set B, Huhe & Huang
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