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Abstract

Let M be a riemannian manifold of dimension 3. We study the genus zero open rigid
J-holomorphic curves in 7*M with boundaries mapped in perturbations of the zero
section. The perturbations of the zero section is defined fixing a set of functions on
M. We consider the graphs of the differential of the functions rescaled by an € > 0.
For a generic choice of the functions, we prove that, for € small enough, there exists a
one to one correspondence between the J holomorphic curves and the planar Morse
graphs of the functions.
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Chapter 1

Introduction

Let M be a riemannian manifold. In [2] Floer construct a chain level isomorphism
between the Lagrangian Floer complex of the zero of 7*M and the Morse complex
of M. Floer studied the following problem. Let f be a Morse function on M and
let € be a positive real number. Considerer the Hamiltonian perturbation of the zero
section given by the graph of edf. For € small enough, the pseudo-holomorphic strips
that are bounded by the zero section and the graph of edf are in correspondence with
the gradient flow lines of f. Actually, there exists a complex structure for which it is
possib‘le to describe explicitly all these strips. |

In [7], Witten argued the equivalence between topological string theory on T*M
(with branes in the zero section) and Chern-Simons theory on M, for a three manifold
M. This statement can be seen as a correspondence between J-holomorphic curves
bounding the zero section of 7*M and Feynman graphs on M. Since the Lagrangian
is exact in this case there are no honest J-holomorphic curves (instantons of the
physical model), but is some sense there are contributions from degenerate instantons
(the boundary of the Teichmuller space). The degenerate instantons can be seen as
fat graphs on M corresponding to Feynman graphs of the Chern-Simons theory.

The idea of Witten was made mathematically more precise by Fukaya and Oh
in [3]. Fukaya and Oh considered perturbations of the zero section given by graphs
{eT4;,} of a set of functions {f;} that satisfy suitable transversality conditions. For

¢ — 0, J-holomorphic disks bounding the Lagrangians {eT'y,} degenerates to the
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Morse trees of the functions {f;} on M.

An important consequence of [3] is the equivalence hetween the A, structure
associated to the zero section of T*A and the A, Morse structure of A/. This has
lead to important applications to Mirror Symmetry (see Kontsevich-Soibelman [4])
and to the study of the Fukaya category of T*AI (see Nadler-Zaslow [5]).

One main complication of [3] with respect to [2] is that it is not possible to con-
struct an explicit solution corresponding to a graph. Therefore, in order to construct
a curve from a given Morse graph it is necessary to find an approximative solution
and use an iterative process.

In the argument of [3] a rescaled Sobolev norm is used in order to prove transver-
sality and the uniform bound of the right inverse. The gluing argument' used in [3] is
incorrect. Lemma 6.1 of [3] does not hold. It is necessary to use cutoff functions with
derivative that goes to zero faster than €. Moreover, the required quadratic estimate
does not hold using the norm of [3]. The argument of [3] used to prove the converges
of disks to Morse trees is not clear.

We propose a different argument and generalize the result of [3].

Theorem 1. Fizd > 2. Let f = (fo, ..., fa) be a generic collection of functions on M,
and let T' = (Lyp,,...,Las,) e the graphs of their differentials. For sujficiently small
e > 0 there is a bijection between the space of rigid Morse gradient trees (with d + 1
external edges) of f and the space of rigid pseudo holomorphic Riemannian disks with

d + 1 punctures bounding the Lagrangians el.

The approximative solution can be constructed by gluing the strips of [2]. In order
to make the iterative process working it is useful to use norms (depending on €) for
which the initial error becomes small with £ and the norm of the right inverse of the
linearization and the constant of the quadratic estimate are bounded independently
of €.

In order to prove the bound of the right inverse for the rescaled norm we solve the
linearized equation on any strip. This allows us to reduce the problem to functions

supported near vertices. In this case it is possible get a good estimation using an
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exponential weighted norm. A gluing argument and the Morse transversality imply
the existence and the bound of the right inverse for the weighted norm. In particular
we do not need use gluing in the case of the cup product (at difference of [3]). A
careful analysis yields the required bound.

As usual, the constant of the quadratic estimate will depend on the constant of
the Sobolev embedding. We prove the independence with respect to € of the constant
of the Sobolev embedding for our norm.

In the other direction we need to prove that, for € small, any J-holomorphic disk
degenerates in some sense to a graph.

A punctured disk can be decomposed by flat strips and " vertex regions”. This is
a reminiscence of the thick-thin decomposition.

A vertex region can be seen as a pointed disk with strip like ends removed. These
disks are allowed to vary only in a bounded region of their moduli.

A J holomorphic strip can be seen as an open string that propagate. For ¢
small the open string can be approximate to a point. In this approximation, the

J-holomorphic equation reduces to the Morse flow equation.

15
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Chapter 2

Morse trees

In this chapter defines the Morse trees and we study the transversality. In the last

section we introduced the concept of quasi Morse tree that will be used in Chapter 4.

2.1 Definition

Consider the space of trees. We assume that all the internal vertices are at least
trivalent. For a tree I' let F(T'), E°*(T") and E**(T") be respectively the sets of the
edges, internal edges and external edges of I". Let V(I') be the set of internal vertices
of I". Some time we will indicate with E** the set F(T"). Let H(I') be the set of half
edges or edges with starting point. In H(T') there are two elements for any internal
edge and one for any external edge. Some time we will omit T.

For any vertex v € V(T') let H(v) be the set of half edges starting in v. A ribbon
structure on I' assigns to any vertex v a cyclic order of H(v).

A riemannian structure assigns a length to any internal edge, that is a function
L: E™I) — R*. We indicate by £ the moduli of riemannian structures.

Suppose that a function is assigned to any boundary components of the ribbon
tree. Let {f;} be the set of functions. We assume that f; — f; is a Morse function for
any i # j. To any oriented edge e € H there are associated two functions fF and fZr.
Define f, = f® — fL.

A Morse gradient tree is a collection of maps {¥}ec H(r), Where 7. : [0, L(e)] = M

17



for any internal edge e and ~, @ (—=oc. 0] — Af for any external edge ¢. such that
V() =0 (2.1)

Ye(0) = 7 (0) if e and ¢ start at the same vertex and . (t) =~ (L(¢) —t) if € and ¢’
are the same edge but with opposite orientation.

We fix for any external edge ¢ the external vertex p. € M. p, is a critical point
of fo. Observe that for close choice of the functions f; the critical points can be
identified.

The energy of an internal edge e is given by

/ A/’/elz = fe(“f’e(le)) - fe('Ye(O))'

For an external edge

/ ul? = £u(3e0)) — Fulpe).

The total energy of the tree is obtained summing on all the edges

S Fel==) flpe) (2.2)

e€ Etot(T) ecEex

In particular the Morse trees without external vertices are constants.
For any external edge e let M, be the unstable manifold of p.. For any internal

edge e let M, be the submanifold of M? given by
M, = {(z,¢{(z))]x € M\ Cy,,t € R™}

the pairs of the initial and final points of the Morse trajectories of f.. Here Cy, is
the set of critical points of f.. Observe that M, is not a closed manifold since we not
include the points of the diagonal of M? and we not consider broken lines.

We want to define the space G of Morse trees of T' as a subset of M#{). For
any internal edge e let m, : M1 — M? the projection correspond to the vertices

attached to e. For an external edge m, : M) — M is the projection to the only
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internal vertex attached to e. Define the submanifold £(T") of M7 (™) hy

EM) = ) = (M),
€ E(I)
For any vertex v let m, : MH® — AH(®) the projection correspond to the edges

attached to v. Let
V() = ﬂ A

veVv(r)

where A ¢ MP®)! is the diagonal.
The space G(I') of Morse gradient flow of the ribbon tree I' is V(I') N E(T).

2.2 Morse transversality

We say that the set of functions f; is transversal if V and £ intersect transversally.
The virtual dimension of moduli space of the Morse trees G associated to I' is

defined as
dim & + dimV — dim M.

We can express the virtual dimension of G in terms of the Morse index of the external

vertices

V(D) = (n = DIE™T) = D pe(pe) (2:3)

eeEez
where . is the Morse index of f. in p.. If the functions f; are transversal this is the
dimension of the manifold G.
We will be interested only to the space of rigid trees. Therefore we fix the external

vertices p, of the Morse trees such that

n—3 Z (1 - ,’I‘E(pe))‘

eeEez‘

In this case the trivalent graphs have virtual dimension zero.

Lemma 2. For generic (fo, ..., fa), for any ribbon tree I' as above, V(') and £(T)

19



imtersect transversally and G(I') is finite.

Proof. Fix a tree I'. Let F be the space of functions f = (fy..... f4) close enough such
that the critical points of f, — f; can be identified. The universal moduli space UG of
Morse trees is the subset of M7 x F given by points (.. f) such that 2y represent
a Morse tree for f. Analogously to UG. define UE and UV. We have UG = UE NUV .
We want to see that this intersection is transversal outside a baire subset of F.

In order to prove the transversality in a point of UG it is enough to see that the
projection of tangent space of UE in the component M* is surjective. This follows
since, for any edge e it is easy to see that the image of the linearization with respect
to f. of (2.1) is all TM?.

We can repeat the argument for any I'. If I' is not trivalent G(I') is empty for a
generic choice of the functions f; since the virtual dimension is less than zero.

In order to conclude that G is compact and therefore finite we need to deal with
the non compactness due to the divergence of the length of some edge. However a
sequence of Morse trees with an edge with length that goes to infinity converge (up
to subsequence) to a tree with broken edges. The virtual dimension of these trees is

less than zero therefore these trees can be eliminated generically. O

Now, we want to relate the transversality of the Morse tree with the surjectivity
of the linearization of the equations of Morse the trajectories.
Let first e be an internal edge and let v, be a solution of the Morse equation (2.1).

For £ € I'(v}TM) and A € TL, define

(exp., (€, Ae))(t) = exp, gy (€e(t)) (™).
The linearization of (2.1)

D, . T(yTM)®TL, — (v, TM)

is given by
d

——ge - v(vfe)(ge) + )\e;Ye (24)

De(&m /\e) = dt

20



For an external edge ¢ there is not the modular parameter in (2.4).

Now consider the full linearization for the NMorse tree

DL (TM) 2 TL — L*((~"(TM))).

—~
(S
<t

~

Here ~*(TM) indicate the union of the 47 (T'M) attached to the vertices. A section in
L3(v*(TM)) is defined by a section in L2(v(T'M)) for any e € E that are compatible

in the vertices. The restriction of D on an edge e is given by D,.

Lemma 3.

ker D =TG.

Proof. Observe first that for any e € E
ker D, = TM,. (2.6)

The isomorphism send an element in ker D, in his values in the boundaries of the
edges.

Let £ € ker D. Observe that ¢ has to be smooth. Let ve € T*M* the vector
which component in e € H is given by the value of £ in the starting point of e. It is

immediate to see that v € T'V. From (2.6) follows that v € TE.

Lemma 4.

coker D = (TV +TE)* .

In particular the functions f; are transversal if and only if D s surjective.

Proof. On any e € F™™*(T), the adjoint D? of D,, , satisfies

(De(&,A)ym) + (€, 2), Dzn) = (€(L(e)), n(L(e))(D)) — (£(0),n(0)(8)).  (2.7)

For e € E°*(I") we have

{De&,m) + (&, Din) = (£(0),n(0)(3r)).- (2.8)
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Take np € L*(Q'(~*(TAI))) in the coker D. that is
(DEA). ) =0

for any & € Li(~*(T'M)) and A € TL. Using equations (2.7) and (2.8) for ¢ compact
support, on any edge ¢, i satisfies DZn = 0. In particular 7 is smooth.

For any e € H evaluate 1 on the positive unit vector in the starting point of e.
This defines a vector v, € TM H

Let v € TM, for e € E. Equations (2.7) or (2.8) for (£, \) or £ corresponding to
v by (2.6) implies that (v, v,) = 0. Therefore v, € TE*.

Let v € TV and let £ € L3(+*(T'M)) such that the value in the vertices is given by
v. From (2.7) and (2.8) we have (v,v,) = (D(&,0),n) = 0. Therefore v, € TV+. O

2.3 Quasi trees

Fix 6 > 0 small.

Let f be a Morse function on M. A é-quasi Morse trajectory of f is a finite
sequence of Morse trajectories of f, {v;}1<i<k, such that the image of ény ~; dist
more than g from any critical point of f and, for any ¢ there exist a critical poinc of
f with distance less than ¢ from the final point of v; and the initial point of ;.

As before, let I" be a ribbon tree with a Morse function associated to any bound-
ary component. A §-quasi Morse tree assigns to any edge e € H a d-quasi Morse
trajectories v, of f. such that the distance of the initial points of the trajectories of
edges starting to the same vertex is less than 4.

Define the virtual dimension of a Morse d-quasi tree using (2.3).

The energy of a quasi tree will be still given by (2.2) up to an error of the order

of 4.

Lemma 5. For § small enough, the §-quasi Morse trajectories of the edges of any
rigid 6 quasi Morse tree have one only connected component. In particular any quasi

Morse tree is a point of € with distance of order & from V.
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Proof. This follows by contradiction using an elementary compactness argument.
Suppose that there exist a sequence of J;-quasi trees with at least one edge with
more components and §; — 0. Up to take a subsequence, the Morse quasi tree con-
verges to a Morse tree with some edge broken at some critical point. For a generic

choice of the Morse function this tree cannot exists. O

Consider the space £ defined as £ except now we allow the length of the edges to
be zero. £’ is a (not compact) manifold with corners. We can still think £’ contained

in MY,
Lemma 6. & and V intersect transversally.

Proof. This follows from Lemma 2.

d

From the definition of quasi Morse trajectory it is clear that there exist a constant
C such that || > % for any e € H. This has the consequence that the length of the

edges are bounded:
/ el < CE2. (2.9)

Lemma 7. There exists a constant C such that, for § small enough , for any rigid é

quast Morse tree there exists a Morse tree which distance less than C§.

Proof. This follows immediately by the Lemma before since by (2.9) we are only

considering a compact region of £’. ad

Take an edge e € H' of the tree and let €’ the correspondent edge of the quasi
tree in lemma 7. If 7. and 7. are the corresponding Morse trajectories there exist

(. €T(v2TM) and X € TL, such that

Ve = €XPy, (€es Ae)

and

| & lloo +]Ae| < CO. (2.10)
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[y

This is an easy consequence of the fact that the extreme points of v, and +/ are of

distance of order ¢ and the length of the edge has a fixed hound (2.9).
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Chapter 3

J-holomorphic disks

In this chapter, for ¢ is small enough, to each Morse tree we will associate a J-
holomorphic disk. We will indicate by C' all the constants that depend only by the
geometry (the riemannian manifold and the functions f;) but are independent by e.

By Lemma 2 we have only a finite number of Morse tree. In the following we fix a

Morse tree.

3.1 Approximative solution

Given a Morse tree for € small we want to construct a surfaces X and an approximative

J-holomorphic map u : ¥ — T*M with boundaries mapped in the trees of edf;.

The domain ¥ = X, is constructed from the metric ribbon tree in the following
way. Fix a riemannian disk with three punctures and strip like ends. Define the
vertex region as the complementary of the strips like ends. Replace any edge of
length | with a flat strip [0,%] x [0, 1] of length ¢ (for external edges the strip has
length infinity) and any vertex with the a vertex region, in a way compatible with the
Ribbon structure. The boundary components of the ribbon tree are in correspondence
with the boundary components of £. In particular any boundary component i of ¥

is labeled with a Morse function f;.
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3.1.1  Strips

Fix a oriented edge ¢.

Define S, 0 [0.1] < [0.1] — T7M by

[§

Su(t. s) = elsdf (. (1)) + (1 = s)df (o (=1))] (3.1)

Then

0pSe(t,s) = (82[3V(df6}2)(%(st))"}e(at) + (1 = $)V(dfE) (ve(et)) e (et)], e(et))

055e(t, 5) = (edfe(e(et)), 0).

Using the Morse flow equation we get

0Se(t,s) = (*[sV(df) (velet)Fe ) + (1 = s)V(dfS) (e(et))7e(e1)]),0)  (3.2)

Therefore

|dSe|(t, 5) < Ce(|(df) (ve(e)] + 1(df.) (ve(et))]) (3.3)

|0Se(t,s) < C2(|V(df.") (ve(et)] + [V(df) (re (D)) (3.4)

3.1.2 Vertices

Now, we want to extend the maps (3.1) in any vertex region. First of all we will
extend the "real” part @ of u, that is the projection of v on M.

Fix a vertex region. We define @ in a neighborhood of the vertex region in the
following way. In a strip as in 3.1 starting from the vertex region we have 4(t,s) =
Ye(et). We want to define @ in vertex region constantly equal to the corresponding
vertex of the Morse graph. @ is not smooth in the start of the strips at ¢ = 0. We
simply smooth the function ty;>o near t = 0.

For any boundary component 4 define a function p; : ¥ — [0, 1] such that p; = 1
on the boundary ¢ and 0 in the other boundaries. Moreover we suppose that on a

strip with upper label i, p;(¢, s) = s in the usual flat coordinates.
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Now put

It is immediate that

3.2 Rescaled norms

Define the rescaled norms

1€ hpe= (€ 1 +1 2ol

for £ € T(w*(TX))) and
I llpe= /in

for n € Q}(u*(TX))).
From (3.3) and (3.5) follows

I du [lpe< C.

From (3.4) and (3.5) follows
I 0u [lpe< Cole).

3.3 Linearization

(3.5)

(3.7)

In order to define the linearization of the 8 equation, we need first of all identify the

space of (0,1) forms for surfaces near to X .

We need to define as "exponential” on element A\ € TL changes the complex

structure in any internal edge.
We use a cutoff function

p:X. — R

(3.8)

The function p is 0 in the vertex regions and equal 1 inside the edge regions. We
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assume that p connects the functions 0 and 1 in the same wayv near each end of the

strips.

Fix a strip [0, (L] % [0. 1] with flat coordinates (7. s). In the complex structure given

by the action of A the flat coordinates are (¢y(t), s) where

o
oA(t) = / M) dr,
J0

These coordinates give an identification between the (0, 1) forms on any strip:

[fdZ] o oy = (f o ¢y)dZ.
Now, define
Fu T (TX)) & TL — QO (u* (TX))

with
Ful€, ) = (€)1 0(exp, £ 0 ¢y 1) 0 ¢ (3.9)

where remember that ® is the parallel transport with respect to the hermitian con-

nection and exp is the exponential map with respect to a geodesic connection.

We can rewrite (3.9) on a strip as:

FUEN) = 3087 10e, &) (63') 0 6n) + Tou(exp, €)

= 52O 0o, e + I, (exp, €] (3.10)

The linearization of (3.9) becomes:

AF(0)(€, ) = BE + T, (du, Y — Sp(du)\

In our case |u|, |du| < Ce so by (A.1) we have |T,(du,&)| < Ce®|¢]. Therefore up

28



to negligible terms in the rescaled norm we have on a strip

= 1
D-(&, ) = 08 — geApi(et).

3.3.1 Frame

We would like to trivialize «*TX such that the boundary condition on £ becomes
real.

For any boundary component i, define a function p; : ¥ — [0, 1] such that p; =1
on the boundary 7 and 0 in the other boundaries. Moreover we suppose that on a

strip with upper label 4, p;(¢,s) = s in the usual flat coordinates.

As in section 3.1.2, let @ be the projection on M of u. First we fix a parallel
trivialization of v*T'M (remember the notation of (2.5)). This induces a trivialization

of @*T M. We extend this to u*(TX) using
(v +iw) — (v,w +eXpV(dfi)(@)v)

for v,w € w*T M. Here we have used the splitting of X as in Appendix A. Moreover

this linear isomorphism change the rescaled norm in an equivalent norm.

On the strip e, the isomorphism is
(v +iw) — (v,w + seV(df)(v(et))v + (1 — 8)eV(dfF) ((et))v)

Define
A (t)(v + ww) = V(dfe)v.

On the strip the linearization becomes
= 1 1 .
D.(&,)) =0+ EsAe(at)ﬁ — EsAepfy(et) (3.11)

up to negligible terms in the rescaled norm. As usual in a external strip there is not

modular term (put A, = 0).
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3.4 Floer transversality

Remember we have fixed a disk with strip like ends. Let Xy the disjoint union of
copies of the disk labeled by V. Fix a correspondence hetween the strip like ends and
H compatible with the ribbon structure. Observe that ¥, can be constructed gluing
the components of Xy .

In the following we use the frame of section 3.3.1. Therefore we will think vectors
fields as functions on C".

A vector v € TE assigns to any e € H a vector v, in tangent space (of M) of the
starting point of e. We can think to it as a local constant function defined on the
strip regions of ¥y. On the strip e it has value v,.

As in 3.8, let p : Xy — R be a cutoff function 0 in the vertex regions and equal 1
inside the edge regions. Given a vector v € TE , (Op)v is a well defined (0,1) form
on Xy.

Now fix a weight > 0 small.

Define

Dy : IP(Zy,C") @ TE — LP4(QOD(Ty,,C™)

as

Do(€,v) = 3¢ + (Bp)v (3.12)
Lemma 8. Dy is surjective.

Proof. Suppose n € LP—8(Q10)(5y,, C™)) be in coker of Dy. Since (n,0¢) = 0 for
any £ € L?*(Zy,C") we have that On = 0 and 7 has real boundary conditions. The
residues (that is the asymptotic values in the strip ends) of n define a vector v, €
T*MH . Since the sum of the residues on any component of ¥y is zero v, € (TV)*.
Since (v,,v) = (n,(0p)v) = 0 for any v € TE we also have v, € (T &)+, By Morse

transversality v, = 0 and therefore n = 0. O

For £ > 0 small, consider ¥, as gluing of £y.. The gluing of the operator (3.12) is

an operator

LPA(2,CY) @ TE — LPA(QOV(Z,,C™)
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given again by (3.12) with the obvious change of notation. We will keep to indicate
this operator as Dy.
Since ¢ > 0 the gluing argument (see section 4.4.1 of [1]) provide a nniform bound

for the right inverse in the weighted norm:

1 Qo) Nips< C It llps -

Let &, the vector associated to v by (2.6). Put &(t) = &.(et). Consider the

operator

D.(&,0) = Do(€,0) + (Bp)é: (3.13)

In the weighed norm the operator (3.13) is a small perturbation of Dy therefore is

still surjective. Moreover his right inverse @ is uniformly bounded.

Using the equation
d
- Sv Ae v )‘v. =
dt§ + Al + Ay =0

it is easy to check

D.(€ + p€&, \,) = D.(€,v). (3.14)

The right inverse for the operator D = D, is therefore given by
Qn) = (§+ p&, M)
where (¢,v) = Q(). The bound of Q gives

[l 1€ 11p5< C Nl 7 lps (3.15)

with C' independent by ¢.

3.5 Right inverse bound

In this section we want to prove the following
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Lemma 9. The following estimate holds

H Q) ||1-p.:’§ Cln ”p.:‘

for C independent by .

Let Q(n) = (€. X).
Using (B.6) we have

1€ g () €+ ey < o, 1280y 3.

€

From (3.16) it is easy to see that the lemma is equivalent to the estimates

C

L€l = Il (317)
C

N < 5 Il (3.18)

with C independent by €.

3.5.1 Strip solution

Fix an edge of the Morse graph. Let S = (0,{) x [0,1] or § = (—00,0) x [0,1] be the
correspondent strip in ¥.. As before we can use the frame of section 3.3.1 and think

the sections as functions with values in C".

Lemma 10. There ezists a constant C such that the following holds. For any n €
QO(S C") there exist £ : S — C™ with boundary conditions £(t,0),£(t,1) € R™ such
that D¢ = n,

C
IE o< — Il (3.19)
and
C
1€ lloos =7 Il - (3.20)

Proof. Write
n(t,s) =D m(t)e™
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with n, = n_, and &, = £_,,. The equation D& = n split in the equations

& —néy + cAet)é, = ny.

Consider first the problem on the space of function with & = 0,79 = 0. Using
the analysis of Chapter 3 of [1], on this subspace the operator 8 : L"?(R x [0,1]) —
LP(R x [0,1]) with real boundary conditions is invertible. In this norm D is close in
norm to 0 and therefore D is invertible with inverse @ of norm bounded independently
by €. Define £ = Q(n). We have || £ ||,,< C || n ||, that is stronger than (3.19) and
(3.20).

Now consider the problem for & and 7. Put &(t) = éo(£) and 7o(t) = Ine(2).
We have
d - -
ZE+AWE=1 (3:21)

This is nothing else that the equation for the Morse problem. This equation can be

easily solved with
1€ lhp< C Nl llp - (3.22)

For an internal edge (finite length) it is easy to integrate equation (3.21). In an
external edge the integration can be still done respecting the asymptotic condition
and (3.22). However it is also possible get £~ applying the right inverse of the Morse

linearization (2.5) to 7 extended by zero on the others edges. From (3.22) we have

1 p 1 - 1
1€ b= =75 1€ 1< i 1 == il

and

1€ loo= € o C 1 € 1< C 11 o= g7 N ]
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3.5.2 Proof of the bound

Applying Lemma 10 on any strip we can find a € in the strip region such that D.€ = n.
By (3.19) we have
~ C
HESTIN

Note that D(p€) = (9p)€ + pn, therefore using (3.20) we have

> C
I Do) o< 77 I 1l

Now put 7' = 5 — D(pé€). It satisfies

C
17 1= 7 1 W

Let (&,v) = Q(n). Since 7' has support in the vertex region (3.15) gives

C
HE Ul T < C i llo< 7 o llp -

Observe that

c,,_C
I 665 I 1 <l

Finally put £ = p€ 4 pv'+€ and A = \,.. According to (3.14) we have D(£,\) = 7.
The previous estimates lead to || £ [|,< € || 7 ||, and [A| < C || 7 [|pe-

3.6 Quadratic estimates
Remember the definition of the map F,, given in 3.9.
Lemma 11. There exists a constant C such that, if || € |0< 1 and A < 1 we have

I dFu(€,A) = Du 1< C(Il € lipe +IA) (3.23)

Proof. The lemma follows applying (3.6), (3.7) , (3.24) and the following computation.
For z € M and v,w € TM, put E;(v)w = & exp,(v + tw)|i=o and ¥(v,w) =
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%@,n(v + tw)]—o. Derive the identity ®,(&)F,(&. \) = d(exp, & 00, ") 0 &y using the

hermitian connection and evaluate it in ¢ = )

/
qlll(éé/)fu(é )‘> + un(é)(]]:u(E /\)(5/ /\/> - %O(expu éf)It:O +

Observe that W, (v, w) is linear in w and zero for v = 0. So |V (v, w)| < Clv|jw]

and therefore

V(& €] < Clelig].

Using a switch of derivative we have

—0(exp, &) = I[Eu(€)E]) + Top, e(dexp, &, B, (§)E) D

Observe that

Texp, e(dexp,, &, Eu(§)E) = Pu(§)To(du, &)
< |Top, e(dexp, & Eu(€)E) — Texp, e(Pu(§)du, 2u(§)€)]
+ [ Texp, e(Pu(€)du, Du(§)E') — Du(é)Tu(du, &)
< C(ldull¢] + [VEDIE| + Cldull€]IE']

and

IVIEL(E)E] = ®u(VE] < [[Eu(§) — 2u(OIVE| +VIEL(E)IE
< KIVET+ Clldullg] + [VEDIE.

Finally, in the strips we have also

0:(exp, §)e™X — pduX| < C(|dul + [VE)|A||N].

35



3.6.1 Sobolev embedding

Lemma 12. There exist a constant C' such that we have

Il C N f e (3.24)

for any f ¥ — C with real value in the boundary.

Proof. Consider first the case of f supported on a strip (0, 1) x [0, 1]. Define flt, s) =

f(£,s) for (t.s) € (0,1) x [0,1]. From VS| < 1|V f| and a changing of variable of

integration we have

Hf o=l f oS C U F S O N F e -

Suppose that [ is the minimal length of the edges of the Morse tree. Consider the
case of f supported in the set points of distance less than é from a vertex region.
Let fy and fg the restriction of f on the vertex region and the strips respectively.
Attach to any end of the vertex region a strip of length ;ll-. On it we can define the

function f = fv + fg. We have the Poincare inequality:

[ fllee =1 f lloe C UV 1< CUV Sy llp + 11 Vs 1)
ST IV SO S e -

Now fix z € X.. We can find a function p supported on a region of the type

considered before such that p(z) = 1 and |[Vp| < 45. The previous estimates lead to

@<l pf oS Cllpf ipeS C LS lipe -

Taking the sup in z we get the lemma.
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3.7 Exact solution

In this section we omit the modular parameter in the notation since the split of
[(u*(TX)) e TL will not play any rule.
Let £.& be vectors in the image of Q. Put & =t& 4+ (1 — t)&'. We compute

€= QF ()] = [€ = QF.(€)] =€~ & — [ QAF,(&)(€ — &)t
= [ QUEFL(0) = dF (€€ - €)dt.

where in the last step we have used QdF,(0) = Id on the image of ). Now suppose
that || € oo, || € lo< 5 50 || & [|oo< 1 and we can apply (3.23) to get

IE = QA = [ = QAN+ Ie=¢ 1. (325)

Define by induction
Ent1 =& — qu(fn)

with & = 0. Fix 0 > 0 small such that 6 < ZC'_lll(;)_H and § < % where C' is bigger of
the constant in (3.23) and (3.24). We want to prove by induction that

0 (3.26)

| & —&i-1 lI< 5T

Since & = —QF,(0) the starting induction is satisfied for € small enough. Now,
suppose that (3.26) hold for ¢ < n. In particular we have || & ||< 6 for 7 < n. Since

§ < 5& using (3.24) we can apply (3.25) and get

s =& IS CN QI 20) N éw = o 1< 5 1 6a—Euma |
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Chapter 4

Convergence to trees

Let u : ¥ — X a J holomorphic disk bounding I'c4. In this chapter we prove that, for
e small enough, there exist a Morse graph of the functions f; such that u is constructed

as in the preview chapter.

4.1 Decomposition of a disk

Fix on the space of punctured disks a consistent universal choice of strip-like ends

(see section 9g of [6]). An easy consequence of Lemma 9.2 of [6] is the following

Lemma 13. Fiz d > 2. For any k < d there exists a bounded region By of the
Teichmuller space of the riemannian disks with k + 1 punctures such that any d + 1

punctured riemannian disk can be obtained in unigque way gluing disks in UpB.

Lemma 13 decompose any punctured disk ¥ in vertex regions and edges regions.
The vertex regions are the complementary of the strip like ends of the disks in B;.
The edges regions are the strips in £ complementary to the vertices regions.

Choose a metric for any in disk B compatible with the the flat metric of the strip
like ends. The decomposition of Lemma 13 induces a metric on any disk.

This decomposition associate to any punctured disk a ribbon tree. The boundary
components of the disk correspond to the boundary components of the ribbon tree.

Now we can apply these construction to our J holomorphic disk z : ¥ — X and
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get a ribbon tree I'. The boundary conditions label any boundary component of T’
with a function on M.

In the next sections we will prove that. for ¢ small enough. there exists a rigid
Morse tree of I' for which u is the solution constructed in the chapter before. In

particular I' has to be trivalent.

4.2 gradient bound

Lemma 14. There exist a constant C such that for any J holomorphic map u : ¥ —

X bounding I'.qr we have

sup |u| < Ce.

Proof. Locally, let (z,y) be an holomorphic coordinate system in X. Let 7(u(z,y)) =

g(z,y) € M and u(z,y) = p(z,y) € T;.yM. The J-holomorphic equation O;u +

z,y)

JOyu = 0 becomes the system

0zq+ Vyp=0
0yq — Vzp=0.

Therefore the Laplacian of the function |p|? is positive:
1
A" = 0:(p, Vep) + 8,(p, Vup) = [Vapl* + Vil + (p, VaVap + V, Vyp) > 0

where in the last step we have used V,V,p+ V,V,p = —V.0,9 + V,0;q = 0. By
the maximal principle |p|> has maximum on the boundary. The Lagrangian boundary

conditions of u imply |u| < Ce on the boundary. a

Lemma 15. There exists a constant C' such that for any J-holomorphic map u : ¥ —
X bounding I'.qr we have
sup |du| < Ce.

Proof. Let ux : ¥ — X a sequence of J-holomorphic disks bounding the trees

of erdf;. Suppose that Ry = El—ksup|duk| goes to infinity. Let 2z € X such that
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’ duk

Using these isomorphisms we can define a sequence of maps

(z1) > %_A«Rk. For any & fix a complex isomorphism between T., X and C".

o D — C"
() = — expyl L ()
D) = —exXp U\ 2 —_— .
Op 1 o Iuk(zk) k\ <k Rk

Here Dy, = B(0, )N {Im z < my} for some sequence [, and m;. We can assume that

Iy goes to infinity and el converges to zero when k — oo.

By |duy|(zx) > 3Ry we have

|dow(0)] = (4.1)

N —

and by Lemma 14
Tm ¢x| < C. (4.2)

Since sup |¢x| < Ik sup |dox| equation (A.2) leads to
1 1
sup |exdox| < sup R—Idukl + Ceyly sup |doy|(ex sup |dox| + sup ﬁk—|duk|)
k

and therefore

sup |doy| < 2
for k big enough.

Applying equation (A.3) we have |0dy| < Cex|¢k||dox|. Since |dgy| is bounded,

|¢x| is bounded on bounded sets, we have [0¢;| — 0 uniformly on bounded sets.

By standard elliptic estimates there exists a subsequence of ¢, convergent to
a holomorphic map ¢ defined on the complex plane or on the half complex plane
depending if my, diverges or is bounded. By (4.1) ¢ is not constant and by (4.2) the

imaginary part of ¢ is bounded. This is impossible.

41



4.3 Open string motion

Fix a J holomorphic disk « : ¥ — X bounding the graphs of =df;. Fix a strip
[0.T]x[0.1] of ¥. Call fz and f; the functions associated to the boundaries [0, T] x 0.
[0 T] x 1. Define f = f[{ — fL,.

Fix ¢ > 0 small compared to the constant in (A.2).

Lemma 16. There exists a constant C such that the following holds. Suppose that
the projection on M of u([0,T] x [0,1]) is outside the § neighborhood of the critical
points of f. Then for € small enough there exist a Morse trajectory v of f such that

u = expgé (4.3)

such that |§| < Ce. Here S is the strip associated to v as in (3.1).

Proof. For any t € [0, T}, the length of the string u(-) = u(t, -) is small than Ce. We
want to study the trajectory of the string up to an error of this order.

Pick a Morse trajectory 7 starting close to the projection of ug. Let Ty such that
it is possible to write formula (4.3) for || < ¢ in the strip [0, To] x [0,1]. We will
prove that we can take Tp = T and |¢| < Ce.

From (A.2) using |dS| < Ce and the gradient bound of u we have

|VE| < |dS| + |du| + CIE|(|VE] + 1dS]) < Ce + C4|VE].

For ¢ small compared to C this leads to |V¢| < Ce.
Also, (A.3) implies

|0¢| < 10S| + Celé| < Ce? + Celg). (4.4)

We can trivialize the v*(7'M) using the parallel transport and think ¢ as a function
with values in the complexification of a fixed real vector space. The real and imaginary
part correspond respectively to the horizontal and vertical part of £.

Let &(s) = £(t,s). We need to estimate the norm of [ Re &ds. This can be
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considered the deviation from 7 of the projection on M of the of the barycenter of
the string.

Since |V¢| < Ce we have

suplél < | [Re |+ e

and we have

G [Reci <15 [Reai< [1061e5)ds + m (&) - 600D

The boundary condition implies that |[Im £| < Ce|¢| on the boundary. Using this and
(4.4)

d

al /Re &| < Ce® + Cesup €] < Ce? + Csl/Re €.

Integrating this inequality on the interval [0, 7] we get

I/Re | < Ce(efT —1).

Now Lemma 17 implies that

. |/Re£tISC€

for any ¢ € [0, Tp]. Together with the gradient bound this implies
|RG§ISI/Re§|+C€SCe.

From Lemma 14 we also have |Im £| < Ce. Therefore |¢| < Ce.

If we take € small enough this implies that T has to be equal to 7.

Lemma 17. Under the same hypotheses of lemma 16 we have

C
T< —.
~ 0%
Proof. There exist a constant C' depending by the slope of the tree of df, such that
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in the region outside the 0 neighborhood of the critical points the Lagrangians dist

more than ‘z— Therefore

-1
&Sc/“qum
/0

tor any + € [0.7]. From other hand the bhound on the energy gives
/ |Oqul*dtds < Ce.

These inequalities lead to 6T < C (Ts)% and we get the lemma. O

4.4 Building a Morse tree

In order to apply Lemma 16 we will need the following straightforward Lemma. We

use the same notation of Lemma 16.

Lemma 18. Let [0,T] x [0,1] be a strip of ©. There exist real numbers {ay = 0 <
bp <a; <by < .. < by = T} such that for any i the image the projection on M of
w(las, b] x [0,1]) dist more than £ from any critical point of f and the projection of

u([by, a;41] x [0,1]) lives inside a § neighborhood of a critical point of f.

Lemma together with Lemma 16 permits to construct a quasi Morse trajectory.

Now we will use the analysis of section 2.3 in order to construct a Morse graph of I'.

Lemma 19. There exist a Morse tree such that if v’ is the approzimative solution of

the tree
u=exp, €0 ¢y
for some satisfying

1€ lloo +IA} < Ce (4.5)

Proof. For e small, the gradient bound implies that the vertex regions of lemma 13
have imagine of diameter small compared to the d of lemma 7. Therefore the ends of

the strips will define a point of M# close to V. Lemma 16, Lemma 4.4 and Lemma 5
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imply that this point is also close to £€. Therefore we get a 0 quasi tree, with § < Ce.
Apply Lemma 7 gives a Morse tree.
The estimate (4.5) follows from (2.10).
O

Now we want to improve the estimate 4.5 proving that also || € ||, ,. is small. The
estimate for [\| implies

|0(exp, §)| < Ce(|VE] + |du']).

From (A.2)
|9¢] < [0u'] + Ce(|VE| + |du']).

We also have

|D¢| < |0¢] + Celdu'|

and therefore
I DE |lp.e< C || 0u' llpe +Ce(l| VE llpe + || du e).
Since £ = QD€ and @ is bounded we have

1€ lpe<I QI DE llpe< C Nl 0 [lpe +Celll VE llpe + || dt’ [lpe).

For € small this leads to
1€ 1pe< C I OU |lpe +Ce || du e -

By (3.6) and (3.6), || £ ||15.< Co(e). Therefore u is the solution associated to the

Morse tree in the preview chapter.

45



46



Appendix A

Cotangent bundle

Let 7 : T*M — M be the projection of the cotanget bundle of M. Fix a metric on M.
Using the metric on M we will identify T*M with TM. The Levi-Civita connection

induces a connection on T*M and hence a natural splitting
T(TM)=r*(TM)®r*TM

in horizontal and vertical vectors. The pullback of the Levi-Civita connection define

a connection V on T(T*M). V is not torsion free. Actually we have
T(Z)(X,Y) = (R(X», Y)Z,0) (A1)

where Z € TM and X = (X3, X,),Y = (W4, Y,) € T(TM).

Let J be the canonical complex structure on T'(T*M) given by J(v,w) = (—w,v).
Observe that V is hermitian with respect to J.

Let @ be the parallel transport with respect to the hermitian connection V and let
exp is the exponential map with respect to some connection (for us this will be applied

to a geodesic connection). For any map u : £ — T*M and section £ € I'(u*(T(T* M)))
|Pu(§) " dexp, & — du — V€| < CIE|(IVE] + |dul) (A.2)

where the constant is uniformly bounded on compact sets of T(T*M) (for example
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|€] and |u| < 1). (A.2) is an easy consequence of the bound of the derivatives of
exp : T(T*M) — T*M on compact sets. We will need to apply (A.2) for a smooth
family of connections on a compact interval, so it is important to observe that it holds
uniformly.

Observe that (A.2) in particular imply

|.(&) " Dexp, € — Ju — 0| < ClE|(IVE + [dul) (A.3)
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Appendix B

elliptic estimate

Lemma 20. For any pointed disk with strip like ends there exist a constant C such
that the following holds. For any complez function f compact support and real re-

stricted to the boundary
I VF1,<Clof (B.1)

Proof. We will prove the estimate for f € L}, with § be a negative weight. We can
suppose that the integral of f is zero. 0 : L'»% — L9 is an Fredholm operator with
kernel the constants. Therefore in the space orthogonal of the constant functions we

have

I f l16< C 1} OF llpys - (B.2)

Let p be a cutoff function equal to 1 in the strips and 0 in the vertex region. From

(B.2) we have

I @p)f 1,< C I £ llps< C 11 Of llps< C || OF Iy - (B.3)

Since pf is a function on the strips, the analysis of Chapter 3 of [1] implies

IV (of) o< C || 3(of) I (B4)

49



In [1] this is done for cylinders, but it extends easily to strips. Therefore
IV ) 1< C @)l +C Nl pOf < CHLOF |l (B.5)

where we have used (B.3).
The estimate (B.2) implies also that (B.1) holds inside the vertex region. This
and (B.4) give the lemma. O

Lemma 21. For any function f € L'?(X.,C) the following estimate holds

IV U< CULOf llp +e Il £ 1lp)- (B.6)

Proof. We can suppose that f is smooth compact support. Pick a set of functions
pi : L. — R with ), p; = 1, |dp;] < Ce and such that any p; has support in vertex
region with attached the edge regions starting from it. Remember that the length of
the internal strips of ¥, are at least % the minimal length of the edges of the Morse

graph. We can apply (B.1) to any function p;f and get

I V£ Il< Z IV (pif) ll,< CZ 1 0(pif) 1< C(Il 0F llp +e I £ Iln).
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