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Abstract

A Sasakian manifold S is equipped with a unit-length, Killing vector field £ which gen-
erates a one-dimensional foliation with a transverse Kahler structure. A differential
form a on S is called basic with respect to the foliation if it satisfies

e = teda = 0.

If a compact Sasakian manifold S is regular, i.e. a circle bundle over a compact Kéahler
manifold, the results of Hodge theory in the Kahler case apply to basic forms on S.
Even in the absence of a Kéhler base, there is a basic version of Hodge theory due to
El Kacimi-Alaoui. These results are useful in trying to imitate Kahler geometry on
Sasakian manifolds; however, they have limitations. In the first part of this thesis, we
will develop a “transverse Hodge theory” on a broader class of forms on .S. When we
restrict to basic forms, this will give us a simpler proof of some of El Kacimi-Alaoui’s
results, including the basic d0-lemma. In the second part, we will apply the basic
00-lemma and some results from our transverse Hodge theory to conclude (in the
manner of Deligne, Griffiths, and Morgan) that the real homotopy type of a compact
Sasakian manifold is a formal consequence of its basic cohomology ring and basic
Kahler class.

Thesis Supervisor: Shing-Tung Yau
Title: Professor of Mathematics, Harvard University
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Chapter 1

Introduction

Let M be a (2m + 1)-dimensional manifold with contact form 7. A contact metric
structure consists of additional data (g, ®, £) satisfying the following:

e ¢ is the unique vector field such that ¢n =1 and ¢cdn = 0.

e & is an endomorphism of M which is zero on £ and is an almost complex
structure on the contact distribution D := Ker(n) C TM.

e g is a Riemannian metric satisfying n = g(¢,-), g(®X,®Y) = ¢g(X,Y) —
n(X)n(Y), and g(2X,Y) = dn(X,Y).!

Any (strict) contact manifold (M,n) admits a contact metric structure [YK].

A contact metric structure is called normal if ® also satisfies the integrability

condition
N. P + dTI by E = 07
where Ng is the Nijenhuis tensor of ®. A normal contact metric structure is also

called a Sasakian structure. This definition is due to Sasaki and Hatakeyama [SH].

A Sasakian structure may also be characterized in terms of the metric cone on M,
which is the Riemannian manifold (X = M x Ry, gx), where
gx = dr’ + gy

and r is the coordinate on R,,. We define an almost complex structure J on X by
J('r%) =¢and J=® on D. Then (M,7,§, g, ®) is Sasakian if and only if (X, gx, J)
is Kahler.

!Some references, including [FOW], replace dn with %dn. This scaling is insignificant.
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In recent years, physicists have become increasingly interested in Sasakian mani-
folds for their role in the AdS/CFT correspondence of type IIB string theory [MSY].
In particular, a conformal field theory is dual to AdSs x M®, where AdS; is anti-de
Sitter space and M is a 5-dimensional Sasaki-Einstein manifold (i.e., Sasakian with
Ricci curvature proportional to the metric). For any Sasaki-Einstein manifold M?™*1,
the requirement that X = M x Ry, is Kahler forces the Einstein constant to be 2m
and forces X to be Calabi-Yau. So Sasaki-Einstein manifolds are of interest in the
study of noncompact Calabi-Yau manifolds.

Charles Boyer and the late Krzysztof Galicki have published prodigiously on
Sasakian geometry, culminating in the recent publication of their book [BG], which
is an up-to-date exposition of the field.

The so-called Reeb field £ on a Sasakian manifold M is unit-length and Killing.
Let F¢ be the one-dlmensmnal foliation generated by 5 Around any point p € M
there exist coordinates (z,y?,...,y*") such that £ = —~ . Such a coordinate chart is
called a foliated coordinate chart. If there exists a posmve integer k such that around
every point in M there is a foliated chart where each leaf passes through at most k
times, ¢ generates an effective S'-action on M. If k = 1 (i.e. S! acts freely), M is
called reqular and it is the total space of an S*-bundle over a base Kahler manifold
B. In this case 7 is a connection one-form for the bundle, and the Kéhler form on
the base is dn. If £ > 1 and the action is only locally free, M is called quasi-regular
and it is the total space of an S'-bundle over a Kahler orbifold. If no such k& exists,
M is called irregular.

In the regular case, many questions about Sasakian manifolds may be expressed in
terms of the base. For example, a Sasakian metric g on M is Einstein if and only if the
transverse metric dn(-, ®-) on the base B is Einstein with constant m+1. Generalizing
to the quasi-regular case is not difficult, but in the irregular case there is no Kahler
base. There are many interesting irregular Sasakian manifolds (including an infinite
family of irregular Sasaki-Einstein metrics on $? x S* [MS]), so it is important not
to assume quasi-regularity.

Even in the irregular case, we can often act as if there is a Kahler base by consid-
ering so-called basic forms on M. A differential form o on M is called basic if

tea =0 and (edo=0.

The exterior derivative d takes basic forms to basic forms. Defining the operator dp
by the restriction of d to basic forms, we define the basic cohomology H % (M) to be the
cohomology of dp. Using the complex structure ®, we may write dg =0 +0p. In
the more general setting of a Riemannian foliation with transverse Kahler structure,
El Kacimi-Alaoui has worked out a “basic Hodge theory.” Among his results are a
basic version of the 89-lemma:

Proposition 1.1 (Basic 85-lemma of [EKA]). Let o be a basic form which is 9p-
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and Op-closed and Op- (or Op- or dp-)exact. Then o = Ogdp/3 for some 3.

El Kacimi Alaoui’s work on basic Hodge theory uses a complicated argument in
which one must work on the space of closures of leaves of a lifted foliation on a
principal SO(2m)-bundle over M. In section 3.1 we will outline this argument in
greater detail.

As a strategy for doing geometry on M, one may attempt to express a problem
in terms of basic functions and forms. Using El Kacimi-Alaoui’s results, this is very
similar to solving a problem on a compact Kéhler manifold. One illustration of this
strategy is recent work in which Futaki, Ono, and Wang [FOW] are able to prove
the existence of a Sasaki-Einstein metric on a compact toric Sasakian manifold with
¢1(D) = 0 and positive “basic first Chern class”?.

The strategy in [FOW] is to look for a function f such that the deformed transverse
metric dfj := dn+2v/—10p0p f is a transverse Kihler-Ricci soliton. Here the deformed
Sasakian structure is given by 7 = n+d%f, { =€, and & = ®— (£Qd% f) o D. Letting
pT denote the transverse Ricci form (see footnote 2), the deformed metric is a soliton
if

p* — (m +1)dn = Lzdij
for some Hamiltonian holomorphic vector field Z. (Cf. [FOW] for definition.) One
uses the condition ¢f > 0 and the basic d0-lemma to write p” — (m + 1)dn =
v/ —10p0gg for some g. Letting 8z denote the Hamiltonian function for Z, we obtain
a Monge-Ampére equation

det(g% + fi3
L AL ézt”(;;;)f ) _ exp(—(m+1)f -0z —Zf +g). (1.1)

The problem is now essentially a Kahler problem. To show solvability of (1.1), Futaki
et al may use the Kahler-Ricci flow arguments in [WZ).3

The above suggests a general program of extending results on compact Kahler
manifolds to the Sasakian setting. A key question is the following: to what extent
can we act as if there is a Kahler base without assuming quasi-regularity? As Futaki
et al’s result shows, El Kacimi-Alaoui’s basic Hodge theory (and in particular the
basic 89-lemma) is an important tool for such a program.

Basic Hodge theory has a major limitation, however: all forms and functions are
assumed to be basic. This is especially problematic for irregular Sasakian structures.
If the Reeb foliation has a leaf which is dense in M, there are no basic functions. Then

2Using the transverse metric d, one defines a “transverse Ricci form,” which is a global basic
form whose dp-cohomology class (up to a constant) is called the basic first Chern class, ¢c2(M).

3They do have to have to prove a C° estimate for f, however, which does not follow immediately
from [WZ).
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the basic 80-lemma is vacuous on 2-forms, and assuming c?(M) > 0 is the same as
assuming the existence of a Sasaki-Einstein metric.* Ideally one would obtain Hodge
theory-like results under less rigid assumptions on differential forms. This would
require defining @ and 0 on a larger class of differential forms. Such results might
also be useful in describing more general ways to deform Sasakian structures.

Let us call a differential form a on M transverse if (o = 0. In the first part of
this thesis, we will derive a “transverse” Hodge theory which reduces to the basic
Hodge theory on basic forms. We will define operators dy,dr, and 8 which act
on transverse forms. In fact, Or is the usual tangential Cauchy-Riemann operator
restricted to transverse forms. However, the fact that we have a Sasakian structure
allows us to do more with this operator than in the general CR case. In our version of
Hodge theory, the Op- and 8r—Laplacians are not the same and they are not elliptic;
however, they differ by a simple expression involving the self-adjoint operator v/—1d,
and they can be made elliptic by subtracting %(Lgd)? We then use these operators to
obtain a simpler, more direct proof of the basic Hodge and Lefschetz decompositions
as well as the basic 80-lemma without invoking a space of closures of leaves.

In the second part, we will use the basic 89-lemma to conclude something about
the real homotopy type of a compact Sasakian manifold. The rational homotopy type
of a simply-connected CW complex is encoded in its rational Postnikov tower, which
tells us the rational homotopy groups of the space as well as the Whitehead products
(m; ®Q) x (1; ® Q) — mitj—1 ® Q. On a manifold M, much of the information in the
Postnikov tower may be determined from a so-called minimal model of the de Rham
algebra of differential forms on M. Any two differential graded algebras (DGA’s)
which are quasi-isomorphic have the same minimal model up to isomorphism. A
manifold is called formal if its de Rham algebra is quasi-isomorphic to its de Rham
cohomology (a DGA with zero differential). In this case the real homotopy type is
entirely determined by the cohomology ring of M.

In [DGM], Deligne, Griffiths, and Morgan use the 90-lemma to prove the formality
of compact Kahler manifolds. We will imitate their proof, using some results from
the transverse Hodge theory of the first part of the thesis. Ultimately we will fall a
little short of formality for compact Sasakian manifolds. What we can show is that
the real homotopy type of a compact Sasakian manifold is a formal consequence of its
basic cohomology and basic Kahler class. We then use this result to give an example
of odd-dimensional compact manifolds which do not admit a Sasakian structure.

We will conclude by mentioning another possible application of transverse Hodge
theory: deformations of Sasakian structure using the operators dr, r, and r. Such
deformations will hopefully allow us to rely less on basic forms as we try to imitate

4Note that this is not a problem for [FOW]. The Reeb vector £ of a toric Sasakian manifold
M?2?m+! ig by definition contained in the Lie algebra of the T™*! acting on M. So the closures of
the leaves are at most (m + 1)-dimensional in the toric case.
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Kaéhler geometry in the Sasakian setting. We will present some progress toward more
general deformations, which we hope will be a fruitful area of study in the future.

Let us begin by discussing some basic facts about Sasakian geometry.
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Chapter 2

Sasakian structures

2.1 Examples

The simplest compact Sasakian manifolds are the regular ones, which are principal
S'-bundles over compact Kahler manifolds. In fact, given any projective manifold
with Kahler form w (representing an integral cohomology class) it is well-known that
there exists a circle bundle 7 : P — M with connection form 7 such that dn = 7*w
[Bl]. In fact, n is a contact form. The obvious contact metric structure is Sasakian
since dn is a Kahler form.

The most basic example of such a circle bundle is the odd-dimensional sphere,
which is the total space of the Hopf fibration $?™t! — CP™. Let us explicitly
describe the Sasakian structure of S® in local coordinates. Let (z;, ;) be coordinates
for C2. Then on a dense open set we may write S° as

e?(z,1)

Ty, L) = ———t,
(z1,72) = =2

6 is the coordinate on the S* fiber and z = x,/z, is a coordinate for CP!. Under the
change of coordinates

eiG’(l’zl)
(71, 22) = ===,
v1+4+2'7Z

we have 2/ = 1/2 and ¢’ = 6 — ilog \/Z. The Sasakian structure is given by

£ = 5,
n = do — iz iz

d -
M +20)7 T 2(1+zz)dz’ and

15



idz ANdZ

N = AiarE

(2.1)

As (2.1) suggests, the transverse Kahler metric dn on S*™*! is (up to a constant) the
Fubini-Study metric on CP™.

A good source of examples of Sasakian manifolds are the foric ones. A toric
Sasakian manifold Y?™*! has the property that its cone X = Y x Ryq is a toric
Kahler manifold (as in [Gu] and [Ab]) whose metric is conelike. More specifically,
we require an effective, Hamiltonian action of the real torus 7™ on X preserving
the Kahler form [MSY]. We also require that £ is in the Lie algebra of T™*!. Let
5%—,., t=1,...,m+ 1, be vector fields generating the torus action. The existence of a
moment map gives us “symplectic coordinates”

9
Tl

i

1,
Y ——57"77(

The image of X in R™*! is then a rational polyhedral cone C, and one can show
that the Reeb vector £ is given by sz-a%,-, where the b; are constants [MSY]. The
image of Y in R™*! is an m-dimensional polytope formed by the intersection of the
hyperplane ) b;y* = 3 and C.

As in the case of a compact toric Kahler manifold, in symplectic coordinates
one can parametrize the complex structure ® of a toric Sasakian manifold with a
“symplectic potential.” This is a function defined on the interior of C with a certain
kind of singular behavior on the boundary. Martelli, Sparks, and Yau [MSY] have
shown that one may construct a symplectic potential corresponding to any Reeb
vector field Zbia_?ﬁ for (by,...,bm+1) in C§, the dual to the interior of C. This gives
a nice description of the moduli space of symplectic potentials for smooth Sasakian
metrics on Y as

Cy x H(1),

where g € H(1) is a smooth homogeneous degree one function on C which may be
added to the symplectic potential without affecting smoothness of the metric or the
Reeb field.

Unfortunately if we do not make the toric assumption, we do not have such a nice
description of the moduli space of Sasakian structures on a Sasakian manifold. In
particular, if we make a non-toric deformation of a Sasakian structure it is difficult
to ensure that the integrability condition on ® holds. We will revisit this problem in
chapter 5.
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2.2 Local transverse Kahler structure of Sasakian
manifolds

Let (g,&,n, ®) be a contact metric structure on a manifold M?™+! and let D = Ker 5
be the contact distribution. & restricts to an almost complex structure on D, so
DRC D0 @D, If M is Sasakian, we have

Np+dn®E=0. (2.2)
Since Ny is given by
Na(V, W) = 8[V, W] + [BV, 8W] — BBV, W] — B[V, 2W],
(2.2) becomes
—[V, W] + V(W)€ — Wn(V)E + [BV, 8W] — [V, W] — B[V, 8W] =0.  (2.3)

Consider (2.3) in a local frame {€, Z;, Z;} of TS®C, where Z; € D'°. First, let V = ¢
and W = Z;. We obtain
—[57 Zt] - (I)[€7 (DZl] = O’

ie. [¢,Z] € Dis type (1,0). Letting V = Z; and W = Z;, the left-hand side of (2.3)
vanishes as one would expect. If V = Z; and W = Z;, we obtain that [Z;, Z;] must
be type (1,0), also as one would expect. It is then clear that the Sasakian condition
is equivalent to the requirement that

[¢, D] ¢ DM and [D°, DM0] C DO, (2.4)

Definition 2.1. If we only assume the first half of (2.4), [¢, D*%] C D°, the contact
metric structure is called K-contact. This is equivalent to the condition L;® = 0,
which is also equivalent to the fact that £ is Killing.

Since £ generates a foliation F¢, around any p € M we have coordinates (z, !, ...,
y*™) on a neighborhood U such that £ = —a‘%, i.e. y* are coordinates on the local leaf
space B. We will call such coordinates real foliated coordinates with respect to the
foliation F. If (z,y") are foliated coordinates on another chart V, £ = -2, we also

o)
have that on UNV , :
ayn

or

i.e. aleaf in one chart matches up with a leaf in the other.

=0,

Let p: U — B be the projection map. Consider the automorphism I of T'B given
by I(52:) = p.(®(5))- I(z:) = ®(3%) + f¢ for some £, and since ®(£) = 0 we
have I*(z%) = I(®(5%) + f¢) = @%(5;) + g€ for some g. So () = —3% + §€ for
some g, but clearly § = 0 since I is an automorphism of TB. So [ defines an almost

17



complex structure on B.

Claim 2.1. If the contact metric structure on M is normal, [ is integrable.

Proof. Let Y and Z be vector fields on B which are type (1,0) with respect to I. We

wish to show I[Y; Z] = —1[Y, Z]. Let Y =Y —n(Y)¢ and Z = Z — n(Z)¢. Then Y
and Z are both in D0, so by the Sasakian condition we have ®[Y, Z] = v/—1[Y, Z].
Moreover we may erte

V,Z] = [Y —n(Y)¢ Z —n(2)E]
= [V, 2] -n(2)[Y,€] - n(Y)[, Z] + f¢
= [Y,Z]-n(2)[Y,& +n(Y)[Z,€ + F¢

for some f and F. So ®[Y, Z] = v/—1[Y, Z] becomes
Y, 2] - n(2)2[Y, €]+ 1(Y)®(Z,¢] = V=1(I¥, 2] - (DY, €] + n(V)[Z, ] + Fe).

The Sasakian condition also tells us that ®[Y, €] = v/=1[Y,¢] and likewise for [Z,¢],
and so ®[Y,Z] = V-1([Y, Z] + F§). Since [Y,Z] is tangent to B, we may then

conclude that
1Y, Z} = v-1Y, Z].
O

Again let (z,%',...y%™) be real foliated coordinates on a neighborhood U of pE
M. From the integrability of I, there exist local coordinates (z, 2%, 2, "’)
such that the 2* are holomorphic coordinates on the local leaf space B and § = 5;
We call such coordinates complez foliated coordinates. Coordinate changes between
two such charts must satisfy

Po) Zn' azn'
o 0 and 55

=0, (2.5)

In the example of S® above, (6,2,Z) and (¢',2',2') are complex foliated coordinate
charts.

The symplectic form dn on B is compatible with I as an immediate consequence
of its compatibility with @, and so it is a Kahler form on B. So locally the Reeb
foliation has a Kahler leaf space. In fact, the existence of complex foliated coordi-
nates compatible with dn is equivalent to the Sasakian condition on a contact metric
structure. We will use these coordinates in what follows.

18



Chapter 3

Transverse Hodge theory

3.1 El Kacimi-Alaoui’s approach

In this section we outline El Kacimi-Alaoui’s approach to basic Hodge theory.

Let (M, F) be a foliated manifold, where the codimension of the foliation is gq.
Then locally there is a space of leaves homeomorphic to an open subset of R?. Let
BL(M, F) denote the principal bundle of frames of TM/F, and let B!(R?) be the
principal bundle of frames of TR?. A transverse G-structure on (M, F) is a principal
G sub-bundle of BL(M,F) which is locally given by the pullback of a subbundle
of BY(RY) [BG]. A Riemannian foliation (M,F) is one with a transverse O(q,R)-
structure. A Sasakian manifold has such a structure, which is given by the transverse
metric dn(-, ®-). That the resulting O(g, R)-bundle comes from a bundle on the local
leaf space is a consequence of the fact that a Sasakian structure is K-contact. If
G = {e}, a transverse G-structure is just a collection of g global sections of TM/F
which are linearly independent at each point. A foliation admitting such a structure
is called transversely parallelizable (T.P.). On a T.P. foliation (M,F) we have the
following result:

Proposition 3.1 ([Mo]). The closures of leaves of a T.P. foliated manifold (M, F)
are fibers of a locally trivial fibration 7 : M — W, where W has a manifold structure
and 7 is a submersion. M — W is called the basic fibration.

There is no reason why the Reeb foliation on a Sasakian manifold should be T.P.
However, one may lift any Riemannian foliation (M, F) to a foliation (EL(M, F), F%),
where E7.(M, F) is the (oriented) orthonormal transverse frame bundle, and the lifted
foliation is in fact T.P. (cf. [Mo] ch. 3).!

'Here we assume (M, F) is transversely orientable. This condition may always be achieved by
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Let E be a Hermitian F-vector bundle? on a T.P. foliated manifold (M, F). For
u € W, let F, denote a fiber of the basic fibration. Let E, and F, denote the
restrictions of E and F to F,, and let £, = C®(E, /F,)- This notation means sections
of E, which are basic with respect to the foliation F,. (A section a € C®(E,) is
basic if txa = txda = 0 for all X tangent to F,.) The E, glue together to give a
Hermitian vector bundle E over W [EKA]. There is an isomorphism between basic
sections of F and sections of . A “transversely elliptic’ operator D on E induces an
elliptic operator on E. This enables us to conclude that H(E/F), the space of basic
D-harmonic sections of F, is finite dimensional. Therefore we have a decomposition
of basic sections of E:

C®(E/F) = H(E/F) ® Im D*. (3.1)

In the case where (M,F) is a Riemannian (but not necessarily T.P.) foliation,
we may lift E to a bundle E* on EL(M,F), and there is an isomorphism between
basic sections C*®(E/F) and SO(n)-invariant basic sections of E* with respect to the
foliation F*. By the above, there is a basic fibration E}.(M,F) — W* and a bundle
E! over W! such that basic sections of E correspond to SO(n)-invariant sections of
E!, which we denote by C?b(n)(E”). To a transversely elliptic operator D on E we

may associate an SO(n)-equivariant elliptic operator D¥ on C®(E¥). It follows that
Ker D* N Cgy,,,(EY) is finite dimensional. This gives us the decomposition (3.1) for
an arbitrary Riemannian foliation.

El Kacimi-Alaoui goes on to define an L? inner product on basic forms using the
transverse metric. (He does not assume any specific metric on M.) Let us assume
that (M, F) has a transverse Kahler structure. Defining dg to be d restricted to basic
forms, we may use the transverse complex structure to write dg = 0p + Op. Each of
the operators dg, 0p, and Og defines a Laplacian. El Kacimi-Alaoui shows that the
Laplacians satisfy

Agy =20s, =205,

and are all transversely elliptic. He is therefore able to prove basic versions of the
Hodge and Lefschetz decompositions, the 90-lemma, and even the Calabi-Yau theo-
rem.

El Kacimi-Alaoui’s reliance upon a space W of leaf closures is necessary because
basic forms on (M, F) are not sections of any bundle over M (nor are they G-invariant
sections for a Lie group G). To obtain the finite dimensionality of the kernel of an
elliptic operator, he needs to pass to SO(n)-invariant sections of some bundle over
Wt In what follows we will develop a simpler transverse Hodge theory and recover
many of El Kacimi-Alaoui’s results without reference to a space of closures of leaves.
The idea is to broaden the class of forms under consideration so that they are sections

passing to a two-sheeted cover of M.
2Cf. [EKA] for definitions of Hermitian F-vector bundles and transversely elliptic operators.
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of a vector bundle over M. There are two main advantages to our approach. First is
the simplicity of the argument. Second, it allows us to say something about transverse
forms which are not necessarily basic.

3.2 Definitions of the transverse operators

Let (S, g,€,7,®) be a Sasakian manifold. The contact distribution D is isomorphic to
T'S/Lg, where L is the C* line bundle spanned by §. For X € T,,S, [X] in (T'S/ L),
is mapped to X — n,(X)&, in D,. (T'S/L¢)* may be identified with Ker ¢ C T*S.

Moreover, A" (Ker t¢) = Ker ¢ C A" T*S. We can see this by considering a local
frame {n,0;} for T*S, where ¢¢0; = 0. Any r-form in Ker ¢ must be of the form
Y ai,. 0, Ao+ A6, ie. it must be a section of A" (Ker ¢¢).

We will say a differential r-form on S is transverse if it is a section of the subbundle
Ker ¢ ¢ A" T*S. By the above, any transverse form admits a decomposition into
forms of type (p,q) under the complex structure ®. In complex foliated coordinates
(z, 2%, 7"), a transverse form has no dz term. The holomorphic type of a transverse
form a;5dz' A dz’ is (|I|,|J|), where I and J are multi-indices. (The conditions in
(2.5) ensure that the type is preserved under a change of coordinates.)

In what follows we will be concerned with operators that take transverse forms
to transverse forms. While the exterior derivative is not such an operator, we may
adjust it by following d with a projection.

Definition 3.1. Let « be a transverse form. Define dra := da: — n A gda. Let (3 be
a transverse form of type (p,q). Define 03 := (drB)P*. Define 03 := (drB)P9*1.
We extend the operators dr and Or linearly to act on all transverse forms.

Claim 3.1. Let a be a transverse form. Then dra = 8ra + &ra.

Proof. 1t suffices to consider o of type (p,q). Let X, ...X,, be vectors in D of
which m are in D and n = p + ¢+ 1 — m are in D*'. da(Xjy,..., Xp+,) may be
written in terms of expressions of the form X;(af. .., X;,...)) and terms of the form
of[Xi, Xjl, ..., Xi, Xj,...). Terms like the former are clearly only nonzero when m =
por p+1. For terms like the latter, this is also true because of the integrability condi-
tion (2.4) for @. The expression (n A teda)(Xo, . .., Xp4,) vanishes since X; € Ker 7.
We conclude that dra(Xo, . .., Xpig) = da(Xo, ..., Xpig) — (N A teda)(Xo, - - ., Xpiq)
is only nonzero when m = p or p + 1. O

Claim 3.2. 83 = 02 = 0. {0r,0r} = d% = —dn A ¢d.
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Proof. Let a be a transverse form of type (p, q).

d2a = d(da—nAde) —nAd(da —n A eda)

—dn A veda +n A digdo — 1 A te(—dn A tedor 4 1 A digdor)
—dn A teda +n A digdo — n A digda

= —dnA rdo.

i

i

In complex foliated coordinates (z, 2%, z'), the operator td takes Y a;5dz" A dz7 to

> %fdz’ Adz’, so it preserves type. Moreover, since dn is a transverse Kahler form
it is type (1,1). The claim then follows. O

3.3 Comparison to 0,

In fact the operator_ST is the well-known “tangential Cauchy-Riemann operator,”
usually denoted by 0, restricted to transverse forms. Let us recall some basic facts
of CR geometry.

Definition 3.2. A CR structure on a C*™ manifold M is a subbundle L of the
complexified tangent bundle TCM satisfying

1. L,n L, = {0} at every p € M and
2. [L,L] C L.

We may consider L to be the (—i)-eigenspace of a complex structure J. The CR
codimension of (M, L) is dim¢(T€M/(L & L)). A Sasakian manifold (S, g,n,&, ®) is
therefore equipped with a codimension one CR structure, D%!.

Let 7, denote the pI'O_]eCtIOIl TC(M ) — TC(M )/ (Lyp GBL,,) The Levi form £ on M
is defined by £,(X,,Yp) = 7r,,([X Yl,), where X and Y are any sections of L and L
(respectively) which are equa.l to X, and Y, (respectively) at p. A CR manifold (M, L)
is called strictly pseudoconvex if its Levi form is definite. On a Sasakian manifold,
the Levi form is simply —3dn(-, ®-), which is (negative) definite.

On a CR-manifold (M, L) with a Hermitian metric, one defines the tangential
Cauchy-Riemann operator as follows [Bo]. Let X be the orthogonal complement of
L& L cTC. Weset

T (M) L and
(M) = Lo X. (3.2)

In the Sasakian case, X is the trivial complex C* line bundle spanned by £. So
essentially we are treating £ as a type (1,0) vector field. Using the decomposition
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TM = T (M) ® TV°(M), we let 7P be the projection from (p + g)-forms to forms
of type (p,q). For a (p,q)-form c, one defines §, in the obvious manner as 779*+1do..
Including X in 720 is necessary to ensure that 92 = 0. This follows from the fact that
for a type (p,q) we have mP~49+*+1dq = 0 for 4 > 0 (and so H2a = 7P+2d% = 0).
We can see this from the expression a([Xo, X1], X2, ..., Xp+q). The idea is that T%!
is involutive even though 7' need not be. So if the X; are all either in T%° or T%!,
at most g + 1 of them can be type (1, 0) for the expression to be nonzero. Note that
in the general CR setting we do not have a nice operator 0.

Here we see a key difference between a Sasakian structure and an arbitrary codi-
mension one CR structure: [X,L] C L in the Sasakian case. In particular, T%° is
involutive for a Sasakian manifold. So the operator g, could be interesting. However,
we will not use this operator because of the asymmetry introduced by (3.2). In light
of claims 3.1 and 3.2, our approach seems better.

The operator 0, has been extensively studied, but it is most tractable on strictly
pseudoconvex domains in C* [CS]. Under this assumption one can show L?-existence
and certain regularity results for the §-Neumann problem. Clearly in the Sasakian
setting we cannot make such a strong assumption. For (M, D%!) any compact, ori-
ented, strictly pseudoconvex CR manifold with dim¢D%' = m, the Jy-Laplacian A,
is hypoelliptic [CS] and we obtain the following decomposition on L? forms of type
(pvq) fOI’p S m,q S m—1:

Proposition 3.2 ([CS] Prop. 8.4.9).
L}, = R(As) ® Hy (M), (3.3)

where R(A;) denotes the range of A, and H} (M) denotes Ap-harmonic forms of
type (p,q)-

When g = m, the decomposition (3.3) does not hold. This is the result of a certain
condition on the number of postive eigenvalues of the Levi form which is required to
prove subelliptic estimates for the d,-complex. An advantage of our approach will be
that we do not run into this problem.

Let us return to the discussion of the transverse operators dr,dr, and Or on a
Sasakian manifold S.

3.4 Further properties of the transverse operators

Claim 3.3. Let o and 8 be transverse forms, o € QP(S). Then dr(a A B) = dra A
B+ (—1)Pa A dp3 and similarly for 7 and O7.
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Proof. We will prove the claim for dr. First, for any form y we denote 7 := y—nA7.
Then dr(a A B) = d(a A f).

dr(eAp) = daAB+(-1)PandB—nA(daAB+(=1)Pandb)
da A B+ (-1)PandB + (=1)P* e An A wdB
= daAfB+(-1)PaAndb.

Here we have used tca = 8 = 0. It is clear that Oy and 8 are also graded
derivations. O

Let *7 := t¢*, acting on transverse forms, where * is the Hodge star operator on
the Riemannian manifold (5, g). Extend *r C-linearly to operate on complex-valued
transverse forms.

Claim 3.4. Let a € Ker ¢ C QP(S). *ra = (1P * (n A @). x2a = (-1)a.

Proof. In real foliated coordinates (x,y’,...,y°™) for the Reeb foliation, we have
£(y) = 0, so (n,dy')y = 0. Also we have (n,n), = 1. Consider the frame {n,dy’, ...,
dy®™} for T*S. Note that n A x(n A dy’) = (=1)" x dy’. Taking ¢ of both sides, we
get

*(nAdy") —n A x (nAdy’) = (=) xp dy’. (3.4)

If we choose an orthonormal frame {6,...,60>™} for the cotangent bundle of the
local leaf space, we have that {n,6',...,6%™} is an orthonormal frame for 7*S. So
*(n A dy’) must be transverse. Therefore the undesired term in (3.4) vanishes.

For the second part of the claim, we have *3.a = (—1)Ps * x(n A @) = (=1)Pee(n A
a) = (—1)Pa since S is odd-dimensional and the operators are acting only on trans-
verse forms. a

Let a and 8 be two complex-valued transverse p-forms. Then (o, §) := / aAxf

s
defines an L? inner product on the bundle Ker ¢ C A?T*S.

Proposition 3.3. The adjoint of dr is given by d% = — *r dr %7 . Likewise, 87 =
— % 5'1“*'1“ and 8} = — % BT*T.

Proof. We wish to show that [;dra A B = [qa A %053 for O3 as given in the
statement of the proposition. Assume a and (3 are p-forms. From the proof of claim
3.4, x3 = n A for some transverse y. Taking ¢ of both sides, v = ¢¢ * 0. So

fnga A %8 = (—1)P+! fsn A Ora A Le * 3.
Claim 3.5. For any transverse form y on S, [¢n A Ory =0.
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Proof. 1t suffices to consider <y of holomorphic type (m, m — 1) because only these
terms contribute to the integral. Then 8y = 0, so Oy = dyy, and n A Ory =
n Adry = n A dy. Integrating by parts, we have [7 A dry = — [dn A~. But the
integrand here is transverse, so the integral is zero. a

Returning to the proof of Proposition 3.3, fnAdr(aNe*xB)=0= [nABraA
wex B+ (=1 [nAaAbryxB. So

féTa/\;? = ]n/\a/\érm
= /n/\a/\m
— (17 [aniAOmc+P
= (-7 [an ST 0RO+ D)
- _/a/\;:m,

and so 5} = — xp Op*r. The proof for 0} is the same, and adding the two adjoints
gives d. O

Definition 3.3. Let Ar = Ay, = ddr + dpdy. Define Ay, and Ag, in the obvious
manner. Define L on transverse forms by L = dn A -, and let A be its adjoint. Define
M = 1d, acting on transverse forms.

Note that since Or is only defined on transverse forms, Ag, is not the same as A,
the Laplacian discussed in section 3.3.

Claim 3.6. M* =—-M.

Proof. Clearly [ty =0 for any ~. Let a, 3 € QOPS be transverse forms. We have

/Lgda/\*ﬂ = (~l)p/da/\L§*ﬂ
—-/Ol/\dl,f*,@
= ——/a/\*(*dl,g*ﬂ).

Since [ a A *(n A~) = 0 for any transverse o and v, we have

/Lgda/\*ﬂz—/a/\*(*dag*ﬂ—n/\cg(*dLg*ﬂ)).

So M* = —(*dug * — A t¢ * digx). (Note that this operator takes transverse forms to
transverse forms, whereas *dic* does not.)
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To show that M* is actually the same as —M, it suffices to do so at each point in
real foliated coordinates (z,y',...,4°™). Note that g'(n,7) = 1 and g7'(n,dy’) =
edyt = 0. Define Y* := ¢g7'(dy’,-). Let U C R®" be the local leaf space, and let
gr denote the transverse metric dn(-,I-) = dn(-, ®-) on U. (Recall the notation from
section 2.2.) Let Y := g7'(dy’,-). In fact, Y = Y* — n(Y?)¢. This follows since
g(Y' —n(YH)E, Z) = dn(Y*, ®Z) for any Z tangent to U, and g(Y* —n(Y")¢,£) = 0.
So g~ (dy’,dy’) = g(Y*,Y7) = gr(Y*,Y7) = (gr) " (dy*, dy’).

Let us change to normal coordinates on U, so that g5 ! is Euclidean up to second
order. M and M* are first order differential operators, and so they only involve first
derivatives of the metric. Hence in what follows we may assume g;" is Euclidean.

We may write n = dr + Y fidy', where f; = f;(y). This follows from the facts
that ten = 1 and dn is transverse. —M*(ady’) = xde * ardy’ — n A 1 * dig x o' dy’.
Let the terms on the right-hand side be ® and @, respectively.

Y

®= (——1)”'(%‘;—1 * (dz Ax(n A dy')) + ay’i * (dy* A x(n A dy")) )

Here we have used ¢ * dy’ = (—1)// xn A dy’. The second term above is of the
form 7 A -y for some 7. The first term is just (—1)1122L x (9 A x(n A dy’)), which
is transverse, plus a term which is * of something transverse and hence of the form
n A v for some . The 1 A -y terms will all be precisely canceled by @, so we are left
with —M*(azdy’) = (~1)7182L « (n A x(n A dy)) = (—1)118L «2 dy! = BLdy! =
M (a IdyI) . O

Claim 3.7 (transverse Kahler identities). [A,8r] = +/—105 and [A, 8r) = —v/—18%.

Proof. Let us use complex foliated coordinates (z, 2%, Z*). Since the local leaf space
is Kahler, we may perform a holomorphic change of coordinates on the base so that
the transverse metric gr is Euclidean up to second order. Again we are dealing with
first order operators, so we may actually take the transverse metric to be Euclidean.
Since 7 is real, we may write n = dz + Y fidz' + 3 fidZ".

Following the proof of the Kahler identities in [GH], let e; and & denote the
operators dz* A - and dz* A - respectively, and let ¢ and 7 denote their adjoints. (In
fact 1 = 2¢_o_ and likewise for ix.) Let Ox(aydz! Adz7) = a—gj}dzl A dz’ and define

oz

O, similarly. Then A = ——‘/—;llkl,k and Or = Y Okex — . fuMey.
As in the case of a Kahler manifold, we have {ey, 1t} = 2 and {ex, y;} = O for k # I.

Also, integration by parts easily shows that the adjoint of Ok is_—ék (of course we
must use compactly supported forms). As in the Kahler case, 0y, 0k, and M commute

26



with each other and with ¢, Zx, €x, and €. We then have

Adr = —@ Z etk (Orer — fmMen,)
= —@ Zaleﬁkbk —v-1 Z Opli + @ Z fmMe, ity
+v-1 Z fe My,

= AV (=D i+ Y fMi).

Since Or = Eé,iék - Y fiMé, 0% = =2 w0k + ) fiMi. So we have shown
that [A,dr] = v/—10%. The proof that [A, dr] = —/—18% is the same. a
We thus obtain {0r, 8%} = {Or, 8} = 0 as in the Kéhler case.

Claim 3.8. Ar = Ag, + As, = 285, + vV=1[L, A|M.

Proof. Ar = Ap, + Ag, is the same as in the Kéhler case. Moreover, we have

—\/—-_].Aar = —\/:_T(aTa;_-i- 6}67‘)_ _
= OrAdr — 0rOrA + A3rdr — OrAlr

d o
o VoIds, = S1(BrB+838r) ]
= OrAdr — OrOrA + ABr0r — OrAOr
= /—1As, — (8rOr + Ordr)A + A(8rOr + 870r)
= V/=10s, +dn A tedA — A(dn A 1¢d).
Finally, note that [M, L] = 0 and so [M,A] = 0. O

Observation. If « is a transverse form of type (p,¢q) and dimg(S) = 2m + 1, then
[L,Ala = (p+ g — m)e.

The proof is the same as in the Kahler case [GH].

We now prove the following key result:

Theorem 3.1. Ar — M2, 245, — M?, and 205, — M? are all self-adjoint elliptic
operators acting on transverse forms.

Proof. First we compute the symbol of Ar. Note that second derivatives of the
transverse metric do not contribute to the symbol, so we may assume that the trans-
verse metric is Euclidean. We will use real foliated coordinates (z, 3!, ... ,y*™), where
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(n,dy®) = 0 and (dy*,dy’) = 6. Write ) = dz + fidy* and recall that 2 = 0.

drdi(ardy’) = —dr*7 ((aa, é‘ﬂ)dy N *pdy )

oy 8 oy
= (By'yJ awayf Badyi i 36; 557 - 8xgy'f7 +2 8x2 f'fJ)dy]/\
*7(dy* A *rdy”)

and

2 2 2
drdr(ody’) = —(5& - Zanf, — B8 — Fanf, + Bl fif)
s7(dy? A x¢(dyt A dy’)).

Observe that the term a—"‘ﬁgy% is first order and therefore does not contnbute to
6 [+

the symbol. The remaining coefficient terms — By’ " axayj s fi — azayz == [ +2 3x2 S fifi)
are unchanged upon swapping ¢ and j. By the same argument as Voisin uses in the
Kabhler case [Vo|, we are left with

&%a o’a o%a
Ar(ogdy’) = — Z(B(y")lz -2 . 6y1i fi+ 69:21 (f:)%)dy" + lower order terms.

We view the symbol as a map from TS to endomorphisms of transverse forms. It
follows from the above that for any one-form ¢ = (odz + 3 (idy* and any transverse
form w, the symbol takes ¢ to the map w+— — Z(CZ — fiCo)*w. So the kernel of the
symbol is spanned by n. Note that we may in fa:gto make f; vanish at p by the change
of coordinates =’ = z+ Y, fi(p)y', ¥ = y*. (The new coordinates will still be foliated
since —L = 0.) So we now assume f; =0 at p.

—~M?(aydy’) = —-%‘:"%dyl, so its symbol takes ¢ to the map w — —(2w. The
2m

symbol of Ar — M? then takes ¢ to w — — ZC,?w = —||¢||*w. The equality is true
i=0

because n = dx at p and the transverse metric is Euclidean, and so the total metric

on S is Euclidean at p. It is then clear that Ay — M? has injective symbol at p, and

so it is elliptic.

The operators 2A5. — M? and 2A5, — M? differ from Az — M? by a first-order

differential operator. Hence they have the same symbols, and all three operators are
elliptic. O

We obtain:

Proposition 3.4. The kernels of Ay — M2, 2A5, — M?, and 245, — M? are finite
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dimensional, and we have the usual orthogonal decomposition
Q?(S) D Ker ¢ = Ker(Ar — M?) @ Im(Ar — M?),

and likewise for the other two operators.

3.5 Basic Hodge and Lefschetz decompositions and
the basic 00-lemma

We recall that a transverse form « is basic if Ma = 0. Th(_e operators dg, O, and Op
discussed in chapter 1 are the restrictions of dr, 0r, and 07 to basic forms.

For any basic form vy, Ary = 2A,7 = 2A5,7. Define Ap to be Ar restricted to
basic forms. For any transverse form o € Ker (Ar — M?), we have

0= (a, (AT - Mz)a> = (dTa,dTa> + ( ;’a)d;’a) + (Maa Ma>7

and so in particular Ma = 0. So « is basic and is in the kernel of all three Laplacians.
We call such a form basic harmonic.

We will need the fact that M commutes with 87, 8r, dr, and their adjoint/s_.\lhis
is clear since for any transverse w, Mdrw = ted(—nAtedw) = te(p A digdw) = digdw =
drMw. (Recall that 5 := 7 —n A tgy.) Since M preserves holomorphic type, it must
therefore also commute with 0y and 8. M is skew-adjoint, so the commutators with
the adjoints also vanish.

For any basic vy, write ¥ = g + (Ar — M%)y, where p is basic harmonic. Since
M~y =0, we have M(Ar — M?)v = 0. By the above, M commutes with Ar and so
(Ar—M?)Mv =0, i.e. Mv is basic harmonic. In particular, M2y = 0, which implies
that v is basic since M is skew-adjoint. Hence we may write v = u + Apv.

Let v be a dp-closed basic form. Note that d% takes basic forms to basic forms; this
is true since it holds for the operators *r and dr. We will write d} for d4 restricted
to basic forms.? It is then clear that dgAp = dpdiydp = Apdp. Let v be a dg-closed
form, with v = 1 + Apv for p basic harmonic. As usual, we obtain v = u + dpdyv,
and so the basic cohomology class [y] g may be represented by a basic harmonic form.
A basic harmonic form which is dz-exact is in particular dr-exact and hence zero. So
we have the expected isomorphism

3This coincides with El Kacimi-Alaoui's dj, but we will not need that here.
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between basic harmonic forms and basic cohomology. Hence we have a basic Hodge
decomposition:

Proposition 3.5.

Hy(S;C) = P HEY(S),

ptg=r

HE(S) = H"(S).

Let h = [A,L]. As in the Kahler case, A, L, and h give an infinite dimensional
representation of sl on transverse forms. To obtain a finite dimensional representa-
tion, we restrict these operators to basic harmonic forms. Since L, A, and h commute
with Apg, we obtain the expected hard Lefschetz theorem:

Proposition 3.6. Let S be a compact Sasakian manifold of dimension 2m + 1.
L* - HH(S) — HE™(S)
is an isomorphism. Setting P™*(S) = Ker L**! : HF~*(S) — HZ*+2(S), we have

Hy(S) = @ LFP2(S).

Remark. Note that the condition of being basic is necessary to achieve finite di-
mensionality for both the Hodge and Lefschetz decompositions. This comes from the
fact that we needed to subtract M? from the transverse Laplacians to make them
elliptic. The kernel of A, for example, is certainly not finite dimensional. We can
see this explicitly for the example of S®. Let z; and z, be the complex coordinates
of C2, restricted to S%. Let f = F(x;,x,), where F' : R?* — R is any smooth function.
Then Orf = 0 and so As.f = 0. It is clear that the space of all such f is infinite
dimensional. From this discussion we conclude that we should not expect a version
of the Hodge or Lefschetz decompositions to hold on a broader class of forms than
the basic forms.

The standard proof of the 9-lemma [Vo] applies, and we obtain

Proposition 3.7 (Basic 88~1emma) Let a be a basic p-form on S, which is - and
Og-closed. Also assume that a is Op-, 0p-, dp-, or dg-exact. Then a = 0g0ppf for
some (3.

Let us attempt to prove a more general version of proposition 3.7; we will see that
our hand is essentially forced and we cannot do better than this basic 90-lemma.

We begin with weaker hypotheses: assume that o is dr-closed and o = Ory.
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(Neither a nor 7y are assumed to be basic.) Using proposition 3.4, we write
Y=p+205v— My,
where y is basic harmonic. Then Orp = Orpu = Mp = 0.
We obtain

a = 20rAzv— orM?v.

2Agr57-1/ — OrM?v

2ABT5TV + (2\/ —-l[A, L] - M)MgTI/

207070 + 2030707 + (2v—1[A, L] — M)Mrv.
Ora = 0 then yields

207045.078rv + (2V—=1[A, L] — M)M3rdrv = 0. (3.5)

If we can make the second term of the left-hand side of (3.5) vanish, we will obtain
a = —2070r8%v as desired. However, the clearest and least restrictive way to ensure
this is to add the further hypothesis that Ma = 0. This gives (2A5, — M2)(M&rv) =
0, and so in particular M28rv = 0 and therefore MOrv = 0.

It would seem that we have proved something more general than proposition 3.7
since we have assumed that « is merely Or-exact (but not necessarily 5B-exact). How-
ever, this does not give a more general version of the basic 89-lemma as a consequence
of the following:

Proposition 3.8. A basic form which is Or-exact is also Og-exact.

Proof. Suppose that MOra = 0 for some transverse a. Write a = p+ (2A3T — M?)y,
where (2A5, — M?)p = 0. Then as above 0ra = (245, — M?)(6rv). MOra =0 tells
us that (245, — M?)(M8rv) = 0. So in particular we have M267v = 0, which yields
MOrv = 0 and 8ra = 28T3* Orv. But Orv is basic, and therefore so is 3;371/ We
have

gTOl = 25353571/,

and so Ora is Og-exact. O

Using the isomorphism H%Y(S) = HR? =~ H gg, we then conclude the following
result.

Corollary 3.1. There is an injection

H2Y(S) — HY.
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Remark. H gf is not the same as the usual Kohn-Rossi cohomology of 0, since 0r is
only defined on transverse forms. For example, dyn = dn, but dn is not dr-exact.
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Chapter 4

Real homotopy type of Sasakian
manifolds

The goal in this chapter will be to use the basic d9-lemma and results of transverse
Hodge theory to prove that the real homotopy type of a compact Sasakian manifold
S is a formal consequence of its basic cohomology ring H3(S) and its basic Kahler
class, [dn]s.

4.1 Real homotopy type and differential forms

The following exposition follows [GM] and [DGM].

Let X be a simply-connected CW complex, and let X, be the Eilenberg-MacLane
space K(72(X),2). Inductively, one can construct a tower of principal fibrations
called the Postnikov tower, as shown in figure 4-1. This is a commutative diagram
satisfying:

(i) m(X;)=0fori> j,
(ii) X; — X;_1 is a principal fibration with fiber K (m;(X),1), and
(iii) f; induces an isomorphism on 7; for all j < 4.
The Postnikov tower of X determines X up to homotopy equivalence. If Py is the

Postnikov tower of X, it is possible to define a “rational Postnikov tower” Px ® Q,
where 7;(X;) is replaced everywhere with m; (X;) ® Q. If X is a manifold, there is a
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Figure 4-1: The Postnikov tower of a simply-connected CW complex X.

deep relationship between the rational Postnikov tower and the de Rham algebra of
X, which we will now describe.

Fix a base field K. A differential graded algebra (DGA) over K is a Z>o-graded
K-vector space, equipped with a graded commutative multiplicative structure and
a degree 1 differential d which is a graded derivation and satisfies d> = 0. In what
follows we will denote a differential graded algebra by a pair (A, d), where A is the
algebra and d is the differential. A DGA is called “connected” if its zeroth cohomology
group (with respect to d) is K. A DGA is called “simply-connected” if in addition
its first cohomology group is zero. On a simply-connected DGA (A, d), we may
define homotopy groups m;(A4,d). If (A, d) is merely connected, we may only define a
“fundamental group” m (A, d), which is actually a tower of nilpotent Lie groups.

Let V be a K-vector space. Let A,(V) denote the free (graded commutative)
algebra generated by V in degree n. An elementary extension of a DGA (A,d) is a
DGA whose underlying algebra is A ® A,(V) for some V. We also require that the
differential restricted to A is d, and the differentials of elements of V' must lie in A.
To include this in our notation we will follow [DGM] and write the extended algebra
as (A X4 An(V), d)

Definition 4.1 ([DGM]). Suppose (A,d) is a DGA which may be written as an
increasing union of sub-DGA’s

KCACAC,..., with (JAa=A
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Further suppose each A; C A;4; is an elementary extension, and suppose that d(A) C
A* A A*, where AT consists of all elements in A of positive degree. Then we will call
(A,d) a minimal DGA.
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Let (A, d) be any DGA.

Definition 4.2. A DGA (M, dy,) along with a map of DGA’s (M,dx) 2 (4,d) is
called a k-stage minimal model for (A, d) if (M, d ) is a minimal algebra satisfying:

(i) M is generated in degree < k.

(ii) p induces an isomorphism on cohomology in degree < k and an injection in
degree k + 1.

If k = 00, we call (M, dpr) a minimal model for (A, d).

Every simply-connected DGA has a minimal model which is unique up to iso-
morphism, and every connected DGA has a 1-stage minimal model, unique up to
isomorphism.

Let K = Q, and let X be a manifold. Instead of using C* differential forms,
we may define the algebra (€%, d) of Q-polynomial forms on X, whose cohomology is
isomorphic to the rational cohomology of X.! Assume X is simply-connected. Given a
minimal model (M, du) for (€%, d), we may construct a tower of fibrations. Suppose
we have inductively constructed a tower of n — 1 CW-complexes, X, — --- — Xo.
The idea is that for the (n + 1)st elementary extension A ®4 A,+1(V), the differential
on V gives us an element of H"*?(A, V*), which in turn determines the characteristic
class of a fibration over X, with fiber K(V*,n+1). In fact, this construction recovers
Px®Q), the rational Postnikov tower. One can also go the other direction, from Px®Q
to a minimal algebra. This correspondence gives an isomorphism between m;(X) ® Q
and the homotopy groups of (£%,d). This isomorphism takes the Whitehead product
(X)) @ Q x 7;(X) ® Q — mi1j-1(X) ® Q to a simple operation on the homotopy
groups of (€%, d) which comes from d. So (M, du ) contains all information about
rational homotopy and is therefore called the rational homotopy type of X.

The de Rham algebra (2*(X), dx) has a minimal model (M, dpy) which is actu-
ally isomorphic to (M ®q R, d). This justifies calling (M’,dry) the real homotopy
type of X. (M’ ,dpr) contains information about the real homotopy groups, their
Whitehead products, and other higher-order (Massey) products.

If X is not simply-connected, (2*(X),dx) still has a 1-stage minimal model
(MW, dpm). In this case the DGA fundamental group of (M®, d, ;) is the real
form of the nilpotent completion of 71 (X). We call this tower of groups the “de Rham
fundamental group” of X.

1Cf. [DGM] for details.
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A quasi-isomorphism of two DGA'’s is a map of DGA’s which induces an isomor-
phism on cohomology.?

Definition 4.3. The real homotopy type of a manifold X is said to be a formal
consequence of its cohomology if (2*(X), dx) is quasi-isomorphic to a DGA with zero
differential. (Such a DGA must then be isomorphic to (H*(X;R),0).) In this case
we say that X is formal.

The idea is that since quasi-isomorphic DGA’s have the same minimal model, the
real homotopy type of X can be determined by H*(X;R).?

For the rest of this chapter, we will consider only cohomology with real coefficients
and will denote H*(X;R) by H*(X).

For any manifold X, let @ € H?(X), 8 € HY(X), and v € H"(X), and choose
differential forms a, b, and c representing «, §, and - respectively. Suppose a U
B =BU~v = 0. Then we may form a triple product {a,3,v) € HP**"1(X)/(a -
H*YX) 4+~ - HP*1(X)). Writing a Ab = dg and b A ¢ = dh, the class (@, 5,7) is
represented by the form gAc+(—1)?*'aAh. One checks that this class is independent
of the choices made. This “Massey product” is a structure of the de Rham algebra of
X that is not reflected in the cohomology ring alone. However, we have the following
well-known result.

Proposition 4.1. On a simply-connected formal manifold, all Massey products van-
ish.

Proof. We will show the vanishing of the triple product {(a,3,v) described above.
Consider the diagram

(H*(X),0) & (M, d) 5 (2(X), dx),

where (M, d) is the minimal model for both (H*(X),0) and (Q*(X),dx). Since p
induces an isomorphism on cohomology, there must be a closed A € (M, d) such
that a := p(A) represents a. Likewise there exist closed elements B and C of (M, d)
such that b := 5(B) and ¢ := p(C) represent § and <y respectively. Let p* be the
induced map on cohomology of the DGA’s. Since 5*[A A B] = 0 and p”* is an iso-
morphism, A A B = dG for some G € (M,d). Likewise, BAC = dH. Then

p(GC + (=1)P**AH) represents (a,(,7). Now we consider the map p. Since p* is
an isomorphism on cohomology, there must exist some closed G € (M, d) such that
p(G) = p(G), and likewise with H. Since p(GC+(-1)"*'AH) = p(GC+(—1)PHAH),

2 Actually, instead of one map we may have a sequence of maps connecting the two DGA’s. It
does not matter what direction the maps go; all that matters is that they induce isomorphisms on
cohomology.

31f X is not simply-connected, we still use the terminology “formal.” In this case the implication
is that the de Rham fundamental group of X is determined by H*(X).
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it follows that GC + (~1)?*'AH and GC + (-1)P*1AH are cohomologous. There-
fore p(G)c+ (—1)P*ap(H) also represents {(a, 8,7). Since p(G) and p(H) are closed,
however, (o, 3,v) = 0. O

4.2 Deligne-Griffiths-Morgan proof of formality for
a compact Kahler manifold

Let X be a compact Kéhler manifold. In [DGM], Deligne et al use the 80-lemma, to
show formality of X. Their argument goes as follows. Let Q°(X) denote d°-closed
forms on X, and let H¢(X) denote the d°-cohomology of Q*(X). Consider the diagram

(H*(X),0) & (°(X),dx) & (*(X), dx),

where j is inclusion and p sends a form a to its d°-cohomology class [a].. It is clear
that both p and j respect the multiplicative structures of the algebras, and it is clear
that j respects the differentials. p also respects the differentials for the following
reason. For any a € Q°(X), da is d°closed and d-exact. So by the d0-lemma,
da = dd°Q for some 3. Then p o da = 0 as needed.

To see that the induced map p* on cohomology is injective, let o € Q°(X) be
d-closed with pa = 0. Then « is d-closed and d®-exact, and so « = dd°. So the DGA
cohomology class of a in (2°(X),dx) is 0.

For surjectivity of p*, consider any d°~cohomology class [a].. « is d°~closed; if we
can pick another representative of [a], which is d-closed, we will be done. We do this
as follows. da is d-exact and d°-closed, so we write da = dd°S. Then a — d°f is a
d-closed representative of [a]e.

To see that j* is injective, let @ € Q°(X) be d-closed with oo = df for some
B € *(X). Then we may apply the d0-lemma to o, writing o = dd®y. So the DGA
cohomology class of a in (Q°(X),dx) is 0.

Lastly, let us see that j* is surjective. For any d-cohomology class [a] on X, we
need to find a d°closed representative. We achieve this by the same trick as above; we
apply the 00-lemma to d°a by writing d°a = dd°3. Then o+ df is the representative
we are looking for.

We conclude from the above that any compact Kahler manifold is formal. Propo-
sition 4.1 then shows that the Massey products vanish if X is simply-connected. In
the non-simply-connected case this is also true, since the proof of the proposition
merely used the fact that Q*(X) is quasi-isomorphic to H*(X).
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We will not be able to show formality for Sasakian manifolds. However, we
show the next best thing: on a compact Sasakian manifold S, (2*(S), ds) is quasi-
isomorphic to an elementary extension of (H%(S),0) which has only one nonzero
differential. If we know H}(S) and a single distinguished element (the basic Kéhler
class), we know the real homotopy type of S.

4.3 The formality result for compact Sasakian man-
ifolds

Let S be a compact Sasakian manifold. Consider the differential graded algebra
(H3(S) ®q4 A1(y),dy = [dn]p) obtained from (H%(S),0) by adding a free element y
in degree 1 and defining its differential dy to be [dn]s. (The tensor product is graded
commutative, so y ® y = 0.) Let (Q%,dp) denote the algebra of dg-closed (basic)
forms in S, with differential dg. (d% := v—1(8p — 8g).) Let H§ denote the d%-
cohomology of basic forms. If S is regular and there is a Kahler base, the argument
in [DGM] shows that the differential induced by dg on Hj is 0. In fact, this argument
still holds in the irregular case: if a is a dg-closed basic form on S, dpa = dpdgk by
the dpdS-lemma, i.e. dga is dp of a d§-closed form. Denoting by [a]. the class of a
in H§, we have dg[a]. = 0.

Denote by (Q%,ds) the de Rham algebra of S. Motivated by the approach in
[DGM], we will now construct the following quasi-isomorphisms of differential graded
algebras:

(HE ®q Mi(y), dy = [dn).) < (9% ®4 A1 (y), d; dy = dn) > (s, ds). (4.1)
Here the differential on Q2% ®4 A(y1) is dp on Q% and d(y) = dn.*
Define 7 : (Q% ®q A1(y), dp; dy = dn) — (Hg ®4 Mi(y), dy = [dn]c) by
a+,6’®y — [a]c+ [ﬂ]c®y-

Since the d%-cohomology class of a dp-exact and d%-closed form is 0 by the basic
dd-lemma, Tod(a+ B®Y) = £[BAdnl. = doT(a+ B ®y). It is clear that T respects
the product structures of the algebras.

Claim 4.1. 7 is injective on cohomology.

Proof. Let z = a+ B ®y be a closed element in (2% ®¢ A1 (y), dp; dy = dn) in degree
k. Since z is closed we obtain dg8 = 0 and dga + (—1)¥*'dn A B = 0. Suppose
7(z) = d([a]e + [t ®y) = (=1)**![bAdn].. Then [5]. =0 and [a]. = (—=1)**[bAdn]c,

4Recall that dn is not exact in Hj(S). Also note that dg(dn) = 0.
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ie. a = (=1)*"1b A dn + d4x for some k. 3 is dp-closed and dg-exact, and so we
may write 3 = dpd%v. Define z := a + (—1)¥*1dn A d4v. Then dgz = 0. Write
z = ¢ + Apgf for ¢ basic harmonic. dgz = 0 implies that 2 = { + dgd30. z and ( are
both d%-closed, so we may write dpd;0 = dpdge and z = ( + dpdje. We then have

¢ +dpdge = 2z = (=1)*o A dn + dlk + (—1)dn A dv. 4.2
B B

Let A be a basic harmonic form in the image of L, i.e. A = dn A u for some
basic harmonic u. Then A = d(+p ® y) in (2% ®4 A1(y),dp; dy = dn). (Note that
d$A = dgu = 0.) Therefore we may replace the o above by « plus any harmonic form
in Im L without affecting the DGA cohomology class of x = a + 8 ® y. So we may
then assume that ¢ € (Im L)*.

A priori, € is only orthogonal to forms which are dnA a A p-harmonic form. How-
ever any basic form x may be expressed as x; + Apx2 where Agx; = 0. L commutes
with Ap, and so Ly = Lx; + Ap(Lxz)- ¢ € (Im L) tells us that ¢ is orthogonal to
Lxy. Also ( is orthogonal to the image of A, and so ( is orthogonal to Ly.

Returning to (4.2), we conclude that { is orthogonal to everything else and so it is
orthogonal to itself, i.e. { = 0. Therefore 2 = dpdje, and letting w = dGe+dGr®y €
(Q% ®4 A1 (y), dp; dy = dn), we have

dw = dpdge+ (=1)*dSv Adn+dpdsr @y
= a+ (—1)k+1dn/\d°31/+ (—l)kchu/\dn-i—ﬂ@y
= z.

Claim 4.2. 7* is surjective on cohomology.

Proof. Let z = [a]c + [B]c ® y be a closed element of (H§ ®q A1(y),dy = [dn].) in
degree k. This means that [5 A dn]. = 0. Pick any representatives o and 3 of these
dg-cohomology classes. Following the argument in [DGM], we can find a dg-closed
representative of [3]. as follows. § is dj-closed, so we may use the basic 90-lemma
to write dgf = dpdjv. Then 3 := 3 — d%v is dp-closed and [B]c = [0c. Similarly we
may define & to be a dp-closed representative of [a]..

B A dn is then dp-closed and d$-exact, so we write B A dn = dgdgk. Let & =
@ + (—1)*d%k. Then

da+6®y) = 0+ (=1)FBAdn+0+ (-3 Adn
= 0.
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So w := & + B ® y defines a cohomology class in (05 ®4 A1(y),ds; dy = dn), and

([w]) = [[&]e + Bl ® Y] = [2],

where the outer brackets denote the DGA cohomology class. ]

Next we define a quasi-isomorphism o : (2% ®q A1(y),ds; dy = dn) — (QF, ds) by
a+ B8Ry a+ A1

It is clear that o respects the differentials since cod(a+4Qy) = dgpatdnAB+dgBAn =
dsoo(a+p®y). Again it is clear that o respects the product structures of the algebras.

Claim 4.3. ¢* is injective on cohomology.

Proof. Consider any closed element z = a + 3 ® y of (% ®q A1(y),d;dy = dn) in
degree k. z being closed means that dga+ (—1)**1dnA 3 = 0 and dgB = 0. Suppose
o(z) = a+ B An = ds(a+bAn). Collecting transverse forms, ds(a +bAn) =
(dra + (=1)¥b A dn) + ((—1)**'Ma + drb) A . So we may conclude that

o=dra+(=1)*dAdp and B = (-1)¥"'Ma +drb. (4.3)

Write 8 = ¢ + Apy, where Agp = 0. dgf = 0 tells us that 8 = ¢ + dpdpy. 5
and ¢ are both dg-closed, so dgdpdyy = 0. Then dpdpy is dp-exact and dp-closed,
and we may apply the basic 00-lemma to write dgdjy = dpdgv for some v. We have

B = ¢ +dpdsv = (—1)*"' Ma + drb.

Since Arp = My = 0, @ is orthogonal to the image of dr and the image of M, where
these operators are acting on any transverse forms on S. So ¢ is actually orthogonal
to itself and is therefore zero. We conclude that 8 = dpd3v.

Once again we define z := a + (—1)**1dn A d§v and write z = ¢ + Agf, where
Ap¢ = 0. Again we have dgz = 0 and so z = { + dpdy0. By (4.3),

¢ +dpdi0 = dra + (=1)*b A dn £ dn A d°v. (4.4)

As noted earlier, we may assume ( is orthogonal to the image of L (acting on all
transverse forms) without affecting the DGA cohomology classof z =a+8®y. In
(4.4) we see that ¢ is orthogonal to everything else and so ¢ = 0 and z = dpdj0.
Since d%z = 0, we may apply the basic 90-lemma to the write 2 = dpdif = dpd3e.
As before, w 1= dSe + dgv ® y is an element of (0% ®4 Ai(y), dp; dy = dn), and
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dw=o+Qy=n1x.

In their proof of formality for a Kahler manifold, Deligne et al show that if X
is a compact Kahler manifold, the d%-cohomology and dx-cohomology of X are iso-
morphic as differential graded algebras (with zero differential). In the notation of
section 4.2, the isomorphism is j* o (p*)~!. Since a Kahler form w is d5-closed, we
have j* o (p*)™([w]sg. ) = [w]ax- Deligne et al’s argument relies solely on the basic 80-
lemma, so we may replace H%(X) and H*(X) with the d%- and dg-cohomologies
of a compact Sasakian manifold. The isomorphism between them takes [dn]. to
[dn]s. So it is clear that (H§ ®q Ai(y),dy = [dn].) is isomorphic as a DGA to
(Hf ®q4 A1(y),dy = [dn]s). Letting 7 be the composition of this isomorphism with 7,
we rewrite (4.1) as

(Hy ®a A1), dy = [dn]s) < (9% ®a A(y1), di; dy = dn) > (O, ds).

From the above we know that the cohomology of (H5®4A(y1), dy = [dn]s) injects
into H*(S), but we have not shown surjectivity. It suffices to show that as graded
vector spaces,

H'(S)= Hy/Im L& {y ® [o]sl|[e]s € Hy ', [dn A a]s = 0}. (4.5)

For a closed Riemannian manifold (S, g) admitting a unit Killing vector field T,
there is a well-known long exact sequence relating basic cohomology to ordinary de
Rham cohomology [To:

. $ . . - P .
oo Hg? S Hy S Hy SHE' S HE — .. (4.6)

Here ¢ is the inclusion of basic forms into Q*(M) and § is a connecting homomorphism
which in our case coincides with L = dn A - [BGN]. ¢r is the interior product with T’
(which is € in our case). The subgroup of isometries generated by the flow of T is a
torus G. We are making use of the fact that HY is isomorphic to the cohomology of
G-invariant forms. One checks that any G-invariant form may be written as a +nAb,
where a and b are both basic [To]. So ¢4.[a + 1 A bls := [b]s. (This is a well-defined
map on cohomology.) The exactness of (4.6) gives us the isomorphisms (4.5).

We may show (4.5) another way, which will tell us something about the harmonic
forms on S with respect to the usual Laplacian.

Let z = [a]p + [8]s ® y be a closed element of HY ®¢ A,(y), where o and 3 are
chosen to be basic harmonic representatives of their cohomology classes. Since z is
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closed, 8 A dnp must be dg-exact. But since L commutes with Ag, 3 A dn is basic
harmonic and therefore must be zero. Basic harmonic forms are d%-closed and dp-
closed, so 7*[a + 3 ® y] = [[a]s + [B]s ® y], where the outer brackets on each side
denote DGA cohomology classes. Thus o* o (7*)7}[z] = [@ + 8 A 7]s. If we can show
that any cohomology class in S can be represented by a form a + n A b where a and
b are both basic harmonic and dn A b = 0, we will have shown that * o (7*)~! is an
isomorphism.

Any class in H*(S) may be represented by a unique A-harmonic form, where A is
the usual Laplacian on the Riemannian manifold (S, g). So surjectivity of o* o (7*)~!
will follow from the following lemma.

Proposition 4.2. Let £ = a + 7 A b be a A-harmonic form on S, where a and b are
transverse. Then a and b are in fact basic harmonic and dn A b = 0.

Proof. Az = 0 means that dz = d*z = 0, where the operators d and d* are the usual
operators on S. dx = 0 gives

dra+dnpAb=0and Ma —drb=0.
d*z = 0 tells us that
{(z,d(f+nAg)=0

for any transverse forms f and g. Expanding, we have

0 = (@a+nAb(drf+dnAg)+nA(Mf—drg))
= (a,drf +dnAg)+ (b, Mf—drg). (4.7)

To obtain the last line we have used that g~!(n,7) = 1 and 7 is orthogonal to any
transverse form.

Let us apply (4.7) with f = —Mb and g = 0. We obtain {a, — Mdzb)+(b, —M?b) =
0. Since M is skew-adjoint on transverse forms and (-, -) is the same inner product we
have been using all along, we get (Ma,drb) + (Mb, Mb) = 0. However, Ma = drb,
and so we conclude that Ma = drb = Mb = 0, i.e. a and b are both basic and b is
dp-closed.

Next we apply (4.7) with g = 0 and f any transverse form. Since b is basic, we
may ignore the right summand of (4.7) and we have {(a,drf) =0, i.e. dra =dga = 0.

We will apply (4.7) once more with the following f and g. Since dgb = 0, we may
write db = dpdgk. Let f = djk and g = —d7b = —dib. We obtain

0 = (a,dpd%k) + (a,—Ldyb) + (b,dpdyb)
= (a,dgd}k) + (a, —d7Lb) — (a,d7b) + (b, dpdpb) (4.8)
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= (g, —d5Lb) + (b, dpdsb)
= (dra,—Lb) + {d%b, disb) (4.9)

In (4.8) we have used the transverse Kahler identities. Since dra = —Lb, (4.9) yields
dga = Lb =0 and d3b = 0. So a and b are both basic harmonic and dpAb=0. O

Consider the case where S is regular and simply-connected with Kéahler base B.
We may then apply the Serre spectral sequence; the E5'? terms are shown in figure
4-2. Here y is a generator of H!(S;R) which may be chosen such that dyy = dn.
The spectral sequence degenerates at E3, and the resulting conclusions about H*(.S)
and H'(B) match (4.5).

2 | 0 0

1| yR 0  yH*B) yH*B) yHY(B)

0| R 0  H¥B) HB) HYB)
0 1 2 3 4

Figure 4-2: E}? = H?P(B; HY(S*; R)).

Observation. Even though one may not use the Serre spectral sequence on an ir-
regular (compact) Sasakian manifold, the conclusions derived from it still hold.

Skeok ok sk ok ok ok ok sk ok ok ok sk sk ok ok sk skok sk ok kskok ok

Thus we have a quasi-isomorphism between (Q%,ds) and (Hj ®4 A1(y),dy =
[dn) ), which is an elementary extension of a DGA with 0 differential. So if we know
the basic cohomology ring Hg(S) and the distinguished element [dn]g, we may form
this elementary extension and then find the minimal model. This in turn determines
the higher real homotopy groups of S, the real Whitehead products, and certain other
higher order products. So in this sense, we have shown

Theorem 4.1. The real homotopy type of S is a formal consequence of its basic
cohomology ring and its basic Kahler class.

We have not shown that the de Rham algebra of S is formal, i.e. quasi-isomorphic
to its cohomology. One would like a quasi-isormorphism between (H3%,0) and (H} ®q
A1(y),dy = [dn]s). As we will see, in general this is difficult (if not impossible) to
achieve by a single map o of DGA’s.
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It is easy to see that there is no right-to-left quasi-isomorphism (Hg, 0) £ (Hp®q
A1(y),dy = [dn] ). Since [dn]s is exact in (Hj ®q A1(y), dy = [dn]s), p would have to
map [dn]g — 0. Suppose p maps [(dn)™ !|p ® y to some a € H*(S). For p to respect
the multiplicative structure of the algebras we need p([(dn)™]s ®y) =0-a =0, but
[(dn)™)B ® y represents a nonzero DGA cohomology class by the isomorphism (4.5).
(n A (dn)™ is a volume form on S.)

Let us attempt to construct a left-to-right quasi-isomorphism (H,0) £ (Hj ®q
Ai(y),dy = [dn]g). Noting isomorphism (4.5), we represent an element of H*(S) by
[a] + b ® y, where a € Hy, b € Hy!, and Lb = 0. Here [a] denotes the equivalence
class of a in Hy/Im L. It is natural to set p(b ® y) = b® y. The most natural way
to define p([a]) would be to use a splitting of the short exact sequence

. f .
0—ImL— HB)S H(B)/ImL — 0. (4.10)

Then we would set p([a] +b® y) = f([a]) + b®y. For p to respect the multiplicative
structures, we need

p(la] + b @ y)p(lc] + d®y) = f([a]) F([c]) + ([a]ld + b[c]) ®y

to equal
p((fa] + 1@ y)([el +d®y)) = f(lac]) + (ald + ) @,

i.e. f must be multiplicative.’ It is tempting to use orthogonal projection to produce
such an f, but such a splitting is not in general multiplicative. Below we give an
example where no multiplicative f exists.

Let B = dP, be the second del Pezzo surface, i.e. CP? blown up at two points. A
basis of H2(B;R) is given by ¢, Ey, and E,, where £ is the hyperplane class and E; and
E, are the exceptional divisors. (Of course these are actually integral classes in H!).
The Mori cone of effective divisors is spanned by E;, E,, and £ — E; — E; [DHOR].
Letting £2 be the generator for H*(B), we have E;-£ = 0 and E;- E; = —0;;. It follows
that h := 3¢ — E; — E, is an ample divisor satisfying h- E; =1, h- ({ — Ey — Ep) =1,
and h? = 7. So h is a Kahler class on B. Let w be a Kahler form in this class. By
the discussion in section 2.1, there is a regular Sasakian manifold (Y,7,&, g, ®) with
base B such that dn is the pullback of w. So we may take h to be our basic Kéahler
class, and Im L is the ideal generated by h.

Let us try to define a multiplicative splitting f as in (4.10). Again let [a] denote
the equivalence class of @ € Hj in H5/Im L. Since [o] = 0 for any a € H, f must
be zero on HY in order for f to be linear. So f([E?]) = 0, and therefore f([£1]) must
square to zero. Suppose f([Ei]) = By + ah for some a. Then (E; + ah)? = 0 gives
7a®+2a—1=0,0ra=3(-1% 21/2). Let the two roots be a4 and a_. So there are

50f course [a]d and [b]c are well-defined since b,d € Ker L.
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only four possibilities for how to define f on H%/Im L, given by f([E\]) = E; + ah
and f([E»]) = Ex + bh where a,b = ay. However we must have f([E1]) - f([Er]) =0,
and so we need (E; + ah)(E2 + bh) = a + b+ 7ab = 0. This does not hold for any of
the four cases.

Thus there is no easy way to use our results to obtain honest-to-goodness formality
of a compact Sasakian manifold S. However, theorem 4.1 is almost as good; the issue
of real homotopy type is still determined by cohomological data.

Unfortunately our result does not guarantee the vanishing of Massey products.
Let a, b, and ¢ be elements of (H3(S) ®4 A1(y), dy = [dn]s), and let the degrees of a,
b, and ¢ be p, g, and r respectively. If a Ab = [dn A g]p and b A ¢ = [dn A h|p, then
([a], [b], []) is represented by £ :=y A gAc+aAyAh.b There is no obvious reason
for this to be zero in HP*4t71(S)/([a] - H*"1(S) + [c] - HP*971(S)).

4.4 A non-example

Deligne et al give the following (simplest) example of a manifold which is not formal
[DGM]. Let N be the space of upper triangular 3 by 3 matrices with ones along the
diagonal:
1 a b
01 ¢
0 01

Let I' be the subgroup of integral matrices, and let M = N/I". M is a circle bundle
over T?%. The 1-stage minimal model (MM, d) is given by:

MP = Ay(z,y) d=0

MP = Ay(z,y) ®a Mi(2), dz=z Ay

The fact that M is not formal follows from the fact that z A z is closed but not exact.
Suppose there is a map p : (MY, d) — (H*(M),0) which induces an isomorphism on
H and an injection on H2. Set a = p(z). Then there must be a closed w € M® such
that a = p(w). However, z Aw must be zero in cohomology, so p(zxAw) = p(zAz) = 0,
which is a contradiction.

We now modify the above example by considering the product Y = M x X, where
X is any simply connected compact manifold of real dimension 2n for n € N. It is

8The argument in the proof of proposition 4.1 shows that it does not matter whether we compute
the Massey product in (2*(S),ds) or in a quasi-isomorphic DGA.
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clear that the composition of maps
(MW, d) 5 (Q(M), dur) = ((Y), dy)

satisfies the criteria for a 1-stage minimal model. If Y is Sasakian, (M®,d) must
also be the 1-stage minimal model for (H5(Y) ®q A1(y),dy = [dn]s). Let p be the
resulting map between (M®), d) and this algebra.

Write p(z) = a + cy, where c is constant and a is degree one. As before there
exists a closed w € MM such that p(w) = a. Also as before, £ A w must be zero in
cohomology. Letting 2’ = z—w, p(z’) = cy and (since A2’ is nonzero in cohomology)
c#0. Let p(z) =b+ Cy. z is closed, so C =0. Then p(z A2') =cb®y. Sob®y
must be closed, i.e. Lb =0. However, the basic hard Lefschetz theorem tells us that

L*: H(Y) — HEY(Y)

is an isomorphism. In particular, L must be injective on H}(Y). (This is why we
needed dimg(Y) > 5.) We then obtain p(z) = b =0, but this violates the fact that p
must be an isomorphism on H'. We conclude:

Proposition 4.3. Y does not admit a Sasakian structure.

Note that M is orientable; da AdbAdc on N descends to a volume form on M. A
result of Geiges and Altschuler-Wu (cf. [Bl] Thm. 3.7) states that the product of a
compact orientable 3-manifold with any compact orientable surface carries a contact
form. So in particular, M x S? admits a contact metric structure but not a Sasakian
structure.
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Chapter 5

Future direction: Sasakian
deformations

We would like to use the operators dr, Or, and 8y to define deformations of a Sasakian
structure (5,7, €, g, ®). Such an approach could give us a family of Sasakian metrics
parametrized by any (not necessarily basic) function on S. This in turn would allow
us to ease strict hypotheses such as the condition ¢f > 0 of [FOW]. In this section,
we describe some progress on this problem. As we will see, the essential difficulty is
ensuring that the deformed structure is K-contact.

Let (S,n,€,9,®) be a Sasakian manifold. Let us attempt to construct deforma-
tions of the Sasakian structure which are parametrized by some (real) function » on
S. Let the deformed Sasakian structure be (7, €, §, ®), and write

n=n+a,

where @ = a(u) is a one-form parametrized by u. Suppose §~ = £&. Then the conditions
that tef) = ten = 1 and 1¢di} = 0 give us (ca = teda = 0, i.e. a is basic. It is not clear
how to construct a basic one-form from an arbitrary function u. However, if u is basic
we have some obvious candidates: dgu, Ogu, and Opu. Since we must require dn to be
a real basic (1, 1)-form, we are essentially forced to choose a = d§u. (o = dpu would
not change the transverse metric.) We may take ® = & — (£ ® o) o ®. We should
understand & as follows. We have canonical isomorphisms between TS/F, and the
contact distributions D and ’D We obtain ® by asserting an isomorphism of complex
vector bundles (D, ®) & (D, ®). The isomorphism ensures that the deformed contact
metric structure is normal.

The deformation described above with 7 =+ d%u is what Boyer and Galicki call

a “type II deformation” of a Sasakian structure [BG] The work of Futaki-Ono-Wang
[FOW] on toric Sasaki-Einstein metrics and the work of Boyer-Galicki-Simanca [BGS]
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on canonical Sasakian metrics make heavy use of these deformations.

If we want o to be parametrized by any (not necessarily basic) function u, we must
allow the Reeb field to change. This destroys the canonicality of the isomorphism
D = D, so it is not immediately clear how to define ® to get a contact metric
structure, much less a Sasakian structure. Let us take « to be transverse. (If tea # 0,
the deformation may be achieved by first scaling 7, which we will discuss in further
detail below, and then adding a transverse form.) In general we do not have a way to
parametrize the transverse complex structure ®. Of course, in the toric case we may
use a symplectic potential. However, in order for the deformed structure to be toric
we would need a to be 7™t -invariant. In particular we would need L¢a = 0 since §
is in the Lie algebra of the torus. Then a would be basic, £ would not change, and we
would return to the type II deformations described above. So the toric assumption is
not helpful, and the only clear way to define ® is to pick some isomorphism between
D and D and use it to define ® on D. The following isomorphism will at least give a,
contact metric structure:

A: D — D 3
V » W=V -7jV)

Its inverse is given by W —» V =W — ( 5 § For Y € D, we define Y := APA™'Y
and we set <i>§~ = 0.

We need to verify that dij(®Y, ®Z) = dij(Y, Z) for Y, Z € D. First, observe that
for any V,W € D,

di(AV, AW) = di(V — A(V)E,W — fi(W)E)
= dj(V,W). (5.1)

SoforY,Z €D,

di(®Y,8Z) = di(®AT'Y,®A'Z)
= dp(A7'Y,A71Z) + da(®ATYY,0A71 Z).

If we can show that
da(®V,dW) = da(V, W) (5.2)

for all V and W in D, we will have dij(®Y, ®Z) = dij(A~'Y,A71Z) = di(Y, Z) by
again applying (5.1).

Two obvious choices for o are dru and d5u. We combine these by setting o =
dru + dswv. In fact, this choice of o does satisfy (5.2). Since

d(dru + d5v) = ddu + drdgv + 1 A tgd(dru + d7v),

for V,W € Ker 1 we have do(V, W) = —(Mu)dn(V, W)+ V—=1(8r0r —0rdr)u(V, W).
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Both dy and (870 — Orfr)u are type (1,1), so (5.2) follows.

We set § = € ® € + dij(-, ). So far we have shown that (5,7, ¢, 3, <i>) is a contact
metric structure. As observed in section 2.2, the Sasakian condition is

B0, 5'] DO and £, 5] C D (53)

Let (z,2%,2') be complex foliated coordinates for the original Sasakian structure.
Write n = dz + ) fidz* + Y fid#', and let Z; = & — f;,£. Then Z; € D', and

so Z; = A(Z;) € D°. We will consider (5.3) in the frame {Z;, Z;} of D. Writing
= ij(Z;), we expand [Z;, Z;]:

1Z:,Z}) = [Zi— g€, Z; — g;€] o )
= [Zi, Z;) + (Z;(g:) — Zi(95))€ + g;1€, Zi) — ail€, Z;). (54)

Note that [Z;, Z;] = [527 - fi&, (f% — f;€] is a multiple of £ but is also in D, and so
it must be zero. Moreover, [Z,-, Zj] € Ker 7} since dij is type (1,1) with respect to o.
Evaluating 7 on both sides of (5.4), it follows that —(Z;(g;) — Zi(9;)) = 7i(g; Lﬁ Zi| —
gi €, Z;]). Therefore the first condition in (5.3) is equivalent to A(g;[€, Zi]— g€, Z;]) €
D0, (This is a slight abuse of notation since the argument of A is not in D.)

Noting that D> [E,Z] = €, Z: — 9:€) = €, Z;]) — €(g:)€, we observe that [€, Z; ;] =
A([€, Zi]). So in fact, both condmons in (5.3) are satisfied as long as the second holds.
In other words,

Proposition 5.1. (5,7, £, § g, <I>) as defined above is a Sasakian deformation if and
only if it is K-contact, i.e. [§, D] c DL,

Unfortunately, K-contactness puts a messy restriction on the functions v and v
which parametrize the deformation. Hopefully in future efforts we can better under-
stand the requirements of this condition.

Boyer and Galicki have also studied another type of Sasakian deformation: one
which preserves the contact distribution D. (They call this a “type I deformation”
[BG].) Let f be some (not necessarily basic) real-valued function on S. We define a
deformation of the contact structure by 7 = efn. This determines a new Reeb field
£, and we define ® to be ® on D = D and ®€ = 0. Then for X,Y € D,

di(®X,dY) = di(®X,dY)
= eldn(X,Y) + el df Ap(®X,dY)
= eldp(X,Y)
= dij(X,Y),

and we conclude that the deformed structure is a contact metric structure. Integra-
bility of the CR structure comes for free since we have not changed (D, ®|p). So
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as Boyer and Galicki note, if such a deformation is K-contact, it is automatically
Sasakian.

For a fixed Sasakian structure (7, &, g, ®), a transversely holomorphic vector bundle
is one whose transition functions are in the kernel of 07 = 8. In fact, D0 is such
a bundle. Using the frame {Z;} (as defined before), under a change of coordinates
(z,2%,2') — (', 2%, Z*) we have

021 o0
8z 027
_ 0Oz 2
~ 07
_ 027
T 9z

Here we have used (2.5) and the fact that n(Z}) = 0 for Z; = 525 — n(z25)¢. By

(2.5), we also have that Zy(%27) = 0 for all k, which is equivalent to 87(%) = 0.

So D' is in fact transversely holomorphic, and it makes sense to define transversely
holomorphic vector fields.

Z; - + a multiple of £

Z; + a multiple of ¢

Returning to a type I deformation of Sasakian structure, we may write
E=efe+2+72,
where Z € D', We will now assume that Z is transversely holomorphic. €,Z] =
le7€,Z) + [Z + Z,Z;). Since Z and Z; are both in D°, so is [Z, Z;]. [e7/¢,Z] is
the sum of a term of type (1, 0) and a multiple of £. However, since (¢, Zi]) =

ii([€, Zi]) = 0, the £ term cancels with the the ¢ term in [Z, Z;] = [Z, 2 — fi€]. Let
us write Z = 3 gj ZJ, where Z;(g;) = 0 since Z is antiholomorphic. Then

2,2) = [ZQJ(;ZI; - fjf),% - fif]
= (Zazh -2(0)¢

and so we conclude that the & term of [e77¢, Zi] cancels all of [Z, Z;]. It then follows
that [¢, Z;] € D0, and so the deformed structure is K-contact and hence Sasakian.

We can say more about the relationship between Z and f (the scaling of the
original contact structure). We claim that Z satisfies

vzdn = —0r(e™1). (5.5)

If this is true, then we have 1zdn = —dr(e™f) = e/drf and so tzdrf = 0. So we
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compute
wedii = w(e’df An+eldn)
=/ ((ugdf)n ~ n(E)df + vgdn)
= o (sele(fymn — e~'df +e~1drf)
= fn—df +drf
= 0.

Since this choice of Z satisfies ¢z} = 1 and ¢zd7j = 0 and ¢ is uniquely determined by
these properties, we conclude that (5.5) must hold. We obtain

Proposition 5.2. If the Hamiltonian (1, 0)-vector field for e~/ (as defined in (5.5))
is transversely holomorphic, the type I deformation given by scaling the contact form
by ef is a Sasakian deformation.

This condition is still quite restrictive on f. However, guided by the study of
Hamiltonian holomorphic vector fields on Kahler manifolds, we hope we can better
understand it in the future.

51



52



Bibliography

[Ab] Abreu, Miguel. “Kahler Geometry of Toric Manifolds in Symplectic Coordi-
nates.” In Symplectic and Contact Topology: Interactions and Perspectives.
Yakov Eliashberg et al, eds. Providence: Amer. Math. Soc., 2003.

[Bl] Blair, David. Riemannian Geometry of Contact and Symplectic Manifolds.
Boston: Birkhéauser, 2002.

[Bo] Boggess, Albert. CR Manifolds and the Tangential Cauchy-Riemann Complez.
Boca Raton: CRC Press, 1991.

[BG] Boyer, Charles, and Krzysztof Galicki. Sasakian Geometry. Oxford: Oxford U
P, 2008.

[BGN] Boyer, Charles, Krzysztof Galicki, and Michael Nakamaye. “On Positive
Sasakian Geometry.” Geometriae Dedicata 101 no. 1 (2003): 93-102.

[BGS] Boyer, Charles, Krzysztof Galicki, and Santiago Simanca. “Canonical Sasakian
Metrics.” Commun. Math. Phys. 279 no. 3 (2008): 705-733.

[CS] Chen, So-Chin, and Mei-Chi Shaw. Partial Differential Equations in Several
Comgplex Variables. Providence: Amer. Math. Soc. and Int’l. Press, 2001.

[DGM] Deligne, Pierre, Phillip Griffiths, and John Morgan. “Real Homotopy Theory
of Kahler Manifolds.” Inventiones Math. 29 (1975): 245-274.

[DHOR] Donagi, Ron, Yang-Hui He, Burt Ovrut, and René Reinbacher. “The Parti-
cle Spectrum of Heterotic Compactifications.” JHEP 12 (2004) 054.

[EKA] El Kacimi-Alaoui, Aziz. “Opérateurs Transversalement Elliptiques sur un
Feuilletage Riemannien et Applications.” Compositio Math. 73 (1990): 57-106.

[FOW] Futaki, Akito, Hajime Ono, and Guofang Wang. “Transverse Kihler Ge-
ometry of Sasaki Manifolds and Toric Sasaki-Einstein Manifolds.” Preprint,
arXiv:math/0607586v5.

[GH] Griffiths, Phillip, and Joseph Harris, Principles of Algebraic Geometry. New
York: John Wiley and Sons, 1978.

53



[GM] Griffiths, Phillip, and John Morgan. Rational Homotopy Theory and Differen-
tial Forms. Boston: Birkhauser, 1981.

[Gu] Guillemin, Victor. “Kéhler Structures on Toric Varieties.” J. Diff. Geom. 40
(1994): 285-309.

[MS] Martelli, Dario, and James Sparks. “Toric Geometry, Sasaki-Einstein Manifolds,
and a New Infinite Class of AdS/CFT Duals.” Commun. Math. Phys. 262 no. 1
(2006): 51-89.

[MSY] Martelli, Dario, James Sparks, and Shing-Tung Yau. “The Geometric Dual
of a-Maximisation for Toric Sasaki-Einstein Manifolds.” Commun. Math. Phys.
268 no. 1 (2006): 39-65.

[Mo] Molino, Pierre. Riemannian Foliations. Boston: Birkhauser, 1988.

[SH] Sasaki, Shigeo, and Yoji Hatakeyama. “On Differentiable Manifolds with Con-
tact Metric Stuctures.” J. Math. Soc. Japan 14 (1962): 249-271.

[To] Tondeur, Philippe. Geometry of Foliations. Basel: Birkhéuser, 1997.

[Vo] Voisin, Claire. Hodge Theory and Complex Algebraic Geometry I. Trans. Leila
Schneps. Cambridge: Cambridge U P, 2002.

[WZ] Wang, Xu-Jia, and Xiaohua Zhu. “Kahler-Ricci Solitons on Toric Manifolds
with Positive First Chern Class.” Adv. in Math. 188 (2004): 87-103.

[YK] Yano, Kentaro, and Masahiro Kon. Structures on Manifolds. Singapore: World
Scientific, 1984.

54



