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ABSTRACT

Radio interferometry offers a novel approach to satellite orbit determination. The high
level of precision from the group or phase delay observables that translate intoa '
differential range measurement between tracking stations makes interferometry an
attractive technique for satellite tracking. This study summarizes the geometry of|the
group and phase delay observables and presents a Monte Carlo simulation tool for
assessing the accuracy of various orbit determination scenarios. The Interferometric
Satellite Orbit Determination Accuracy Estimator (ISODAE) models the process of batch
satellite state vector estimation from a potentially overdetermining set of measurements
taken over time with error injected due to inherent observable imprecision. State vector
accuracies for various orbits and station location geometries are presented.
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SECTION 1
INTRODUCTION

1.1 SATELLITE ORBIT DETERMINATION BY RADIO
INTERFEROMETRY

Radio interferometry is a novel approach to satellite orbit determination, but it is an
approach well worth consideration for several reasons. First, the inherent level of
precision of the differential range measurement that results from interferometry is greater
than that available from conventional range measurements by radar. Second, radio
interferometry may be carried out on any signal emanating from the satellite; neither a
special transponder nor time on a communications link are required. Radio
interferometry does not require a coherent signal to be carried out; radio astronomers
make measurements on quasars, whose radio signal structure is essentially random noise.
Third, extremely short baselines between ground stations are feasible, thus ameliorating

geographical and political constraints on measuring station siting.

To date, experiments have been carried out in academia and through NASA research
and development funding to demonstrate the feasibility of radio interferometry for
satellite orbit determination, but it is far from the point of being a widely used method for
operational satellite tracking. In this study, we hope to demonstrate the utility of
interferometry for orbit determination by showing how the high precision of the
differential range measurement that it produces translates into high satellite ephemeris

prediction accuracy.



It was not until the late 1960’s that radio interferometry was first applied to the
problem of satellite orbit determination. In an experiment devised by Irwin Shapiro, Alan
Whitney, and others, very long baseline interferometric (VLBI) measurements were made
on the TACSAT I communications satellite in geosynchronous orbit (GEQ), and the
semi-major axis of the orbit was measured with accuracy on the order of several hundred
meters [1]. Subsequent experiments were performed in the 1980’s by Jim Ray, Curt
Knight, and others to determine the position of the Tracking and Data Relay Satellite
(TDRS) [2]. The achieved accuracy, estimated to be on the order of 75 meters [2], was
encouraging. As discussed in Section 3.1, the theoretically achievable level of precision
with the differential range measurement resulting from an interferometric group delay or
phase delay observable is extremely high. In short, radio interferometry provides an

attractive alternative to traditional means of satellite orbit determination.

Current orbit determination programs, such as the Goddard Trajectory Determination
System (GTDS) [3] and GEODYN [4] do not allow the differential range measurement
type. The derivation of the differential range measurement from the group delay
observable, as shown in Section 2.3, was developed independently for this study.
However, the batch orbit determination algorithm presented in Section 2.1 is essentially
that used in GTDS and GEODYN.

For this study, a Monte Carlo simulation tool was built around an orbit determination
algorithm in order to be able to inject error in the differential range measurements
provided by radio interferometry. The user can specify a satellite orbit, any set of ground
stations between which differential range measurements (or other types of measurements)

are to be made, and the statistical properties of the error in those measurements. Upon



each iteration of the Monte Carlo simulation, the orbit of the satellite is determined based
on measurements with errors, and the errors in the resulting satellite ephemerides are
recorded. Thus, the user may study the statistical properties of the error in the batch orbit

determination process resulting from the use of differential range measurements.

1.2 MONTE CARLO SIMULATION FOR ACCURACY ASSESSMENT

This document presents the theory behind a tool developed for the assessment of the
error in satellite orbit determination process with the differential range observable. The
Monte Carlo simulation that was developed is referred to as the Interferometric Satellite
Orbit Determination Accuracy Estimator ISODAE). ISODAE allows the user to specify
the satellite orbit (state vector at epoch), ground station locations, times of observation,
and statistical properties of observable errors. Upon each iteration of the simulation, the
orbit determination process is carried out with random error of the user-specified
characteristics injected into the observations. The error in the satellite state vector at the
specified epoch is calculated as the difference between the true satellite state vector
specified by the user as part of the ISODAE input and the state vector at epoch calculated
in the orbit determination process with error in the measurements. After the simulation, it
is then possible to study the statistical properties of the error in the estimated state

vectors.

For flexibility and ease of development, ISODAE was implemented in Mathematica
on the Macintosh [5]. This document assumes the user is familiar with Mathematica and

with the fundamental principles of astrodynamics. Sufficient comments are furnished




within ISODAE so that the user should be able to guide himself through the process of
setting up a sample orbit determination scenario and executing the Monte Carlo

simulation.

The orbit determination process that ISODAE uses is similar to that employed by
such state-of-the-art orbit determination programs as GEODYN and GTDS. Specifically,
ISODAE employs the batch weighted least squares estimation process, described in
Section 2.1, in which all measurements are used simultaneously to determine the satellite
orbit. (With Kalman filtering, another frequently used orbit determination process,
measurements taken at later times are used sequentially to update the estimated satellite
orbit.) The current implementation of ISODAE uses only two-body trajectory
propagation and state transition matrix for reasons of computational expedience.
However, the purpose of ISODAE is to study the statistical properties of errors resulting
from differential range measurements, and consequently, the orbit determination problem
need not be solved precisely. The user is not interested in the actual veracity of the
values for satellite ephemerides genereated by ISODAE; instead, he is interested in the
effects of errors in differential range upon those ephemerides. In this document, all the
mathematical specifications for more accurate trajectory propagation are provided, but

they are not currently implemented in the Mathematica model.

1.3 OVERVIEW OF DOCUMENT

This document serves as the mathematical specification for ISODAE. Since the

Mathematica procedures are themselves amply commented, this document is not
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expected to serve as a detailed user’s guide. Section 2 summarizes the orbit
determination process, including the least-squares batch estimator, time and coordinate
systems, models of trajectory propagation, and methods of numerical integration. In
Section 2, the geometry of the group delay and phase delay observables from radio
interferometry are presented. Section 3 summarizes error modeling and the Monte Carlo
simulation process. Section 4 presents results of some sample applications of ISODAE to
various satellite orbits and provides conclusions about optimal sensor site location
geometries. While the purpose of ISODAE is to study the properties of the differential
range measurement type used in satellite orbit determination, differential range may be
combined with other measurement types in an actual satellite tracking scenario.
Appendix A presents the measurement and geometrical partial derivatives for other
common measurement types. Finally, Appendix B reproduces the Mathematica

procedures in which ISODAE is implemented.
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SECTION 2
THE ORBIT DETERMINATION PROCESS

The process of satellite orbit determination involves measuring some physical
property of electromagnetic wave propagation between a satellite and a set of observing
stations. The measured property, called an observable, is then translated into a
geometrical measurement, such as range, range rate, or differential range. This study
concentrates on differential range measurements derived from group delay or phase delay
observables from an interferometer, as described in detail in Section 2.2. It is assumed
that the process of generating a differential range measurement, which includes signal
cross-correlation, resolution of cycle ambiguities, and estimation of signal propagation
rates, has already been accomplished, and thus the differential range measurement is itself
available. ISODAE also includes the capability for the user to specify measurement types

other than differential range, but the focus of this study is restricted to differential range.

2.1 LEAST-SQUARES BATCH ESTIMATOR

In one commonly-used approach for artificial satellite trajectory analysis, orbit
determination is carried out by fitting the best (in a least-squares sense) orbit to a set of
weighted measurements in batch. In the formulation of this approach, it is desired to
estimate a satellite state vector x at some reference time #,. The state vector is taken to
contain m components x;, i = 1, ..., m, which are some subset of the satellite’s position and
velocity vector components measured in an earth-centered inertial (ECI) coordinate

frame, plus any additional parameters, such as clock offsets or atmospheric
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characteristics, not concerned with satellite dynamics. It is assumed that p measurements,
yi»i=1, ..., p, of the differential range type (or potentially any other type) are given in the
measurement vector y. For each measurement y;, there is an associated time tag #;. In
summary, the state vector to be estimated at reference time #y and the measurement

vector, respectively, are written as follows:

Xy n
Xy Y2
x=| . y=|".
X yp

The functional relationships between the state vector x and expected measurements y;
are known and are denoted f;(x) = y;. The exact form of f; for a differential range
measurement will be presented in Section 2.3.1, and the forms for other measurement
types will be presented in Appendix A. The measurement equations may thus be written
y = f(x), where

fi(x)
fzfx)

f(x)=
fo(x)

The p measurements must be sufficient at least to determine the m state vector
elements. However, it is generally advantageous for the measurements to overdetermine
x so that the effects of measurement errors may be reduced. In either case, the least-
squares batch estimator finds the state vector x that minimizes the squared errors between

the measurements y and the expected expected measurements f(x).

13



2.1.1 The Batch Estimator for the Static Problem

First consider the problem where the p measurements are all made at the same time.
If it is desired to weight the i® measurement by the weighting factor w;, then the diagonal
weighting matrix W on the measurements will have [W], ; = w;. We construct the
following quadratic form scalar loss function between a state vector x and the

measurement vector y.
o(x) = [y - 1(x)]" W[y - ()] )

Minimizing the scalar loss function (1) with respect to x results in the Gaussian least

squares regression equation.

-2[y-f(X)] W—"‘
= [y-f(x)] WF(x)=0 @)

In equation (2), F(x) is the pxm Jacobian matrix:

-%xn %z %3“ -

F(x)= 2L %‘1 %‘2 L af:-' )

def IX : : . :
o o o
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The exact functional forms for the geometrical partial derivatives in the Jacobian (3) are
given in Section 2.3.2 and Appendix A, respectively, for differential range and for other

measurement types.

Equation (2) is the matrix representation of a system of m non-linear equations in the
m unknowns of x. Analytical solution of equation (2) is impossible for the case of
differential range measurements, and so solution will be carried out numerically by
Newton-Raphson iteration. To implement a Newton-Raphson iteration procedure, we
find a Taylor series expansion of f(x) around some a priori estimate of the state vector,

Xg, With Ax =x — X

f(x)=r(xo)+%| Ax +0(Ax?) @

x=x(

The second term on the right hand side of the Taylor series (4) may be rewritten as
F(x()Ax, and for notational purposes, we shall let we let F = F(x;). Also, let

Ay =y - f(x,) be the difference between the true measurements y and what the
measurements would be if the satellite’s state vector were x,. We may find an
approximation for the factor [y — f(x)] in equation (2) by substituting Taylor series (4) for

f(x) as follows:

y—1(x) =y —[t(xo)+ F(xo)Ax + O(Ax?)| = y —£(xo) - FoAx + OAx?)

Ay

= y-f(x)=~Ay-FAx ®)

15



Then to first order, equation (2) may be rewritten with approximation (5):
T T
[y-f£(x)]” WF(x) =[Ay - FyAx] WK, =0
T T T T
= (FoAx) WK, =Ay WF, = FyWFAx =Fy WAy

The mxm information matrix is S, = Fj WF;, and so long as S, is non-singular, its mxm
inverse Py = S;! may be found. Thus, the correction Ax may be found to the initial

satellite state vector estimate, X:
Ax = P,Fg WAy

The Newton-Raphson iteration algorithm for finding the state vector x
that best fits the observations y is summarized in Table 1. This algorithm converges
fairly rapidly (usually in four steps with |Ax| small enough for most applications) and is
fairly insensitive to relatively large errors in the initial estimate x,. Clearly, it is possible,
even with overdetermining observations, to choose inadvertently an initial state estimate
X, that causes the information matrix to be singular or poorly-behaved. In such a

situation, it is best to increment x;, by a small amount in a randomly selected direction.
As a final note, once the Newton-Raphson iteration has converged, the matrix P is the

covariance matrix between the measurements and the state vector components. If, for

example, x =[x y z]T is a satellite’s state vector in Cartesian coordinates, then the

16




Table 1. Algorithm for Solving the Static Orbit Determination Problem

1. Start with the a priori state vector estimate X, and let i = 0 be the initial iteration

number. Choose a threshold &x for quitting the iteration.

. Let Ay =y - f(x;) and compute the Jacobian matrix F; = F(x;).

. Compute the information matrix S; = F;) WF;. If the information matrix is
singular or ill-behaved, attempt the iteration again with a different a priori state
vector estimate x,. If the iteration still fails to converge, it is likely that the
measurements do not determine the full state vector, and the particular orbit
determination scenario is degenerate. Otherwise, compute P; = S,-'l.

. Calculate the correction to the state vector estimate: Ax = P,-F,-TWAy.

. Calculate the new state vector estimate: X;,; = X; + Ax.

. If |Ax| < &x, then quit the iteration with the best state vector estimate x =x; , ;.

Otherwise, leti =i + 1, and repeat the iteration at step 2.

17



covariance matrix will be of thé following form:

The position dilution of precision (PDOP), or position error, may be estimated as follows:

PDOP =02, + 02, + 0%

2.1.2 The Batch Estimator for the Dynamic Problem

Now consider the problem where the p measurements, y;, yy, ... , Yp, are made at
times #;, 1, ... , f,, possibly all different. Again, weight the i measurement by the
weighting factor w;, so that the diagonal weighting matrix W will have [W]; ; =w;. Now
each functional relationship ¢, gives the expected measurement y; if the satellite state
vector were x(#;) at time #;, and so the vector f depends on the satellite state vector x at

different times:

h ;"(‘1 )]
f= b3 _x.('z )]

T :x('p )]

18




It is desired to find the m components of the state vector x at reference time ¢, that
minimize the squared error between the expected and actual measurements. Thus, the

following scalar loss function is created:
Q=[y-1]' Wly-1] ©)

Quadratic form (6) involves measurements and calculations at different times; for

example, row i of the vector Ay =y —f, for a particular x(t;), is given as follows:
[av[x(s)]], = 3 - #fx(s)]

Each row of (y —f) in equation (6) is referenced to time ¢;. Therefore, the computation of
the partial derivative of equation (6) with respect to x must be carried out with respect to
time as well as geometry. We are interested in the partial derivative of the scalar loss
function with respect to the state vector at reference time #,. Calculating this partial
derivative proceeds most easily with the scalar loss function written in summation

notation:

0= Zw, - f[x))

i=1

Now,

32 = i—2wi{y,- - f}[x(ti)]}% . ax(1;)

=x(t0 ) i=1 X x=x(t,-) aX(to )

19



Here, the mxm partial derivative of the state vector at time #; with respect to the state
vector at time &, is the state transition matrix from time #, to time #;:
aX(t,' )

Dolt) = x00)

The computation of the elements of the state transition matrix is described in Section 2.6.
Computation of the geometrical partial derivatives is identical to the computation

required for equation (3) in the static case. The pxm matrix function F is defined row-by-

row as follows:

[F), = afﬁ,-) - ®o(8;) )]

Thus, the necessary condition for minimization of the scalar loss function becomes
@i =-2(y-1) WF=0
ox x=x(to)
= (y-0)"WF=0 ®
Equation (8) is identical in form to equation (2) for the static problem, but in (8), the state
transition matrix to time ¢; has been applied to each row i of the Jacobian. Equation (8) is

a matrix representation of m non-linear equations in the m unknowns of the state vector

x(%o) at epoch, and again solution of the equation will proceed by Newton-Raphson

20



iteration. First, from the a priori estimate of the state vector at epoch, xy(tp), we find the

state vector at each time #;:
xo(1;) = @o(%) xo(t0)

Then we find the Taylor series expansion of each function f; around the estimate of the

state vector at each time t;, Xy (#;), with Ax(z;) = x(t;) — x(8)):

A[x(0)] = H{xolt)]+ 52slaxt)+ ofax?) ©

x=x9(f;)
Subtracting both sides of equation (9) from the measurement y; and dropping all terms of

higher degree than Ax, we obtain a row-by-row approximation for the factor (y —f) in the
necessary condition equation (8):

1= Al == Alxole)] 5l ax(c) 10

x=x0(t;)
We may rewrite Ax(t;), the correction to the state vector at time ¢; appearing on the far
right of equation (10), in terms of the correction at time t, by applying the state transition
matrix:

Ax(t;) = @ (1;)Ax(to)

With substitution of this expression for Ax(#;) in equation (10), we obtain

21




o
» —ﬁ-[x(t,-)]~yi—ﬁ[xo(rf)]—5,@|zi)§:i?) (e
(11)
=[Ayo]; —[F;Ax(1)

In equation (11), the vector Ay, is defined row-by-row as follows:
[Ayo], =i - £xo(®)]

When equation (11) is collected for each i = 1, ..., p, we obtain the desired approximation

for (y —f) in the necessary condition equation (8):

y —f = Ayo — FoAx(ty) (12)

Here, F is the matrix F as defined in equation (7) with the i™ row evaluated at x = x, (t,-).

Then to first order, equation (8) may be rewritten with approximation (12) as follows:
[y - £]" WE, =[Ay, - FoAx(to )]T WE, =0
= Fj WEAX(,) = Fj WAy,
As in the static case, the mxm information matrix is Sy = Fg WK, and so long as S, is

non-singular, its mxm inverse Py = Sg! may be found. Thus, the correction Ax(z,) may be

found:
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Ax(1o) = PoFg WAy,

The Newton-Raphson iteration to find the state vector x(t,) at epoch ¢ = 1, that best
fits the p observations in the measurement vector y is summarized in Table 2. In the

algorithm, i always refers to iteration number.

Table 2. Algorithm for Solving the Dynamic Orbit Determination Problem

1. Start with the a priori state vector estimate X(f,), and let i = 0 be the initial
iteration number. Compute the p state transition matrices <I>0(t j) from epoch ¢, to

each measurement time #;. Choose a threshold &x for quitting the iteration.

2. Compute Ay; row-by-row from [Ayi]j =y;- fj[x,-(tj )] This expression gives
row j of Ay;.

(Continued)
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Table 2. Algorithm for Solving the Dynamic Orbit Determination Problem
(Concluded)

Compute the Jacobian F; with the j® row evaluated at x = x; (t J-) and with the state

transition matrices already calculated above:

[E]; =ﬁf§j|°0(‘i)

x=x(t;)
This expression gives row j of the Jacobian.

4. Compute the information matrix S; = F,;) WF;. If the information matrix is
singular or ill-behaved, attempt the iteration again with a different a priori state
vector estimate xq(%y). If the iteration still fails to converge, it is likely that the
measurements do not determine the full state vector, and the particular orbit

determination scenario is degenerate. Otherwise, compute P; = S,-"l.

Calculate the correction to the state vector estimate at epoch:
Ax(1p) = PF WAy,

6. Calculate the new state vector estimate at epoch: X;,1(fo) = x;(to) + Ax(zp)-

. If |Ax| < 8x, then quit the iteration with the best state vector estimate

x(%) = X; , 1(#p). Otherwise, let i =i + 1, and repeat the iteration at step 2.
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22 GROUP DELAY AND PHASE DELAY MEASUREMENTS

This section provides a brief introduction to the process of radio interferometry.
Since the purpose of this study is to assess the statistical properties of the error that
results from using differential range measurements to determine satellite orbits, precise
details on the cross-correlation process for the generation of the differential range
measurement from interferometric observables will not be provided. Readers interested
in further information on the cross-correlation or other aspects of radio interferometry are

referred to reference [6].

A differential range measurement is calculated from a phase delay or group delay
observable generated by radio interferometry. Group delay is the differential time of
arrival of a signal between two ground stations and is usually generated by a VLBI
system. Each site within a VLBI system has an independent local oscillator for frequency
and time standards. To generate a group delay observable, the signal from a satellite
(which need not be a special signal for orbit determination) is time-tagged, sampled,
digitized, and transmitted to the correlator site from each other site. At the correlator site,
the recorded signals from each element of the interferometer are cross-correlated at
various time offsets. The interpolated time offset that creates the peak of the cross-
correlation function is the group delay measurement, 7, where the tilda indicates that the
true group delay, 7, is the measured group delay plus the clock offset between the two
measuring sites minus delays due to the various systematic error sources such as
tropospheric delays, ionospheric delay, and equipment biases, minus random noise error

in the measurement. If Az is the clock offset between two sites, 7, is the tropospheric
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delay, ; is the ionospheric delay, and 7, is the delay due to equipment biases, and € is the

random noise error in the measurement, then the true group delay, 7, will be given by

T=T+AMt -7, ~T;—T,—€ (13)

The tropospheric and ionospheric delays (or any other delays deriving from changes
in the signal propagation rate) are referred to as nuisance delays. Tropospheric delay is a
function of temperature and total water vapor content in the signal propagation path (i.e.,
a reading of relative humidity at the station is insufficient for predicting tropospheric
delay). Ionospheric delay is a function of the signal frequency, and in certain regions of
the spectrum (such as K-band), ionospheric delays are zero. ISODAE users may estimate
clock offsets as additional solve-for parameters in the orbit determination process, or
clock offsets may be specified to be zero. ISODAE assumes that the nuisance delays and
equipment biases can be measured or predicted, and so they are not modeled in the
simulation. Thus, for the purposes of ISODAE, equation (13) reduces to

T=%+At—¢ (14)

Phase delay is the phase offset of a signal between two different receiving stations
and is generally measured by a collected element interferometry (CEI) system. The
concept of phase delay is easily understood so long as the signal is in the form of
coherent sinusoid; however, phase delay can be measured even on signals with a structure
of random noise. Radio astronomers measure phase delay on quasars, for example,

whose signal structure is essentially random noise. The measured phase delay, ¢,
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between two elements of a CEI system is related to the true group delay, 7, by the

relationship

¢+ 27N — 27vT, — 2RVT; - 27VT), — 2AVE =2RVT— ¢ (15)

where ¢y  is the phase offset of the local oscillator reference signal at the antennas, N is
the unknown cycle ambiguity, v is the reference center frequency of the phase delay
measurement, and again € is the random noise error in the measurement. The true group

delay is calculated from measured phase delay by solving equation (15) for 7.

o+2nN . ¢o =
T 7 +—2—ﬂ-;—r,—t,-—rb—e—r¢+At¢—r,—r,-—1'b—e (16)
where the definitions
def 27V def 2V

give equation (16) the same form as equation (13).

The reference frequency v is known and the cycle ambiguity N may usually be
deduced from a priori information about the satellite's position vector, but the local
oscillator phase offset ¢; o must be estimated as one of the parameters in the orbit
determination process. Even with temperature controlled fiberoptic cable links between
antennas and the oscillator in a CEI system, it is virtually impossible to calculate ¢ o, by

carefully calibrating the system, and so it is necessary to estimate it as a parameter in the
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orbit determination process. This is analogous to the estimation of the unknown clock
offset between stations in the case of a VLBI system measuring group delay. Thus,
equation (16) is of the same form as equation (13). If a priori satellite position
information is insufficient for the determination of the cycle ambiguity N, then redundant
measurements must be made at different reference center frequencies. For the purposes
of ISODAE, it has been assumed that sufficient a priori information is available to
determine the value of N. In the case of a CEI system, as for a VLBI system, it is
assumed in ISODAE that nuisance delays and equipment bias delays may be measured or
predicted. Thus, equation (16) reduces to the form of (14), again where measured group
delay is derived from the measured phase delay as in definition (17) and At derives from
& o as in definition (17).

In a real scenario where an interferometry system is being used to determine the orbit
of a satellite, it is necessary to calculate tropospheric and ionospheric parameters, to
calibrate for equipment biases, and to calculate differential range as a function of group
delay. These topics are beyond the scope of this study; ISODAE assumes that the
differential range measurement has already been generated, clock offsets or local
oscillator offsets notwithstanding. ISODAE allows the user to model error in the group
delay measurements, but details in this section on group and phase delay observables are

provided to the reader for background only.
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2.3 GEOMETRY OF THE DIFFERENTIAL RANGE OBSERVABLE

Consider an interferometric orbit determination scenario in which O is the origin of
an earth-centered inertial (ECI) coordinate system, r is the position vector of a satellite
with respect to O, b, and b, are the position vectors of two ground stations from which
measurements are to be made, and d; and d, are the position vectors of the satellite with
respect to those ground stations, as pictured in Figure 1. All the position vectors r, b, b,,
d,, and d, are functions of time. Given the latitude, longitude, and height above sea level
of a ground station, the position vector of that ground stations can be calculated as a
function of time, as shown in Section 2.4.1. Assign ECI coordinates to the ground station

position vectors as follows:

by by
b, = bly and b, = b2y
by, by,

Notice that the sum of a station position vector b, and the satellite position vector d;
measured from that station is simply the satellite position vector r, or by + dy=r.
Therefore, d; =r — b;. If the propagation rate, c, of the signal through the atmosphere is
known, then the transit time, T}, of the signal from the satellite at point P to ground

station k at point B will be given by

T = | =2y/(r = by)-(r - by)

(ISODAE takes the signal propagation rate to be the speed of light, which is
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Figure 1. Dlustration of the Interferometric Measurement Scenario

¢ =299,792,458 m-sec”! [7].) The true group delay, 7, is the differential transit time of

the signal between the two sites:

t=T - T =1(d;|-ld))) = %[\/("‘bz)'("“bz) =(r=by)- ("bl)] (18a)

If the position vector of the satellite is expressed in ECI coordinates as r =[x y z]T
and the magnitude of station k’s position vector is written b, = |bk| then the group delay

may be expressed as follows:




t=1x? 4y + 2 — 2By, x+ byyy + byy2) + B3 (18b)

-1 .7:2+y2+z2—2(bu,x+blyy+blzz)+bl2

2.3.1 Differential Range Measurement Function

One subtlety of equations (18) is that the satellite position vector r, station 1 position
vector by, and station 2 position vector b, are all referenced to different times. If the
measured signal emanates from the satellite at time ¢, then it will arrive at station 1 at
time ¢ + 7, and it will arrive at station 2 at time ¢ + T + 7, where T is the signal transit time
from the satellite to station 1, and 7 is the true group delay between stations 1 and 2. If
the satellite position vector r is measured at time ¢, then the station 1 position vector is
measured at time ¢ + T, and the station 2 position vector is measured at time ¢t + T+ 7.
Thus, we write r = r(f), b;= b,(¢ + T), and by= by(t + T+ 7). The group delay

equation (18a) is, therefore, more properly written as follows:

t=1[r(t) = by(t+ T+ 1)]-[r(r) = by (1 + T + 7))

(19)
—L[F @) = e+ T) [r(r) — oy + T)]

In ISODAE, a user specifies a scenario that includes satellite position and velocity
vectors at epoch, ¢ = ¢, ground station locations from which differential range
measurements are to be made, and times, ¢y, ,, ..., £,, at which measurements are to be
taken. It is, therefore, necessary for ISODAE to calculate the true group delay

observables, after which measurement errors are added to obtain measured group delays.
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If measurement number j is made at known time ¢; from station 1, so that ¢+ T =¢;, then
the station 1 position vector, bl(tj), can be calculated from equation (25) in Section 2.4.1.
The signal transit time to station 1, 7, is unknown because it depends on the satellite

position vector at the unknown time ¢ = £; — T, but it is obeys the relationship

7= \[e{t = 1) wu(e)] [l - 7) - ()] 29

The signal transit time, 7, may be calculated iteratively from equation (20), as shown in

Table 3.

Once the algorithm in Table 3 has been applied, the signal transit time, 7, to station 1
and the position vector of the satellite at the time of signal emanation, r(tj - T), will have
been computed. Unfortunately, the true group delay still cannot be computed directly
from equation (19) because the right hand side is a function of 7. Thus, group delay must
be calculated iteratively. The position vector for ground station 1, b,(#), the position
vector of the satellite at the time of signal emanation, r(t = T), and the signal transit time
T to station 1 have already been computed and will remain fixed throughout the iteration,

which is summarized in Table 4.

In setting up an orbit determination scenario, a user of ISODAE will specify an epoch
time ¢, the satellite’s position vector at epoch, r(fy), and the satellite’s velocity vector at

epoch, v(fy). The user will also specify a set of p measurement functions. For each

measurement j of the differential range type, the user will specify the time of the
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Table 3. Algorithm for Finding Signal Transit Time

. Let t, be the epoch at which the satellite state vector x(#, ) is known. Compute the
position vector for ground station 1, bl(tj), from equation (25) in Section 2.4.1.

Choose a threshold 6T for quitting the iteration.

. Leti =0 be the initial iteration number, and let T, = 0 be the initial estimate of the

signal transit time 7.

. Compute the state transition matrix, <I>0(t = T;), from time ¢, to the current
estimated time of signal emanation from the satellite, ¢; — T;, as described in

Section 2.6. Compute the satellite state vector at time ¢; —7; from

Let r(t = 1;) be the position vector components of the state vector x(t = T,’)

. Calculate T; , | from the following:

Ty =4[e{ty =)= u(t)] [l - 7) - (1)

. Quit the iteration if |T;,; — T;| < 8T. Otherwise, leti =i + 1, and repeat at step 3.
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Table 4. Algorithm for Finding True Group Delay

1. Leti =0 be the initial iteration number, and let 7, =0 be the initial estimate of

the true group delay. Choose a threshold &7 for quitting the iteration.

2. Compute the ground station 2 position vector, b, (t i+ 't,-), at the current estimated

time of the signal arrival, ¢; + 7; from equation (25) in Section 2.4.1.

3. Calculate 7; , ; from the following:

1',“—-\/:(: =T)=by(t; + 7 ] [r(t - bz(tj+t,-)]—T

4. Quit the iteration if |;,; — 7| < 87. Otherwise, leti =i+ 1, and repeat at step 2.

measurement, ¢, the geodetic latitude, longitude, and height above sea level of the two
stations between which the differential range was measured, and the clock offset (for
group delay) or local oscillator offset (for phase delay). ISODAE will then generate the

true group delay, 1, for the j* measurement by applying the algorithms from Tables 3
and Table 4.

Once the true group delay corresponding to measurement number j, 7, has been
computed, the true differential range measurement may be computed to be c7;. If At; is

the given clock offset between the interferometer elements j1 and j2, then the differential
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range equivalent of the clock offset is Ar; = cAf;. The differential range measurement

function may then be written as follows:
fily =) =5 - 8 e

In equation (21), T; is the signal transit time between the satellite and station j1, the first
element of the interferometer generating the differential range measurement. This signal
transit time is computed from the algorithm in Table 3. Finally, to generate a
measurement for Monte Carlo simulation, ISODAE will add random measurement error
with user-specified statistical properties to the measured differential range function in
equation (21). This process is described in further detail in Section 3.

2.3.2 Geometrical Partial Derivatives of Differential Range

Shown in equations (22) are the geometrical partial derivatives of the differential
range geometry function (21). In this formulation, b;; and by, are the station position
vectors for the two elements of the interferometer making measurement number j, and

their ECI components are denoted as follows:

bjix bjax
bjl = bjly and b_]2 = bj2y
bjlz ijZ

In equations (22), the magnitudes of the station position vectors are written as follows:
bjl = 'b-’ll and b_]2 = ijzl.

35




bjlx - X

Jx’ +y* + 2 —2(b,-1,x +bjyy+ bjlzz)+ b}l

-%-:
o

bj2x - X

Jx’ +y? +22 = 2bjp.x+ bjayy + bja,z) + by

% _ Ly
dy sz +y*+2% - 2(bjlxx +bjyy+ bilzz) + bl?‘

bjoy =y

sz + y2 + Z2 - 2(b12xx + bjzyy + bjzzZ) + bfz

% e
9z sz +y +22 - 2(bjlxx +bjyy + bjlzz) + bzgl

x> +y? 422 - 2(b j2xX+bjayy + bjzzz) + b}z

J

(22a)

(22b)

)

(22d)

Equations (22) may be written more compactly with a few additional definitions. Let

r=[x y z]T be the satellite position vector, letd;; =r-b;;, letd;; =r - b;,, and

finally let d;, = |d ﬂI and dj; = Id j2|. (The vectors d are the position vectors of the

satellite measured from the ground stations.) Then equations (22) become
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% _42_dn
3!' d]2 dll

The geometrical partial derivatives of the differential range geometry function with
respect to all velocity, clock offset, or other state vector components are 0. In
equations (22), the satellite position vector and ground station vector components must be
evaluated at the appropriate times. In the orbit determination algorithm from Table 2, the

computation of the following geometrical partial derivative is required:

i/
ox(y)

x=x(1;)

In this derivative, the satellite position vector is evaluated at time ¢; — T}, where T; is the
signal transit time from the satellite to station j,1. This transit time and the satellite
position vector at the time of the signal emanation, r(t = TJ) , are computed by the
algorithm in Table 3. Therefore, x, y, and z in equations (22) are the components of

r(t = TJ) The station 1 position vector for the measurement at time #; is b ;; (t J-), which
is computed as described subsequently in Section 2.4.1. Finally, the station 2 position
vector, by (tj + rj), is evaluated (also as described in Section 2.4.1) at time i+ T
where 7; is the true group delay between station 1 and 2, as computed by the algorithm in
Table 4.
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24 COORDINATE AND TIME SYSTEM

ISODAE uses the B1950 ECI coordinate system for all measurements and
calculations. In the B1950 ECI coordinate system, the mean equator and mean equinox
for Julian Ephemeris Date (JED) 2433282.5, or January 1.0, 1950, Ephemeris Time (ET),
are used to define the z-axis and x-axis, respectively. The B1950 ECI coordinate system
is commonly used for trajectory propagation and orbit determination; therefore,
polynomial expressions for useful parameters such as solar and lunar ephemerides and the

right ascension of the earth’s prime meridian are readily available in this system.

24.1 Computation of Ground Station ECI Coordinates

This section describes the computation of the ECI coordinates of a site on the surface
of the earth. To specify the location of the site, ISODAE requires the geodetic latitude of
the site, L;, the longitude of the site, A, and the height of the site above mean sea level, A.
Because the measure of latitude given on most maps is geodetic, ISODAE accepts
geodetic and not geocentric latitude as input.

~Z s

-
-
-
‘ -~

-
~ o h .

Equatorial plane

Figure 2. Geodetic (L,) Versus Geocentric (L) Latitude
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The difference between geodetic latitude, L, and geocentric latitude, L., is illustrated
in Figure 2. In this model, the earth is treated as being an ellipsoid with circular cross-
section normal to the z-axis and with elliptical cross-section normal to the xy-plane. This
elliptical cross section will have semi-major axis a, and eccentricity e,, where
a,=6378.137 km and e, = 0.08182 [7]. Geocentric latitude is measured from the origin
O and is the angle between the xy-plane and the site’s position vector, b. If i, is a unit
vector in the +z direction, and b = [b|, then

b-i

L. =90°—arccos 5

Sites differing only in height above sea level will have different geocentric latitudes.
Geodetic latitude, on the other hand, is computed so as to be independent of height above
sea level. If a site is at point S in an ECI system with origin O, as shown in Figure 3, then
line segment SP is constructed so that it intersects the oblate earth normal to the ellipsoid
at the point of intersection, N. Line segment SN is then extended until it intersects the xy-
(or equatorial) plane at point P. Geodetic latitude is then the angle measured from point
P between line segment SP and the equatorial plane, where sites below the equator have
negative latitudes. If m is the unit normal vector to the ellipsoidal earth from point N, as

shown in Figure 3, and then
L, =arccos(n-i,)-90°
The ECI coordinates, b(r) =[b,(t) by(r) b,(#)]" . of a site with geodetic latitude L,

longitude A, and height 4 above sea level at time ¢ may be computed as follows. Let At be
the difference in ephemeris days between 0000 hours, 1 January 1950, and the
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observation time ¢. Then the right ascension, a, will be given by the site longitude plus
the right ascension of the prime meridian, 8p),. The following numerical approximation

for Bpy, is given by NASA [8]:

Opy = 99°.87 +24(15.041067178 °-day ' JAr (23)
PM

\ J

Earth's mean rotation rate
Thus, the right ascension of the site is given by

a= epM +A (24)

Let a be the vector pointing from O to N, as shown in Figure 3. Leth be the vector
pointing from N to the site location S, so that h has magnitude 4 and is normal to the
reference ellipsoid. It may be verified from geometry the vector a may be written as

follows:

cosQ
Jl+(l—e3)tan2 L,

sina
=) J1+(1-e?)an’ L,

(1 - eez)sin Ld
| y1-eZsin’L,




Figure 3. Geometry for Calculating the Site Position Vector

It may be verified from analytical geometry that the unit normal vector n to the

ellipsoidal earth may be written as follows:

cosacosLy
n=— sin@cosL,
sin Ld

From Figure 3, it may be seen that the station position vector b is the vector sum of a and

h, where h = - hn. Thus,

b=a-hn=

a,cosa

+hcosacosL;
\/1+(1-ee2)tan2 L,

a,sina

J1+(1—e3)m2 L

a,(l —e2 )sin L,

-\[l —ef sin? L,

+hsinacos L,

+hsinL,
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It should be noted that equation (25) for the ECI coordinates of a site position vector b is

a function of time because the right ascension & is a function of time.

25 EQUATIONS OF MOTION AND FORCE MODELS

Expressed in the B1950 ECI coordinate frame, the equations of motion for a satellite
can be directly integrated in rectangular coordinates. If the satellite’s position vector is r

and the velocity vector is v, then the equations of motion may be written as follows:

d? u dlr v
= - + — -
—Tr ?r a, or [V] [_ rE3 r+ ad] (26)

where i = 398,600.45 km>-sec2 [7] is the product of the universal gravitational constant
and the mass of the earth, r =|r|, and a, is the sum of the disturbing forces acting on the
satellite. The first term on the right hand side of equation (26) is the point mass
gravitational force of the earth. If there were no disturbing forces, a; = 0, then the
satellite would obey Keplerian motion, and the solution to (26) would be the two-body
solution described in Section 2.6.1.

Since the earth’s gravity is usually modeled by a gravitational potential function V,

the first term of which gives the point mass gravitational potential, equation (26) is

usually rewritten as follows:
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airi. Y @7)
dt|v] |VV+agp+ag+ay,+ap
where

wo= [ &4

aggp = acceleration due to solar radiation pressure
ag = acceleration due to solar gravity

ay = acceleration due to lunar gravity

ap = acceleration due to atmospheric drag

In the rest of this section, the forms of the earth’s gravitational potential, the solar
radiation pressure acceleration, the solar and lunar gravitational accelerations, and the

acceleration due to atmospheric drag will be presented.

2.5.1 Geopotential Model
The earth's gravitational field is often expressed with a spherical harmonic expansion.

The gravitational potential V at any point P in space is given by the spherical harmonic

series

oo [ 1
V=%{1+ZZ(%) B (sin ) Cp cOSMA + 8, sinmA] (28)
=2 m=0
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where

r =  distance of P from the origin (center of the earth in an ECI coordinate
system)

¢ =  geocentric latitude of P

A =  right ascension of P

a, = mean equatorial radius of the earth (6378.137 km)

P,, =  associated Legendre function

C,» = spherical harmonic cosine coefficient of degree ! and order m

Sm =  spherical harmonic sine coefficient of degree / and order m

The polar coordinates of the point P are (7, ¢, A), and the conversion from polar to

Cartesian coordinates is as usual
x=rcos¢cosi
y=rcos¢sini

zZ=rsing

The associated Legendre functions are given by

. me (D@I-200 . pmea
Fim{sin ¢) = cos ¢§ 2’:!((1 -)t)(!(l—mt)— 2:)!8"‘, t

where k is the integer part of (I — m)/2.




Because the order of magnitude of the coefficients C and S decreases fairly quickly
with /, known as the degree, and especially with m, known as the order, it has been
common practice to present the harmonic coefficients in normalized form, in which the
order of magnitude remains approximately constant. Kaula [9] introduced the

normalization factor that has become standard:

l-m(21+1)(2- 6
Cm=J( m)!(21+ 1)( o,,,)é 29)

(1+ m) Im

where Cp,, is the standard coefficient used in equation (28), C,, is the normalized
coefficient, and &,, is the Kronecker delta between 0 and m. The normalization factor in

equation (29) also applies to the S}, coefficients.

For the purposes of this discussion, a gravity model refers to a set of coefficients in
the harmonic expansion of the earth's gravitational field. Models are generated by
regressions on highly precise satellite tracking data, usually in the forms of laser ranging,
Doppler, and satellite-to-satellite ranging. There are a number of different models that
have been developed, including GEM-T2, Goddard's latest earth gravity model generated
from 2.4 million observations [10]. It is GEM-T2 that has been chosen for use by
ISODAE. While GEM-T2 extends to S0th degree and 43rd order, the coefficients only
through fourth degree and order, inclusive, have been used for ISODAE. These are
given, both in normalized and in standard form, in Table S.
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Table S. GEM-T2 Normalized and Standard Gravity Coefficients

l m C C S S
2 0 -4.841652998x10*  -1.082627x10°3 0 0
2 1 0 0 0 0
2 2 2.4390067x10° 1.574372x106 -1.400870x10°6 9.042577x10°7
3 0 9.570331x10°3 2.532072x10°6 (] 0
3 1 2.0307524x10°6 2.193463x10°6 2.496027x10°5 2.696017x10°7
3 2 9.035391x10% 3.086174x10°7 -6.189858x10°5 -2.114239x10°7
3 3 7.215073x10°5 1.006094x10°7 1.4137252x10°6 1.971346x107
4 0 5.399078x10°5 1.619723x106 0 0
4 1 -5.352557x10°S -5.077881x107 -4.741332x10°% -4.498022x107
4 2 3.482596x10°S 7.787321x10°8 6.640236x10°5 1.484802x10°7
4 3 9.913108x10°S 5.924215x10°8 -2.014288x10°5 -1.203767x10°8
4 4 -1.893677x10°S -4.001123x10°f9 3.089680x10°S 6.528140x10°9

2.5.2 Third-Body Gravity Model

For earth-orbiting missions, third-body gravity refers to the disturbing forces exerted
on a spacecraft by all gravitational bodies other than the earth. For such missions, the
predominant third-body forces are due to the sun and moon. In Figure 4, which illustrates
the situation for the disturbing acceleration due to the moon, O is the origin of the ECI
coordinate frame, r is the position vector of the spacecraft in the ECI coordinate frame, P
is the point at which the spacecraft is located, r,, is the position vector of the moon, M is

the point at which the moon is located, and d, is the position vector of the spacecraft with



M

Figure 4. Third-Body Disturbing Gravity

respect to the moon (d,, =r —r,,). Equation (30) gives the disturbing acceleration on a
spacecraft due to the moon, where L, is the product of the mass of the moon and the
universal gravitational constant (4,902.79 km>-sec? [11]). The analogous expression for
the disturbing acceleration due to the sun is shown in equation (31), where ugis the
product of the mass of the sun and the universal gravitational constant

(1.3271244 x10"! km>sec™ [11]).

1 1 r-r, ¢
ay = —ﬂu(zdu +gm) = "ﬂu(lr—';'il;*' #] (30)
—Iy
r—rg Is
ag=-— + (31)
S ”S[Il"l'sr g)
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The following are the osculating orbital elements for the sun, as given by JPL [8],
with T being the integer number of Julian centuries (36,525 ephemeris days) from epoch
January 1.0, 1950 ET, and with d being the number of ephemeris days from the same

epoch.

a=149597927x10® (km)

€=1.67301085x1072 -4.1926 X103 T -1.26 x 107 T2
i = 23.4457888616 —1.30141669 x 102 T -9.445 107" T2 +5.000x 107" T> (°)
Q=0°
o = 282.08053+0.32328T +1.5x 107412 (°)

M = 358.000682 + 0.9856002623d — 1.550000 x 10~* T2 -3.3333x107°7> (°)

The following are the osculating orbital elements of the moon, with T and d as given

above [8].

a=3.843993x10° (km)
e = 0.054900489
i=5.145396 (°)

0=12.112791-1934.139929T + 2.081x 10> T? +2.0x 10753 (°)
® =196.731198 + 6003.163629T - 1.2425x1072T2 -1.4x107°T> (°)

M =215.531463+4.77198858310 x 10° T +9.214 x 103 T2 + 1.4 x107°T3 (°)

The lunar and solar ephemerides that are computed from these polynomials will be in the

B1950 ECI coordinate frame. ISODAE computes lunar and solar position vectors from
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the osculating orbital elements as follows. First, the eccentric anomaly, E, is computed

from the mean anomaly, M, and the eccentricity, e, by solving Kepler’s equation:
M=E-esinE

This equation is transcendental in the desired parameter, E, and so a numerical solution
must be obtained. The Newton’s method procedure for the solution of Kepler’s equation
is provided in Table 8 of Section 2.6.1. Now the value of the true anomaly, f, is

computed as follows:

f= 2arctan[ -l—-f—etan-%E]

1-e
and the value of the angle 6 is defined to be the sum of the true anomaly and the
argument of perigee: 8 = f + @. Next, the magnitude of the position vector of the

disturbing body, rp =|rp|, is computed as follows:
rp =a(l-ecosE)

Finally, the components of the position vector of the disturbing body are computed as

follows:

cos £2cos 6 —sin £2sin Ocosi
rp = rp| sin 2cos 6 + cos L2sin Ocosi
sin @sini
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2.5.3 Solar Radiation Pressure Model

ISODAE uses the static solar radiation pressure model, which states that the

acceleration due to the solar photons impinging on the surface of a spacecraft is given by

asp = k. Pord (1+ Tl)(%:-) (=) (32)

-l

where r is the satellite position vector, Py is the solar pressure flux at one astronomical
unit, 4.5x10°6 N-m'2 [12], r is position vector of the sun (and r is its magnitude), 7 is
the reflectance of the surface of the satellite, -1 < 1< 1 (-1 for perfectly transparent
material, zero for a perfectly black body, and unity for a perfectly reflective material), Ag
is the orbit-average area of the spacecraft projected into the plane normal to the line of
sight from the spacecraft to the sun, m is the mass of the spacecraft, and k, is zero if the

earth is eclipsing the sun from the spacecraft or one otherwise.
The user of ISODAE must specify the spacecraft mass, m, and the solar radiation

pressure cross-sectional area, Ag. ISODAE must compute the position vector of the sun,

which is done exactly as described in Section 2.5.2 for third-body gravity.

2.5.4 Atmospheric Drag Model

ISODAE uses the static atmospheric drag model, which states that the acceleration

due to a spacecraft moving through the atmosphere is given by




ap =—%Co(é,f)o[h(r)]v,v, (33)

where r is the satellite’s position vector, h(r) is the height of the satellite above the
surface of the earth, p[A(r)] is the density of the atmosphere at the satellite’s position, Cp
is the satellite’s coefficient of drag (usually around 2.0), v, is the component of the
satellite’s velocity vector in the direction of the rotating atmosphere (and v, is its
magnitude), A, is the orbit-average area of the spacecraft projected into the plane normal

to v,, and m is the mass of the spacecraft.

The user of ISODAE must specify the spacecraft mass, m, the drag cross-sectional
area, Ap, and the coefficient of drag, Cp,. ISODAE must compute the density of the
atmosphere at the satellite position and the satellite velocity relative to the atmosphere.
The latter is accomplished by applying the Coriolis theorem, from which the following

obtains:

V,=V—-®Xr 34

where v is the satellite’s ECI velocity vector, r is the satellite’s ECI position vector, and

o is the angular momentum vector of the earth, which is given as
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where @ = 7.2921151464x107 rad-sec’! is the mean rotation rate of the earth.

Atmospheric density is modeled as being a function of the height of the spacecraft
above the surface of the earth, which is in turn a function of the satellite’s position vector,

r. The height, h(r), will be given as follows:
h(r)=r-a, T-e?cosl L (35)

where r =|r|, a, and e, are the mean equatorial radius and eccentricity, respectively, of
the ellipsoidal earth, as given in Section 2.4.1, and L, is the geocentric latitude of the

satellite, as calculated from equation (25) in section 2.4.1 (with b =r).

ISODAE uses the 1976 U.S. Standard Atmosphere model adapted by JPL [13, 11].
This model provides tabular densities for heights ranging from 86 km to 1000 km.
Altitudes lower than 86 km are given the density value at 86 km, though a satellite at
such an altitude will be in a highly unstable orbit. The atmosphere is generally
considered to have no effect at altitudes greater than 1000 km. For heights between the
values listed in the table, ISODAE performs a linear interpolation. The 1976 U.S.

Standard Atmosphere is shown in Table 6.
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Table 6. The 1976 U.S. Standard Atmosphere

Alitude Tempersture Pressure Density
Zim) | Him) | TIK t{°c) T (K P (mb} P (torr) PR, p lkg/m3) plpy
56000 84uS2 -86.28 T 3eT338= 3 2.B006- 3 I, 0850 4 8.958- 6 S.ou0= &
86500 85339 - L] J.61063 2.5624
87000 a582% 20 3.1259 - 2.3646 ’
875090 86312 -8b.28 208602 2.1654
88009 8679 -66,28 2.6172 J.9621
88500 87205 ~86.24 2.3951 . 1.79sS
89900 8777} - 186,87 -86,28 2.1919 o Vobhkald
09500 28257 186,87 ~66.28 . 2.0000 1.5006 3,008
90000 80744 186.87 1.825%= 3 1.I771- 3 1,8119 A J.blo= 6  2.789= o
90500 29230 186,87 1,680+ 1.2006 1,658 3.120 .2.982 -
91000 a9716 186,87 1.53a1 “1.5179 -2.860 2325
91500 90202 186.09 1.6078 2.810 2.130
92000 90004 186,96 l.2887 . 2.393 1954
92300 Mmn 187.08 lel798 o 2.188 1e700
93000 21659 187,25 . 1 24000 1.0402
92500 921458 187,67 . Ye88%= & 7.4178 7 le.b2¢ . Bet92
94000 92630 187,76 * 940500 8.7925 L 8,9378 3.870 - 1.303
94500 91le 188.05 $.2937 6.2208 8,1852 1.520 o265
95000 93601 Ta5900= & 5,0979- &  T,497T3= T 3.393- 6 ). 137 »
95500 9¢087 08,9592 5.2199 6, 5082 1.273 1039
96000 94572 6.3705 “.7028 ,2932 lelb2 9.0u8- 7
96500 95057 5.8439 4.3833 S.767S 1.0 . $a.000
47000 95842 $.J571 4c0181 $.2879 .05~ T  7.90e
97500 90027 .. 9122 . 0804 «,8680 8862 7.218
98000 98512 8.5057 3.3795 . 4,eh0m 8.073 .58
20500 96997 61362 3.1009 «,0802 T.307 6.0le
99000 97402 L7948 2.8403 . 3,782 .. 725 $.490
99300 97967 Jobbebd 2.6137 3.€39 6139 S.01)
100000 98451 196,99 3.2011= & 2.4000- & 3,1593- 7 T 4.575- 7
101000 99420 - 201.75 .. 2.T182 . .. 2.0396 cee 20037 . ... J.823
102000 " 100389 G- [ 200,88 "4 2,316k U7 1.7359 . L 2,28e) J.212
103800 " 101358 °° T 208442 C J.9762 1.4808 1.%8« 2,896
104000 102326 212,61 1.0882 1.2663 2.200
105000 10329 216.92 Toba?? 1.0859 1.098
106000 . 104261 222.0% 1,265 90413~ 5 1.995
107000 105229 224,02 1.07S1 Jeda)
3108000 10619¢ =-49,86 235.09 9.3188- 5 L] Jel20
109009 107182 230,23 42,82 263,53 8.1162 8.008] P15~ »

110000 108129 240,00 =23.15 25«.93 Teloe2- § S.i!lio S 7,031~ A& 9.To8- 8 7.925- &
111000 109095 252.00 -21.15 268,91 o201 40905 $.17% 8.11) 6.022

112000 1lo0el «9,15 283.00 8,557 s lbon $,0821 .88 582
113000 111020 2,05 297,17 ©,9570 3.7180 «©,8922 S.811 “olae
1is000 111992 16,85 Ilesd So4673 3.32%8 ©,2892 4975 4.00]}
115000 112957 26,45 325.69 «,0090 3.0075 3,9512 209 Je501
118000 113923 38,85 340,00 3.0312 2.723 4,587 J.720 3.037
117000 1168085 50,45 ELIPTS ) d.3022 2.60708 3,259 Je26o 2.050
118000 115849 62,85 368,488 0166 2.2010 2,975¢0 26847 2.32¢
119000 116812 1%.85 383.37 2.7618 260713 2,725 2.509 24048
120000 nurmn 360.00 86.85 397,91 2.5382- % 1.9038- S 2,5050~ »a 2.222- & leBle= §
121000 118740 371.89 9.7~ “}2.38 2.300) L7552 2.3095 1.977 leble
122000 119703 383.5% 110.80 426.66 2.1635 1.6228 2,1352 195034 o062
123000 120665 39%.99 121.04 460,70 2.00S5 1.5003 1.9793 1.58S le2%
126000 121627 . «04.22 131.07 456,66 1.803% 13977 1.839) le028 leloe
125000 122589 17,23 144,08 468,35 1735 1.3016 l.n2r 1.291 1.05¢
126000 123551 ©28,00 156,89 ;. 681,89 1,619 le2l67 1.5983 1171 9.557- 9
127000 124512 £38,66 165.69 ©95,2¢ 1.5161 1.1357 1.4%93 1,005 Seb9n
128909 125473 ha9,0n 175.89 S08.40 leblul le0038 1,3997 9.717- 9 7.932
12900¢ 126434 459,25 188,10 $21.49 1.3307 9.9830- ¢ 1.2133 8.889 T.257

130000 12739% 196,12 S3e.30 142505= 5 9.3795- & 1,231~ @ ’ 8.152= 9 0.055- 9

131000 128358 205,9% 567,08 1e1769 8.8278 1,161% Tea%9 tells
132000 129318 215.%9 559,04 101092 8.319¢ 1.0947 6.904 Se.0le
133000 13027« 225.0% S72.00¢ 1.0600 7.8513 1,030 0376 Se200
1Je000 13123« 234,33 $06,32 ° ¥.8907~ Teb187 9.70le~ o  S5.297 4,814
135000 132193 262,60 S90.0b 9.3568 T.0182 98,2368 SehbS heto]
136000 13ns1 0E.42 8,8617 6.6608 08,7659 5.074 “ol62
137000 1lelle 020.2% Be,46018 63019 8,2919 “.719 J.u82
138000 135068 31,99 749739 Se9409 7,869 “ed% Jed80
13%000 136026 03,51 T.575) 5.0818 T.h700 “sl0l Jeden

148000 136983 $99.02

054,90 To2028= €& S5.4020~ & 7,1087- o
lel000 137960 Se7.78

966,23 6.8550 S.lsle 6,753 2.92¢
1e2000 138897 $75.73 9.52% [N 2] 270}
163000 13985« 583,80 0,223 s.1e29 24571
1%4000 160818 591,26 5.9380 $,8604 2.415
1+5000 161700 598,78 5.669) $,5950 2.210
16000 162122 06,17 S.e102 5,654 2.137
1=7000 162677 613,82 S.1781 S.1106 2.013
168000 164633 020.5% .. 9538 «,8890 1.899
19000 145587 827.5« 762} ~,080] 1.793
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Altitude Temperature Prassure Density
t]
Hm | T | e P (torr) 2 tkg/m3)
40802 603639 . 3el.26 . .4070- &
L 307,97 3.2¢53
376,57 3.1312
381,08 03
87,461
393,88 «T790
399,77 <0417
08,78 5589
T all.ee oh612
L7008 3.187¢ 2.3683
423,16 ° T 950,83 2.0395- & 2798~ &
ae?. 2.9212 1956
2.8201 1183
2.Nn481 -0307
2.6207 14
25278
2.4390
203561
2.2730 o709
3710 2.195) Ty
%S00 2.1210~ o «5909%- 6 2.0923~ o
953.48 2.0609%
Sel.n2
a8, [
492.38 977,87
769,81  ave.be ves. 7
778,01 530,80 93,62
Mo Sus.99  loel.ls
782.19 Su%.06  1009.07 2
179000 176098 786,17 813,02 1016.089 1e8702
180000 175042 790.07 816,92 1026.26 1.5271- o
181000 93.49 $20. 76 031,72 1.6799
182409 797485 326,50 039.13
&0 $23.19 10ve.st
053.75
1060.%
186900 1068411
1075.19
1082.21 delal
1089.17 3.029
$s2.18 109¢.07 3.581- 10 2.923- 10
855,36 .65 2.821
$58.40 3.23e 2.723
Sel,52 Je222 2.020
Seecs2 3.112 2,540
S67,07 3.008 2.0%¢
$70.30 2.908 2.372
$73,20 2.809 2.29)
$75.99 Siedele 8.9580 s.7190 8.8404 2.718 2.217
$73.72 1155.52 aniy 5303 ¥,3978 2.020 20140
* 192899 S8l .6l 1lel.as 7 T 8.3623- 3o
196839 $84,05 1lsd.13
195779 S80.63 178,38
196718 S89.17  1180.52
19757 9.7 1180484
203000 198595 S9a,11 1192.71
206000 199526 S 1194.73
207000 200472 12u4. 79
208002 201410 e0l.dv  1210.42
209900 202347 wl.ee 1210049 1033«
218009 203284 1222.01 14 4ed571- 7 6.3910- 1o ledoo- 10 1.507~ 10
211000 20s221 122¢.09 «.7319 .,2262 1.7% 1.%01
212900 205158 1233.42 8103 s, 0660 1.7 1,647
21000 20609 st2.1e 1239.%9 S, 9118 1,083 1e37s
21=qag le 2} 1265410 S.7613 1.60] 1333
215000 6,26 1250.73 S.815¢ 1.58% L.296
210000 614,26 1256.27 S.678) 1.538 1.25¢
217080 620.20 1281.77 $.3371 1.493 1.219
218940 622,32 1207.23 55,2000 Le68%Q 1.103
219039 211706 820,92 1272.48 S.0748 1,008 leled
220094 212001 025,90 1278402 5.0169- 7 T 8,969 g Lede?- 10 l.lle= 1o
221009 21387y 627,08 ~.8915 .,8270 10220 1e004
222000 214509 429,07 s.M? %7093 1.29 14083
223e¢y 215062 #31.22 6553 6,500 1293 1,023
22+009 210378 032, 9 1299.07 05622 b, 4828 l.218 9.90d= 1)
225003 217308 8de,0) 1308023 bobI2e .17 lelde
220000 218261 .le.29 1lud.38 5,325 %,269¢ Lol
227904 219173 €7,.92 1310063 2219 S.lt6e 1e119
223000 220108 03v.52 121907 s.1210 4,0671 t.008
22%4¢ 221037 LITP Y 1,09 132e.87 %.0230 3.970e 1,058
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Table 6. The 1976 U.S. Standard Atmosphere (Continued)

Altitude Temperature Pressure Density
&
H (m) T (K) t(°C) Tm (K P (mb) P {torr) PPy p {kg/m3) p/p°
221909 1329.4) 39270 7 7 3.,8783= 1o 1.029- 30 8.402- 1)
222900 1334,35 3,869 J,7844 1.001 .17
223801 339,23 J,7408 3,0958
226702 134e,07 3.0871
225¢92 13en.87 J.5718
226022 1353.60 3.6808
2271582 1J5¢.37 3.6080
220681 13ed.00 34329
229%13 B 13el.71 3.2529
230360 928,06 1372.33 J.1784 ‘. 2.3840
929.73 56,5 JTe.91 2.32%- 7
930.9% 057,83 381,60 22707
059,07 45,97 2e2251
460,28 1390.45 21769
6ol .67 I%.n8 2.12%9
[ 2.0783
2.031%
~07 .99
*12.30
sel,l1 161,50 2.49%
ole 1620.80 2.6707- 7 1.0877- 7 2.6083= 19 6073~ 1} 4,97 11
3 1625%.08 2.8222 1.8108 2.390 5.922 “.8e
$70.20 1s29.10 2.3092 1.7770 5.77%
eri.27 1=33.30 2,317 1.7382 S5.013
672.20 1637.48 2.2070 17004
673,23 leal a2 2.2178 1.003%
076,19 Jeas. 81 2.1098 1.6275
675.1) 1449.51 2.120 1.592¢
76,08 1653.49 2.077% 1.8582
8808 950.10 676,95 1657,4) 2.0328 1.5248
20978 950.99 077,86 140l.30 L1eV89= 7 7 LYS ZF DO ¥ J.871= 1}
250708 951,80 70,73 oo 1.9470 .029 3.7y
251029 92,72 079,57 05e «.519
292851 652 sl
83673 258 42307
254395 ale “,200
255210 .37 &.107
256227 11 &.0118
237158 e, 1.6773 .91
25807 318 Leba2e 1.2019 J.827 del2e
7 1.2083- 7 1.587z~ Lo 3.738- 13 3.05¢= 11
1.55«3 hes2 2.9
1.5222 J.508 2.91)
L.0908 Jende 2000
1.0002 3.e0? 2.781
1.e302 3.32% 2.718
1.4010 .25 2.0%
1,372+ J.180 2.5%
> 152e.68 1% Je.100 2.318
207209 o919 1530.0% 12300 .an 3.029 2.001
268187 092,60 1533.38 13076~ 7 a 1.2905- 1p 2.971=- 1}
20910+ 493,20 1536.69 0
21021 093.80 1539.98 -0
270928 96,38 153,23 L4l
271856 9. %o 156067 1%
N 095.52 15av.07 2.05¢
273080 699,07 2.597
27v602 9,62 2.560
213517 9 97,15 2,488
206032 970.84 57,66 20621
290000 2171367 971,36 098,16 7 ] 1.0545- 1y 2.378- 11
291000 278202 3.0337 2.32¢
292000 21917 1.0123 2027
292000 L] 9.9360- 11 . 2,227
294000 . ] 92,7392 2.179
295000 7 9,5488 2.133
296000 282830 v,3622 2.087
297g00 203743 s 1797 2.
234456 9.0013 1.
29%000 208508 $,8200 1.957
200480 . s 08,0557~ 1) 1e91e= 1) ledoe~ |}
208303 68,3248 1.499
1.037
291948 1.378
293760 1.3¢21
293585 l.207
297403 1.210
299220 1ele?
301038 1037.33 l.i20
382850 10e2.51 8872 s.1278 1e878
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Table 6. The 1976 U.S. Standard Atmosphere (Continued)

56

Altitude Temperature Pressure Density
Zimh | Himb | T | tC | Ttk | Pimb) P (tarr) PRy | o tkg/m®)
20000 710,01 loalean2 ] S,9%01e- 1 leld0e= 11
322009 1652,20 s le216
26000 lelas
320000 lel2l
328009 1e0
pETTTTY 1}
332000 . S.906~ 12
336000 9.561
336000 %19
338000 T1e,S8 62882 - Belal
36000 715.00 1692.90 41320~ & [} 8.803- 32
Je 1087.13 J.ust 2.17%
1701.%0 3.9630 Tobs9
1708.62 3.7008 7,572
1709.%¢ J.57%8 T.297
171393 Jovats Telle
1717.51 de32¢0
172106 3.2120
172%.36 420998
238913 991.2% Tiv.20 1729.22 29018
00708 291,05 718,50 - 1723.0% 2.0078- ]
Ja2696 718.79
Jan20e
JabeTe
JeT802
Ju9ess
ISlade
353218
95002 «33 2.1829 1.0300
Iserse 20,74 1760.10 2.1098 1.5828 2,0022
354505 720.9% 17av.60 [ ] 1.5209- 8 2.0117= 11 a,013 32 J.270- 12
300360 1773.19 10773 Bt J.870 2.15%
Jo2123 les270 «878 J.732 JelOee
Jed303 1740.22 1.3797 «815) 3599 2.938
6568 178,72 13028 7545 de6T2 26830
JezeSe L1Te7.20 1.2809 <5959 3.350 2,736
Je9221 1790.48 1.2600 «829 J.232 2.08
371009 179,13 1.2048 1.5869 J.118 25635
Jrare 1797.81 1el0a0 1.532¢ Je00Y 2.0%0
74549 122.93 1801.08 lel2e} 1.0017 2900 2,370
S8.8) 722,08 1800,56 [ ] 1e084% o «*326- Iy 20803= 32
995,97 722.82 108,00 +J856 2.708
996,10 122,9% 1811.47 24611
996,23 723.08 L] 2.521
6.0 733.2 2awde
996,49 123.3« 2,350
996,60 123,09
Jssess 98,72 723.57
I900su 99%.8) T2).08
~18q00 39221 4969 123.79 1,077
29040 392970 1.0027- &8 L] 1.612- 12
~22003 395729 1.8092 1.987
26000 NTes? L} 1508
26000 399245 1.683
~20000 «01001 1.720 L.e0s
«J0000 .0275e 1002 1.387
«J2990 &06S10 [ XT3 1} 1.000 1.1
434900 03 724,52 6,238 1.553 1207
«)og00 1% 12e,00 8.8378 l.501 l.22%
8000 “g9700 T2e,07 Sede78 Leus0 lolte
=48000 s1151e 126,75 * lesd2~ 12 lelon= 12
%2000 13265 T2e,82 7.2198 1.35% 1.100
beaQ0n 415013 60,9962 dedl0 l.070
LY 0, 770a 1207 1,036
[S 60,5659 1.22% 9,998~ 12
20250 03625 lelbe 9.608
“21996 s, 1660 1305
~23737 $.9780 1.109
25078 1908.79 S.7926 1.078
27219 1913.00 S.0169 1.030
420959 725.3% 917,39 . 4,1370- 9 1.302- 12
30098 728,49 21,77 4.0109 9.49%- 13
&32603% 725,65 v26.22 3.8891
436172 723,59 ¥30.7s 32
33907 725.56 935.32 3.087)
37802 725,58 919,07 35672
39370 125.63 Yan, e 3esads
ellos 725.07 %9.50 3.3378
“e2a00 725.71 9%, 37 43170 3.2300 605
78000 o370 ¥98.89 T2S. T 1959,32 S luns Jalole 1237




Table 6. The-1976 U.S. Standard Atmosphere (Continued)

Altitude Temperature Pressure . Density
Zim | Hm c»l T P (mb) P (torr) PPy ] o lke/m®y|  plp,
©.0062= §  3.068e- 9 60111~ 12 S.86s= 13
3,9600 2.9543 3,892 S.098
J.8273 248713 J.T7117 $.51)
3.7153 2.7807 3,6607 5.32¢
3.0004 2.7051 3.559) Seles
3.5011 2.020) J.45%6 $.00)
3.3993 2.5497 3.2548 802
3.J007 26757 3,257 w08 - -
.2053 26001 3.1623 .90
J.1129 2.3009 3.0722 &.3%
3.023e= 9 2.2e79- 9 12 «257= 13
2.8125 2.109 4olle 3
hosoe
“s107
. 3e7%
3.509
Je260
3.003
2.780
2188.18 1.2120 2.576
22117 1.5137- o leldse- o | 14 20380= 13
2236.35 lesine 1.0639 2,210
1.2302 9.9773- 10 24069
l.2680 9.3652 1.900
1el729 8.7978 1.702
l.1028 3.2719 1.037
1.0378 1,780 1.52¢
9.7752- v T.332¢0 13 l.413
. 9.2155 9122 1.31)
Sesg?e 726.0v  2e80.10 8.0958 s.8226 1.221 0.97i- 1e
S-8252,  999.85 726,70 2517.)8 8.2130- 10 33 Be137- 13 9.279- )e
552026 . 2 0
550389 16
Se8769

700000
705000
710000
715000
720000
125000
730000
135000
T«0000

T«5000 00867

750000
755000
Te0000
768000
710000

670850
6Tegs8
786

698715
70267«
Toee27

000
795000

71057
TieSie
7180a52
722383

80000
saS000

726,82
120,82

T20.82
T26.82
T26.82
726.83
726,83
726.03
726,42
726.8)
726.8)
726,08

726,00

29201

2980430
3036.5)
09,52
3154.32
215,92
42719.29
JIne eI

. 569,49

Je21.27

pITTITY 4
3921481
399940
«0678.5%5)
158049
©239.2%
4320407

.. 8n65~ 10
“.0063%
So0549
4,4595
©,0705
39068
deT628
3.592%
JeeS06
3.3100

2.8077

w

10036
1.3719

57

<d
2.5/80
2.6877

2.3903= ¥
2.3061
2.220%
2.1416
240006
1.9%0
1.9292
1.8659
1.805¢
1769}

1.0951- 40
8

12656
2

Je1a91-
3.0320

2.3782
2,301s

2.230)~

1,350

n

n

1

S.712- }e

&,700
Skl
Solne
3.900
3.009
desse
24255

3.070= ]a
2.097
2.736
2.587

1e

1

1 3

le

15

15




Table 6. The 1976 U.S. Standard Atiscsphere (Concluded)

Altitude

Temperature

58

Pressure . Density
o .
Z(m T Him | T(K) [ g I T (K1 | P (mb) P {tarr) PPy | otka/m®|  plpg
850000 749767  1000.00 103615~ 10 1.0062- 10 1,3260- 13  7.820~ 15 6,387- 1S
855009 753634 9.00 1.3122 .. 9,8620- 11 " 1,2950 T.547 6.177
460007  7S7S1e 9.00 1.2438 9.6298 1.2670 Te326 3.978
865000 761393 I3 102564 1,2¢00 7.093 $.790
870000 765204 0 1.2299 1.2138 6.87) 54611
a7%009 769130 0 102003 1.1885 6,064 S.640
880000 - . 772991 0 " "1e1794 1166y 6,405 s.278
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2.6 TRAJECTORY PROPAGATION AND STATE TRANSITION MATRIX
COMPUTATION

In this section, various means of trajectory propagation and state transition matrix
computation are presented. These are both necessary for the dynamic orbit determination
algorithm described in Table 2. In the simplest approach, it is assumed that the satellite is
in a true Keplerian orbit around the earth, in which case it is necessary to solve only the
two-body initial value problem. This approach is most useful for computation of state
transition matrices across short periods of time ¢ —¢,. If greater accuracy is desired over
longer time periods, then the disturbed equations of motion (27) must be numerically
integrated. While there are a number of numerical integration approaches in standard use
for astrodynamics, it is the relatively new Bulirsch-Stoer integrator that is used for
ISODAE. The Bulirsch-Stoer integrator provides high accuracy at a low computational
cost, and it is easy to ascertain the level of internal accuracy. The two-body model is

shown in Section 2.6.1, and the Bulirsch-Stoer integrator is shown in Section 2.6.2.

2.6.1 Two-Body Model

In the two-body orbital approximation, all disturbing accelerations a, in equation (26)
are set to 0. This approximation is useful over short periods of time (on the order of
minutes) when the true satellite orbit will not deviate significantly from the two-body or
Keplerian orbit. It is the preferred approach for calculating the state transition matrix
from the time of a signal emanation at a satellite to the time of that signal’s arrival at a

ground station, as required for the signal transit time computation algorithm described in
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Table 3, where it may be necessary to calculate a state transition matrix over a period of T

on the order of only one second.

The two-body orbit has the advantage of having an analytical solution, which
climinates the need for numerical integration and interpolation between time steps. The
solution to equation (26) with a; = 0 is well documented [14, 15}, and so the solution will
only be reproduced here. The state vector x is partitioned into position (r), velocity (v),
and non-dynamic components (s), such as clock offsets, so that x =[r v s]T. Then the
state transition matrix @ (¢) from time £, to time ¢ will be given in terms of the Lagrange

coefficients F, G, F,, and G, from the following relationships:
l'(t) = Fl’(to) + Gv(to ), V(t) = P;r(to) + G,V(to ), and S(t) = S(to)

Properly, the 6x6 state transition matrix for the position and velocity components of the

state vector derives from the following:

x®)] [F 0 0 G 0 07x(x)
Y| |0 F 0 0 G 0]y
)]0 0 F 0 0 G|zs)
| |E 0 0 G 0 0]in) (36)
)| |0 E 0 0 G 0 ]ys)
#)] |10 0 F 0 0 G J1)]
()

Thus, the 66 state transition matrix may be written in the following partitioned form,

where I is the 33 identity matrix:



Gl
%0= |zl i)

Summarized in Table 7 are the steps required to compute the Lagrange coefficients F, G,
F,and G, Let xy=r(t;), vo =v(t), o =|Ko|. and v = v, all of which are known, and
let u be the previously defined gravitational constant. The initial time 7, and the final

time ¢ are also known.

To demonstrate the level of accuracy as a function of time that is achieved with the
two-body solution, two-body ephemerides were compared with ephemerides derived
from eighth-order Runge-Kutta integration of the fully perturbed equations of motion. A
geosynchronous orbit was selected as a representative satellite trajectory for this
comparison. The perturbed orbit was computed by the Artificial Satellite Analysis
Program (ASAP) [11] developed at the Jet Propulsion Laboratory (JPL) for high-
accuracy satellite trajectory propagation. ASAP propagates satellite trajectories by
numerically integrating the disturbed equations of motion (27) with an eighth-order
Runge-Kutta integrator. ASAP was validated against tracking data by JPL and has been
shown to provide high ephemerides prediction accuracy [11]. For all trajectory
propagations that were performed on ASAP, the upper accuracy bound on the eighth-
order Runge-Kutta integrator was kept at the level of 1012 km. Also, earth’s
gravitational harmonics to tenth degree and order as given by the Air Force Space
Command standard WGS-84 earth gravity model [7] were used. Solar radiation pressure
and third-body gravity were included in the perturbing force model.
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Table 7. Computation of the Lagrange Coefficients

. Compute the angular momentum vector, h, and the parameter, p, as follows:

h=l'0XV0 p-'—"h—l—l

. Compute the semi-major axis, a, and eccentricity, e, of the two-body orbit:

2 -1
) H a

. Compute the eccentric anomaly, E, at time #;:

E(ty)= arccos(ﬂ)

ae

Here, E(ty)>180° if ry - vy <O0.
. Compute the mean anomaly, M, at time t;:

M(to) = E(ty) — esin E(ty)

(Continued)
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Table 7. Computation of the Lagrange Coefficients (Continued)

5. Compute the mean anomaly at time #:
M(t)=M(t,) +1’ﬁ%—(t —1) (37)
6. Compute the eccentric anomaly at time ¢ by solving Kepler’s transcendental
equation for E(f):

M(t) = E(t)— esin E(t) (38)

This is the one step in the solution of the two-body problem where numerical
work is required. It can be shown that Kepler’s equation (38) has a unique
solution E for any given values of M and e, 0 < e < 1. The Newton’s method
iteration described in Table 8 provides a readily convergent means of solving
Kepler’s equation (38). In that iteration, M(¢) is held constant at the value
calculated in equation (37). Let E(¢) be the final estimate of the eccentric anomaly

from the Newton’s method iteration.

7. Compute the magnitude of the position vector r at time ¢:

r=a[l1-ecos E(t)]

(Continued)
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Table 7. Computation of the Lagrange Coefficients (Concluded)

8. Compute the value of the transfer angle 6:

0=2arcm[ l+etan{—E(t)]-2atctan|: 1+etan-%E(to):|

1-e 1-e

9. Compute the F, G, F,, and G, coefficients:

To”

Iz

F=l-%(l-cos9) G=-"2Lsing

(39)

E=ﬂ[i’j59(l-cos0)-ﬁsme] G,=1—%(l—cos6)

(174

The GEO satellite used for this accuracy assessment was DSCS III with a subsatellite
longitude of 52°W. The initial position and velocity vectors for this satellitc were taken
from an Inter-Range Operation Number (IRON) report from Falcon Air Force Base,
which is responsible for determining orbits from tracking data and providing users with
ephemeris reports on many Air Force satellites. At 0000 hours UTC on 28 July 1990 in
the true-equator mean-equinox of date ECI coordinate frame used in the IRON reports,
DSCS III at 52° W had the following position and velocity vectors:

—12,413.448 2937.997
r=|-40,299.104 | km v=|-905.654 | m-sec!
—26.049 2.431




Table 8. Newton’s Method Iteration for Solving Kepler’s Equation

1. Leti =0 be the initial iteration number, and let Ey = 0 be the initial estimate of the

eccentric anomaly transit time £. Choose a threshold 8E for quitting the iteration.

2. Compute the next estimate of the eccentric anomaly from

esinE; — E; + M(t)

E, =E+
T 1-ecosE;

(40)

3. Quit the iteration if |E;,, — E;| < 8E. Otherwise, leti =i + 1, and repeat at step 2.

The DSCS III position and velocity vectors were propagated in ASAP with the
following additional inputs for solar radiation pressure modeling taken from
reference [16]: reflectivity coefficient of 1.5, satellite wet mass of 1090 kg, and effective
spacecraft area of 17 m2. Figure 5 shows, as a function of time on two different scales,
the magnitude of the difference in the position vectors between the two-body orbit
prediction and the reference perturbed position vectors generated by ASAP. Figure 6
shows the velocity vector error in the two-body orbit as a function of time for the same

GEQO trajectory.

As shown in Figure 5, the error in the two-body GEO position vector propagates at

approximately 8 km per day for the a period up to one week from epoch. However,
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within the first hour of prediction, the two-body orbit comes within 275 meters of the
perturbed satellite position vector. For many applications, where differential range
measurements are taken within an hour, and where desired orbital position accuracy is on
the order of tens or hundreds of kilometers, it may be sufficient to use the two-body orbit
for trajectory propagation and state transition matrix computation. Also, as shown in
Figure 6, the error in the two-body GEO velocity vector propagates at less than

0.7 m-sec™! per day. Again, for many applications, this level of error may well be

acceptable.
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Figure 5. Relative Position Vector Error vs. Time for a GEO Satellite



Relative Velocityt Error (m/sec)

0.5 + Iy 4.0 T
s H -
(] g -
04 + ~ -
] & 30 +
B 4
[ =
03 + (= - .
- u 5 20 + ]
02 4 . H i
[ > 1.0 .
0.1 - . g .
- 2 ™
@
0.0 . | S N W : | S S 1 : - | “ 0 0 - ' : i : L :
0 5 10 0 2 4 6
Time (hours) Time (days)

Figure 6. Relative Velocity Vector Error vs. Time for a GEO Satellite
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2.6.2 Bulirsch-Stoer Integration of the Disturbed Equations of Motion

The three most popular numerical integrator types for astrodynamic applications are
one-step (e.g., Runge-Kutta), multi-step (e.g., predictor-corrector), and extrapolation
(e.g., Bulirsch-Stoer). As reported in reference [17], the Bulirsch-Stoer integrator
provides high accuracy for numerical integration of Keplerian motion. As will be shown
herein for the case of a representative two-body GEO orbit, the Bulirsch-Stoer integrator

does provide high accuracy at a relatively low computation cost.

A common numerical integration method is the one-step approach, such as Runge-
Kutta, where the interval of integration is divided into small subintervals, and series
approximations of the differential equations are made. One-step methods have
historically been in common use in astrodynamic applications, but they suffer from
several problems. For a low-order technique, the step size must be made fairly small in
order to attain a high level of accuracy; however, with a small step size, numerical errors
accrue more quickly. Moreover, most oﬁe-step techniques are fairly computationally

intensive because of the large number of derivative evaluations that are necessary.

The fundamental idea behind the Bulirsch-Stoer technique is to treat the solution of
the differential equation as a function of the step size in a one-step integrator. A low-
order one-step integrator is used with a sequence of large step sizes, and the results of the
integration are fit to a rational function of the step size. A good rational function fit can
usually be obtained with a sequence of only four or five one-step integrations (each of

which contains a relatively small number of steps, usually 12 at most). The rational
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function is then extrapolated to a step size of zero, and the result is the Bulirsch-Stoer

solution to the numerical integration.

At the heart of a Bulirsch-Stoer numerical integrator is a one-step integrator, which
should be better than first-order, but not so complex that it requires extensive
computation. Particularly powerful convergence properties are obtained if the error
series of the one-step integrator is even in the step size. Gragg proposed a method that
has become known as the modified midpoint method, or Gragg’s method [18]. In the
initial value problem for ordinary differential equations (ODEs), the given system of
differential equations

d

27 f(s.y) @1)

is to be integrated from ¢ = #; to ¢ = £, + H, with given initial conditions y(to) = yo. The
solution to the initial value problem is the value of the dependent variable vector at the
final time, y(to + H). Notice that all higher-order ordinary differential equations can be
expressed in the form of equation (41) by defining elements of the vector y to be
derivatives of the higher-order derivatives. For example, the equations of disturbed
motion (26) were initially written in second-order form and then rewritten in first-order

form equivalent to (41) with the definition
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In Gragg’s method, the interval of integration [#, 7y + H] is divided into n equal
subintervals of width h = H/n. The first step is the common Euler’s method step, and the
subsequent steps are modified midpoint method steps. The algorithm is summarized as
follows:
Zo =Yo
z) =29 + hf(tg.Zo)

42)
Zj+1 =zj—l +2hf(tj,2j), ] '—'l, 2, ...,n—l

¥(to + H) =3[z, + 201 + HE(15,2,)]

Gragg demonstrated [18] that the power series expansion for the error of this numerical

integrator is even in the step size h.

Bulirsch and Stoer [19, 20] apply Gragg’s method (42) repeatedly to differential
equations (41) and fit the result y(¢, + H) to a rational function of the step size h. For the
first Gragg’s method integration, the interval [¢y, t, + H] is traversed with two steps of
size H/2. For the second Gragg’s method integration, four steps of size H/4 are used to
cross the interval [#,, #, + H]. The sequence of number of steps, {n;},i=1, 2, 3, ..., is as

follows:
{2, 4, 6, 8, 12, 16, ...}, where n; =2n;_, fori>3

Choosing n; = 2! makes the step size too small too quickly [21].
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Because the details of the rational function fitting and extrapolation processes,
described completely in reference [21], become rather involved and are extrinsic to the
purposes of this study, they will simply be summarized here. If the dimension of the
dependent variable vector y is m, and the current Gragg’s method trial number is i, so that
n; steps will be made across the interval [#,, %, + H], then m diagonal rational functions,
R;j=1,2, ..., m, are fit to each of the elements of the i Gragg’s estimated solution
vectors y(t, + H) for the i different step sizes. Let us write the dependent variable vector

for the integration of equation (41) in component form:

N
Y2
Y=i .

Ym

A sequence of Gragg’s method integrations of equation (41) with varying step sizes,

h = H/n; on the i® iteration of the sequence, is used to estimate yj as a function of A. In
particular, the j* diagonal rational function, R;, is fit to the j® component of y,

yj(to + H), for which there are a sequence of values for varying step sizes k. The form of

the diagonal rational function is as follows:

Pjot+ pjht ~+p;
gj0 +qjht--tq;h

Ri(h)= iodd, I=51

43)

!
:o+ pith++p; h .
Pjo7 Pjx Pjx > ieven, I=552

R (h) = T
4j0+qjiht-+qih’ +q;1.h

J
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The details of the fitting process are given in references {19, 20, and 21] and will not be
repeated here, but it can be seen that so long as g; 9 # 0, the extrapolated solution to the i
row of the differential equation after the i Gragg’s method integration will be given by

yj(to + H) = RJ(O) = M
45,0

The Mathematica implementation of the rational function fit and extrapolation process
can be seen in subrouting RZEXTR in Appendix B.

A useful feature of the Bulirsch-Stoer integrator is that so long as the method is
convergent, there is a convenient way of checking its internal accuracy. If we denote the
i™ Bulirsch-Stoer approximation of the solution to the differential equation (i.e., the result
of rational function extrapolation after i Gragg’s method integrations) as

yi = ¥(to + H)
then the approximation will have internal accuracy at least on the order dy;, where
Oy; =i~ ¥i-1
Thus, for well-behaved differential equations, one may obtain a desired level of accuracy

by proceeding down the sequence of Gragg’s method step sizes, n;, until the Bulirsch-

Stoer error estimate dy; becomes sufficiently small.
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The ISODAE implementation of the Bulirsch-Stoer integrator is shown Mathematica
subroutines MMID, RZEXTR, BSSTEP, and BulirschStoer in Appendix B. This
implementation follows that presented in reference [21], with the following additional

parameters:

Maximum number of steps to attempt in Gragg’s method: 96
(equivalently, a maximum of 11 Gragg’s method integrations)

Maximum power of denominator in rational function fit: 3
(equivalently, a maximum of 7 estimates of y)

Step size, H: variable under user control

Internal accuracy level, |0y;|: variable under user control

Though the user may select any level of internal integrator accuracy for the Bulirsch-
Stoer integrator, it was desired to demonstrate its computational efficiency. As we shall
see, for the two-body approximation of a GEO satellite orbit, the Bulirsch-Stoer
integrator provides accuracy on the order of 10712 km for an integration step size of H = 1
hour and with a series of only i = 6 Gragg’s method integrations, the last of which has
only 16 steps across the one-hour time interval. Since there is one derivative evaluation
for each Gragg’s method step, plus one evaluation at the end of each Gragg’s method
integration, a total of only 54 derivative evaluations is necessary to achieve this accuracy.
By contrast, to achieve position vector accuracy on the order of 10°'? km after one hour

with the popular fourth-order Runge-Kutta (RK4) integration of the same two-body GEO
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trajectory, a step size of 5 sec is necessary. This was determined empirically with an
implementation of the RK4 integrator in Mathematica. The classic RK4 algorithm
presented in reference [14] for the integration of differential equation (41) from ¢ = ¢ to
t =t + H, with given initial conditions y(ty) = yo, and with n steps of size h = H/n, is as

follows:

Yis1 =Y +%’(ko + 2k1 + 2k2 + ka)h
where

ko =1(;,y:)
k =£(t; + 1 h,y; + 1 ko)
ky =1(t; + 3h,y; + 3 k; )

k3 = f(t,' +h9Yi + hkz)

and

-

This RK4 algorithm for the two-body initial value problem was implemented in

f(r.y)= [_

e <

Mathematica. We used as initial conditions a state vector reported by Falcon Air Force
Base (AFB) for NATO 3C at 18°W at 0000 hours on 9 February 1990. In the true-
equator mean-equinox of date ECI coordinate frame used in the Falcon reports, the

position and velocity vectors were as follows:
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~21,542.98206 ~2632.08997
r=| 36,160.27550 |km v =|~1579.92061 | m-sec™!
2697.28210 154.78188

The RK4 integration algorithm required a step size of h = 5 sec is necessary to
achieve position vector accuracy on the order of 1012 km after one hour [22]. As can be
seen from the algorithm, four derivative evaluations per RK4 step are required; thus, a
total of 2880 derivative evaluations is necessary in order for RK4 to achieve the same
accuracy as Bulirsch-Stoer with only 54 derivative evaluations. While the Bulirsch-Stoer
method also requires i = 6 rational function extrapolations, each of these requires only
36(i — 1) arithmetic operations: 4(i — 1) multiplications per dependent variable and
2(i — 1) additions per dependent variable, with a total of six dependent variables, in r
and v. Thus, 36(i — 1) additional arithmetic operations are necessary for rational function
extrapolation after each Gragg’s method integration. This amounts to only a moderate
amount of computational overhead compared with the derivative evaluations. Thus, for
the two-body problem for a GEO satellite, the Bulirsch-Stoer integrator provides the
same level of accuracy as the RK4 integrator with at least one order of magnitude less

computational effort.

From the initial state for NATO 3C shown above, we calculated the magnitude of the
difference in position vectors between the analytical solution to the two-body problem
and the solution derived by Bulirsch-Stoer integration of the two-body equations. With
working precision on the order of 102%, and with a total integration interval of five

weeks, numerical round-off errors would be many orders of magnitude smaller than
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errors due to integrator accuracy. The Bulirsch-Stoer step size was set at 3600 sec, and
repeated applications of Bulirsch-Stoer steps were made across the five-week time
interval, and on each step, a sequence of the first 6 Gragg’s method integrations were
used in the rational function extrapolation. Figures 7 show the magnitude of the error in

position vector as a function of time on two scales.

The results show that the position error incurred in the first 3600 sec Bulirsch-Stoer
step was on the order of 1012 km. It was unexpected that the error did not increase
monotonically across the whole interval of integration. Despite the fact that the position
error remained on the order of 10” km for most of the 5-week propagation, the error did
reach 2x10°® km by the end of the integration. This is many orders of magnitude more
precision than is necessary for many applications, with an implementation of the
Bulirsch-Stoer integrator that takes advantage of only the first six Gragg’s method
integrators in the sequence. We conclude that, to the extent that the two-body initial
value problem provides a good model of the behavior of the Bulirsch-Stoer method in the
full problem of disturbed satellite motion, this technique of numerical integration
provides more than sufficient accuracy at a modest computational expense by comparison

with Runge-Kutta techniques.
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Figure 7. Position Error in NATO 3C Two-Body Trajectory Propagated by
Bulirsch-Stoer Integration
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SECTION 3
ERROR MODELING

Upon each iteration of the Monte Carlo simulation of the satellite orbit determination
process, ISODAE adds random error of user-specified statistical properties where such
error occurs. In an actual orbit determination scenario, error sources include inherent
observable imprecision, equipment biases, station location uncertainty, and tropospheric
and ionospheric delay errors. The current version of ISODAE allows the user to model
observable imprecision and equipment biases with independent normal probability
distributions. The modeling of clock offsets has already been discussed in Section 2.2.
This section describes the generation of normal random variates and presents the
statistical properties of interferometric observables. Typical values for the standard
deviation of the group delay and phase delay observables due to random measurement

error are presented.

3.1 GENERATION OF NORMALLY DISTRIBUTED RANDOM NUMBERS

Mathematica provides the usual pseudorandom 0-1 uniform variates, known as
“standard random numbers,” and so it is necessary to generate normal random variates
from the uniform random variates. After testing the results of various transformations,
including Box-Muller [23], from standard random numbers to normally distributed
random numbers, the approach that was selected for the best results in Mathemetica was
that of Teichroew, reported by Shannon [24]. Table 9 summarizes the process of

generating normally random variates.
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Table 9. Algorithm for Generating Normally Distributed Random Numbers

1. Generate 12 pseudorandom 0-1 uniform variates, denoted ry, r5, ..., {5 . Then,
calculate the number R as follows:

2. Set the following constants:

oy =0.029899776
o, =0.008355968
03 =0.076542912
o, =0.252408784
a5 =3.949846138

3. Generate a normal random variate, X, with 4 =0 and o= 1 as follows:
X= ((((a1R2 + 0, )R? + )R + a4)R2 +a )R

4. Transform X into a normal random variate x with mean u and standard deviation

o as follows:

x=u+o0X
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3.2 DIFFERENTIAL RANGE OBSERVABLE PRECISION

Alan Whitney [25] showed that the theoretically achievable precision with the group
delay observable, o, is given by

1

Ot = 2 %(SNR)AV “4)

where SNR is the signal-to-noise ratio and Av is the spanned frequency bandwidth, in Hz,
sampled by the interferometer. In the case of TDRS, the downlink to White Sands has an
SNR of approximately 50 and spans 225 MHz of the Ku-band, of which 20 MHz are
sampled by the VLBI system designed by Interferometrics, Inc. [26]. Thus, the
theoretically achievable precision of the group delay observable is o, = 160 picosec.
Differential range could theoretically be measured with 10 precision of 4.8 cm, or 30
precision of 14 cm. Preliminary experiments by Interferometrics indicate that their
equipment can come within a factor of approximately two of reaching the theoretically

achievable group delay observable precision, and so in practice o= 320 picosec, and

differential range can be measured with 16 precision of 9.5 cm.

The theoretically achievable precision with the phase delay observable, dy, is given
by

1

¢ = 22(SNR)v “5)
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where v is the center frequency, in Hz, sampled by the interferometer. The TDRS
downlink to White Sands is centered at 14 GHz, and so the theoretically achievable
precision of the phase delay observable is 0.23 picosec. Differential range could
theoretically be measured with 10 precision of 0.007 cm, or 30 precision of 0.02 cm.
While no TDRS tracking experiments were performed with JPL's CEI equipment at
Goldstone, observations were made on natural radio sources at 8.4 GHz to assess the
precision of the phase delay observable [27]. The statistical phase error, expressed in
radians, is roughly 1/SNR, and JPL's experiments at Goldstone demonstrated a typical
phase error of 0.005 cycles [28]. The achieved SNR was therefore 1/(27x0.005) = 32. At
8.4 GHz, relationship (45) predicts a phase delay observable precision of 0.59 picosec.
JPL demonstrated statistical errors on the phase delay observable to be approximately

1 picosec [27], which is a factor of 1.7 larger than the theoretically achievable value. In
this study, the estimated phase delay measurement error on NATO 3C is taken to be on

the order of 0.4 picosec, or 10 differential range precision of 0.01 cm.

In conclusion, relationships (44) and (45) provide the theoretically achievable
precision of the group delay and phase delay observables, respectively. In practice, it has
been demonstrated that operational VLBI or CEI systems provide observables whose
statistical errors are approximately a factor of two larger than the theoretically achievable
values. With knowledge of the bandwidth or frequency to be sampled by the
interferometer and the signal-to-noise ratio, one may use twice the theoretically
achievable observable precision from relationship (44) or (45) as the standard deviation

of the group or phase delay observable for ISODAE’s error modeling input.
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3.3 EQUIPMENT BIASES

The user of ISODAE may simulate equipment biases by specifying a non-zero mean
in the measurement error function for a particular observation. With the standard
deviation o specified, as described in Section 3.2 for group delay or phase delay, and with
a desired equipment timing bias & to be modeled, the normal random number generation
algorithm in Mathematica (see subroutine “normal” in Appendix B) should be called with
the following parameters: mean c8 and standard deviation co. Here, multiplication by
the signal propagation rate c transforms the error function £ = co + cdinto the differential

range equivalent error.
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SECTION 4
EXAMPLES

In this section, the level of satellite orbit prediction accuracy that can be attained with
radio interferometric tracking is demonstrated, and some conclusions about optimal
station-satellite geometries are drawn. This was done with sample applications of
ISODAE for a geosynchronous satellite orbit. In all subsequent discussion, 16 position
error is measured as the root mean squared of the standard deviations of the errors in the

three ECI position vector components of the satellite.

41 ISODAE RESULTS FOR A GEOSYNCHRONOUS SATELLITE ORBIT

It was desired to estimate satellite orbit determination accuracy with group or phase
delay observables by means of Monte Carlo simulation. To this end, we applied
ISODAE to a geosynchronous satellite orbit. (GEO satellites provide an excellent
application for radio interferometry because many of the sensors in the Space
Surveillance Nefwork (SSN) are radars for which GEO is out of range.) The results
indicate that radio interferometry is an accurate means of orbit determination with

inherent advantages over more traditional means of satellite tracking.
The GEO satellite state vector and epoch that were selected for study are those for

NATO 3C given in Section 2.6.2. Phase delay (i.e., differential range) was measured

across three baselines for four ground stations located in a square with edge of length
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20 km. In Table 10, the geodetic latitude, longitude, and elevation above sea level are

listed for the four stations. The locations are depicted in Figure 8.

Table 10. CEI Station Locations for Sample Scenario

Station Geodetic Longitude Altitude
—Number _ Latitude (°) (CE) Gkm)
1 45.00000 0.0000 0.1
2 45.00000 -0.2545 0.1
3 45.17997 0.0000 0.1
4 45.17997 -0.2545 0.1
i
I
o
3 14
¢
28 km
= =45°N- = = 2.-—-20km
1

Figure 8. Illustration of CEI Station Locations

Differential range was measured by phase delay simultaneously across the baselines from
station 2 to station 1, station 3 to station 1, and station 4 to station 1 (denoted 2-1, 3-1,
and 4-1), as illustrated in bold in Figure 8. As discussed in Section 3.2, phase delay in
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this scenario can provide group delay equivalent 10 accuracy of 0.4 picosec,
independently normally distributed across each baseline. For this initial study, it was
assumed that there were no equipment biases, that all station were connected by
fiberoptic cable to one clock and frequency standard, that there were no local oscillator
offsets between the four stations, and that station positions were known with perfect
accuracy. Thus, the pure effect of measurement geometry and observable precision could

be assessed.

ISODAE Monte Carlo simulation of this orbit determination scenario with 200
iterations showed a 10 position vector accuracy of 3.2 km. The accuracy that can be
attained with the use of other sets of baselines was assessed. It is practical to have one
station in common for all three measurement pairs so that the common station can act as
the correlation center at which the observables are generated. For the particular satellite
and ground station locations of this scenario, selection of three measurements where one
station is common to each pair (i.e., 2-1, 3-1, 4-1; or 1-2, 3-2, 4-2; or 1-3, 2-3, 4-3; or 1-4,
2-4, 3-4) results in a 10 position vector accuracy of 3.2 km. Selection of other sets of
three measurements (where one station is not common to each measurement pair) would

be impractical.

For comparison with a traditional orbit determination scenario, we assessed the
position accuracy that can be attained on the same satellite with nine simultaneous
measurements by three sensors capable of deep space observations in the Space
Surveillance Network. For this purpose, sensors at Eglin AFB (Florida), Millstone
(Massachusetts), and Pirinclik (Turkey) were modeled to produce range, elevation angle,
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and azimuth angle measurements. Table 11 shows the accuracy of the measurements

from these stations.

Table 11. Accuracy of Deep Space Tracking Measurement by the SSN

Range Elevation Azimuth
Sensor Accuracy Accuracy Accuracy

(km) ©) ©)
Eglin AFB 0.027 0.012 0.012
Millstone 0.044 0.008 0.008
Pirinclik 0.500 0.025 0.027

The result of the Monte Carlo simulation in ISODAE with 200 iterations was position

accuracy on the NATO 3C satellite of 3.9 km. Thus, three interferometric measurements

across very short baselines produce satellite position vector information with a slightly

higher level of accuracy than nine measurements made from geographically dispersed

sites in the SSN. It is preferable for operational, economic, and political reasons to carry

out satellite tracking across very short baselines. Moreover, radio interferometry offers

the advantage of being a purely passive means of orbit determination.
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42 OPTIMAL INTERFEROMETER SITE GEOMETRY

The starting point for the assessment of the effects of various interferometric
measurement geometries on orbit determination accuracy was the tracking scenario for
NATO 3C described in Section 4.1. Since it would have been more cumbersome to vary
the positions of four ground stations, we instead varied the satellite’s initial position
vector. (Because the three phase delay observations in this orbit determination scenario
are taken simultaneously and only the position vector of the satellite is estimated, the

initial velocity vector played no role in this study.)

First, the effect of relative baseline size on orbit determination accuracy by radio
interferometry was studied. Range from station 1 was varied while keeping the elevation
angle and azimuth angle from that station constant. Because the baseline sizes are small
relative to the range to the GEO satellite, the range, elevation angle, and azimuth angle
from each of the other three stations is close to that of the first. For this particular orbit
determination scenario, range from each site to the satellite is approximately 37,850 km,
the elevation angle is approximately 39°, and the azimuth angle is approximately 155°.
As shown in Figure 9, the longer the baselines across which phase delay is measured
relative to the range to the satellite (or, equivalently, the less the range to the satellite

given fixed baselines), the greater the position vector accuracy.
In the original orbit determination scenario from Section 4.1, the satellite’s position

vector r is given, the station 1 position vector, b;, is computed at the measurement time

from equation (25), and the position vector of the satellite with respect to station 1, d,, is
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Figure 9. Position Error vs. Range to Satellite

computed as d, =r—b,. Selection of a new satellite position vector, r', with the same
elevation and azimuth angles from station 1, but with a new range d ', is accomplished as
follows:
r= b, + idl
jaul

Next, the effect of satellite elevation angle on orbit determination accuracy by radio
interferometry was assessed. The elevation angle of the satellite at station 1 in the
original NATO 3C tracking scenario of Section 4.1 was varied while keeping the range
and azimuth angle from that station constant. Because of the short baselines relative to
the satellite’s range, the elevation angles from the other three stations closely match that

from station 1. Figure 10 shows the following: position error is minimized for this orbit
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determination scenario at the lowest elevation angle, position error increases
monotonically with elevation angle, and the orbit determination scenario becomes
degenerate when the satellite is at zenith. Again, these results reflect the impact of phase

delay measurement error only.
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Figure 10. Position Error vs. Satellite Elevation Angle

Selection of a new satellite elevation angle is accomplished in the following manner.
Let n be the unit normal to the plane of ground station 1, as computed in Section 2.4.1.
Decompose the range vector d; from station 1 to the satellite into components parallel

(d,) and perpendicular (d ) to n, so that d, =d; +d,. It may be verified that

d"—_-Mn and dl=d1—%ﬂn
i
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A new station-1-to-satellite range vector d’ with a new elevation angle £" and with the

same azimuth angle (but with different magnitude from d;) may be computed as follows:
d= d.L +d.%l-lltan£'
i

The new satellite position vector r such that the elevation angle from station 1 is £°, but

the range and azimuth angles from station 1 are unchanged, is computed as follows:

r‘=bl+l‘-'%ld'
a1

Finally, the effect of satellite azimuth angle on orbit determination
accuracy by radio interferometry was assessed. The azimuth angle of the satellite at
station 1 in the original NATO 3C tracking scenario of Section 4.1 was varied while
keeping the range and elevation angle from that station constant. Again, because of the
short baselines relative to the satellite’s range, the azimuth angles from the other three
stations closely match that from station 1. Figure 11 shows the variation in position
accuracy with satellite azimuth angle. The results indicate that for a configuration of four
interferometric ground stations at the vertices of a square, position error is minimized
when the satellite’s azimuth angle is an integer multiple of 45°, and position error is

maximized when the satellite’s azimuth angle is an integer multiple of 90°.

It may be verified that the new satellite position vector r* such that the azimuth angle

from station 1is &', but the range and elevation angles from station 1 are unchanged
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Figure 11. Position Error vs. Satellite Azimuth Angle

from the values determined by the original tracking scenario, is computed as follows:

r =b, +dy +i,|d;|cosa’ +(i, xn) ll (d, -n)sina’

Idll

where all values are as described above, and i, is the unit vector in the north direction in
the plane of ground station 1. The computation of i, is given in Appendix A under

azimuth angle calculations.

The effects of relative satellite-ground station geometry on the inteferometric tracking
of a GEO satellite have been assessed by the ISODAE Monte Carlo tool. In this orbit
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determination scenario, phase delay was measured simultaneously across three baselines
of four ground stations located at the vertices of a square with edges of length 20 km. For
the particular station numbering given in Section 4.1, it was determined that phase delay
measurements between the three station pairs 2-1, 3-1, and 4-1 produced a position error
of 3.2 km. As expected, longer station baselines increase satellite position estimation
accuracy. It was also shown that decreasing the elevation angle to the satellite increases
position accuracy. Finally, selecting ground station orientation such that the satellite
appears with northwest, northeast, southwest, or southeast azimuth increases position
accuracy. These geometrical considerations take into account phase delay measurement

error only.
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SECTION 5§
CONCLUSIONS AND RECOMMENDATIONS

Radio interferometry is an attractive means of satellite orbit determination for several
reasons. Interferometric tracking stations can operate passively because measurements
can be made on the standard satellite communications downlink. Thus, interferometric
tracking may be applied to existing satellite systems. Also, the group or phase delay
observable has a very high level of accuracy associated with it. This means that
extremely high satellite orbit determination accuracy may be attained across large
baselines; but perhaps of more importantance, it means that sufficient orbit determination
accuracy is possible with very short baselines, which means that operational tracking
systems can be made to be very compact and inexpensive. It has been demonstrated in
this study that a connected element interferometry system with 20 km baselines can
provide greater orbit determination accuracy on GEO satellites than the geographically
diverse and extremely accurate sensors in the Space Surveillance Network. It stands to
reason that the potential benefits of the application of radio interferometry to satellite

orbit determination merit further study.

In its current form, ISODAE has the following capabilities: ISODAE solves the
dynamic batch orbit determination problem; ISODAE allows the user to specify range,
range rate, differential range, elevation angle, and azimuth angle measurements; and
ISODAE allows the user to model measurement errors, measurement biases, and clock
offset errors. With some augmentation, ISODAE can be made to model station location
uncertainty, atmospheric effects on signal propagation rate, and errors in the orbit

determination process such as numerical integrator errors. Of immediate interest is the
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study of atmospheric effects on signal propagation rate. Statistical models of the error in
the signal propagation rate through the atmosphere are available [29, 30], and as
expected, such error increases as the elevation angle to a satellite decreases. On the other
hand, the results of Section 4.2 show that based on geometry alone, lower elevation
angles produce less satellite position estimation error. Therefore, a tradeoff between

atmospherical and geometrical errors exists and should be studied.

The Monte Carlo simulation developed for this study has the capacity to model a
variety of error sources in the orbit determination process. As such, ISODAE is a
valuable tool not only for the study of radio interferometry but also for the study of the
accuracy of any trajectory determination system. Modified versions of ISODAE have
been applied to the problem of determining the accuracy of the satellite ephemerides that
can be predicted from the current configuration of the Space Surveillance Network and to
the problem of determining the ephemerides prediction accuracy of systems responsible
for tracking missiles in a ballistic phase of their trajectory. Because of the potential
application of ISODAE to orbit determination scenarios other than the dynamic batch
estimator, it was designed in a modular fashion so that with minor modifications, it can
assess the accuracy of most trajectory determination algorithms. One potential area for
future study is a Kalman filtering system that differentially correct satellite state vectors,
such as the scheme employed by the Space Defense Operation Center (SPADOC). There
is interest in the space community to estimate the quality of orbital elements in space
catalogues (such as SPADOC) for a variety of reasons, including the assessment of

probabilities of collision with orbital debris.
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Thus, there are a number of potentially useful augmentations or modifications of the
capabilities of ISODAE. It will be of interest to assess further the capabilities of radio
interferometry for satellite orbit determination with modeling of all error sources and with
orbit determination scenarios other than that assessed in Section 4 of this study. Also,
modifications of ISODAE could provide a starting point for statistical studies of orbital
element quality for the SSN or SPADOC. The potential applications of an element
quality study include the development of reasonable specifications for a program such as
the anti-satellite (ASAT) weapon and the assessment of the threat of orbital debris.
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APPENDIX A

MEASUREMENT FUNCTIONS AND GEOMETRICAL PARTIAL
DERIVATIVES FOR OTHER OBSERVABLE TYPES

In this appendix, the measurement functions and geometrical partial derivatives for
range, range rate, elevation angle, and azimuth angle are presented. These measurement
types are available in ISODAE, and their mathematical properties are easily derived or
are readily available from other sources [3, 4]. For all discussion in this appendix, the
reader is referred to Figure 1 and the definition of variables given in Section 2.3. For
measurement number j out of a set of p measurements, the measurement function will be
written f;(r,v). Only in the case of range rate measurements will f be a function of

velocity as well as position.

A.l RANGE

The range measurement, as a function of the satellite ECI position vector r and a

station position vector b, is given as follows:

fi®)=[e—b;|=(r-b;)-(r-b;)

The geometrical partial derivatives with respect to velocity are clearly 0. With respect to

the position vector,
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A.2 RANGE RATE

The range rate measurement, as a function of the satellite ECI position vector r,

velocity vector v, and a station position vector b;, is given as follows:

BT G-b)Gb)

fi(rv)= (r=b:)-(v— Vi) _ (r=b3)- (v — Vi)

where the velocity vector of the site, vg,,, is given in terms of the angular momentum

vector of the earth, ® (see Section 2.5.4), as follows:
vsite =0 X bi

The geometrical partial derivative with respect to the velocity vector is as follows:

ifi=(f”bi)T _ (r-b,)"

v fe-b| "~ \J(r-b;)-(r-b,)

The geometrical partial derivative with respect to the position vector is as follows:



ifi_=@—vm¢) (r b;)-(v- vm)( )
or ;

r—by b

(V vme)T (l' b) (V Vnte)( b)

TVEB)(eB) b)) e-b)

A.3 ELEVATION ANGLE

The elevation angle measurement, as a function of the satellite ECI position vector r

and a station position vector b;, is given as follows:

()= —arcsin] 2 E=0) | _orogef mo(r=bi)
A [ Ie=bi ] [J&-bd(r—b»]

where n is the unit normal to the ellipsoidal earth at the station, as given in Section 2.4.1.

The geometrical partial derivatives with respect to velocity are clearly 0. With

respect to the position vector,
L/ n’ [I_(l"bi)("‘bi)T]
or |- b,-lcos[ fi (r)] (r-b; )2

S
J(r—bi)z—[n-(r—b;)] l_ (r=n;)’
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For the user’s convenience, ISODAE computes all angles in degrees. Therefore, factors
of 180/x are multiplied into the measurement function and geometrical partial derivatives

for elevation angle calculations.

A4 AZIMUTH ANGLE

Azimuth is the clockwise angle between the direction of north in the ground station’s
plane on earth and the projection of the satellite’s position vector with respect to that
station in that station’s plane. The unit vector in the direction of north, measured in the
station’s plane, i can be calculated as follows. First, let i, be the unit vector in the z
direction in the ECI coordinate frame, let b; be the station position vector, let n be the
unit normal to the ellipsoidal earth at the station, as given in Section 2.4.1, and let
r,=i,—b;. Then,

r, —(r;-m)n

iporth =
l'z2 ‘(rz’“)z

The projection d, in the ground station’s plane of the position vector of the satellite with

respect to the station is given as follows:
d =r-b;=[(r-b;)-n]n

Finally, the azimuth angle is given as follows:
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The geometrical partial derivatives with respect to velocity are clearly 0. With

respect to the position vector,

af‘_ 1 d, -i T i anT —
3f‘sin[f,-m][ YA ‘)}

Factors of 180/ are multiplied into the measurement function and geometrical partial

derivatives for azimuth angle calculations so that all angles appear in degrees.
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APPENDIX B
MATHEMATICA PROCEDURES FOR ISODAE

(*

This file is required for setting up the Interferometric Satellite
Orbit Determination Accuracy Estimator (ISODAE). Select all cells
in this file and have Mathematica evaluate them. Included are
physical constants, polynomial for prime meridian angle
computation, ground station ECI position computation, two-body
trajectory propagation and state transition matrix computation,
Bulirsch-Stoer trajectory propagation, satellite ECI state vector
computation from Keplerian elements, computation of elevation
angle to satellite from ground station, signal transit time and
group delay measurement functions, and generation of normally
distributed random variates.

Note: To run ISODAE, you must open the following files:
"ISODAE Set up'',
"ISODAE"

Also, the user must specify which trajectory propagator
ISODAE is to use. (See procedure 'Propagate’ below.)
The choices currently available are TwoBody and
BulirschStoer.) The user must also specify the means of
state transition matrix computation. (See procedure
'TransitionMatrix' below.) The only choice currently
available for state transition matrix computation is
two-body.

You must evaluate all cells in this file first.
*)
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(* *)
(*Choose trajectory propagator

(Propagate state vector x0 from epoch to epoch plus
deltat seconds)

*)

Propagate[x0_,deltat_]:=Block[{},

xf=TwoBody[x0,deltat]; (*Two-body orbital approximation*)
phi={{F,0,0,G,0,0},{0,F,0,0,G,0},{0,0,F,0,0,G},

xﬁFt,ﬂ,ﬂ,G 101,{0,F,0,0,G¢,0},{0,0,F¢,0,0,Gt} };

(* BulirschStoer[x0,deltat] (*Rational extrapolation
numerical integrator®)
*)

(*End Block*)]
* Y
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(* *)
(*Choose transition matrix computation algorithm

(Compute state transition matrix from epoch t0 to time t)
*)
TransitionMatrix[x0_,t_]:=Block[{},

(* Currently, only the two-body state transition matrix is
available in ISODAE*)

TwoBody[x0,t];
phi={{F,0,0,G,0,0},{0,F,0,0,G,0},{0,0,F,0,0,G},
{Ft,0,0,Gt,0,0},{0,F¢,0,0,Gt,0},{0,0,F4,0,0,Gt}}

(* In future versions of ISODAE, numerical integration of
the variational equations of motion can be selected for state
transition matrix computation:

Variational[x0,t]

*)

(*End Block*)]

* *)
* *)
(*Set up physical constants *)

we2=N[15.041067178*Pi/180/3600,20](*rad/sec*);
we=15.041067178(* °/day *);
ae=aearth=6378.14;mu=398600.45;ee=eearth=0.08182;
¢=299792.458(*km/sec*)

* *)
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* *)

Cross[x_,y_l:={x[[2]]*y[[3]]-x[[3]]*y([2]],
x[[31)*yl[1]}-x[[1]}*y[[31],
x[[1])*yl[2]}-x[[21}*y[1]]}

* *)

¢ )

giad{x_l=={x[[lll‘x,xllzll‘x,xlpll"x} N

* *)

(* Give prime meridian at AJD=d ephemeris days from 1/1/1950,
in B1950 ECI coordinate frame *)

pm[d_}:=Block[{pm1,ppm},pm1=99.87+24*we*d;
ppm=pm1-360*Floor{pm1/360]

¢ )

* *)

(* Give B1950 ECI coordinates of a ground site with
bj={lat,lon,alt};
lat = geodetic latitude, lon = longitude, alt = altitude,
(km, °, °) at d ephemeris days from 1/1/1950*)
bibj_,d_J:=Block[{alphajlat,alt},
alt=bj[[3]];
lat=N[(Pi/180)bj[[1]],20];
alpha=N[(P/180)(bj[[2]]+pm[d]),20];
bb={ae*Cos[alpha)/Sqrt[1+(1-ee*2)(Tan[lat]) 2]+
alt*Cos[alpha]*Cos|lat],
ae*Sin[alpha)/Sqrt[1+(1-ee~2)(Tan[lat])*2]+
alt*Sin[alpha]*Cos|[lat],
ae*(1-ee”2)Sin[lat])/Sqrt{1-(ee*2)(Sin[lat]*2)]+
alt*Sin[lat]}
(*End Block*)]
(* *)
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* *)
SolveKepler{E0_,dEmax_,e_,M_J:=

(* Solves Kepler's equation M = E - ¢ Sin[E] for E *)
Block[{E1,E2,precision},

precision=2-Floor{Log[10,dEmax]];
E1=N[E0,precision];
E2=N[E1+(e*Sin[E1]-E1+M)/(1-e*Cos[E1]),precision];
While[Abs[E2-E1]>dEmax,
E1=E2;E2=E1+(e*Sin[E1]-E1+M)/(1-e*Cos[E1))];

EE=E2

(* End Block *)]
* *)
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* *)
Cartesian[elts_]:=Block[{a,e,i,bigw,w,M,r,h,thetaf,p},

a=elts[[1]];e=elts[[2]];i=N[Pi/180*elts[[3]],20];
bigw=N[Pi/180*elts[[4]],20];
w=N[Pi/180*elts[[5]],20);M=N[Pi/180*elts[[6]],20];
SolveKepler{1,10*-25,e,M];

r=a*(1-e*Cos[EE));
f=2ArcTan[Sqrt[(1+e)/(1-e)]*Tan[1/2*EE]];
theta=(w+{);

p=a*(1-e*2);

h=Sqrt{mu*p];

NI

{ r*(Cos[bigw]*Cos] theta]-Sin[bigw]*Sin[theta]*Cosli]),
r*(Sin[bigw]*Cos[ theta]+Cos[bigw]*Sin[theta]*Cosli]),
r*Sin[theta]*Sin([i],

-mu/h*(Cos[bigw]*(Sin[theta]+e*Sin[w])
+Sin[bigw]*(Cos[theta]+e*Cos[w])*Cosli]),

-mu/h*(Sin[bigw]*(Sin[theta]+e*Sin[w])
-Cos[bigw]*(Cos| theta]+e*Cos[w])*Cosli]),

mu/h*(Cos[theta]+e*Cos[w])*Sin[i]

}

s20]

(* End Block *)]
* *)
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(* *)
TwoBody[y0_,deltat_]:=

Block[{r00,v00,a,h,p,e,E1,M1,M,EE theta,rf,vf},

r00={y0{[1]},y0[[2]},yOI[3]]};
v00={y0[[41],yO[[S]],yO[[6]]};

a=1/(2/Sqrt[r00.r00]-v00.v00/mu);
h=Cross[r00,v00];

p=h.h/mu;

e=Sqrt[1-p/a];
If{r00.v00<0,E1=N[2Pi,30}-ArcCos[(a-Sqrt[r00.r00])/a/e],
E1=ArcCos[(a-Sqrt[r00.r00])/a/e]];
M1=El-e*Sin[E1];
M=M1+Sqrt{imu/a*3]*deltat;
SolveKepler[1,10/-25,e,M];

r=a*(1-e*Cos[EE]);
theta=2ArcTan[Sqrt[(1+e)/(1-e)]*Tan[1/2*EE]]-
2ArcTan[Sqrt[(1+e)/(1-e)]*Tan[1/2*E1]];

F=1-r/p*(1-Cos[theta]);
G=Sqrt{r00.r00]*r*Sin[theta}/Sqrt{mu*p];
Ft=Sqrt{mu}/(Sqr{r00.r00]*p)*(r00.v00/Sqrt{mu]*
(1-Cos[theta])-Sqrt[p]*Sin[theta]);
Gt=1-Sqrt[r00.r00)/p*(1-Cos[ theta]);

rf=N[F*r00+G*v00,15];
vi=N[Ft*r00+Gt*v00,15];
xf=Join[rf,vf]

(* End TwoBody Block *)]
* *)
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* *)

(*Compute subsatellite latitude (geocentric) and longitude, given
position vector r00 at time jd in A(ephemeris days from
1/1/1950 0000 hrs Z to epoch)*)

subsat[r00_,jd_J]:=Block[{lat,lon},

1at=N[180/Pi*ArcSin[r00{[3]})/Sqrt[r00.r00]],10];
lon=ArcTan[r00[[2]Vr00[[1]]];
Ifr00[[1]]1<0,lon=Pi+lon];
Ifflon<0,Jon=2Pi+lon];
lon=N[180/Pi*lon-pm([jd],10];

{lat,Jon}

]

* *)
(* *)

(* Elevation angle to satellite, in °,
given satellite position vector r and site position vector b *)
fel[r_,b_]:=Block[{},

d=r-b;

range=Sqrt{d.d];

HIb[[3]]==0,n=-b,
n={(ee*2-1)b[[1]V/b[[3]],(ee*2-1)bI[2]V/bI[3]],-1}
(*End If%)};

HIb{[3]1<0,n=-n];

lengthn=Sqrt{n.n];
el=N[-180/Pi*ArcSin[n.d/lengthn/range],20]

(* End Block *)]
¢* *)
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¢ *)
(* Geometrical partial derivatives of elevation angle to satellite,
given satellite position vector r and site position vector b *)

dfel[r_b_]:=Block[{},

fellr,b];
N[Join{-180/Pi/lengthn/range/Cos[P/180*¢l]*n.
(IdentityMatrix[3]-1/range/range*Diad[d]),{0,0,0}],20]

(* End Block *)]
* *)
* *)

(* Azimuth angle to satellite, in °,
given satellite position vector r and site position vector b *)
faz[r_,b_J:=Block[{},

d=r-b;

HIb[[3]]=0,n=-b,
n={(ee*2-1)b[[1]V/b[[3]],(ee*2-1)b[[2]V/b[[3]],-1}
(*End If*)];

If{b[[3]]<0,n=-n];

lengthn=Sqrt[n.n];

dperp=d-((d.n)}lengthn/lengthn)n;

iz={0,0,1};

rz=(iz-b);

north=(rz-((rz.n)/lengthn/lengthn)n);
north=north/Sqrt[north.north};
Idperp=Sqrt[dperp.dperp];
diadn={n[[1]In,n{[2]]n,n[[3]]n};

az=N[180/Pi* ArcCos[(dperp.north)/idperp]},20]

(*End Block*)]
* *)
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(* *)
(* Geometrical partial derivatives of azimuth angle to satellite,
given satellite position vector r and site position vector b *)

dfaz{r_,b_]:=Block[{n,d,dperp,iz,north},
faz{r,b);
N[Join[
180/Pi/Sin[az*Pi/180]*
(dperp.north/(Idperp*3)*(d-(n.d)/(lengthn*2)*n)+
1Adperp*(diadn.north/(lengthn”2)-north)

):{0,0,0}},20]
(*End Block*)]
¢* *)
* *)

(* Range rate function, given satellite position vector r,
velocity vector v, and site position vector b *)

frr[r_,v_,b_]:=Block[{},

d=r-b;
vsite=N[Pi/180/3600*we*{-b[[2]],b[[1]],0},20];
rr=(d.(v-vsite))/Sqrt[d.d]

(* End Block*)]
* *)
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* *)
(* Geometrical partial derivatives of range rate,
given satellite position vector r,

velocity vector v, and site position vector b *)

dfrrir_,v_,b_]:=Block[{d,range},

d=r-b;range=Sqrt[d.d];frrir,v,b];
drr=Join|(v-vsite)/range-d*rr/(range*2),d/range]

(* End Block*)]
* *)
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* *)

(*Signal transit time algorithm. b1 is lat(geodetic)Jon,alt of

the station 1 for group/phase delay measurement.

tj is the time, in A(ephemeris days from 1/1/1950 0000 hrs Z),

at which the signal arrived at station 1. t0 is the time, in
A(ephemeris days from 1/1/1950 0000 hrs Z), at which the satellite
state vector x0 is known. dtis the accuracy threshold for

quitting the iteration.

This algorithm computes the signal transit time (in seconds)
from the satellite to station 1.

The position vector of the satellite at the time of signal
emanation is returned in rsat*)

TransitTime[b1_,tj_,x0_,t0_,dt_J:=
Block[{b1j,xi,i,time2,time,first},
b1j=b[b1,tj];
time=time2=0;first=True;

While[Abs[time2-time]>dtlifirst,
time=time2;

first=False;

deltat=24*3600*(tj-t0)-time;

(*Current estimate of time

of signal emanation, in seconds from t0*)
xi=Propagate[x0,deltat];
rsat=Drop[xi,-3];
time2=(1/c)Sqrt[(rsat-b1j).(rsat-b1j)]

(*End While*)];

transittime=time2

(*End Block¥*)]
* *)
* *)

(*Group delay algorithm. b1,b2 are lat(geodetic),lon,alt of
stations 1 and 2, respectively, for group/phase delay measurement.
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tj is the time, in A(ephemeris days from 1/1/1950 0000 hrs Z),

at which the signal arrived at station 1. t0 is the time, in
A(ephemeris days from 1/1/1950 0000 hrs Z), at which the satellite
state vector x0 is known. dt is the accuracy threshold for

quitting the iteration.

This algorithm computes the group delay (in seconds)
between stations 1 and 2.

Group delay is returned in global variable "groupdelay''.
Station 2 position vector at time of signal arrival is returned

in global variable "'b2j".

Time of signal arrival at station 2 is returned in global variable
"t2". ‘)

GroupDelay[bl_,b2_,tj_,x0_,t0_,dt_J:=
Block[{i,time,time2,first},

TransitTime[b1,tj,x0,t0,dt];
(*Compute transit time to station 1;
Also calculate position vector of satellite at
time of signal emanation, rsat*)
time=time2=0;first=True;

While[Abs|time2-time]>dtlifirst,

time=time2;

first=False;

t2=tj+time/3600/24;(*Current estimate of time of signal arrival at
station 2: tj+time/3600/24 (AJD)*)

b2j=b[b2,t2];

time2=(1/c)Sqrt[(rsat-b2j).(rsat-b2j)]-transittime

(*End While¥*)];

groupdelay=time2

(*End Block*)]
* *)
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¢ *)
(* Generate one normal random variate given mean, sd *)
normal[mean_,sd_J:=Block[{r1,r2,r3,r4,r5,r6,r7,r8,r9,r10,r11,r12},

r1=Random[];r2=Random{];r3=Random[];r4=Random{];
rS=Random{[};r6=Random[}];r7=Random[};r8=Random{];
r9=Random([];r10=Random(}];r11=Random[];r12=Random{}];
x1=((r14r2+r34+r44r5+r6+r7+r8+r9+r10+ril1+r12)-6)/4;
x1=((((0.029899776(x1/2)+0.008355968)(x1/2)+
0.076542912)(x1/2)+0.252408784)(x12)+

3.949846138)x1;
x1=N[mean+sd*x1,20]
(* End Block *)]
* *)
* *)

(* Calculate one Newton-Raphson iteration correction, dx(t0),
to the state vector at epoch,
given current guess xi(t0) and measurement vector ym *)

dx[xi_,ym_J:=Block[{site1,site2,xj,tj.j,x.y,z,vx,vy,vz,dy,bj Jdj}

dy=(};
Jacobiani={};

For[j=1,j<=p,j++,
Iffmeasurements([j]][[2]]=1,

sitel=sites[[measurements[[j1][[3]1]];
tj=measurements[[j]}[[1]];
bj=b[sitel,tj];
xj=Propagate[xi,(tj-t0)*3600*24];
x=xj[[1]};y=xj[[2]1;z=xL[3]];
dj={x,y,z}-bj;
AppendTo[dy,ym|[[}]]-Sqrt[dj.dj]];
AppendTo[jacobiani,jacobian[[j]].tm[j]]
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(* End If*)];
Iffmeasurements|[j]}{[2]]==2,

site1=sites[[measurements[[]11[[3]111];
tj=measurements[[j]1[[1]];

bj=b[sitel,tj];
xj=Propagate[xi,(tj-t0)*3600*24];
x=xj[[11};y=xj[[2]];z=x[[3]];
vx=xj[[4]];vy=xj[[5]];vz=xj[[6]];
AppendTo[dy,ym[[j]]-frr{{x,y,z},{vx,vy,vz},bjl];
AppendTo[jacobiani,jacobian[[j]].tm[j]]

(* End If*));
Iffmeasurements|[j1][[2]]==3,

site1=sites[[measurements[[j1]1[[3]111];
tj=measurements[[j1][[1]];
bj=b([site1,tj];
xj=Propagate[xi,(tj-t0)*3600*24];
x=xj[[11};y=xj[[2]};z=xj[[3]];
AppendTo[dy,ym([[j]]-fel[{x,y,z},bj]];
AppendTo[jacobiani,jacobian[[j]].tm[j]]

(* End If%)];
If{measurements[[j]1][[2]]==4,

sitel=sites[[measurements[[j]][[3]]1];
tj=measurements[[j]][[1]];
bj=b[sitel,tj];
xj=Propagate[xi,(tj-t10)*3600*24);
x=xj[[1]};y=xj[[2]};z=xj([3]];
AppendTo[dy,ym([[j]]-faz[{x,y,z},bj]];
AppendTo[jacobiani,jacobian[[j]].tm[j]]

(* End If¥)];
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Iffmeasurements[[j]][[2]]=S,
site1=sites[[measurements{[j]1[[3]]]];
site2=sites[[measurements{[j]][[4]1]];
tj=measurements[[j]11([1]];

GroupDelay[sitel site2,tj,xi,10,0.0000000001];
AppendTo[dy,ym][[j]]-c*groupdelay];

xj=tm[j].xi;
x=xj{[11ly=xj[[2]];z=xj[[3]};
AppendTo[jacobiani,jacobian[[j]].tm[j]]
(* End If%)];
(*End For j*)];
fi=Transpose[jacobiani];
ft=Drop|ft,m-6];jacobiani=Transpose[ft];

covariancematrix=Inverse[ft.jacobiani];
dx0=covariancematrix.ft.dy

(*End Block*)]
(* *)
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* *)
(* Solve orbit determination problem by N-R iteration until
ir0-rli<raccuracy and Iv0-vlicvaccuracy®*)

Solvex[x00_,ym_,raccuracy_,vaccuracy_l:=
Block[{first,x1,x0,r1,r0,v1,v0},

first=True;

x1=x00;x0=x00;
r1=Drop|x1,-3];vi=Drop[x1,3];
r0=Drop[x0,-3];v0=Drop[x0,3];
index=0;

While[(Sqrt[(r1-r0).(r1-r0)}>raccuracyil
Sqrt{(v1-v0).(v1-v0)]>vaccuracylifirst) & &
index<10,

x0=x1;r0=Drop|[x0,-3];v0=Drop[x0,3];
first=False;

index++;

Hm==6,

x1=x0+dx[x0,ym];
r1=Drop[x1,-3]);v1=Drop[x1,3],

r1=r0+dx[x0,ym];
x1=Join[r1,v0]

(*End If*)]
(*End While*)];
xest=x1

(*End Block*)]
* *
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* *)
(* Monte Carlo simulation *)
MonteCarlo[nit_,ssigma_,bias_}:=Block[{i,j,percentdone},

errors={};
percentdone=0;

Forfi=1,i<=nit,i++,
If{Floor{i/nit*10]>percentdone,

percentdone++;
Print[10percentdone," % complete'']

(*End I")];

(*Generate p measurement errors*)
error={};

For[j=1,j<=p,j++,
AppendTo[error,normal[bias[[j]],sigma[[j]]]]
(*End For j%)];

ym=ytrue+error;
xi=Solvex[x0,ym,0.0001,1000];
Hm==6,

AppendTo[errors,N[
{xO[[1]]-xi[[1]],
x0[[2]]-xi[[2]],
x0[[3]]-xi[[3]],
x0[[4]]-xi[[4]],
xO[[5]]-xi[[S]],
x0[[6]]-xi[[6]]},

15]1,
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AppendTo[errors,N[
{x0[[1]]-xi[[1]],
x0[[2]]-xi[[2]],
x0[[31}-xi[[3]1},1511

(*End If*)]

(*End For i¥*)]
(*End Block*)]

* *)

¢ Y
PDOP[sigmadr_]:=Block[{},

Solvex[x0,ytrue,0.0001,1000];

dr=sigmadr{Sqrt[covariancematrix[[1]][[1]]],
Sqrt]covariancematrix[[2]][[2]]],
Sqrt[covariancematrix{[3]][[3]11};

Print["Sigma x = "dr{[1]]];

Print["'Sigma y = " dr{[2]]};

Print["Sigma z = " dr[[3]]];

Print["'Sigma pos = " ,Sqrt[dr.dr]]

(*End Block*)]
* *)
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MMID[y_,dydx_,xs_,htot_,nstep_]:=
Block[{h,ym,yn.x,n;swap},
h=htot/nstep;
ym=ys;
yn=y+h*dydx;
x=xs+h;

For[n=2,n<=nstep,n++,
swap=ym+2h*DERIVS|[x,yn];
ym=yn;

yn=swap;

x=x+h

(* End For n ¥)];

yout=0.5*(ym+yn+h*DERIVS|[x,yn])
(* End Block *)]

(* End MMID function, which returns y(xs+htot) in yout *)
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RZEXTR[iest_,xest_,yest_,nv_,nuse_]J:=
Block[{k,j,m1,v,c,b1,b,dd,ddy,yy},

x[iest]=xest;
d[iest]={0,0,0,0,0,0};
Ifliest==1,
yz=yest;
d[1]=yest;
dy=yest
(* Else *),
m1l=Min[iest,nuse];
For{k=1k<=m1-1,k++,fx[k+1]=x[iest-k]/xest];
For{j=1,j<=nv,j++,
yy=yest{[1];
v=d[1][[j]];
C=YYys
dd=d[1];dd[[j]}=yy;d[1}=dd;
For[k=2,k<=ml,k++,
bl=fx[k]*v;
b=bl-c;
If[b==0,
ddy=v
(* Else *),
b=(c-v)/b;
ddy=c*b;
c=b1*b
(*End If %)];
HTk==m1,v=v,v=d[k][[j]]];
dd=d[k];dd[[j]]=ddy;d[k]=dd;
yy=yy+ddy
(* End For k ¥)];
dyl(jl]=ddy;
yzl[jll=yy
(* End For j *)]
(* End If ¥));
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yz
(* End Block *)]

(* End RZEXTR function, which returns extrapolated function
values in yz and estimated error in dy *)
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BSSTEP[y0_,dydx0_,x0_h_,dymax_J:=

(* Integrate DEs given by DERIVS from initial conditions
y=y0, y'=dydx0 at x=x0 to x=x0+h *)

Block([{y2,y1,dy,nseq},
nseq={2,4,6,8,12,16,24,32,48,64,96};

MMID[y0,DERIVS[0,y0],0,h,2];
RZEXTR[1,(dt/2)"2,yout,6,7];
yl=yz;
MMID{y0,DERIVS[0,y0],0,h,4];
RZEXTR[2,(dt/4)"2,yout,6,7];
y2=yz;

n=2;

dy=Abs[y2-y1];

While[dy[[1]]>dymax[[1]]lidy[[2]]>dymax[[2]]II
dy[[3]1>dymax[[3]]}lldy[[4]]>dymax[[4]]Il
dy[[S11>dymax[[S]]lidy[[6]]>dymax[[6]],

If{n>11,Print[" BS Failed with given step size"],
n=n+1];

yl=y2;
MMID{[y0,DERIVS[0,y0],0,h,nseq[[n]]];
RZEXTR(n,(h/nseq[[n]])*2,yout,6,7];
y2=yz;

dy=Abs[y2-y1]

(* End While *)];

y=y2

(* End BSSTEP Block *)]

125



INTEGRATE[y0_,dydx0_,x0_,h_]J:=

(* Integrate DEs given by DERIVS from initial conditions
y=y0, y'=dydx0 at x=x0 to x=h hours (i.e., x=x0+3600h) *)

Block[{i,j,y2,y1,nseq,dt,ytrue,yBS,dr,dv},
nseq={2,4,6,8,12,16,24,32,48,64,96};
dt=3600;
y=y0;

For[i=1l,i<=h,i++,
For[j=1,j<=6,j++,

MMID{y,DERIVS[(i-1)*dt,y],0,dt,nseq[[j]]1];
RZEXTR][j,(dt/nseq[[j]1])*2,yout,6,7]

(* End For j 9));

ytrue=TwoBody[y0,dt*i];
yBS=yz;
dr=Sqrt[(ytrue[[1]]-yBS[[1]])*2
+(ytrue[[2]]-yBS[[2]D*2
+(ytrue[[3]]-yBS[[3]])*2];
dv=Sqrt[(ytrue[[4]]-yBS[[4]])"2
+(ytrue[[S]]-yBS[[S]D*2
+(ytrue[[6]]-yBS[[6]])*2];

Print[N[yBS,15]};

Print[i*dt,": dr =",N[dr,15]," dv=",
N[dv,15]]

(* End Fori ¥)]

(* End INTEGRATE Block *)]
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(#

In this file, the user specifies an orbit determination scenario.
He must specify satellite's B1950 ECI state vector, x0, in km,
km/sec, at time t0, in A(ephemeris days from 1/1/1950, 0000 hrs Z).

Note: To run ISODAE, you must open the following files:
"ISODAE Set up',
"ISODAE"

You must evaluate all cells in "ISODAE Set up' before doing
any work here!

*)

* *)

(* Specify the number of parameters to be estimated in the
satellite state vector for orbit determination.

If you specify 3, the state vector will be the ECI position
vector. If you specify 6, the state vector will be the
position vector followed by the velocity vector.*)

m=3

* *)
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* *)
(*Set up orbit determination scenario here. First, specify
satellite's B1950 ECI state vector (km, km/sec) at time
t0, A(ephemeris days from 1/1/1950, 0000 hrs Z)*)

(* NATO 3C @ 18°W, epoch 2/9/90 0000 hrs Z, r in km, v in m/sec *)
rtrue={-21542.9820600000000000,36160.27550000000000000,
2697.2821000000000000};
vtrue={-2632.08997000000000000000,-1579.92061000000000000000,
154.78188000000000000000}/1000;

x0=Join[rtrue,vtruel;

t10=14649 (*AJD(2/9/90 0000 hrs Z)*);

(* ALTERNATE satellites

(* DSCS II1, epoch 7/28/90 0000 hrs Z, r in km *)
rtrue={-12413.4481500000000000,-40299.104120000000000000,
-26.04883974000000000000};
virue={2.937997314000000000000000,-0.905654417000000000000000,
0.00243091000000000000000};

x0=Join[rtrue,vtruel;

t0=14818 (*AJD(7/28/90 0000 hrs Z)*);

*)

* *)

subsat[rtrue,t0]
{3.666609893, -17.31921877}
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* *)
(#

Continue setting up orbit determination scenario.
Now specify {lat(geodetic),lon,alt} (°,°km)

of measuring sites.

*)

sites={{-8.,-14.,0.},(*Ascension Island®)
{45.,0.,0.},(*France*)
{20.,-10.,0.}(*Northern Africa*)}

(* Bordeaux *)
(*sites={{45.0,0.0,0.1},{45.0,-0.2545,0.1},
{45.17997,0.0,0.1},{45.17997,-0.2545,0.1}};*)

(* ALTERNATE sites *)

(* England *)
(*sites=({{54.0,2.0,0.5},{54.0,1.6937,0.5},
{54.18004,2.0,0.5},{54.18004,1.6937,0.5}};*)

* *)

(* *)

(* Compute elevation angle from each site to the satellite
at the time t0 for the user to check that the

satellite is visible.

*)

For{i=1,i<=Length[sites),i++ Print]
(iel{rtrue,b{sites{{i]],tﬂ]]]] )

*

75.74645460671323802
39.26721058211249497
69.10060344415283848
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* *)
*

Continue setting up orbit determination scenario.

Each measurement is a vector with time of measurement,
type of measurement, and station number(s) making the
measurement.

The first element of each measurement vector is the
time (in AJD) at which the measurement is to be
made.

The second element of each measurement vector is the
measurement type, as follows:

1 Range

2 Range rate

3 Elevation angle

4 Azimuth angle

5 Differential range (group delay or phase delay)

The third element of each measurement vector is the
station (in "sites' variable index number, i.e.,
station j = sites[[j]]) at which the measurement is

to be made.

E.g., {14818.5,1,2} means that range to the satellite is
measured from site number 2 at 1200 hours UTC on 28 July 1990.

For differential range measurements, the measurement vector
will contain a fourth element that is the second ''site"

number between which differential range is being measured.
Also, the time tag is the time of signal arrival at the first

listed station number. E.g., {t1,5,1,2} means that

differential range is measured between stations 1 and 2,

and t1 is the time of signal arrival at station 1.

*)
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measurements={{t0,1,1},
{t0,1,2},
{t0,1,3},
{t0+1/24,3,1},
{t0+1/24,4,1}}

(*measurements={{t0+30/3600/24,1,2},
{t0+30/3600/24,1,3},
{t0+30/3600/24,1,4}

(*,{t0+0.5,1,2},

{t0+0.5,1,3},

{t0+0.5,1,4}*)

5E*)
p=Length[measurements];

(*
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* *)

(*

This procedure must be executed by the user. No inputs are
necessary.

The procedure computes the true measurement vector, ytrue,
and the geometrical partial derivative matrix, jacobian.

*)

Block[{j},

ytrue={};
Jjacobian={};
Clear[tm];

For[j=1,j<=p,j++,

tl=measurements[[j]][[1]];
site1=sites[[measurements[[j]1[[3]1]]1];
tm[j]=TransitionMatrix[x0,t1-t0];
r={x,y,z};

Iffmeasurements[[j]1[[2]]==1,

xj=Propagate[x0,(t1-t0)*3600*24];
d=Drop[xj,-3]-b[sitel,t1];
AppendTo[ytrue,Sqrt{d.d]];
d={x,y,z}-b[sitel,t1];
AppendToljacobian,Join[d/Sqrt[d.d],{0,0,0}]]

(* End If%));
Iffmeasurements|[[j11[[2]]==2,
xj=Propagate[x0,(t1-t0)*3600*24];
site=b[site1,t1];

AppendTofytrue,frr{Drop(xj,-3],Drop[xj,3] site]];
AppendTo[jacobian,dfrr[{x,y,z},{vx,vy,vz}site]]
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(* End If%)];

Iffmeasurements{[j]]1[[2]]==3,

xj=Propagate[x0,(t1-t0)*3600*24];
site=b[sitel,t1];
AppendTo[ytrue,fel[Drop[xj,-3],site]];
AppendTo[jacobian,dfel[{x,y,z},site]]

(* End If%)];
Iffmeasurements[[j]][[2]]==4,

xj=Propagate[x0,(t1-10)*3600*24];
site=b[sitel,t1];
AppendTo[ytrue,faz[Drop[xj,-3]site]];
AppendTo| jacobian,dfaz[{x,y,z},site]]

(* End If%)];

Iffmeasurements{[j]][[2]]==5,
site2=sites[[measurements[[j1][[4]1]]];
GroupDelay(sitel site2,t1,x0,t0,0.0000000001];
b1=b[sitel,t1];

b2=b2j;

d1={x,y,z}-b1;
d2={x,y,z}-b2;

AppendTo[ytrue,c*groupdelay];

AppendTo[jacobian,
{-d1[[1]V/Sqrtd1.d1]+d2[[1])/Sqrt{d2.d2],
-d1{[2]V/Sqrt[d1.d1]+d2[[2]VSqrt[d2.d2],
-d1[[3])/Sqrt[d1.d1}+d2[[3])/Sqrt[d2.d2],0,0,0}]
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(* *)

(* If you want to verify that your orbit determination scenario
is solvable, you may do so here. Specify initial estimates
close to the true satellite state vector at epoch t0.

Degenerate orbit determination scenarios usually result in
a message about ill-conditioned matrices.
*)

r1={-20000,35000,2500};
vi=vtrue;
x1=Join[rl,v1];

Solvex[x1,ytrue,0.01,100]; Print[N[xest,20]]
* *)
{-21542.98204116836312, 36160.27551056323496, 2697.282103654370338,

-2.63208997, -1.57992061, 0.15478188}
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* *)
(*Specify measurement errors and measurement biases.
The length of each of these vectors must equal the number
of measurements that you specified above, and the ordering
of the errors and biases must correspond with the ordering
that you specified in the vector '"'measurements''.

Also specify the number of iterations for the Monte Carlo
simulation.

*)
MeasurementErrors={0.005,0.006,0.007,0.015,0.020};

MeasurementBiases={0.,0.,0.,0.,0.};

Iterations=20;

(* *)
* *)

(*Execute Monte Carlo simulation*)

MonteCarlo[Iterations,MeasurementErrors,MeasurementBiases]
* *)

10% complete
20% complete
30% complete
40% complete
50% complete
60% complete
70% complete
80% complete
90% complete
100% complete
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(*Create summary statistics*)
xdev=ydev=zdev=0;vxdev=vydev=vzdev=0;
For[i=1,i<=Length[errors],i++,
xdev=xdev+errors[[i]][[1]]*2;
ydev=ydev+errors[[i]][[2]]*2;
zdev=zdev+errors[[i]l[[3]]*2;
Hm==6,
vxdev=vxdev+errors[[i]l[[4]]1"2;
vydev=vydev+errors[[i]][[S]]*2;
vzdev=vzdev+errors[[i]][[6]12]];

xdev=Sqrt[xdev/Length[errors]];

ydev=Sqrt[ydev/Length[errors]];

zdev=Sqrt[zdev/Length[errors]];

vxdev=Sqrt{vxdev/Length[errors]];

vydev=Sqrt{vydev/Length[errors]];

vzdev=Sqrt[vzdev/Length[errors]];

Print[''Sigma x = "",xdev," km"];

Print[''Sigma y = ",ydev," km"];

Print[''Sigma z = ",zdev," km''];

Print[''Sigma position = "' ,Sqrt[xdev*2+ydevA2+zdevA2]," km''];

Iffm==6,

Print[''Sigma vx = ",vxdev,"" km/sec''];

Print[''Sigma vy = ",vydev," km/sec''];

Print[''Sigma vz = ",vzdev," km/sec'];

Print["'Sigma velocity = "' ,Sqrt[vxdevA2+vydevA2+vzdev/ 2],
" klnlsecn]]

Sigma x = 0.294188 km
Sigma y =0.161315 km
Sigma z = 0.0819741 km
Sigma position = 0.345382 km
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