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ABSTRACT

Structure theorems for both the resolvent and the heat kernel of b-pseudodifferential operators on a
compact manifold with corners (of arbitrary codimension) are presented. In both cases, the kernels
are realized as classical conormal functions on appropriate manifolds with corners. To prove these
results, a space of operators with complex parameter (or tempered operators) is introduced. These
tempered operators are shown to be classical conormal functions on a manifold with corners called
the Tempered space. The resolvent of a b-pseudodifferential operator is shown to be a tempered
operator (for large values of the parameter) and so it follows that the resolvent is a classical conormal
function. The Laplace transforms of holomorphic tempered operators are shown to be operators of
order —oo for positive times and are also shown to be classical conormal functions on a manifold
with corners called the Heat space. Since the heat kernel of a b-pseudodifferential operator is the
Laplace transform of the operators resolvent, the heat kernel is of order —oo for positive times and
is also a classical conormal function. The structure result for the heat kernel is used to generalize
the Index formula of Atiyah, Patodi, and Singer for Dirac operators on a manifold with boundary to
Fredholm b-pseudodifferential operators on arbitrary compact manifolds with corners. The formula
expresses the index of an operator as a sum of two terms, the usual ‘interior term’ given by the
integral of the Atiyah-Patodi-Singer density associated to the operator and a second contribution
given by a generalization of the eta-invariant associated to the induced operators on each of the
corners of the manifold.
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1 Introduction

The Atiyah-Singer index theorem [1] (AS theorem) is one of the crowning achievements of 20th
century mathematics.! The AS theorem relates analytic invariants of Dirac operators with corre-
sponding topological/geometric invariants of the underlying Riemannian manifold. Let £ — X be
a Z,-graded Clifford bundle over a closed compact even dimensional Riemannian manifold X and
let A € Diff' (X, E*, E™) be the positive part of a Dirac operator. Then the AS theorem states
that

ind A" = / AS, (1)
X

where AS is the Atiyah-Singer integrand. The principal aspect of (1) is that the left-hand side
is an analytic object, while the right-hand side is a topological/geometric object. We note that
(1) is just a special case of an ‘analytic index theorem’ for pseudodifferential operators. Thus, let
A € Y™(X,Et,E™) be an elliptic, positive order pseudodifferential operator. Then the analytic
index theorem states that

indA = Caxa — Caa~, (2)
where (4+ 4 and (a4~ are the constant terms in the asymptotic expansions, as t | 0, of Tr(e™t4"4)
and Tr(e~*44") respectively. Of course, when A = A% is the positive part of a Dirac operator, then
Cara —Caar = [} AS. ‘

The Atiyah-Patoti-Singer index theorem (APS theorem) generalizes (1) to manifolds with a
cylindrical end. A manifold with a cylindrical end is a Riemannian manifold (Y, g) which consists of
a ‘compact end’ and a ‘non-compact end’, where the non-compact end is diffeomorphic to a cylinder
(—o00,1]; x Yy, where Yj is a closed compact manifold, and where the metric g when restricted to this
cylindrical end, takes the form g = dt* + go, where go is a metric on Yy. Let E — Y be a Z,-graded
Clifford bundle over an even dimensional manifold with a cylindrical end and assume that on the
cylindrical end (—o0, 1]; X Y, there exists an isomorphism E = 7*Ey, where 7 : (=00, 1] X Yo = Y
is the projection onto Yy, and where Ey is the bundle E|¢},xy, = Yo- Let A be a Dirac operator
and assume that on the cylindrical end, AT takes the form

At = (0 + Ao), (3)

where o : Ef — Ej is a bundle map, and Ag is a Dirac operator associated to the Clifford bundle
Ey = Yo. Then the noted APS index theorem states that if A* is Fredholm, then

ind AT = / AS - %n, (4)
Y

where AS is once again, the AS integrand, and where 7 is the eta invariant of A and can be defined
as the value of the meromorphic extension of the eta function

sign A,
) =3

1

at z = 0, where {);} are the eigenvalues of Ag. Comparing (1) with (4), we observe that n can be
thought of as the correction term in extending the formula (1) from closed manifolds to manifolds
with a cylindrical end.

In [8], Melrose reproved (4) using his calculus of b-pseudodifferential operators. The fundamental
feature of his b-calculus methods is that his proof of (4) is essentially the same as the proof of (1).

Melrose’s b-calculus arises naturally by reinterpreting (4) as an index theorem on a compact
manifold with boundary. Thus, consider the change of variables z = e’ on the cylindrical end.
Observe that as t = —oo, £ — 0. Hence, this change of variables compactifies the cylindrical end
(=00, 1]; x Yy into the interior of the manifold with boundary [0,e); x Yp. Let X be the manifold
with the same ‘compact end’ as Y and with the cylindrical end replaced by [0,e); x Y5. Then Y

IThanks to Robert Lauter for his suggestions on this introduction.



is just the interior of X. Note that the metric g = dt? + gg over the cylinder becomes, under the
change of variables z = ef, the (b-)metric g = (92)2 + go over [0,e), x Y, in X. Also note that
E extends naturally to a vector bundle on X, and similarly, A extends naturally to a differential
operator on X, which takes the form

At = 0(x0, + Ao)

over [0,e); x Yp in X. AT is an example of a first order b-differential operator on X. Thus, for any
m € N, an mth order b-differential operator is just a usual differential operator on the the interior
of X and on the neighborhood [0, €), x Yy, is given locally by an mth order polynomial in the vector
fields {0;,0y,,...,0y,_,}, where (y1,...,yn-1) are local coordinates on Y,. Roughly speaking, if
m € R, an mth order b-pseudodifferential operator is a usual pseudodifferential operator on the
interior of X and locally on the neighborhood [0, e), x Y, is given by a formal symbol of degree m
in the vector fields {£0;,0y,,...,0y,_,}-

In [13], Piazza extended the analytic index formula (2) from closed manifolds to b-pseudodiffer-
ential operators on manifolds with boundary. If A € ¥}*(X, E*, E™) is a Fredholm b-pseudodifferen-
tial operator of positive order, then Piazza showed that

. 1
ind A = "Cara — Can- — =, ()

2
where %C4.4 and %44+ are related to the constant terms in the asymptotic expansions, as t | 0,
of e‘tA*Al A and e‘tAA*I A respectively, and where 5 is the eta invariant of A, a globally defined
invariant of the normal operator of A.

As stated before, a great advantage of Melrose’s b-calculus methods is that his proof of the APS
theorem is modeled on the proof of the AS theorem. A second advantage of his b-calculus is that
such operators are naturally defined on any compact manifold with corners. Roughly speaking, a
manifold with corners is a topological space which is locally homeomorphic to a product of manifolds
with boundary. Thus, the definitions of b-differential and b-pseudodifferential operators naturally
extend to manifolds with corners. Hence, it might be expected that the APS index theorem and
Piazza’s theorem can be extended to arbitrary compact manifolds with corners. This is in fact the
case. Melrose [11] extended the APS theorem for Dirac operators on manifolds with boundary to
Dirac operators on manifolds with corners. In this thesis, we extend Piazza’s theorem to compact
manifolds with corners.

Our proof of Piazza’s theorem for compact manifolds with corners is modeled on the proof of
(2) on closed manifolds.2 Of course, there are some fundamental difficulties which arise due to the
presence of the corners. To isolate these difficulties, we review the proof of (2). Thus, omitting
vector bundles for simplicity, let A € ¥™(X) be a Fredholm pseudodifferential operator of positive
order on a closed compact manifold X. To prove this theorem, we follow McKean and Singer and

consider the function .
h(t) = Tr(et4™4) — Tr(e=*447), (6)

where Tr(e7t4"4) = [, e7t4"4|s and Tr(e7t44") = [, e7*447|A. We then observe that by spectral
theory,
lim h(t) = dimker A — dimker A* = ind A. (7

t—o0

Hence, by the fundamental theorem of calculus, for any t € R,
ind A =h(t) + / Osh(s) ds. (8)
t

Next, by an algebraic manipulation, we find that

dsh(s) = Tr([A, A*e™t447]). (9)

2We remark that Piazza’s proof of (5) was not modeled on the proof of (2) in the same sense that Melrose’s and
the author’s proofs were.



Finally, we observe that the trace vanishes on commutators and so, 9sh(s) = 0. Thus, ind A = h(t)
for all t € Rt. Taking the constant term in the expansion, as t | 0, of h(t) then yields (2).

Now suppose that A € ¥*(X) is a Fredholm b-pseudodifferential operator of positive order on a
compact manifold with corners X and let us try to use the above argument to compute ind A. Here,
we immediately get into trouble at equation (6). Our first fundamental difficulty is that e™*4™4|5
and e~t447|5 are not integrable and hence h(t) does not even make sense. However, Melrose [8],
has defined a suitable replacement for the integral, called the b-integral, [, so that e"tA*Al A and
e t447| A are b-integrable (see Section 6). Thus, in place of h(t) we consider

%h(t) = b—Tr(e t4"4) — b—Tr(e~t44"),

where b-Tr(e~t4"4) = b e~t4"4|5 and b-Tr(e"t44") = bf, e~*44"|5. Fortunately, (7) still holds
for %h(t): limy_,o0 %h(t) = ind A (see Theorem 7.1.1) . Thus, (8) still holds with h(t) replaced with
%h(t). Since (9) was just an algebraic manipulation, it follows that

9,°h(s) = b—Tr([A4, A*e™1447]).

The second fundamental problem arises at this point. It turns out that b—Tr([A, A*e~t44"]) # 0.
The b-trace does not vanish on commutators. Intuitively, the b-trace is a trace on the interior of X.
Hence, b—Tr( [A,A*e"’AA*]) should be expressible in terms of induced ‘boundary operators’ of A
and A*. This is in fact the case (see Theorem 6.1.2). Hence, we find that

1
ind A = "h(t) — §bn(t), (10)
where —1%(t) = [°8,%h(s)ds is a ‘boundary term’ and °h(t) is an ‘interior term’. Taking the
constant term in the expansion of the right-hand side of (10) as ¢t | 0 yields Piazza’s theorem for
arbitrary compact manifolds with corners.

1.1 Outline

In Section 2, we state the fundamental theorems concerning classical (that is, asymptotic) ex-
pansions of conormal functions and the fundamental theorems about the b-calculus that will be used
later in the thesis. The results of this section are, to the authors knowledge, due to Melrose. More
thorough treatments of the results contained in this section can be found in (8], [9], and [7].

In Section 3, we begin to lay the foundations needed to prove the APS index theorem for b-
pseudodifferential operators. Here, the resolvent (4 — A)~! of such an operator is constructed. We
follow the program initiated by Seeley in [14], by defining a basic space of tempered operators,
which is implicitly defined in his paper. These are operators depending symbolically on a parameter
A € C. We make further refinements of these tempered spaces into resolvent tempered and resolvent
one-step tempered spaces. We also define ‘resolvent like’ operators. These refinements, as far as we
know, are original to this thesis. The resolvent of a (classical) b-pseudodifferential operator is shown
in Subsection 3.7 to be a resolvent one-step tempered operator for large values of the parameter.
In Subsection 3.9, it is shown that the resolvent one-step operators can be realized as classical
functions on a blown-up manifold called the Tempered space. Since the resolvent is a resolvent one-
step operator, it too, is a classical function on the Tempered space. The realization of these tempered
operators as classical functions was discovered by the author. Using Theorem 2.2.1, due to Melrose,
which gives a simple characterization of functions having classical expansions, we have discovered
a direct method to prove that certain functions have expansions. This method of proof is used to
prove the structure theorem for tempered operators (Theorem 3.9.1) and the structure theorem for
the Laplace transforms of tempered operators (Theorem 4.4.1). The application subsection 3.11 is
based on the work of Grubb and Seeley [5].

In Section 4, the Laplace transforms of tempered operators are analyzed. First, it is proved that
the Laplace transforms of resolvent like tempered operators are b-pseudodifferential operators or
order —oo for positive times and are continuous in a certain sense down to ¢ = 0. The method of
proof of the fundamental Lemma 4.2.1, which provides the essential properties of the local symbols



of Laplace transforms is, to the best of the authors knowledge, due to Grubb [4]. In [8], Melrose
realized the heat kernels of b-differential operators on any compact manifold with corners as classical
functions on a blown-up manifold called the Heat space. Here, we present a similar result for
the Laplace transforms of resolvent like, one-step operators. The classical expansions for these
Laplace transforms are much more complicated than for b-differential operators, as here log terms
show themselves. In particular, as the heat kernel of a b-pseudodifferential operator is the Laplace
transform of the operators resolvent, the heat kernel is a classical function on the Heat space. This
result, at least for closed manifolds, is probably well known; however, as pointed out by Melrose
[11], this is possibly the first time the proof has been formally written down.

In Section 5, the Mellin transforms of tempered operators are analyzed. We first prove that
the Mellin transform of a resolvent like tempered operator extends to be an entire family of b-
pseudodifferential operators. The method of proof of the fundamental Lemma 5.3.1, which provides
the essential properties of the local symbols of Mellin transforms is, to the best of the authors
knowledge, due to Grubb [4]. We then prove that such a Mellin transform, when restricted to the
diagonal, is a meromorphic function with only simple poles. In particular, as the complex power
of a b-pseudodifferential operator is the Mellin transform of the operators resolvent, the complex
power is an entire family of b-pseudodifferential operators, and when restricted to the diagonal, is
meromorphic with only simple poles. The complex power is used to define the b-zeta and b-eta
function used in an index theorem presented in Section 7.

In Section 6, we present the fundamentals of the b-trace and the b-integral. The ideas used in
this section are due to Melrose [10].

Finally, in Section 7, we present the index theorem. The ideas used in this section are due to
Melrose [10].



2 Preliminary Material

We assume the reader to be familar with the essentials of manifolds with corners and with b-
pseudodifferential operators. This section is here to fix notation. It is based heavily on [10]. Other
references are [8], [10], and [7].

2.1 Manifolds with corners and the b-category

An n dimensional manifold with corners is a set X together with a set of functions C*°(X) on
X (called the C* structure of X), satisfying the following conditions:
1. there exists a smooth n dimensional manifold without boundary X and an injection ¢ : X — X
such that C*°(X) = ¢+*(C>(X)); henceforth, we will consider X C X;

2. there exists a finite set of smooth functions {p;}}¥, C C*° ()'Z' ) having the property that

(@) X ={p€ X|pi(p) > 0 for all i};
(b) for each i, {p; = 0} is connected,;

(c) if pe X and pi,(p) = 0 for some 1 < i) <...<ix <N, then {(dp;,)(p)|j=1,...k} are
a set of independent differentials.

The model example of a manifold with corners is
R™ :=[0,00)f x R"™* 0<k<n.
Another example is
S Lk .= {z = (z1,...,2,) € R"||z| =l and z; >0 for 1 <i < k} = S" ' nR™E.

For each i = 1,..., N, the subset H, := {p; = 0} C X is called a boundary hypersurface of X
and p, is called a boundary defining function for H;. By condition (2) above, it follows that near
H;, there exists a local diffeomorphism

X = [0,6)9 x H,'

@

for some € > 0. Note that by rescaling, we may assume that € is always 1; henceforth, we will always
assume that the p;’s have this property. Also note that H; itself is a manifold with corners, and if
p, is any other boundary defining function for H;, then pj = ap;, where 0 < a € C*°(X). A total
boundary defining function for X is a function of the form p = Hf;l p.- Then, X = {p > 0}.

If k € N, a codimension k boundary face of X is, by definition, a connected component of an
intersection of k distinct boundary hypersurfaces of X. The codimension of X is the largest such
k. The set of codimension k boundary faces of X is denoted by My (X), and we define M(X) to
be the union over all such faces: M(X) := Ug>1 Mi(X). Note that if M € My(X), k € N, is a
codimension k face of X, then near M, X = [0,1)* x M, where the coordinate functions on [0, 1)*
are the boundary defining functions for the hypersurfaces which define M.

A subset Y C X is said to be an [ dimensional p-submanifold (p for ‘product’), if for each y € Y,
there exists a coordinate patch R* x RP? on X centered at y such that ¥ = RY* x {0}; Y is said
to be interior p-submanifold if on any such coordinate patch, ¢ = 0.

The space of smooth vector fields on X is denoted by V(X) := C*(X,TX). The space of b-vector
fields on X (b for ‘boundary’), Vy(X), is the space

Vp(X) := {v € V(X)|v is tangent to each H € M;(X)}.

- These b-vector fields form a Lie Algebra: if v,w € V3(X), then [v,w] € V3(X). The fundamental
property of these b-vector fields is that they can be realized as the sections of a vector bundle TX
over X, called the b-tangent bundle. If p € X, then the fibre of T X at p is

TpX := Vo (X)/Tp(X) - Ve(X),



where Z,(X) C C*°(X) is the space of functions f € C°°(X) which vanish at p, and Z,(X) - Vs(X)
consists of finite sums of products of elements of Z,(X) and Vy(X).

Given p € 0X, the map V4(X) 2 v = v(p) € T, X vanishes on Z,(X) - V3(X), and hence, this
map induces a map on the quotient

Vi (X)

X = 30 (@)

- TpX. (11)

The b-normal bundle of X at pis defined as
’N, X := the kernel of the map (11).
If M € My(X), k € N, then the b-normal bundle to M is the set
"NM :="NXm s € TX|m,

where the closure is in T X| . If X 2 [0, 1) x M, 2 = (21, ..., %), is a decomposition of X near M,
where each z, is a boundary defining function on X, then for each p € M, ®N,M = span {(z;9.,)(p)}
Hence, ®N M is a trivial k dimensional bundle. Since for each i, every boundary defining function
for the hypersurface H; := {z; = 0} is just a multiple of z; by a positive function, it follows that for
each p € M, the element (z;9;,)(p) € "T,X is defined independent of the boundary defining function
choosen for H,. Hence, ®N M is a canonically trivial bundle. Note that for each p € M,

T, X =°N,M & T,M. (12)
If a € R, we define the o b-density bundle, Q3 X, by

X = | | 9*(T,X).

peEX

If i/ = R™ | is a coordinate patch on X, then |2dy|® = |[9= A~ A 926 Ady; A - Adyn_k|® is a
(z,y) x z1 T

local trivialization of Q¢ X. If M € My (X), then by (12), Q¢ X|y = Q*(*NM) ® Q*(*T M). Since
SN M is a canonically trivial bundle, we can identify

02X |y = QX M. (13)

2.2 Conormal functions

Henceforth, X will always be compact with corners. We denote by C'® (X) the subspace of
C>(X) consisting of those functions which vanish to infinite order at the boundary of X. The
space of (extendible) distributions on X, C~°°(X), is the topological dual space of C(X,):
C°(X) = (C™(X, Q)"

The space of mth order b-differential operators, Diff;*(X), is the space of operators

Diff*(X) := spanOSkSme(X)k,
where the span is over C*°(X). The space of symbols of order 0, S°(X), is the space
S%(X) := {u € C~®°(X) | Diff; (X)u C L®(X)}.

If a is a multi-index on X and p is a total boundary defining function for X, then the space of
symbols of order a, S*(X), is given by

S(X) = pS°(X) = {p~*u]u € S°(X)}.

Given m € N, we define S2,(X) := {u € C~°(X) | Diffj*(X)u C L*(X)}. Then the topology on
S%(X) is the Frechet topology generated by the spaces {52 (X)}men,-

10



There are two refinements of the symbol spaces that we will present; the Holder differentiable
symbols and the polyhomogeneous symbols.

Let H € M;(X) and let 5 be a non-negative real number. Then a symbol u € S°(X) is said to
be n-Hélder differentiable at H, if for any product decomposition X = [0,1), x H, of X near H, if
we write u = u(z,y) with respect to this product decomposition, the function u(z,y) has the form

u(@,y) = uo(y) +zur(y) + -+ uk(y) + 2" w1 (2, 9),

where 0 < 5 —k < 1, u;(y) € S°(H) for each i, and ug41(z,y) € S°([0,1) x H) is such that for any
P € Diff;(X), Pug+: is continuous up to H. Let A C M;(X) and 5 be a non-negative multi-index
associated to A; that is, n : A — [0,00). Then a function u € S°(X) is said to be an n-Holder
differentiable function on A, if for each H € A, u is n(H)-Holder differentiable at H. The space of
such functions is denoted by S4”(X). If a is a multi-index on X, we define

STMX) = prag SLM(X).

A C* indez set is a discrete subset E C C x Ny satisfying
1. For each M € R, the set EN({z € C|Rez < M} x Ny) is finite;

2. If (z,k) € E, then (z,l) e Eforall 0 <1 < k;
3. If (z,k) € E, then (2 +1,k) € E for all l € N.

E is just called an indez set if it satisfies only (1) and (2).

Let E be an index set and let H € M;(X). A function u € S*(X) (for some «) is said to
have an asymptotic (or classical) expansion at H with index set E, if for any product decomposition
X =[0,1), x H, of X near H, if we write u = u(z,y) with respect to this product decomposition,
then for all (z,k) € E, there exists a u(, ) € Selu (H), where a|y is a restricted to H, such that
for each N € N,

u(z,y) - Y. o*(loga)* ui i (y) € S*V([0,1) x H), (14)
(z,k)EE,Re 2<N

where ay is an index set with ay|g = a|g and an(H) = —o00 as N — oo. We then write

u~ Z zz(logz)ku(z’k).
(z,k)eE

We denote the space of all such functions having expansions at H with index set E, by AZ(X)
(where E is understood to be associated to H). Note that if F = (), then (14) holds for all N iff u
vanishes to infinite order at x = 0. An indez family is a set £ = {E(H)| H € M1(X)}, where each
E(H) is an index set. We define Aﬁhg(X ) to be the space of those functions u such that for each
H € M;(X), u has an expansion at H with index set £(H).

Let E be a C* index set and let v € C*°(X,TX). Then, we define for each N € N,

PE(w) := H (v —2).
(z,k)EE,Re z<N

The following theorems are fundamental to the proofs of the asympotics of the resolvent and
heat kernels proved in Sections 3.9 and 4.4.

Theorem 2.2.1 Let H € M,(X) and let z be a boundary defining function for H. Then a function
u € S*(X) has an asymptotic expansion at H € M,(X) with index set E iff for each N € N, we
have

PE(20;)u € S*V(X),

where oy is the indez set with ay(G) = a(G) f G # H and an(H) = —oc as N = oo.
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Proposition 2.2.1 Let H € M;(X) and decompose X = [0,1), x H, near H. Letu € S7(X) (some
v) and let B be a multi-indez on H. Suppose that for each N € N, there exists an m = m(N) € N
such that m(N) — 0o as N — o0, and such that if we write u = u(z,y) in this decomposition, we
have

U(.’E,y) = Z zz(logx)ku?zl,k) +U%(£I),y),
(z,k)EE,Rez<N

for some u ,\ € S8 (H) and uR(z,y) € Se¥([0,1) x H), where any =.(an(H),B) with ay(H) —
—00 as N = 0o. Then u € AP(X).

2.3 Blow-ups
Given any p-submanifold Z C X, the inward pointing Tangent bundle of Z, T*Z has fibres

g | T2 i peintZ;
P {veT,Z|dpu(v) >0forall He M;(X) withpe H}, if pe 9Z.

Let Y C X be a closed p-submanifold of X. Then the inward pointing normal bundle, NTY , is the
vector bundle NTY := TTX/T*Y. We define X blown-up along Y, [X;Y], as a set, by

[X;Y]:= (NTY \ {0})/RT U (X \Y).

The set (N*tY \ {0})/R7 is called the front face of [X;Y] and is denoted by ff([X;Y]). The C*>

structure on [X;Y] is taken to be the set of functions on [X;Y] which define smooth functions in

any local coordinates in X \'Y', and which also define smooth functions in any local polar coordinates

about Y. The blow-down map 3 : [X;Y] — X is the map defined as follows: if z € X \ Y, then we

define B(z) := z; if [v] € (NfY \ {0})/R*, then we define B([v]) :=p e Y. If Z C X is a closed

subset of X, then the lift of Z into [X Y], 8*Z C [X;Y], is defined under the following conditions:
1. if Z C Y, we define 8*Z := 8~1(Z);

2. if Z=7Z\Y, we define 8*Z := 8-1(Y \ Z).

If Z satisfies either (1) or (2) above, and if in addition, 8*Z is a p-submanifold of [X; Y], then [X; Y]
blown-up along §*Z is defined, and we denote it by [X;Y; Z] = [[X;Y]; 8*Z].

A family Y = {Y1,...,Yn} of p-submanifolds of X are said to intersect normally if given any
peEY,N---NY;,, where 1 <l <--- <!l <N, there exists a joint product decomposition

X =Up XUy X -+ X Up, (15)
where U, = R™* (for some n,, k;), such that
Y, =Uy x - xUj_y X {0} X Uy X -+ x Uy,

for each j

= 1,...,k. Observe that if {i1,...,in} = {1,...,N}, then the iterated blow-up
[X }/7/1" Y ]

is deﬁned and locally in the coordinate patch (15)

[X5 a5 -3 Yo ] = Uo x [Uy; {0}] X [Us; {0}] x -- - x [Un; {O}].
In particular, if {i1,...,in} = {j1,...,Jin} = {1,..., N}, then [X;Y,;--; Vi ] = [X; Y- Yl
We define [X;))] := [X;Y;,;---; Y.y ] for any {i1,...,in} ={1,...,N}

2.4 b-pseudodifferential operators

Let B:= {H x H|H € M:(X)}. Then, as B is a normally intersecting family, X? := [X?; B] is
defined. The b-diagonal is the p-submanifold A, := 3*(A), where A is the diagonal in X2. Given
H e M,(X), we define

Ib(H) == B*(H x X); rb(H) := B*(X x H); ff(H) = p*(H x H).

12
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Figure 1: The b-streched product X7 and the lifted diagonal A, := 8*A.

Also, we define b := UgIb(H), vb := Uyrb(H), and ff := Uy ff(H). Figure 1 gives a picture of X7.
For each m € R, the space of b-pseudodifferential operators of order m is the space of kernels

TP(X,08) = {A € I"(X2,A,, Q)| A= 0 at IbUrd}.

Here, I™(X2, Ay, Qb% ) is the space of distributional b-half densities on X? which are conormal to A,
1
of degree m. Thus, A € ¥*(X,Q7) iff
1
1. given any ¢ € C° (X2 \ Ap), we have ¢ A € C°(XZ,0F) and ¢ A =0 at b U rb;

2. for any coordinate patch R;”“ x R? on X2 such that A, = R™* x {0} and any compactly
supported function ¢ on the coordinate patch, we have

1

$4= Gn

/ ¢ a(y, £) dE ® v,

where v € CW(XE,QE), and where y + a(y, &) € C®(R™F; S™(R")).

The (principal) symbol, %,,(A), of a b-pseudodifferential operator A € ¥*(X, Qb% ),m € R, is an
element of SI™(!T*X) = S™(*T*X)/S™ 1 (*T*X), where for any p € R, SP(*T*X) are the symbols
of order p on the b-cotangent bundle T*X. A is called elliptic if %,,(A) is invertible.
1 1
The space ¥}", (X, €7 ) consists of those elements of ¥ (X, €};) with classical symbols. Their
symbols can be identified with elements of ngm(m) (°T* X), the homogeneous functions of degree m
on T*X.

Theorem 2.4.1 Let A € ¥7*(X, Qé), m € R. Then A defines a linear map
A:C®(X,0F) —» C®(X,0F),
continuous in the C* topology.

Assume now that each of the boundary hypersurfaces of X has a fized boundary defining function
associated to it.

Let M € My(X), k € N, and let X = [0,1)¥ x M near M, where the coordinate functions
on [0,1)* are the boundary defining functions for the hypersurfaces which define M. Let A €

(X, Qf) Then A induces an operator on C*(M, Qb%) defined as follows. Let ¢ € C""’(M,Qb%)
~ 1 ~ -~
and let ¢ € C®(X,Q7) be such that ¢y = ¢ (here we use (13)). Then, A|pr¢ := (A@)|pr. This is
1

defined independent of the extension of ¢ and defines an operator A|y € (M, Q7). The normal
operator of A at M is the holomorphic family

C* 51 m Na(A)) = (&= Ac)w € T (M, 20),

where z+7 = g™ ... 5" Another way to describe Na(A)(7) is as follows. Observe that since

X =[0,1)F x M near M, we have X? = ([0,1)7)* x M? near M?. Hence by (13), we can identify

13



Qb% (X)) g ary with Qb% (F([0,)DF)) ® Qb%(Mf). Now let = and z’' be the coordinate functions
on the left and right factors of [0,1)¥ x [0,1)%. Then, s := z/3' := (z1/%},...,zx/z}) define

projective coordinates on ff(([0,1)?)*), and | 2|7 trivializes Qé (fF(([0,1)2)%)). Hence, we can write

A|ﬁ(M) = B(s)lds—slé, where B(s) € C"‘”([O,oo)k X MbQ,Qb%(MbQ)) Then, if 7 € C¥, Nuy(A)(7) is
the Mellin transform:

e dS L ® ds
Nu(4)(r) =< Algan,s |51 >= [ 5B T,
0

1 : 1
where <, > denotes the distributional pairing. Define L7 (X, ) to be the completion of C*°(X,Q7?)
with respect to the norm /[y [ul2, where u € C*°(X,Q7). Then elements of ¥9(X,Q?) define

bounded operators on L?(X, Qb%) For each m € R, we define the Sobolev space of order m by
HP(X,97) 1= {u € (X, 05) | 97" (X, 0 )u C L}(X, 05)}.
Note that HO(X,Q7) = L3(X,07). If A € U*(X,07), then for any s € R,
A HHX,QF) > H™(X,00).
2.5 Fredholm properties
Let o and 3 be multi-indices for Ib and 7b of X2. Then we define
UomB (X2, 0F) = ool Hy* (X2, 0F).
Let a, G, and n be multi-indices for /b, rb, and ff of Xb2 respectively, with n > 0. Then we define

—00,0,0, i € +€ @0, 1
T o(X,07) = | ool Sy (X2, Q7).
>0

For any m € R, we define
wreBN(X, OF) = U (X, QF) + Uy 00X, 0F).

1
These spaces ¥;"""*(X,Q2) form the ‘calculus with bounds’. The following three fundamental
results concern the Fredholm properties of b-pseudodifferential operators.

Proposition 2.5.1 Let A € ‘Il{,”(X,Qb%), m € R, be elliptic and suppose that for some 8 > 0, for
each k € N and M € My(X),

Na(A)(7) : Hi' (M, Qg) = Ly(M, Q)
is invertible for all T € C* with Im7,| < 0. Then for each € < 0, there exists a B € ¥, ™ (X, Qb%)
such that
AB = Id- Kj;
BA - Id - Kg,
where Ky, Ko € \I"‘X”"E(X,Qé). In particular, A : HZ"(X,Qb%) — L%(X,Qb%) is Fredholm.

Theorem 2.5.1 Let A € I* (X, Qb%), m € R. Then,

b,0s
A:HMX,QP) - LA(X,078)
is Fredholm iff A is elliptic and for each k € N and M € My (X),
Nar(4)(r) : HP (M,04) — LM, )

is invertible for oll 7 € R¥.
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This Theorem implies the following.

Corollary 2.5.1 Let A € U (X,97),m € R. Then

b,0s
A:HPX,90) —» L(X,0f)
is Fredholm iff A is elliptic and for each H € M, (X),
Nu(A)(r)  H (H,95) — Li(H,98)
1s tnvertible for all T € R.

The following two results describe the behavior of the resolvent in the finite plane.

1
Proposition 2.5.2 Let A € ¥7(X,Q7), m € R*, be elliptic and formally self adjoint. Then given
any open, relatively compact subset U C C\ R, there exists an € > 0 such that

U3 Ao (A= N1 e HolU, T;™5%(X,00)).

If A is also positive, then given any open, relatively compact subset Y C C \ [0,00), there exists an
€ > 0 such that .
U A (A=N"1eHolU, T, ™ (X, 0QF)).

1
Theorem 2.5.2 (Analytic Fredholm Theory) Let A € 7 (X,QZ2), m € R, be elliptic and formally
self adjoint and suppose that A is Fredholm. Then there exists an open subset U C C containing
zero, such that given any open, relatively compact subset U' C C\ R, there exists an € > 0 such that

UUU 3 X w5 (A=)t e O™ (X, 0F)

is meromorphic having only simple poles, all in a discrete subset {\;} C R, which are (minus) the
self adjoint projections onto ker(A — \;) at A,. If A is also positive, then U' can be chosen to be a
subset of C\ [0,00); and the same result holds, but with {\;} C [0, c0).

3 The Resolvent

3.1 Tempered symbols

Let X be compact with corners and let A € ¥*(X, Qb% ), m € RT, be elliptic, formally self
adjoint, and positive. Let A C C\ (0, 00) be a closed cone (see Figure 2). Thus, A is a codimension
two manifold with corners such that A € A implies rA € A for all » > 0. Then Proposition 2.5.2
gives a description of the resolvent (4 — A)~! for finite A € A (away from A = 0). In this section,

A Ith

\

Re A

/

N

Figure 2: The closed cone A C C\ (0, 00).
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we will give a precise description of the resolvent for large A € A. The idea is as follows. We

define a subspace of C*°( A, ¥} (X, Qé )), of pseudodifferential operators which depend smoothly on
a parameter A € A, where we believe the resolvent lives. Qur next step is to show that this space
in fact captures the resolvent. What properties should the local symbols of such operators satisfy?
Well, if x(§) € C*>°(R™) is such that x(£) = 0 near 0 and x(£) = 1 outside a neighborhood of 0, then
we clearly want x(£) a(), £), where

a(X,€) = (|§]™" = 1)~ € C(A x (R™\ {0})),

to be such a symbol. What kind of symbol estimates does a(}, £) satisfy? Fix a € N and 3 € Ng.
Observe that there exists a C > 0 such that

| (830 a)( A, €/1€]) | < C(1+ A~ 1ol (16)
Now observe that a(), §) satisfies the homogeneity property
a(0™A,66) = 6 "a(N €) for all 6 > 0.

Hence, (8?6? a)(A, §) satisfies the homogeneity property

(0507 a)(8™ N, 6¢) = 6~ mIel=1B(92 57 a) (A, £) for all § > 0.
Combining this property with inequality (16), we find that

|(O307a) (N &) = [(B%0a)(Iel™ €17 A, €1€/1€D) |
|l (8307 a)(16]7™ A €/1€]) |
Clg|mmmmlel=IB (1 4 [ fglmma )l

C (A + g™y~ el g =181
C' (/™ + |gl)=mmlel g =181,

IN N IA

Thus, for each a and S, there exists a C > 0 such that
10302 (x(€) (X, )| < C (1 + Y™ + [¢) =1l (1 + |¢]) 71!

for all A € A and £ € R™. This computation ‘motivates’ the following definition.

Definition 3.1.1 Let m, pe R, d € R*, and A C C be a closed cone. Then the space of tempered
symbols, SYP “4(R"), consists of those functions a(),£) € C®(A x R") satisfying the following
estimates: for any a and (3, there is a C' > 0 such that

|0%07a(X,€) | < C (14 AY + |glyP=dlel (1 + |g)ym—r-11,

Thus, x(€) (|€|™ — X))~ € Sy™ ™™™ (R"), where A is any closed cone not intersecting (0, 00).

Given closed cones A, A’ C C, A is said to be a proper subcone of A’ if A C int(A") U {0}. Let
a(f) € S™(R"), m € R* be elliptic and let A C C be a closed cone. Suppose that A is a proper
subcone of a closed cone A’ C C and suppose that for some constant r > 0, a(§) ¢ A’ for all [£] > r.
Recall that since a(€) is elliptic, there exists a constant € > 0 such that

1
de™ < la() < -lem
for all |¢| > r. It follows that if N € Z, then there is a constant C' > 0 such that
[(a(®) =NV <C A+ A+ [g™)Y

for all A € A and |¢| > r. In particular, for any x(¢) € C°(R™) with x(§) = 0 for |¢] < r and
x{(&) =1for |€| > r + 1, there is a C' > 0 such that

[x(€) (a(§) = NN [ < C" (L + A/™ + g™
for all (A, €) € A x R™. In fact, we have the following.
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Lemma 3.1.1 Let A C A’ be a proper subcone of a closed cone A' C C. Let a(§) € S™(R") be
elliptic and suppose that for some r > 0, a(§) & A’ for all |§| > r. Then for any N € Z and
x(€) € C®(R™) with x(€) =0 for |£] <r and x(§) =1 for |§| > 7+ 1, we have

x(€) (a(¢) = WY € Y™™ RN,
PRrROOF: We will leave this as an exercise for the reader. ®

Lemma 3.1.2 Let A C C be a closed cone. Then,
1. for each m € R, S™(R") C STP4(R™) for all p > 0;

2. for anym, m', p, p' € R and d € R*, we have

SRR - ST AR € ST AR);

3. ifm <m' and p < p', then for any d € R, SX””’d(R") - Szn,’p”d(R");
4. ifm,p€R, andd € R, for any a and B,

8392 STP R C gm=dlal-3l.p=dlaldgny

PRrOOF: These properties follow directly from the definition of tempered symbols. The details will
be left for the reader. °

Let A C C be a closed cone. We define the space S™(A) as the space of functions a(A) € S™(A)
satisfying the following estimates: for each «, there is a C > 0 such that

85a(A)| < C(L+A)™Ie.

If F is any Frechet space, the space S™(A;F) of F valued symbols of order m on A is defined
similarly.

Lemma 3.1.3 Let A C C be a closed cone, m,p€ R, andd € R*. Ifp > 0, then
Sy PUR™) € SPY(A; ST(R™)),

and if p <0, then
SyPUR™) € SP/H(A; S™TP(R™)).

In particular, wa’p’d(R") = SP/A(A, S(R™)), where SP/4(A,S(R™)) are the Schwartz space valued
symbols of order p/d on A.

Proor: Fix a. Let p < 0. Then,
(14 A4+ [ghp=dlel < (14 A/ 4ypelel,
It follows that ST"P4(R™) C SP/4(A; S™~P(R™)).
Now let p > 0, Then, if p—d|a| < 0, (1+|AV/44|¢))p~dlel < (1+|A|V/4)P~dlol and if p—d|a| > 0,
(14 A2 4 |g)ypdlel < (1 4 |A|Y/4)p=dlel (1 4 |¢)P~4lel. In both these cases,
L+ A+ Jglyp=dlol(1 + [g)™ P < 1+ A/ 4Pl (14 g™,

It follows that ST"P*(R™) C SP/4(A; S™(R™)). °
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3.2 Resolvent tempered symbols

Fix a closed cone A C C. In the next three subsections, we give various refinements of the

tempered symbol spaces S} (R"). Our first refinement are the symbols that have more ‘resolvent-
A

like’ behavior. Thus, let a(¢) € S™(R™), m € R*, be elliptic. Suppose that A is a proper subcone
of a closed cone A’ C C and suppose that for some constant r > 0, a(§) ¢ A’ for all |¢] > 7. Let
x(€) € C®(R™) with x(§) =0 for |£] <7 and x(§) =1 for |{| > r + 1. Then by Lemma 3.1.1 with
N = —1, we know that

a(X,€) = x(€) (a()) —N)~" € ST (R™).

What other properties does a(), &) have; especially at A = co? Define A.. = {X|X € A} and set
p:=1/x=X/|\? € Ac, where X € A\ {0}. Then, observe that

a(l/p, &) = px(€) (pa@) -1)7"

Thus, if we define a(s,&) == p~ a(1/p,§) = x(§) (pa(§) —1)7', then a(n, &) € C°(Aee x R™).
Moreover, Since a(£) is elliptic, there exists a constant e > 0 such that €|¢|™ < [a(§)] < 1[¢|™ for
all |¢| > r. It follows that

la(u, &)1 < C (1 + |ullg™™

for some C' > 0. In fact, one can easily check that it satisfies the estimates: for any « and 3 there
is a C' > 0 such that

|0500a(p, £)| < C (1 + |l |¢[™) 21l (1 + |gymiei=12!

for all (u,&) € Aee x R™.
Definition 3.2.1 Let m, p € R and d € R* with p/d € Z. The subspace Sy"”*(R") C Sy"»*(R™)
of resolvent tempered symbols consists of those elements a(, §) € SiP “4(R™) such that if we define

a(p, &) = pPa(1/p, &) = p?/* a(@/|ul?, €) for all (4,€) € Ace x R™,

then a(p, &) € C°(A. x R™)? and it satisfies the estimates: for any o and 3 there is a C' > 0 such
that
02081, ) | < C (1 + |l |¢]yP/4=101 (1 4 [g]let+m—p=15]

for all (p,£) € Ace x R™.

Lemma 3.2.1 Let A C A’ be a proper subcone of a closed cone A' C C. Let a(§) € S™(R™) be
elliptic and suppose that for some r > 0, a(§) € A" for all |§] > r. Then for any N € Z and
x(€) € C®(R™) with x(&) =0 for |£] <1 and x(§) =1 for |£| > r + 1, we have

x(€) (a(§) = W)Y € sV TR™),
PRroOOF: We will leave this as an exercise for the reader. Y

Lemma 3.2.2 Let m, p € R and d € Rt with p/d € Z. Then given any sequence am—j(X,§) €
S,’\'fr_]’p’d( "), there ezists an a(X,€) € SY'P 4(R™) such that for all N € N,

N-

,_.

am—j(X, &) € Sy VPYR™).
Jj=0

PrOOF: The proof of this Lemma follows almost along the same line of reasoning used to prove the
usual ‘Asymptotic Summation Lemma’ for the usual symbols. Thus, we will leave the details to the
reader. )

3Thus, d(u, £) is smooth even at y = 0.
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3.3 Polyhomogeneous tempered symbols

We will now describe a subset Sy d(R") csyP “4(R™) of one-step, polyhomogeneous symbols.
Lemma 3.3.1 Let a()\, &) € C=((A\ {0}) x (R" \ {0})) be such that for some m, e € R,

a(6°X,06) = 86Ma(N\,§) for all § > 0

and such that a(\, £/|€]) € C®(A x S™~1). Then, a(A,€) € C°(A x (R™\ {0})) and there exists an
€ > 0 such that

1. for any 8, (Ba)(\,€/I€]) € C((AUB.) x S*1), where B = {A € C||\| < ¢};

2. for anyr >0,
\ C°°((AUBe,e) x {|¢| >r}), if e>0;
a(M€) €7 Goo((AUBe) x {0 < €[ <7}), if e < 0.

PROOF: Since a()\, £/|€]) € C®(A x S*71), by definition of C°(A x S™1), there exists an € > 0
such that
a(A,£/)€]) € CP((AUB) x S™71). 17

Observe that
a(X, &) = a([€]°1E]7°N, €1 €/1€1) = 1€1™a 1€l A, &/1€])- (18)

Then (17) and (18) implies property (1). To see (2), observe that (17) and (18) implies that a(}, )

is smooth in X and ¢ if [£]7¢|A| < € and |£] > O; that is, |A| < €[€]¢ and |§] > 0. If e > 0, this holds

when |\| < er® and |£| > r; and if e < 0, this holds when |A| < er® and 0 < [{| < 7. [
Recall that A, = {\| X € A}.

Proposition 3.3.1 Let m, p € R and d € R* with p/d € Z. Let a(),§) € C°(A x (R™\ {0})) be
such that
a(d4X, 66) = 6™a(), &) for all 6 > 0.

Also, suppose that if we define
a(p, €) = p?/* a(1/p,€) = WP/ a(@/|ul?,€) for all (u,€) € Ace x R™,
then we have a(u, £/|€]) € C®(Aee X S*™1)L. Then,

1. For any o and 3 there is a C > 0 such that
|6§‘8§a(,\, &) < C (A + [g] )P dlel |gm—p-lbl,
2. a(p,€) € C°(Aq x R™) and for any a and 3 there is a C' > 0 such that
|050F (1, €) | < C (1 + |l [€]%)P/ 21t g dlel+m=p=Ifl,

In particular, for any x(&§) € C*® (R") with x(&) =0 near £ = 0 and x(§) = 1 outside a neighborhood
of 0, we have x(£) a(A, €) € S} Pd(gnY,

PRroOF: First observe that a(u,&) € C® (A x (R™\ {0})) by Lemma 3.3.1. We will now prove (1).

Since @(u, &/|€|) € C® (A x S™1), by Lemma 3.3.1, (aﬁa)(u, £/1€]) € C®(Age x S*71) for any .
Thus, if @ and j are given, there is a C > 0 such that for all |A] > 1 (that is, |p| < 1),

| A (050Fa)(\, ¢/1€]) | | = ((—p28,)* 0 /@) (u, €/1€1) |
C |p| 7P/
C AP/

]

IA

4Thus, a(u, £/]€]) is smooth even at u = 0
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Hence, as a(), £/|€]) € C°(A x S™71), there is a C > 0 such that
| (8387 a)(A, /1) | < C (1 + AP/ (19)

for all (A, &) € A x (R™\ {0}). Since a(69),8¢) = 6™a(),€) for all § > 0,

(0507 a) (8%, 8¢) = 6™~ 1*I17151(32 8 a) (, €) for all 6 > 0. (20)
Combining (19) and (20), we conclude that
| (0302 a)(I€11E1 =N, [él €/1€D) |
|| 1181 (8% 87 a) (1€19A, €/1€])
1181 (1+ ¢ a1

C (|| + i pre=tel gm=r-1d
C (AT +[g] yr= el jgm=slal,

Il

|0%0Fa(X,€) |

IA

IA

We will leave the proof of (2) to the reader. Its proof follows exactly the same line of reasoning
used to prove (1). )

Definition 3.3.1 Let m, p € R and d € R* with p/d € Z. The space CX‘,’}"’(’)}‘i(m)(R") consists of
those functions a(A, &) € C®(A x (R™\ {0})) such that

1. a(d%),8¢) = 6™a (), §) for all 6 > 0;

2. if we define a(p, ) := /4 a(1/p, &) = w?/* a(m/|pl?,€) for all (u,€) € A x (R™) {0}), then
we have a(p, &/|€]) € C(Aee x S™71).

Lemma 3.3.2 For anym € R, p >0, and d € R* such that p/d € N, we have

Cﬁgm(m) (Rn) < CK?};];’:I(M) (R")

ProOF: We will leave this as an exercise for the reader. °

Definition 3.3.2 Let m,p € R and d € R* with p/d € Z. The space of resolvent one-step,
polyhomogeneous symbols, SXT’T’;’:(R”) c S/'C’rp’d(R") consists of those elements a(\, £) € Sz;f”d(R")
such that

a(Avg) ~ ZX(f) Qm—; ()‘16)7 (21)
1=0
where for each j, am—; (A, &) € Cﬁf’}’l’(’)’i(m_J)(Rn), where x(§) € C°(R™) with x(§) =0 near £ =0

and x(§) = 1 outside a neighborhood of 0, and where the asymptotic sum (21) is in the sense of
Lemma 3.2.2.

Lemma 3.3.3 Let m,p € R and d € RY with p/d € Z. Then for any x(£) € C®(R") with
Xx(&) =0 near £ =0 and x(£) = 1 outside a neighborhood of 0, we have

X() Ciiiommy (R™) € STI(R™).

A,ros

Lemma 3.3.4 Let a(f) o (R™), m € Rt be elliptic and suppose that a(&) never takes

hom(m)

values in the cone A for £ #0. Then for all N € Z,
(a(&) = MY € Cmminny (R™).

In particular, for any x(€) € C*°(R"™) with x(£) =0 near £ = 0 and x(&) = 1 outside a neighborhood
of 0, x(£) (a(€) = NN € Sy TH ™™ (R™).

A,ros
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PROOF: We will leave the verification that (a(¢) — A\)"V satisfies (1) and (2) of Definition 3.3.1 to
the reader. °
If m € R, we define S™(A) as those a(A) € C*°(A) such that a(A) ~ Z;io X(A) @m—j(A), where

s

x(A\) = 0 near A = 0 and outside a neighborhood of 0, and where a,,_;(A) € C*(A\ {0}) is
homogeneous of degree m — j. Here, the asymptotic sum means that a(A) — Zjv:_ol X(A) am—j;(A) €
Sm—N(A) for each N € N. If F is any Frechet space, the space S73(A; F) of F valued one-step
symbols of order m on A is defined similarly.

Lemma 3.3.5 Let A C C be a closed cone. Then

SyooPYR) = SPLYA, S(RM)).

708

PRroOF: We will leave this as an exercise for the reader. ®

3.4 Resolvent like symbols

Let a(¢) € S™(R™), m € R* be elliptic and let A C C be a closed cone. Suppose that A is a
proper subcone of a closed cone A’ C C and suppose that for some constant r > 0, a(§) ¢ A’ for all
|é] > r. Since a(€) is elliptic, there exists a constant J > 0 such that

1
51+ IED™ < la(@)] < $(1+1€)™
for all |¢] > r. Let x(¢£) € C®°(R™) with x(§) = 0 for |{] < r and x(§) = 1 for |{| > 7+ 1. Then

it follows that a(), &) := x(€) (a(§) — )~ € Sy™ ™ ™™(R") is such that given any 0 < € < 4, for
each £ € R™, A = a(), €) extends to be a holomorphic function for all

AEAU{AEC]IN < e(1+[E)™ or = (1+1€)™ < N}
Thus, a(), £) extends to be a smooth function, holomorphic in A, for (A, €) in
(L) €CxRMAEA or A <e(l+|Eh™ or %(1 +1E)™ < A} (22)
Moreover, observe that for any a and 3, there is a C > 0 such that

10588a(X, €)] < C (L + Y™ + [g))~mel (1 + [¢])~ W

for all (), €) in the set given by (22); that is, a(A, §) continues to satisfy the same symbol estimates
for (), &) in the set given by (22).

Definition 3.4.1 Let m, p € R, and let d € RT. Then a symbol a(}, £) € SyP4(R™) is said to be
resolvent like if there exists an € > 0 such that a(), £) extends to be a smooth function, holomorphic
in A, for (A, €) in

{08 eCxR* A€ or A <e(l+]g)? or %(1 +1EN? < Y (23)

and moreover, a(),£) continues to satisfy the same symbol estimates for (A, &) in the set given by
(23).

Definition 3.4.2 Let m,p € R, and let d € Rt with p/d € Z. Then a function a(},§) €
C’X?}’,’(’)’:l(m)(R") is said to be resolvent like if for any x(£) € C*°(R") with x(¢) = 0 near 0 and

with x(€) = 1 outside a neighborhood of 0, the symbol x(£) a(), ) € Si"P*(R™) is resolvent like.

Lemma 3.4.1 Let m, p € R, and let d € R with p/d € Z. Let a(),€) € Cf}’liﬁ(m)(R"). Then
the following are equivalent.
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1. a(\ &) is resolvent like.

2. There exists an € > 0 such that a(\, £/|€|) extends to be a smooth function, holomorphic in A,
for (\,€/18]) € {(X,§/1€]) e CxS™ 1A€A or |\ <eor ¢ <A}

3. There exists an € > 0 such that a(A, &) extends to be a smooth function, holomorphic in X, for

(A& {1 eCx R\ {0})[Ae A or [N <€l or ¢]¢]* < |A]}.

Proor: Let a(),¢§) € Cf’p’d (R™). Suppose that it is resolvent like. We’ll show that a(}, )

,hom(m)
satisfies (2). Let x(§) € C°(R") with x(&) = 0 for €] < 1/2 and with x(§) =1 for |£| > 1. Then
b(A, &) = x(&) a(A, ) is such that there exists an € > 0 such that b(A,£) extends to be a smooth
function, holomorphic in A, for (A, £) in

(MO € CxRMAEA or P <elel’ or Z]e* <IN}

It follows that b(\, £/|€]) = a(A,€/|€]) is such that it extends to be a smooth function, holomorphic
in A, for (X, €/1¢]) € {(\&/1€]) e Cx 8™ Ae A or [\ <eor <IN}

Now suppose that a(A,§) satisfies (2); thus, there exists an € > 0 such that a(A,£/|€]) extends
to be a smooth function, holomorphic in A, for (A,£/|£|) in

(OVE/IE) €C xS™ | A€ A or |A[<e or % <Al
We’ll show that a(A, €) satisfies (3). Observe that for (A, &) € A x (R™\ {0}), we have
a(X,€) = €™ a([€]7IX, €/1€))-

It follows that a(A, £) extends to be a smooth function, holomorphic in A, for (A, £) in
_ 1 _
{({€) € Cx R\ {OD A€ A or [¢7UA < e or — <|g[ A}

that is, {(A,€) € C x (R™\ {0})|A € A or [A| < €[¢]? or 1[¢|? < |A]}. We will leave (3) implies
(1) to the reader. °

3.5 Tempered small calculus

Let A C C be a closed cone and let X be compact with corners.
Definition 3.5.1 Let Y C X be a closed p-submanifold and let m, p € R and d € R*. The space
of tempered conormal distributions to 'Y of degree m,p,d, Iy"F “4(X,Y), consists of those elements
u € C®(A; I™(X,Y)) satisfying the following two conditions:

1. Given any ¢ € C(X \Y), we have ¢u € SP/4(A; C®(X)).

2. Given any coordinate patch RL* x RZ on X such that ¥ = R"* x {0} and any compactly
supported function ¢ on the coordinate patch, we have

1

OU= Gy

/ =€ a(\, g, €) de,

where y = a(),y,€) € C®(R™; SPP4URM)).

The space of resolvent tempered conormal distributions to Y of degree m,p,d, I"? 4(X,Y), consists
of those elements u € C*®(A; I"™(X,Y)) satisfying (1) with S?/? replaced by SP/% and satisfying (2)

with Si"* 4 replaced by Sor 4 The space of resolvent tempered, one-step, conormal distributions

to Y of degree m,p,d, I\"P%(X,Y), consists of those elements u € C®(A; I™(X,Y)) satisfying (1)

A,ros

with SP/¢ replaced by SP/¢ and satisfying (2) with SP*P¢ replaced by Sy2?

Ayros”
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Definition 3.5.2 Let m, p € R and d € Rt. The small calculus of tempered b-pseudodifferential
1
operators of degree m,p,d, U X, Q72 ), is the space of kernels
med(x 0F) = {4 € IPPY(X2, 0y, Q)| A= 0 at IbUTD}.

If p/d € Z, the small calculus of resolvent tempered b-pseudodifferential operators of degree

m, p,d, \Ilglj\prd(X (22 ), is the space of kernels

mPd(x,08) = {A € PPN, Ay, QF) | A= 0 at U TD).
The small calculus of resolvent tempered, one-step, b-pseudodifferential operators of degree

m,p,d, ¥;F d (X, Qb%), is the space of kernels

b,A,ros

eped (X,08) = {A € IPPA(X2, 00, QF) [A=0 at bUTD).
Lemma 3.1.2 implies the following.
Lemma 3.5.1 Let m,p € R andd € R*. Then,

1. for any m',p' € R, \I!m’p’ (X, Q ) C \Ilm » d(X,Q,,%), provided m <m' and p < p';
1 _ _ 1
2. for any a, ORUP(X,0F) € wprydlelemdeld x o),

8 ifp>0,
med(x,0F) © SN U (X, 0F))
and if p <0, then
mpd(X 02) C SP/AAWP(X, Q7).

Similar statements holds for the resolvent tempered and resolvent one-step spaces.

Thus, the following Theorem follows from Theorem 2.4.1.

Theorem 3.5.1 Let m,p € R and d € R and let A € \Ilmpd(X, Qé) Then A defines a linear
map 1 . 1

A:C®(X,02) » SN C™(X,0F)),
continuous in the C™ topology.

The following Theorem is proved just like the usual composition result in the small calculus.

Theorem 3.5.2 Let m,m’,p,p e Randde R*. IfA € \Ilm’p’ (X,0Q2 ) and B € ¥}" 'p d(X,Qb%),
then .,
Ao B e wpmrtrd(x of).

Similar statements holds for the resolvent tempered and resolvent one-step spaces.
The proof of the following ‘Asymptotic Summation’ result will be left to the reader.

, 1
Lemma 3.5.2 Let m, p € R andd € R* and for each j € Ny, let App—j € ‘P?X”p’d(X, Q2). Then,
there exists an A € U™} Pl Qb%) such that for any N € N,

2

= m—N,p,d 1
A- Am—j €Ty " (X,92);

i

i
©

in which case, we write A ~ E;’;O Apm—j. Similar statements hold for the resolvent tempered and
resolvent one-step spaces.
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3.6 Tempered calculus with bounds

Let a, 8, and 1 be multi-indices for 1, rb, and ff of X?. Let p € R and d € Rt with p/d € Z.
We define .
Voo, 0F) = U sfteeli e sl S, ).
>0
For any m € R, we define

1
‘I'ZnAprd n(x, Q ;)= ‘I’Zn[\prd(X 92) + ¥y 4, bt x, F)

and d;a,3 L m - d;a,3,
‘I,ng’T;c;s’ ’n(X’ Ql?) b Ap;os(X Q ) + \I’bA Pa ”(X Q )

Lemma 3.6.1 Let R € \I’b_’ff’rp’d(X, Q,f), where p < 0 and d > 0 with p/d € Z. Then there ezists a
continuous increasing function r : Rt — R™Y such that for each € > 0 and |\| > r(e),

(Id — RO\)™* = 1d + S(V),

where for each € >0, S(\) € ¥, © ;p’d’e’e’e(X,Qb%) for |A] > r(e).

PROOF: See [7]. °

3.7 The Resolvent as a Tempered operator

Recall that given closed cones A, A’ C C, A is a proper subcone of A’ if A C int(A’) U {0}.
Definition 3.7.1 Let m € RT and A C C be a closed cone. The set ees (X, Q ) consists of
those elliptic operators A € ¥*(X, Qb) such that the principal symbol %, A) € SM(*T*X) can

be represented by an element a(z,£) € S™('T* X) having the property that there exists a close cone
A’ C C with A C A’ a proper subcone, and a compact set K C T*X such that a(x,&) g A’ for all

(z,6) ¢ K.
We define

ELUTp (X, Q7)== ELUTA (X, Q) N TP (X, Q7).
This Definition makes sense because of the following Lemma.

Lemma 3.7.1 Leta(z,¢) € S™(*T*X), m € R be elliptic and let A C C be a closed cone. Suppose
that a(x,&) has the property that there exists a close cone A’ C C with A C A’ a proper subcone, and
compact set K C "T*X such that a(z, &) € A’ for all (z,€) € K. Then for any b(z, &) € S™ ()T X),
a(z,§) + b(x,£) has the same property.

PRrROOF: Let x(z,£) € C®(T*X) with x(z,¢) = 0 for (z,£) € K and with x(z,£) = 1 outside a
neighborhood of K. Let b(z, &) € S™~1(*T*X). Then,

a(z,§) + b(z,£) = a(z,§) + x(z,€) bz, §) + (1 - x(z,€)) b(z, &).

Since 1 — x(z,€) = 0 outside of K, we just need a(z,&) + x(z,£) b(z,£) to have the same property
as a(z,£). Since a is elliptic and non-zero outside of K, we can write

x(z, ) bz, §)
a(z, §)

Thus, we just have to show that for any c(z,€&) € S7Y(T*X), a(z,€) (1 + c(z,&)), has the same
property as a(z,§). We will leave this as an exercise to the reader. (Hint: Slnce a(z,§) is elliptic,
it grows like |£]™ as |£| = oo, where | | is the norm of any metric on T* X, and c¢(z, £) decays like
€17 as |¢] = o0.) ®

Observe that if A € \Il{,n(X,Q2) m € R7, is any elliptic operator, then A*A € ey (X, Q )
for any closed cone A C C with AN (0,00) = 0.

a(z, §) + x(z,€) b(x, &) = a(z,§) (1 + )-
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Lemma 3.7.2 Let A€ U7 (X,0%), m € R¥, be elliptic. Then A € 6P, (X, QF) iff om(A) €

b,os
c2 . (T*X) is such that 'o, (A)(x,&) € A for all £ #0.

om(m)

PRrROOF: We will leave this as an exercise for the reader. ®

Lemma 3.7.3 Let A € EZZZ‘A(X,Q,%), m € RY. Then for some r > 0, there exists a B(A) €
U™ (X, QF) for || 2 7, such that

(A= NB(\) =Id - R()),

where R()\) € ‘Il,:XC,’;—m,m(X, Qf) for M| >r. IfA€ Sfff,’fA’os(X,Qb%), then we may choose B()\) €
UK, OF) for [ 2

1
Proor: For simplicity of notation, we will only prove this Lemma for the space £ EK{["A(X ,Q02); the

proof for the one-step space is basically the same.® Thus, let A € Sﬁﬁg"A(X , QE) Let a..(z,€) €
S™(*T*X) be a representative of the principal symbol %, (A) € S™(*T*X) such that there exists
a close cone A’ C C with A C A’ a proper subcone, and a compact set K C T*X such that
am(z, &) € A’ for all (z,¢) ¢ K. Define r := 1 + max(y ¢)ek [am(y,&)|-

Let U = R?* x R be a coordinate patch on X? such that Ay = R™* x {0}. Note that the R™*
factor of U can be considered as a coordinate patch on X. Let ¢ € C°(R™*) and let v € C=(U)
be such that 1)(y,0) = 1 on supp ¢. Since A is supported on the coordinate patch U, we can write

1
(2m)"

A = / ¢ a(y, &) dE® v,

where 0 < v € C”(U,Qé), and where
a(y, &) = ¥(y,0) am(y, §) modulo S™! (T*X). (24)
Then observe that ¢(y)(am(y,&) —A)~! is smooth for A € A with |A\| > r. Hence, by Lemma 3.2.1,

o) (am(y, &) — A)™! € C®RP*; ST ™(R")) for all X € A with [A| > r. Let ¢’ € C°(U)
such that 1'(y,0) = 1 on supp ¢ and ¢ = 1 on supp®’. For A € A with |A| > r, define

B(\) = ¥'(y,2) $(y) / ¢ (am(y,€) - A) 1 dE® v, (25)

1
(2m)"
Then, B(\) € \Ilb_’X',’r_m’m(X, Qb%) for |[\| > r. Since 1 — 4 = 0 on supp ¢’ it follows that

oo 1
(1 -)A]B(A) € ¥, 7™ (X, 5.

for |A| > r. Hence, for |A| >,

AB()) [ A]B(A) +[(1 - 9)A]B(})

—00,—m,m 1
[4A]B(A) modulo ¥, 1~ (X,9Q2).

Also, observe that (24) implies that for |A\| > 7, (A — A\)B(A) = ¢ modulo \Ilb—,ll\’;m'm(X, Qb% ).
Hence, for A € A with |A\| >~
(A=XNB(A) =¢ - R(N), (26)

where R()) € \I!;:II\’;m’m(X, Qb%) for |A| > r.

5The only difference occurs in equation 25, where we set an (y,£) := X(&)bom (A)(y, £), where x(¢) = 0 near 0 and
x (&) = 1 outside of a neighborhood of 0.
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Let {L{i}ﬁ\;l be coordinate patches of X b2 giving product decompositions of X,,2 with respect to the
p-submanifold Ay, such that {{,N Ay} covers A,. Let {¢,} be a partition of unity of A, with respect

to the cover {U,NAp}. Then for each i, by (26), there exists a B,()) € ¥, ;™™ (X, Qb%) for A e A
with |A] > r, such that (A — \)Bi(\) = ¢, — Ri(X), where R,() € U7 ¥7™™(X,0Z) for [A| > r.
Setting B(A) := Y- Bi(A), it follows that (A—X\)B(A) = Id— R(\), where R()) € ¥; 47™™ (X, QF)
for |A| > r. Since R(A\)? € T3 X, Qb%) for each j, we can choose an R'(\) € \IJ;II\’;m’m(X, Qb%)

|sulch that R'(A) ~ Z;’il R(M\)J. Thus, if B'(\) := B(A) o (Id + R'()\)) € \Il;,'\'t;fm’m(X,Qé) for
Al > r, it follows that
(A= X)B'(A) =1d — R"(N), (27)

where R'()) € ¥; ™™ (X, 02) for [A] > 7. o

Lemma 3.7.4 Let A € €447, (X, Qf), m € R¥. Then there exists a continuous increasing function
r:RY — RT such that for each e > 0, (A—X)~' € ¥, """ (X, Qb%) for |\| > r(€). Moreover,
If A€ E0ny (X, 0F), then for each € > 0, (A= A)~1 € T ™ ™4(X, QF) for |A| > r(e).

1
PRrROOF: For simplicity of notation, we will only prove the Theorem for the space £€4;"y (X, Q7 );
1
the proof for the one-step space is exactly the same. Thus, let A € ££6}7) (X, €27). By the previous
1
Lemma, for some r > 0, there exists a B(\) € ¥, "™ (X, Q) for |A| > r, such that

(A—NB(\) =1d — R(\),
where R()\) € \P,:Xf;_m’m(X,Qé) for |A] > r. Thus, by Lemma 3.6.1, there exists a continuous
increasing function 7 : R — R such that for each € > 0 and |\| > r(e),

(Id = RO\)™t =1d + S(N),

where for each € > 0, S(\) € ¥} Pbeoe(x Q%) for |A| > r(€). Hence, for each € > 0 and |A| > 7(e),
b,A,r b

1
(A=N)""=B\) o (Id+S0\) € T, ' ™™ (X, 0F)
for all A € A with |\ > r(e). o
For any € > 0, we define B, := {A € C | |A\] < €}.
Definition 3.7.2 Let m, p € R and let d € RT. Then an operator A € \Ilgf/’\”’d(X, Qb%) is said to
be resolvent like if

1. AUB:> A —» A(N) € \P{,"(X,Qb%) is holomorphic for some € > 0 and

2. for any coordinate patch Rj"* x R? on X7 such that A; = R™* x {0} and any compactly
supported function ¢ on the coordinate patch, we have

1
COE

6 A / e € a(h,y, &) dE @ v,

where v € Cw(Xf,Qb%), and where for each y € R™, (\,€) = a(\,y,£) € STPUR™) is
resolvent like.

Theorem 3.7.1 Let A € é'%ng(X, QE), m € R*Y. Then there exists a resolvent like operator
B(A) € T, X, Qb%) such that for X € A with |A| sufficiently large,

(A—=X)"1 =B\ + R\,
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where for some continuous increasing function r : RY — R, for each ¢ > 0, we have R(\) €

Uy (X, Q) for A 2 1(e).

If A e &y (X, Qb%), then there exists a resolvent like operator B(\) € W, " ™™ (X, Qb%)
such that for X\ € A with |A| sufficiently large,

(A=XN""=BX) +RM),

where for some continuous increasing function r : RY — R™*, for each € > 0, we have R()\) €
1
Uy oros (X, Q5) for |A| 2 7(e).-

PRrROOF: The proof of this Theorem follows almost exactly the same pattern as the proof of Lemma
3.7.3. Thus, we will leave this proof as an exercise with hints:

1. Read through the proof of Lemma 3.7.3 until you get to equation (25). Then,

(a) if A € &\ (X, Qé), replace B()) in equation (25) by

B() = ¥'(y, 2) $(y) / 6 (€ (am(, &) — N) " dE® v € BT (X,0F),

(2m)"

where x(£) € C®(R™) with x(£) = 0 near 0 and with x(£) = 1 outside a neighborhood
of 0, such that a,,(z,£) ¢ A’ for all (z,§) with £ & supp x;

(b) if A € £067, , (X, 0F), replace B()) in equation (25) by

1
(2m)m

B = (. 2) (1) / €€ x(6) (am(y,€) — \) " dE ® v € T (X, ),

where x(§) € C®(R™) is any smooth function with x(§) = 0 near 0 and with x(§) =1
outside a neighborhood of 0.

2. Using a similar argument we used to prove equation (26), show that (A — A)B(A) = ¢ — R()),
where

(a) R(\) € U A%™(X,Q2), if A € £e6, (X, QF);
(b) RO\ € T;A0M (X, 0), if A € £467y (X, 0F).

3. By taking a partition of unity of Ay, show that (4 — A)B()) = Id — R()A), for some resolvent
like operators

(a) B(\) € B, 757 ™™(X,0F) and R(\) € ;%™ (X, 0F), if A € 07, (X, QF);
(b) BO\) € ¥, ™ ™(X,0F) and R(\) € U, 39 (X, 08), if A € €067y (X, 9F).
4. By choosing appropriate asymptotic sums, show as we did in equation (27), that
(A—NB'(\) =1d - R"(\), (28)
for some resolvent like operators
(a) B'()) € U, ™™(X,08) and R"(N) € ¥ 0™ (X, QF), if A € £, (X, QF);
(b) B'()) € T, 7™ (X, 0F) and R'(\) € U 20™(X,0F), if A € €067y, (X, QF).

5. Now multiply both sides of equation (28) by (4 — A\)~!, using Lemma 3.7.4, to finish off the
proof of this Theorem.
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S2 [S?; northpole]

Figure 3: The manifold A radially compactified.

3.8 The blown-up tempered space

l . . .
We will now realize the spaces \IJ;nAp ’T‘i s(X,Q2) as classical conormal functions on an appropriate

blown-up space.

Let A C C be a closed cone. Denote by A, the manifold A radially compactified. We denote by
O/, the boundary ‘at infinity’. A geometric way to view A is as follows. Consider A as a subset of
the Riemann Sphere S?. Then if we blow up the north pole of S2, the compactification A is just the
closure (of the lift) of A into [S%; north pole] (see Figure 3). Some convenient coordinates near 9o, A
can be obtained as follows. Let A, = {A|A € A} be the ‘complex conjugate’ cone of A. Observe
that

Acedp A:]-//J:E/I”P €A

is a biholomorphism of A.. \ {0} onto A\ {0}. Then by the definition of A, [A.;{0}] = A\ {0},
where ff{A¢c; {0} = 00 A.
Let X be compact with corners. We define

Xz’A = [XZ x A; Ap x 9oo; Ap x Al

Figure 4 gives a pictorial representation of X ,? A- We define

bi = B=1(X? X Dooh \ (Ap X Do) );
fi:= 871 (Db X BooN);
df == B—1(Ay X A\ (D X BN );

where we call bz, the ‘boundary at infinity’, fi, the ‘face at infinity’, and df, the ‘diagonal face’.
We will now fix the notation for local coordinates on X7,. We will use the identification

[Ace; {0}] = K\ {0}, with fF[Aec; {0}] = dooA. We define

ri=|pl, wi=p/lpl, p=1/X € Ac.
Let U = R’* x R be a coordinate patch on X7 with A, = R™* x {0}. Then away from A = 0,
X x K2 RPF X R? x [0,00), x (S N Ace),

with _
Ap x 0o = RI* x {0}, x {0} x (S N Ace)o

and _
Ay x A= RPF x {0} x [0,00), x (S! N Acc)o-

Thus, X7, = Rp*¥ x TR, where T} := [R? x A;Y3;Y3] with
Y: := {0}, x {0}, x (S" NAce)w and Ys := {0}, x [0,00), x (S' N Ace)w-

The coordinates (y,w), together with each of the first three coordinates shown in Figure 5, give
various coordinate systems on [X? x A; Ay x 8,,A] and the coordinates (y,w), together with the last
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[XZ x A; Ap x O]

X2

\ 1o
Pfi
IPIM

Figure 4: The manifold X7 ,

set of coordinates shown in Figure 5, give coordinates on Xb A= [XE % A; Ap x OooA; Ap x A] near
df. On TZ, we define bi := {wo = 0}, fi := {t = 0}, and df := {u = 0}.

We now consider densities. We claim that |dz d’\’\d>‘|2 € 0™ (R” x A, Q }, when lifted to T7,
is of the form |dz d’\’\d’\|2 = pdfpfl i, where 0 < p € C*® (TA,Q2). Indeed, observe that in the
coordinates r = sy and z = s/ near bi, we have

ds d’)’()

d”' 1 n 1
|dZ712 =52|?—7‘0‘|2H1, (29)

where 0 < p; € C®(S]~ 1.0%). Also, observe that in the coordinates r = ¢ and z = tu~y near
df , we have |dz ﬂ|% =t7u? !%—7“|2 Lo, where yy € C“(Sg‘l,ﬂ%). This expression, together with

n n 1
(29) implies that |dz d’\’\d’\lz pjfpﬁ w, where 0 < p € C°(Tg, Q). More generally, we have the
following Lemma.

Lemma 3.8.1 Let 0< v € C’°°(X§,QZ) Then,

.. AN 1
B (’/I_‘2 ) —pdfpﬁ M,

where 0 < p € C°°(XbA,Q ).

3.9 The Structure Theorem

Let d € R*T. We will assume that A # C. Thus, we can fiz a branch of the logarithm function
such that log : A\ {0} — C is holomorphic. In partlcular for any a € C, \® := e31°6* where
X € A\ {0}, is well defined. We define A/ := {\'/¢| X\ € A\ {0} }U{0}. Then A4 is also a closed
cone in C and if A € A'/¢ then M € A. Since A'/? is a cone, the manifold X2 7 arva is defined.

Recall that ‘Il;"/’\p’ms(X Q ) CC®(A; ¥ (X, Q 2)). If m € Ny, we define
DffPd (X, 07) == UPP2 (X, 0F) N C™(A; Diffy (X, Q7)).

If m ¢ Ny, then we define lefznl’\p’ms(X Q )=
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Coordinates on [X? x A; Ay x Os0A]: r
pi= (o + 22 e
wo :=71/(|z2+ )2 } & { z:pw(’) Two
W' = z/(|2)? + r?)Y/? =f =
Coordinates near bi:
= 2| T=5%
=i b T2 Mt
; z=sy
¥ =2/l L
Coordinates near {w' = 0}: t
t:=r o r=t -
w:=z/[r z=tw
b
Coordinates on X7 , near df: af Y
_ w=u z=tu
v = v/l ! . -

Figure 5: Various coodinates on X7 ,

Let m, p € R with p/d € Z. Define the index set &y, p 4 on X,?Aw by

Emp,d(ff) = Em,p,a(edges of A) := No;
Emp,d(Ib) = Empa(rb) := B Empa(bi) = —p + dNo;
Empaldf) i= 5+ {(k = m —n+dl,0) | k1 € No JONo;
Empalfi) = 3 + {(k = m = n,0) | k € No}U(~p + No + dNo);
and define the index set F,, p 4 on W, associated to aoom, by
Fmpd:={(k=m—n,0)|k € No}U(—p + dNy).

Our Structure Theorem is the following.
Theorem 3.9.1 For each m,p € R and d € Rt with p/d € Z, there exists an exact sequence of
continuous linear maps

0 < Diffy? (X, Qz) o e (X, 92) — ASpw

phg ( bAl/d’Q )

Moreover, if m < —n, there ezists a continuous linear map

Wi, (X, 05) o A (K17, 0(X, ) ).
In the proof of this Theorem, we show that if A(X) € ©;*? < (X, Q ), then
dAANAN 1 e 1
A |77 17 € AT (X e )
and if m < —n, then A(A%)|a, € A7 7 (A4, 0 (X, ) ).
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3.10 Proof of the Structure Theorems

Warning: Throughout this subsection, we will use the same letter A for the variable on A and
on AY/4. But it will be clear during the context of an argument, whether we mean A € Aor A € AY/4,
Lemma 3.10.1 For each N € Ny, define Rn(S:™! x RE) as those a € C®°(S™™! x (R™\ {0}))
satisfying the following estimates: for each P € Diff*(S"~1) and 3, there exists a C > 0 such that

| Pofa(w, )| < o{ el e <1 (30)

[{ N

Then, given a € Ry (S™! x R™), the function
A(r,w) := /e’%'5 a(w, &) d€

is an element of ™V S°([0, 00), x ST~1).

PROOF: Let N € N and let a € Ry (S"~! x R™). Observe that the inequalities (30) imply that the
integral defining A(r,w) converges. We need to show that

rNA(rw) =rN /ei%'é a(w,&) d¢
is in S°([0,00), x S271). To see this, define for each w € §"7', L, := ~w - Dg = — 31 wiDe,.
Then observe that L e*~ ¢ = —r~le!= ¢, Hence, using the estimates (30) to justify integrating by

parts, we have

rNA(r,w)

(-1 / (L) a(w, £ de

/ e'¥ ¢ L a(w, €) d¢
/ei%f ao(w, &) d¢,

where ao(w,£) := LYa(w, &) € Ro(S™! x R™). Thus, we may assume that a € Ro(S"™' x R");
we’ll show that A(r,w) == [e'* ¢ a(w,&)dé € S°([0,00), x S271). Observe that A is bounded since
a is integrable. We claim that

rorA(r,w) = /el%.s a1 (w, &) d¢, (31)
where a; € Ro(S™! x R™) and that given any v € V(8™ 1),

vA(r,w) = /ei%{ ay(w, ) d§, (32)
where a, € Ro(S""! x R"). Note that once we prove these two statements, given any k € N and
P € Diff*(S"1), we have (r8,)*PA(r,w) = [e'¥¢ay p(w,§&)dE, where ar,p € Ro(S™™! x R™).
Since a p is integrable, (rd,)* PA(r,w) is bounded. Thus, A(r,w) € S°([0,00), x S2~1). Thus,

it remains to prove (31) and (32). We first prove (31). Thus, using the estimates (30) to justify
integrating by parts, we find that

ro Arw) = -1 / €7 ¢ (iw - §) a(w, ) d (33)
- / (Loe*s€) (iw - €) a(w, €) dé
_ —/e’%'ﬁ L[ (iw - €) a(w, €) ] d€.
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Note that L[ (iw - £) a(w, )] € Ro(S™*~! x R"). Thus, (31) holds. Now let v € Diff*(S*~1). Then,

vA(r,w) = -/e"%'5 va(w, &) dé +r? /ei%f Dy(w, &) a(w, &) dE, (34)

where, for each w, p,(w,£) is a homogeneous polynomial in £ of degree 1. Observe that va €
Ro(S™~! x R™). Hence, by using a similar integration by parts argument on the second term of (34)
as we used in (33) above, it follows that vA(r,w) = [ e'* ¢ a,(w, ) d¢, for some a, € Ro(S"~! xR™).
Thus, (32) is proved. °

We use the identification [Af.%: {0}] = AT/4\ {0}, with F[AX% {0}] = GeoAT/4. We define
ri=lul, wi=p/lul, p=1/x€ AP
Recall that T}, = [R? x Al/4;Y1;Y5], with
Y1 = {0}, x {0}, x (S N AL/?), and Vi = {0}, x [0,00), x (S' N AL/4),.
Coordinates on T7,,, are shown in Figure 5. Recall that bi = {wo = 0}, fi = {t = 0}, and
df = {u=0}.
We first work on the expansion at bi.

Lemma 3.10.2 Then m, p € R with p/d € Z and let x(§) € C°(R"™) with x(£) = 0 on a neigh-
borhood of 0 and x (&) = 1 outside a neighborhood of 0. Then given any

A= / €€ 3 (€) a(\, €) de,

where a(A, €) € Cﬁflﬁﬁ(m)(R”), we have A(AY) € A% (TP,,,), where E; == —p+ dNy is the index

set on T, associated to bi.

Proor: Coordinates on Ty, ,, near bi are given by the second set of coordinates in Figure 5:

s = |z| r s
Yo :=1/|2| T { 7(,)'
7' = z/l7|
Let a(), &) € c;f’;,f;;(m)(Rn). Then a(),€) € C®(A x (R™\ {0})) and is such that
a(d9X,66) = d™a(X, €) for all § > 0;

and if we define a(y, &) = P/ a(1/p, &) = pP/? a(@/|u|?, €) for all (i, €) € Ace x R™, then a(u, &) €
C*®(Ace x (R™\ {0})). Observe that since y = rw = syw, we have

A0 = / €7 € () al (s70w) ™%, €) dt
= st [T (e st €) de

Thus, it suffices to prove that [ e*7"€ x(€) a(s%ydw?, ) d¢ € Abw (T}/4), where &, := dNp. To see
this, set L,/ := —7'- D, and choose N € N with n — N < —n — 2. Then observe that

/ 7 () a(stydt ) de = sN(—1)V / (INe €) x(€) a(styiut, €) de

= o [ (et €

+ sV AN (s, s%ydwd, 4",
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where An(s,1,7) = [V ¢ [, ( N ) (L x (&) ) (LY a)(u, €)] d€. Since for I > 1, LE,x(€) =

0 for £ near 0 and for £ outside a nelghborhood of 0, it follows that An(s,u,7') is C°° in all
variables (s ,u fy) In partlcular An(s,5%8w?,v') can be expanded in powers of vé. Hence,
s~NAN(s, s9ydwd, ') € A& ( T},,4)- Thus, it remains to show that

/ 97 € 3 (€) (LN @) (st €) dE € AB (T],,.).

Since m — N < n =2, (LYa)(\,¢€) € C""(S"_1 cord  (R™)), where m' < —n — 2. Thus, it

A,hom(m’)
suffices to prove the following statement: given a(},§) € Tﬁﬂ}im) (R™), where m < —n — 2,
A= [ Ex(©alshiut, O de € A (TR0)

To see this, set v := 4¢ and if w = €%, set D,, := cos(df)dy, + sin(df)d,,. Then, for any M € N,

D4 =5t [ < x(e) (DY) (s, de.
By Proposition 3.3.1, a(u, &) satisfies the estimates: for each a and §, there is a C' such that
| 8507 alu, &) | < C (1 + |ul [¢| P/ 1o g lettm=r=lal,
In particular, for any « and 3 and M,
| 820¢ DY a(p, )| < C (1 + || |g|)P/ 4= Mol [gelet+artrm=p=idl, (35)

Observe that this estimate implies that if M is sufficiently large (for example, if dM +m —p > —n),
then (DMa)(ww?, €) is integrable near £ = 0 for all w € [0, 00); and moreover, it remains integrable
near ¢ = 0 even after we differentiate it with respect to w or w. Thus, if we define

Bu(s,w,v,w) = /6“"“£ (x(6) = 1) (D @) (ww?, €) dE, w € [0, 00),

then Bjs is smooth in all variables. Also, since m < —n — 2, observe that for any M, the estimate
(35) implies that for any fixed w > 0, (DMa)(wwd, €) is integrable near { = co. Thus, for M
sufficiently large and s?ydw® > 0, [ €7’ ¢ (DM )(s¢ydw?, €) d¢ converges. Thus, for M sufficiently
large, we can write

DM Qg = gaM / 7" ¢ (DMa)(stydw?, £) dé + s™ Bas(s, s%v¢, 7', w). (36)

Since (DMa)(stydw?, (s70) ~1€) = (s0) " M+P~™(DMa)(w?, £), making the change of variables £ —
(s70) 7€ in the integral (36), we find that

DM A = s™(s70) "M Apy + s By (5,595, 7 s w),
where Ay = [ 756 (DM@a)(w?,€) d¢. Since v = 4¢, we thus have
vMDM A = (s70)P " Apr + sMA@M By (s, 5098, 4 w).

Let N >> 0. Since m < —n — 2, choosing M such that dM +m — p > —n — N + 1, the estimate
(35) implies that given J3, there is a C' such that

|0 DMa(w?,€)] < C A+ |g4p/a-M |geM+m=r=ldl

—n+N+1-|8| gl <1
< ! |£| ’ I =4
¢ { |g|=m=2-18L, J¢| > 1,
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for some C’ > 0. Thus, Lemma 3.10.1 implies that Aa € 7' S°([0,00)y, x 8771 x (SL, N ALY).
Now observe that v M = (v, — M + 1)(vd, — M +2) - -- (v8, — 1)(vd,) and that Y00y, = dv0,.
Thus,

(’70870 - d(M + 1)) T (708"/0 - d)(70870)A €
(570)P ™" S%([0, 00), x S5 x (Sy, NAYY))
+sMAIM 00 ([0 00), x [O,oo)sd,yg X Sf:,_l x (SL nAl/dy).

Since N and M can be arbitrarily large, Theorem 2.2.1 implies that A € A% (TR/4)- °
We now work on the expansion at fi.

Lemma 3.10.3 Letm, p € R withp/d € Z and let x(§) € C®(R"™) with x(£) = 0 on a neighborhood
of 0 and x(&) = 1 outside a neighborhood of 0. Then given any

A= [eex©atn e de,
where a(), €) € Cfﬁ’;ﬁ](m)(R”), we have
A(XY) € Agﬁ(TXI/d)y
where Eg := {(k —m —n,0) |k € No}U(~p + No + dNy) is the index set on T},,, associated to fi.

Moreover, if m < —n, then
A |z=0 € A7 (A/9),

where F := {(k —m —n,0) |k € No}U(—p + dNy) is the indez set on A/ associated to Do A1/4.

ProoF: Coordinates on T7;,, near fi are given by the first set of coordinates in Figure 5:
pi= (o +r2)V2 _
i (e 22 e {120
W=z (|2f2 + 2L/ Bt
Let a(), ) € C’X‘:}’l’f)’i(m) (R"™). Then, since y = rw = pwow and z = rw', we have
AN = [ e Ex(©) ol (o) ) de

(pwow) P / e "€ x(€) aplwint, €) de.

[l

Making the change of variables ¢ s p~'¢ yields
A= g™ ()P / €' € x(£) d((wow)?, €) d.
Hence,
(P, = (cm—n)A = =g ") [ (6 Bex)(e/p)al(wnw)®, €)dg
= )7 [ (€ 000(©) alo wn), €) e
Since (£ - 0¢x)(€) = 0 near £ = 0 and outside a neighborhood of 0, it follows that

flu,v) = /emw"£ (€ - 9ex)(€) alv(wow)?, €) d€
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is a smooth function of (u,v) € [0,00)2. Hence,
o0 . .
(08, — (~m —n))A ~ Y p PTHIA4; j(wo, 0, w),
1,j=0

where for each i and j, A; j(wo,w’,w) := (8:0)f)(0,0) € wo_pw—PSO(S?u’)t’w,) x (SL N AL%). Note
that A; j(wo,w’,w) =0 at w' = 0 for ¢ > 0. Thus, by Theorem 2.2.1, it follows that A € AEs (TF1/a)

and if m < —n, then A(A%)|,=o € AT (AV/4). °
We now work on the expansion at df.

Lemma 3.10.4 Letm, p € R with p/d € Z and let x(§) € C*(R™) with x(§) = 0 on a neighborhood
of 0 and x(£) = 1 outside a neighborhood of 0. Then given any

A= / =€ x () a(X, €) d¢,

where a(), §) € Cﬁﬁi}i(m) (R™), we have

A(/\d) c .AE‘” (Txl/d)7
where Eg5 := {(k —m —n+dl,0)| k,l € No}UNy is the index set on T},,. associated to bi.
Proor: Coordinates on Ty, ,, near bi are given by the last set of coordinates in Figure 5:
b=t t=t r=t
u = o) © w=uy ° z=tuy
v = w/|w| '

Let a(\ &) € Z‘j{l’;’i(m)(R”). Then, A(AY) = [t x(€) a(t~ 4w, £) d§. Making the change of

variables £ +— t~1¢ and using the homogeneous properties of a, we find that
A= [evrexie/a(od, g de.
Thus,
(0 —(-m-n))A = —t7"°" / e (- ex)(€/t) a(w™,€) dE
= - [t e 0@ al o) de

=: B(t,u,vy,w).

Since ¢ - O¢x(€) = 0 near £ = 0 and outside a neighborhood of 0, B is a smooth function of u at
u = 0. Since (td; — (—m — n))A = B, we have t9;(t™*t"A) = t™*"B. Integrating this equation
from 1 to t yields A = ™™ "A(l,u,y,w) + "™ " flt ™ B(1,u,7v,w)%. The second term in this
equation is smooth at u = 0, and so we are left to show that

A= AL, y,w) = / €€ 3(€) alw™, €) dE € A (TT,)).

Note that for any «, we have (0%a)(6),88) = smdlel(5ga) (), &) forall § > 0. In particular,
setting A = 0 yields (9%a)(0,0¢) = 6™~ 4l(8%a)(0,&) for all § > 0. Thus, expanding [0,00) 3> v
a(vw™%,¢) in Taylor Series at v = 0, we find that for each N € N,

N-1

a(vw™¢) = Z v am_ar(w, &) + by (v, w, §),

=0

35



df
t
Yo
s:=|z| fi
r=s
Yo :=1/)z] }(——){ 0 ( $
r._ =87

v = z/lz] )

bi

Figure 6: Coordinates near df and bi.
where for each ! and w, apm—g(w,&) € Cﬁgm(m_d”(R”), and where

’UN

1
bo,w,€) = 7 [ (L= 5" @ a)(suw,©) s
*Jo
Let N >> 0. Then, setting v = 1, it follows that A’ = Z{‘;gl Ap—at + By, where

Am—ar = /6“""g x(§) am—ar(w,§) d§, and By := /6"“7'5 x(§) by (1,w,§) dé.

By using a similar argument as we did in Lemma 3.10.3, one can show that for each I, A,,_q €
A4 (T7 ). Also, note that for each w, x(€) by (1,w, &) € S™~4N(R™). Thus,

By € CM([0,00), x S77 x (SL, N AY4))

for all M with M +m — dN < —n. Since N is arbitrary, by Proposition 2.2.1, A’ € A« (T{1/a)- @
Near bi, we can write T¢,,, = [0,00)s X [0,00)~, X Fy,, where Fp, := S:,_l x (SL ﬁAic/d); and near

df, we can write Ty, ,, = [0,00)y X [0,00); X Fyr, where Fgr := S271 x (S, N A%, (See Figure 6.)

Lemma 3.10.5 Let N € N, let m,p € R with p/d € Z and withm + |p| < —N —n — 1, and let
M € N with M +dM < N. Then given any

R= [etr00

where (), €) € SXf;p’d(R"), we have R € (s7) PCM([0,00)s x [0,00) 5442 X Fyi) mear bi, and
R € t7PCM([0,00)y % [0,00); x [0,00)a X Fys ) near df.

PRrROOF: We must show that if
Ry, := /6“71'5 r((syow) ™4, €) dé and Ry := /ei“”‘E r((tw) ™%, &) d¢,

then
Ry, € (570)7PCM([0,00)5 x [0,oo)sd7g x Fy,)

and
Ry € t7PCM([0,00)y X [0,00); X [0,00)4e X Fyp ).

Since r € Sﬁ’rp’d(R"), if we define #(u, &) := u?/?r(1/p,€), then #(i, &) € C®(As x R™) and it
satisfies the estimates: for any o and 3, there is a C > 0 such that

| 8007 (1,€) | < C (1 + |l [¢] )P/ 411 (1 4 gy lem=p=ldl,
Observe that for |u| bounded, for some C' (depending on the bound on |u|), we have

(1 + |pl |42/ (1 + 1) < C'(1 + €))7
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Thus, for |u| bounded, for any «, there is a C' > 0 such that | 957(p, &) | < C (1 + |€|)dledtmtipl. or)
asm+ |p| £ =N —n — 1 we have

102087 (1, €) | < C (1 + [g)HeI=N=n=1, (37)

Rewriting Ry; and Ry in terms of 7 gives

Ry; = (SfyOw)_p/eis'Yl'E f((s’yo)dwd,ﬁ) dé and Ry = (tw)"”/e"t‘”{ F(tdwd,f) dg.

Thus, to prove our Lemma, it suffices to show that if

Rusls, 70 3= [ 67 €, € d and Replutv ) i= [ o7 s, ) e,
then for all M € N with M +dM < N,
Ry, (s,0,7,w) € CM([0,00)5 x [0,00)y X Fp;)

and
Rus(u,t,v,7,w) € CM([0,00)y % [0,00)¢ X [0,00)y X Fy ).

We will leave the proof of this to the reader. But we remark that the proof follows directly from the
estimate (37). [
For each m, p € R and d € Rt with p/d € Z, we define the index set £, p g on T},,4 by
Em.p,aledges of A) := No; Em pa(bi) = —p + dNo;
Empaldf) = g + {(k—m —n+dl,0) | k,I € Ng}UNy;
n _
Emp,a(fi) = b + {(k —m —n,0) |k € No}U(—p+ No + dNy)

and define the index set Fp, 4 on Al/4, associated to 9 A'/4, by

Fmpd = {(k—m—n,0)|k € No}U(—p + dNy).

Lemma 3.10.6 For each m, p € R and d € Rt with p/d € Z, there exists a continuous linear map

A dga (0},08) » A5t (TR e QF ); A m AQY)

|§
’

such that if m & Ny, then this map is injective and if m € Ny, then this map has kernel

dAAdX 1
A2

[PH/AP4Re (0}, 0F) N C°( A;spanc{6* @ |dz|? |0 < k < m}).

A,ros

Moreover, if m < —n, then there ezists a continuous linear map

[rrArdRn (0}, Q2.0 < AL (A4, Q) A = AQY) 0.

A,ros

PRrROOF: By Lemma 3.8.1,if 0 < v € C*°(R", Q%) then when lifted to T7,,4, v |d’\’\‘”‘|2 = pdfpﬁ L,
where 0 < p € C’°°(T,'\‘,Qz) Hence, if £;,  , is the index set
Sl

p.aledges of A) :=No; &, 4(bi) = —p + dNo;

! oaldf) == {(k —m —n+dl,0) | k,1 € No}UN;
o pa(fi) = {(k—m —n,0)| k € No}U(—p + No + dNo),
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then it suffices to show that there exists a continuous linear map

m+n/4,p,d n E:n,p, n
IEAPYRE (0)) = Ammd (TR ); A = AQXY),

such that if m ¢ Ny, then this map is injective and if m € Ny, then this map has kernel

[P dRe (03) N C(Ajspanc{6* |0 < k < m});

A,ros

and if m < —n, then there exists a continuous linear map

I APAR (0})]om = ALmmd (ALY, A v A .c0.

A,ros phg

Let A € ITT™/4P4Rn {0}). Then we can write

A,ros

= (271‘)" /eiz{ (l(/\,f)d&,

with a(\, &) ~ E;io X(&) am—; (A, &), where ap—;(),€) € Cﬁ’l’;’i(m_])(R”) for each j, and where
x(&) € C*(R") is such that x(£) = 0 on a neighborhood of 0 and x(£) = 1 outside a neighborhood

of 0. Thus, for any N >> 0, we can write

N—-1

A=) Am_, + Ry, (38)
1=1

where Am_, = i [ €56 X(€) am—;(A, €) d€, and where Ry € Iy NP4R", {0}).

A,ros

Now by Lemma 3.10.2, Lemma 3.10.4, and Lemma 3.10.3, for each j € Ng,

Apm—, (M) € Aﬁ;';vd( T4 ) and if m < —n, then Ap,_;j(A%)|.=0 € A;l";""’(Al/d).

Thus, Proposition 2.2.1 applied to the expansion (38), using Lemma 3.10.5 on the remainer term

Ry, shows that A(A%) € A (T2,4), and if m < —n, then A(\)|.co € AZ7»*(AT/). Note
that

AQY) = 0in Amm (TR, Iff for each A € A4, supp A(AY) C {0}.
Now the only distributions having support at 0 are linear combinations of derivatives of the delta

distribution at 0. Hence, A(A?) =0 in Ai;l"g””"(TI(‘I/d ) iff

Ay e ITI/APA R 10}) N C™(A;spang{d® |0 < k < m}).

A,ros

[ )
PROOF OF THE STRUCTURE THEOREM: Let m, p € R and d € R* with p/d € Z. Then by defini-

tion, TP (X, 0F) := {A € ITBA(X2, Ay, QF) | A = 0 at IbUrb}. In particular, B¢ (X,0F) C

A,ros
1
f,’s/d(A; U °(X,02)) off of Ay, and in any product decomposition X? = R™* x R?, where
Ap =2 R™F x {0}, we can identify

Tos

1 1
Tbd (X,07) = ITEY R x RY R™ x {0},07),

with
Dfi"P? (X,0F) C ITP4R™ x R®, R™M x {0},0)

b,A,ros A,ros

consisting of those elements having polynomial symbols (in £). Thus, Theorem 3.9.1 follows from
Lemma 3.10.6.
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3.11 Applications

Lemma 3.11.1 Let u()\) be a holomorphic function on A\ {0}, where A C C is a proper subcone of
C. Suppose that in polar coordinates, (r,0), u is of the form u(r,0) = r*( Eszo ui(9)(log 7)* ), where
z € C, N € Ny, and for each k, u;, € C*°(S'NA). Then, we can write u(A\) = A*( Eszo ax (log \)*),
for some constants ay € C.

PROOF: By replacing uy(8) with e~**%u, (), we may assume that u(r,8) is of the form

N
u(r,6) = X (D ur(6)(logr)*),

k=0

where A = re?. Observe that
J— 1
X8y = (z-iy) 50 +idy)

) .
= (@0, +y9y) + 5(20, — ys)

1 )
- 57‘87- + 580.

Also, observe that

rdyu = zre*d( Z ur(6)(log %) + r¥ei?( Z ug(0)k(logr)F1), (39)

k=0 k=0
and
N
i0pu = —zr?et*d( Z ur(8)(logr)F) + r7etf( Z i0pur () (logr)*). (40)
k=0

Since u is holomorphic, 0 = 2 9 u = r8,u + i0pu. Thus, adding (39) and (40), we find that

{ i0pun(6) = 0;

kue(8) + i0pur_1(8) =0, for k=1,...,N. (41)

Evidently, for each k, ux(0) is a polynomial of degree N — k. Hence, for each k, we can write

Za“( ) 10

for some constants ag; € C. Let 1 < k < N. Then,

_ -N l N I—k
Bpup_1(6) = i» ar-1y (l—k+1)< k-1 )(19)

=k

= lzak llk( )(19)
- z'k;ak_u ( ]i ) (i0)*.

By the equations (41), kux(8) = —i0pur—1(0). Thus, we must have ar_1; = ay, for each | =
k,...,N. Hence, if we set ag := art for k =0,..., N, it follows that

N
ug(0) = a,( ,lc ) (i0)!*, for k=0,...,N.
k

=
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Since log A = logr + 6, we conclude that

u(6)(logr)*)

éa ( ) i0)!~*(log r)*)

1

Zl:a ( ) (i)' ~*(log r)*)

M=

u(d) = A

o~
Il
<

I
Mz

o~
Il
o

N
X
1=0 k=0
N
= )\Z(Zal(logr+i0)k)
I;O
= (3 willog V).

T
o

This Lemma implies the following Proposition.

Propomtg)n 3.11.1 Let A C C be a closed cone and let £ be any index set associated to ON. Let
u € Aphg( ) and suppose that u is holomorphic on A. Then,

Z ATF log/\ U(z,k)> u(zk)EC
(z,k)e€

as |A] = 00 in A.

Thus, Theorem 3.9.1 and Proposition 3.11.1 give the following.

Theorem 3.11.1 Letm, p € R andd € R* withp/d € Z andm < —n. Let A(X) € b}\p;os(X Q )
be holomorphic. Then as |A| = oo in A, we have

o0

AWa, ~ A= @+ Y. AT loghag(e) + ZAK ~koll(z),
k=0 K, Ezm—nte o, k=0
where for each k, a, o}, a) € C°(X, Q).

Let A € €47, (X, Qb% ), m € RT. Then by Theorem 3.7.1, there exists a continuous increasing
function 7 : R* — R™ such that for each ¢ > 0 and N € N,

(A= e gy Nm-Nmmeocx 0F)

for |A| > 7(¢). In particular, as € = 00, (A — A)™" becomes more and more an element of

\IJ;II\VZS Nm.m 92). For each m’ € R and N € N, define the index set En v, associated
to the boundary faces bi, fi, and df of X? by

b,A1/d)
Em,m' N (bi) = mN + mNy;
Emmt N(Af) = 5 4 {(k —m' = n+m(N +1),0)| k,I € No}ONo;
Emme N (fi) = 32’— +{(k—m' —n+mN,0) |k € No}T(mN + No + mNo).
Then the following Theorem follows from Theorem 3.9.1 and Theorem 3.11.1.
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Theorem 3.11.2 Let A € SZKX"OS(X,Q,,%), m € R*¥, and let B € V" (X, Qf). Then, for any
N e N,

B(A= ™)™ € Afmmtn (X2 5170, 0F ).

Moreover, if Nm —m' > n, then as |A| = oo in A, we have

oo '
BA-NNa, ~ AT Nay@+ Y AT

N log A aly i (2)
=0

kA=monenN,
00
—k—N 1
+ ZA aN’k((E),
k=0

where for each k, an i, Qy i, oy € C°(X, ).

41



4 Laplace transforms

4.1 Laplace transforms and the heat kernel

If A C C is a proper subcone of C, then A is said to be positive if A contains a cone of the form
{A e Cle < arg(M) < 27 — ¢} for some 0 < e < 7/2. Figure 7 gives an example of a positive cone.

1
Any Tempered operator A € ¥;’v'*(X, Q7), where A is positive, will be called a positive operator.

Let m,p € R, d € R, and let A()\) € L34 (X, Qf ) be holomorphic and positive. Let I' be
any contour in A of the form given in Figure 8. Let ¢ € C® (X, Qb% ). Then, by Theorem 3.5.1,

AN € SPIAA; C (X, 0F)).

Thus, for each ¢ > 0, e~** A(\)¢ is exponentially decreasing in C*®(X, Qb%) as |A| = oo for A € T.
Hence, for each t > 0, the integral

LA)(t)¢ := / e A(N)pdA (42)
T

converges in C®(X ,Qb% ). Observe that since A(A) is holomorphic, the integral (42) is defined
independent of the contour I' choosen (where T is of the form given in Figure 8). Since for any
1

k€ N, e7** \* A(\)¢ is still exponentially decreasing in C*(X,0Q7) as |A\| = oo for X € T, it follows
that L(A)(t)¢ € C((0,00); C®(X,07)).

Definition 4.1.1 Let m,p € R, d € R*, and let A()\) € \IJZZ’\P’d(X, Qb%) be holomorphic and
positive. Then the Laplace Transform of A is the map

L(A)(t) : C®(X,0F) = C=((0,00); C%(X,9f))

defined by equation (42) for any contour ' of the form given in Figure 8.

Theorem 4.1.1 Letm,p € R, d € R*, and let A()\) € \Ilngp’d(X, Qb%) be holomorphic and positive.

Then, L(A)(t) € C®((0,00); T;°°(X,Q7)). In fact, if k € No and M € No is such that p/d—M <
—k — 1, then for any N € Ny,

MV L(A)(1) € C™((0,00) Ty (X, 0))) N CH([0,00); TP PN (X, 0))).  (43)
Moreover, if A(A) extends to be holomorphic on a neighborhood of A = 0, then

L(A)(t) = 0 exponentially in ¥, (X, Qb%) as t — oo. (44)

|
I

ReA

//
N

NS

Figure 7: A positive cone A.
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N
X
/NN

Figure 8: The contour I'.

PRrOOF: Let k € N and let M € Ny be such that p/d — M < —k — 1. Then to prove (43), it suffices
to show that for any N € Ny,

MEN £(4) (1) € C((0,00); TP~V (X, 02)) N CH([0,00); TP~V (X,08)).  (45)
To see this, observe that

tMENLA)E) = (~1)MHN / (BM+N =) A(X) dA
T

il

/ e AYTN A(N)) dA, (46)
r

By Lemma 3.5.1, and the fact that p/d — M < 0, we have

1
C \I,ZzA—dM—dN,p—dM,d(X, Qb%)

C S(p_dM)/d(A; \Il;)n_dM—dN_(p_dM)(X’ QQE))
= ST T 9),

where e = —k — 1 —p/d+ M > 0. Thus, (45) follows from (46).
Now suppose that A()\) extends to be holomorphic on A U B, for some ¢ > 0. Then it follows
that

L(A)(¢) = / e~ A\ d), (47)

l"/
where I is the contour shown in Figure 9, where the radius of the arc in I' is €/2. Using equation

(47), we will leave the reader to verify that £(A)(t) — 0 exponentially in ¥, *°(X, Qb% Yast —00. @
In the next subsection, we will show that under more assumptions on A, £{A)(t) is continuous
at t = 0 in an appropriate sense.
The ‘most important’ example of a Laplace transform is the Heat kernel of a b-pseudodifferential

1
operator. Thus, let A € E47 (X, Q2), m € R, where A is a positive cone. Then by Theorem
3.7.1, there exists a continuous increasing function r : R* — R™ such that for each € > 0,

(A=XN)7" e g 1™ ™mON(X, Q) (48)

for |\| > r(e). Let T be any contour in A of the form given in Figure 8, where (A — A)~! defined on
[ (for example, choose I' such that |A| > r(1) for all A € T'). Then the Heat kernel, e~t4, of Ais the
operator

T o

e th = /e-“ (A-N"tdr= %ﬁ((A—A)‘l)(t)-
r

43



\

Vd
/ I\ X

N
N

st s
o oy

Figure 9: Deformation of the contour I' into the contour I".

Note that since (A — A\)~! is holomorphic, the integral defining e *4 is well-defined, independent of

the contour I' choosen. By (48) and Theorem 4.1.1, it follows that if € > 0 is given, then by choosing
T such that |A| > r(e) for all A € T, we have e™*4 € C((0,00);; ¥, *““(X,QZ)). Since € > 0 is
arbitrary, we have e € C>((0,00)¢; ¥; (X, 0Z2)).

Theorem 4.1.2 Let A € SEZ,’,’}A(X,QE), m € Rt, where A is a positive cone. Then e~ 4 satisfies
the heat equation: (3; + A)e™*4 =0, t > 0; and e~ *4|,—o = Id. That is, for any ¢ € C®(X, Qb%),
e~t¢ € C((0,00); C(X,9/)) N C([0,00)1; C=(X,0})) (49)

and (8; + A)(e™t4¢) =0, t > 0; and (e @)|t=0 = ¢. Moreover, if 1(t) is in the same space (49)
with (8; + A)Y(t) =0, t > 0; and ¥(0) = ¢, then ¥(t) = e t¢.

PROOF: We leave the reader to verify that (0; + A)(e *4¢) = 0 for t > 0. To see (49), observe that

(A-N"1 = XH=-nNU4a-xnt
= A lA-2-4)A-)"
S N WLy (0. D Y
Hence,
o

- _i —tA i —tAy—1 -1
= 27"/1:6 ¢d)\+27r/re ATTAA =N pdA

ety / e (A - N)"toda
r
= ¢+ — / e~PATTA(A — \) Vg
27 r
Since A1 A(A — X)~! decreases like |A|™2 as |A\| = oo (see Theorem 3.5.1), we leave the reader to

verify that 5= [ e "*A714(4—)"1$ d] is continuous at t = 0 with value 0. Thus, (e7*4¢)|i=0 = .
For the unigness statement, see 8, p. 271]. °

Lemma 4.1.1 Let m,p € R, d € R*, and let A()\) € \PZ”LI’\p’d(X, Qb%) be holomorphic and positive.
Let M € My(X) andt > 0. Then,

Nu(L(A)®)) (1) = LINM(AN))(7))(?) (50)

for all 7 € C*. In particular, if A € £L67, (X, Qb%), m € RY, then Npr(e™t4) (1) = e tNm (A7)
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PRrOOF: First of all, note that if p < 0 (for example), then as A(X) € SP/4(A; \PZ‘_”(X,Q,%) ), we
have Ny (A(N))(7) € S”/d(A;\IlZ’Ef(X, Q7)); thus, the Laplace transform L£(Na(A(X))(7))(t) is

well defined. To see the identity (50), let ¢ € C>(M, Qb% ) and let ¢ € C*(X, Qb% ) be an extension
of ¢ to X. Then, if z,,..., 7, are the boundary defining functions of X which define M, for any
T € Ck,

Na( LAY = (@ LAY B)lemo
= (@ / e AN (@7 §) Ao
T

( /F = 57 A& §) dN) oo

- /r et Nyg (V) (r)g dA
L(Nu(AN) (@) (1)

4.2 Conormal nature of Laplace Transforms

Throughout this section, fix a positive cone A C C. Let m,p € R and d € Rt with p/d € Z.
Recall that a symbol a(),€) € SpP4(R™) is resolvent like if there exists an € > 0 such that a(}, £)
extends to be a smooth function, holomorphic in A, for (A, €) in

{7 €CxRMA€A or [N <e(l+][E)? or %(1 +1ED? < 1Al (51)

and moreover, a(), £) continues to satisfy similar symbol estimates for (X, ) in the set given by (51)
as for (A, £) in A x R™.

1
Recall that an operator A € ¥;"*? 4(X,02) is resolvent like if

1. AUB. > A » A(X) € ¥M(X, Qb%) is holomorphic for some € > 0 and

2. for any coordinate patch RZ”‘ x R? on X7 such that A, = R™* x {0} and any compactly
supported function ¢ on the coordinate patch, we have

1

$4= e

/ e (A, £) dE @ v,

where v € C°°(X§,Qb%) and where for each y € R™*, (A, €) = a(\,y,§) € S}\”””d(R") is
resolvent like.

We will prove the following Theorem.

Theorem 4.2.1 Let A()\) € \Il;"’/’\’f’rd(X, Qé), where m, p € R and d € Rt with p/d € Z, be a
resolvent like operator. Then for any k € No,

L(A)(#) € C((0,00)5; T; (X, 2F)) N CH([0, 00)s; TF+m+(x, Q7).
Moreover, as t = 0o, L{A)(t) — 0 exponentially in \IJb_°°(X,Qb%).

Let A € £067, (X, Qb%), m € R*. Then by Theorem 3.7.1, there exists a resolvent like operator
B(\) € ¥, (X, Qb%) such that for A € A with |A| sufficiently large, (4 — A\)~! = B()) + R(\),
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where for some continuous increasing function r : R* — R, for each € > 0, we have R(\) €
1
T, OO(X, Q) for [A] > 7(e). Hence,

et = L L((A=N)7)(0) = 5= LB)E) + o= L(R)D). (52)

By Theorem 4.2.1, for any k € Ny,
1 1
L(B)(t) € C=((0,00)¢; ¥y (X, Q7)) N C*([0,00):; T¥(X,07)).

If € > 0 is given, we can choose the contour I as in Figure 8 such that |A] > r(¢) for all A € T'; in which

case, by the remark after Lemma 4.2.3 below, we have L(R)(t) € C*([0,00)s; ¥, (X, Qb%) )
Since € > 0 is arbitrary, it follows that

L(R)(t) € C=([0,00); ¥, (X, Q7)) (53)
Thus, for any k € No, e~t4 € C((0,00)s; 7 (X, 07)) N CH([0, 00)e; TT*(X, 7).
Corollary 4.2.1 Let A € £€47 (X, Qé), m € RT, where A is a positive cone. Then for any k € Ny,

et € C*((0,00)y; U7 (X, Q7)) N CH([0,00)s; TPF(X, QF)).
To prove Theorem 4.2.1, we start with the following Lemma.

Lemma 4.2.1 Let m, p € R, d € R", and let a(\, £) € S 4(R") be a resolvent like symbol. Let
I be any contour in A of the form given in Figure 8 and deﬁne

£(a)(t,€) = /F e a(), €) d

Then, L(a)(t,€&) € C*([0,00) x R™) and moreover,
1. for any k € Ny, L(a)(t) € C®((0,00)s; S~ (R™)) N C*([0,00); ST+m+d(R™));

2. there exists a constant C' > 0 such that L(a)(t,£) satisfies the estimates: for any k and (3,
there exists a C such that

|0FO2L(a)(t,€) | < C (1 + |g)dktmtd=10] g=tC"le]", (54)

PROOF:® Since a(), €) is resolvent like, there exists an € > 0 such that a(), £) extends to be a smooth
function, holomorphic in A, for (), £) in

(VO ECKRNEA or < (14 or < (1+]€)* < ) (55)

and moreover, a(A, £) continues to satisfy similar symbol estimates for (A, £) in the set given by (55)
as for (A, €) in A x R™. Let £ € R™. Then, as

AU ECI I e+ Ia)! or = (1+ D! < A} 2 A a(h,)

is holomorphic, it follows that L(a)(t,£) = fr e~ a(\, €) d), where T¢ is the contour shown in
Figure 10, where the radius of the inner arc of I'¢ is £(1 + [£])? and the radius of the outer
arc of T¢ is 2(1 + |¢)?. It follows that L(a)(t,€) € C*([0,00) x R™). We will prove that
L(a)(t, &) satisfies the estimates (54). These estimates automatically prove that for any k € N,
L(a)(t) € C°°((O 0)¢; S °°(R")) N C*(]0,00)s; S¥*+m+4(R™)). Let k € Ny and 8 € N2. Then,
ko L(a) = Jr. e Nk 8a(), &) dX. Observe that

5This proof is based on the proof given in Grubb [4, Lemma 4.2.3].
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1. the length of ¢ < C; (1 + [¢])¢ for some C; > 0 (independent of £);
2. le~t| < etC"1€l* for all A € T, for some C' > 0 (independent of &);
3. A% < Z(1 4 [€)% for all A € Tg;

4. there exists constants Co and Cj such that

100a(X,€)] < Ca(L+NY4+ gD (1 +[ghmP1°
Cy(1 +1€))™ 18! for all A € L.

A

Hence,

koL@t &)l < [ e MIAF|0fa(n,6) |
3

IA

’ d Qk
Cr (1+ e - e S (L [ - C(1 + ()™

C(1+ Ifl)dk+m+d_lm e—tC'[§|d.

IN

[ J
Lemma 4.2.2 Let a(\,§) € Xi’}’f)ﬁl(m)(Rn) be resolvent like, where m, p € R and d € Rt with
p/d € Z. Let T be any contour in A of the form given in Figure 8 and define

£(a)(t,6) = /F e a(), £) dA.

Then, L(a)(t,€) € C*®([0,00) x (R™\ {0})) and it satisfies
1. L(a)(67%,58¢) = 6™FL(a)(t, &) for all 6 > O;

2. there exzists a constant C' > 0 such that L(a)(t,£) satisfies the estimates: for any k and 3,
there ezists a C such that

|00 L(a) (1,€)| < C [g|ktmta-litemtClel”,

PROOF: Since the proof that L£(a)(t,£&) € C*([0,00) x (R™\{0}) ) and that it satisfies the estimates
in (2) are proved much like the results of the previous Lemma, we will leave these proofs as an exercise

7/
/ /I\ X\
\

= ik
. ;

Figure 10: Deformation of the contour I into the contour I¢.
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for the reader. To see (1), we make the change of variables A + 6%\ and use the homogeneous
properties of a(), £) to find that

L(a)(67%,8¢) = /F et X g(), 6¢) dA
= o ~tA a (69X, 68) dA
[ et a0

6m+d —tA A d\
[ ang
= ™HL(a)(t,€).
®

Lemma 4.2.3 Let R € lIJ,:Xi’;”’d(X, Qb%) = SEI4(A; U, (X, Qé) ), where p € R and d € RT with
p/d € Z, be holomorphic. Then,

L(R)(t) € C([0,00)5; U7 (X, 02)). (56)

Proor: Fix any N >> 0. Then by Proposition 3.11.1, we can write, away from A = 0,

N-1
R= Y W/iiR, 4+ \/I=NRy()),
=0

where R; € ¥, (X, Qf) and, away from A = 0, Ry () € SO(A; ¥, (X, Qb%) ). Hence,
N-1
LR)(t) =) / e NP/ATIgN . R, + / e ANP/AI R (A)dA,
=0 JT r

where I' is any contour in A of the form given in Figure 8. Observe that for any j € Ny,

_ _ o ld— _ _ 0 | — /d¢N~
tAyp/d—3 _ 4j-p/d—1 Ayp/d—3 _ 3 J—P )
/re A d\ =t /1“6 A d\ = { ( t)]_p/d-l’ j p/de N. (57)

Also, observe that Cauchy’s Theorem implies [. A™¥Ry(X)dX = 0 for all k¥ > 2. Hence, for any
M € N such that p/d— N + M < -2,

Ru(t) = /P e PNIN Ry () d € CM ([0, 00)s; T (X, 0F)), (58)

with 8] Ry (t) =0 for j = 0,..., M. Now by (57) and (58), we can write

L(R)(t) = > t7P/41 R 4 Ry (t);

0<j<N-1,5-p/d~120

and thus, L(R)(t) € C*°([0,00)s; ¥, (X, QE)) since N is arbitrary. °

Remark: Observe that the result (56) still holds if we only assume that R()) is holomorphic for
all |A] > r for some r > 0 (in which case, to define £L(R), we take the contour I' of the form given in
Figure 8 such that |A| > r for all A € T).

1

PROOF OF THEOREM 4.2.1: By Theorem 4.1.1, £(A)(t) — 0 exponentially in ¥, (X, QZ) as
t — oo. Note that it suffices to prove Theorem 4.2.1 for ¢ A()\), when ¢ € C>(X2\ Ap), and when ¢
is a compactly supported function on a coordinate patch R™* x R™ on X7 such that A, = R™* x {0}.

1 1
Let ¢ € C°(X2\Ap). Then, ¢ A € ‘I’,Zxcf;p’d(X,Q;) = SPL4(A; U,°(X,QF)). Thus, by Lemma

4.2.3, ¢ L(A)(t) € C([0,00)¢; ¥, (X, Qé)) Now let R™* x R" be a coordinate patch on X}
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Figure 11: The manifold X3 .

such that Ay = R™* x {0} and let ¢ be any compactly supported function on the coordinate patch.

Then, we can write
1

AN = G

/eiz’g a(X,y, ) dE® v,

where v € Cm(Xg,Qé), and where for each y € R™*, (X&) = a(\,y,&) € Sl’\"’p’d(R") is resolvent
like. Hence,

P L(A)() =

By Lemma 4.2.1, for any k € Ny,

(271r)n / e L(a)(ty, O dE B .

L(a)(t,y,€) € C®((0,00); x RMF; S™°(RT)) N C*([0,00); x Ry*; SHF™HARE)).
Thus, for any k € No, ¢ L(A)(£) € C=((0,00); Ty (X, 2F)) N C*([0,00); TH+™+(X,07)). @

4.3 The blown-up heat space

Recall that in Section 3.9, we realized the space of one-step tempered operators as classical
conormal functions on an appropriate blown-up space. In this section, we will realize their Laplace
Transforms as classical conormal functions on an appropriate blown-up space.

Let X be compact with corners and let [0, 00)s be the half-line with variable s. We define

X2 g =[[0,00)s x X3;{0} x Ap].

Figure 11 gives a pictorial representation of X} ;.

We define tf := 8~1({0} x Ap) and tb := B~1({0} x X2 \ {0} x Ap), and we call #f the ‘temporal
face’ and tb the ‘temporal boundary’ respectively.
We now fix the notation for local coordinates on X, f g LetU = RZ"‘ x R7 be a coordinate patch

on X? with Ay = R™* x {0}. Then,

[0,00), x X7 2[0,00), x Ry* x R}
with {0} x A, = {0} x R* x {0}. Hence,
Xig =2 H* xRP*, where H" := [[0,00)s x R}; {0} x {0}].

Now by definition of blow-up, H" = [0,00), x st " where

(wo,w

pi= (2P + 52 e
s = (e + 202 4o { 20
W' = z/(|2]? + s%)1/? )
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Figure 12: Coordinates on H™ near tb

In H", we define tf := {p = 0} and tb := {wo = 0}. Then useful coordinates near tb in H™ are given
in Figure 12. These coordinates give a product decompostion

H™\ {wo =1} = [0,00), x [0,00),, x S27".
We now touch on the subject of densities. We claim that if ¢t = s¢, then

dt 1
|dz —|* € C(R2 x [0, 00), ),

1
when lifted to H", is of the form |dz %ﬁ =p2 p, where 0 < p € C®(H", 22). Indeed, observe that
since t = pdwd and z = pw’,

1
and for each i =1,...,n, dz; = w]dp + pdw,. Thus, |dz %[% = p"%ﬁu, where v € C®(S™! 0z).

(wo,w’)?
1
Since |dz %I% > 0, we must have v > 0. Thus, |dz %I% = p% p, where 0 < p € C®(H", Q7). More
generally, we have the following Lemma.
1
Lemma 4.3.1 Let 0 <v e C®(X2,0Z). Then,

v, At S
B wIZIE) =g
where 0 < p € C“(XE,H,QE).

4.4 The Structure Theorem
Let m € R with p/d € Z. Define the index set &£, 4 on X7 by

Em,a(ff) == No; Em,a(Ib) = Em,a(rd) := B; Em a(th) := dNy;

Ema(tf) = -;f +{(k—m—n~—d,0)|ke No}JT(No + dNo).
The Structure Theorem is the following.
1
Theorem 4.4.1 Let A()\) € lIfZ?]\’f’r‘is(X,Q,f), where m,p € R and d € RY with p/d € Z, be
resolvent like. Then if t = s¢, L(A)(t) |dt—t|% € Ai;l"f(Xf’H, Qb%) Moreover, ast ] 0,

LA DA~ I T py@+ Y T ogtke) + Y i (@),

kENg k,k_'g_"—dENo k€Ng

where for each k, vi, v, v € C(X, Q).

Corollary 4.4.1 Let A € £e47, (X, Qb%), m € Rt. Then if t = 5%,

dt 1 1
—tA = Em
B € gy, (02,08,
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, 1
Moreover, given any B € 97, (X,Qf), m' €R, ast]0,

Be s, ~ Y TR @)+ Y TR logt (@) + Y thi(e),  (59)

keNp k,"":l"" €Ng kENg

where for each k, Yk, Vi, 7o € C°(X, ).

PROOF: Just as we showed (52) and (53), one can show that
~ta_ &
et = S L(B)(t) + 5 L(R)(),

where B € ¥ "0 ™ (X, Q2) is resolvent like, and L(R)(t) € C*®([0,00):; ¥~=(X, Qé)) By
Theorem 4.4.1, L(B)(t) |%|3 € .Aphg(XgH,Ql), where & (G) = En(G) if G # tb and &, (tb) =
mNo. Also, observe that £(R)(t) %[} € A5y (X2 7, 0F). Thus, e~4 | &[5 € AT (X7 7, 07). But
note that as operators, e *4|;=¢ = Id, and the 1dent1ty is zero off of Ay. It follows that e~t4|4t|3
must vanish at tb. Hence, e~ |43 € Ai;Lng(Xb,H)Qb ).

Observe that if C € ¥ (X, Qf), m' € R, then Ce 4 = %E(CB)(t) + 5=CL(R)(t), where

CoB()\) € \I'b_,'\n:';: (X Qf) is resolvent like, and CL(R)(t) € C*([0,00)s; ¥~°(X, Qé) )-
Thus, the expansion for Ce~*4|, follows from Theorem 4.4.1. )

4.5 Proof of the Structure Theorems

Lemma 4.5.1 Let a(),€) € Xoh’;:](m)(R"), where m,p € R and d € RY with p/d € Z, be

resolvent like and let x(£) € C®°(R") with x(£) = 0 on a neighborhood of 0 and x(§) = 1 outside a
neighborhood of 0. Define

At) = / €€ X(€) L(a) (1, €) de.

Then if t = s¢,
A(t) € A0 (H™),

where Eif := {(k—m —n—d,0) |k € No}J(No +dNy) is the index set on H" associated to tf. Also,

A®)l=0 € AZ7([0,00)s),
where Fp, 4 is the indez set Fpq:={(k—m ~n—d,0)|k € Np }UdNp.

ProoF: In the coordinates

i (=P + 411 e
wo = s/(|z]> + s)V? ) o { ~ P
W' i=z/(|2]2 + s2)1/2 e

on H™, we can write A(s?) := [e#" ¢ x(€) L(a)(p?w, £) d€. Thus, making the change of variables
¢ — p~1¢ and using the homogeneity property of £(a)(t,£) found in Lemma 4.2.2, yields

A(st) = p~m=nd / €' € x(€/p) L£(a) (wl, €) de.

Hence,
(00 — (~m —n —d))A(s?) = —p~m~ / W€ (¢ . Dex)(€/p) L(a)(wl, €) de
- / 9" (¢ . Dex)(€) L{a) (o, €) d. (60)
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Since (€ - Dex)(€) = 0 near £ = 0 and outside a neighborhood of 0, the function

flu,v) = /eiuw"5 (€ - Dex)(€) L(a)(vwg, €) dE
is a smooth function of (u,v) € [0,00)2. Thus, we can expand the right hand side of (60) in powers
of p and p®:
(P8, — (=m —n —d))A(s?) ~ Y YA ;(wo,w"),

1,7=0
where for each i and j, 4; j(wo,w') = (8107 £)(0,0) € SO(S?Jt,w'))' Observe that A; j(wg,0) =0 for
i > 0. Thus, by Theorem 2.2.1, it follows that A(s?) € A% (H™) and A(5%)|,— € Afh";"([o, 00)s)- @
We now work on the expansion at tb.

Lemma 4.5.2 Let a()\,§) € C’X"’I’]’c’,ﬁ(m)(R"), where m,p € R and d € R* with p/d € Z, be

resolvent like and let x(§) € C°(R"™) with x(€) = 0 on a neighborhood of 0 and x(£) = 1 outside a
neighborhood of 0. Define

A= [ = x(9) L@ (t,6) de
Then if t = s%, A(t) € A (H"™), where &y := dNy is the index set on H™ associated to tb.
ProOF: We will use the coordinates
r=|z| s=rn
=/l b { 22T (61)
v =2/l

on H" found in Figure 12. Fix any N >> 0 and choose M >> 0 such that M +m+d > —n+ N +1.
Consider the function

919, 70,7) = uM / €€ (x(€) — 1) (BM L(a)) (wro, £) de,

where (u,v) € [0,00)%. By Lemma 4.2.2, for any k and |¢] < 1, there is a C > 0 such that

|0} L(a)(t,8)| < CgdMHRFm+d
< ClgT,
where we used that dM + m +d > —n+ N +1 > —n + 1. It follows that we can differentiate

g as many times as we want, with respect to any of its variables, and its integrand still remains

integrable. Thus, g € C* ([0, oo)?u’v) X [0, 00)4, X S:fl). Now in the coordinates (61), we can write

A(s?) := [ e € x(€) L(a)(riyd, €) dE. Set w := 4d. Then observe that
OMAs?) = piM / ™€ () (OM L(a))(rnd, €) de
M / €€ (OM £(a)) (i, €) dE + g(r, 1,7 7).

Making the change of coordinates £ — r~1y;'¢ in the first integral and using the homogeneity
property of L(a)(t, ) found in Lemma 4.2.2 yields

0,/ A(s?) = r_m_""dVEdM“m_"_d/ei%f B L(@)(1,€) dE + g(r, 7,75, 7).

Hence,
w8 A(s?) = rmm g f Mg (rd a8 ), (62)
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where f := [ e'70¢ (0M L(a))(1,€) d. We claim that f € v{'S°([0, 00), xS:,"l). Indeed, by Lemma
4.2.2, there is a C’ > 0 such that for any 3, there is a C > 0 such that

|82(8] £(a))(1,€) | < C || MHm+a=lol g=C el
Observe that since dM + m +d > —n + N + 1, for some C" we have

|~ NI g < 1

dM+m+d—|8} ,—C'l¢|? 1
cu BRI B R

Thus, for any 8,
3 aqM " |£|—"+N+l_|ﬁ|’ Ifl <1
10 (8" L(a))(1,8) | < C { le|=m=2-181, |¢] > 1.

Hence, by Lemma 3.10.1, f € 7§ 5°([0, 00), x SZ'). Since
wMoM = (w8, — M + 1) (wdy — M +2) -+ - (wdy — 1) (wd)
and 0,, = dwdy, (62) implies that

(Y0Byo — d(M +1)) (Y084 — (M +2)) -~ (Y085, — d)(7005,)A(s) €
o TG00, 00)5 X STTY) + 96 M Stoe (H™)-

Since N and M can be made arbitrarily large, by Theorem 2.2.1, A(s?) € A%+ (H™). °

Lemma 4.5.3 Let N € N, let m, p € R and d € Rt with p/d € Z and with m+|p| < —2N, and let
M e N with0 < p+dM < N. Letr(),§) € Slr\'t;p’d(R") and suppose that A > X — r(},£) € S™(R")
is holomorphic. Define

R(t) := / et s L(r)(t,€) dE.
Then, we can write

M-2

R(t)= Y _ t'Ri+ Ru(t),
=0

where R; € I"N*t"/4(R"™;{0}) and
Rar(t) € C®((0,00); I~ N+/4(R™;{0})) N CM 2 ([0, 00)s; I~V F/4(R™; {0}))
with & Rag(t)|y—o =0 for j =0,..., M — 2.

PROOF: Since 7 € S,'C’rp’d(R"), if we define 7(u, &) = pP/4r(1/p,€), then 7(u,£) € C°(Ac x R™)
and it satisfies the estimates: for any a and 8, there is a C > 0 such that

|00 (1, €) | < C (1 + |l Jgl)P/ 4121 (1 4 gyt m=r=12L,
Observe that for |u| bounded, for some C’ (depending on the bound on |u|), we have
(1+ |l JEIP/* L+ &) 7P < C'(L+ €D
Thus, for |u| bounded, for any ! and g, there is a C' > 0 such that
| 010 (1, )| < C (1 + [g et =Ia,
or, as m + |p| < —2N, we have

104087 (1, €) | < C (1 + g2V 1L, (63)
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Thus, for any [ and 3, there is a C > 0 such that
|8L077(0,€)| < C (1 + [gh*—>N-1AL.
In particular, since 0 < p+dM < N, for any 0 <! < M + p/d — 1, we have
7i(8) = 0,7(0,€) € STV(R™).

Let p = pw, where p = |u| € [0,00) and w = p/|p| € S N A be polar coordinates for x. Then,
as p'OLF(pw, &) = pt(0L,7)(pw, &), Taylor’s Theorem applied to the function p — #(pw,£), at p = 0,

yields
M+p/d—1

F,) = Y RO + Mt i, 8),
=0

where

Fu(p,§) = m/o (1- 5)M+p/d_1(ay+p/d7z)(3 p, €) ds.

Note that 7ar(p, &) € C®(Aee; STN(R™)) by (63). Since r(X, &) = AP/47(1/), €), we have, away from

A=0,
M+p/d—1

rNE = D WARE + AT R (AL g).
=0

Thus,
M+p/d—1

LotE= 3 / e=BAP/A-Lgy 7y () + / e=BA~M 7 (A £) d),
=0 r r
where I' is any contour in A of the form given in Figure 8. Observe that

oA n/de VR N 0 I -p/d g N;
tAyp/d—1 _ fl—p/d-1 Ayp/d—1 _ ) p )
/Fe AP/A=lg) = ¢ /Fe A d)\_{ Pt |- g e N, (64)

Thus, we can write

M+p/d—1 M2

> / eTPNH N R (E) = Dt m(€), m(e) € STVRM).
=0 r 1=0
Also, observe that Cauchy’s Theorem implies [[. \™*73;(A~1,£) dA = 0 for all k > 2. Hence,
mu(t,€) = [ AN Mry (g dy
r

is such that 7as(¢,€) € C((0,00); SNV (R™))NCM=2([0,00)s; S~ (R™) ) with &/ rpr(t,€)|4=0 = 0
forj=0,...,M —2. o
Remark: Observe that this Lemma still holds if we only assume that

A3 X = r(A¢§ e SR
is holomorphic for all [A| > R for some R > 0 (in which case, to define £(r), we take the contour T'

of the form given in Figure 8 such that [A| > R for all A € T).
For each m € R and d € R™, define the index set £, 4 on H” by

Ema(th) := dNo; Em a(tf) := g +{(k—m—n—d,0)|k € No}T(No + dNo).
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Lemma 4.5.4 Let a(),§) € S}\"T’;S(Rn), where m, p € R and d € RY with p/d € Z, be resolvent
like and define

At) = / e L(a)(t, £) dé ® |dz|?.

Then if t = 54, A(t) ldtl' e Al (H",Qé) Moreover, ast | 0,

phy

k=m-—-n _ —m-—n _
ABlmo~ Y F et 3 Mogti + ) t*,
k€No kk=m=n _31eNg keNo

for some constants v, ’y;c, v € C.

PRroOF: By Lemma 4.3.1, when lifted to H", |dz£’t3|% = p3p, where 0 < p € C°°(H",Qb%). Hence,
if £, 4 is the index set

8;,1,d(tb) := dNo; S:n’d(tf) :={(k—m—-n—-d,0) |k € No}U(Ng + dNop),
then it suffices to show that if

AW = [ e L) de

then A(s%) € Ap;:gd (H™) and A(s%)|.=0 € .Aphg ([0,00)5), where F, 4 is the index set

Fpa={(k —m—n—d,0)|k € No}TUdNo.
Since a(),€) € SpEARR), a(A€) ~ 2o X(€) am—j(A,€), Where am—,(A,€) € CTima ) (R")

A,ros Ahom(m—j)
for each j, and where x(¢) € C®°(R") is such that x(¢) = 0 on a neighborhood of 0 and x(¢) =1

outside a neighborhood of 0.
Thus, for any N >> 0, we can write

")—ZA m—j(s%) + Rn(s%), (65)

where
Ap—j(s%) =/6"z"i X(€) L(am—;)(s%,€)d¢ and Ry(s?) = /ei‘“E L(rn)(s%, €)de,
where ry (), €) € S, N.pd(gn) By Lemmas 4.5.1 and 4.5.2, for each j,

A J(s)GA

oho (H™) and Apm—;(5%)|:=0 € Aphg ([0, 00)s).

Also, by Lemma 4.5.3, for any N >> 0, there is an M >> 0 such that

M-2

(sd) = Z slel + RM(Sd),
=0

where Ry(z) = [ €€ ri(€)d¢ with r(€) € STN""1(R"), and Ry(s?,2) = [ e rp(s? €)d€ with
rm(t,€) € C°°((O,oo)t,S N-n-1Rn)) 0 CM=2([0,00);; S~V """1(R™)) such that Hra(t,€) =0
for j =0,...,M — 2. Hence, for some M >> 0,

Z pwi' Ry(pw') + Rur (p*wi, pu).

Since r;(£) € S~NV-""1(R"), one can check that R;(pw') € CN(H™), and since
ra(t,€) € C=((0,00);; STVT"THR™) ) N CM2([0,00); STV THR™) )
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with &frar(t,€) = 0for j =0,..., M — 2, one can check that Ry (p%wd, pu') € pP*wikSY |, (H™) for
some k >> 0 (depending on M). Thus, Proposition 2.2.1 applied to the expansion (65) shows that
Ema

phg

A(s?) € At (H™,QF) and A(s%)],=0 € AT ([0, 00),).

PROOF OF STRUCTURE THEOREM: By definition,

et (X,07) = {A € IR (XE, A, 0F) | A= 0 at IbUrb}.

ros

Thus, off of Ay,
o (X,072) C SELYUA; U0(X,07)),

and in any product decomposition X7 = R™* x R?, where A, = R™* x {0}, we can identify

wed (X,02) = ITRIRM x R, R™ x {0},07).

ros

Thus, Theorem 4.4.1 follow from Lemmas 4.5.4 and 4.5.3. ®
Note that when B = Id, there is a logt term in the second sum in the expansion (59) when
k = n. The following Corollary shows that there is actually no logt term.

Corollary 4.5.1 Let A € £067%, . (X,Q7), m € R*. Then ast |0,

k—n k—n
e ay~ Dot @)+ Yt logtap(z)+ Y thyp(a),

k€No kEneN k€N,

m

where for each k, i, i, 7i € C®(X, ).

Proor: We will leave this as an exercise with hints.

L. Let a(,&) € Sy 75, ™™ (R™) be resolvent like and let

Tos

]

a(X, &) ~ Y x(€) am—, (A, ),

=0

where am—;(A, &) € Cfﬁgz(’fm_])(R") for each j, and where x(§) € C*°(R") is such that

x(€) = 0 on a neighborhood of 0 and x(£) = 1 outside a neighborhood of 0. Define A(t) :=
J L(a)(t, &) d€. Show that in Lemma 4.5.4, the coefficient of the logt term in the expansion of
this A(t) is given by

- [ (€ 00000 Llomn-n) 0.0 d = [ Llacm-n)(0.0)do

Subhint: See the proof of Lemma 4.5.1.

2. With the same set-up as in (1), suppose that £(a)(0,£) = C, where C is a constant. Show that
L(a_m—;)(0,€) =0 for all j > 1. In particular, if £(a)(0,£) is constant, then the expansion of
A(t) as t | 0 has no logt term.

3. Locally decompose X; = R»* x R, where Ay = R?* x {0}.. Then in this decomposition,
we can identify

WX, OF) = IR x R, R x {0}, 08).

T0S

Let ¢ € C*°(X}) be supported in this product decomposition. Then observe that ¢ e~*4|;—g =
#old = ¢(y,0). Hence, using (2) above, show that the expansion of (¢e~t4)|a, as t | 0 has
no logt term.
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5 Mellin Transforms

5.1 Mellin Transforms and Complex Powers

Let m, p € R, d € R*, and let A()) € ¥} X, Qb%) be holomorphic and positive and suppose
that AU B. 3 A = A()) € U*(X,}) is holomorphic for some € > 0. Let ¢ € C%(X, Q7). Then,

by Theorem 3.5.1, A(A\)¢ € SP/4(A; C®(X, Qb%) ). Let T' be any contour in AU B, of the form given
in Figure 13. Then for each 7 € C with Im7 < —p/d — 1, the integral

M(A) () := /F A= A(N)p dA (66)

converges in C°(X, QE_’ ), where A™*" is defined by using the principal branch of the logarithm.
Observe that since A()) is holomorphic on A U B, the integral (66) is defined independent of
the contour I' choosen (where T is of the form given in Figure 13). Since for any £ € N and

Im7 < —p/d — 1, A= (log A\)* A(\)¢ is still integrable in C=(X, Qé), it follows that
M(A)(7)¢ € Hol({ImT < —p/d —1}; C=(X, Q7))

Definition 5.1.1 Let m,p € R, d € R*, and let A(\) € \Ilg'f,’\p’d(X, Qf) be holomorphic and
positive and suppose that A()) extends to be holomorphic on a neighborhood of A = 0. Then the
Mellin Transform of A is the map

MA)(T) : 62(X,0F) = Hol({ImT < —p/d — 1}; C=(X,0F))
defined by equation (66) for any contour I' of the form given in Figure 13.

Remark: Since Resolvent like operators are, by definition, holomorphic on a neighborhood of 0,
their Mellin transforms are always defined.
The ‘most important’ examples of Mellin transforms are Complex powers. Thus, let A €

886{,’}A(X,Qf ), m € R*, where A is a positive cone and suppose that the resolvent (A — A)~*
extends to be holomorphic on A U for some connected neighborhood U of A = 0. Then by The-

orem 3.7.1 and Theorem 2.5.2, there exists an € > 0 such that (A — X)~' € " ""™"™¢(X, Qé)
is resolvent like. Let T' be any contour in A of the form given in Figure 13, where I' € AUU. For
Rez < 0, we define A® by

A% = o /F X (4= N7 = - M((A = N7 (3).

Note that since (A — X)~! is holomorphic on AUU, the integral defining A is well-defined, indepen-
. 1 1
dent of the contour I' choosen. Observe that A* : C*°(X,Q?) — Hol({Rez < 0}; pHg*(X,Q})),

r
A Im

(o)

Re A

Figure 13: The contour I'.
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Figure 14: The contour I

and it extends to an operator
AT p H(X,0F) — Hol({Rez < 0}; p H®(X, 1)),

Now let A € €€£{7’}A(X , Qb%), m € R*, where A is a positive cone, be formally self adjoint and
positive, and suppose that A is Fredholm. Then by Theorem 3.7.1 and Corollary 2.5.2, there exists
a connected neighborhood ¥V C C containing 0 and an € > 0 such that on AUV, (A - X)"! €

1
T, " OY(X, QF) is meromorphic with only a simple pole at A = 0 given by —m, where w €

1
Y—o0¢(X,Q7) is the orthogonal projection onto ker A.

Lemma 5.1.1 Let A € £47 (X, Qb%), m € R, where A is a positive cone, be formally self adjoint
and positive, and suppose that A is Fredholm. Let w be the orthogonal projection onto the kernel of
A and define Ay := A+ w. Then,

(Ao =N =(A-N"T+ A1 -N)"1r

1
It follows that (Ao — \)™' € ™™ X,QF) is resolvent like. In particular, the complex

power, A is well defined, and the heat kernel e~t4° ypanishes exponentially as t — co. Moreover,
e~to = (e7t — 1) 4+ e t4,

Proor: We will leave the resolvent identity to the reader as an exercise. Then the heat kernel
identity follows by taking the Laplace transform of the resolvent identity. ®

5.2 Mellin and Laplace Transforms

Recall that the gamma function, T'(z), is the function

[(2) := /Ooo t*"le~tdt (67)

defined for all z € C with Rez > 0. Recall that the gamma function extends to be a non-vanishing
meromorphic function on all of C having only simple poles on —Ng, with residue (—1)*/k! at
—k € —Np. In particular, 1/I'(z) is an entire function, vanishing on —Ng. Also recall that the
Gamma function has the ‘factorial property’ I'(z + 1) = 2T'(z). Let A € C with ReX > 0. Then
making the change of variables ¢ — At in the intergral (67), we find that for any z € C with Rez > 0,
D(z) =X [y t77 emdt; or A% = 5 o7 t7 7  e7t .

Lemma 5.2.1 For all A € C with Re A > 0 and z € C with Rez > 0, we have

1 oo
Ao / 11 et gy,
T'(2) Jo
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Let m, p € R, d € RY, and let A(\) € &7 (X, Qb% ) be holomorphic and positive and suppose
that A()\) extends to be holomorphic on A U B, for some € > 0. Then the Mellin Transform
M(A)(r) : C=(X,02) = Hol({ImT < —p/d — 1}; C=(X,Q))

is defined. We defined the Mellin transform by using any contour as in Figure 13, but of course,
we can deform the contour so that it looks like the contour I' in Figure 14. For the rest of this
subsection, we will use the contour in Figure 14 to define the Mellin transform. Using this new
contour T, we can also define the Laplace transform £(A)(t) := [ e™** A(A) dX. By Theorem 4.1.1,

L(A)(t) € C®((0,00)s; ¥, (X, Qb%)) and L£(A)(t) = 0 exponentially in ¥, (X, Qb%) as t = oo.
Also, given k € Ny and M € Nj such that p/d — M < —k — 1, for any N € Ny, we have

PN L(A)(E) € C((0,00); B (X, 08)) 1 CH([0,00)5 177~V (X, 0)).
Thus, the following interchanging of integrals is allowed for Im 7 << 0:

M(A)(7)

/r AT AN dA

- / /oot"‘le‘”‘A(/\)dtd)\
L@T) Jr Jo

1 /Oo '—1/ —tA
= — ' e " AN dXdt
L(ir) Jo r )
1

= m/(; t"_ [:(A)(t) dt.

Lemma 5.2.2 Let m,p € R, d € R*, and let A()) € \I';'?;\p’d(X, Q,%) be holomorphic and positive
and suppose that A()\) extends to be holomorphic on a neighborhood of A = 0. Then, for Imt << 0,
we have

M(A)(r) = 1“—(1?) /0 h t7LL(A) (L) dt.

5.3 Conormal nature of Mellin Transforms

Throughout this section, fix a positive cone A C C. Let m, p € R and d € R* with p/d € Z.

Recall that a symbol a(}, £) € SpP*(R™) is resolvent like if there exists an € > 0 such that a(},£)
extends to be a smooth function, holomorphic in A, for (A, €) in

() €CxRMAEA or |\ <e(l+[E)* or %(1 +1ED® < 1Al (68)

and moreover, a(), £) continues to satisfy similar symbol estimates for (), ) in the set given by (68)
as for (A, €) in A x R™.

Recall that an operator A € ¥ ’Td(X , Qb% ) is resolvent like if
1. AUB. > A = A(X) € IP(X, Qb%) is holomorphic for some € > 0 and

2. for any coordinate patch R}"F x R? on X7 such that A, = R™* x {0} and any compactly
supported function ¢ on the coordinate patch, we have

1
(2m)"

where v € C°°(X,?,Qb%) and where for each y € R™, (), &) = a(\,y,&) € SPPUR™) is
resolvent like.

pA=

/ e a(X,y, &) dE® v,

We will prove the following Theorem.
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Theorem 5.3.1 Let A(\) € ‘PZ’}C’Td(X, Qb%), where m,p € R and d € R* with p/d € Z, be a
resolvent like operator. Then, the Mellin transform

MA)(T) : C®(X,0F) — Hol({ImT < —pjd — 1}; C=(X,0F))
extends to be an entire map
M(A)(7) : C<(X,0F) = Hol(C; C®(X,02)).

1
Moreover, for each T € C, M(A)(7) € \Iiglm THmtd x Q7) and is an entire family of b-pseudodiffer-
ential operators in the sense that for each R € R, the map

{reC:Im7<R}>7 = M(A)(7) € lI,dem‘r+m+d(X’ Qb%)
is an element of Hol(ImT < R, lIlgR+m+d(X, Qb%) ).

Corollary 5.3.1 Let A € £, (X, Qb%), m € R, where A is a positive cone and suppose that the
resolvent (A—X)~! extends to be holomorphic on AUU, where U is a neighborhood of A = 0. Then for

1
each z € C, A% € \IIZ"R”’C’C’C(X, Q7)) for some € > 0, and is an entire family of b-pseudodifferential
operators in the sense that for each R € R, the map

1
{zeC:Rez< R}z A* € \I'E"R”*“‘(X, 07)
is an element of Hol(Rez < R, \P,'J"R’e"’e(X, Qb%) ).

Corollary 5.3.2 Let A € £\ (X, Qb%), m € RY, where A is a positive cone, be formally self

1
adjoint and positive, and suppose that A is Fredholm. Then for each z € C, A% € \IJ?R”’”’G(X, QF)
for some € > 0, and is an entire family of b-pseudodifferential operators in the sense that for each
R e R, the map

S o=

{z€C:Rez< R} 3z = Af € URem905(x OF)
1
is an element of Hol(Rez < R, 994X, 07)).
To prove Theorem 5.3.1, we start with the following Lemma.

Lemma 5.3.1 Let m, p € R, d € R*, and let a(\, £) € STP4R™) be a resolvent like symbol. Let
I' be any contour in A of the form given in Figure 14 and define

M(a)(r,€) = /F AT a(), €) dA

for Im7 << 0. Then, M(a)(7,£) extends to be entire in 7. Moreover, for each T € C, M(a)(,£) €
Sdlmr+m+d(RnY gnd is an entire family of symbols in the sense that for each R € R, the map

{reC:Im7 <R} 37 = M(a)(r,&) € SUmT+m+d(gn)
is an element of Hol(Im 1 < R, SiE+m+d(Rn)),

PROOF:" Since a(A, €) is resolvent like, there exists an € > 0 such that a(), £) extends to be a smooth
function, holomorphic in A, for (A, £) in

{(M €CxRMA€A or N[ <e(1+]E)? o %(1 +IENT < Ak (69)

"This proof is based on the proof given in Grubb (4, Lemma 4.2.3].
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and moreover, a(), £) continues to satisfy similar symbol estimates for (), £) in the set given by (69)
as for (A,€) in A x R™. Let £ € R™. Then, as

AUDAECIIN <+ [E)* o -1 +IED? <IN} Am a(h8)

is holomorphic, it follows that M(a)(t,&) = fr A7 a(N, €) dX, where T'¢ is the contour shown in

Flgure 15, where the radius of the inner arc of I'¢ is £(1 + |€[)¢ and the radius of the outer arc of
T¢ is 2(1+ |¢])%. Tt follows that M(a)(7,§) extends to be entire in 7. We now prove that for each
T € C, M(a)(r,£) € S¥m7+m+d(R") and is an entire family of symbols in the sense that for each
R € R, the map

{reC:Imr < R} > 7~ M(a)(1,§) € gdlmT+mtd(gny

is an element of Hol(Im7 < R, S*F+m+d(R")). Let k € No and 8 € Ng. Then,
0k M(a)(r,€) = /F AT (—ilog ¥ 07 a(), €) dA.
£

Observe that

1. the length of ¢ < C; (1 + |¢])? for some Cy > 0 (independent of £);

2. AT < C'(1 + €)™ for all A € T¢, for some C' > 0 (independent of §);

3. |log A|* < C"}log((1 + |€])?)|* for all A € T¢, for some C” > 0 (independent of &);

4. there exists constants Cy and C§ such that for all A € ¢,

|02a(X,€)] < Co(L+ MM+ [€)P (1 +[ehmP 1l

< G+ gy
Hence,
|0EEM(@) (&) < [ Il logM* [ 8fa(A,€) | dA
Te
< CLA+IEN O+ |E)HmT - Clog (1 + [EN)F - Co(L + (€)™
< C(L+[ghHmrtmta=ifllog(1 + [¢])|*.

Thus, for any k € Ny and 8 € N, there is a C' > 0 such that
| 0588 M(a)(r,€) | < C (1 + [¢))mmrmHa=18T | log(1 + |¢])|*.

This estimate implies that for fixed 7, M(a)(r,£) € S¥™7+™+4(R?) and that for each R € R, the
map
{reC:Im7 < R}> 71+ M(a)(r,€) € gdlmr+mtd(gny

is an element of Hol(ImT < R, S¢E+m+d(R")). Y

Z\

A

s;fjjy LK
A

Figure 15: Deformation of the contour I into the contour L.
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Lemma 5.3.2 Let R € \I'b_x;”’d(X, Qb%) = SP/(A; U, (X, Qb%) ), where p € R and d € R* with
p/d € Z, be holomorphic and suppose that R()\) extends to be holomorphic on a neighborhood of
A=0. Then,

M(R)(r) € Hol(C; U7 (X,02)).
Proor: By Lemma 5.2.2, for In7 << 0, we have M(R)(7r) = ﬁ f0°° t'"~1L(R)(t) dt. By Lemma
4.2.3, L(R)(t) € C*([0,00)¢; ¥; (X, Q7)) and L(R)(£) — 0 exponentially in ¥; (X, 2}) as t -
oo. It follows that 1—7};)— [t L(R)(t) dt is an entire function of T € C. Thus, we just have to show
that ﬁi;) fol "1 L(R)(t) dt extends to be entire. Since, L(R)(t) € C([0,00)s; ¥; ®(X, Qb%) ), for

any M € N, we can write
M—1

LR)(t) = > 'R +tMRy(t),
=0
where R; € ¥ (X, Qb%), and Rp(t) € C*([0,00)¢; ¥, (X, Qb%)) Hence, for any M € N, for
Im7 << 0,

1 ' = 1 ! -1 1 ! M-1
-t = 1y / girtM - t) dt
F(if)/o R a ; F(ir)/o Bt v B ()
M-1

]

1 1 1 LMot
ir t) dt.
< T(ir) Tt F(iT)/O ! B (1)

Observe that since 1/I'(i7) is entire and it vanishes when i € —No, for any | € No, (7 77 19
entire. Also, observe that fol tTM=1 R (t) dt is holomorphic for Im7 < M. Thus, as M € N is

arbitrary, #T) fol "~ L(R)(t) dt extends to be an entire function of 7. °

PrOOF OF THEOREM 5.3.1: Note that it suffices to prove Theorem 5.3.1 for ¢ A(\), when
¢ € C(XZ\ Ap), and when ¢ is a compactly supported function on a coordinate patch R™* x R
on X} such that A, = R™* x {0}.

Let ¢ € C°(X? \ Ap). Then,

A€ U, 0f) = SEAN (X, 0)))
and ¢ A(A) is holomorphic on a neighborhood of A = 0. Thus, by Lemma 5.3.2, M(¢ A)(7) €
Hol(C; T (X,0F)).

Now let R™* x R™ be a coordinate patch on X7 such that A, = R™* x {0} and let ¢ be any
compactly supported function on the coordinate patch. Then, we can write

1

PAN) = —— /e” £ a(\y,8)dE @,
(2m)n

where v € C* (X, Qb%), and where for each y € R™*, (X&) = a(),y,§) € SX”p’d(R") is resolvent

like. Hence,
1 .
iz-§
@) /e M(a)(1,y,8) dE Q@ v.

By Lemma 5.3.1, M(a)(7,y,£) extends to be entire in 7 and for each 7 € C, M(a)(r,y,¢) €
Co°(R™F; gm7+m+d(Rn)) and is an entire family of symbols in the sense that for each R € R,
the map

M(pA)(r) =

{reC:Im7 < R}> 71 = M(a)(r,y,£) € CX(R™M*; gdlm7+m+d(gn))
is an element of Hol(Im7 < R; C®(R™F; Sdf+m+d(Rn))) Tt follows that M(¢ A)(r) extends to

1
be an entire function of 7 such that for each 7 € C, M(p A)(1) € T ™+ (X O2) and is an
entire family of b-pseudodifferential operators in the sense that for each R € R, the map

{r€C:Imr <R} 357 m M(pA)(r) € Timr+mtd(x 02)
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is an element of Hol(Im T < R, WFR+m+d(x, Qb%) )- 4

5.4 Restriction to the Diagonal

Lemma 5.4.1 Let £ be an index set (not necessarily C*°) such that £ C C x {0,1} and such that
EN(C x {1}) € No x {1}. Let u(t) € AL, ([0,00);) and suppose that u(t) is Schwartz at oo,
thus, for any k € N, tfu(t) is bounded outside a neighborhood of 0. Denote the coefficients of the
ezpansion of u(t) by u( ), where (z,k) € £. Define for Im7 << 0,

1 i1
= = AL .
o) = T /0 w(t) dt
Then, v(T) extends to be a meromorphic function on all of C having only simple poles at the points
i-{z|(2,0) € £ and z ¢ Ny, or (z,1) € £}.

The residue of v(T) at T = iz, when z & No, is —i ;‘EZ_‘;)), and when z € Ny, the residue is

i(=1)**T(z + 1) u(,,1). Moreover, the regular value of v(7) at T = 0 is w(,0) — 7 - U(o,1), Where
v :=limpooo(1+ 5+ 5+ + 1+ —logk) is Buler’s constant.

PRrOOF: For Im 7 << 0, we can write

1 ® iT—
v(r) = m/o t7tu(t) dt

—_ _1__ ! r—1 _L ® ir—1
= /0 t u(t)dt+r(iT) /1 7= 1u(t) dt.

Since u(t) is Schwartz at ¢ = oo and since 1/I'(¢7) is an entire function vanishing at 7 = 0, the term
ﬂli_rS floo "~ 1u(t) dt is an entire function vanishing at 7 = 0. Thus, we need only concern ourselves

with the term F(lir) fol ti"~lu(t) dt. Fix N >> 0. Then there is an M >> 0 such that

u(ty= Y. Fuge+ Y. tlogtucy+ D trupe) +tMum(t),
kgNg,z<N z€Np,z<N k€N, kLN

where upr(t) € SO _([0,00);). Observe that for any z € C with Rez >> 0, we have

loc

1 1 1 1 1
/tz‘ldt=— and / tz*llogtdtzaz/ 7l dt = — .
0 z 1] 0 Z

Thus, for Im7 << 0,

1 /1 _— 1 1
—_— t“— u(t dt = " U, — —_— 3 U(z 70
tn Jy 1% = 2 T s e 2 e e 70
1 | Y P
+ E s Y(k0) T e /t”+ 'luM(t)dt.
kENaE<N L(ir)(iT + k) L@ir) Jo

Now observe that since I'(z) has simple poles only on the set —Np, with residue (—1)7/j! =
(-1)//T(j +1) at —j € —No,

1. if z ¢ No, 1/[C(47) (47 + z)] is meromorphic having only a simple pole at iT = —2, with residue
—i/T'(—2), and it vanishes at 7 = 0;

2. if z € Ny, 1/[[(47) (iT + 2)?] is meromorphic having only a simple pole at iT = —z, with residue
i(=1)**T(z + 1);
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3. if z € Ng, 1/[T'(ér)(iT + 2)] is entire and vanishes at 7 = 0, unless z = 0, in which case it has
the value 1 at 7 = 0.

Also, observe that ﬁ fol 7M=Ly, (¢) dt is holomorphic on {Im7 < M — 1} and it vanishes at

7 =0 for any M > 1.
It follows that v(7) extends to be meromorphic on all of C, having only simple poles at the points

i-{z|(2,0) € £ and z € Ny, or (z,1) € £}

where the residue of v(7) at 7 = iz, when 2z & Ny, is —¢ PEZ 2)), and when z € Np, the residue is

i(—1)**'T(z 4+ 1) u(;,1). It also follows from (1)—(3) that the regular value of (70) at 7 = 0 is

u(g,0) — [the regular value of at 7= 0] - u(,).

1
T(ir) (ir)?

Since T'(2)2%2 = 2[(z + 1), the regular value of 1/[['(2)2*] at z = 0 is 8:(2 ;rp7yy)

(2 . . I
- %I o . Since (see [3, page 179]), F( = ‘__'Y—Zkzl(m“ %), it follows that W(f% =-
and hence, the regular value of 1/[T(z)2? at z =01is v. °
Let A()\) € lIl;"Apr‘is(X, Qb ), where m, p € R and d € R* with p/d € Z, be resolvent like. Then

by Theorem 4.4.1, as t | 0,
Blay~ Yt T Iy@+ Y T egtyhe) + S th(a),  (T1)

k€N ’C,k_rg_" —1€Ng k€ENg

where for each k, v, v, 74 € C®(X, ). Also, by Theorem 5.3.1, for each 7 € C, M(A)(7) €

1
gilmrmid( ¥ 02) and is an entire family of b-pseudodifferential operators in the sense that for
each R € R, the map

{reC:Imr <R} >7 — M(A)(r) € Pfmrm+d(x, Qb%)

is an element of Hol(Imt < R, Ggftm+d(x, Qb%) ). Thus,

{reC:ilmr< "2 _1}57 = M(A)(7)|a, € C®(X, Q)

is holomorphic. By Lemma 5.2.2, for InT << 0, we have M(A)(1) = ﬁfooo T 1L(A)(¢) dt.
Also, by properties (43) and (44) of Theorem 4.1.1, it follows that for Im7 << 0,

— 1 * r—1
MAOlas = gy [ E7HEDO )
Thus, Lemma 5.4.1 gives the following.

Theorem 5.4.1 Let A()\) € ‘I'Z”;\p’ms(X Q 2), where m,p € R and d € R* with p/d € Z, be
resolvent like. Then the Schwartz kernel of the Mellin transform M(A)(t), when restricted to Ay,
extends from Im 7 < ==L —1 to be a meromorphic function on all of C, with values in C*°(X, ),
having only simple poles at the points

k—m —
i-{zk=#—l:k€No}.

The residue of M(A)(7)|a, ot T = izx, when z;, € N, is —i F( el and when z, € Ny, the residue

is i(—1)**t (2 + 1) v}, where v¢ and v}, are given in the expansion (71) above. Moreover, the
regular value of M(A)(7)|a, at 7 =0 is

the constant term in the expansion of L(A)(t)|a, as t 10
~ 7 - (the coefficient of logt in the ezpansion of L(A)(t)|a, as tl0),
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where vy is Euler’s constant. In particular, if the ezpansion of L(A)(t) ast | O has no logt term,
then M(A)(7) is holomorphic at T =0 and

the value of M(A)(T)|a,at T=0
= the constant term in the expansion of L(A)(t)|a, as t 0.

Let A e ¥ (X, Qé), m € RT be elliptic, formally self adjoint, and positive. Then it follows

b,os
that A has a positive principal symbol (see, for example, [7]). Thus, A € £€7" (X, Qb% ) for any
positive cone A. Hence, by Corollary 4.5.1,

s, ~ Y T @)+ Yt logtyi(@) + Y (@), (72)

k€N k,”'T"eN k€N

where for each k, v, 7}, Vi € C®°(X, Q). Now suppose that A is Fredholm. Then by Lemma 5.1.1,

et = (e7t — 1)7 + e~*4, where A := A + m, with 7 being the orthogonal projection onto the

kernel of A. . In particular, e~t4°|, has an expansion of the same form as in (72). By Corollary
1

5.3.2, for each z € C, Az € ¥"Re*%¢(X,Q7) for some € > 0. In particular, A3|a, € S™(X, Q)

for Rez > n/m.

Corollary 5.4.1 Let A € lI/{,’,‘Ds(X, Qb%), m € R7T be elliptic, formally self adjoint and positive, and
suppose that A is Fredholm. Then the Schwartz kernel of the Complex power Aj, when restricted to
Ay, extends from Rez > n/m to be a meromorphic function on all of C, with values in SO€(X, Q)

for some € > 0, having only simple poles at the points

n—k

{zr = : k€N, zr #0}.

The residue of Af|a, at z = z;, when 2z, € N, is Tzkzk—)’ and when zr € N, the residue is
(=1)*+1T (2, + 1) v, where v and v, are given in the expansion (72) above. Moreover,

the value of A|a,at 2 =10
= the constant term in the expansion of e 4|, as t L 0.

6 The b-Trace

6.1 b-Trace
Lemma 6.1.1 Let f € S®7([0,1)%), where 0 <n < 1. Then we can write

f@1,.. k) = FO) + Yzt -z, fila),
I

where the sum is over all I = (iy,...,4),1 <141 < --- <4 <k, and where for each I = (i1,...,4),
rr = (z‘h?’ .. 7‘T’il) and fI € SO’O([()? l)l)
Moreover, if n = 1, then for each I,

1 1
fz(zf):/ / (Ous, ++Ou., f 0 gr) (s - iz )t -+ s
0 1]

where gl("L‘I) = (yl’ . ~'ayk)7 with
y,_{ 0, ifigl
P =

&, ifi=ij.
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PROOF: The proof is by induction on k. Thus, assume k = 1. Then by definition of S%7([0, 1)),

f(z) = (0) + 2" fa(2), (73)

where fi(z) € S%9([0,1)), and where by the fundamental theorem of calculus, if = 1, fi(x) =

fol (Oz f)(tx)dt. Thus, our Lemma is true if k = 1. Assume our Lemma is true for k; we’ll prove it
is true for k 4+ 1. Applying our Lemma to the first k variables of f(zy,...,zky1) yields

F@y s @rn) = FO,mpp1) + Dzt -2y fr(er, zaga),
T

where if n = 1, then fr(z;, zx41) = fol -~-f01(é?ml1 <+ O, fogr) (124, - - - iy, Trs1 )dty - - - dty, Where
g1(®1, Tk+1) = (Y1, -+ - Y&y Thy1), With

0, if i &I
yi:{ 7

x;,, ifi=1i,

Applying (73) to each of the terms f(0,zg+1) and fr(zy,Tr+1) with respect to the variable T4,
yields our Lemma for k + 1. °
Let X be compact with corners. Fix an ordering of the boundary hypersurfaces of X: M;(X) =
{Hy,...,Hy}, and fix boundary defining functions {p,}, where p; is a boundary defining function
for H;. Define
CY :={z=(z1,...,28) € CN |Rez; > 0 for all i}.

Observe that if A € ¥,"*°(X, Qé), then p*A, where p* = pi' --- pi¥, is trace class on L} (X, Qé)
for all z € C¥ with trace given by Tr(p* A) = Jx(p*A)|a,- Thus, C¥ 3 z +— Tr(p*A) is holomorphic.

Theorem 6.1.1 Let A € ¥, (X, Qé) Then we can write
Tr(p*A) = Y M, (74)
7

where the sum is over all IUJ = {1,... N} with INJ = §, and where for each I, f; : CIl - C is
meromorphic, with only simple poles, all on the set

{zr € C"l|z; € —N for some i € I}.
In particular, for each I, fr is holomorphic near z; = 0.

PROOF: Let {U4,}, where U; = [0,1)k x R?=* x RZ, (k > 0), be a coordinate cover of A, with
Ay = [0,1)¥ x R"* x {0}, and with the appropriate p,’s defining the [0, 1) factors, and let {¢,} C
C*>(X?) be such that ¢;|a, is a partition of unity of A, subordinate to the cover {U; N A} of Ay.
Then,

Ala, = Z(d’iA)IAw

and so Tr(p*A) = >, Tr(p*¢,A). Thus, we may assume that A is a supported in some U;, which
we now fix. For simplicity, assume that z; = p, for j = 1,...,k. Then, A = A(z,y, 2)| Ldydz|'/?,

- !
where A(z,y,z) € C®(U;). We can write p> =z .1, where r = pri1---pn, w = (z1,--.,2k),
Z
w' = (2k41,-.0,28), TV =21k, and 7 = p - pRY . Hence,

Tr(p*4)

dz
/pzA(w,y,O)-;dy

= /w‘”B(w’,x,y)dgxdy,
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where B(w', z,y) = r(z,y)* A(z,y,0). Observe that since r(z,y) > 0 for any (z,y) € [0, 1)k xRk,
B(w', z,y) is holomorphic for w’ € CN~*.
By Lemma 6.1.1, we can write

B(w',m,y) = B(w',O,y) + Zwil T -:Z:,',Bl(wl,l'],y)
I

. . 1
for some smooth functions By(w’,zs,y). Since for any a € Cy, [, s“% = %, we have

Z1 2k

1 2 t
Tr(p*A) = / B(w',0,y)dy + Z ————z— /zill ---xfI’BI(w',a:I,y)da:Idy, (75)
n Jk—1

where TUJ =(1,...,k).
By Taylors theorem, Br(w',z1,y) ~ Y., 3 Br,o(w',y), and so

2 2, 1
/mi11 ”.xi'lB](wlwhy)dxldyNZzz + o +l "z +al+1
o 1 k24

/BI o(w',y)dy.

This formula, together with (75), proves our Theorem. )
Observe that we can write (74) as Tr(p*A) = 3} JII<N f121) 4 #(z), where f(z) is holomorphic

zg
at 0. The number f(0) is called the regular value at z = 0 of the meromorphic function Tr(p*A4).

Definition 6.1.1 Let A € ¥, (X, Qb%) Then the regular value of meromorphic function Tr(p*A)
is called the b-Trace of A and is denoted by b—Tr(A). Thus,

b—Tr(A) := regular value of Tr(p*A) at z = 0.

Remark: If A € ¥, afn(x Q%) is in the calculus with bounds with o, 8 > 0 and 0 < 7 < 1,

then a proof similar to that of Theorem 6.1.1 shows that we can write Tr(p*A) =}, —’—zg‘:—’l, where
the sum is over all U J = {1,..., N} with INJ =0, and where for each I,

fri{zmeCz>-npforallie I} - C
is holomorphic. Then, b—Tr(A) is defined to be the regular value of Tr(p*A) at z = 0 just as in the
1
case A € ¥ °(X,07).
Proposition 6.1.1 If A € p}\Ilb_w’a’ﬁ(X, Qb%) with v > 0, then b—Tr(A) = Tr(A).

PRroOF: Note that Tr(p?A) is holomorphic at z = 0, and so its regular value at z = 0 is just its
value at z = 0. ®
Thus, the b-Trace is a generalization of the usual trace. However, unlike the usual trace, the
b-Trace does not vanish on commutators, as Theorem 6.1.2 below shows.
Let H,,,...,H; € M;(X). Then observe that M := H; N---N H;, is a disjoint union of

codimension k boundary faces of X. Given A € ¥, (X, Qf ), we define

/R ) b—Tr( Nas(A)(r) )dr = > /R ) b—Tr( Np(A)(7) )dr.

F =component of M

Lemma 6.1.2 If A € ¥, (X, Qb%), the reqular value of z1 -+ -z Tr(p*A) at z =0 is

ﬁ /R b=Tx(Nyy(4)(7) ),

where M = Hy N ---N H, and where the b-Trace appearing in the integral is the b-Trace on
L

Uy (M, Q).
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PRrOOF: Let x € C°([0,1)) with x = 0 near z = 0. Set x, := x(z;) € C(X). Then, we can write
A=x1-xxAd = xe — DA
Observe that

xivxe—1 = (a—Dxexe+xe---xp—1
Ca—Dxz-xe+x2—Dxs--xp+xs--xx—1

I

k

= > 06— DXt Xk

=1

Also, observe that if 1 < ¢ < k, then since x; — 1 = 0 near z, = 0,

Tr(p*(xi — DXt -+ - xxA4)

is holo