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ABSTRACT

For the Laplace equation 729=0 in curvilinear Euclindean
co-ordinates (u,v,w) to be directly separable into two equations,
one for S and one for z, when the solution is ©=R(u,v,w)S(u,v)
Z(w) with fixed R, it is necessary and sufficient that the
surfaces w=constant be orthogonal to the other surfaces and
be parallel planes, planes with a common axis, concentric
spheres, spheres tangent at a common point, spheres through
a fixed circle, or the spheres and plane generated by rotating
bipolar co-ordinates about the line Joining the poles. We
have R=1 always and only in the first three cases; here, but
only here, the wave equation separates in the sense RSZ, and
hence for the wave equation R=1 automatically.

For further separation of the equation found above for
8, when 8=X(u)¥(v) so that the solution is now RXYZ, it is
necessary and sufficlent that the co-ordinates be toroidal,
or one of those where the wave equation so separates, or any
inversions of these. The co-ordinates where the wave equation
so separates, moreover, are only the well-known cases where
this happens with R=1, namely, degenerate ellipsoidal or
paraboloidal co-ordinates; in these cases, but only these,
R=1 for the Laplace equation too. Co-ordinates for RXYZ
separation of the Laplace equatlion have the group property
under inversion.

The above assumes separation of the equation, which is
more restrictive than mere separation of the solution; for
example the solution separates with R=1 in all confocal
co~ordinates, while the equation separates with R=1 in the
degenerate cases only. BSeparation of the equation in one
step 1s equivalent to existence of a two-parameter family
RX;1,Y,2, together with 9X/3a~=3X/db and a certain auxiliary
assumption (Theorem VI in Sec. 9.1). Segaration in two
steps as above is equivalent to RX. ¥ .7y plus VI, but for
the general case RX nY. 17y, the equation does not separate.
Ir VI is satisfied,%ﬁis last case is equivalent to existence.
of three solutions independent in a certain sense. For each
type of separation we have obtained the necessary and
sufficient conditions on R and the linear element of the space.
These conditions show how to determine R by inspection.
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SEPARATION OF LAPLACE'S EQUATION

ORIENTATION

0.0 The nature of the problem--Separation of variables is

one of the most frequently used procedures for solving
partial differential equations with preseribed boundary con-
ditions. The basis of the method is to assume a form for
the solution that involves functions of a single co-ordinate
only; for example, one may assume solutions of the type XYZ
or X+Y+Z, with X,Y and Z functions of a single variable:
X=zX(u), Y=Y(v), Z=2(w). Here as elsewhere we take u,v,w as
general curvilinear co-ordinates. Upon substituting this form
into the partial differential equation we obtain an ordinary
differential equation for X, for example, by regarding v
and v as constant. If the equation actually admits solutions
of the prescribed form, matters can be so arranged that this
ordinary differential equation for X will continue to be
satisflied by the same X even when v and w are not constant.
These remarks illustrate the first objective of separation
methods, namely, to obtain ordinary differential equations
rather than partial ones for the unknown functions.

A seccnd objective, which applies particularly when
the form is XYZ, is to facilitate the construction of solutions

that satisfy prescribed boundary conditions. For this it
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is not enough to have Jjust one solution XYZ, but rather one

must have a complete family of solutions xabY bZ ab’ with a

and b independent parameters. Completeness of the set means

that a sufficiently well behaved but otherwise arbitrary
function © of u and v (for exampld may be expanded in the

form & :aAab abiape Gonsidering the method in detall as
applied to boundary=-value problems, one finds 1t to be.convenient
and useful only when the surface over which the values are
specified 1s a co=crdinate surface. If this isthe case and

the surface is w=c (for exampld, we form the series

(0.1)
Aﬁb L ‘I)abw) Zab(wx

(C)

The sum reduces to the desired function @ on the surface
w=c, and 1t is a solution for all values of w, being a
linear combination of solutions. Here we use the fact that
the partial differential equation is linear, which 1is the
case for those equations of mathematical physiqs to which
the method is applled.

Since the method applies only when one of the boundary
surfaces is a co=ordinate surface, any limitation on the
co—-ordinates which can be used is a limitation on the physical
situations that can be successfully treated. Now it turns
out that the method of separation actually does restrict the
coordinate system; in only a few cases willl the equation admit

solutions of the required form. Hence it 1s natural




to inquire, How shall we determine all the co-ordinate systems
in which the equation may be solved by separation of variables?
Once this is answered, we know all the physical configurations
for which the general boundary value problems can be solved by
the method in question. B8Buch is the type of problem with which
the present thesis is concerned.

Investigations of this sort are divided into two clearly
defined parts. First we write down the fact that the equation
separates, a condition which gives restrictions on the co=-
ordinate system. Next, as the second part of the investigation,
we use the fact that the system 1s imbedded in Euclidean space
to obtain certain additional conditions. Those co-ordinate

systems that satisfy both requirements are the ones sought.

O.1 Historical remarks-- Equations which have been systematically
investigated with regard to separation in one sense or another

are the Hamilton-=Jacobi equation

( 19d \* 2, _
(0.2) Z’H—f ﬁ;) + KU(E-V)é

and the scalar wave equation, one form of which is

Y HE ..-‘%) + K (E-V)$ =0

with B=J[H, . It has been shown by Stickel [5] that all




co-ordinate systems in which the former equation separates
must have the linear element in a certain special form, the
so-called Stackel form. Here the separated solution was
assumed to be a sum of functions X+Y+Z, with the maximum

possible number of independent parémeters. By a somewhat

similar method Robertson [12] : showed that separation of the

1) Numbers in square brackets refer to the Bibliography;
those in round brackets, to equations.

wave equation leads again to the Stackel linear element
provided certain additional assumptions are made, and to an’
auxiliary condition which Eisenhart [3] proved equivalent

to the condition R, ,=0 in the Riemannian space with metric

i
d52 equal to that og the co-ordinate system. Here, however,
the form assumed 1s a product XYZ rather than a sum, the
number of parameters again being maximum,

The results just described, which were carried out for
n dimensions, are concerned with the first aspect of the
problem, viz., separation of the equation. To complete the
investigation one must find those co-ordinate systems which
have the Stgckel‘form and are at the same time imbedded in
Euclidean space. Weinacht [4] and Blaschke [1] have shown
that these conditions are met only by the various confocal
systems and theilr degenerates, in three dimensions. Eisenhart

[ 3] gives an independent proof and considers the case of

higher dimensionality.
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These results are for the wave equation. It might be
supposed that the question of separation for the Laplace
equation would be included as a special case, since the
Laplace equation itself is a special case of the wave equation
(set k=0 in (0.2)). Actually, however, the reverse situation
prevails, and the Laplace equation leads to the more general
problems. The co-ordinate systems in which the Laplace
equation separates include those in which the wave equation
separates, and once the larger class of co-ordinates is known
it is a simple matter to pick out the smaller subclass by
separate examination. In this sense, then, the laplace
equation includes the other. The two cases are so related
because k of (0.2) is not regarded as a constant, but as an
independent parameter; separation is required not only for
one but for all values. These observations on the relation
of the laplace and wave equations apply for separatlion of
any type, as well as for the case XYZ hitherto considered.

As far as the author has been able to ascertain, the
present status of separation problems in three dimensions is
as follows. The result is known for the Hamilton-Jacobi
equation; with a complete family X+Y+Z and no other condition,
one obtains the Stackel form, which in turn leads to confocal
co~-ordinates in Euclidean space. For the wave equation,

separation of the type XYZ has been shown to give the same




configuration, but in the course of the proof 1t appears that
certain statements were used which are not really consequences

of separation. These extraneous assumptions.sare considered

in Sec. 9, where they are shown to be valid in rather general
circdumetances. There is still a possibility, however, that

the equation may separate in more than the 1l co-ordinate

systems found in the classical works. Finally, for the Laplace
equation no investigation seems to have been given. It is

known that it separates in the 1l co-ordinates for which the wave
equation separates, at least; but there may be more. This in-
completeness persists even when we make the auxiliary assumptions

noted above,

0.2 Scope of this report—--Partly because 1t includes the wave

equation and partly because the results are stiil unknown, the
emphaeig here is on separation of variables in Laplace's equation.
We confine the discussion to three dimensions as the case of
greatest practical interest. Also this loss of generality,

which is believed to be inconsequentlial, enables us to put the
derivation in a form readily followed by the general reader whose
1nterests are not primarily mathematical. Such considerations
have weight because the problems treated are of interest %o
physicists as well as mathematiclans.

Turning now to the question of the mode of separation, we
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observe that a more general form than the XYZ hitherto considered
will achieve the objectives noted in Sec. 0.0. Specifically

ve may assume the form RXYZ, where R 18 a single‘fixed functim
of the three co-ordinates: R=R(u,v,w). If X,Y and Z form

a complete set and R is known, the operations of Sec. 0.0

can be carried out with no increase in complexity. Instead

of expanding © in (0.01) we expand OR, for example. It

mighf be thought that a partial differential equation would

have to be solved to get R, but actually we shall see that this
is not the case.

Assuming the form XYZR rather than XYZ, we have a
slightly milder restriction on the solutions and we might
expect, therefore, to find a larger class of permissible
co-ordinates. Such is indeed the case; with toroidal
co-ordinates, for example, the equation is known to separate
in the extended sense but not in the restricted sense [11],
and the same is true for the so-called Dupin cyelides [7] .

The cases considered in Sec. 0.1 correspond to those cases
in the new theory for which R= 1.

A discussion of separation may consider the method of
obtaining the solution, as well as its form. Nothing has yet
been assumed about this aspect of the question, the procedure
of Sec. 0.0 being operable for all cases. In most circumstances,
however, the solution is obtained by separating the equation in
the literal sense; that is, we multiply through by & fixed

function of the co-ordinates to obtain




two sets of terms, one set involving w only, for example,
and the other involving u-and v only. The same procedure 1s
then used for the u,v terms. In most of the present work
we assume, not only that the solution has the form XYZR,

but also that the equation can be separated in this way.
Such an assumption 1s restrictive; 1in particular we do not
obtain the Dupin cyclides even though the solutions have

the prescribed form. One of the catagories of co-ordinates
in 3] 1s also omitted. After comﬁleting the 1nvestigatioh
on thatbasis we consider the geﬁeral case, with its relation

to this and other special modes of obtaining the solutions.

0.3 Results obtained-- We consider first the case in which

only one variable separates, so that the solution has the

form S(u,v)Z(w)R(u,v,v) with S and Z a family of functions

for fixed R. Next we consider the cases (necessarily included
in these) for which the solution separates still further to
give XYZR. Our results are summarized in the following’

theorems.
I. With fixed R, if solutions R(uv,w)S(u,v)Z(¥) satisfy
laplace's equation, and if separate differential equations for

S and Z can be found by multiplying the equation by a sulitably

chosen function, then the co-ordinate surfaces w=constant
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must be orthogonal to the other two co-ordinate surfaces,
and must consist of parallel planes, planes with a common
line of intersection, spheres tangent at a common point,
concentric spheres, the plane and set of spheres obtained
when one set of bipolar co-ordinates 1s revolved about the
line Joining the poles, or a set of spheres all passing
through a single fixed circle.

II. If the surfaces w = constant have any of the forms in
Theorem I, and if the u and v surfaces are orthogonal to
them, then Laplace's equation can always be separated in the

prescribed manner,

III. In I and II we may assume R = 1 always and only when

the surfaces w = constant consist of parallel planes, planes

with a common line of intersection, or concentric spheres.

IV. If the procedure of Theorem I can be applied to the
resulting differential equation for S to get further separation,
80 that the solutions have form R(u,v,w) X{(u) ¥Y(v) Z(w),

then the co-ordinates must all be orthogonal and must be
toroidal co-ordinates, or the well known cases (I--III but

not IV in [3]) giving separation of this type with R = 1,

or else the co-ordinates obtained by inversion of these in

a sphere. All inversions are permissible.




V. The wave equatlon separates in the sense of Theorem I
when and only when,we have the cases in III, so that R=l.
Similarly the wave equation separates in the sense IV only

when R = 1.

Besides theee results we have those of Part III, which
show the relation of verious modes of separation to each other

and to the linear element of the co-ordinate system.

PART I = SOLUTIONS R(u,v,w)S_(u,v)Z_(w)
VT IRV VUV IVIDVVIVIVIVIVIVIVIVIIVIVIVE - SVEVRIVIVIVL: VPV

SEPARATION OF THE EQUATION

1.0 Laplace's equation, and the second derivative terms—-

Consider the Laplace operator under a transformation of
co-ordinates from (x,y,z) in Euclidean three-dimensional

gpace to curvilinear co-crdinates (u,v,w). Since the

appearance of cross derivatives involving w makes seperablility
impossible we consider only the case of orthogonal co-ordinates
at first. (see Sec. 4.1l). In the curvilinear co-ordinates (u,v,w)

let the linesr element be

(1.0) ds® = f%au® + g®dv® + h%aw®
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where f, g, and h are functions of u, v, and w. Then [Lﬂ

Ve = ?%E[gLéa'e ) bv{?fev 5%(%56“)]

which becomes, if & = R(u,v,w)S(u,v)Z(w),
3 S

% Suu vy , 2" ——+H Z_vp 4G +H
(1.1) Ve = 82R |25 *275 S g tF rgte g tH SSrF et
where
2R
- —u 1 [gh
(1.2) F1 =R * Tan (f )u

and similarly for Gl and Hl. Also

R R

(1.3) F2=’fghg*t€_"ha (srp')u
and similarly for G2 and H2.

For separability of Ef%=0 in the form (1.1) we require
that the functlion Z separate off into an ordinary differentisl
equetion. That 1s, there mut exist a function A®%(u,v,w)
such thst when V& 1is multiplied by A%, only the variable
W appears in the coefficients of 2"/Z and Z'/Z and w does not
appear in the coefficient of any other differentiated terums.
Moreover A*(F,+G,+H,) must bresk up into the sum of a function
of w only and a function of u,v only.

Using the condition on the coefficients of the terms

involving second derivatives of S and Z, =nd bearing in wind

the definition (1.0) of f, g, 2nd h, we see that the linear
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element must have the form
(1.4) ds2= A° [F2du2+ G2ave+ szwz_z

where F, G are functions of u,v only and H is & function of

v only.

l.1 Permissible changes of variable-- If we replace w by

a function of w, and the u, v co-ordinates by ncw co~ordinates

which still do not involve w, we may put (1.4) in the form

(1.5) as®

"

A° [F2 (du2+ av?) + dwe]

vhere F is a function of u and v alone while H is a functicn
of w alone. Here we have written A for the new value of A
and u,v,w for the new values of u, v and v,

The w transformation is certainly permissible, as
it amounts merely to a change of scale for the w co-opdinate.
Hence 1t does not alter the geometrical configuration of
the co-ordinate surfaces. When we say that a change of
variable is permissible, in this connection, we mean that

the geometric properties relevant to separation of lLaplace's
equation are essentially unchanged. Hence proof of the

existence of a certain geometric property in the transformed
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system shows that the same property was present in the
original system.

That the change of u, v co-ordinates 1s permissible
in this sense follows from the fact that the new linear
element willhave the form (1.4). Hence the condition that
the equation should separate is'still satisfied (note that
Eq. (1.8) will also persist in form). Moreover, since
every linear element of the form (1l.4) corresponds to a
triply orthogonal system, we see that the equations used
later, (2.0) and (2.1), will continue to be valid in the
nev system. From these and similar remarks concerning changes
of coordinates we condlude finally that it suffices to
specify the surfaces w = constant. Jf the equation separates
in our sense for a particular system of u and v surfaces
orthogonal to these it will separate for every other such
system. Conversely, if a change of u and v co-ordinates
leads to a certain set of u and v surfaces, and it is then
found that the w surfaces must have certain special properties,
these properties will in fact persist for every choice of the
u or v surfaces. To simplify the analysis these two operations,
changing the w secale and changing the u, v co-ordinates,
will be repeatedly used in the ensuing discussion.
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1.2 The first derivative terms--Turning now to the coefficients

of terms involving first derivstives, we use the fact that
AH, must be a function of w only to find, by virtue of (1.2)

and (105)9
A% [(2/a%)(R/R) + (1/F?A°)(F°A) ] = ha(w)

which simplifies to 2R /R + A /A = ha(w). We integrate with
respect to w, we note that the constent of integratlion may be
an arbitrary function of u and v, and we take the exponential

of eacn side, to find finally
(1.6) R%A = ha(w)Fs(u,v) -

Since 1t 1s permitted that R involve u,v, and w we may always

modify R in such a way that
(1.7) REA=1

Thus, the term he in (1.6) may be absorbed in Z and Fs in S.
It may be verified that the coefficients of Su/S and
SV/S are already functions of u and v only, without any new
condition (actually they are zero). From separation of the
equation, therefore, we have only (1.5), (1.7), and an extra

condition
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(1.8) A%(Fp+G,+ H ) = by (W) +F, (u,v) .

It will be found that (1.8) 1is a consequence of the Euclicdean

character of the space.

EUCLIDEAN SPACE

2.0 The functional form of A--If the space is euclidean then

the linear element (1.0) satisfies the relations GE]'CBJ ,

(2.0) fuv-iv-;v— - E_Yé!’. = 0
(2.1) [%‘: ]1.,+ [%i_lv + '{% zo

We also have those relations obtained by simultaneous cyclic
permutation of (fgh) and (uvw). These equations, which
state that the Riemannian curvature of the space 1is zero,
give & necessary and sufficient condition that the co-ordinate
system be imbedded in Euclidean space.

In terms of (1.5), the relation (2.0) containing g .

become
s A“‘u = 2 é‘—“—

(2.2) Aw A
after simplification. Integrating with respect to w, as in
the derivation of (1.6), we find that (1/A)u is a function

of u and v alone. The same is true of (l/A)v, whence it
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follows that 1/A=f(u,v)+H(w), or
(2.3) A = 1/[elu,v) + H(W] o

The two relations (2.0) used in the derivation are now

satisfied, and in terms of the new linear element}the third

gives

(2.4) vau/F + Fufv/F .

Turning now to the relations (2.1) we find that (2.1L
as 1t stands,leads without deteiled calculation to an

expression of the form?®

1) The equation is written explicitly in (2.9)

(2.5) H'® + ¢3H® + 2¢ceH + ¢cs = O

where the c¢'s are functions of u and v only. Differentiating

with respect to w, we find
(2.6) H'(H" + caH + ce) = 0

Since the solutlion depends on w only while the coefficients
. depend on u and v only, these coefficients must actually be

constant®. We have then a linear equation for H with constant

2) This result has been carefully proved by substituting the

expressions (2.7) back into the equation.

coefficlients, which may be solved to give
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(2.7) H =0, w, wg, e", sinh w, cosh w, sin w

as the only possible values of H that are essentially

distinct. Here the case H' = 0 has been reduced to H =0

by absorbing the couastant value of H in the functinn f.
In summary, we have found that the linear element

must be of the form

i 2 _ F(du®+dv®) + dw
(2.8) ds —_—(_&‘-'PTSZ)——_

with £ and F functions of u and v only, while H is one of

the functions (2.7). <The only adaitional conditions are
(1.8),(2e1), and (2.4).
To use tne relations (2.1) we substitute for f,g

anu h their values as given by (2.3). The equation (2.1)

as it stands gives

S _ gy s Rt +(_F_‘B) +(§z)
(2.9) T f+H (f+H)? F/u \F Iv

while the sum of the two others founa by permutation leads

to v T L '1'
'Ica. + {V + F H "
(2.10) {’“ + -fw = 12 J+H~A ~ 2F'

and their difference gives




The system (2.9) - (2.11), slightly simpler than (2.1),
is equivalent to it. These three equations and (2.4)

give the necessary and sufficient cdndition that the metric
(2.8) be for orthogonal co-ordinates in Euclidean space.

The fact that ds* has the form (2.8), plus the relation
(1.8), on the other hand, gives the necessary and sufficient
condition that this co-orainate system be one 1n which
Laplace's eguation separates. oOystems satisfying both

sets of conditions, anda only those, are the ones we are

seeking.

2.1 7The Second fundamental form-- It is known from

differential geometry [2], [6] that a triply orthogonal
system 1s coinpletely determined, except for its orientation
in space, by the linear element dsz. Hence the second

fundamental form (as well as the first) for each of our

co-ordinate surfuces is specified by f,g ana h of Eqe (1.0)
and we might expect fo find specific relations from which
they could be computed. Such relations actually exist

[2], [7]; on the surface w = constant we have

for the second fundamental form

4% - aN = au® + mdudv + ndw®,
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with the results in other cases to be obtained by c¥clic
permutation of u,v,w and f,g,h.

In particular for the linear element (2.3),we obtain

< ¢
(2.15) -a%.aN = 22 (quf4av®) .
(£+H)%
On the other hand setting dw® = 0 in (2.8) gives
(2.14)  d¥.dZ = F ~  (duP+dv®)
(£+H)®

for the first fundamental form. Since the two forms

(2.13) and (2.14) are proportional, we known that the surfaces
W = constant must be spheres or planes [l4]. Computing

the Gaussian curvature as the ratio of the two discriminants
dg/Dg (Ref.[1%]) we find the radius of the sphere corres-

ponding to a given value of ws
(2.15) radius = 1/H'(w)

This result will be frequently used in the ensuing investigation.

SEPARATH EXAMINATION OF CASHS

3.0 The case H = Q0 —- For each value of H in (2.7) we
obtain a new set of relations for F. These equations are not
easy to solve as they stand, and our procedure will be

to seek a change of u,v variables that will reduce them

to simpler form. By the discussion of Sec. l.l we know
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that any restrictions on the w surfaces obtaineda afvier
the change must have been valid before it as well,

In case H = 0, as assumea here, we see by (2.13) that
I =m =n = 0 ana hence the surfaces w = constant must
be planes [15]. On one of these planes let us pick the
u, Vv co-ordinates so that the linear element takes the
Cartesian form dug + dvz. This is possible, since the
surface is a plane. By comparison with (2.8) when aw® = 0

we see that the present u ana v co-ordinates make F/f = 1.

Also, since both f and F are independent of w, we now have
F/f = 1 for all values of w, not merely for the constant
value first selected.

with this procedure equations (2.10) and (2.11)

become
- e 2
fuu + fvv =2 (fu +fv )/f
- 2 2
fau ~ fyv = (fu - I, )/t

whence, after adding and dividing by fu,
fuu/fu = :afu/f

with a siuilar result for fvv' Integrating twice,we find
1/f = ufl(v) + fg(v)

ana a corresponding result with u and v interchanged.

The two together show that 1/f must have the form
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a + bu + cvéduv , with a,b,c,d constant, and Eq.(R.4) tells
us that d = 0. The remaining conditions (2.9) and (1.8)
are now satisfied, so that there is no other restriction.
If b=¢c = O,the surfaces w = constant represent
parallel planes, as we see by comparison with the linear
element for puclidean co-ordinates. If b or ¢ is not

[
& vanishes for certain

zero, however, the coefficient oi dw
values of u and v. At a point corresponuing to such a
value of u énd Vv we can go from the plane w = W, Say, to
the plane w = LOY by passing through zero distance. It
follows tThat these two planes intersect. Along the line
of intersection ths coefrficient of aw® wmust be zero, and
hence on this line we can pass not only from w = LS to

w = w, without an increase of distance, but from the

1
plane w = Wy to any other plane oif the family. These
planes, then, must all pass through the line of intersection
firet found; that is, the surfaces W = constant are

plares with a common axis.

8.1 JIhe case H = w -- Turning now to the case H = w,

we find from (2.10)
(£ + £ )(E+w) = 2(£ 2+ % + F°)
uu vV u v
Since this is an identity in w the coefficient of w must

vanish, so that fuu+fvv = 0, ana hence also fu2+fv2+F2 = 0,
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This is impossible since it makes F = 0,

3.2 IThe case H = wo=- Next if H = w* we find

(5.1)  (F/F), + (F/F), = 0

(3.2) £ 4f _ = 4F°

uu vv

. - < e
(3.3) fut fov = (fu +H /£

by equating to zero the coefficients of w4, w2 and 1 in
(2.9). Nothing new is obtained from (2.10), and hence
these with (R.4) and (2.1!) are the only conditions.
Equations (3.1) and (5.3) are equivalent to the stateuents
that log F and log f are harmonic functions.

By simply writing the Gauss equation for curvature
in terms of the first fundamental form, we fiana that for
angt F satisfying (%.1), this curvature vanishes fmr the
the surfaces with ds2 = F(du2+dv2)». These surfaces therefore
are developable, ana we may introduce a new set of u--v
co-ordinates which will make F = 1, When this is the case,
Eq.(8.4) tells us that f , = 0, so that f = of(u) +p(v).
kquation (3.2) now reduces to

L n " "
<"+ p = 4, which gives <=4+ ¢, (3= 4 - ¢ with
¢ a constant., It follows that «= ug, g= v2, after
making a change of variable, if necessary, to eliminate

the arbitrary constants. Our linear element now takes the
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form

du® 4+ ave + aw®

(ug + vg + wg)2

(3.4) ds® =

after f has been given its value as determined above. We
observe from (7.1) and (7.2) that the linear element (%.4)
is the one which would be obtained by inversion of Cartesian
co-ordinates in the origin. Because the linear element

is sufficient to determine the co-ordinate system completely,
as noted in Sec. 2.1, it follows that the co-ordinate
surfaces, as well as the linear element, will be the same

as those which woulu pe obtained by the inversion described.
In particular the surfaces w = constant must consist of

a plane and a set of spheres all tangent to it at one
point, This result, incidentally, can be obtained directly
from (3.4), as in the examples considered below.

5e3.-=The case H = e"-~ Turning now to the case H = e"

we substitute in (2.10) and equate to zero the coefficients
“of 1 ana ew, respectively, to find

- 8,0 &
£(£ ) = 2(£, %+ %)

uu+fvv

£, * £y = -2F°f

which gives

(3.5)  £f 4%+ F'r? =0,
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Equation (3.5) implies that £ is zero. We have then from
(2.8)

(6.6) 4g? = F(auPsav®) + awP
L eaw

The other relations are now all satisfied, if F is suitably
restricted.

writing down the equations of the geodesics in the
Riemannian space V5 with linear element (4.6), and noting
the coefficient of dw* is independent of u and v; we find
that the curve U = a, v = b satisfies these equations and
must therefore be a straight line, for any constants a
and b. It is seen from (R.1l5) or from (8.6) itself that
W = cocorresponds to a point. Along the siraight line

a, v = b the distance from this point to the point

u

with co-ordinates (a,b,w) is

W
§ aw/e¥
@

independently of a and b. The point w = @, then, must be
the center of the sphere with parameter w, and since w

is arbitrary we conclude that the spheres w = constant

are all concentric. IThus the surfaces are coumpletely
specified. We remark in passing that the other co~ordinate
surfaces must be developable, as is seen from the second

fundamental forms.
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5.4 ITIhe case H = ginh w -- When H = sinh w, we substitute
into (2.10) as usual, then put everything in terms of

sinh w by using cosh?ﬁ a1l + sinh?w, and finally equate to
gero the coefficients of 1 and sinhw to obtain

2,0 R 2
=2(fu +fv + F)

= -2F°f .

B legtyy)

(3.8) fut fov

Together these relations show that

(3.9) fu? » fvg + F o+ FPr° =0

which is impossible, since it makes F = O,

b.5~-~The case H = cosh w -~ If H = csoh w we proceed

similarly to obtain, from (2.9) and (2.10),

(3.10) £ + £+ 2fF° =0

(3.11) £ +£* F(£5-1) = 0

(3.18) F° + (F/F), + (F/F), =0

after slight simplification. Let us notice by (2.15) that
the surface w = 0 is a plane, so that reasoning as before,

we may assume F = f + 1,

From (2.4) we have

fuv = af f_/(£+1)




which may be integrated, then divide by (f+l)2 and integrated

again, to give finally

(3.13) 1/(£+1) = d(u) + p(v)

After divistion by (f+l)4 Equation (3.11) becomes
(3.14) gt L= g(avp)

which leads to the linear equation
o ("-1) =0

when differentiated with respect to u, v being constant.

We have a similar relation for o« , whence we conclude

(8.15) « =a or (1/2)u° +au+b
f=4or (l/2)v2 + AV + B
That both o and p cannot be constant is seen by
(3.13), (3.10), and (3.11); the equations require F = 0,
which is not permissible., If & alone is constant, moreover,
the relation (5.14) tells us that 4% + 1 = 2(«4f). The
value of F thus obtained does not satisfy (3.12). Hence

neither € nor % is constant, and we have then

£ = 2/(u2+v2+1) -1

after substituting (3.15) into (3.14) to find b+B = 1/2,
making a change of variable to get a = A = 0, and using

(3.13)s This value of f, which satisfies all relations,
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leads to

P

2 _  4(dufsav®) + (1+uPv®)®%aw®

[ 2+ Ceoshw-1) (1 +uP+w "),]2

ds

as the linear element when H = cosh we Using eoBh w - 1 = Bsinhzw/z,

writing w for w/2, and taking eoshgw = l+sinh2w in the

denominator, we find

B, 4.k B, B\8,. 8
o 2 _ dut+dy +§l§u AV zngg_
(6.16) ds” = Tcosh wt(u“+v Jsinh w]a

which assumes the proper form, we note, when w = 0,

The change of variable u = rcos@, v = rsin@ leads to

dr® + r%a0® + (;+r2)2dw2
[l+(l+ra)sinhgw]2

2

-

ds

and in this case the surfaces 9 = constant are all planes,
as we see by computing the second fundamental form. On

these surfaces @ = constant we have

2 _ at® + dw°

[singt + sinh®w

as™ = ]2
after making the change of variable r = cot t. The linear
element last obtained coincides with that for bipolar
co-ordinates, whence we conclude that the spheres w = constant
must be one of the sets of surfaces generated when bipolar
co-ordinates are revolved abuout the line joining the

two poles. The fact that w = 0 is plane shows that the
co-ordinates generating our spheres must be those which

include the perpindicular bisector of this line.
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3.6 Ihe case H = sinw-- The final case is H = sin w, which

gives

(5.17) £2 41 %= (e
(3.18) £, + £, = 2F°F
(3.19) (Fy/F), + (F/F), = F®

when we substitute in (2.9) and (2.10), replace cos“w by
1- singw, and equate to zero the coefficients of 1, sin w
and sin®w. By (2.15) the surface w = X/2 is a plane and
hence we may assume F = f+1 to obtain the result (3.13)
as before. &Equatinn (Z8.4) is now satisfied; the only ones
remaining are (2.11) and those just obtained.

By (3.13) and (&.17)

et 2 (a4p) = L

Proceeding as in the discussion of (6.15),we find that

)
neither «' nor p is zero,and that

£ = 2/(l-u2-v2) -1

so that the linear element becomes

ds® = a(du®+av®) + (1-uP-v®)dw"
[2+(sinw=1) (1~ v v?) ]2

Using 1 - sin w = 2 sin®(w/2 - ®/4), replacing w/2p=(154)

by a new variable, and siumplifying slightlx we find

4e® = uSrdvEr(-uv®)%aw?
cos<w + sin#y (u<+ve)]” ,
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As before the surface w = 0, which we know to be plane,

has the assumed linear ®lement.

b

Let us notice that the coefficient of dw‘ is zero

whenever u;+v2 = 1, and hence the surfaces w = constant
must .all intersect in this set of points. On the surface
w = 0, however, the u-v co-ordinates are simply the usual
cartesian co-ordinates for a plane, as we see by the linear

2,.2

element. Hence the set of points u‘+v =1 is a c¢ircle on

w = 0, and we conclude that the surfaces w = constant are

spheres passing through a single fixed circle.

CONCLUDING REMARKS

4,0 Dismissal of an auxiliary condition-- To complete the

discussion we must show that (1.8) is satisfied in each
of the cases considered., With this end in wiew we use

(1.7), (1.5) and (1.3) to obtain, for the left member of

(1.8),

(4.1) Z_];L A = A

Replacing A by its proper value (2.3) and simplifying, we

l [A.f+ A EEAS At A+ FA } .

find

—

(4.2) AF*

o S+ H > (**H)t

| [ fuu 4 -f,,., + HuFL {ub*-&.l*. F';H:L

which becomes -
(4-3) (£, *Eyy)/BF (£4H) - HW/4(£+H)

if we use (R.12).




When H = 0, the expression in (4.8) is a function of

u and v alone, so that (1.8) is certainly satisfied.

Similarly, if H = w° we may replace f_ + f__ by its value
(3.2), whence it is seen again that (4.3) has the proper
form as prescribed by (1.8), If H = e" the result is
again true, since f 1is zero; for H = cosh w it is a
cohsequencé of (6.10); for H = sin w it follows from
(3.18). Thus Equation (1.8) is satisfied automatically

in all cases, and the co-orauinate systems hitherto obtained
will actually leaa to separation. What we have shown 1s
that (1.8) is a consequence of the fact that the space is

Buclidean,

4.1 Non-ortnogonal co-ordinates—- as noted, the w-surfaces

are orthogonal to the others, since there must be no cross
derivative terms involving the variables to be separated.
It is really not necessary, however, that the u anu v
surfuaces be orthogonal to each other, although up to now
we have assumed this to be the case. Thus, orthogonality
of the u ana v surfaces is essential to our uerivations,
because the relations of Sec. 8. presuppose that the w =
constant surfaces are imbedded, or at any rate can be
imbedded, in a triply orthogonal system. OQur aim now is
to discard this conuition of orthogonality as an initial
assuamption, ana to show that the equations dependent thereon

will be satisfied anyway as a consequence of separation.
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To this end we assume

(4.4) ds® = edu® + 2fdudv + gdv® + hdw®

rather than (1.0) and obtain [12]

2 (1{n " 2 (efhg _ $hg ), 2 (e -
(a5 m (E- «‘id’e“)+>v( 7o o) +au(SL, 6w )=0
in place of (1.l). Upon assuming a solution RSZ as in Sec.
1.0 we find

4+ uy = O

e

§ Su , F Su , e Su
(46) @ 5 f @

plhuis SR 5" T 7;
where the terms not written involve first derivatives of
the unknown functions only, besides e,f,g,h and R. In

(4.8) ana (4.6) d® is the discriminant of the u--v quadratic

form,
(4.7) d° = eg - £° .

Since the equation separates, there exists a function
A(u,v,w) such,that when the equation is multiplied by A4,
the coefficients of terms involving S are functinns of u
and v only, while the coefficients of terms with & are
functions of w only (cf. Sec.l). 4lso the term free of
unknowns must break up into a function of u, v plus a

function of w. For our present purposes we need only the

coefficlents of §,,, S,, and S;y» which tell us that

(4.8) Ag/a®, ar/a®, ne/d®
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are functions of u and v alone, It follows that any
combination of these expressions is also a funetion of

u and v alone, ana hence in particular
A (M N
wo  (F%) ()= %

has this property. #ultiplying (4.8) by A and using (4.9)
we find that e/4, f/A and g/A are functions of u and v
alone, so that the linear element (4.4) has the form

(4.10) ds® = A[el(u,v)dug + fl(u,v)dudv + gl(u,v)dv2] + hdw®e

Confining our attention to the terms in brackets, we
see that it is always possible to muke a change o variables,
replacing u by @(u,v) and v by ¥(u,v), so that in the new
variables we will have fl = 0, This is an analytic exyression
of the well-known geometrical fact that every surface admits
a set of parametric curves which are orthogonal. Wwhen such
a change of variables is made, the linear element (4.10)
reduces to the form (1.0).

What we nave shown 1s that there exists a change of
u and v parameters which will make the new u and v surfaces
orthogonal to each other, if they were not originally.
8uch a change is permissible in thé sense of Sec.l.l ,
and may therefore be carried out at the beginning 6 the

investigation. We now have a linear element of the form
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(1.0), and the foregolng derivation proceeds without further
change. Thus we have completed the proof of Theorems I

and II.

k,2 cCases for which R=1 -- Let us inquire when we may

assume R= 1. A necessary and sufficient condition is that
R have the form P(u,v)G(w), since in that case, but not
otherwise, R may be absorbed in the solution S(u,v)Z(w).
From the equation R2A 21 ve see that this condition, and
hence the possibility of R =1, is satisfied when, and only
wher, A also has the form F(u,v)G(w). We know, however, that
A must have the form (2.3), whence we conclude that f, H,

or both must be constant for R=1l. These considerations

lezd to Theorem III.

4,3 The wave equation-- Next let us consider the possibility

of separating the wave equation. As noted, the theory 1s
simpler than the preceding and included in it, Writing
the equation in the form

(4.11) 9 +kd =0

we see that Fp+Gpo+ H, of (1.1) becomes FotG,+Hyt B, and
this is the only change. All results previously obtained

are valid here too, then, except for (1.8), which becomes
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(4.12)  AP(Fo+Go+Hp+K) = Fy(u,v) + Hy(v)

But in the course of the foregoing investigation it was shcwa
that (1.8), originally postulated independently as a result
of the separation, 1s actually not an independent relation,
but follows automatically from the others (Sec.4.0). Though
not required in itself for separation of the wave equation,
therefore, this relation must nevertheless hold, in view

of the other conditions. Combining it with (4.12) we see
that

(%.13) A2= Fu(u,v)+H4(w) »

If £ of (2.3) is not constant it depends on u, say,
and the same is true of F, in view of (1.8) and (4.13).
Equating the two expressions for A, we differentiate with
respect to u, solve for (f+H)3, and differentiate the
result with respect to w to get

3(f+H)?H'= 0,

which shows that H is constant. Thus either H or f must be
constant, and we therefore have R = 1 immediately for the
case of partial separation. In this way we obtain the first
half of Theorem V.
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PART II -- SOLUTIONS R(u,v,w)Xy (u)Y, (v)Z,(w)

36 36 I W eI I I I3 I K I I W I W W I W I I W I W W

FURTHER SEPARATION OF EQUATION

5.0 General--It has been supposed hitherto that the solution
is only partially separated, being of the form R(u,v,w)S(u,v)z(v}
with a fixed function R. If we assume that the solution
separates further to give the form R(u,v,w)X(u)Y(v)z(w),
so that S(u,v) = X(u)Y(v) for each function of the family,
then we obtain new conditions on the co-ordinates. Because
the cross derivative terms make separability impossible,
for example, it 1s known at the outset that all three co-
ordinate surfaces must now be orthogonal.

The initial stage of the separation led to an ordinary

differential =cuation for Z(w) and, with m constant, to

A Sw A" S 2.5 . a2, Sv
(5:1) B35 “gs tARSHFAGT ¢ Rl m

for 3(u,v), as we see by using (1.8) and noting that each

of the separated groups of terms must be constant. This is
true bscause the sum must be zero, and one expression involves
v only while the other involves u and v only. When S has

the assumed form XY (5.1) becomes

2, .,

AT X e XU e, i
(5.2) ??+¥%ﬁﬂﬂx+A‘V*ﬂ "

For separation there must be & function JCu,v) such
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that (5.2) separates when multiplied by this. 1In particular
the term mJ must separate, since the only other term it can

combine with, F . J, is independent of m. If separation 1is

to occur for asufew as two distinct values of m,it already
implies that FhJ and mJ must separate into the sum of a

function of u only and a function of v only. In this connection
it should be noted that if we try to pick a new J for each

m, the ratio of the J's will have to be & function of u only
and also a function of v only, 1in view of the condition

(see below) on the coefficients of X" and Y". Thus the

function J could depend on m alone, and the above considerations

apply.

5.1 .The differentiated terms--It has been seen that our
multiplier J(u,v) is of the form «(u)tp(v). When (5.2) is
multiplied by this separation must occur, and hence the
coefficients of X"/X and X'/X must depend on u alone, while
those of Y"/Y and Y'/Y depend on u alone. The condition for
the second derivatives tells us that

ds* = AL{[an pev)] [dud+dv?] + elw? S
after a change of scale in the u and v co-ordinates. The
condition on coefficients of the first derivatives allows
. us to assume R2A==1, as we see by following the derivation or
(1.7). Also we know from the first separation that A has
the form (2.3), so that we obtain finally
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[otw) +pc¥)] (4 edv?) 4 dw™
k3
(5.3) 4 = T reww + How 1*

From the derivation it is clear that (5.3) is sufficient as
well as necessary for separation.

In connection with (5.3) we note that du® and dv2 have
the same coefficients, just as in (1.5). The former result
wvas obtained merely by introducing a change of parameters;
it was not a consequence of separability. In the present
case, on the contrary, a2 change of parameters is not permissible.
The most we can do is make a change of scale such‘as replacing
u by & function of u. That the linear element has the same
coefficients for du® and dv® is a result which had to be
proved from separability of the equation. Also since the
u and vy co-ordinates cannot be changed at will, the methods
formerly used to simplify the equations are not available
here; bDut there is some compensation in thet the form of

F is now knoﬁn.

5.2 The term free of unknowns-- The foregoing results follow

from consideration of the coefficlents of the differentiated
terms. From the other terms we obtain an equation analogous

to (1.8), namely

(5.4) ((+p) Fp = « Q) +p, V) o

In combination with (1.8), which we have seen is always




satisfied, (5.4) gives

(5.5) (X+@) AICFL* Q.+ H. )= (o+ 3)‘\4“") + A (u) +8,(v)w

Using (#.3) for A°(Fp+ G, +H,) and teking Foe w+( , We
find from (5.5)

Suw + $vv + H" (<+p)
(5.6) T TR gen) 4 ($ +H)

= (—) Same,
It mey be shown that this relation, like (L.5), 18 a consequence
of the otrere, and e omit the detalls. The proof is closely

4n4Logous L0 uvnat presented 1n full in Sec.4.U.

Hegd Transformations leaving equations invariant-- It is

convenlient to note the changes in functions or verisbles

which leave the equatioms essentially unaltered. As before,
use of such properties permits simplification of the methods
used. By inspection of the linear element (5.3), or of the
equations themselves, we see that the following transformations

will not lead to any essential change, if the ki are constant:

(1) § > kot

(11) x> ka p—okp
(111) of > L+k, [P (3*‘@:
(1v) W - F) v —> q)

(v) o(——->(s ) w —> V
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DETERMINATION OF X AND P

6.0 An ordinary differential equation when H'# O-- Starting

~from (2.9), following through the derivation of (2.6) in detsil,
and using F:—Jaﬂ-’; , we find

' 2
o . =< "¢ ?n _ e +E' :
(6.1) YT aep)® 2 (<t p)

vhere ¢, 1s constant. This result assumes H' # 0. In (6.1) we
hold v constant and write « for o(ff to obtain

2¢, 3 = o (X"+e) — (% + )
which becomes 4
2¢,k% = d(});E,"‘Ca)‘(F*(S)

u
wvhen we teke « instead of ,us the lndependent variable, P=« /

instead of o as unknown,and use = P% . This in turn

gives

s

» 2¢
(6.2) %5,‘ - W e w2t 2

= O
2 2 factor
upon introduction of & new variable s= P=«g The 1ntegrat1ng/\

is Yand leads to

3
(6.2) Sc 9(‘1:' 4o, +2C,d~-Cy

The symmetry of the equations noted in item (v) of

Sec.5.3 shows that we have a relation of the same type for F .

Equation (6.1) becomes a polynomial in & and‘q, , a8 we see
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by computing <« and F from (6.3). Multiplying (6.1) by
(<<}’ we find that o(':,s" must be gero vhen «:-f . It
follows, then, that the equation corresponding to (6.3) for

B 1s a
(6.4) P = Acpt2ep s
Substitution in (6.1) leads to an identity, and hence there
is no additional condition. Because the differential equatiocn
(6.3) also arises in the case H' =0, as we shall see belov,

discussion of its solutions has been deferred to Sec. 6.4.

6.1 A partial differential equation when H'= O-- Turning

now to the case in which H is constant, we absorbdb in into
the function f, to obtain a simplified form of Egs. (2.10)
and (2.9), equations (2.4) and (2.11) remaining the same.
If we take new independent variables @ =log f and 6 = logF°

)

= log(«+p) these relations assume a form involving derivatives
only, not the unknown functions, Specifically from (2.4),
(2.10), (2.11), (2.9) in that order we find the following:

(6.5) 2 duy t 20,0, = 6.y +$. Oy
(6.6) 4’:* 4)2; = 4’““* Doy

(6.7) d’uq - <x’\m -+ ¢:~ cb\lz = eu cbuu - 9,, ¢v
(6.8) Qua + Bww = 2 (duu+ Ow)




Because of the form of © we &lso have

(6.9) Ouv + Buby =0

Let us differentiate the relation

(6.10) 2(@: + ‘b‘r’—) = Buu+ Ovvs

obtained from (6.6) and (6.8) , with respect to u to find

" (6.11) 4 (byPue + Sy Puv) = Ouuw + Buuy -

Upon eliminating the second derivatives Q.. and 4., by use of

the other relations, one finds that the terms involving #°
all cancel, leaving the equation in ©

(6.12) eu(euu"' e\N] = euuw+ e\J.V\I o

It will be seen that « and p can be determined from this,

6.2 Complete solution of the case H'= l¥‘=0--- If (5 does

not depend on ¥ we may replace o by o+ P , as suggested in
Sec. 5.3 item (iii), and Fby B-p=0. We have then

(6.13) 0uBuu = Yuun
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from (6.12), with © equal to log A . Letting W =G, = I/
substituting and integrating we get

1?72 = pl-c%%
with ¢ constant. If ¢#0 we have ¥ -ctan(u/2¢c¢') but if
c=0 then W= -2/(u+c'). As the general solutions we thus

find
e’ c!

= or o = 2
(6.1%) d = cos® (uc+c') (e

In view of the equivalence (iv) of Sec. 5.3 the only essentially

2

distinct cases are =csch“u, csczu, or 1/u2.

6.3---An_ordinary differential equation for the case H'=0

but /64 0-- Suppose now that «B40, but retain the
assumption H'= 0. With 0 replaced by its value log(«+$),
Fe. (6.12) now gives

2 k4
A +p'
(6.15) d‘"(“"’%) - 40(“.('_ Z‘(\F'( + so(l '—-""(+P

Proceeding as in the derivation of (6.2) we let u be constant

to find ¢
(6.16) %\-f;-%f—-*%pf Wt F o

where s-? and !3 has been written for a(+(_~, . The integrating
factor is 1/ P" and it gives, after integration and multiplicatio

by‘i,

Bg t Cp + Dpis
Gy STl ATPRTEESD
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By the symmetry noted in (v) we have also

(6.18) W' = a+ ba+caduel

vhere in both cases the coefficients are constant.
Inspection of (6.15) tells us that '(‘*p' must be zero
vhenever o= , and hence if A" 1s given by (6.18), then
L
f' 1s uniquely determined as
1 8 2 3
' = -a +bp-cp + dp”
(6.19) P bl et
It may be verified that (6.15) is now satisfied, and hence
that there 1s no additionsl condition. 8Since these equations
are equivalent to (6.3) and (6.4), obtained for the case
H'=0 (cf. Sec. 6.3), their solution completes the determination

of 4 and p . It is seen, incidentally, that ifet(u) satisfied
(6.18), then the function - ¢f(iv) will satisfy (6.19).

6.9 Canonical forms of the equation-- Let us make use of

Sec. 5.3 to simplify (6.18) and (6.19). Writing -¥ for<
will meke d20, if originally d<{ 0; and replacing & by Aa+ B,
u by u/C, we get

z 3
(6.20) A*TCt 2 a+b(A<tB)+ c (At B) + Ad(AsB)

Supposing that d has been made >0 we set
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(6.21) G+ bB+cB +dB> =0
(6.22) ba 2¢B + 3483 = AA”

and choose CsfAd to obtain the canonical form

(6.23) o("-=- 0(34-)5{14-0('

The corresponding substitution for (3 must be (:-? AP“B to be
permissible; it gives (6.23) withd replaced by and 2 by -A.
We see that A,B, and C may be assumed real (this is

important), and that A =0 is necessary only when there is

a8 triple root of the original equetion. These observations
follovw from the facts thet the left hend side of (6.22) 1is
the derivative of (6.21) and thaet @ > 0. For a triple rcot

the canonicsl form is

(6.24)

If we suppose now that d=0 but ¢ #0 we find, in &

similar way,

T

0(’7'~ a(z+7\v(+l) (5' =-(51+7\/>+).

-

(6.25)

This form includes the double root case, which can be shown,

however, toc be lmpossible anyway. One would at first expect
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a8 * in front of £ but this 1s accounted for by interchanging
A and f .
Next ¢=d4=0 gives

(6.06) «' =4 L P =

and 42=F=0 is the last possibility. In Eq.(6.23) we must
distinguish the three cases [N<z ,\Aj=2 , 1A(>2 but in (6.25)

/
we have only the one cese\Al>2 , since < and [} must be real

simultaneously.

6.5 Solution of the ordinary differential equations for

o« and > -- We have seen that whenever H' or«%}O,

the functions K.and(; must be solutions of one or another of
the canonical differentizl equations in Sec. 6.4. These
equations, though non-linear, may all be solved by elementary
methods. The work is rather tedious, particularly since

one must be careful to keep all possible solutions, and

we therefore content ourselves with a single example. From

(6.23) we find
Adl

Vo (AP €nec ¥ 1)

Au =

which leads (among other possible expressions) to [141

nrC = E}; FLE:_'_’@] T oA r

v'- v
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when the roots r, r', 0 are real and unequal, that is, when
IM| > 2. Here P(x,p) is the elliptic function of the first
kind. 8Since we want o as a function of u rather than the

converse we Ilntroduce the Jacobi elliptic functions to find

d'-V' - kB E r_rl)
e U S A

with a similar expression for ﬁ . For r and r' we substitute
the proper values in terms of A to obtain, with a new u,
& one parameter family. This is for the case 0 £ r' < w < r.
Other cases are similarly treated, and lead to two additional
expressions when [A|> 2. The cases i\|< 2, which gives conjugate
complex roots, andl)b:e, vhich gives equal roots, are dealt
with in the same way; the latter and all others in (6.24)-
(6.26) give elementary functions. The results are tabulated
in Sec.T.

We mention in passing that some of these solutions
have been altered by a change of varisble, in accord with
Sec.1.3. The differential equations which they satisfy may
not correspond exactly, then, to the forms here taken as
cononical. No significance need be attached to this, however;
these canonical forms give a simple method of getting a
solution which is general but depends on at most one parameter.
Once found, this general solution can then be put into
optimum form by inspection. A less efficient procedure,
carried out in detall for many equations, is to work directly
with the cubic (6.18), and then use Sec.l.3 in connection with
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| known properties of the solution functions to simplify the
results. The calculations lead finally to the same simplified
solutions as those obtained here.

DETERMINATION OF f

7.0 The partial differential equations --Up to this point

we have shown that the linear element of orthogonal co-ordinates
in Euclidean space must be of the form (5.3) if Laplace's
equation 1s to separate. In addition H is one of the values
(2.7) and o and (> are each oneof the values obtained in
Sece.6,0--6.4. It remains only to determine f of (5.3),
and we proceed to this question forthwith.

Treating first the case H'= 0, our aim is to compute
the expression involving F on the right of (2.9). Assuming
that (&'or H'# 0 we have (6.18) and (6.19). Differentiatins
both sides with respect to u and dividing by 24’ we get

(7.1) K*= Zad 't b« +3

7]
with a similar expression for F . Since F eJd*P we have,

for the expression desired, . N
™ "t n \ ¥

(Fq + (El__ = 1 J_jL - :(_*E_.‘

/F’)u F )V z “Ltp (o+ )

which reduces to
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aa () (), - )%
in view of (6.18), (6.19) and (7.1). Here a is the coefficient
of « in (6.18), and hence a =1 for the cases with canonical
equations (6.23), (6.2%) but a =0 for (6.25), (6.26).

The dbove assumes (6.18), which is valid only when H'
or al'(s'q& O. Assuming now that H'= }' = 0 and writing « for
s Ve find that the expression on the left of (7.2) becomes
—;— (%/«)y . For the case H'= (s': 0 it has been shown that &
must be one of the three functions mentioned at the end of
Sec.6.2. By direct calculation we find % ("/'é}f:very time,
and hence (7.2) is valid with a = 4. Thus the expression is
known in all cases.

When H= O we find

I R L. S
(7.3) ’g““f‘&vv = &—-——ts—_'—g—!- + Z C'( P)

’&uz“' '}V’L
(7.%) Fuw v v T 2 I

from (2.9) and (2.10), after msking use of (7.2) and replacing
F2 by o(-e[% + These relations tell us that fu2+ fve-: O whenever
a=0, so that in every non-cubic case if H is constant f
must be constant alsc. The only remaining relations are

(2.4) and (2.11), which become
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_ Plitak
(7.5) 2/‘"'— xt/3 -

(7f6) /(:u-ﬁv= 0('/::/5

for the present situation Fo= oc\‘/3 . Equations (7.5) and
(7.6) are valid for all H.

When H is not zero the corresponding form of (2.9) and
(2.10) is obtined by simply setting F2=oc+/3 in the relations
of Secs. 3.1 - - 3.6. Specifically, if H=v< we have

(7'7) f““*fvv:q(«*/a)

(7.8) f{/‘;u+/:IV) = fuz+}€z;

if Hse¥ then f=0; if H = cosh(W) then
(7.9) fw"ﬂv‘r?f(*rﬁ) =0

‘ 2 2 2
(7.10) )f‘ +/y + (xtB)(f-1)=0
and if H=sin(w)then

(7.11) PRSI CIVIIEY)

(7‘12) )(Utl * vy = 2(0(1-/5))[ .

It may be verified that both (2.9) eand (2.10) are satisfiad
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identically when, for a given H, the function f satisfies

the appropriate pair of equations from (7.3); (7.4) or (7.7)--
(7.12). These relations plus (7.5) and (7.6), then, give the

necessary and sufficient condition for separation in Euclidean

space.

T.1 Attempts to solve the equations directly-- It was hoped

that f could be found analytically from the above equations,
without reference to the theorems of differential geometry.
To that end the relations for H'= 0, thought %o be the most
intractaeble, were extensively investigated by methods which
may be summarized as follows.

First, a number of substitutions were tried, with the
hope of simplifying the equations. Besides the transformation
g=log f, Gzlog(ayﬂ)considered previouly, for example, ve
used T= 1/;[7;(3 , F=Tf to obtain the symmetric forms

log F is harmonic
T/F is harmonic

Fuu - F_"!_ = Tua - Tw R EL‘.Y..—... Tuv
F T > F T

These are the only conditions on f when H'= 0. The function
log F has also been taken as dependent variable, with results
mentioned below.

Beslides changing the unknown one may change the independent
varuables u and v. If neither « nor g 1s constant, for example,

one may use « and /9 as l1ndependent variables to find, after

rearrangements,
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12

ﬁt“'z-ﬁ- , = ala+p)

4
T
4 ﬂdd.;'f £°L" _ a{ol-l-ﬂ + 2 u(}ﬂ )ﬂ);é
at
4 f”"’f‘*’faﬁ,. = alat+B) - _-'-é:—i_—/%'?&—

- fd'*f'b
2fp= B

as the new form of Egs.(7.3)- - (7.6). The advantages are
that the coefficients are simple rational functions, now,
rather than trigonometric or elliptic functions, and that the
equations remain unchanged in form for all « and '6 . Of course
«', p'z, " and /5" are to be replaced by their values as
found from (6.23) -- (6.26). It is rather remarkable that
the equations involve only the squares of «' and /5' , not the
first powers, so that the final result is free of radicals.
To solve these equations, one method which was tried
was successive differentiation. The system is over-determined
and i1t becomes more so as we add relations obtained by
differentiating successively with respect to u or v. It
might be thought, then , that elimination of the higher
derivatives would lead to a new independent relation among
the first and second derivatives. One such relation, it has
been proved, would allow us to obtain f or a derivative
directly in terms of & and 2 . Since o and /B are functions
of a single variable, the functional form of f would thus
be known, the partial differential equations would become
ordinary equations, and the whole problem (perhaps) would be

solved. But it has been shown, by means of the above subst-
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substitution log ﬂ/VEﬁB, that fewer than five differentiations
will not suffice for this program, and that any number is
probably insufficient. In other words so many of the new
equations are dependent that the number of unknowns keeps

pace with the number of equations, contrary to expectation,
and no new relation is found.

As a second method we have obtalned ordinary differemntial
equations by finding relations involving only those derivatives
of an unknown with respect a single variable, e.g.,

..)=0., When the other variable-- u in our

W(fu,f f

uy’? "uvv?

example -~ is constant, this is an ordinary differential
equation. The program was successful, in that such equations
were actually found. But they were always too complicated

to solve, being non-linear and at bese of the first order and
second degree, or of the second order and first degree.

Still another procedure is to use the general solution
of laplace's equation in two dimensions. Since log F 1s
harmonic, for example, we have

F=E(u+iv)nlu-tv)
and thus the other relations may be expected to give ordinary
differential equations foi'f or?? » 1f one variable 1s regarded
as constant. By subsituting and eliminating one finds that

such 1s indeed the case. We have, for example,

n'_s a1 -p
1 lb@p)r 8 a3 (v constant)

which 1s an equation of the Mathieu type.
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To obtain this result and others of a similar kind one
must use the following artifice. There is always a value of
v which makes £ :qual to zero, as we see by inspection of
the functions sce of &n appropriate canonical form for the
differential equation -- such as (6.23), for example --
allows us to assumeﬁﬁo as well., There exists a particular v
then, for whichB=,8:0. If we pick this particular value
for the constant valug in our equations, we find that certain
avkward terms involving square roots drop out, and thus the
desired result is found. Since the argument of’7 still
involves the vatiable u, and since q is really a function
of only one variable, we lose no essential information by
confining our attention to this special value of v.

These devices were tried in all systems obtained by the
above changes of independent or dependent variables, and the
investigation consumed much time-- more, in view of later
developments, that the importance of the problem warrents.
It is felt, therefore, that this brief summary should be
included even though the results are inconclusive,

7.2=--An indirect method of solving the equations for f--

To obtain all possible linear elements we must have all possible
values of f; 1in other words we must have the general solution
of the above differential equations. The preceding discussion
suggests that this general solution is not easy to obtain
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directly, although perhaps a particular solution can be found
by various artifices. In view of these considerations we
use an indirect procedure, which depends on the fact that
« and 3 are already known for every case.

Given a particular linear element d52 we note from (5.3)
that all others using the same o and 2 are obtained from
this one by means of a conformal transformation, with ds?2
now regarded as the metric of a Riemanniap V3. Thus, since
o and P are to be the same in both cases we can change
f and H only, and hence the two elements are proportional.
By & theorem of Liouville [15], the most general conformal
transformation which preserves the Euclidean character of the
space--i.e., preserves the relations of Sec. 2-- is a rigid
motion, a reflection, or an inversion. Only the latter
is of interest here. Hence given « and 2 , if we can somehow
discover just one admissible f and H, then all others

can be found from this by inversion.1

1) A similar use of ILiouville's theorem is made in Ref. 8.

To find a single value of f one may use the differantial
equations. Actually, however, by putting the linear elements
of [3]into our form (5.3) we find that most of our values for

o and [5 are there represented. Since the linear element
is given in full in Ref. [3], we simply read off f and H
to obtain one permissible pair of values. Finally, the

co-ordinate transformation giving this linear element is
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likewise found in[3] s Whence the new result obtained by
inversion in a general sphere can be written down by inspectim.

Specifically, if

(7.13) Reet g ()

gives the new vector X from the origin to the co-ordinate
surface, in terms of the o0ld vector x and the vector ¢ to
the center of the sphere used for inversion, then the new
linear element 35218 related to the o©01ld one by

M P e
ol 1
(7.14) S e %

with r as the radius of the sphere. In our use of (7.13)
and (7.14), which are well known and easy to verify, we may

take r=1 with no loss of generality.

T.3 Illustrations--As an example,consider the case

o = cschgu, = csclv

which arises from (6.23) withA=-2. This is identified with
III, in [3] ufter renaming the varisbles and dividing by
sinh u and sin v. We thus find

f=csc(v)esch(ul, H=0

and these satisfy the appropriate equations. After inversion
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one finds, by means of (7.14) and the co-ordinate transformaticn
in {3] ,

ds = - ds
[(s1nh (W) s1n(v)c 08 (w) - a)*+ (sinhlu)zin(v)sin(w) - B)*+ (cosh (w)cos(v) -¢ )* | *

This has the proper form, with the new f and H given by

£ Jrat 48 +c? | sinh(w) _ sV _2¢ cosh (W) cos(v)
San(w)eintV)  in(v) sinh(W) sinhw) ein (V)

H =~2acos(w)-2bsin(w)

The values are then substituted in the equations appropriate
to the case in question, which are found to be satisfied
for all values of a,b, and ¢. The calculations are very
laborious and we omit themn.

As a second illustration let us take the elliptic case
(6.23) withlll>2,vhich by virtue of cnZsn~ 1  and item (11i1)
of Sec. 5.3 is found to correspond to the case II, in [3],
when we introduce & new variable e¥ for one of the variables
in [3] . We have then

= R'cn’(u,k)

e b'fsn‘(v, k)

f=o H= e (BvR)=t
The appropriate equations are all satisfied. Using the
cowordinate transformation given in {3]we find

-— k%
* ds

- {[@de (uk)on(v,l)-a]* teWsn(u, k)dn(v,k’) -] *+ [e“’cn(u,h) cn(Vyk)-c ]7-} 3
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By means of the identities
sn+ cn® =1, dn?+ k%sn=1
one finds that this too is in the correct form, with

f= ~2adn (u,k)sn(v,k')=2bsnlu,k)dn(y k') - 2c cnfu, k) cn (v, ')
H=e%Ys (a*10*4c*) €Y= Acoeh (WeB) —» coshiw)

Procedure similar to the above has been carried out for
each value of d+B « First the linear element is identified
with one of those in [3], which identification involves nothing
more elaborate than renaming the varlables, divieion by a function,~
or an occasional transformation of the type w-+-éw, with the
resulting modifications. For the case XII of the table in
Sec. 8.0, to be sure, the procedure breaks down, since the
linear element does not occur in [3] ; but we recognize
the co-ordinates as toroidal, and for these the linear element
is given in [11] .

The values of f and H thus obtalned are checked by
substitution into the appropriate equations. Next it is
verified that the co-ordinate transformation in [3] actually
gives the linear element, and the new element obtained after
inversion is written down, the information for case XII
being found as before from [11]. In every case the result
after inversion turned out to be of the form (5.3) with no
restriction on the center (a,b,c). The new values of f and

H are finally substituted into the appropriate equations,
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an operation which is tedious but elementary. The equations
turn out always to be satisfied, and we have thus completed
the proof of Theorems III and IV.

CONCLUDING REMARKS

8.0 Permissible linear elements tabulated-- As remarked

previously, the co-ordinate system is completely determined
by its linear element. 1In the following table we present
the linear elements for all Euclidean co-ordinate systems

in which the Laplace equation separates. The eecond entries
for £f and H in a given case were found by inversion.

So far nothing has been said about the entries II--IV,
"which are apparently not to be found in [3] . We shall see
later, however, that all conditions for separation of the
wave equation are satisfied by these linear elements. Also
it will be #lound that R=1. It follows, therefore, that
II--IV must actually be contained in [3] after all, that
is, there must exist a suitable change of scale which will
lead to one of the forms there given. The other entries in
the table, however, include every linear element of [3] which
has the form (5.3). We conclude in this way that the entries
II--IV must be equivalent to one of the others in the table
and it is unnecessary, tnerefore, L0 compute the 1nversions.

The above ressoning depends strongly on the assumption

that Ref.[{] is free of error, and for this reason we have
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retained the forms II--IV in the table. It would be desireble
to have a direct geometric proof of the equivalence, a
duestion which is reserved for subsequent investigation.
Throughout the present discussion, however, we write as

though the equivalence is established.




-60-

Table giving the linear elements d82 of all

Buclidean co-ordinate systems in which Laplace's

equation separates when the solution has the form
R(u,v,w)X(u)Y(v)2(w)

The second values of f and H for given o< and (3 were

found by inversion of the first. The linear element

is
ds? = [f&(u) +ﬁ(V)][du2+ dv’] + dw?
a
[f(uv) + Hiw]
Ic/\sﬁ Frame] «op a0 2w H f
w 8] |CAnomi¢AL Eauation
ot (aUAX+Y) A= pA=AB+1)
« = Ren(kyu) ¥ @)
= NLAH adnl(uR)snlyk) +
I H‘ p = Wed(ky) coshiw) +bsn(u,lt)dn(w,l,h’)-t "'"'i"—"{'
IAl> 2 reen(uRcnlyi) |V at+P +e
= h.‘sn'(lt,u.) ew O
I — |6 =csry)
W> 2
« = ns(Ryu) e¥ O
Ml — |Rp=cs*®w)
IAl> 2
o -.:[ns(%@tcﬂ\gd]l e” O
N — | =E\;(H,v):tcs(lt',\/)r
<2
o= c.sc'(u) O csch(w csclv)
_ 2
V ]I[z P =cschv) sintw |at BP+sinhiatcosy =2bcoshuces v
W’ 2 Zasinh(w)sin(v)




.—6'.—

x = sec(w O sech(v)sec(u)
A =- sech'(v) -+ b4 -|
n= 2 sin(w) |+ coshiw) +sadtv) i
= 2bsinh(u)sin(v) Jz"“ﬁh(u)m(v)q
L 8 12
ik =’
=1 O (uv)™
=
(5 = —\"ﬂ SIntW) (_u_f+v2,)2-'b-a‘+b‘+2b(vz_u;)
4auv
1 s -
o =t A+ L P YW
o =4 cosh(2u) 0O .
f=-7cos(a) 3 .
|A> 2 W |(cosh(u) costvi-3) Hainhusinvd -5
«.L & )
= Py
xX= u." O i
— 2
pv w! P w-va) i+ (uv-b)*
o _
p=o
«=1 © 1
p=1 w' Wt v




_62-

of= ax(at+ A o+ ) p=0
o = csc’(u) 0] G esc(u)
IL f=o acosh(v)+beos
(w)
A=Z sni) sin (W)
& =esch(u) 0] [c“h(u)-cos(vg[amh( u.)]-‘
o— p = [*:smh(u -2c.9m(v)+s|n"(v)_
2 sin(w) || (a*+ %+ &*)(coshiw) -eos(v)) *
=2 Hz @ +0 sinh(u)(coshiwt ~eosly
LI K
o= ﬂao
©)] i
[ | L
: =0 W aA+uitv?
/o sin(w) o
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8.1 Concerning inversion--In the foregoing work we found
by actual trial that all inversions of permissible co-ordinates

vere themselves permissible, 1f by permissible we mean that

the space is Fuclidean and the equation separates. The new
linear element had the form (5.3) and the other conditions
(7.3)--(7.12) were always satisfied, independently of the
center of inversion. We propose now to give & direct proof
that such must necessarily be the case.

First, since the original linear element was permissible
it had the form (1.5) with F° = %+p . Hence, because an
inversion is a comformal transformation, the new linear
element will also have this form with a different A, say A.
The equation will spearate if R, the new value of R, is given
by R°A =1. This is true provided only that the relatioms
(1.8) and (5.5) continue to hold in the new system, and we
shall see that such is the case.

Since the original linear element was permissible it
was obtained from a co-ordinate system in Euclidean space.
Hence the new one, having been found by inversion, will have
the same property. Now the relations (1.8) and (5.5), which
are the only remaining conditions for sgperation of the
equation, have been proved to be satisfied automatically
whenever the space 1s Euclidean. They are therefore satisfied
by the new iinear element, and hence the equation separates.
Moreover, the fact that A has the form (2.3) was also deduced
from the Euclidean relations, and hence will persist for A;

and the same is true of all the differential equations for
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f and H. Thus the linesr element obtained by inversion satisfies
every one of our conditions if the original linear element
does. These remarks apply to partial as well as complete
separation.

What we have shown 1s that the set of all co-ordinates
in which we optain separation RSZ or RXYZ, as the case may be,
is closed under inversion. If & given co-ordinate system 1s in
the set then the system obtined by lnverting it in any sphere
will 1likewise be in the set. This behaviour of course 1is not
found when we confine ourselves to the case R=1.

It must be mentioned that these results on inversion, though
interesting mathematically, are of slight practical importance.
The way one would actually solve Laplace's equation in co-
ordinates which are inversions of standard cases would be to
solve the standard case and then invert the solution. The fact
that‘the equation could be solved directly by separation of
variasbles in the new co-ordinate system, though true, would not

be used in paractice.

8.2. Conditions for which R=1-- We shall have R=1 wvhen and

only when it can be absorbed in the product XYZ, that is, when
R=p(u)q(v)r(w). In view of the condition R°A=1 in Eq.(1.7)

we see that A too must have this form. Such a condition, when
combined with (2.3), makes H constant and f of the form r(u)s(v),

or else it makes f comstant. Referring now to the table

we see that these conditions hold only in cases which are
found in { 3], Thus Laplaces equation separates in the sense
XYZ when and only when the wave equation so
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separates. The "when" part of this result is well known,

but the "only when" part is believed to be new.

8.3 The wave equation--In Sec.(4.3) we considered the conditims

under which the wave equation would separate partially, to
give solutions of the type RSZ. Turning now to the case

in which there 1s complete separation RXYZ we encounter a
difficulty when we try to show that F = ox((U)+B(V). The
previous argument depended on the fact thet one term of (5.2)
involved the separation constant m while the other did not.
For the wave equation, however, we may have k depending oﬁ

m, and this method therefore cannot be used. Confining

our attention to the case H=0, which we have seen 1s the
only case in which F need not be constant in the wave equation,
we shall show that the linear element must have the form
(5.3) even if the second stage of the separation goes through
for but a single value of m,

To obtain this result, observe first that the condition
on coefficients of the leading terms in (5.2) insure that
F=G 1in (1.4), so that the linear element has the form (1.5)
Note that this does not require a change of u-v co-ordinates.
Since H=0 we have the equations (6.5)--(6.8) but not (6.9),
with 0=1log F°; and in addition we have (5.5) with &+@= F2,

which becomes

8.1)  2(dur D) - 3(d, + ) = X ) + B, (V)
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when we note that h4= 0 1is permissible, in view of the fact that
all quantities involve u and v only.

As an algebraic consequence of these relations we find

Guu + Oy

(8.2) —§+d = 2(d,, + D)

83 B+ DS = P+ Doy

8.4 2y +Pud,) = 8,9, + 6,9,
8.5) P+ b «, W@, V)

and differentiation of (8.2),(8.3) leafds to
8.6) 4 (D,Duu+DDPur) = Buuu + Buvv

(8-7) 4(¢“ ¢uv+ vad)vv): QuuV‘f' QVVV

Differentiating (8.5) with respect to u and the result
with respect to v we find

(8.8) 4)“ ¢uuv + ¢uu¢uv + va d)uvv + qbuv ¢vv =0

If for @, and (f)uwve substitute the values obtained by
differentiation of (8.4), then use (8.6) and (8.7) to




-67-~

eliminate appropriate terms involving ¢,we find that all the
terms involving ¢ disappear,to give
eu (euuv + 9vvv)+ 20uy (euu+6vv)+ Ov (Quuu+ Ouvy)=0

which becomes

(euu"' 6vv) (Quev +Ouv) =0
if we use (6.6),(6.7) and (8.4) in (8.6) and (8.7). From

(8.2) and (8.3) we see that
2 2
ZCd)u + va ) = euu’*’evv
gso that Quafékvvanishes only when f is constant. Unless

£ is constant, therefore, we conclude that
(8.9) 8,06, +0,, =0

Integrating twice, and noting that the constant of integration
is an arbitrary function, we find from (8.9)
8 = log [x(u) + (V)]

which tells us that F° has the form «(uU)+3(). If £ is constant
we have R constant too, in view of R2A==l,and hence the above
case is the only one of interest.

Now that we have obtained the proper form for F we can
use all the results of the preceding sections. Inspection
of the table, whlch certainly reprecents a2 necessary condition
on the co-ordinates for separation of the wave equation,
tells us that we have f or H constant only in the well known

cases giving R=1, and Theorem V follows.
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PART III--THE MEANING OF SEPARATION

96 36 I I I I I I I I e W W I I I W I I I I I KXW W K *

SIMPLE EQUIVALENCES

9.0 Introduction--What do we mean when we say that the Laplace

equation separates to give solutions XYZ? Do we mean that
there exists a single non-constant solution of thls form?
Do we mean that there is an infinite number of such solutions?
Or do we mean that the differential equation itself can be
separated into two equations, and one of these further separated,
as in the present text? Similar questions arise for separatim
of the type RXYZ, and it is our purpose now to investigate
the relation of these various definitions. We already know
that they are not equivalent; to ask separation of the equation
as well as of the solution is a non-trivial restriction on the
permissible co-ordinate systems. At least two whole catagories
of co-ordinates are ruled out, namely, the cases IV1 and IVé
of [3], and the Dupin cyclides [7].

Considering the co-ordinates of [3] in more detail,
ve observe that all the others are degenerate cases of the last
two [11] s 1.e., of ellipsoidal and paraboloidal co-ordinates,
With R= 1 we obtalin separation in our sense--separation of the
equation as well as the solution--for every case except the
last two, whereas separation of the solution alone, in the

sense of [{2], is found also for the last two. The matter
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may be thus expressed: The solution separates to give a
complete family (v. inf.) XYZ in all confocal co-ordinate

systems; the equation separates in the degenerate cases only.

9.1. An auxiliary assumption--By rearranging terms we find

that Eq. (1.1) can be put in the form

?;"hxu*{k 3h }'f?}
(5 {M-'*}} Pl 51
w[ e fZ(&)}Zl )

vhere V° R 1s the Laplacian of R in the co-ordinates (u,v,v).

Here we have assumed complete separation RXYZ, so that
S=X(u)¥(v). The form (9.1) resembles that used in [12] for
the wave equation.

In the classical works 1t is assumed that there is a
two parameter family of solutions R XgpYapZap, but separation
of the equation i1tself is not required. Nevertheless it is
stated that the coefficients of 4/f , 1/g*, end 1/t in (9.1)
must be functions of u alone, v alone, and v alone, respectively,
as a consequence of separability. Now this statement is
easily proved when the equation separates--a proof is given
in 8Sec. 1.0 of the present work--but it is far from evident

in the general case. In fact we have been unable to give
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a proof which assumes only the existence of a two parameter
family XYZ. Nevertheless the assumption is useful in a
discussion of separation, since it greatly simplifies the
analysis, and we shall need it in certain parts of the
subsequent discussion. An idea of its scope is given by

an equivalence theorem:

vI. The following statements are equivalent:

i. The guantities in brackels in (9.1) are functions of

u alone, v alone, and w alone, respectively.

ii. There exist two non-proportional solutions,RXYZ and

RXYZ, which are independent in the sense that

expressions likeRXYZ are also solutions.

111. There exists a famlly of solutions (X+aX)(Y+bY)(2+cZ)R
with none of the expressions X/X, Y¥/Y, Z/Z constant,

and with a,b,c independent parameters

iv. By & change of scale in the u,v, and w co-ordinates

the equation (9.1) can be put in the form

'__ 7R
T

NiN

L X LY L
(9-2) ExEY tR
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To prove the equivalence we shall show that 1 —iv —»1ii»
—1ii 1 (read "implies" for the —» ). Introducing
a notation that will be used throughout Part III, we write
@, W, and U for functions of u alone, and similarly for v
and w. Also VW will mean a function of v and w only, and
likewise for other pairs. Thus, U=f;(u), 'ﬁ==f2(u),
ﬁ=f3(u,v).

Condition i1 tells us that
(9.3) 2Ry +i(g-‘l) =G

Eh\ f Ju

in view of the fact that X is a function of u only; and
similarly for the Y' and Z' terms. Proceeding as in Sec. 1.2
we integrate and take exponentials to get, with a new ﬁ)

(9.4) RZ% =T VW

By & change 1n scale we can multiply f by u, so that the new

f is Gf. Equation (9.4)now becomes

(9.5) R & =vw

f
which tells us that
(9.6) ‘-372;—2-“' +gf; (igflj')u_: % lag (Ez%)=§a 103 VW =0
and hence in the new variables the coefficient of X' in (9.1)
is zero. Also (9.5), like (9.4), persists in form (with a
new vw) if we change the v and w scales. Hence without

losing (9.6) we may get an equation like it for v and w,




-T2-

so that 1 implies iv as was to be proved.
Let us show that iv implies 1ii. Multiplying (9.2)
through by £2 we get an equation of the form

(']
(9.7) L+ Gluvw)=o

where @ involves Y,Z and R. It is assumed that RXYZ is a

solution. Hence (9.7) is valid for all v and w, and therefor:

@ must depend on u alone, since X does. The equation now

becomes

(9.8) X'+ X Qlu)=o0

which has two linearly independent solutions X and X, say,

with X+ aX also a solution for any a. Finally, the quantity

(x%af?ﬂ¥+aX), corresponding to X"/X for the one parameter

femily, will be independent of a since it equals @(u).
Proceeding now to the functon Y we multiply (9.2) through

2

by g to get

(9.9) L4 lwowa) = o

if we assume that Xt&i has been written for X. As before,©
is independent of u and w, and in view of the above it is
also independent of a. We complete the discussion for Y as
for X above, then proceed similarly for Z to obtain 1ii.
That 1i1 implies 1i is evident, and hence it remains
only to show that ii implies 1. To this end let us write
dovn (9.1) for XYZ and for XYZ,subtract, and multiply by
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f2 to obtain

XX, [2R, i(gb] (1'_.&')=o .
x X R Yanr) (%R

Now the coefficient of the quantity in braces is not
zero, since X and X are assumed not to be proportional.
Hence we can solve for this quantity and conclude, therefore,
that it 1s a function of u alone. Similar procedure gives
the result for the other two coefficients in (9.1) and the

proof of Theorem VI is thus complete.

9.% Separation of the type Rxabga_z_b-—Suppose that the equatim
can be separated into three equations by the operations of
Sec, 1.0, This is equivalent to assuming that the terms
involving u and v are already separated, so that we may take
J=1 in Sec. 5.1 For X in the solution RXYZ we obtain a
differential equation ’
T =

,))_:, +u _))_(_( +U=c
and for Y and Z we have the two others obtained by cycliec
permutation‘of‘ the variables (XYZ), (uvw), (abc). Also
a+b+c= 0.

It follows, then, that we get a two parameter family
of the type X_Q_h Y'1 Zb, =>(“}2 Zb Is 1t true conversely
that such a two parameter family leads to a co-ordinate
system for which the equation separates completely in one

step, 4nd in what case can either situation arise?
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With regard to these questions, which represent the simplest
example of the type of question with which we are here concerned,
the following theorems have been proved. It must be emphasized
that when we speak of a two parameter family, we do not

count parameters like the a,b,c¢ of Theorem VI item 1iii,

which leave X"/X.... unaltered.

VII. A necessary and sufficient condition for the existence
of a two parameter family of solutions RxabYazb’ together
with a condition in VI, is that

(9.10) ds’:{i‘[a(dhdv‘)mw*]
and

z -—

R =2 YW e

To show hbeessity we may take iv as the statement in

VI which is satisfied, so that we have (9.2). Differentiating1

1) This procedure goes back to Stackel [5] ; 1t is also
used in [12] .

with respect to a and b we find

[}
c

W
+ .ﬂisa

%0 1<)

(9.12)

i
e
== 18n

with T....#0 since it is assumed that X"/X... depend on a
or b, Absorbing u in f, -V in g, and ¥ in h by changes of

scale, we get




2 -
and hence, writing A? for h and U for -u,

(9.13) ds'= A[G(d*+av)+aw?]

By item iv of VI we know that (9.5) is satisfied and hence
from (9.13)
“9h RV RAF - RIA = aw
R I7 =R°A=VW; R I = R'A=uw
; g
2

It follows that R°A=w. Absorbing w in Z of the solution
RXYZ we find R°A=] and hence (9.13) becomes (9.10). Equation

(9.2) is now

e I )

XXy z R

FIm,
>

" Y4 il " 2
(9.14) + Y L pt 2 'R
which gives (9.11) after division by Y,
For sufficiency of the condition we note that (9.10)
gives 1 in VI, hence every statement in VI. Also (9.1)
reduces here to (9.14); dividing by R4 and using (9.11)

ve find that the equatlion separates to give

_Z—"—-.W:b
(9.15) “
9.15 = v
X', L Y'ib=0+ %%
x 4
which leads to the form RX,, Y7 when we multiply (9.15)

by u and separate again.
In the above we did not obtain complets separation at

the first step. This can occur only when the linear element
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is conformal Euclidean, as we see by Theorem VIII.

VIII. The following statements are equivalent:

1. With solution RXYZ, the Laplace equation sevparates
into three equations after belng multiplied by a
suitacle function A®.

11. There exists an R and A® such thet Z sepsrates off
as in Sec. 2; for another R nd A® we can make Y
separate off; 2and for a third we can make X
separzte off.

ii1i. The equation admlits a two parzmeter femily of the
form RX ¥ Z, with dX/9da= Dx/bb (compare VII),
and VI is satisfied,

iv. The linesr element 1s
(9.16) ds® = (1/R*)(au®+ave+aw®)
and
(9.17) VER/R® = LT+

For the proof we shall show that 1 implies every statement
and conversely. That i1 implies 11 is evident, since we may
use the seme R ahd A 1In each case; that 1 implies 1ii follows
from actually carrying out the sepsration, whence it 1is seen
as above that we finally get a family of the type X;a-bYaZb-
Also 1 implies iv, since it maskes u constant in (9.15), and

iv implies i for the same reason. It suffices, then, to show




that 11 and 1iiil imply 1.
Proceeding as in Sec. 2 we get

(9.18) das® = A®(Qqut+dve+uvaw?®)
(9.19) =A% (du®+uvav+aw®)
(9.20) = AR (Ywdu®+ave+aw®)

where we have used the full hypothesis of ii. Here A=A(u,v,w)
and similarly for Ai and Ae. Setting du®=dv®=0 in (9.18)
and (9.19) we get A/A; = /G%, which 1s constant since u and
v are. Thus A/A; 1s constant whenever u and v are constant,
and 1s, therefore, independent of w. Similerly it is independent
of u and v; and reasoning in the same way for A/As we conclude
finally that A=Aj=Ag. Comharing (9.18)--(9.20) we see then that
uv, Uw, and Vw are all constant. Morsover R®A=1 as in Sec. 2,
and hence the linear element has the form (9.16). Also since
the A's are equal the R's must be equal,whence we obtain
(9.17). Since iv implies i1 1t follows, finally, that ii
implies 1.

To show thot 111 implies i we set U=u in (9.12). We
thus find that the space 1s conformal Euclidean, and since

VI 1s satisfied the remainder of the proof causes no difficulty.
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9.3 Separation of the type RxabYabe--Separation of the

equation as cerried out in Parts I and II of the present text

gives a one-parameter family Z and a differential equation,
dependent on this same parameter, for X and Y. Separating
the lattér equation introduces another parameter for X and
the same one for Y, whence we obtain finally a family
RxabYabzb° We inquire now whether the converse 1s true, that
is, whether a family of solutlions so parametrized always
insures that the equation can be so separated. This and

similer questions are answered in Theorem IX.

IX. The following statements sre equivalent:

1. With solution RXYZ, Laplace's equation can be
multiplied by a function to make Z separate off,
and the equation so obtained for X snd ¥ can be
multiplied by another function to make X and Y
sepsrate off.

1i. The equation zdmits a two-parameter family
RX_.Y bzb’ and VI is satisfied.

ab a
1ii. The linear element 1is

(9.21) as® = (1/8*) [(5+%) (au+av®)+av?]
and

(9.22) VQR/Rs = (G+9)/(T+¥) + W
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We shall show that i—sii-siii-—i. That 1ii implies 1
has been found in the foregoing peges; (9.22) is a consequence
of (5.5) and (1.7). We have just seen that i1 implies 1i, and
hence it suffices to show that i1 implies 11i. For this

we differentiate (9.1) or (9.2) with respect to a and b

to find
(9.23) /% + §/g® = 0
(9.24) B/f? + ¥/g® + W/n® =0

After a sultable change of scale for u and v the first equation
mekes f=g. When this is the case the second gives f*=(h®*/%)(TG+v)
which leads to

ds® = A® [(ﬁ+'\'r)(du2+dv2) + dw"]

when we chsnge the w scale to make w=1l, substitute in (1.0),
and write A® for £f®/(G+¥). Since VI is satisfied we have
R®A=1 as usual, and (9.22) 1is found, finslly, by using the
values (9.21) in the original egquation (9.2).
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THE GENERAL CASE RxabYabzab

10.0. Rank of the equations--For the case 1in which the mode

of parameterigation is unrestricted we know at the outset

that the equation willl not separate in general even though

there i1s a two parameter family of separated solutions. We

now have the following results:

X. The following statements are equivalent:

1.

ii.

11i1.

(10.1)

(10.2)

Laplace's equation admits a general two parameter

family of solutions RX‘inbZab. and VI is satisfied.

If R$l there are three families RXYZ, RXYZ and

RXYZ such that the 3x3 determinant with elements
X"/X... does not vanish identiezlly, and VI 1s

-satlsfied. If R=1 the determinant has rank 2.

The linear element can be put in the form

= UW

2
ds e

(au®/u+av®/v+aw® /W)

and

om
<
=\

VER/R° =

oy
<)
£l

1
Uvw

<\

foll]
=\

where U,V, and W are respectively the cofactors

of G,V, 2nd ¥ in the determinant (10.2).
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Let us prove first thst 1 lezds to 1i. Since VI is

sctisfied we heve (9.2), which gives

-
-
-

(10.3) u/f2+%/g245/n?=-<72R/R
(10.4) T/ £2+%/g®+%/n®=0
(10.5) B/ £2+%/ 2+ /no=0

when used as it stends and then differenticted with respect

to a and b. If we can show that this system has rank 2

for R=1, rank two otherwise, we shall have proved 1ii.

Let us note that independence of the ecustions (10.4) end

(10.5) shows thst the rankiis 2 when ¢ °R=0; =nd by considering
the augmented metrix of the system we see that the same condition
mekes the rank 3 when Y®R$0. If WY*R=0, Eq. (9.2) becomes
simply the equation for XYZ, and hence the condition W*R=0

1s equivalent to R=1 when VI is satisfied. The net result is
thet to prove 1i we need merely vrove independence of (10.4)

and (10.5).

If the equations are dependent we have

=\

= W/

<

= v/

o

(10.6) v/

and since the first term is a function of u alone, the second
of v alone and the third of w alone, each term must be constant,

independently of u,v, and w. Bearing in mind the method of
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deriving (10.4) =nd (10.5), we see that the first term of

(10.6) now gives
(1C.7) /% (X"/X) = K 3/9b (X"/X)

with K 2 function of a and b only, not of u. If we suppose
that X"/X is an anslytic function of u for each a and b we

may write

o)
(10.8) X"/x = iAkuk

k=0
where the coefficients zre functions of a and b. Substituting

in (10.7) and equating coefficients of corresponding powers

of u we get

d/9da Ay = K /Db Ay (k=0, 1, 2,...)

These relstions tell us thet the Jacobian of AO and Ak is zero,

A, 2A.

da  3b | _ A, oA | K| o
aAk _aﬁk - aa E)b ' K -
2a ob

2nd hence that the functions are not independent. Thus

A.=p, (A)) and the series (10.8) 1s a function of one parameter
only, contrary to hypothesis. We remark in passing that results
on rank similar to this are generally assumed without proof

in the literature.
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10ele-~The linear element from the solution--Given 1i,

we write down (9.2) for each solution, then subtract the last
two equations from the first to obtein a sysﬁem similar to
(10.3)--(10.5). This time we know by hypothesis that the
equations corresponding to (10.4) and (10.5) are independent,

and hence we may solve them for the ratiom £%/g® and £%/h® to get
(10.9) 1/£%=A%U, 1/g%=A%V, 1/h®=A%W

after defining A® by the first relstion. Here U, V, and W
are given in Theorem X.
Using (10.9) in the squsre of (9.5) we get R*U/ARVW=Tw

which gives
(10.10) R*/ARUW = Tw

when we divide by U®, noting that U® is a function of v and w
only. Similarly the expression in (10.10), being unchenged

by permutation, must be equal to Uv and to UWw. It is therefore a
constant, which we may take @s 1, and in view of (10.9) the
linesr element hss the form (10.1). By putting a given ds?®

in this form we can determine R by inspection, just as wes the
cace for the simpler situstions hitherto considered.

From the Lzplece eguation (9.2) we now get

(10.11) (R*/uvw ) (UX"/X + vY"/Y + wz"/z) = -VY?*R/R
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which leads to (10.2) when we give to U,V,W their proper

interpretztion ss cofactors.

10.2 The solution from the linear element--To complete the
proof of Theorem X we must show that iiil implies i, in other
words that a linear element of the form (10.1), plus an
auxiliary condition (10.2), will always permit a two parameter
family. With this end in view we substitute (10.2) into
(10.11), divide by R*/UVW, collect coefficients of U,V, and

W, and make use of the cofactor definition to obtain finally

XM"/xG Y/ 2"/2w
(10.12) u v w =0
T 7 W

for the Laplace equation in our co-ordinate system.
This determinant will vanish if the rows are linearly

dependent, that 1s, if constants a and b can be found so that
X"/X - T+ ali+ bu =0

and similarly for ¥ and Z, with the same a and b. Solving
these differential equatlions for X, Y, and Z we obtain the
required two parameter femily. It is clear now why phe

columns in (10.12) must be functions of only a single varieble.
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OTHER QUESTIONS

11.0 Euclidean space--To complete the investigatlion of
separation RXYZ one must discuss the general case of Sec. 10,
determining those linear elements of the form(10.l) which are
also Euclidean. Detalls of such a program are reserved for
later investigation, but one can say in a general way how the
work should be done.

First, let us observe that requiring a linear element
to be conformal to a certaln form, and in Euclidean space,
1s the same thing ss requliring it to be in that form and
conformal to Euclidean space. This result 1is readily proved
from the fact that the inverse of a conformal transformation
1s again conformal. Hence the problem at hand 1s equlvszlent

to finding those linear elements that have the form
ds® = au®/U + dav®/V + aw®/w

and are conformal to Euclidean space, with the conformality
factor UVW/R* satisfying (10.2).
Now U, V, 2nd W involve functlons of a single variable
only. Also the necessary and sufficient conditions that a
ds® be conformsl Euclidean are well known. Using these conditions,
then, we should get differential ecustions for U, V, a2nd W
which would be ordinary differential equations 1n U... when
we regard the other variasbles as constant. With thls approach

1t 1s possible that the problem could be readily solved.
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11.1 The wave equation--For separation of the wave equation

we have the conditions obtained here, generally speaking,

plus certain others. It would be desirable to obtain these
other conditions and to determine whether they lead to R=1
in the case of Theorem X. That one must have R=1 has been

_proved in all other cases, but the last question is still

open.

11.2 Incompleteness of existing results-- Theorem X depends

on Vi, which has not been obtained as a consequence of
separation. It would be desirable to have a proof that
these results are, or are not,necessary, so that we should
really known whether Theorem X gives the most general conditim.
It must be noted that VI has not been proved even for the
case R=1 and the wave equation, which is presﬁmably the
most restrictive (and therefore easiest) condition. Since
the classical results on separation of the wave equation use
results analogous to VI, they are, in the author's opinipon,
not quite conclusive.

Another question which should be ccnsidered is the
possibility of non-orthogonal co-ordinates when only the
solution separates. We know that cross derivatives are
not permissible when the equation separates, but they may

be permitted in the general case.
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11.3 More general types of separation-~It hss been seen that

instead of assuming separetion of the type XYZ one may, with
nearly equal convenience, assume the more general form RXYZ. It
1s natural to inquire whether still ﬁore general forms might lead
to useful results 1n co-ordinates thet are excluded by the
present method. Certain forms are seen at once to be of no
interest, 1t 1is true; for example R(X+Y+Z) or even RX+SY+TZ
(with R,S,T fixed functions) are useless becsuse they will never
form a complete set. Also the form RXYZ+3 lesds to no new
problems if VI is satlsfied, 28 the term S just chenges the
right side of (9.2) to -W°R/R-{V®S/S, 2nd the derivation of the
theorems 1is essentislly unchanged. For any R we could pick S
80 that (10.2) is satisfied, and hence the necessary and sufficient
condition is that the linear element be in the form (11.0) and
conformal Eucllidean. The case S=0 would arise when znd only
when R satisfies (10.2). On the other hand the most general
linear form RXYZ+SXY+TXZ+UYZ+AX+BY+CZ+D might lead to something
new, and in view of the discussion of Sec. 1.0 it would
accomplish most of the objectives desired.

Considering these objectives more closely, one concludes
that the ﬁost general expression which can be regarded as a
seprrated solution is F(X}Y;z;u,vrw) where F 1s a single fixed
function and X,Y,Z form a two parameter family. Tﬁe Laplece

edquation now becomes
L 12 ' ' -
(gh/£) (F X"+F X'%+2F X'+F  )+(gh/f) (F X'+F )+cyclic=0

and we want the condition that there exist & non-constant F
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for which this is satisfied. 8uch generalizations lead

to inconvenience in that the equations to be solved, though
ordinary, may be non-linear, and also the solutions will
not generally turn out automatically to be an orthogonal

set. But the number of possible co-ordinate systems might

be greatly increased.
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