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1. Introduction

The Steiner Problem in a Directed Graph(SPDGQG) is defined as follows: Given
a directed graph G = (V, E) with a set of nodes V = {r} UI U J and a set of
arcs E, and a set of nonnegative arc costs c,, the problem is to find a minimum
cost subgraph spanning a given subset {r} U I of nodes such that there exists
a directed path from the root node r to every member of I, called a demand
node. Any node in J, called a steiner node, may or may not be included in that
subgraph. So far, a great research attention has been paid to this problem and
its counterpart for an undirected graph, the Steiner Problem in an Undirected
Graph(SPUG). The excellent surveys on the proposed formulations and the
solution approaches can be found in Winter[13] and Maculan[11].

A last decade has witnessed an explosive growth in the polyhedral study
on combinatorial optimization problems. And its theoretical and practical sig-
nificance is well recognized. However, a little surprisingly, we can hardly find
such an effort for the steiner problem in graphs, especially for the SPDG. Only
a notable exception is the recent work given by Chopra and Rao[5,6]. They
develop some classes of valid inequalities and facets which are applicable to the
SPUG with specific structure and extend those results to its bidirected version.
It is well known that the SPUG can be transformed to the equivalent SPDG, a
bidirected version of the SPUG. Moreover, the linear programming relaxation
of the latter formulation provides a lower bound at least as good as one from
that of the former formulation. Thus any valid inequality of the SPDG can
also be used to obtain the sharp lower bounds for the SPUG. For more details
about the existing formulations for the steiner problem in graphs and their
linear programming relaxations, see Goemans and Myung[10].

In this paper, we describe a class of inequalities with 0-1 integer coefficients
which are valid with respect to the SPDG regardless of the structure of a given
graph. In the next section, we introduce some notation used throughout the

study and formulate the SPDG as a set covering problem. In section 3, we



characterize trivial facets of the SPDG, and derive a necessary condition for
nontrivial facets along with some sufficient conditions for a class of trivial facets.
In section 4, we derive a class of valid inequalities with 0-1 coefficients of the
SPDG and show when those inequalities define facets. Also shown are some

necessary conditions for nontrivial facets with 0-1 coefficients.

2. Notation and Problem Formulation

Let G = (V,E) be a directed graph with V = {r} UI U J where I is the
demand node set, J is the steiner node set, and r is the root node. For a
subset U C V, 6*(U) denotes the set of arcs {(z,7) € E|: € U,j € V\U},
6~ (U)=46"(V\U),and E(U) = {(z,j) € Eli € U,j € U}. We use §*(z) (6(¢))
instead of 6*({:}) (6~({s})) for some ¢ € V. We represent subsets of arcs by
their incidence vectors z € {0,1}Fl. A steiner arborescence rooted at r of G,
which we will simply call a steiner arborescence, is defined as a subgraph of G
whose underlying graph is a tree spanning {r} U I and in which every node in
I has a directed path from r. Since we assume nonnegative cost coefficients, a
steiner arborescence becomes an optimal solution of the SPDG.

Let U; be a subset of V such that U; NI # 0 and r € V \ U, then §=(U;)
is called a directed steiner cut. Let |E| = n and let M = {1,---,m} be the
index set of such U;’s. And also let A be an m X n 0-1 incidence matrix, each
row of which has a one to one correspondence with the incidence vector of each
directed steiner cut. Then the SPDG can be formulated as the following set

covering problem:

(P) min ) c.z.

ecE
st. Az >1

ze=0o0rl, e€ E.



This set covering formulation is first given by Aneja[l]. As far as the optimal
objective value of its LP relaxation is concerned, this formulation along with the
flow formulation given by Wong[14] is the strongest one among the formulations
proposed to date for the SPDG[10,11]. Throughout the study, we assume that
every steiner cut has at least two arcs. If a given graph has a steiner cut
with a single arc, this arc must be contained in the optimal solution. So we
can transform the graph to the one satisfying the assumption by contraction.
Furthermore, we also assume that there exists at least one directed path from r
to each node. If the problem is feasible, there exists at least one directed path
from r to each node in I. Moreover, unless some steiner node j has a directed
path from r, we can delete that node and all the arcs incident to it from G. Let
F(A) denote the convex hull of the feasible solutions of (P).

For any 0-1 matrix A with no zero row, we define the undirected bipartite
incidence graph B = (N, M, E,) associated with it. B has a node ¢ € M for
each row of A, a node j € N for each column of A and an edge between nodes
¢ € M and j € N if and only if a;; = 1 in the matrix A. Given M’ C M, a set of
nodes T C N is called a cover of M’ if every 1 € M’ is adjacent to at least one
node of T. We will also call a cover of M one of A. §(M') denotes the minimum
cardinality of a cover of M’. We also denote by §(A) the minimum cardinality
of a cover of A and refer to S(A) as the covering number of A. Therefore,
B(A) = B(M).

As already mentioned, Chopra and Rao[5,6] also considered the facial struc-
ture of the SPDG where a given graph has specific structure and only bidirected
arcs. Precisely speaking, the feasible region they dealt with is not exactly F(A)
but its dominant, F*(A) = {2'|z' > z for some z € F(A)}. Therefore, any
facet of FI(A) except z. < 1 for all e € E also defines a facet of F¥(A), but the
reverse is not necessarily true. As shown in [5], under F'*(A) every facet of a
contraction minor of G is also a facet of G as far as only the bidirected arcs are

contracted. However, neither is this necessarily true under F(A).



3. Trivial Facets

We first characterize trivial facets of F((A).

Theorem 1 For a given graph G = (V, E), the following statements are valid:

(i) ze > 0 defines a facet of F(A) if and only if every directed steiner cut in
G includes at least two arcs other than e.

(i1) z. <1 defines a facet of F(A).

(i4) Suppose that §~(U;) is a directed steiner cut. Then > z. > 1 defines
e€s—(U;)

a facet of F(A) if and only if (a) it is a minimal steiner cut and (b) for each
e € E\ 6 (U;), some steiner arborescence in G doesn’t contain e, but contains
ezactly one arc in 6~ (U;).

(iv) The only facet defining inequalities for F(A) with integer coefficients and
right hand side equal to 1 are those of the system Az > 1.

Proof. By our assumption that any steiner cut has more than one arc, F(A)
is full dimensional. Therefore, (i),(ii),(iil), and (iv) are the direct consequences

of the results for the set covering polytope[2,12]. O

Remark 1 Let az > g define a facet of F(A). Except for inequalities of the
form z. < 1, all @, > 0. And except for inequalities of the form z. > 0, ag # 0.

Therefore, without loss of generality we can describe all other facets as az > 1
with a > 0.

In the remaining section, we describe a necessary condition for nontrivial
facets. In order to do that, we first prove some sufficient characterizations of

the trivial facets of the form Z z. > 1.
e€6~—(Uy)



Theorem 2 For a given graph G = (V,E), let az > 1 define a facet of F(A)

and §(U;) be a directed steiner cut. Then az = Y =z, if
e€s—(U;)

(i) ae > 0 for all e € 6~ (U;); and
(11) for any two distinct nodes vy,v; € U; such that 6 (vi) N 6=(U;) # 0 for
k =1,2, at least one directed path containing only the arcs with a, = 0 exists

either from vy to vy or from v,y to vy

Proof. Suppose that (i) and (ii) of the theorem are satisfied and that ax #

> .. Then some feasible vector of F(A) satisfies az = 1 and the property
e€s—(U;)

that z., = z., = 1 for at least two e;, e; € §~(U;). Now our aim is to induce
a contradicting result by showing that some feasible vector z’ of F(A) satisfies
az’ < 1. Let v; and v; be the heads of e; and e,, respectively. If v; = v,, one
of z., and z., can be set equal to zero without violating the feasibility. This is
because each node in a steiner arborescence has at most one incoming arc. In
this case, 2’ can be constructed from z by setting either z,, or z., equal to zero.
Suppose v; # vy. Without loss of generality, by (ii) of the theorem, we assume
that there exists a directed path from v; to v, which consists of the arcs with
a, = 0. Let E, be the set of arcs in such a directed path and T be the subgraph
of G whose incidence vector is z. If there doesn’t exist a directed path from
r to vy in T, we construct ¢’ from z by setting z., equal to zero. Otherwise,

construct 2’ as follows:

0, ife= €2,
z,=¢ 1, ife€kE,
Te, otherwise. 0O

Corollary 1 For a given graph G = (V, E), let az > 1 define a facet of F(A).

Then, ax = Z z. for some i € I if and only if a. > 0 for all e € §(2).
e€6—(1)



The following theorem shows one particular case of Theorem 2.

Theorem 3 For a given graph G = (V, E), let az > 1 define a facet of F(A)
and 6~ (U;) be a directed steiner cut. Then az = 2 ze if ae > 0 for all

e€s—(U;)
e€§(Uy), 6 (U;)) C6~(UinI), and o, =0 for alle e | J 6 (4).
jeung
Proof. We prove the theorem by induction on |U;|. The case |U;| = 1 was

treated in Corollary 1. Suppose that the theorem is true when |U;| < p for
some positive integer p. Consider the case |U;] = p + 1. We also suppose the
followings: a. > 0 for all e € §=(U;); 6~ (U;) C 67 (U; N I); and a, = 0 for all

ee |J 67(5). It is sufficient to show that the condition (ii) of Theorem 2 is
JeUNJ

satisfied. Let vy and v, be two distinct nodes in U; such that = (vi )N~ (U;) # @
for ¥k = 1,2. Suppose that there exists no directed path from v; to v, which
consists of the arcs with @, = 0. Then, there exists some W C V such that
v & W, v, € W, and a. > 0 for all e € §-(W). Let W' = W NU;. Then
a. > 0 for all e € 6~ (W’) because a. > 0 for all e € §~(U;) U6~ (W). Moreover,

(W Cé&WnI)anda, =0foralle e |J 67(j) because a. = 0 for

JEWNJ
all e € U 67(7). By the assumption that the theorem holds for |U;] < p,
jeuing
oar = Z ze. This contradicts the fact that a. > 0 for e € §~(vy) N6 (T;).
e€s~ (W)

O

From Theorem 3, we can derive the following necessary condition of non-
trivial facets of F((A)

Theorem 4 For a given graph G = (V, E), let az > 1 define a nontrivial facet

of F(A). Then ae >0 for at least one e € | J§(5).
jed



Proof. Suppose that a, = 0 for all e € | J67(j). Let E* = {e € E|a, > 0}.
jeJ

Then, for some arc ¢’ = (v,v’) € E*, v’ € I by the assumption. Moreover,

some feasible vector of F(A) satisfies az = 1 and = = 1. Otherwise, all the

feasible vectors satisfying ez = 1 also satisfy z.» = 0, which contradicts the fact

that @z = 1 defines a nontrivial facet. And there exists a directed path from

r to v’ in G which consists of the arcs in E \ E*. If such a path doesn’t exist,

there must exist U; C I U J such that v’ € U; and 6= (U;) C E*. Moreover,

§(U;) € 6~(U;NI) because a, = 0 for all e € | J67(5). By Theorem 3, this
jeJ
contradicts the fact that az = 1 defines a nontrivial facet. Let E, be the set of

arcs in a directed path from r to v’ defined before. Consider the new feasible

vector of F((A) constructed as follows:

0, ife=¢,
z.=¢ 1, ife€kE,
T, otherwise.

Then az’ < 1, and this contradicts the fact that ax > 1 defines a facet. ]

If J = 0, (P) formulates the problem of finding a minimum cost arborescence
rooted at r. For this problem, by slightly modifying Theorems 3 and 4, we
can show that all the trivial facet defining inequalities completely describe the
convex hull of all the feasible solutions of (P). In [9], Fulkerson has shown that
Ft(A) = {z € R¥l| Az > 1, z. > 0, for all e € E} for the minimum cost
arborescence problem. Therefore, the modifications of Theorems 3 and 4 also

provide a new proof of his result.

4. Valid Inequalities with 0-1 Coefficients

In this section, we derive a class of valid inequalities with 0-1 coefficients of

F(A). For a given graph G = (V,E) and E' C E, let G' = (V, E’). From G',

7



IS C I, J® C J, and the corresponding 0-1 matrix S are defined through the

following procedure, which we call Procedure S.

Procedure S

(i) For each i € I, if ¢ has no directed path from r in G, set i € IS.

(i1) For each j € J, if there exists at least one directed path from j to some
i€ I%in G, set j € JS.

(iii) Construct an |I5| x |J5| 0-1 matrix S such that for each i € I and j € J5,

si; = 1, if at least one directed path from j to : exists in G’ and 0, otherwise.

Example. Figure 1 shows a given graph G. I = {1,2,3,4} and J = {5,6,7,8}.
The arcs in E’ are dotted. IS = {1,2,3} and J° = {5,6,7}. The corresponding

0-1 matrix S is as follows:
110
S=1101
011

Remark 2 Let I7 = {i € IS|s;; = 1} for j € J5, J? = {j € J5|s;; = 1} for
i € I, and V5 = IS U J5. From the definition of Procedure S, the following

statements are valid.
(i) S has no zero column.

(i) 6~ (V)N E' = 0. So, there is no directed path from r to any v € V° in G,
(ii1) For some (v,v") € E(J5), if (v,v') € E’, then IS C I?.
(iv) For some (v,v'") € E(I®), if (v,v') € E', then J5 C J5.



(v) For some (v,v") with v € I and v’ € J5, if (v,v") € E', then Ij; C I} for
all j € JS and J5 C JF for all ¢ € I.

The last three cases are illustrated in Figure 2 where only the arcs in E' are
shown and dotted.

For a given graph G and E’ C E, consider the following inequality with 0-1

coefficients.

> x>k (1)
e€E\E'
Then the following theorem provides a necessary condition for (1) to define a
nontrivial facet of F'(A).

Theorem 5 For a given graph G = (V,E) and E' C E, if (1) defines a non-
trivial facet of F(A), then E' produces a 0-1 matriz S with no zero row by
Procedure S.

Proof. Obviously, I° is not empty. If I° is empty, k should be zero for (1)
to be valid with respect to F((A4). This contradicts the fact that (1) defines a
nontrivial facet. Suppose that some i € I° has no directed path from any j € J
in G' = (V,E"). Since e ¢ E' for any e € 6~ (I5)N §T({r} U I\ I®), there exists
I° C IS such that 6 (I°) N E' = § and ¢ € I°. By Theorem 3, this contradicts
the fact that (1) defines a nontrivial facet of FI(A). 0

Therefore, from now on, when we consider a subset E’' of E, we always
assume that E’ produces a 0-1 matrix S with no zero row and no zero column by

Procedure S. Now we introduce a class of valid inequalities with 0-1 coefficients

of F(A).



Theorem 6 For a given graph G = (V,E) and E' C E, let S be a 0-1 matriz
generated from E' by Procedure S. Then the inequality

> ze > B(S) (2)

e€E\FE'

18 valid with respect to F(A).

Proof. It is sufficient to show that any steiner arborescence of G contains at
least B(.S) arcs of E'\ E'. By (ii) of Remark 2, there is no directed path from r
to each i € I in G' = (V,E'). Let e = (v,v') € E\ E', then e corresponds to
one of the following cases: (a) v’ € V5; (b) v € J® and v’ € I®; (¢) v, v’ € J5;
(d) v,v' € IS; (e) v € IS and v' € J5; and (f) v € V5 and v € V5. Even
though all the arcs of the form (a) are added to G’, the resulting graph has no
directed path from r to each & € V°. If any arc of the form (b),(c),(d), or (e) is
added to G’, the resulting graph still has no directed path from r to each ¢ € I°.
Moreover, the 0-1 matrix generated from this graph by Procedure S, say S.,
has the same row and column sets as those of S and satisfies 3(S.) > 8(S) — 1.
Note that any ¢ € I® has a directed path from at least one j € J5 in G'. If any
arc of the form (f) is added to @, it creates the directed paths from r to each
i€’ CISsuchthat ' C T 9 for some j € J5. Therefore, in order to construct
a directed path from r to each ¢ € I®, at least 5(S) arcs of E \ E’ should be
added to G'. O

Several different subsets E’ of E can produce the same matrix S, so the
strength of the cut (2) is dependant on the choice of E'. For a given |I°| x |J5|

0-1 matrix S with no zero row and no zero column, E? is defined as the subset

of E which consists of the following arcs:

(i) e€ b6 (v)forallveV\VS
(i) e = (v, ') for any v € JS and v’ € I® such that s, = 1;

10



(iii) e = (v,v") € E(J¥) such that I} C I};
(iv) e = (v,v") € E(I®) such that J C J5; and
(v) e=(v,v') for any v € I° and v’ € J¥ such that IS C IJ-S for all j € J5.

Then the following theorem holds.

Theorem 7 For a given graph G = (V, E) and an |I5| x |J5| 0-1 matriz S with
no zero row and no zero column, the following inequality

S 2. > B(S) (3)

e€E\ES

is valid with respect to F(A). Furthermore, (3) dominates any inequality of the
form (2) such that E’ produces S by Procedure S.

Proof. By the definition of ES, if some directed path from j € JSto i € ISof G
only consists of the arcs in ES, s;; = 1. And 6~ (V)N E® = 0. Therefore, if we
let S’ be the 0-1 matrix produced from E° by Procedure S, 8(S’) > B(S). So,
(3) is valid for F((4) by Theorem 6. Moreover, by Remark 2 and the definition
of ES, E' C E® for any E' C E such that E’ produces S by Procedure S. O

The following theorem shows when the right hand side of (2) is tight.

Theorem 8 For a given graph G = (V,E) and E' C E, let S be the matriz
generated from E' by Procedure S. Suppose that there exists a minimum cardi-
nality cover J C JS of S such that for each j € J, G, = (V,E' U {e}) for some
e € E\ E' contains a directed path from r to j. Then (1) 1s a valid inequality
of F(A) if and only if k < B(S).

Proof. (<) is the direct consequence of Theorem 6.
(=) Suppose k > 3(S). By the definition of Procedure S, G’ = (V, E’) contains

not only at least one directed path from r to each i € I\ I° but also at least one

11



directed path from j to i for j € J® and i € I°. Moreover, from the assumption

of the theorem, G, if |J|(= B(S)) arcs in E \ E' are added to it, contains a

steiner arborescence of G. Hence, we have a contradiction. ]

5. Nontrivial Facets with 0-1 Coeflicients

Now we investigate when those inequalities derived in the previous section are
facet inducing for F(A). In order to do that we need the following terminology.
We say that a 0-1 matrix S with no zero row and no zero column is a #-mazimal

adjacency matriz if

(a) the bipartite incidence graph of S is connected;
(b) there exists at least one zero element in each row of S; and

(c) changing a zero element of S to one decreases its covering number, B(S).

The central concept of -maximal adjacency matrices is used not only for
describing the simple plant location polytope[3,4] but also for developing a
necessary and sufficient condition of the facet for the set covering polytope[8].
Some specific f-maximal adjacency matrices are shown in [3,4,7). Moreover,
Cho et al.[4] show that A-maximal adjacency matrices satisfy the following

properties.

(i) B(S)=2.

(ii) For each row and column, there exist at least B(S) — 1 zero elements.
Furthermore, if s;+;» = 0, some 3(S) — 1 elements of J5\ J3 including j* cover
IS\ {i*}.

(iii) The support of any column cannot be a proper subset of the support of

another column.
(iv) The support of any row cannot be a subset of the support of another row.

(v) |JP| > 2 for all i € IS and |I7] > 2 for all j € J5.

12



(vi) Let S’ be a submatrix of S such that all the identical columns are reduced

to one. Then $’ is also a #-maximal adjacency matrix.

Remark 3 By the definition of Procedure S and the properties of S-maximal
adjacency matrices, if any E’ C E produces a f-maximal adjacency matrix S
by Procedure S, the following statements are valid.

(i) For some (v,v') with v,v' € J5, if (v,v') € E', then IS = I3. This is from
Remark 2(iii) and the property (iii) of f-maximal adjacency matrices.

(ii) For any (v,v') with v,v’ € I, (v,v") € E' by Remark 2(iv) and the property
(iv) of B-maximal adjacency matrices.

(iii) For any (v,v’) with v € I’ and v’ € J%, (v,v') € E’' by Remark 2(v) and

the properties (iv) and (v) of f-maximal adjacency matrices.

For any W C V, we define a directed W -path as a directed path which has
no intermediate node in W. Then the following theorem shows when (2) defines
a facet of FI(A).

Theorem 9 For a gwen graph G = (V, E) and E' C E, suppose that E' pro-
duces S by Procedure S. Then (2) defines a nontrivial facet of F(A) if

(i) E' = E5;

(i1) S is a B-mazimal adjacency matriz;

(111) G contains at least one directed V5-path from r to each j € J; and

(1v) for each e € E(V\V5), there exists at least one minimum cardinality cover
J. C J5 of S such that G, = (V,E \ {e}) contains not only a directed V5-path
from r to each j € J. but also a directed (J°\ J.)-path from r to each i € I'\I®.

To prove the theorem, we need the following results for the set covering
polytope([8,12]. Let B = (N, M, E4) be the undirected bipartite incidence graph
of a 0-1 matrix A and let Q(B) be the convex hull of the incidence vectors of all

13



the covers of M. Then Q(B) coincides with F(A). For notational convenience,
we also use Q(N, M) instead of Q(B). The critical graph of B is denoted by
B* = (N, E*) where E* is the set of critical edges defined as

E* = {{ni;n;} | B(M\ My) < B(M) }

where M;; C M is the set of the common neighbors of n; and n;.

Theorem 10 (Sassano[12]) If B* is connected, then the inequality

>z > B(M)

JEN
defines a facet of Q(N,M).

Theorem 11 (Sassano[12]) Let B’ = (N', M, E/;) be the subgraph of B =
(N,M,E,) induced by N'U M where N' C N, and suppose that the inequality

2 %GT; 2
JEN

defines a facet of Q(N', M). Then for each k € N\ N/,

Z a;x; + (O(o — zk)wk > o,
JEN'

defines a facet of Q(N' U {k}, M) where

2z = min { Z oG

JEN'

z€ QIN'U{k}, M), z) = 1} .

Proof of Theorem 9.
Let B = (E,M, E,) be the bipartite incidence graph of a 0-1 matrix A for

(P). Note that A is the incidence matrix of directed steiner cuts versus arcs.

14



Therefore, when we consider the bipartite incidence graph B, we use the same
notation e € E in G to represent a node corresponding to a column of A. Let
Ey = 6~(V5), then E; N ES = 0. Also let E, = E(VS)\ ES, then E, N E, = {)
and E; U E, = E \ E5. In other words, E, and E, are the partition of E \ E®.

Consider the following subset of inequalities in (P):

Z Te > 1, for all 7 € I®
e€s—(U;)
where U; = J° U {i}. Let M C M be a subset of nodes for the rows of
A corresponding to the incidence vectors of §~(U;) for ¢ € IS. Furthermore,
without loss of generality, we assume that i € I also indexes a node in M¥

corresponding to the row of A which is the incidence vector of 6~ (U;).

Consider the following inequality

>z 2 B(S). (4)
e€k,
The outline of the proof is as follows. We first show that (4) defines a facet of
Q(E;, M?), one of Q(E; U ES, M%), and one of Q(E; U ES, M). Then we show
that (2) is a lifting of (4) for Q(E, M).

Claim 1 (4) defines a nontrivial facet of Q(Ey, M5).

Proof. Let B’ denote the subgraph of B induced by E; and M5. From (iii)
of the theorem, for each j € J® there exists at least one e = (v,j) € E, such
that v & V5. We let E be a subset of E; which contains exactly one such arc

for each j € J5. Consider the submatrix A’ of A whose bipartite incidence

graph is B’. In A’, the support of any column is a subset of the support of

some column corresponding e € E. Moreover, the collection of the columns

15



in A’ corresponding e € E is exactly the same as S, so B(A") = B(S). By
Theorem 10, it is sufficient to show that the critical graph of B’ is connected.

By the definition of E;, every node of E; in B’ is adjacent to at least one
node : € MS. If any two nodes in E; are adjacent to the same : € M5,

a critical edge exists between them in the critical graph of B’. This can be
known by the following observation. Note that there exist |JS| nodes in E,
each of which is adjacent to all 7 € Ijs C M5 for some j € J5. Moreover, by
the property (ii) of f-maximal adjacency matrices, 3(M>\ {i}) = S(M5) -1
for each ¢ € IS. Therefore, the critical graph of B’ contains |I°| subgraphs

each of which is completely connected. The remaining thing to prove is to

show the connectedness among those subgraphs. Note that the subgraph of B’

induced by E and M5 is exactly the bipartite incidence graph of S. Therefore,
the connectedness of the bipartite incidence graph of S also implies that the
critical graph is connected. Moreover, since 3(.S) > 2, (4) defines a nontrivial

facet.

Claim 2 (/) defines a nontrivial facet of Q(E; U E5, M%),

Proof. By (ii) and (iii) of Remark 3, any (v,v') € E° corresponds to one of
the following cases: (a) v’ ¢ V5; (b) v € J and o' € IS; and (c) v, v' € JS.
In any case, (v,v") € §~(U;), for all 7 € I°. In Cases (a) and (b), it is obvious.
In Case (c), it is also true by (i) of Remark 3. Therefore, any e € E® can’t be

adjacent to any 1 € M5. So the lifting coefficient of any z, for e € ES is equal
to zero and the claim holds by Theorem 11.

Claim 3 (4) defines a nontrivial facet of Q(E; U E5, M).

Proof. Let ¢ = |E, U E®|, then ¢ = |E;| + |ES| = n — |E,|. Since (4) is a

facet of Q(E; U ES; M%), there exist ¢ covers of M5 whose incidence vectors
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are linearly independent and satisfy (4) as an equality. Let Dy, ---, D, be such
covers. Then we can show that D,UES, t = 1,---, ¢ can cover M. By (iii) of the
theorem and the definitions of ES and Procedure S, a subgraph G° = (V, ES)
of G contains not only at least one directed path from r to each v € (TUJ)\V?®
but also at least one directed path from j to ¢ for all 5 € JS and i € IS. Since
any e € E° is not adjacent to any i € M5, D, contains at least one arc (v,v’)
such that v ¢ V° and v’ € U; for each ¢ € I°. Therefore, for each t, some
steiner arborescence of G can be constructed by only using the arcs in D,U E*.
Moreover, from ¢ such covers, we can obtain |E;| covers of M whose incidence
vectors are linearly independent and satisfy (4) with equality.

Next, we construct the additional |E®| covers of M which are linearly inde-
pendent. Let G5 = (V,E® \ {e}) for each e € ES. We will show that G5, if
B(S) arcs in E,; are added to it, contains a steiner arborescence of G. This can
be explained by the following observation. Let e = (v,v') € ES. First, suppose
that e € E(V \ V°). By Remarks 2 and 3, e corresponds to one of the following
cases: (a) v € V¥ and v' € V5; (b) v, v' € J5; and (c) v € JS and v' € I°. In
any case, GJ has still contains all the directed paths from r to each 7 € I'\ I®
and at least one directed path from r to each j € J\ J% of G° by (ii) of Remark
2 and (ii1) of the theorem, respectively. Moreover, there exists a subset J’ of
J® with |J'| = B(S) such that G¥ has a directed path to each i € IS from some
J € J'. In Case (a), it is obvious. In Case (b), such J’ exists by (i) of Remark
3. In Case (c), by the properties (v) and (vi) of f-maximal adjacency matrices,
syj = 1 for some j € J% such that I # I. Therefore, by the property (ii) of
B-maximal matrices, such J' exists. So, G5, if B(S) arcs in Fj, each of which is

an incoming arc to each j € J', are added to it, contains a steiner arborescence

of G.
Now suppose that e € E(V \ V¥). In this case, all the directed paths from

each j € JStoall: € IJ-S of G® also exist in G’f. Let J. be a cover of IS as
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defined in (iv) of the theorem and E, be a subset of E; which is a collection of
exactly one incoming arc to each j € J,. Then G, if |J,|(= B(S)) additional
arcs of E, are added to it, has a directed path from r to each 7 € IS by (iv)
of the theorem. Let G5 = (V,(E® \ {e}) U E.). Then we can easily show that
G5 also has a directed path from r to each i € I'\ IS. By (iv) of the theorem,
for each i € I\ I®, at least one directed (J° \ J.)-path from r to i, say P.,
exists in G,. If P, is a directed V5-path, @f contains P,. Otherwise, P, has
at least one intermediate node in J, U I°. Let ¥ be the node which P. passes
last among J, U IS. Since G5 has a directed path from r to o, GS also has
a directed path from r to i. Likewise, for each ¢ € E°, we can construct a
cover (E5 \ {e}) U E, of M, whose incidence vector satisfies (4) with equality.
Furthermore, those |ES| covers along with the previously selected |E;| covers

are linearly independent.

Claim 4 (2) is ¢ nontrivial facet of Q(E, M).

Proof. It is sufficient to show that the lifting coefficient of z. for all e € E,
is equal to one. Remind that G5 = (V, E’) contains at least one directed path
not only from r to v € (IU J)\ V¥ but also at least one directed path from j
to i for all j € J© and ¢ € IS. Moreover, for each j € J¥, G¥, if some single arc
in E,; is added to it, contains a directed path from r to j. Let e = (v,v’) € E,.
Case 1. v,v' € J5. By the definition (iii) of ES, IS ¢ IS. Therefore, there
exists some ¢ € I such that s;y = 1 and s;, = 0. And by the property (ii)
of f-maximal adjacency matrices, some 3(S) — 1 elements including v cover
I®\ {i}. Therefore, the lifting coefficient of z. is 1.

Case 2. v,v’ € I°. By the property (ii) of #-maximal adjacency matrices, some
j € J® with s,; = 0 along with the additional 8(S) — 2 elements of J5 can

cover I\ {v'} including v. Therefore, the lifting coefficient of z. is 1.
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Case 3. v € J®, v' € I°. By the definition (ii) of E®, s,, = 0. Therefore, some
B(S) — 1 elements of J5 including v cover IS \ {v'}. So, the lifting coefficient of
z. 1s 1.

Case 4. v € IS, v' € JS. Since |I5| > 2, there exists at least one 7 € IS with
i ¢ v. Moreover, 3(S)—1 elements of J5 other than {v'} cover IS\ {1} including

v. Therefore, the lifting coefficient of z. is 1.
Although we didn’t explicitly show that the lifting coefficients are no more

than one, it can be easily known by the definition of the covering number of S.
This completes the proof of the theorem:. o

Now we show some necessary conditions for nontrivial facets with 0-1 coef-

ficients.

Theorem 12 For a given graph G = (V,E) and E' C E, suppose that (2)
defines a nontrivial facet of F(A) and that E' produces S by Procedure S. Then

(i) the bipartite incidence graph of S is connected; and
(12) there exists no arc e = (3,7) € E\ E' such that 8(S.) = B(S) where S, is a
0-1 matriz generated from E'U {e} by Procedure S.

Proof. Note that S has no zero row and no zero column. Suppose that the
bipartite incidence graph of S is not connected. Let S;, t € T be a submatrix of

S which corresponds to a connected component of the bipartite incidence graph
of S. Alsolet I, C I’ and J;, C J° be the index sets of rows and columns of S,,

respectively. By the fact that 67(I° U J5) N E' = ) and the disconnectedness
assumption, § (LU J;) NE' = Qforall t € T. Let E, = |J 6 (v)\ E,

veliUJ;
then er > B(S,) is valid with respect to F(A). Moreover, UEt CE\E,
ecE; teT

> B(S) = B(S), and E; N E; = § for any pair of ¢, € T. This contradicts

teT
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the assumption that (2) defines a facet. Moreover, if (ii) is violated, we can
include such an arc to E’ without increasing the right hand side of (2). This
also contradicts the fact that (2) defines a facet. o

The following corollary is the direct consequense of Theorem 8 and Theorem 12.

Corollary 2 For a given graph G = (V,E) and E' C E, let S be the matriz
generated from E' by Procedure S. Suppose that there exists a minimum cardi-
nality cover J C JS of S such that for each j € J, G, = (V,E' U {e}) for some
e € E\ E' contains a directed path from r to j. And suppose that (1) defines a

nontrivial facet of F(A). Then k = B(S), E' = ES, and the bipartite incidence
graph of S 1s connected.
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