CLASSICAL AND STATISTICAL THEORIES FOR THE
DETERMINATION OF CONSTITUTIVE EQUATIONS

BY

JOSEPH ELIAS SOUSSOU

Ingénieur de 1'Ecole Centrale
des Arts et Manufactures, Paris

(1966)
S.M, Massachusetts Institute of Technology
- (1968)

Submitted in partial fulfillment
of the requirements for the degree of
Doctor of Philosophy ‘
-at the
Massachusetts Institute of Technology
| (June 1970)

Ao

. v )
Signature Qf;Author..,é,_‘,,vww,“ﬂ.,-_,;;,-_--,W,-,.ﬂ.....-.ruf
“7Department of Civi?rEngineering, May 1970

N

I '

Certified BY..evesuuoeesiveenad |
o ' ' Thesis Supervisor

Accepted byll.‘CIOI.!OIOOOO'.O'OC.llQl"‘lOO“D.l.l.DOOOO'O;COOCO
Chairman,vDepartmental Committee on Graduate Students



ABSTRACT

CLASSICAL AND STATISTICAI THEORIES FOR THE
DETERMINATION OF CONSTITUTIVE EQUATIONS

by
JOSEPH ELIAS SOUSSOU

Submitted to the Department of Civil Engineering on May 15, 1970
in partial fulfillment of the requirements for the degree of
Doctor of Phil osophy. :

Various aspects of the determination of the Constitutive
. Equation of materials fulfilling the Fading Memory principle
are studied. These materials are considered in isothermal
conditions and many of the derivations are limited to the
one-dimensional case. A short review discusses the different
mathematical representations which are used to describe the
Constitutive Equation of this class of materials.

Section 2 discusses the special case of linear visco-
‘elastic materials, The discussion concentrates on the treat-
ment and analysis of data obtained for such materials. More
specifically the time-temperature superposition principle is
‘discussed as well as the methods of curve-fitting which are
‘useful in representing the measured viscoelastic functions
in algebraic forms. Finally a method is presented for the
comparison and evaluation of the consistency of creep and
relaxation data obtained by a set of independent experiments.

‘Section 3 deals with the problems associated with the
determination of the Constitutive Equation of nonlinear visco-
elastic materials. The concept of the "duration of the
.memory", a method for i1ts determination, and its usefulness
are presented. :

Section 4 presents a statistical'theory for the charac-
terization of time-dependent properties. This theory was used

previously for nonlinear electrical systems and is applied to
the determination of nonlinear Constitutive Equations,
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I. INTRODUCTION | -

1.1 Scope of the Study

An essential feature of engiheering systems is the trans-
mission of forces. The design‘eﬁgineer is concerned with |
the geometrical changes of the system and by its possible
failure under these forces, A simplifying assumption canvbe
made for the analysis of these microscopic forces and
" deformations: Engineering materials are represented by con-
tinuous models where only statistical averages of the micro-
scopic behavior are considered, The deformation of these
continuous media is represented at‘each point by a strain
or defqrmation tensor, and internai forces are represented
by a stress fénsor. Stress and strains are subject to Euler's
laws of ﬁdtion, which are also known in tﬁis contexf as the
Equilibrium Equations, These equations are not- sufficient to
determine the stress ahd strain ténsofs at every point'of‘the,
body, They have to be comﬁleted by a relation betwéen‘forces
and defoémations, or betweeh stresses and strains., This
relation is called the Constitutive Equation and varies from
one'materigl to another, while the general principles of
mechanics-applyvto all'continuous medié [1_4j.

This study will concern itself with various aspects of
the determination of the Constitutive Equation of materia}s
fdliowing certain fading memory princible. After preliminary.
definitions of the concepts of Stress, Sfrain; and Constitutive

Equation, the class of materials to which the discussion 1is
I ‘



restricted is defined. These materials will‘be considered in
isothermal conditions and most of the derivations will be
limited to the one-dimensional case, A short review discusses
the different mathematical representations which are used to
describe the Constitutive Equations of this class of naterials.

Section 2 will disouss'the special case of linear visco-
elastic materials, The discussion concentrates on the treat-
ment and analysis of data obtained fof such materials, More'
specifically the time-temperature superposition principie is
discussed as well as the methods of ourve-fitting which are
useful in representing the measured viscoelastic functions
" in algebraic forms. Finally a method is pfesented for the
coﬁparison and evaluation of the consistency of creep and -
relaxation data obtained by a set of independent experiments,

Section 3 deals with pronlems assooiated with the
- determination of the Constitutive Equation of nonlinear
viscoelastic materials, The concept of the "duration of the
memory", a method for ite determination, and its usefulness
are presented. | \

Section 4 presents a statistical theory for the character—
ization of\time-dependent properties, This theory was used
previonsly for nonlinear electrical systems and is apnlied to
the determination of nonlinear'Constitutive Equetions.

The study is purely phenomenological, and no attempt is
made to derive the concept of the Constitutive Equation from

the microscopic or the thermodynamical points of view,

8



1.2 Strain

Consider a body B subjected to an isothermal stete of
deformation., Any particle Z of the body B in its initial
configuration Kl which ie identified by the material
coordinate L, 1s carried out after the deformation of.the
bodyvte a new position identified by the spatial coordinate

x = x (X, t) in the configuration K, at time t (Figure 1).

2
Since both the material and spatial coordinates have the same
origin, the displacement vector is u = x - X, The deformetion

~

gradient 1s given by:

and since the motion is continuous and .F 1is invertible,

a Cauchy's polar decomposition yields

Where Q 1is an orthogonal tensor and thus represents a pure
rotation while U and V represent pure stretches along three
mutually orthogonal axes, The right and left Cauchy-Green

strain tensors are then respectively defined as:

c=u0%="FF I-2
and B =v2 = FFL 1-3



"FIGURE | - MOTION OF A BODY B
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And the Lagrangian straln tensor E- défined by

2E = C - 1 I-4

N

reduces to the classical infinitesimal strain tensor E in

the 1limit of infinitesimal displacement gradients,

1.3 Stress

- 'Euler's laws of motion,.known also as the balance prin-
ciples, state that the total force and total torque acéing
on a body are equal to fhe rate of change of the linear
;homentum and of the moment of mpmenﬁum, respecti?ely. Applica-
tion of these laws to a part _Pr of a body B results in the
definition at each point of the surface of ' P of forces called
sfress véctors and of body couples called éouple stress |
vectors. A simplificationAis to'disregard the couple stréss
- vectors ahd consider only the stress tensors whose componentsv
are the above stress vectors, The stress tensor in the
material. or Lagrangian coordinates will be denoted b& 'T. It
is an objective tensor; i,e., invariant to a change of
reference frame.,  This 1s expresséd by the tensor transformation
law: the‘Value of the stress tensor after a rigid motion of
the frame'of referenceA(rotation‘ B followed by translation E)

is givén by T such that T = RTTR.

1.4 Constitutive Equations

The relation between stress and strain tensors, i.,e., the

11



Constifﬁtive Equation is a function ofvthé material properties,
Some physical and mathematical requirements bound the arbi-
“trariness of such relation. The principle of causality limits
t;é pumber of variables to be considered; the principle of
deterﬁinism restricts the dependency of the constitutive équation
to the past history of the particles of the studied‘body; and
the pfinciple of‘material frame indifference [5] statés that
the qonstitutive equation is form invariant to rigid ﬁotions
" of frame of reference. These are the basié principles,

Further restrictions which define a class of materials
are the principle of Fading Memory t6-11] which postulates
gthat influence of the heredity corresponding to states a lohg
 time.before the present time gradually fades out, This |
principle aléb has a meanihg of functional continuity and
differentiability. The principle of Local Action states 6hat
the influence of ihdependent variables of distaﬁt‘material
points is negligible, This principle‘is the spaciai equivalent
.to the principle of Fading'Memory and for a given fOpology
would aléo have a meaning of_continuity and differenﬁiability
"of the constitutive equation. It is usually specialized to the .
case of the so-called simple materials or materials of:grade 1 [1],
that is materials for which the independent kinematic variables
of the cénstitutive equatién are restricted fo‘the deformation

gradients. It can be shown that for this case, the constitutive

equation for an homogeneous material can be expressed as:

12



- =t
T(t) = & [E(1)] 15
T=_® X

T

where T 1s the independent variable which measures the history
time -eo<t1<t, E(1) 1s the history of the Lagrangian strain tensor
and G is the response stress functional of the material.

E(t),was defined in section 1.3 as the rotated stress tensor.

Similarly
=t _ - ‘ v
E(t) ='H [T(1)] : - I-6
T=:‘,°° ~o .
1=t _
or : - F [E(T), T(t)] =0 ' ’ - I-T
TS o0 ~ ~ ) i

afe other possible forms of the'cbnstifutive equation, Through
considerations of invariance, these functionals G, Hor F cén

be restriqted'to certain forms involving specificvcgmbinations

of the invariants of the tensors g‘and T [12], For définitivéness

we will consider the Rivlin functional G in what follows.

“l;S"Faaing Memory
| Since the entire deformation history of a body can rafely
be known, limitations on the_geﬁeral relation [I-5] have been
proposed by physical conside?ations, Volterra [6], when
;sfudying the general laws of heredity; stated the postulate of

the dissipation of hereditary action. This postulate asserts

13



'thet the influence of the heredity corresponding to stetes a
long time before the present time gradually fades out, provided
these states are bounded, Therefore the range of influence‘of
the heredity* (_w t] can be reduced to the finite 1nterval
[t-d,t], where d>0 denotes the ‘duration of the memory (Volterra 71y,
and events that occurred in the interval (-»,t-d] can be
disregarded, |

This principle guarrantees the reproducibility of tests
on the same material when enough time elapses, Therefore it
-excludes processes which 1nvolve é change in the structure of
the material such as consolidation for soils, aging for concrete
or fatigue of metals but still applies to such materials at a
giVen stage of their consolidation, aging or fatigue or other
type of transformation,

Volterra's postulate has been applled by Green and Rivlin [13]
to simple’non—aging materials with memory by restricting»thé
domain of definition of the functional G to [t-d,t] and
requiring the‘deformation histories to be bounded. - Therefore
deformation histories that have oocurred before t-d will not affect}
the present value of the stresses.

Coleman and Noll's [8] approach is differen They intro-
duce the concept of an influence function (obliviator) and a

special inner product associated with it (the recollection), The

* The intervals -w<T<t ti<t<t will pe denoted as (-=,t],
[t1,t]. respectively. ~

14



paet hiétory of deformation is weighted with the obliviator in
a manner that glves more importance to the recent past than to
the distant past. This inner product defines a~topologybon the
space of deformation histories and in terms of this topology,'
weak and strong principles of fading memory are introduced.

The weak principle states that the functional of the past
deformation histories is defined and continuous in a neighbor;
hood of the rest‘ﬂistory.* The_etrong prineiple states that the
functional is defined andkn—times Fréchet-differentiable in

the neighborhood of the rest history in the Hilbert soace defined
by the histories with a finite recollection, Wang (9], intro- |
ducing a different topology; also defines weak and strong fading
meﬁory principles as being respectively conditions‘of continuity
and‘differentiability of.the functionals at every rest history
with respect to his new topology. Hie analysis then shows that
the memory of the material can be divided into a "major" memory
described by two material parameters: the time of sentience*#

Ny and'the_grade of sentienceidé. It is sufficient to know that
the material was at a state of rest during the "major" memory
interval (t-no,t) to deduce that the state of stress is close to
the equiiiprium (static) stress, The grade of sentience is the

- maximum posSible deviation of a deformation history‘from the rest

‘¥ The state of rest is defined by E(t)ZE(t)=constant in the
interval (_w,t]. ‘The stress thatl corresponds to the state of
rest 1s called static or equilibrium stress,

% It is to be notlced that Wang's time of sentience U differs
from Volterra's duration of the memory 4.

15



hisféryﬂsuch that all possible éresent stresses remaln bounded.
Other'highly mathematical investigations on fading memory have
been published recently, e,g. the work by Coleman and Mizel flO],
where additional references are given, '
These different mathematical axiomatizations of the physical
concept of fading memory are nof devoid of practical interest, |
‘since it may be useful to have a method that may quantitatively .
describe how the ﬁemory of the méterialhfades out, Such a |

method wlll be described later,

1.6 1Integral Representations

The integral representation of constitutiveAequations is
flexible to use and a variety of ways is suggested in order to
express 1t, Leaderman [14] suggested that the nonlinear

functional be represented by

t

o(t) = f E(t-1) 3%[_;%1)_1 at 1.8

- 00

where gle(t)] is now a function of the history of the strain
e and E(t) is the relaxation function. Similarly, one can

- also propose

| . o |
o(t) = j Eft-1, e(1)] 240 ar I-9

as a nonlinear constitutive equation, where the relaxation

function is a function of t-t and e(t), Note that the response

16



of fhe ﬁaterial may be nonlinear even if e(t)=e(t), i.e., the
strains are infinitesimal,

Many forms of nonlinear representatioﬁs have been proposed,
however their extension to the three—dimensidnal case often
revealed their defectiveness bécause they did not éatisfy the

., the constitutive

principle of material frame_indifferénce, i.e
equation is nbt infariantﬁwhen the frame of reference is given
an'arbitrary solid~motion. Properlybinyariant stress constitu—
tive equations for anisotropic viscoelastic haterials have
been obtainedAby severél authbrs,‘e.g., Oldroyd [15], Noll [5],
Coleman énd Noll [8]; | | |

The most widely used representation is thét of Green and
Rinin [13} and Green, Rivlin and Spenqer [16] becéuge of its
Agénérality."A_generalization of Welerstrass's théorem on con- .
tinuous functions to the case of confinuous functionals was
derived by Fréchet [17] and Volterra [18]. This fheorem states
that any éontinuqus funcfional such as (I-5), (I_6) or (I-7)
may be uhiformly approximated by a finite series expansion of
multiple’integrals within any prescribed tolerance, over every
kcqmpact aggregate of continuous fungtions.(i.e. the equivalent
of finitekéntervai fopvthe theory of functions).i Green and
‘Rivlin [13] usedlﬁhis~theorem and é similar expansion into an
infinite series of multiple integrals (called functional power
series by Volterra) to abproximate the constitutive equations
of nonlinear viscoelastic materials, 'Théy Showed, for examble;

that the functional (I-5) can be appfoximated by:

17



t t

(n)
2 J;;.J_m gn (t—Tl,...t~Tn)§(T1)..§(Tn)

™~ 8

T(t) = £IE(t)] +

dTl...dIn I-10

\
\\

where ¢ [E(t)] is the part of the stress due to the present

strain, Kn (Tl..Tn) is the relaxation tensor function of
~ (n)

order 2n + 2 and S=3"'S /3T1,,.8T,

ij .0 opq )
Note that the integrand of the multiple integral of order n
in (I-10) is usually denoted as a multilinear tensor function '

of the same order, In component notation (I-10) reads

Fij(t) = fij[Eij(t)] +
- &) o 3
B ] K g b B (1) B ()
n=1 ) o0 WY Tl 2 .
2n + 2
‘drl.f.drn . I-ll

where the summation convention has been used, In the one-
dimensional isotropic case and for sufficiently small strains,

the functions (I-11) reduces . to.

o(t) = £ [e()] +

0 t F (n) E L : o ‘ ) RERPRTE
nil ;'~Jw K (t—Tl,...t—Tn)e(T}).o.ﬁ(Tn)drl-.{d?n ;I'l2

where o and e are respectively the uniaxial Sﬁress and in-

finitesimal uniaxial strain, the K 's are scalar relaxation
| | 18



functions that fulfill similar properties as in the general
case (I-11) and f measures the instantaneous stress, For
pyactical purposes this multiple integral expansion has to be
tgunpatedAafter a finite number of terms. Since high_order'l
multipie integrals might be needed for strong nonlinearites,
this pérticular arrangement is most effective-for wéakly non- -
1ineaf behavior, Ward and Onat [19], wafa and Wolfe [10];
Lifshitz and Kolsky [21], for example, have consideréd

materials of order three,

1.7 Differential'Représentations

f‘ Differential operators which have been related to the

concept of mechanical models have also been used to represent

the functional (1-5). These operatoré have extensively been

used in earlier technical 1iterature'bf linear viscoelasticity [22]
and have been extended to the nonlinear cases by assuming'that
thevcoefficiehts of the differential operators are no 15nger
constants of the material but functions of stress (or strain);

e.g. see;Eringen (2], Freundental and Roll [23] and Mandel [24],
The various integral representations are, however, more flexible

- than the differential representations._ Therefore no further

_discussion‘will be made on the differential representations;



'IT, LINEAR VISCOELASTIC MATERIALS

2.1 Generaleormulationi

\ For a_large number of viscoelastic materials the linear
part\bf (i-l?) is akgood approiimation to the mechanical |
’ behaviorrof the materials, This may be‘thé case for polymers,
glasses and concrete, when for example, the magnitudes of the
stresé or strain histories are small compared'to their values
at failure. An importaﬁt propertyfof linear viécoelastic
matérials'is that the principle of superposition holds in terms

of histories, i,e.
/

f

if e(t) = A el(t) + U ez(t)
=t 1=t
we shall have o(t).= A G [e (1)1 + u G [e (1)]
: ~ ' TS 00 ~1 T .00 ~2

The linear functionals in integral répresentation are

described by Gross [25] as: ~o

t -

T a(t) = J E(t-1) égéll-d [II-1
N B t

‘ e(t) = I p(t-t) 29L1) 4 II.2

where e 1is the finite strain, E 1is the relaxation modulus

and D is the creep compliance. E and D are related by

20



t ‘ .
j E(t-1) d(t) dt = T . I1-3
(o]

\ _ . B
so that it is equivalent to determine either E or D.
‘The lihear funcfienals canralso be written in terms of

differential operators related to mechanicél models such as:

P(o) = Q(e) © o II-b

&)
=
0]
2
o
las)
n
o ™Mo
T

Q % : | | II-5
Q=1 q, = ~ -
o r B

The material characteristics are then contained in the order
of the operators p and g and in the values of the coefficients,
Pp and Ay Because ef‘the large number of constants involved,
such a material characterization is ektremely unwieldy to use
in any numerical analysis’and it is generally considered of
practicai use only as a conceptual step in developing a compu-
tational scheme. '

Anether derived constitutive relation can be obtained by
lettlng the number of elements in the foreg01ng characterlzatlon
tend to infinlty. The result is an expression for modulus in
terms of a distributlon functlon of "relaxation" times, These

functlons are expressed

| +oo |
E(t) = E_ + J H(t) e /7 ar 1.6



and D(t) = % + D + J L(T) [ZL—e:"t/T

- OO

] at II-7

where E_ 1is the equilibrium modulus at t = 0, D, is the in-:
stantaneous compliance, and n is‘the equilibrium viscosffy.

In this manner the experimental problem has been transforméd

to the determination of one of the functions H(t) or L(1) rather
than the coefficients of the operaﬁors in the preceding form,
The distribution functidns play a very useful role in compu-
tational programs, particularly in approximate methods, and

may be easily reiated to the microscopic structure of the

material by the physical-chemists,

2.2 Determination of the Constitutive Equation

In.éhe case of linear elasticity two constants characterize
the mechanical behavior of é material, For example the two
Lamé's cbnstants, or the bulk and shear moduli, or Young's
modulus and Poisson's ratio, Similarly for‘linear'viscoelésticity
it can be shown [26j that two independent operators are to be
determined,’separately or simultaneously, Therefore laboratory
tests try to apply simple deformatiohs patterns to obtain two
sets of inéependent measurements, such as "simple shear" and
"dilation". For any of the deformation patterns, one can either
have a strain cbntrolled test (relaxation type test, eq., II-1)
or a stress controlled test (creep type test, eq., II-Z);

When the integral representation is used; the most commonly

22



applied form of input history e(t) or d(t) is a Heaviside step
function. In such cases the material functions E(t) or D(t)
are simply proportional-to the response functions o(t) or e(t).

\

Ndfeathatffor each of the two independent characteristic
functions, a single test is sufficient because the otheé corres-
ponding viscoelastic functions may be computed from them [22,
27~29j. Other types of commonly used inputs are sinusoidal
functions, the results of which may be related to E(t) or D(t)
or other similar time functions using Fourier transforms [30, 31].
Since these methods of characterization of linear vispo-
@lastic métefials are well known, the remainder of this section
will concentrate on the treatment and analysis of the experi-
.‘mentél data used .for such determinations,
The conéépt of Time-Temperature Superposition Principle
will be discussed first, since it.allows for the»extrapolation
of measurements beyond the time range obtainable from experiments,
Application of this principle yields ﬁaster curves which are’
vbest expressed by series of exponéntials. Therefore the curve
fitting érocedures as well as the usefulhess of such series are
discﬁssea in detail, Methods are presented to check the linear-
ity of the_materiéls and to improve the consistency §f their
represéntation when two independent sets of experiments, of

creep and relaxation types are performed .

2.3 Time-Température Superposition

Although the theory of linear viscoelasticity presented

‘here is an isothermal theory, it 1s still possible within this
23 |



framewbrk to incorporate the effects of temperature, By re-
taining the postulate that the thermal and mechanical effects

are not coupled in the constitutive equations, it is obviously
\ , : ;
possible to write the relaxation function, for example, as

AN

.

E(t1,6) = E1(t) E2(8) | 11-8

where T is time and 6 is temperature, E;(t) is the relax-
ation function from the_isothermal linear theory already
presented, It is shown that for at least one class of materials
there exists a demonsfréble relationshipAbetween the functions
;ﬁl(t) and E2(6), Such materials have been termed "thermo;>
rheologically simple" aﬁd the relationship betwegn time and
teﬁperature is contained in the "fime-temperature superposition
principle”, Although this principle was first discovered |
empirically [32] it has since been deduced for polymers aé a
consequence of certain molecular state theories [22], or |
established as a mathematical assumption [33]. The essential
assumptions are (a) that the ﬁoduli of all molecular\mechanisms
are directly proportidnal to the absolute temperature and to

the density3 and (b) that all relaxation (or retardation) times
(i.e. the moiecdlar mobilities) are affected the same amount

by a_température change [34]. TheVpractical-conseqﬁence of these
assumptions is'that data obtained at different temperatures
should superimpose using the appropriate shift factor &

Various analytical expressions have been developed, empirically

24



and.théoretically,Afof the shift factor am, but it is best
determined empirically as a partial test of the validity of
t?is aﬁproach.

\\\\Note_that one may discover other forms of this principle
for sﬁecific types of materialé,'for example that (a) does not
hold but (b) does, The essentially empirical and practical
character of this principle is to be emphasized. When the
principle of time-temperature superposition is applicable‘to
a specific case it permits extending to mahy decades of time
data that may be gathered in a reasonable‘amoﬁnt of laboratory
time, | |
| As an example of application, a sand-asphalt composite
|contéining well graded sand and 9% byrweight of a baving
asphalt cemeﬁf'was used as a viscoelastic material, Cylindrical
specimens were testedbat different temperatures in creep and |
relaxation. Theléxperimental reSults haVe shown that for
sufficientiy small strains and stréssés, the behavior of the
material is linear and also thermorheologically simple. The
experimeﬁtal results from creep and relaxation are shown in
Figures 2 and 3brespective1y;4 The resulting master curves are
shown in Figures 4 and 5. The shift factor am computed from‘
the créep'and relaxation tests is plotted in Figure 6, The
rangé ofvtime for which thevfunctions are defined is considerably
greater than the éxperimental,range. Note, however, that the

sﬁifting procedure is performed on a logarithmic scale, so that

what -is gained in time range may be lost in accuracy, This 1s

25



9c

' 318°K7
/1? 308°K

__——-v""’/——”<

|\

P I e I
R — — // | 288°K
t;3~ | | ,,,f,*—”"’ar””w"””’*”” — BTEK
o -5 / A/
? | / 4,5_‘/:/{_1——&/ 268°K

ﬂ

1
; '| 2 3
LOG TIME , SECONDS

FIGURE 2 - REDUCED CREEP COMPLIANCES AT DIFFERENT TEMPERATURES



iz

-~ To = 298°K
t 4 J,
5 > M =~ 568°K
\\\ | | 1]\
1§ ~~ : 278°K
-~ |
x"\m \ |
[7¢] S~y \D\
a 4 \ . ‘
. S e ~d 288°K
x N ~. \ !
<
’ (71 ] \\'\
S S ~ -‘ T~} 508°k
"~ 4
0 — 3| 8°
3 I o
0 l 2 3

LOG TIME, SECONDS

| FIGURE 3- REDUCED RELAXATION MODUL! AT DIFFERENT ' TEMPERATURES



10

10

~ FIGURE

B |
- I-EXPERIMENTAL  RESULTS
n 2-METHODS T AND IL(%=1)
] 3-FROM RELAXATION RESULTS
=6 i L L 1 { 1 L { |
-4 -3 -2 -1 0 1 2 3 4 5 6
LOG (t/a;), sec. '
4 - CREEP COMPLIANCE ,MASTER CURVE

.’A

28




E(t), psi

10

"FIGURE 5- RELAXATION MODULUS MASTER

429‘,

m |-EXPERIMENTAL RESULTS™
- 2-METHODS T ANDI (3% =1)
[ 3-FROM CREEP RESULTS
B (]
A
3 1 1 1 L AR T 1 1 1
-4 =3 -2 - 0 I 2 3 4 5 6
LOG (t/a;), sec.
CURVE



CREEP TEST

o

O - RELAXATION TEST

6
oL
- 2r
o
® -
)
— ol
...2 -
_4 i
3.0

3.2 3.4 36 . 38 4.0
T, oK

' FIGURE 6- SHIFT FACTOR ay

30

4.2 .

- 4.4



speclally true in the flat portions of the master curve where

the shift factor a,; is difficult to determine accurately,

T ~

2.4 Prony Series in the Analysis of Experimental Results

2.4,1 General Methods It is often convenient to describe

the master curves by analytic representations., Series of
exponentials are often used for linear viscoelastic materials.
For example creep and relaxation functions of those materials

are generally given as

: n
E(t) - B, = E'(t) = £ X, e %" I1-9
: i=1
_ m .t .
D(t) - DO = D1(t) = I Zi(l—e- i”) - II-10
i=1
where E_ = 1lim E(t), D_ = D(0) and X;5 24, 04, By are con-

. .t+oo 3 :
stants to be determined by a sultable curve-fitting technique,

and E' and D' denote the transient parts of the characteristic
functions, As an example,rconsider the determination of the

transient relaxation function E' from a set of p measured

values E'¥(t,) = Ej* at different instants t The 2n unknowns

J J*
‘Xi_andbai of equation (iI_9) can be obtained by using either
Prony's collocation method when p=2n of Prony's least-square
method when p>2n, A means to linearize the collocafion and
the least sqﬁare methods was suggeéted by Schapery [35j, by

ppescribing the Value of the exponent; Oy . For example, in the

case of the collocation method (p=n), the exponents a; are
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'reléted to the p collocation times t; by the relation a;t;=8,
where the partiéular vélué B=1/2 was recommendgdv(Ref. 36

shows that for numerical stability B should be no less tﬁan
1/2).A The qoefficients Xi are then obtained by sqlving the ‘A

system of linear equations,

E‘_; = gi X,e"%%y = E;* (j=1,2,..n) ~  II-11
A close_examinafionAshows that thls procedure is sensitive
to the‘manner in which the exbdnents oy and the number of terms
~n are chosen, An.eXcessive smoothing of the data may result
when the sﬁccessive values of a; are too different in magnitude,
On‘the other hand, alternating signs of Xi's and oscillation of
the fitting:éﬁrve occur when the successive values of a; are
" too close to each other, The system of equations Kilnll) may
‘also become ill-conditioned when several values of ai lie
within a decade, . ‘ |
The necessity ofichbosing a technique that réhdérs all the
coefficiénts Xi or Z

i
have been poihted'out previously [36]. Some of the advantages

of equations (II-9) and (II-10) positive

.of obtaining positive coefficients are: :
| a; The:curvatureS'of_functions (ITI-9) and (II-10) do not
change sigﬁ, which guarantees their smobthness.
b, Several matheméticai transformations of equatiéns

- (II-9) and II-10) are easily and accurately obtained, e.g.,
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Laplace and Fourier transforms and their inverees.' Indeed;,the
alternation of the signs of the coefficients caﬁses such trans-
formations to be‘inaccurate or even completely erroneous because
series (II-9) and (II-10) are not smooth, and their first and
higher erder derivatives maj therefore hot represent the
experimental data. For example, the dyhamic modulus. may have
negative values when somewof the.coefficients of eeries,(i1_9)
and (II-10) are negative,

- c. If the reiaxation and creep spectra H and L are
introduced ae in equatiohs (II-6) and (II-7) above then the
spectra will be discrete and positiVe: |
1) iI-l2

H(T) xiS(T_a‘

I
I e

i=1

L(T)

]
nms

2.8(T-870) o II-13

i=1

‘where §(t) is the Dirac delta function., The coefficients of
series (II-9) and (II-10) give the amplitude of the spectra |
while the inﬁerse‘ef the exponents correspond to relaxation
and retardationvtimes respectively. This is important when
the resulte are used to interbret the mechanical behavior of
materials,} 4

d, It is easy to obtain a closed-form solution (cf,
Whittaker [37]) of Volterra's ihtegral equationeiof the first
and tﬁe secohd kind which appear in the solution of some

boundary value problems of linear viscoeiasticity,'or in the
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interconversion between creep chpliance and relaxation modulus,

A rule was derived in Ref, 36 to guarantee the posi-
tiveness of the coefficientskxi and Zi‘ This rule fixes the
minimum spacing between the ui's ence the smallest 0y is chosen,
For the relaxatien data, the collocation points must be selected
to ee at least a decede apart, and to satisfy the following

inequality:

- E;

P o N T

141 g 42 Y 53— Eli4s3,1 212 II-14

]
n+l

is a sufficient condition to assure the positiveness of the

wheJ:'_e‘a=e"B and Eg = E = 0, The fulfillment of this rule
coefficients, However, this does not prevent excessilve
smoothing of the data in a region where large changes occur
within a decade of time, When this happens, two or more series
of overlapping collocation points may be chosen and the resul-
ting series are averaged, For example, one might determine

- a two-terms series.yl»from tl and t3 and another two-terms
series yé from t2 and tu and obtain a four-term series

y (y1 +fy2)/2. This averaging procedure may become”

average =
tedious when'many series have to be used,
4‘Furthermore, the appropriate data'points necessary to
satisfy inequality_(il-lﬂ) may not be -available in tabulated
form, This 1is due to the fact that the cholce of the col-

location points depends upon,preceding values selected.
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Therefore a more general method qf.charaéterization using
an optimization technique (quadratic programming) will be
preSented and its results compared with the-coilocation and
least square techniques, Then, a method of solution of
integral equations‘[37] is épédialized to take advantage of
the results of such characterization. 'Two examples of appli-

cations demonstrate these methods.

2.4,2 Curvé Fitting byAthe Optimization Method
Thislalternative cu?venfitting mefhod is formulated as

a problem of minimization of a non-linear fﬁnétion subjected

to additional constraintg. This function is chosen as in a

least square method:

, p : : ‘ :
F(X) = T w,|E! - E!#|2 I11-15
-~ ,j:'l J J J :
and the constraints are
¥, >0,1=1,2, ...n - II-16

Where § = [Xl, X2...Xn] and WJ is an approbriate weighting"
function. "Since viscoelastic functions may vary several orders
ofAmagnitude ovef the time range of intérest, the choice
iwj.=l/(E5*)2 gives equal importance in the fitting.to ¢ach

dapa point. |

This quadratic programming probléem (II-15) ahd (II-16)

35



has been solved by using a searching teqhnique due to Flood
andkLeon [38], shich is based on the general technique of Hooke
and Jeeves [39], |

Let F(%) be the functipn to minimize; A logarithmic
search is made sequentially fof every variablé by varying it
around an initial guess X; over the positiVe half_axis, while
keeping the other variables constant, When a minimum is found,
the variable is set ét its new value X; and thé search proceeds
for the next variable, At the end of the first pass, the
variables have changed from an initial value §° to a new
value %1. A search 1s made then along the’&ector (§1—§9)
to minimize F(%) and a new initial value is,determined‘fdr g.
The algorithm is repeated for this new initial value until a.
local minimum is found, or until F(X) is judgéd to be small -
enough cémpared to the accuracy afforded by the data., Since
the coefficients of the series have the meaning of a discfete
spectrum; a fine definition of the spécbrum can be obtained

provided a sufficient number of data points with adequate

accuracy is available,

' 2.4.3  Solution of Integral Equations by Whittaker's Method

y 'The fépreseﬁtation of viscoelastic functions by Prony
series (II-9) and (II-10) with positlve coefficients Xi and
Zi makes it p0551ble to obtain a closed form solutlon to -

Volterra's equations of the first and,second kind which often

appear in linear viscoelasticity., For example, an’ equation

36



of the first kind.relates the creep and the relaxation functions:

t « : :
J D(T)E(t-1)dTt =t =~ II-17
o : :
which after differentiation reduces to an equation of the

sécond.kind

1 It 1 3E(t-t) D(1)drt Ii_18

D(E) = groy - |, ECOT o

Many boundary value problems of linear viscoelasticity méyvalso
be reduced to an integral equation similar to (II;18),‘e.g.,
see Lee and Rogers [40], Equations (II-17) and (II~13)_héve
been mostly solved numerically [28, 40], Howevér, for a certain
class of kernels, which comprises Prony series of exponentials, |
the solution of (II-7) and (Ii_18) ﬁas been_giveh in a closed
form by Whittaker [371], |

To illustrate the applicability of the method, conSider 
the determination'of the creep compliance D from a'relaxation‘
modulus»éiven by Prony series (II-9). By the application of
the Whitfaker's method to equation (II-18) it éan be shown
that: | |

SR : |
D(t) = gigy [1,[O K(t-t)dr] I1-19
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where . ) , : : '

n.
II
: n o S (o,~B;) =-B.t :
K(t) = - 3§ L3713 e 171 I1-20
i=1 n ‘
H (aj—Bl)
a1
31

and the B,'s are the roots of the aigebraic equation of

degree n in x:

X, + E(0) =0 CII-21

’ n
Note that T (a+b

A ) = (a+b))(a+b,)...(a+b ).

J

Once the coefficients Bi are determined by solving (II-21), D

is obtained from (II-19) in the closed-form

D(t) = E%UT-; 3 Zi(l—e"Bit) I1-22
j=1
where _ ) | n . e
i
_(a.-B) ,
7, = L __d=1 J 73 : , II-23
1 no(g._g.) -
m ‘FP3Pi
J#1 ]

‘ A.parficular case of interest is Eé = 0 (e.g., uncross-
1inked polymers)., In this case, it appears that one of the
roots of equation (II-21) is Bl = 0 and the creep compliance

reduces to:
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which contains a term showingvthe preeence of the Newtonian
flow, A

The advantage of having positivencoefficients Xi apbeqrs
in the solution of the nonlinear‘equation (IT-21). Iﬁ is
readily observed that the left hand side. of equation (II-21)
is monotonically decreasing from + to -~ for any intervel
a;_q<x<a; (see Figure 7). Hence it is found that there are -n
distinct real roots Bi's which alternate with the n values
ai's such that Bl<ocl<82...<8n<an Thus a starting value for
every root 18 obtained for use in some iterative method of
solutlon greatly 51mp11fylng the solution of the algebraic
.equatlon (II—21). The Newton—Raphson method was used to
compute these roots, | 4

Note that the role of E and D can be interchanged in

order to compute E knowing D.

2.4,  Examples of Application

\

Two eXamples of application of the optimization method are -
given. First the data generated by a 35e1ementumodel is used
to demonstrate the suitability of the curve;fitting method, and
then the method is used for the data obtained for the relaxation

 of N.B.S. polyisobutylene, In the latter case Whittaker's
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method 1s also applied to obtain the creep compliance from the

relaxation data.

.a, 3-Element Model
The minimization procedure was used to fit the data
generated by a 3-element model:
E¥, = 2 + 10e~0:2%; 11225
rounded to four decimal piaces, for'28 instant tj equally
spaced on a logarithmic scale between t=0,01 and t=10, A series
~of the form: |
E(t

‘ g .
j) =2+ I X, e %"%; II-26

i

where a; = l/(éti) has been adopted.

" Figure 8 shows the relaxatioh modulus, the theorefical
relation spectruﬁ and two approximate‘Spectra of the 3-element
model, Equatioﬁ (II-26) agrees exéctly within four decimal
places té the data. A sharper definition of the spectrum can
be obtained by’using.closély spaced eXpéhent; qi's if enough
accurate data points are provided, This possibility is shown
in Figure 8 where the effect(of increaéing the number of data
~points results in a spectrum closef to the theoretical one}
The discrete spectra were represented by a continuous envelope

td clarify the figure,
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The results obtained for the relaxation modulus of the
3-element model, using the éollocation, least-square and the
minimization methods are shown in Figure 9, The collocetien
method smoothes the data more than necessery when one point
per decade is used, while Wlth twe oy per decade, the three
methods yleld functions that cannot be distinguished from the
data points on Figure 9, Further increase of the number of
collocation points or exponents Oy te three per decade, yields
nuﬁerical instability for the collocation method, while the
least sduare method etill produces fairly good results but
small oscillations ‘begin to be noticeable asvshown in Figure 9.
The minimization method was tried with up to 10 ai's per decade
as shown by Equation (II-26) and the results are still in
excellent agreement with the data p01nts The coefflclents
- obtained by these different methods are presented in Table 1.

b.  N.B.S, Polyisobutylene

The minimization methods were apblied to the felaxation
modulus master curve of N,B.,S, polyisobuﬁylene at 25°C from
the data given in [28], The data is given in Table 2, and
Figure 10 compares the diScrete spectra obtained with a 40
terme'series and a 20 terms series. With 20 terms thevspectrumr
is smooth while the roughness of the_hd term-series 1is more
likely to be due to the noise from the data, rather than due
. to true properties of the material, Indeed, the 40 term-series

cerrespond to values of ai's more than 0.4 decade apart and it
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TABLE 1

COMPARISON OF THE COEFFICIENTS Xi DETERMINED BY THE THREE

CURVE FITTING METHODS

Minimization.

Collocation ‘Least square
T, = 1/20L:.L n=7 n=7 A n=28 ,
o 7 data points 48 data points 48 data points

0.01 -0,001 ~0,047 0.
e 0.
0.05 0,003 0.148 0,
. | 0.
0.1 -0.005 _-01182' 0.
e r 0.
0.4 _} 2.371
0.5 10,009 10,254 5.165
0.6 2,287
0.7 0,206
-0,
1.0 ~0,009 ~0.283 0.
0,
5,0 0,006 0,279 0.
0.

110.0 ~0.004 ~0.184 0.
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TABLE 2

RELAXATION AND CREEP FUNCTION OF N.B.S,

log D(1.26 t)b

POLYISOBUTYLENE

a, Data from ref, 28

b. Results.of numerical method in ref, 28

¢, Results of Whittaker's method

46

log ¢ ~-log E¥(t)2 log D(1.26 t)°
~14,0 0.02 0.02 0,02
~13.0 0.09 0.09 0.09
-12.0 0.28 0.27 0.27
-11.0 0.71 0.63 0.63
- -10.0 -1.36 1.16 1.15'
-9.0 2,01 1.77 1.75
8.0 2.68 2.h2 2.39
~7.0 3.19 3.01 2.99
6.0 3.48 3,43 3,142
5.0 3,57 13,57 3.57
-4.0 3.60 3,60 3.59
3.0 3,64 3.65 3,64
~2.0 3.73 3.73 3.73
-1.0 3.86 3.86 3.85
0.0 4,09 4,08 4,06
1.0 y.51 3 y, 41
1.8 5,14 4,88 4,83
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was shown in the ease of the 3—e1ement model that the minimi-
zation-method was still stable when o, were 0.1 decade apart,

The ‘oscillations of the spectrum which occured for the |
experimental data of N,B.S. polyisobutylene but were absent
for_the 3-element model, may explain the diffieulties en- |
countered by Clauser and Knauss (417, Apparentiy the problem
of obtaining a more refined spectrum is ill-conditioned; so
that small errors of the experimentai data ere amplified in
the spectrum,

Figure 11 shows the relaxetion modulus of the same N,B.S,
polyisobutylene and the creep funetion computed by Whittaker's
inversioﬁ procedure, The results:are presented in Table 2 for
comparison with the results obtained bylHopkins and Hamming [28].
A small and consistent difference‘is apparent in the transition
region aﬁd for longer-times in the region of viscous flow.

This difference is net significant considering the accuracy of
the data. This is esp601a11y true for 1arge times in the

viscous flow region where the solution may become very sensitive
to slight variations of the data, as pointed out in Reference (427,
Hence, oﬁr results tend to confirm the'numerical solution of
Hopkins and Hamming, and previde simultaneously a creep spectfum \
related to the relaxation spectrum, ,Tﬁe retardation spectrum
obtained from the 40 terms relaxation spectrum is also shown

in Figure 10. ~Some other’advantages can be seen in Whittaker's
methed like a small computing time if'a‘good representafion is

obtained with just a few terms, and the fact that all the results
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are gi&en in an algebraic form rather<than in the form of tables.

- 2.5 Linearization of Results of Creep and Relaxation Functions

\\% It was shown in seétion’2.2 that for a given material, the
creép and relaxation functions can be obtained by a set of
independent experiments., If there are no plausible reasons to
suspect that the behavior of the'material would be different in
creep and relaxation, then the functions E(t) and D(t) that
are determined experimentaily must éatisfy_Equation (II-3).
In general, the.two'sets of experimental data are not going to
satisfy (II-3) identically for all instants t. There are
;several reasons for this incdnsistency, i.e.,
1 “(a) Experimental errors.

(b) The error committed in‘the curve—fitting4of

functions E(t) and D(t) from the experimental data,

(¢) . For thermorheologically simple materials, .
the'application of the time temperatufe superposition principle
may introduce errors that are dueAto the graphical\shifting
procedure done on a lég-log scéle. \

This inconsistency will result in certain difficulties,
for examplé? when one tries to obtain the.dynamic creep com-
pliance of*relaXation modulus [25] from E(t) or D(t), one may
find that the results are not unique. Furthermore, when E(t)
of D(t) isvuééd to solve boundary value problems of linear

viscoelasticity, different solutions may be obtained, depending

on whether the equations of balance of momentum* are solved for
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the displacement vector or the compatability éqﬁations** are
solved in terms of stress functions,

Two methods that make the expérimental‘data consistent
Awith the theoretical predictions_aré deri&ed and an illustrative

.example is given,

2.5.1 Correction of Experimental Data

Method I, " In Time Domain

The Equation (II-3) can also be written as a Volterra
integral equation of the second kind:

t

E(t)D(0) = 1 - J E(t-t)[8D(t)/87]dT II-27

0
Let E¥(t) and D¥(t) be the functions that fit the experimental
data, Iﬁ‘general, these functions will not satisfy Equations

(1) or (2) identically, If the "deficiency" function

£(t) = - 1 + E*(t)D¥(0) + J E*(t-7)[D%(7)/3t]dt  II-28
. (o) e
does not satisfy the condition
N ' [£(t)]<<1 . 1I-29

% The relation stress

f(strain)is needed, i.e., E(t) has to
‘be given,

¥%¥ The relation strain

g(stress) is meeded, i.e,, D(t) has
to be given, ‘ .
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then E(t) and D(t) are not consistent.
Since we are interested in making the experimental results
»conéiStent, it 1s assumed that the sought functions E(t) and

D(t) are defined by

B(6) = B¥(8) + Ea(t) = B¥(6)[1 + p_(£)],  II-30

D(t)

D¥(t) + Dy(t) = D¥(t)[1 + ud(t)], II-31
where E;(t) and D, (t) are error functions, while ue(t) and ud(t)
are relative error functions., Since only the Equations (II-3)
or (II-27) can be used in order to determine the two error

functions, it is assumed that
ud(t) = Yue(t) = YU(t), -II*32 '

where y 1is an arbitrary real'conStantl Combination of (II-30),
(II;31), (IT-32) and (Ii-27) yields a nonlinearvihfégral
equation,to be‘solved for u(t), which was found unnecessary to
be writtén in an explicitiform. ’This equation is solved by a
ﬁumerical procedure, | |

It is convenient to rewrite (II-27) as

E(tm)D(to) = 1 - iEO [t E(t -T)-g—u—dt m>2 I1-33
- i

o2



where t and t_ are,'respectively, the initial and final time,
The intervals At.=t. l—t,.are assumed to be equal so that

_g(tm“tn)=g(tm-n)‘ The notatlon g(tm n)gm n is used hereinafter,.
For the initial time (m=0), (II-33) reduces to E¢Dp=1,

which gives an aigebréic equatibn of second degree'in Yo whose

admissible root is

po=(1+Y) . . ,
{ 1+[1- Lly(l E"“ID*"I)/(1+Y) ] / }/(2y) 11_34_

The rémaining robt is physicaiiy unrealistic and will be
discarded,
By applying the mean value theorem to the integral of

(I1-33), the successive Values of My are given by
© 1+ED o.—EZ’fD_o -Ey D"f

1 = i " m:l’ . II--35
E$Do+yEoD¥ S » ,

m—Fm/Gm miz! - o II-36

where"
o m¥ 1
Fm—q__EmDo_ g (E0+E 1 ) (Dm-—-Dm_ )

-1 %
- 5(91__D,.,)(Em+Em_l)_;_.

- m-2
R
c4=1

)(D -D

m-i- 1 m i i+1)’

‘ % o .1 %
G =EpDot. >Y(EotE1)D + 5 (D1-Do)E
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so that the values of ﬁi are computed by the numerical scheme (II-36)

in the sequential form

When the specfrum of relaxation times of the materiél is very

wide, e.gp; more than five decades, the time interval At -
needed for a prescribed accuracy is‘so small that the ambuntA

of computing time could be prohibitive, Therefore a somewhat
different procedure [43] has been applied that consists in
levaluating Uy uﬁ to some time ti with equal time intervals
!Atl=t1/n, where n 1is the ngmber of intervals, The interval

‘Ati is then multiplied by an integef k>1 and the computations
are-qontinued'up}to t, using the values of Hys Ej,'DJ for the

for j:p/k. The same procedure is repeated'

2

until the desired value of tm is reached, The choice of n

times t2’3=jkAtl=jAt

and k can be made by running numerical experiments in the

computer for different values of n and k., This numerical

proceduréAis applicable if the mémory of the méterial fades
“in time.l Thus, in order to have sufficient accuracy in the

compﬁtatiOps, it is only necessary to have a fiher mesh for

the iast two or three decades of time, rather than in the tptal

time interval [tg.t].

" Method ITI. ~ Correction in Laplace Domain

The application of the convolution theorem to (II-3) yields
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EL(P)DL(P) =1 o I1-38

- where
) (o]

- BL(p)=p | E(E) exp(ptlat 11-39
o

denotes the Laplace transform of E(t). Combining Equations’
'IIe30;II-31 & II-38 we obtain

(Ef (p) + Eip (p)ID¥ (p) + Dy ()] = 1, TI-40

where E1L(p), DlL(p)"are the Laplaceltransforms of the error
functions E;, D;. To avoid the indeterminancy, it is assumed
that EIL and_D1L are related in the Laplace domain by the

relative error function

v(p) = Eap (p)/EX(p) = (1/¥)D1p,(p)/D% (D) 11

o

It should be noted that this assuﬁption is éimilar but not
identical to the one used'in Method I, The two functions v(t)
and ﬁ(t) are not identical‘even if the éame Weighting factor y
1s used in both methods., | B
Equatiohs II-L40 & II-41yield an algebraic equation of

the second'degree in v(p), whose acceptable root is

| v(p) = [1+Y)/2¥]{-1+[144Y€(p)(1+Y)'2]1/2}, II-42
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where

e(p) =1 - [Ef(») DF(®)I,

éq thatv" ’ EL(p)' Ei(p)[1+v(p)], i1_43

by (p) = DE(RILYV(P)T TI-4

To simplify the computation of Ei and Dﬁ, it is assumed that

the experimental relaxation modulus can be approximated by

E¥(t) = E_ +

o

nmMms '

x¥ exp(;ait), II1-45

i=1

where X% aﬁd o; are known constants and Ew'is the equilibrium
value, A similar assumption is adopted for b*(t).
v(p), EL(p) and DL(p) can be readily computed using

Equations (II-42)-(II-44). It is further assumed that

n
CE(t) = E, + I X, exp(-o;t), II-46
w L2 _ i -
. i=1 - :
such that
E (p) = E_ + 1£i X;[p/(ay + p)I, . II-U7

where E_ is computed from the values Ef (p) and Dﬁ (p) for
p>0.-
‘The unknown coefficients X; of Equation (II-46) can be

determined by satisfying Equation (II-47) at n values of pj=2aj
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for j=i,2...n. This yields the system of linear equations

n . ) .

'} 2 L
N i=l ¢ n

J=1

>

for the unknowns Xi‘ The relative error function ue(t)bthat
results from this method can be easily computed using Equations
IT-30,II..-45 & II-46. The same procedufe can be repeated for

the compliance D(t).

2.5.2 Optimization

To avoid the arbitfariness of y, some functional of the
kwo error functions E;(t) and D; (%) should be minimiied with -
wrespect to y. . To do this, the integral of the sum of the .
~ squares of the error functions E; and E, in the Lablace domain

is used., This functional is given by

F(y) = f (1+y%)v2(p,y)dp II-49
’ o) , _
 which can be written as
T ET 2. . 2
Y
o [T o bye(p) bye(p)11/21 .. - - 3
) X JO' {2~W "— 2[1_W] }dp : ‘ II—SQ

It is not difficult to show that F(y) is a minimum in the
Laplace domain when y=1, which is equivalent to assuming equal

relative errors for the two series of tests.
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2.5.3 iAn Example of Application

The experimental results obtained in Reference 44 for
agsand-aSphalt mixtures and described in section 2.3 are here,
The curve fitting of the measured relaxation and creep |
functions are performed using Equatlon (II-45),
| To check the consistency of the experimental results, the
relaxétion and creep functions have been CQmputed using Hopkins
and Hamming's method [28], and are shown in Figures 4 and 5,
Moreover, the deficiency integral (11;29) Wasvalso evaluated

numerically by using the scﬁeme

£(t,)

|
!

_1+E*(tn)D*(0)

n-1 '
) [E*(ti) + E*(ti+1)][D*(tn-t

ioq —D*(tﬁ'ti)] - II.51

|
e

i+1)

and it is represented in Figure 12, The incon31stency of the
data is apparent the large values of f(t) in the tran51tlon
region can be attributed to one or several .factors mentioned
previously, Therefore, both methods described in tbe previous
section are applied to the experimental data using Y;l. | |

The function u(t) computed with Method I is shown in
Figure 13 for dlfferent numbers of intervals n. The numerical
results show that y converges towards a unique solutién fof
sﬁfficiently large values of n.

When methbd IT is applied to the same data, theAresulting
error functions He(t) and ud(t)vthét are»coﬁputed from Ei(t),

E¥(t) and Di(t), D¥(t) compare well with ﬁ(t), as shown in
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LOG (t/a,), sec.

' FIGURE 12-  DEFICIENCY - FUNCTION k(1)
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Figurehlﬂ. The corrected functions E(ﬁ) and D(t) computed with
the two methods are so close to each other that they can not
bs répresenfed separately in Figures 4 and 5, .
: It 1s perhaps of interest to note that Methods I and II
requife 5 and 0,7 min,, respecﬁively, on an IBM 360/65, |
To check the accuracy of these results, the deficiency
" function f has been evaiuated using now the corrected functions
"E(t) and D(t): the results are éhowh in Figure 12, The slight
osciliations’around unity are attributed tb the exponential
representations adopted for E¥ and D¥, since the semiperiod
pof these oscillations is of the order of a decade of time,
uhich is also the spacing chosen in the approximation,
| .As shown in section 2.4;3vtwo Prony series satiéfying (1I-3)
have the same number of terms but different (and related)

exponents o Since the ui's have been taken equal for both E¥

i ,
and D¥, this may be also a possible cause of error,

Figdre_lS shows the effect of y on the correction of the
relaxation modulus. The result of section 2.5,2 is verified

.

by the computations.

"B,  Dynamic Functions

The dynamic relaxation modulus and creep compliance are.

defined by

By (10) By (w) + 1E,(w)

’

iw f E(t) exp(-iwt)dt 1I-52
‘ o ST :
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(METHOD II)
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Dé(iw) Di(w) + iD2(w)

iw J D(t) exp(-iwt)dt 11453
o

As a result of Equation (II-31), Eg(iw) Dy(iw) = 1, so that

their components should fulfill the conditions

D1(w)E1(w) - Da(w)Ez(w) =1, TII-5

0, 1I-55

D1 (w)Ez(w) + Dz2(w)E1(w)

. The determination of the real and imaginary'part of the
dynamic functions is particularly eaéy when»E,and D are
represenﬁed by series (II-45), The %wo Equations (II-54) and
(II-55) have been computed uéing the uncorrected and corrected
relaxation and creep functions of Figures 4 and 5 and the
results shpwn in Figure 16. 'It is observed that thg analytical
requirements (II-54) and (II-55) are fulfilled withiﬁ numerical
accuracy by the corrected functions, The loss tahgent

N

8(w) = E2(w)/E1(w) = -Dz(w)/D1(w) I1-56

is also computed from the relaxation and creep data and shown
in Figure 17. :Large discrepancies in ,this case occur even

in regions where the uncorrected functions are not too different
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LOSS TANGENT, 3 (w)

-4 -2 \
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=1
FIGURE 17 - LOSS TANGENT FROM EXPERIMENTAL

 DATA (I-CREEP, 2- RELAXATION)
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from the corrected ones, Figure 18 shows the loss tangent
computed with the corrected functions; the two curves are now
practically coincident, The oscillations obser?ed in Figure 18
may also be attributed to the exponential representation,

The portion of the loss téngent 8 correspondiﬁg to low
frequencies as computed from creep experiments (curve 1,
Figure 17), contains a peak that suggests the presence of a
secondary transition. The researcher may be tempted to attach
some physical significance to that peak [45] but in fact our
procedure has shown that such é peak is most unlikeiy tQ occur

as shown in the corrected curves of Figure 18,
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IITI, NONLINEAR VISCOELASTIC MATERIALS

' Experimental results have shown that classical.(linear
igfinitesimal) viscoelasticity can be successfully applied
to thé characterization of é variety of materials like glass,
polymers, concrete provided the strains and rotations are
infinitesimal and the stresses 0<<o,, where o, is the fracture
(rupture) stress., When the strains are sufficiently large,
or when the stresses are of fhe order O, éxpériments have
shown that the behavior of the materiél cannot be accurately
;epresented by the classical theory., Numerous works illus-
%rate this (see, e.g., references [19-21,23,46-48]), In all
'thesé cases the experimental results have shown thaticlassical
viscoelasticity is no longer valid and that in order to obtain
a reasonable phenomenological explanation of the viscoelastic
behavior one has to resort to nonlinear theories. The wide-
spread use of time and temperature suééeptible materials,
the higher accuracy required for the design, and the availl-"
ability of high speed calculators}are factors which havé made
the determination of nonlineér properties desirable and

~feasible,

3,1 ..General Formulatlons

In sectibh 1 it was shown that the constitutive equation
of viscoelastic materials may be described by continuous tensor

Afunctionals, and that these functionals may be represented by
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integral or differential operators, In the case of strain
histories, small in some sense [8], many materials may be
approximated by the linear theory which was presented in
section 2, where only two independent functions were sufficient
to describe the material, Howevér, when noniinearities are
present, the characterization of a maferial requires more than
two independent functions. In the case of materials which

can be represented by the Green-Rivlin expansion, Pipkin [26]
for example, has shown that two kernels are necessary in the
first order approximation, fouf mofe in the seoond order
approiimation andusix more in the third order approximation.
So-the‘determination of all independent functions in this
special case of initially isotropic materials may be a formid-
able task, The assumptioniof incompressibility reduces the
number of independent functions to four.

For.simplipity, consider a single component of a tensor:
functional répresented by a Volterra oxpansion in multiple
integréls. Tﬁis may be dohe in two equivalent fofms.. For
example,’for a 3-terms séfies:

. t (1 . t (2 ,
o(t) = K (t) + [ Kl(t}T)E(T)dT + II Kz(taT)e(Tl)'

A

o) [e]
t (3) . '
e(t,)dtdt, + JJIO Ky(t,1q,15,13)e(ry)e(ry)e(rgldry
dT2dT3
III-1
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or '
t

‘ t ; .
ote) = B(e) + [ By e,0Ear + [[ B0, )8
: 0 : ‘ ‘70 -
dt,dr,
t S ) .
f Jj[o E3(t,Tl;12’T3)€(Tl)é(?2)€(T3)dTldT2dT3 . IIT-2

Form (III-1) is often more convenient in theoretical studies

and corresponds to the response to combinations of impulse Dirac

~

functions of the strain history, while form (III-2) is preferred
by‘experimentélists because it corresponds to the responses to
combinations of Heaviside step functions of the strain history
e(t).
An intégration by parts of (III-l) and identification with
(III-2) yields:
: -_ 2
E,(t) = K (£) + K, (t,t)e(t) + Kggt,t,t) e (t)
+ Kg(t,t,t,8) e3(t)
E,(t,1) = -[Ky(t,7) + 2K, (t,8,1)e(T) +
4K (ﬁ t,t,1)e2(t)]
399: ,
Ey(t,Ty,T5) = Ky(t,19,7,) + 2K3(t,t,Tl,T2)€(t) -
E3(t,rl,T2,T3) = 'K3(t’T13T2?T3) | A .III-3

While by differentiation of (III-2) and identification

with (III-1) we obtain:
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K (£) = E_(t) + El(t,ﬁ) (£) + E,(t,t,6)e’(t)

+ Eg(t,t,,6)e3(¢)
(l) (1) (1)
K (t T) = - [E (t,1) + 2E (t ,J,m)e(t) +
(1)
uE (t,t,t T)E (t)]

(2) (2) (2)
Ky(t,19,15) = E2(t,11,T2) + 2E3(t,t,11,12)e(t)

(3) (3
‘K3(t{T1,T2,T3) = - E (t,Tl, 2,T ) : - III-4

N\
N\
\

Both forms may be used interchangeably, Form (III-1) will be

I
lused below to develop a method for the evaluation and use of

the Fading Memory properties of a material, Form (III-2) will

be used in the discussion on the determination of the kernels

because it simplifies the expreésioﬁ of the results,

3.2 Fading Memory

Secﬁion 1l discussed the class of materials which fulfill

the Fadlng Memory pr1n01ple It is important to défine

) measurable criteria to evaluate the degree of application of

such principle, Consequently, a method was developed to
determine the duration of memory for non-aging viscoelastic
materiéls. This parameter isva’measure of the fading memory
properties of a viscoelastic material since it could be used:
'a) To determine the extent of time during which

a material has to be at rest before testing

(or retesting) so as to assure that the mea-

surements will not be affected by the unknown

(or known) past,
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b) " To determine in advance the elapsed time
that is required in order to reach the .
steady state response in dynamic tests,
¢c) To establish under which circumstances the
behavior of a simple (viscoelastic) material
can be approximated by an equlvalent elastlc'
material,
d) To reduce the amount of computing time when
constitutive equations like (I-5) or others,
e. g.,references [7 13], are evaluated
The duratlon of memory in relaxation (creep) d (d ) will
be computed for stress (straln) tensor functionals that are
expandable in series of multlple integrals by choos1ng an
adequate comparlison strain (stress) hlstory and assuming that

"~ the strain (stress) histories are bounded.,

3.2.1, Duration of Relaxation

Let us associate to every strain history E(1) a comparison

history

E(t) for t-d LT <t

E (1) = | ' ' III,—-SI
| 0 for 1 < t-d |
where d > 0, These histories E and E will produce two different.
.awstresses<at presentAtlme that are denoted T(t) -and T (t,4)
..respectively,.
| We want to determine the minimum value of d such that for
any bounded history# [E[] <M (M > 0) in the interval (-=,t],

the difference between the stress T - Tc'can be made no larger

¥ See Appendix A for the definition of the tensor norms .
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than any arbitrarily prescribed number y > 0 .

- -oT=t
[T -2 01y = [IRU @ (E)

TS0

( DI <) I11-6

IIIC) ll

Then this minimum, denoted és dg, 1s the duration of the
‘memory in relaxation,

If for an anisotropic material g can be represented by -
the Fréchet expansion (Green and Rivlin [13]) |

— ) t t(n) '
T(t) = £IE(t)] + L I_w... f En (t-T1,...,8-1 )E(T1)...E(T)

o8

n
d[lood[
n

ITTI-7

where f[E(t)] is the part of the stress due to the present

strain, K, (T1,T2,004, Tn) is the relaxation tensor function of

order 2n + 2 and S = 3"8S, /3 8T2...37,, then it is

J.-.p

possible to determine d VNote that the integrand of the

R.
‘multiple integral of order n in (III-7) is usually denoted

‘as a multilinear tensor function of same order,

'In component notation (III-7) reads
Tij(t) = fiJ[Eij(t)] +

© t t (n) : : , ,
51 'I o I o Klez..qr(t Tl”"’tTTn)Ekz(Tl)"EQP(Tn)dTl"dTn5
on + 2 : - - . ITI-8
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where the summation convention has been used, The rotated
stress fc(t,d) is evaluated by substituting E by E, in (I11I-7).

Thus, the inequality (III-6) can be written as

T = Telly < wlIT - Tl =

. t-d t-d () o
wl| & j_m...' B gn(t—Tl,f.,F—Tn)§(Tl)..E(Tn)dTl..dTn|lt <y

IIT-9

after having used (A-6), Following the rules indicated in
Appendix A, and assuming the convergence of all the integrals,

(III-9) reads

LSRR

© n d. d (n)
w (b, M) J_;.. J °°Il £<n(ul,...,un)||u du ...du, <y II1-10

n=1 P

whefe uy =t -1, (i=1,2,...,n). Consequently, for a given
viscoelastic material, d is a function of y and M only. The
duration of the memory dR is then the minimum value of
ol (Y;M = cohst.).for which (III-10) is satisfied.

Whenvthe expansién of multiple integrals (III_7) is
limited to a finite number m-of terms, then dR can be obtained
explicitly, This solution can be presénted as a series of

curves or tables for different y's amd M's, For example, in
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the one-dimensional isotropic case and for sufficiently small

stfains,*~the functional (III-7) reduces to

o(t) = fle(t)] +

[ I =

t t (n) - T -
n 1 j—ool“ J_m Kn (t—Tl’...’t-‘Tn)e(Tl).'.e(Tn)dTl...dTn III‘-ll

where ¢ and € are respectiveiy.the'uniaxiél stress and infini-
‘tesimal uniaxial strain, the Kn's are scalar relaxation
functions thét fulfill similar pfopeftiés as in the general
case (III-T7) andlf.measures the instantaneous stress, Thus,

(III-10) reduces to

mo . oqd (4 (n)

Io-ccli E M J L) f lKn(u ,-co, n)Idu ot.dun'iY

; n=1 - » -0
I11-12

where now M > [|e||. Note that the ||s|l _norm of a scalar s

reduces to its absolute value |s|. The inequality (III-12) can

be solved for a if the n derivatives of the m relaxatlon

(n)

functions are known, If K does not change sign in the 1nterval

of integration, (III-12) can be expressed as

r(M,d) <y III-13

¥ This analysis can also be performed when large stralns
are considered,
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where

-

[ e =

rM,d) =

) MK (d,0n.,d) - (DK (d,...,d,°) +

1

~

n T n
(2)Kn(d,¢..,m,“) coe (Z1) Kn(m,...,W)l

If for a fixed value of M,ly_> max r(M,d), then
' T0<d<w»

d, = 0 ITI-14

Fn this case a viscoelastic material can be approximated-by
!‘ .v N - . A .
an elastic material, On the other hand, when y < max r(M,d),
' . . . "“0<d.<“>
dp = dg(y,M) is the solution of =T

r(M,d.) = y ' TII-15

-

which can be solved}graphically by representing r(M,d), for

M = M, say, as a function of d and reading dp in the time scale

1 |
for different y's. If Mg < M, where Mg = Mp(dg) is the bound
of the strain history in the interval (-w,t-dR], dp can be
made smaller by substituting M by MR in (III-15),.

Only one non-negative solution d exists-when r is a.

R
monotonically decreasing function, otherwise dR is. the smallest
non-negative root of (III-12), If all the relaxation kernels

" Kn!tend assymptotically to equilibrium‘when t » «, then
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lim d, = ITI-16
¥>0 . '

for any bounded strain history., It is conceivable thaﬁ some

méterials may have a maximum duration d%¥ = 1im d, < « there-

R R >
fore the material has a finite memory of range [t-dﬁ,t].

This is the case of cross-linked rubbers,
For linear viscoelastic materials dR is obtained directly
from the transient relaxation modulus K'(t) = K(t) - K(«) if K°'

and t are substituted by y/M and d, respectively,.

R
The equation (III-15) can altérnatively be solved for M

as M = M(y,dR). It can be observed that for the functional

expansion (III-7) a duration d_ can always be found such that

R

the stress error y can be controlled for any strain bound

M < w,

3.2.2 Duration of Creep : o

Let us assume that the Viscdelastic material gnder con-
sideratiqn creeps whén subject to é constant lbad.AkThis will
be the case of solids, e.g. crosslinked polymers, concrete
and metals, If (I-5) is invertible, 1its inverse can be given
as H

B(E) = B [F(0)] B < AT

’

where H[ ] is the nonlinear strain tensor functional that
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relates the history of the rotated stress tensor ? to the
present valﬁe of the strain tensor g. Thue, E(t) can be
obtaipedkonly if the history of the rotation tensor E in
(-w,t] isrprevioﬁsly known. An example of inversion of such
functional 1is given in Reference\u9. |

By appealing to Volterra's postulate, the range of g,can-
be reduced to [t-dc,tj,,where d, 3;0 is:the duration of the
memory in creep. Then, by associating to every history ?(T)

- a comparison history

?(T) for t-d < T <t

?c(r) 111518

to

for 1 < t-4

where d > 0, the procedure of seetien 3.1.1 can pe repeeted
here, |

The duration of the,memOry in creep dC is the minimum
value of d such that for apy-bounded history llill'i N(N > 0)
in the interval (-=,t], the difference E(t) - gc(t,di can be

made no larger than any'arbitrarily prescribed number u > 0

=t =t -

(Ty = B (T <w III-19

= .
TE 00

Jlg - §c||_=

H ——“
s

 where E, is the strain that corresponds to TC(T). In the
general three-dimensional case, d, cannot be computed unless

the history of R is known. In the one-dimensional (small strains)

79



case, €(t) can be related to o(rt) by.a'Fréchet_expansidn similar

to (III-1)

(%) = nlo(£)] +

t - t (n) . ,
l J-mo-o I Dn(t‘-Tl,n"’t-‘Tn)O"(Tl)A.-C(Tn)d‘[l...dtn III—2O

[+

U e I

n

—

where h measures the instantaneoué strain and the Dn's are the
' (n)

creep functions, If all the derivatives Dn do not change sign
in the interval (-~,t-d], then the duration dc can be computed

from equations

|
I

'

d =0 for y > max c¢(N,d) I11-21
¢ T0<d<e
c(N,d,) = u for u > max c(N,d) III-22
“0<d<e .
where
N2> flell, w2 le - el
m o on ‘ n,. - ‘
C(N’dc) = Zl M IDn(d’oov,d) - (I)Dn(d,‘on,d,m) +

n ) n E
(D8, ep=,) s (DD, |

The remarks made at the end of section 3.1.1 for dR also

apply to d,.
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3.2.3 Example

We will determine the dﬁration of memory of a nonlinear
hon-aging viscoelastic material: solid polyurethane, character-
ized in relaxation and creep by Lai and Findley (49,50)., The

relaxation functional used by these authors is of the form:
t ) t t ' A

o(t) = J G (t-1)e(t) dt + J J G (t-t_,t-1 )E(T )E(t )dt drt
oo 1 ' o d_o 21 2 1 2 1 2

t t t :
+ I I J G (t-1_,t-1_,t-1_)é(T )é(t )&(T )dr drt _dT_,
o dw d_ o 3 1 2 3 1 2 371 2 3
I11-23

where G, are the relaxation functions and (°) =3( )/3t,
Equation (III-23) is an alternate form of our equation (III;ll).

" The rélqtionship’between the Ki's and Gi's of equations
(III-11) and (III-23) can be easily obtained by integrating
(III-23) by parts. ‘For the particular kernels given in (49),
it follows that |%; | = .|éi| for i=1,2“,3. Then the character-
ization given by Lai and Findley can be used withogt modification,
Similar considerations hold for the creep functionai<(M9).‘

The kernels in expansions (III-11) and (III-23) are usually
extrapolated for longer times by functions which tend asympto-
‘Atically to a finite value (like series,ofAexponentiélsj unless
the material hés a finite memory, as defined in section 3.1.1,
i.e, the kernels reach a constant.value when their arguments

exceed the range of the finite memory, Since the experimental

curves [49,50] tend to reach constant values at the end of the
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experimental range (t = 2 hours), we will assume in our cal-
cuiations that the material has a finite memory with a duration

a% = dg = 2 hours.,

R | . .
| Figure 19 éhows the duration of the memory dR in relax-
ation as a function of the ratio‘y/M, computed from equation
(IIi-lS) with K (@, ...,®) = Ki(2,.;.,2), for different values:
of M. It is 6bservedvthat nonlineérity increases the duration
of.the memory. For a fixed value’of Y, dR increases (decreases)
. when M increases (decreéses). ~Conversely, for a‘fixed M, dR
decrease (increases) when vy inéreases (decreases).,

Figure'ZO shéws the duration ofkthe memor& dc as a
function of u/ﬁ‘as given by equation (III-22) with Di(w,...,w)

= Di(2"'f’2) for different values of N,
To‘illué%rate how the concept of duration of memory can

be used in stress analysis to decrease the amoﬁnf of computations,

the simple problem of a circular cylinder of solid polyurethane

2 will

subjected to an uniaxial shall—étraih‘history_|e| < 107

be considered; The corresponding normal stress gg; where the

subindex/2 denotes the duratidn of the méterial; is computed

by integrating (III-23) numerically in a computer.. Thé applied

strain and\computed stress histories are shown in Figufe‘él.
‘The same stress has been computed using also thé numerical

procedure bﬁt limiting the>lower limits of the integrals to |

t-d,, for three values of the absolute error y = |o - o |= 25, 50,

R
100 psi. The corresponding durations dg as read from Figure 19
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for M = 107 are 1,3, 0,8 and 0,2 hours respectively, -The

stresses 9, 61@"0m8’ and Gwi are shown in Table 3 for différent
times, The differences between‘the:approximate stresses and
o, are very small, | S |

| The computing time requiréd‘in:each of the caiculations
performed in an IBM 360/65 computer is given in the same table.
It is observed that theuuse of the‘duration of memory reduces
significantly the computer time; bne of the most critical
limitations to the numerical solution of quasi-static or
dynamic boundary value problems ih viscoelasticity via'finite_
elemeht (White [51] or finite-diffefence‘methods. |

Finally, it can be noted that if the admissible, absoluée

erfor in the stress is largerithan 360 psi, then for strainsi
-2

}

le| < 107° the material can be considered as elastic, |

3.3 Determination of the Kernels

 In the section 3.2 we assumed a knowledgé of the coﬁstitu—_

tive equation, i.e. a knowledge of the kernel funcfions, fbr'~
the measurement of the Fading Memory properties of ﬁéterialé;
The determination of.the kernels functions thémselyes uses |
précedures inspired by the linear theory. One may divide such
procedures‘into stress controlled and strain controlled experi-
ﬁents. Each group may be arbitrarily subdivided in turn into:

1 - TransientiInpﬁt (Figure 22) |

2 - Sinusoidal Input (Figure‘23),

3. - Random Input
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Normal stress o 1in a circular cylinder of a material of
finite memory of duration d¥ = 2h: solid polyurethane for

the strain history e shown in Figure 21, 0 , o

TABLE 3

R

2

o
13% "o’

g
02

are the stresses computed with the durations 2, 1.3, 0.8 and

0.2 hours respectively.

Time o] o
2 1.3 0.8 - 02
(hours) (psi) (psi)- (psi) (psi)
2 3266.1 35271.1 3287.7 33296
L3 1424, 4 1436.9 1448, Y 1479.8
1325.8 335.1 345,2 351.9
5 <1125.0 1127.6 1127.9 1127.2
6 792.9 793.6 791.2 802.5
7 196.8 201.2 208,8 - 211.2
8 240.9 241.7 240, 6 247.0
9 1350.5 1352.2 1355.0 1354.8
10 1918.0 1918, 4 1922.2 1929.6
computing . ~
time in 24,3 23.5 14,8 9.0
seconds
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STRAIN INPUT STRESS OQUTPUT DETERMINED FUNCTIONS
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3.3.1 Multiple Step Input Functions T 4 o

Transient Input are essentially Heaviside step functions
or Dirac impulse functions, The Heaviside step functions
are more commonly used because they are easier to approximate

~ experimentally., Let us assume a three terms series:

t t

E (t-t) e(t)dt + J J'
. .

E (t;T , t-1 )é(r )é(T.)
o 2 1 2 1 2

o

o(t) = J
» dt ar
1 2
t . C ) . . v )
+ J J J E (t-1_,t-t_,t-1_J)e(t )e(r )e(r_)dt dt dt
3 1 ) 2 3 1 2 3 1 2 - 3

o
: III-24

In such case a one step strain history

e(1) = 0 1<t 3 e(t) = eo'szo

will yield

- T 2 . s
g(t) = El(to)e0 + Ez(to, t ) §°‘+ Es(to’ tos t e

0.
so that three different values of € have to be used in order

to determlne El(to)’Ez(t to) and Eg(to’ t , t.).

oXd o? o

'Then twonand three-step histories maj be used to determine
| values of E, and E3 eutside the bissector line of plane |
respectiyely'(see Figure 22), The number of(éxperimentskrequiredr‘
to determine the kernel functions may beeome very large, Tab-

ulation of the number of required tests was given by Loekett [5%]

for the uniaxial and three-dimehsional cases, In the preceding‘
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uniaxial case of a three terms series the number of requifed
ktests would be (3 + 3n + % n2) where n is the humeer of points
necessary tc define a function of ehe Vafiable. Thus the
computation of the successive;kernels is not easy. For example
the addition of one term to ﬁhebSeries;representation requires
to compute again aliAthe kernels of the series, because the
successive terms do not form an ofthogonel set. Moreover |
contrary to the expectation that the accuracy of the repreeen-'
tation will be increased by the addition of more terms,'see'
e.g., Appleby and Lee [53] numerical instability was shown

to be a strong\limitatiqn by Gradewczyk ESMj. For the three-
dimensional case the number of experiments is greatly increased
because of the lerge number of independent components that

may occur inibhe tensor functionalvrepresenting the constitutive
equation.‘

For strongly nonlinear maferials where the Green-Rivlin
representation may fequire a ‘large nuﬁber of terms. The
determinatien of the kernels could reqﬁire a long eXperimental
proeedure and a difficult computation. Moreover the resulting
series is also difficult to use.in a stress enalysis problem.
An interesting approach was suggested by Pipkin and Rogers [55].
Stress or strain hisfory is assumed to.be an n-step history,
where n may be large. The constitutive equation 1is giveh in‘

the form of multiple integral, but the kernel is a function of

the stress or strain input as well as the lag of time since
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the loading, : : C

S

: t
o(t) = [ aRTeCn)e=tl + ...+

t t . '
2 Im-ﬁ- I wde'(T )..od€<_l_ ) )

- L e 1 '
Rn[sgtl),?le,.,.,S(Tn),t;Tn]

III;25
an is determined from n—steﬁbhistories; SO that.the serles
terminates if the strain or stress is an n-step history: Eaéh
additional term would improve the accuracy of the representafion.

Note that for any expansion of the nonlinearlproperties,
the measured terms éfé dependent on. the history of‘the stress
or strain inputs as long as the series is not cémplete. Thefef
fore the form of the expansion should be chosen in rélétion
to the type éf expected'input history. Strqngly nonlinear
_propertiés are represented by a more compact fdrmula when this-'
approach is used rather than Green;Rivlin expanéion,’and the
input history may bé approximatéd by ﬁ—steprhistories. However
the experimental determinaﬁibn requires more tests\than for
Green-Rivlin expansion‘because the kernels‘areAfunctiohs of

more variables,

3;3}2 Sinﬁsoidal‘lnput Functions

Figure 23 shows schematically the type of experiments
necessary to obtain the kernels using sinusoidalfinputs. In.
order to simplify,the expressions we will just detail the case

of a two terms series;
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t t

o(t) = J E (T)é(t—T)dT.+_JJ E (1,7 )e(t-t )é(t-1 )dt_dt
: | 1 20 1% 2 1 2771 2

o o

-\ o | - . IIT-26
‘ The multidimensiohal Fourier transforms of the kernels
El(t), Ez(t1’ tz) will be defined as follows:
+o0

Ef(w),= f EI(T)e—ijdT

oo
+oo . : :
E¥ (0 ,w ) = IJ - E (1,7 )e_leTl_szTz dt dt I11-27 .
2 1 2 / 2 1 2. 1 2 . .
/
| : S
where j is the imaginary number v-TI, Now, if we consider a

sinusoidal input function:

e(t)

I

X cos(wt + 0)

"Re X e

JO Jut  III-28

where Re means "the real part of", The resulting value of

o(t) is:

- , |
o(t) = Re[XeI%I“" E2(w)] + Rel} I2%I?" Ex(u,u)]
+ 5 E3(e, -w) . 11129

o .

In the case of an input function’combining two sinusoidal

functions:
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e(t) X cos(wt +0 )+ X cos(wt + 0)
_ : 1 1 1 2 2 2

+ Re X ed9, (Ju,t © III-30

Re'}.(l ejel ejwlt

it can easily be shown that:

0 Jw t

v 2 e, E¥ (w )]
. 1 -2.

o(t) = Ré[Xi JO Jut Ef(wl)] + Re[x e

+ Re[x? 9201 oJ201t ga(y, ,w )] + Re[Xx? 3202 GJ2wet px(y ,w )]
1 217 2 A 2 2% 277
rxx 30 F0 00 +wlty (y u) III-31
172 * . 21?2 S
We note that by varying the values of X,XI,X2 and w,wl and wz
in Equations III-29 and III-30, it is possible to determine

Ef (w) and Ei (wl, wz). Inverse transforms of Equations III-27

yield E (1) and E (1t , T ):
‘ 1 . 2 17 2

1 (e ot
= * wT
B0 =5 | Bt T au
1 o v 3
JI E*(w s W ) e'jw111 szTz dw dw
2 2 12
III-32
‘We can see from this example that for a two terms series it
is necessary to apply two sinusoidal functions simultaneously.

For higher order series more combinations of frequencies and

~amplitudes afe to be used in order to obtain the complex kernels,
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Inverse multidiménsidnal Fourier transtrms similar to Equafions_
. IIIf32 yield the kernel functions in the time domain., An
apblication and review of thié‘method was presented'bykLockett"
ahd Gurtin (56). It presents, hbwéver, the same typé of

difficulties encountered in the multiple step meﬁhdd.

3.3.3 Random Input Functions

  Instead Qf,applyihg twobor three aiffereﬁt sinusoidal
functions simultaneously asrinisectionv3.3.2; it is possible.
to apply input functions equivalent~to a wide variety of
Superposed sine functions. This-may be achieved by using
random inputs., The particular casé ﬁhere there is an equal
amount ¥ of‘all Qarious frequeﬁcies,is Qalled white Gaussian
random funéti6n, and was used in Studies of nonlinear electrical
systems [57,58j. This apprbach to the determination of ﬁhe
kernel fuﬁctions, may'siﬁplify the testing procedures and |
become‘feasible with the availability of pfogrammable‘testing
machines, as wéll as analog and digital computers.A\The basic
cdncept is the charécterizafion of a black box for which wé
have a known randoﬁ‘input x(t) and a measured output y(t),
The.method of_measufement of thebkernels uses crosscorrelations®
of input'aﬁd output functions, In a mechanical system x(t)
may be a strain and y(t) a stress or vicéfversa.
| ,The'repreéentation of the system uses an expénsion similar

" to. that of Green and Rivlin with the exception that.the terms

'# This concept will be defined in the neit section,
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of the.expansion form an orthogonal and cbmplete set in re-
lation with the type of input which ié used., This property
guarantees convergence,»makes ﬁhe calculation- easier and
mihimizes the errof, because the error in the fepresentation o
of a1function by a finite orthogonal set'of functions is fhe
vminimum.square error, This expansion will be called Wiener
'reprééentation, after N. Wiener f57] who suggested this
approach, | |

Note that, as was stated 'in section 3;3.1,’a truncated

representation of a nonlinear system is'dependent'on the

| ;ype of input function which is applied, 4Therefore attempts

!
|

to represent a five term series by the first two térmsAwill
yield different results when the multiple-step, sinusoidél or
random types.bf inputs are used. Consequently it is advantageous
in such case to test the system wifh input functions which |
simulate as much as possible the'expecﬁed type of inputs to
which the systenm will be submittéd lafer. Thﬁs it is apparént '
that random testiﬁg may often be superior since it"woﬁld
approximéte best the conditions tolwhich the'system may be
Asubmitted. Section 4 will detail the particular case of a
rwhite Gaﬁsgiaﬂ random input, but the.method may also be
extended to non-white Gaussian random inputs; |

: 'Extéhsion of this approach to thfee—diﬁénsional character-
ization seems also easier than the extension of the classical
methods using multiple-step and sinusoidal inputs, This is

due to the fact that the number of tests to perform does not
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increase dramatically but femains equal to one. The 1ehgth'of

the computations will be, however, the iimiting factor in

such case, } o
.Finally,'we'note that thermal‘variatiOné or fatigue

characteristics may be included in further studies of thisu

method,
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IV, STATISTICAL THEORY OF NONLINEAR SYSTEMS !

4,1 Introduction

This section presents and discusses ﬁhe method of character-
ization with white Gaussian fah@om inputs mentioned in secfioh
3.3.3. This methodAmay be used to determine the Constitutive
Equation of time-dependent matérials, but may also be applied
for field testing by considering the whole structure as a singlé
nonlinear system, Moré specifically ah extension of this |
method to non-white Gaussian inputs is very ﬁseful for the
study of full scale systems where the input is not controllable
(l1ike passage of cars on a road) and may be non—White Gaussian,
In this study, the method is considered only for its possibilities
for improving the accuracy'and completeness of existing methods
of characterization. | |

A nonlinear systemkwhich is described by a. continuous
functional may be representéd.in'termé of functiohals of the

_Volterra type (see section 1):

_y(t) = fiwhl(T) i-(t;T)dT + Ift

h (T.;T ) x (t-t ) x (t-1 )dt dt
20 1% 2 S 20T 2

-0

\ t t . ' : N
+'o'¢‘ + I.-‘. J—mhn(Tl,...’Tn) X (t—Tl)uoax (t_Tn)dTlun.dTn-l-uca

-0

Iv-1

where x(t) and y(t), the input and output functions‘reépecﬁively,

may be a stress and a strain or-'vice-versa, h (Tt ,...7,) are
' 1
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Athe kernels functions to be detefmined. A- linear system will
be‘répresented by the first term of this series and is represen-
»ted by a single kernel hl(T).‘ The kernels gre'said»to be
symmetrical, when any rearrangement of their arguments would
keep their values unmodified; We will use symmetrical kernels
only, because it is always possible’fo make them symmetrical

by a change of notation, e.g.,'if h*(rl,...Tn) is not sym-
metrical, the symmetrical form will be: .

=1 5 op= -
hn(Tl,...Tn) = I hn(Tl{...Tn). Iv-2

In this representation the kernels have the meaning of thé
feéponse to unit impulses (as in Equation I11-1),

| These kérnels which représent the nonlinear system may
be measured by crosscorrelations of the input and output
functions x(t) and y(t) when x(t) is a white Gaussian random
function. Pertinent definitions and propertieSIOf random
functions are summarized in section M.é. The_method_of
crosscorfelations is presented next,vfollowed by examples

of application to various materials,

4,2 Definitions

k,2,1 - Basic Properties of Random Processes A single

time history of a random phenomenon observed over a certain
intérval of time will be called a sample record, while the

collection of all possible sample records will be called a
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random'or a stochastic process, A random process is said to
be stationary when averages computed over the collection of
sample functions, or ensemble'averages, do not vary with time,

\‘ .
For example:

Moreovér, the process 1s said to be ergodic Wheh ensemble

averages can also be compuﬁed as time averages, Let {x(t)}
be a random process and'xl(t), xz(t);..xn(t) be n different
§amp1e records of this process, If the process is efgodic,

|
we have for example:

\ :
N Xn(tj)

7~
ot
-
i
S
nm~myg
B
- N
P
t
p -
I
0}
S+
n~ms

‘n
l,
n L X

for m and n large enoﬁgh; ‘We will use ergodic processes as
input {x(t)} so thaf ensemble averageé may be replaced by

time averages. This description of the input is’nbt sufficient
however.’ Four statistical functidns are used to describe a
random process {x(t)} (for more details see References 59

and 60), . |

a, Meén Square Values

The rms value is defined as

_ . T . )
— _ lim 1 2 1/2 P
YX = rms value = [T+w T Jo X (t)dt] IV-3
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The mean value 1s defined as

13 T
T J x(t)dt o IV-h
The variance is defined as

2 _ lim 1 2
o = 1m 1 IO [x(t) - u J%at Ives

while ox is called the standard deviation.

b, Probability Density Function -

This function measures the probability that the data has

a value within some defined range

- lim  Prob[x<x(t)<x + px] | o
p(x) = Ax=+0 A Ax 1V-6

A wide band random noise will exhibit a Gaussian prob-

ability density function, i.e., L
' : 2 2
p(x) = (o, Vo) ~Le=X /204 _ IV-T7

¢. . Autocorrelation Function

This function evaluates the dependence of data obtained

at two different times
' 1im 1 ([T |
(1) = Toeo T J x(t)x(t+1)dt IV-8
. o ‘
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d. Power Spectral Density Function _ ) '

-This function is defined as the mean square value of
the record after filtration between the angular frequencies

w and w + Aw (see Figure 24)

. ) T
_1lim l1im 1 ,
x(9) % fu, Toe TEGIT IO x (tyw,be)dt o IV-9

the power spectral density is related to the autocorrelation
by a Fourier transform

400

@xx(w) =2 J V¢XX(T) e—JwT ar = U [O¢XX(T) coszdT IV-10

- 00

4,2,2 Joint Properties of Random Processes

We will define at this point the crosscorrelation functions,

as an extension of the autocorrelation functions

. T . ) ‘
- lim 1 - :
L (1) = T 7 f y, (£) y, (t+r)at ‘ Iv-11
1% 2 (o] _ - ,
or
¢ (t) = lim 1 2 y (t,) vy (t + 1) =% (£) y (t }r)
y,y n*e n 441 i 2 1 1 " 2

2 ‘ i

where the bar designates time averages, Higher order corre-

lations are also defined as time averages, e.g.

¢y1y y

) 3(T1’ Tz? ) yl(t) yz(t ¥ Tl) y3§t+'Tz)
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FIGURE 24- EXAMPLES OF POWER SPECTRUM DENSITY

FUNCTION -
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If we consider normalized Gaussian processes NysNpses Ny
an important property is that high order correlations can be
expressed as a combination of first order crosscorrelations),

e.g.,

or more generally

NyMpee Moy = 2TY4Y5
' IV-13
=0

N1N2- -« Nomt

whefe’Zn meaﬁé'summation oVer all diétinct ways of partitioning
into product of pairs,

Other joint propefties of random processes can be defined
by similarity with the basic propertiés defined in sectign h,2.1,

e.g.,'Jointvprobability density functions and crosé-spectral

density functions.

-~ 4,2,3 White Gaussian Process

A,whife Gaussian process {x(t)} can be defined .as a random
process having a constant power spectral density over the total

range of frequencies

0. (w) = e . | IV-14



- this is equivalent to say that its autocorrelation fﬁnction is g
Dirac delta function as can be seen in equation IV-10, i.e.,

¢xx(r)_ = AG(T). : o Iv-15

A band-pass white hoise has a power spectrum density constant.

over a certain range of frequencies (Figure 25)
¢xx(r) = AG(T)

4,3 Use of Crossdorrelatigp’and White Gaussian Process x(t)

4,3,1 Introduction Assume a linear system with a kernel

function hl(t), such that
St ,
yl(t) = j hl(T)X(t—T)dT Iv-16
- 00

if x(t) is'a white Gaussian process described by ¢XX=A6(T)

7
y (t)x(t-1 ) x(t-1 ) f h (1)x(t-t)dT
1 _ 1 1 e 1

+oo .
I hl(T) X (t—Tl)x(t—T)dT

4 oo

A I h (t) §(z —T)df = Ah (1t )
e 1 1 : 11

therefore h (t ) = y;(t)x(t—rl) IV-17

e
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FIGURE 25- AUTOCORRELATION ~AND POWER SPECTRAL DENSITY OF WHITE NOISE



where the bar denotes avéraging with respect to t, Avoiding
the details of calculatidn, the results for a second order

integral or homogeneous functional of degree 2 is [18]

o impulse for Tt =7
y.(t)x(t-t )x(t-t ) = 2A* h (1t ,T ) +{ 12
2 1 2 z 102 0 otherwise

so that:

h (t,1) = T y, (E)x(- Jx(E-1 )

with Tl # T2 and more generally for an homogeneous funectional

of degree n:

n! Al yn(t)x(t-Tl)...x(t—Tn) Iv-18

hn(Tl,TZW’..‘ :Tn) =
with the restriction that no two 1's are equalf

Thus if a general nonlinéar system could be broken-down
into a sum of‘separated systems each characterized b& an

homogeneous functional, the kernels could be measured by

erosscorrelation of the input and output functions.

‘ 4;3.2"ThenG;Functibnals

Since Voiterra expansion is not a set of orthogonal
functionals, a‘differenﬁ set of functionals called the
G-functionals has to be used. The kernels of these functionals

will be called the Wiener kernels in contrast to Volterra's
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kernels, The property of the G-functionals is tﬁat fhey are
orthogonal to any homogeneous functional of 1ower degree, and
therefore the G-functionals form a)complete'set of orthogonal
functionals when the input is a white Gaﬁésian process, The
functional of degree n will bevdénoted as follows:

Gn(hn’hn—l(n)’hn—2(n)’ .o ’hO(n) ’X(t)) = Gn[hn,X(t)] IV-—]9

which signifies that this Wiener functional of degree n contains
all Volterra homogeneous functionals of degree less than n.

- The kernels of these functionals are hn,h ) etc... The

7 n-1(n v
subindex (n) denotes that these kernels may be calculated from

hn. The orthogonality of these functionals is defined by:

GnLhn,x(t)J GmLhm,x(t)J = 0, mfn) Iv-20

-

The output of the system may be éiven by Wiener expansion

N8

y(t) =

Gnlh_,x(t)] | Iv-21
n : : .

0
or by Volterra's expansion
. @ t Tt ' o
=z LI ¥ « o - e 00N - )
y(t) I [-w I_m hn(Tl, T )x(t Tl) | x(t Tn)dfrl dt

., - Iv-22
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4,3,3 Relationship Between Volterra and Wiener Representations

The G-functionals may be derived successively by assuming
Go to be a constant, and using their)property of orthogona}ity.
Their general expression is given in Lee & Schetzen [58]. The

'first four G-functionals are

h
o

Golngx(1)]

¢ _
f hl(r ) x(t-t )dt
o 1 1 1

G,[hy ,x(t)]

I

t t
6,lh,,x ()] f f h,(t ,7 )x(t-7 )x(t-t_)dt dr
. —oo ¢ _oo 1 2 ‘ 1 2 1 2

t
.\ f mhz(Tz,Tz)drz

. -
G3[H3,x(t)] = JII h3(r ,T .7 )x(t-1 )x(t-t )x(t-t_)dt dt _drt
: 12 2% 3 1 2 3 1 2 3

t
-3A If-h3(1 ,T ,T )x(t-1 )dt_drt Iv-23
1° 2% 2 1771 2

— 0

For a system of order three we would have a Wiener and

a Volterra representation:

g

t . ‘
y(t) = T 'I..f h%(r yeooT Dx(t=1 ). .. x(t=1 )
=0 o 1 1 1 1

dt ...dT
1 -

M=

Gi[hi,x(t)] =

i=0 i

£ i
= h_ - A-I_vhz(T,T)dT

(o]
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't ' t |
o+ h (t)x(t-t_)dr -3A JJ h (t ,t ,7 )x(t-t )dt _dr
) 1 I 1 w3 1?22 1 1 2

-00

Y N7 : .
+ J h (1,1 )x(t-t )x(t-t )dr_ dt .
0 2 1% 2 1 27T 1 2

et - . _ . .
+ JI h (1,1 ,7 )x(t-t )x(t-1 )x(t-t )dr d1 drt
o 3 12 273 ! 2 3 1 2 3

‘so that

: tt _
=h_ - A J_whng,T)dT.

. o . .
* = + = -
n (r)) = h, Bz = b - 34 J_mhsﬁTl’Tz’Tz)de

h§ (TI,TZ,Ta)'='h3(f;,T2,T3) : 4’ Iv-24

Thus it is noted that.for a given number of‘terme the two
representations are equiyalent, and the kernels of eﬁe represen-
| tafion may be calculated from the other.
vWithout going into»the details of Reference [58],_we will

—just present the formulas to determine the kernels hn by

crosscorrelation

n, = §TE7

(o)

=]

hy(t ) = § FUEIE(E-T)
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L
h2(Tl,T2) = 5y LV(E)-h Ix(E-1 Jx(E-1 )

*E OPfee

\ - n=1 ' :
B _ 1
‘\?n(T1’°"Tn) = HTKH {y(t) —mzo gm[thX(t)]}X(t—Tl)
e l'lx .t—Tn ) . . IV—-25

These time averages may be computed by averaging a large
enough number of discrete values, For example:

| y(ti)x(ti-jl)

|

1

M=

-1 1
hl(Tl) = I N‘i .

the remaininglterms in Wiener\expansion are related to the

preceding values by integral equations such that:

h0(2) = LA Ioo hz(T,T)dT ’ ‘ IV-—26

4,4 Application of the Theory e

'M;Mll Experimental Set-up The apparatus required for this

type of experimentation is rather extensive, the test itself is,
however simple td conduct. The scheﬁe to be followed is pre-
sented in Figure 26, ‘ | |

lThe'white noise generator produces a raﬁdom process which
has é power spectrum density constant over a broad fange of

frequencies, Of course, it is not a real white noise because

it cannot cover the entire range of freqﬁencies since this would

111



21T

WHITE NOISE
GENERATOR -

ENVIRONMENT
CONTROL -

FILTERS

- MATERIAL

AMPLIFIER

Xt) ¢ Y(t)!

CLOSED-LOOP
TESTING MACHI-

NE-

X(t)

EXPANSION OF CONSTI-
TUTIVE EQUATION-

CROSS-CORRELA-
TIONS ON DIGI-

TAL COMPUTER:

DATA IN DI-

X(t)3 Y(1)4GITAL FORM

ANALOG-DIGI-
TAL CONVERTER

(TAPE, PUNCHED

CARDS,ETC)

DATA IN ANA-

X(1) 3 Y(1)4LOG FORM

FM TAPE

Y (t)

RECORDER

FIGURE 26- SCHEMATIC OF THE EXPERIMENTAL SET-UP:

(TAPE)



signify an ihfinite'input'power. Moreover the process is
approximately Gauésian becausé large Values are truncated. The
servo-méchanism cannot reproduce high frequencies, thus a
fflter is required to cut off high frequencles, Similarly low'
freqﬁénciés have to be cut bff‘at some values, otherwise the
necéssary length of the record to analjze may be very long. MTS
and some other closed 1oop mechanisms testing machine caﬁ |
reproduce any input (with limitation on the frequency range)

as a load, stress, deformation or strain to a given specimen,

A fundamental property of the statistical>ana1ysis is that 1its
accuracy increases with the bandwidth of the white noise. This
gandwidth will be limited by the mechanical paft of the system
ratheér than the noise generator,

The input and output signals (stress and strain or vice
versa) are then recorded on a magnetic tape in the form of an
analog or electrical signal, An FM tape recorder 1is used
because of its fidélity of reproduction. A minimum of two
channels 1s necessary. v | L

The “tape may be later played to an analog-digital con-
verter which can digitize tWé channels simultaneously. This
convertion may be accelerated by_using a high speed of play

back on the tape recorder (see schematic on Figure 26).

4, 4,2 Requirements for Data Collection and Processing

Although analog computers may be used for spectral

ahalysis and correlation purposes, digital analysis will.be
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used beceuse of its superior precision and accuracy. Thue
several requirements are placed on the measurements of the
data to be processed. We must determine how long a record
is needed and at what intervals At to sample the record. The
experimental record is_initially'in the form of an FM magnetic.
tape record, The first step is to eonVert this twe channels
»continuoue record into a digital record at equally spaced time
intervals At. Selection of At determines a cut-off or folding
freduency fN.e ?%F (cycles per second) and there should be
very little higher frequencies in'the processed data, Therefore
the cut-off'frequency of the filtering system in the noise
generator should be sharp. The record is also filtered before
digitizing to supress instrumentation noise., For accurate_
correlation function, one should choose At = ﬁ%g-, while some
other values close to l/2fn eould be sufficient and more
economical, -

The maximum number~of correlation lag values m is given
by m Q,T;%E where fo is the smallest frequency of tne record,
The sampie size N and record length Tr are given by: N = 22

and Tr = NAt where € is the normalized standard error for

spectraldeelculations.

Example:  f_ = 0.25 f, = 30 €2 = 0,10
At = 1/120 sec.
m = 480
N = 4800 ° | o
T, = 140 sec. '
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The analog to digltal conversion yields integer numbers
by dividing the full scale into a set of equally spaced levels,
Figure 27 shows how the discretization is.pérformed. The dafa,'
is, thenvscaled into physical units to compute'the different
crosscorrelation functions, | N

It is noted that for a low-pass white noise, the auto-

correlation is given by

sin 27 ' f_ ¢t
n

¢xx<?) = A fn 2ﬂfnt Iv-27

Ainstead of a Dirac function. One can account for this fact
in the evaluation of the kernels, For example for the first-

order kernel

hy(8) = [8,()/0,(0)=0,, (8176, (0)100, (0)/0, (0)15,

Iv-28
is a better formula than:
hl(t) =_F¢xy(t)/¢xx(0)]fn : Iv-.29
because thé crosscorrelation function is of the form
sin 27 fnt '
¢xy(§) = hl(O)A £ oW + A hl(t)l IV-30

The term [¢Xx(t)/¢Xy(0)-¢xx(t)/¢xx(0)] was called normal-
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ized first order kernel.
Similarly for the measurement of the second order kernel,

some of the inaccuracy due to the input signal itself may be
\
eliminated by using:

“,

; _ 1 ¢xy(0) : :
hy(€) = 5z [0y, (8) - 307 xx(8)] Iv-31
rather than
_ 1 | |
h2(t) = 557 ¢xxy(t) . Iv-32

f
| ,
4.,4,3 Materials and Procedures

To evaluate the applicability of this technique to
Qharacterizaﬁion of nonlinear maﬁerials tests were conducted
on three different materials: polypropylene, polyethylene and
polyvinylchloride. These thrée.polymers were partially
crystalized and were chosen because tﬁey exhibited different
.stiffnesses and have different glass transition temperatures,
The speéimens, 7 inch long rods, were tightened into aligned
gripé leaving a gauge length of 4 inches. The diameter of
the rods-wgs 1 inch. Alternate tension compression tests
were performed on these specimens, and both load and elongation
were'recdrded. 'Nb éttempt was made to record stress and strains
instead of'loads aﬁd deformations since thévpurpose of the

experiment was not to measure the properties of a given material
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but ﬁo evaluate the method of testingﬂ A water bath provided
the necessary temperature control and the rods were left in
it 24 ‘hours prior to testing, soAthat the effect of water
absorption would be stable during the tesﬁs.

The white Gaussian sigﬁaIFWas generated by a "1381 Random
Noise Generator (General Radio Co,)" over a 2-2600 cps. band-
width andAclipped at 4 oy (see definition III-5). Thenpé‘
."1952 Universal Filter (General Radio Co.)" reduced therband-
width to 2-240 cps. and this signal was reéorded on channel 1
-of a "Precision Instrument" F.M, tape recorder at a speed.of
30 inch/sec. During the test, the signal wés played back at
a speed of 3,75 inch/sec., therefore producing low frequencies
which did not exist in the original,signal. Indeed with this
speed reduction the bandwidth became 0,25 - 30 cps.

- To perform a test, the signal from channel 1 was sent
through a "DC Amplifier (Dynamics)" to. the MTS testing machine
where 1t was uséd to control either the load of the deformation,
The resultiﬁg load and deformation were simultaneously recorded
on channels 3 and 4, Channel 2 was used to record the signal
coming from channel 1 for a possible check. The level of the
load couldkbe varied by adjustihg the gains -on the amplifiers,

| Later; the data was digitized on an A/D converter which
uses 10-bits words; that is the total scale was discretized
into 1024'1evels (+ 512), the spacing between points was

At = 0,0084 sec.
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4.4, Results and Discussion

The polypropylene rod was first tested at two different
temperatures., Figure 28 ié é typical plotAof the powef
spectrum density of the input to the system (load in this
particular case). The rectangle\represents the épprbximate
band pass white noise.spectrum. In this case the approximétibn
seems to be gdod. Figure 29 shows a normalized form of fhe
autocorrelation function ¢Xx(t) of the signal obtained by
dividing it by ¢XX(O). Ideally, ¢Xx(t) should be a Dirac
function, and the amplitude of resulting oscillations is a
measure of the degree of accuracy to expect of the results.,
Since the autocorrelation function and the power spectrum
density function are related by a Fourier transform, thej
both contain &he same information., The first kernel function
was obtained using 5600 points. Since the input was a load,
an intégration of the first order kernél yields a creep
compliance, 7 |

Figqre 30 shows the expected form for a first\éfder kernel
in a creep type test. This figure shows the obtained first
order kernel and the resulting creep compliance. Note that the
magnitude of the first order kernel is very small'and that its
irreguiaritiesvare not surprising since its value is of the
order of magnitude of the experimental error, The integfation
has the advantage of smoothing such irregularities as can be

seen on the creep compliance function,
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NORMALIZED AUTOCORRELATION FUNCTION ,%x(t)/%x(0O)
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The same specimen was tested by applying the random
signal to control the deformation. In this oase'the first_ '
order kernel yields by integratioﬁ a’relaxation modulus, These
two functions are shown‘on Figure 32, for‘comparison with the
creep type test. The timerdepehdency was small in the two
preceding experiments. The temperature was next increesed'
to 157°F to be cloeer to the glass fransition regioh of .the
poiymer. Two relaxation type tests (deformation control)
were performed at the same temperature but with different
values of loadllevels. The level of the input may be represen-
ted by the power speetrum density of by the rms value of the
input function W#. The value of Wx was 3.3 x 10"5 ineh/inch
in the first test and then decreased.to 2.9.10'5 inch/inch.

The purpose was to see if there would be a noticeable chenge

in the measured functions, The measured kernel functions

are indeed functions of the level of the input if the system

is nonlinear, Figure’33 shows the first order kernels obtained
from 10000 data points, and a change in the first order kernel
with a cﬁange of the level of deformations is apparent, The
resulting relaxation modulil obtained by.integration are shown.
on Figure 34, The second order kernels h2(11,12) were computed
in both cases and are shown in Figures 35 and 36. These
kefnels functions are’surfaces symmetrical with fespect to the
bissector plane, The kernels were computed along radiel Cross-—

sections of the surface. The value of'[hi (£)/1003 _, 1‘is shown
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to give an idea of the scale. The contribution of the second
order kernel to the total expansion is, in this case, less than
“one hundreth 6f the contribution of first order kernel which
was itself very small compared to the insfantaneous response

as seen in Figure 34, It appears from Figures 35 and 36 that
the magnitude of the second order kgrnel increased when the

rms level of the input increased,

The results obtained on the polyvinylchloride sample are
shown on Figures 37 and 38. Two values of Y, were used, A
typical power spectrum density is shown on Figure 37 with its
white spectrum approximation,

In Figure 38 the resulting creeb compliances are shown
and it can be noticed that the material is almost time
independent,‘because it is in its glassy region.

Polyethylene was tested last at two different temperatures.
Figure 39 shows a typical power spectrum density and it is
observed that it deviates more from aﬁ ideal white spectfum
than the previous cases, This 1is due to the fact that fhe
testing ﬁachine was filtering out most of the high frequencies .
contained in the input signal, because_thevmodulus of poly-
ethylene was very small and that relatively large deformations
Were'nécessary td obtain a measurable ioad. A better white'
random inbut could be obtained by using high speed valves
on the servo-meéhanism or by using a signal which ié not itself

a band—pass white noise but which is "failored" to yield an
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input Which has this characteristic,

Figure 40 shows three different curves representing the
cgmputed first order kernel of polyethylene at 157°F, One
cdfve was obtained from the analysis of 5600 data points while
a smobther curve resulted from the analysis’of 10000 points;

A third curve was obtained b& using a first order, five points
smoothing fdrmula. The irregularities of the first order |
kernel are thought to be largely dué to the poor approximation
6f a band-pass white noise loading., The éfeep compliance
obtained by integration of the first order kernel is shown

on Figure by,

|
!

The time—intefval where the measured functions are
ﬁeaningfui is related to the range of frequencies contained

in the powerfspectrum deﬁsity. If the power spectrum density
is flat between fo and fn then the time range of interest -

is boundéd roughly by 1/2Trfn and'1/2nfo. Therefore it is of
interest to have as wide a range of ffequencies as possible. -
For the particular case of theAperformed tests; it is observed
that the'kernel was determined over a range of times difficult
to obtain in a conventional test (t maximum 0;8 sec.). There-
fore.this metﬁod is best,suited to yield the short term
response of a éystem. |

TheAcomputed second order kérnel is shoﬁn on Figure 42

and it is only done as a demonstrative purpose. No claim of

accuracy is made since the input functions were not very good
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approximations to a white random process, ‘The value of
2

1
sion, is shown to give an idea of the degree of nonlinearity.

[h «(t)/l03t=0.1 sec Which is the linear part of the expan-
the.that for a given number of terms in the expansion, thié
method yields the best representation and that thié representation
is a function of the materials properties and of thé applied
load, Since a truncétéd expansion of nonlinear properties
depends on the inputvhistory, a random history'appears to be
a better choice in most of the cases than multiple step
histories, Moreover the materiél is nonlinear and it is in-
convenient to use high order integralé in a boundary value
problem, this method will provide the best representation with
a single integral, The form Qf a second order kernel Obtéined
for a nonlinear electrical.system Reference [58] is shown for
comparison on Figure 43, |
Finally the results of two relaxation type tests performed
at two different temperatures are shown on Figure L4, They
show that an increase in temperaturé increases the drop of the
normalizéd relaxation modulus with time which is normal since
the material approaches the_glass~tfansition region. Note that

E(0) also decreased considerably.

138



" FIGURE 43 - EXAMPLE OF A MEASURED
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V.. CONCLUSIONS AND PLANS FORVFUTURE WORK

It is shown that there indeed exist numerical problems
\ :
associated with the application of simple constitutive law
as linear viscoelasticity to the design and analysis of

experimental pfograms. The complexity of overcomling such

~problems increases as material nonlinearity is taken into

account, Nature abounds in nonlinearities, however, and the
engineering practice is growing more accurate, Demands for

more exact representations of the behavior of materials

imposes some restrictions upon simplifying assumptions. which .

a .
have been common in the past. The new method of determining

nonlinear constitutive equations using random loading -
histories is-éhown to offer.a new approach to thé character-
ization of engineeriné materials. This method séems suitable
for the determination of Constitdtive'Equations»in two
respects: nonlinear short time responée, and study of the three
dimensional case, There may also 5e possibilities\for using
it in noﬁ-destructive field testing. However to determine the

full extent of these possibilities, requires substantial

further studies as suggested below:

A, 'Experimental Procedures

ba.  The signal which was pre-recorded should approximate
morevaccurately a band;pass white noise, and cover a wider range
of frequencies, VThe rangé of frequenéies may best be widened

by including lower frequencies because there is no mechanical

1417



limitafion on this end of the frequency range. The ppséibilities
of using a series of band-pass filters, or of using a digital
computer program to generaté the required signal, should be
X . )
ih%estigatéd, in order to increase the accuracy. of the method;

ﬁ. A modification to Wiener method Which is shown on
Figure 45 should also be further studied, In this case the
rate of the input is chosen as a white Gaussian process, After
analog or digital integration the signal is used as an input
to the systemf The advantages of this proéedure would be that
the measured kernels are the response to a Heaviside unit
function, which is often a more useful function than the response

!

i
to a Dirac unit function, Another advantage is that due to the

shape of the power spectrum density, which tends to decrease
for ihcreasiﬁg frequencies, it is possible to use more
efficiently the testing machine by widening the bandwidth to
include highef frequencies, '

¢, Develop highly efficient computer programs to analyze

the results.

B, Constitutive Equations_

é. Study different,types of viscoelastic materials
(polymers, asphaltic concrete ete,...) to determine for which
cases the method will be most useful,

‘b, Investigate the effect of the load levels, and the
degree of ﬁonlineérities. | ‘

c, Develop.the theofy for a S-dihénsional cése, and
appiy it using triaxial cells, | |
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C. Field Testlng

a, Investlgate the use of the method for éompleted
structures. |

b, Develop the method for different types of random
inputs (non-white n01se) whlch may be better 51mu1atlon to
the real condltlons. A

¢. - Study the poSsibility of extending this method to

signals which have a mean different from zero{
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APPENDIX A - TENSOR NORMS

Since the constitutive equation used in,this work is
eipressed in tensoriél form, it is necessary to intfoduée
two £énsor norms., The normiof'a tensor function
S(TIQTZ,..},TP) of order n for fixed values of its

p-argumehts is given by

sl = max s

/ S

li.e., it is the maximum absolute value of the components
of S; The norm of a tensor function §(Tl,12,...,T ) of
order n in the time domain -« < 1, < ¢ S i=1,2,...,p

is denoted by

sl = max [IS]] ., A-2
. . -w<Ti<t p
1=1,2,...,p =

i,e., it is the maximum value attained by ||§||T in the

interval (-=,t). Obviously, ||§|IT‘ < [[s]].
p

"Let - A and C be tensor functions of order 2 and

B a tensor function of order 2n + 2, all functions of

- the arguments 11,12,.;.,Tp.. Then.
‘A=BC...C | - A-3
fEE2 =



is defined as a multilinear tensor function of order n.

The norm of - A subordinated to the norm (A-1) is given by#

[all, =1Bc ... cll,

<o llclI? . A-4
p _ . . P

p

Similarly, the law of transformation of a tensor E(t)

subject to a rotation R(t)

A(t) = ROOEEIRT(E) (A, = R, R, K ) A-5

can be bounded as’
j
i
|

‘ ‘ | ”é'lt < W||§||ts . A-6

o<1,

where w = max I I IRikle| < 9, since IRiJ

1,5 k &

In terms of components, (A-3) reads Aij = Bijkz,,_qrckl

...qu, where the summation convention is applied..

Conseqﬁently

n
a1, < el

z
p.. r

n

Iz Iz |B | <b_|lc|]
. 2’. s a e .’
p K g \ q ijk gr | n Tp

- Where

n
E < 9" 181, .

z
r p
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o™
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Q™
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