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ABSTRACT

An analysis has been made to determine the energy of
rotation, due to the difference in densities, of a geas-
ligquid mixture as it goes through a horilzontal bend. This
energy, assumed dissipated due to frictional forces, has
been supposed to account for part of the pressure drop of
the mixture during the passage.

Both gas and liquild have been considered incompressible
and the flow regimes analyzed have been separated an
annular. ‘

The flow has been assumed one dimensional along the
pipe, and a one dimensional rotation has been superimposed
in the bend.

The use of a rather large gas-liquld velocity ratio
has shown values of pressure drop a great deal below those
found experimentally. Consideration of the limiting case
of equal veloclty of gas and liquid yilelds values of pres-
sure drop larger than experimental.

It has been concluded that although the energy dissi-
pated during rotation must account for a great deal of the

pressure drop, other phenomena taking place in the bend
must also be sources of pressure losses.

Thesis Supervisor: Miguel A. Santalo

Title: Assistant Professor of Mechanical Engineering
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I. Introduction

The 90° pipe bend is perhaps the most frequently used
connection in piping systems. The pressure losses in such
bends are therefore of considerable engineering importance.

A "pipe bend", as used in this paper will consist of
a pipe of circular cross section bent to the form of a
circular arc. Two straight pipes that connect to the ends
of the bend will always lie in the plane of the bend, and
be so long as to pgrmit a steady. developed flow on both
sides of the bends.

When a single fluid flows under pressure through a
straight horizontal pipe, the pressure decreases in the
direction of the flow as a consequence of the energy loss
resulting from fluid friction. A thin layer of the fluid
adheres to the wall and has zero veloclty with respect to
it. Thus, the veloclty of the fluid at any cross section
increases from zero to a éaximum, which occurs approxi-
mately at the axis of the pipe. The loss of energy is
brought about by the viscous resistance to sliding of con-
centric layers of the fluid over!each other. For the case
of turbulent flow the mixing of the fluid causes even
greater 1osses}

In the case of two fluids (gas and 1liquid) flowing
through the same pipe, considerably larger losses occur

- than in the case of a single fluid. This is mainly due



to the fact that, in general, the liquid and gaseous
phases flow at different velocities, and account has to
be taken of friction at the interphase and mass transfer
between the liquid and the gas.

In going through a bend, a single fluld experiences
a circulatory motion perpendicular to the direction of
‘the flow. This mdtion is due Eo the non-uniform velocity
of the fluid as it approaches the bend. It alters the
character of the flow and causes a loss of energy in
addition to that of friction. In the case of two fluilds
of different density going through a bend one additional
aspect has to be considered since centrifugal accelera-
tion causes the heavier fluid to flow towards the outer
wall. The case of ailr and water as the two fluids has
been considered numerically.

If the flow is assumed to be separated* and the
veloclty uniform at the entrance of the ben&, this motion
can be idealized as a pure rotation imposed on the main
flow.

The purpose of this thesis has been to determine the
enefgy loss due to such motion and its correlation to the
easily accessible flow variables.

The total énergy loss of the bend has been assumed

to be the energy loss due to the above mentioned rotation,

*¥See Section III for definition of term
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plus the energy loss that would have taken place due to
secondary flow within each separate phase.

The pressure drop associated with this energy of
rotation has been computed for the 1iquid phase and
assumed to be equal to the pressure drop of the mixture.

A non-dimensibnal plot of the energy loss through
the bend, less frictional effects, has been made and cdm-
pared with similar plots for experimental data obtained

by Melvin Cohen in a yet unpublished work.
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II. Literature Review

The bulk of all the available literature on pressure
drop through bends can be classified into two groups:
analysis of secondary flow in the bend and investigation
of its relation to the energy loss by the fluid 1n going
through it, and finally; experimental work aimed to find

"vend loss" coefficients.

II. 1. Theoretical Work on Secondary Flow

Secondary fiow occurs in curved pipes. This flow re-
sults from the fact that the fluid near the center of the
cross section 1s moving at a higher velocity than at the
sides due to the retarding effect of friction. This dif-
ference in velocities produces an outward flow in the cen-
tral plane of the bend and a corresponding inward flow at
each side due to gfeater centrifugal force on the faster

moving liquid. (See sketch below)

Secondary flow formation in a bend
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~ An exact determination of the secondary flow would
involve the solution of the Navier-Stokes equations, to-
- gether with an account of the effects of turbulence in
the fluid as it enters a curved sectlion of a pipe. Such
a eolution would be extremely complicated, if not impos-~
sible.

Most of the work on secondary flow has consisted of
analyses and experiments with simplified models which
have had in general, as an ultimate goal, the determina-
tion of the energy loss in the flow as a function of sev-
eral variables of the system under consideration, such as
radius of curvature of bend, diameter of pipe, etc. This
type of approach has been quite extensively taken by many
authors during the past two decades.

The first analytical approach to the problem of the
motion of a fluld in a curved pipe was made by W. R. Dean
(1) in 1927 and 1928. Even though his main purpose was
to show the dependence of the pressure gradient along the
central line of a curved pipe and rate of flow through a
curved pipe on the curvature, he succeeded in presenting
a first derivation of the nature of the flow along a
curved pipe. As a main variable in tﬁe reduction of the
rate of flow due to curvature, he introduces the variable
K, equal to 2 Re® %, where r is the radius of the pipe and
R the radius of curvature. A modified version of this



variable is commonly known as Dean's number:
1/2 Re \/-r-/TR = D.

Dean's analysis is confined to laminar flow in curved
pipes of large bend radius as compared to the dlameter of
the pipe. The equations of motion obtained under these
assumptions are solved by an expansion about the Reynolds
number and restricted to values of it of 500 or less.,
Although his equations are limited and complex, and there-
fore represent little progress towards the derivation of a
geﬁeral theoretical expression for the flow in bends, his
work paved the way for further investigations in the field.

His conclusions also became a great step in the study
of secondéry flow. He successfully explained the manner
in which two symmetrical circulations are set up in the
bend. Other investigations have come into a very close
agreement with thils result. He also comes to the conclu-
sion that the most interesting effect of the curvature on
the flow is that, in a curved pipe, part of the fluid is
continually oscillating between the central part of the
pipe, where the velocity is high, and the neighborhood of
the boundary, where the velocity is low. This motion, due
to the centrifugal force acting upon the fluid, causes a
loss of energy that has no counterpért in a streamline
motioh through a straight pipe. Furthermore, turbulence

is accompanied by a lateral movement of the fluid, which



also implies a loss of energy with no counterpart in
steady motion.

Following Dean, several solutions have been obtained
by making further simplifying assumptions in order to
linearize his equations of motion.

In measurements carried out by Adler (2) for values
of R/r equal to 50, 100 and 200, he demonsfrated thé'
existence of a large increase in the resistance of the
flow due to curvature for Re r/R >10" . According to
his calculations he is able to define a coefficient of

resistance for a curved pipe given as:

j%r - 0.1064 [Re \Jr/R:I 1/2

where Ao denotes the resistance of a straight pipe.
Measurements have indicated, however, that the above equa-
tion 1s only valid for values of the parameter Re VHK/R in

2.8 Later on, Prandtl (3) came out with an

excess of 10
empirical formula which expressed Adler's results to a
higher degree of precision:
U 0.36
2z 03TD
Ao

in the range:
2D = Re V¥/R & 1030
In 1949, Squire and Winter (4) showed that the sec-

ondary flow through a bend could occur as a result of the
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non-uniform velocity profile of the fluid at the entrance
of the bend. They suggested that a more general investiga- -
tion to the rotational flow of a newtonian fluid in three
dimensions could be made if attention was concentrated in
the component of the yorticity the direction of the flow.
A similar approach has been made by Hawthorne (5),
who derived the formula:
(:.E—) -(i).-.-e Segrad‘&l sin#‘l_g
%2 ‘94 ‘ P q*
where:
3 - component of the vorticity in the direction of
the flow.

magnitude of the velocity vector,

the angle between the directions of the prin-

% 40
]

cipal normal and the normal to the Bernoulli

surface.

Po the stagnation pressure of the fluid, defined
fi = P + c.£~
e e 2

© = the angle of displacement along the curved path.

as

With the help of the assumptioné that the secondary
flow occurs in planes which are normal to the direction of
-flow, that the secondary vorticity is normal to these planes
and that the secondary flow may be treated as two dimen-
sional, Hawthorne applies the above equation to the flow

through a 90-degree bend. His results show that the fluid
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in the bend will oscillate between the angles of 0 and ™
with a period for a complete oscillation approximately
equal to 21:47573 radians of turn.

‘This fact may perhaps be an explanation to Davis'
results, who in 1910, in an attempt to plot bend loss
coefficients 3 against VG{ZE found an almost periodic
variation of 3 with N R/d. (See Figurel ).

'Eichembergér (7) conducted investigations using
_Hawthorne's.analysis. These experiments show that vis-
cosity is of little influence for the phenomenon of
secondary flow. He suggested the idea that viscous
phenomena within the bend are of secondary importance
and one therefore might suspect that the dissipation due
té viscosity is not essentially higher in a bend than in
a straight pipe.

His results also seem to show that the Kinetic
energy contained iﬁ the secondary flow is small. He sug-
gested that the main loéses in the passage through a
bend are not due to the diésipation of secondary velocl-
ties but to the displaced boundary of fluid.

Tow numbers, he attributes approximately one half of
the total loss through a bend to dissipation within the
bend itself, out of which approximately one fifth is due
to secondary rotation. The other half is considered lost
in the downstream tangent of the bend, due to the turbulence

induced by the change in #elocity profile.
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Horlo.ck (8) investigated the'secondary vorticity in
a flow goiné through a curved pipe which is subjected té.
repeated reversals of‘the‘radius of curvature. His dif-
ferential equations for the fluid motion lead to elliptic
functions, which are solved by numerical methods. t

For a simple mathematical model, a sinusoildal pipe is
analyzed. This type of pipe configuration ylelds an ana-
1yticél solution for the secondary flow analogous to that
of the motion of a ball pendulum in an alternating gravita-

tional field.

where zazﬁi =21

X
1
a =5 ,T=a
| T T
and. 7 = a sin 21X
=222

represents the equation for the rotation of the particle of

the highest velocity.
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,Assumipg small angles of rotation Hoflock found that
the rate of'incfease of the angle of rotation ¥ increased
with the parameter & for entry conditions corresponding to
=0 and%%: o atdz'fe = O and ia"z '“\/4.

For z, = T/2 the solution suggesﬁed periodicity of
:the secondary flow for all values of the parameter Z, but
for Zo = 31 the solution suggested the possibilitydof a
reversal gg—éirection of secondary rotation, which would
become sharper with'increasing values of the parameter.

Experimentally, Horleck's results checked out pretty
well. Instead of a sinusoidal pipe, a 90-degree pipe bend
of circular cross section was cut into segments of 15-
degrees each and bolted together. For this set up the
rate of increase of the angle of rotation was found higher
than predicted.

It was also found that viscosity damps the rotation
as ¥ approadhes.47/2. This was also found to be true by
the author in a partially filled with liquid pipe.

In conclusion, Horlack's results seem to indilcate
that large velocities may be_produced in bends in which
the radius of curvature is reversed, and that these sec-
ondary velocities must be associated with the large pres-

sure losses experienced in pipes.

'II. 2. Experimental Work

The most complete work on experimental data on
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pressure loss through bends avallable to the author has
been that published by Beij (9).

Beij investigated the pressure loss for several 4 in.
ID steél, 90-degree bends of radii varying from 6 to 80
iﬁches.

He considered the pressure drop through a bend as
being made up of three parts: the pressure loss that
would occur in a straight pipe of the same axial length as
the bends, plus the excess loss in the bend, plus an excess

loss in the downstream tangent.

P.HzH; + Hp+ Hy (1)
e .
where Hg = the head loss with characteristic velocity
distribution in a straight pipe of axial
length equal to the distance between the
points of pressure measurement.
HR = the excess head loss in the bend.
Hp = the excess head loss in the downstream
tangent.
making HBz‘}g—Z- ; HT=6§§ and Hg = Xs-(]i-gg

with the new symbols defined as
V = the mean velocity, which is obtained by
dividing the mass rate of flow by the cross

sectional area of the pipe.
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g = acceleration of gravity (standard value).
s = the coefficient of resistance for a
straight pipe with characteristic velocity
distribution.

= length of the pipe.

= diameter of the pipe,.

.the deflection coefficient.

e & 2
11

“the tangent coefficient.

o .
S wx 1VE s Ve
= H = RS T 78 + o5

we obtain:

+ 0 gg (2)

»njro

where: P . total pressure loss.
¥ = the specific weight of the fluid.
H = the total head loss, (measured as the
height of a column of the same fluid
as that flowing through the pipe line.)

The last two terms of equation (2) can be combined

to give:
H = Hg + Y gg (3)
where 9 = 3+ 6 1is the bend loss coefficient.

All these coefficients: A g, $ and 0 have been
assumed to be functions of the Reynolds number. The most
difficult coefficient to measure proved to be @ , the tan-
gent loss coefficiént.‘ Beij defined a resistance coeffi-

cient ')\x by the relation:
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dh 1 .ve
axs Ax g 2g

where the left hand term represents the head loss
gradient along the downstream portion of the bend.

For a section between the points X = a and X = b,
by integration of the above equation it can be obtained:

e R ()
where Ax denotes a mean value of A x for the section in
guestion. Experimentally Beij investigated this value for
several sections downstream of the bend and found no varia-
tion of Ax with Reynolds number. From the experimental
data obtained, he attempted to derive Ax as a function of

that would satisfy the conditioné of having a maximum
value at X = O and steadily decreasing to A g, the straight
pipe loss coefficient, as X goes to infinity. He assumed
such function to be of the form:
] | e %
Ax - As = (Aa-As) e
where Ao and @ were evaluated from the data.

For bends of relative radii less than R/d = 8, the
excess loss in the downstream section of the bend was
found to be independent of the relative radius, thereby
simplifying calculations for such a range.

With the help of an extensive body of high quality
BeiJj determined the coefficientsAg and § as functions

of the Reynolds number for several values of R/d.
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The values of the straight pipe loss coefficients
were obtained consistently the same in almost all tests
performed. The bendrloss‘coefficients were found inde-
pendentAof the Reynolds number within the range of all
tests performed.

The bend loss coefficient, when plotted against R/d
resembled qualitatively the shape obtained by Davis.

Belj obtained a minimum for 7 in the neighborhood of R/d =

5 and a maximum somewhere in the vicinity of R/d . 15.

Other investigations have found the following results:
Davis and Balch (10) obtained their minimum at R/d = 5 to
7 -and theilr maximum at R/d = 15, for higher values of R/d
the values of the bend loss coefficient begln to decrease.
Hofmann's (11) values indicate the beginning of a more
gradual rise with corresponding lower values of the bend
coefficients. Brightmore's (12) curve starts to rise but
suddenly drops to low values in the neighborhood of Hof-
mann's.  For all these different curveé, the bend loss
coefficient starts to drop in the vicinity of R/d = 20.
Although outside the range of his tests, Belj suggested
the probability of the existence of a third region in which
7 decreases, and presumably approaches zero as the radius
of curvature goes to infinity. He concluded, from compar-
ing his data to that of the investigators mentioned above,
that within the range of R/d = 5 to R/d = 15 or 20, the

bend loss coefficient is not a function of the flow, the
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relative radius or the roughness only. Thé irregularity
of results obtained within this range by different
observers, and sometimes the same observer in the same
flow conditions, suggests the possibility of an irregu-
larity or instability of the flow. This, Beij argues;
Justifies the drawing of the plot of # vs R/d through
the highest points.

The deflection coefficients, when plotted against
R/d, showed a minimum at R/D = 3 or 4. Values less than
that yielded sharply rising coefficients as R/d goes to
zero and gradually rising ones for values greater than 3
or 4., |

The minimum value of the deflection coefficient
found by Beilj was zero. In other words, the pressure
loss in a bend of about 3 or 4 was found to be the same
as in an equal length of straight pipe. Since the energy
loss in the bend must undoubtedly be greater than that of
a straight pipe, i1t must be concluded that the pressure
loss does not glve the total energy loss. Hence Beij
states that a complete picture of the bend losses can be
thained only by determining velocity'and pressure dis-
tributions in successive cross sections of the bends.

Since Beij'!'s analysis constitutes an outline of most
of the experimental work done on pipe bends, no other de-
tailed account of any other work will be given here. Plots

of bend loss coefficients against several flow variables
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can be found in almost all textbooks on the subject of
fluid mechanics. Further references on the subject may
be found on the bibliography. Several of the curves men-

tioned above are shown in Figure 2.
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III. Dynamic Analysis of Separated Flow Through A Bend

In the following analysis the simultaneous flow of
water and air through a pipe bend willybe considered. By
separated flow it is meant that type of flow in‘which the
liquld phase flows in the lower portion of the pipe, and
a clearly defined interphase separates it from the gaseous

phase, which flows in the upper portion of the pipe.

III. 1. Assumptions

In order to obtain workable mathematical expressions
for the motion of the fluid as it goes through a bend,
several simplifying assumptions will have to be made.
These are:

a) A uniform velocity for each phase will be
assumed to exist through all pdints of the area of a
cross section occupied by each phase. Since physically
the velocity of the interphase must be the same for both
air and water, this assumption implies the existence of
an infinitesimal region where a velocity gradient exists.

The justification for this assumption is that
the main feature under investigation is the rotation of
the fluid due to centrifugal force and the effects of a
velocity and/or pressure gradient are.ne§1ected.

b) The air-water interphase will be assumed to be a
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plane surface, and to remain plane during the fluid's pas-
sage through the behd.

c) The equations of motion will be applied to a sec-
tion of the fluid of infinitesimal length along the direc-
tion of flow. Friction between this section and the walls
and between this section and adjacent fluid will be assumed
negligible.

A1l of these assumptions lead to.a relatively simple
problem of salid body rotation under the actions of gravity
and centrifugal acceleration. Assumption (b) can be
justified to a certain extent from experimental observation.
In the experimental set up described'later, visual observa-
tion indicated that the departure from the idealized condi-
tion stéted is not very great, even at angular displace-

ments of nearly 90-degrees.

III. 2. Mathematical Analysis

Consider a cross section of the bend as shown 1in the
sketch, and a section of fluid of area A, thickness RA® and

mass dm just entering the curved section of the pipe.
- R '

0 —+

(a)
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As the fluid enters the bend it is subjected to the
action of a centrifugal force dm !@l , assumed to éct
through the center of gravity, whigi tilts it to the posi-
tion shown in (b). Since the center of the pipe is the
center of rotation, we obtain applying Newton's law to the
1iquid phase: '

‘ZMO:“IO d?.

—

(1) -

or, summing moments about O,

At oVt a cosd - A; gasiny = L. dy
R

(2) dt*

which simplifies to:

d"\? -’_&_— a cesy - 38 sin
(3) e RK iy ¥

where K, is the radius of gyration of the cross section
of the liquid phase with respect to the geometric center
0, of the total crbss’section.

Defining two constants C; and Cp as:

c""_\_’*_l and C. ='&5
R¥%e Ko

Eq. (3) can be written as:

(4) d*? ¢ cosp- Ca sin
dtr L ?
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Defining two new constants, C3 and related to Cj-and Co

C3 = qc;z'\’c‘:.

by

and
oA = "'QV;‘ g..‘.
Ca
Eq. (4) becomes:
(5) d*¢ . -c3 Lsin(g-ad]

dt*

The solution of this differential equation'is an elliptic
integral of the first kind. To reduce it to standard
form, we make the substitution

§=y-

which transforms Eq. (5) into

-

*$_ - Csoind

Multiplying both sides by 2ikEs()gives:

d Y. ~2Cs sind d8
(7) a—t(%-‘%) - G2 dt

which, when integrated, gives

(8) (%_i_)"_. 2 Cs cos ® +H
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where H is a constant of integration.
From the initial condition of @ = O whené'é = 0, we
obtain a value for H of:

H = -203-¢0sm ; hence eq. (8) can be written:

(9) —da% = \/2 Ca Vc_os de cosa

which gives us the value of the.angular velocity as a
function of the angulaf displacement at any point in the
trajectory.To obtain the integral of eq. (9) the follow-
ing substitution will be made:

Sin ;'Z_ = .5'6.01.02‘ sin ¥

which reduces Eq. (9) to:

' s
(10) t = A S - , -
ﬁ'; a VT_. 3ih"_‘2.‘-. sin?%

R

where 4 , if expressed as a function of the original

varliables, can be written as:

5 = sin' [6in @F"&& ]

Sin Ry

Equation (10) gives a complete description of the
motion under the assumed conditiohs. It represents an
oscillatory motion about the equilibrium position, the
steady state angle, and the maximum value of the angular
displacement as given by this equation is‘twice the

value of the steady state angle.



IIXI. 3. Approximate Solution

A linearized solutlon of the motion can be obtained
by considéring only very small angular displacements.
Letting cosf in equation (3) be equal to one and

sin{ equal to§ , we obtain:

z _ | Z
(11) d‘P 1._9%(?:\._/&_1

dt* RK&
which together wilith the boundary conditions LP and Egg

equal zero at t = O yleld:

(12) q) = -\-/; (‘ —_ C405\j——§—-‘=‘<——:‘;t)

Rg,_

This equation, as it can be easily seen, gives\p a
shape similar to the non-linear solution obtained before.
Its maximum displacement corresponds to twice an angle of
g;-radians, as compared to twice the steady state angle of
equation (3). Also, for this linear case, we obtain a
periodic motion whose period is independent of the value
of the steady state angle, as opposed to the non-linear
solution. However, for up to ten degrees of displacement
around the bend, both equatiohs yield similar values of

angular displacements and velocities.



IV. Energy loss Evaluation

IV. 1. Pressure Drop Calculation for‘Separated Flow

In the precedlng section it has been shown how the
motion of the fluld takes place under the assumed 1ldeal-
ized conditions.

Since no heat or other forms of external energles
have been transferred to the fluid, the topal energy of
the fluid as it rotates must femain constant 1f the losses
associated with fluid friction are neglected.

Undér these conditions, the energy relationships are
expressed by the followlng generalized form of Bernouili's
equétion:

£ + M&z + 0% + («_QZ_K_} = cons+an1'
(1) & 2 ¢ 2
where the last term represents the Kinetlc energy due to
axlal rotation of the fluid.

The continuity equation for steady flow is given by

AV = constant. In\the case of an incompressible fluid
this reduces to AV = constant. It may be assumed that the
area and, therefore, the average,velocify in the direction
of the flow remalns constant.

.Due to the angular veloclty w the Kinetic energy of
the fluid is increased. Furthermore, the elevation of the
center of gravity of the fluild section 1s increased produc-

ing a corresponding increase in potential energy. Since
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the velocity in the direction of flow has been assumed
constant, the energy changes Jjust described can be realized

only if a corresponding decrease in the term g takes place.

That is, there must be a drop in pressure acrégs the bend
if both the potential and the Kinetlc energy of the fluild
are to increase.

The oscillatdry motion taken by the fluid would imply,
in a frictlonless fluid, an oscillatory variation of pres-
sure, from a minimum, when the sum of the Kinetic energy
. of rotation and potential energy is a maximum, to a maximum
when the center of gravity is at ifs lowest possible posi-
tion and the angular velocity equals zero. In the case of
a real fluid, transverse friction will dis;ipate all of
this energy. Thus 1t can be assumed that theipressure drop
would actually have to be assoclated with the maximum amount
of Kinetilc and potential energy acquired by the fluid in its
motion.

To compute the valuedthe pressure drop, it will be
assumed that had it not’bee# for the'damping effects of
~friction, the fluild would have attained,velocitigs and dis-
placements as evaluated in the preceding'section and a
corresponding maximum displacement of the centef of gravity
during the motion.

The point at which the sum of both the Kinetic energy

of rotation and the potential energy become a maximum can

be found by means of the following.physical reasoning:



- 26 -

consider a centrlfugal force field of magnitude €>V to be
, set to act .upon a section of fluid as soon as if comes in-
to the bend. At this point such section has only a tangen-
tial veldcity V, and 1ts center of gravity is at the lowest
possible péSitioﬁ. At any subsequent instant, it will have
an angular displacement$y , an angular velocity %%; and its
center of gravity will be at a distance a(l-cosY’') higher
than before. To obtain.this position, work has been done
against the above mentioned!centrifugal_forée field and
against gravity. In exchange, tﬁe fluid has now a rota-
tional Kinetic energy of magnitude equal to the total work
done.

If the initial level of energy is taken as zero, due

to the conservation of energy we can write:

2 2
(2) — Lléf a sing +ao(i-cosy) + J?g} %E) =

From this equation we can see that the maximum value
of the sum of the last two terms is attained when thé first
one takes its maximum absolute value. In most cases this
occurs when ié équal to 900 degrées. “Thus the maximum
energy loss will be considered to be %?a; and the corres-

ponding pressure drop:

(3) APg = v?s _vi.zq
R
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where APr denotes the drop in pressure through the bend
due to rotation.

. Aithough at the present moment this formula does not
seem to have too much practical use due to the difficulties
éncounteréd in'evaluating a, it will be shown later on how
some of these obstacles can be overcome and "a? cdnveniently

approximated from a knowledge of the flow variables.

IV. 2. Extension to Annular Flow.

Since the previous analysis has been made under the
assumption of separated flow, it is expected that formula
(3) would only apply in such baseé. However, with a slight
assumptioﬁ, ﬁhis restriction can be lifted to comprise also
annular flow. This would indicate a much. wider range of
use, since a great percentage of two phase flow cases found
in practice are either annular or separated.

_To'extend the analysis to the case of annular flow it
will be imagined that as annular flow enters the bend the
portion of fluid next to the interior wall will try to méve
outward as a consequence of the cehtrifugal force acting
upon it.

For this motion to take plaée without producing disé
continuities in the flow, it will be assumed that. such
motion wiil be realized in the form of a rotation over the
walls until a fipal position, as shown in the graph, is

achieved. Again, under the assumption of no friction, this
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final position can be analyzed like in the case of separated

flow.

f‘ﬂ
‘6
Y
a) before reaching b) once motion c) final position

the bend is stated

However, in this case there has been a decrease in
‘potential energy, since the center of gravity of the liquild
phase, which was originally assumed at the center of the
pipe, is now a distance a cosyY lower. Hence equation (2)

should now read: ‘ 2
- Eqsin?-a%kwstg +.K;(C_;_S€) =0
R 2 -\dt
In this case we must obtain a maximum for the differ-
ence beéween the Kinetic enérgy gained and the potential
energy lost. Again, this maximum must occur at the maximumk

value ofLP, which yields exactly the same results as in
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separated flow.

IV. 3. A Method to Determine the Gas-Iiquid Veloclty Ratio

. One of the basic characteristics of two-phase flow is
the fact that, in general, the 1iquid and the gas flow at
different velocities. The ratio of these velocities is a
very difficult quantity to measure in practice. Although
various attempts have been made to simplify its determina-
tion, success has been much less than desired. On the other
hand, this flow variable bears sucﬁ importance that even a
rough appfbiimation of its value would clarify many a prob-
lem. In our case, the value of this ratio will enable us
to compute the ratio of the area of the gaseous phase at
any cross section of the pipe, to.£he area of the liquid
phase., .

This variabie, in turn, will link the geometry of the
flow to the 5ontinuity requiremehts, and therefore relate
a pressure drbp for any given quality, where by gquality it
is meant the weight of gas flowing through the pipe in rela-
tion to the weight of the total gas-liquid mixture.

Before_making any attempt tQ determine Vé/Vg let us
define some of the variables involvéd.‘ A

If the "statlc quality" of the flow is defined as the
fraction by weight of gas present within the pipe at any

given instant, we can write:

4 _As
(6) Xs = )
Ao 4+~ _é‘i
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where Xs denotes the static quality.
Substitution from the relation:
e = W (1-x) = Ve AL

U
leads to: '

x —

(7) |- x "(Vg) e

Ve I—Xs
where X represents the quality of the fldw as defined above.

Equation (7) shows a way of computing %% provided both
qualities are known.

Unfortunately, Xs is not a variable easily measured
experimentally, and the problem of obtaining it 1is just as
cumberéome as solving for the veloclty ratio itself.

In an attempt to solve this problem, we shall apply the
so~called "minimum energy"” principle to the flow of gas and
liquid thréugh a pipe. This method was suggested to the
author by Professor M. A. Santalo. Its justification for
the case under consideration is based only on physical
intuition, therefore no proof of its validlity will be given
here.

Experimentally it has been found to give approximately
correct answers in several cases, particularly at high
'qualities.' At low qualities the velocity ratio given by
this expreésion appears, at present, to be too high. From
an optimistic viéwpoint it can be argued that discrepancies

found in those cases are due not to the inexactness of the
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assumption, but to the simplifications that‘must be made, to
simplify the mathematical operations concerned with their
~application.

In the case of two phase flow it is reasonable to
’expect that the velocities and areas of the total cross
section occupied by the fluids will adjust themselves in
such a way as to result in minimum energy ioss and hence a
minimum energy to drive the fluids thfough the pipe will be
necessary.

Defining the "total énergy" of the flow as the sum of
the enthalpy and velocity terms of the liquid and gaseous

phases, we can wrilte:

®)  H, = wphyeanh, oy Yo an Ve

Za. 29.
Instead of the usual symbols Va and Vg, Va and Ve have been
used to indicate that these values are the root mean square
values of veloclty, for in the calculation of the Kinetic
energy of the flow a process of integration has to béAcar-
ried out due to the existance of a velocity gradient.

“Both enthalples are fixed by pressure and temperature
at any point, and since the mass rate of flow of both air
and water 1is supposed to be known, equation (8) can be re-
duced to a function of Vg and Vg, where these variables are
not independent, for if one of them is known, from the mass

rate of flow, the area occupled by the phase with that



veloclty can be calculated. This enables us to determine
the other fluid's area and hence its velocity.

The assumption of minimum energy tells us that if we
arbitrarly select a veloclity, determine the other one and
plot Ho by successive selections of compatible velocities,
that which renders Ho stationary with respect to neighbor-
ing positions represents the true ﬁalue of Ho. To do this

mathematically we use the relations:

(9) Wy = Vg Aq Pq
| Wr = QH.IAX«E}
A = A%'i'Al

which are obtained from contingity and geometrical consid-
erations. The doublé Bar on the‘velocities indicates that
unlike in equation (8), these veiocitiés are mean velocil-
tles and, in general, not equal to the mean square root
velocities. |

We now make the assumption that they are equal, what
is to say, a uniform velocity profile exists on’both phases.
This represents a fair appfoximation forllow velocities only,
for other cases we should expect to obtain results of at
least the same order of magnitude.

Substituting the values of eq. (9) in eq. (8), we

obtain:
(10) Ho = Wy he+ Wahe + VlAseq + *(A-Aq) P2
Z-Cé,c 23¢,
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Now; instead of plotting Ho to determine its minimum, we -

can minimize Ho by simply differentiating with respect to

Ag and equating to zero. This operation ylelds Ho a mini-
mum_for:

L

(11) ' "'\LL = (&)3

Vs s

This will be the value of the velocity ratio used in rela-

tion to pressure drop computations later on.

Although not obvious, the fact remains that in addition
to the’assumbtions made before, one more has been made and
not mentioned as yet. This is the fact that in defining
the term "total énergy”‘only the main contributing factors
to the enérgy.of the flow were taken into account, and
terms such as surface tension were néglected. This seems
perfectly reasonably, exdept for Ehe'féct that in differ-
entiating Ho with respect to Ag the.value of the deriva-
tives of such terms were also considered negligible., Hoping
that thls is the case, we shall now proceed to fhe next

section.

Iv. 4.

As defined before, "a" is the distance from the center
of gravity of the 1liquid section of the pipe to the axis of
rotation, at the center of it. From purely geometrical

considerations a formula for "a" can be given as:

(12) a= 2r _siny
3

X - sinst(
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where r 1is the radius of the pipe and X' is half the angle
subtended by the chord formed by the liquld interphase.
Also, Rg, or the ratio of the area occupied by the gas

to the total area of the cross sectlon can be written as:

(13) Re = é‘a = W= Y+4 sinzy
or
(14) Zy—sinz.x——z.(fr\‘-R,c)zo

Combining formulas (12) and (14) a tables can be built to
give values of "a" as a function of Rg. In turn, Rg can be
correlated with other variables in the following manner:
From the definition of quality:
L= W - R3V3 A, )
Wi+we  QyVgAg Qe Ve Ag

which can also be written as:

“ (%)

(15) X =
R (ﬁ) ?z.(\_g)
S Ve +§'{ @
Taking the value of %% calculated in the preceding section

we can obtain values of Rg and hence of "a" as function of the
| < :

quality of the flow.
Using equation (3) a pressure drop computation has been
made for velocities of 5, 10 and 15 ft/séc and bends of re-

lative bend radii of 6, 4 and 1. The results have been
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plotted against quality and R/d. (See figures U to7 ).
The parameter used to correlate the pressure drop has

been the pressure drop that would occur in flow of only

liquid through the bend, with a2 mass rate of flow equal to

that of the two-phase flow case.

Curves for these values were found experimentally as

described in the next section.
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V. Experimental Work

_ In order to carry out experimental investigation on
.the pressure drop of two-phase flow in bends, Cohen (13)
has constructed the apparatus shown diagramatically in

figure 12.

V. 1. Apparatus

The apparatus consists of four sections: mixing,
entry, test and exit.

In the mixing section the water and air are brought
together from their sources, theilr mass rates of flow
measured by nozzles installed in the individual pipes, and
are finally mixed and introduced into the entry pipe. Mix-
ing was accomplished in a jet-type‘steam ejector in which a
jet of air was introduced into the center of an annular
flow of water. This type of mixer was used because it
facilitates obtaining a fairly steady separated flow, re-
latively free from disturbances.

The entry section consists of 4 1/2 feet of 1/16 "
thick, 3/4 " ID clear lucite pipe attached at the mixer at
one end and to the text section at the other by Plexiglass
flanges bonded to the pipe. The purpose of thisipipe was
to permit the flow to fully develop before entering the
test section. |

Pressure taps of 0.040" diameter were placed every 12"

along the length of the straight pipe.
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The tést section consisted of a removablev98‘bend.
Bends of relative radii of 6,4 and 1 were used to insure
a wide spread of investigation.

Three feet of straight pipe fitted with two more
pressure taps comprised the test section. It is at this
‘region that disturbances of the flow may be damped out be-
fore a final reading of the pressure is taken At the
outlet of the pipe a gate valve was installed for the pur-
pose'of controlling the pressure in the entire apparatus.
Extreme care was taken to keep the entire set up on a

horizontal plane.

V. 2. Performance for Vater Only

The total pressure drop through the bend was assumed
to be the sum of the frictional loss that would bccur in a
straight pipe of the same axial»length as the bend and the
loss due to factors other than axial friction. These losses
have been called by Cohen secondary losses and in this
paper are denoted by the symbol (AP), . |
| The total bend loss (AP )g was found by plotting the
pressure drop from tap 1 to each of the other taps against
distance along the straight pipe. A 1line représenting'bgzL
was drawn through points three and four and extrapolated to
the beginning of the bend. Similarly, a line with the same
slope was put through the point representing lSFic and

extrapolated back to the bend. The vertical distance between
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thése points represents total bend pressure loss. The sec-
ondary loss was found by subtracting AP/AL times the axial

length of the bend, from the total pressure loss.

V. 3, Performance for Two¥Phase Flow

An attempt was made to verify Martinelli's (14) cor-
relation with this set up. Investigations were qarried out
for qualities up to 0.1 with air pressures varying from
forty to fifty psig and water pressure varying from fifty
to sixty psig.' |

All of the data taken corresponds to either annular or
separated flow, and 1t was'correlated in the manner shown
in figure 8. The curve for the bend of relative radius of
G was not shown because the accuracy of the apparatus did
not permit a careful measurement of the pressure drop fqr
this case. The values used by the author for (AP), in
figure 4 were actually computed by assuming that the ratio
of the total bend losses to secondary losses within this
rénge was equal to 1-5. This result was experimentally

found by Cohen.



- 39 -

VI. Discussion of Results

To verlfy the validity of the equations obtained
using'the simplifying assumptions listed, observation of
the angular rotation of the fluid was made.

The assumption of a plane interphase appeared valid
- at low velocities. Even at angular dilsplacements close
to 90 degrees it could be visually observed that the inter-
phase was nearly plane.

Comparison of the predicted values of angular dis-
placements with those found experimentally showed a‘large
amount of damping after approximately 30 degrees'of fluid
Qisplacement‘along the bend. The amount of damping seemed
to vary according to some power of the angular velocity
and of the steady state, that is to say: nonlinearly.

The amount the maximum angular ﬁisplacement exceeded
the steady staté angle seemed to decrease as the steady
state angle approached 90 degrees. In no case did the
maximum angular displacement exceeé 90 degrees.

Even though there isn't enough data to make a general
statement in this respect, it can be supposed that the sys-
tem had a damping below critical, and that critical damping
is the limiting case as the steady state angle approaches
90 degrees. (See figure 3)

The predicted cur&es of pressure drop are independent

of velocity, extending in this way to bends Martinelli's
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results for a straight pipe.

A comparison of the predicted pressure drop curves
with those found experimentally shows a close agreement
as to their shape.

Quantitatively, the predicted values fall a great
deal below those found experimentally, except in the case
of assumption of a gas-liquid velocity ratio of unity,
when the calculated values of pressure drop lie above the
experimental. This suggests one of two things: (a) either
the calculated qualities are not in close agreement with
the actual qualities, or (b) other phenomena taking place
in the bend, besides rotation, give rise to a large amount
of pressure drop.

The relation between the geometry and continuity of
the flow was obtalned by deriving, under simplifying
assumptions, the equation V* = \3 Hence the cal-
culated qualities are as close to the actual qualities as
the above relation is to the actual velocity ratio. It
is the belief of the author, though, that besides rotation
in the bend, relative motion of the fluid particles have
great influence on the energy loss, because of resulting
turbulence and change in veloclity profile. But whatever
factors, besides rotation, may influence the loss of energy
in the bend, the similarify of the predicted and experimental
curves seem to indicate certain proportionality between

these factors and rotation of the fluid in the bend.
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A plot of pressure drop against relative radius indi-
cated a minimum loss for an R/d of 4, for all qualities
under investigation. Thils startling fact has not been
analytically proven by the author due to the extreme dif-
ficulty, if not impossibility, of obtaining a formula for
pressure drop a function of R/d alone. Nevertheless,'the
predicted results have been corroborated in the experimental
work of Cohen.

The plot (shown in figure 7), shows a decrease in the

pressure drop ratio APRA*;fP“’ as R/d approaches 4,
then 1t increases agéin, presumably in a éteédy manner to
an R/d of 6. From there on it is impossible to determine
what will happen because bends of relative radili larger
than 6 were not investigated. The‘assumpbibn can be made
though, that the pressure drop ratio continues to rise for
a while longer until reaching a maximum, and then it de-
creases as R/d goes to infinity.

This result can be referred back to Davis's result,
(figure 1) where the bend loss coefficlent is seen to de-
crease from an initial maximum at R/4d =.1 to a minimum of
R/d = 4. Although he only considers a single phase, the
recurrence of the same phenomenon in the case oi two-phase
flow is significant.

As a final conclusion, it can be said that the accurate

prediction of the relative positions of the pressure drop
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curves for R/d of 1, 4 and 6, from rotational losses alone,
indicates a definite influence of the latter in the total

pressure drop of separated and annular two-phase flow

through a bend.
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APPENDIX

"Pressure Drop When Gas and Liquid Flow at

the Same Velocity"

The gas-liquid,velOCity ratio calculated in Section
IV shows close agreement when compared to experimental
values, at high qualities. As the quality decreases, the
discrepancy between the calculated and actual value be-
comes larger and at very low qualities only the order of
‘magnitude is preserved.

Since all the preésure drop investigations were car-
ried out atArelatively low qualities, it is expected that
the actual velocity ratio was smaller than predicted.

- Thus, the predictéd curves fall more than what they
actually should below the experimental. An idea as to
what would have happened, should the velocity ratio had
peen smaller, can be obtained by considering the limiting
case of equal veloclty of both phases.

" Figures10and1l show the predicted pressure drop curves
for bends of R/d of 4 and 1. As it can be seen, the new
values fall much closer to the experimental values for very
low qualities. As thelQuality increases the predilcted
values become larger than the experimental.

The only conclusion that we can derive from this re-

sult is that even though there is no reason to believe that
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the actual gas-liquid velocity ratio is closer to unity
than to the previously calculated value, one can assume
that if ibs actual’had been used to compube bhe pressure
drop, the curves would have 1aid somewhat cloéer to the

experimental values.
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