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Abstract

We introduce and examine a general framework for parametrically combining a well-
behaved map g with a given map T into a composite map F) in order to find a fixed point
of T. As special cases, our framework includes outside averaging F\ = Ag + (1 — \)T
and inside averaging F) = T(Ag + (1 — A)I). We establish conditions under which the
trajectory of the sequence of fixed points z to the map F) converge to a fixed point of T’
as A approaches zero. We also establish convergence conditions for the iterative scheme

Trt+1 = Fi,,, (Tk, T(zx)) which approximates the parametric fixed point trajectory z,.
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1 Introduction

Algorithms for solving problems in many applied settings establish a mapping T' whose
iterative application leads to a fixed point solution that solves the original problem. The
convergence of this iterative procedure to a fixed point solution often requires strong as-
sumptions on the algorithmic map T that restrict the algorithm’s domain of applicability.
In many instances, various forms of averaging will extend the range of applicability of the
algorithmic (fixed point) map. To remedy this behavior, in this paper, we introduce a

general averaging framework for solving the fixed point problem
Find z* € K satisfying z* = T(z") (1)

defined over a given ground set K C R" when T : K — K. We will let FP(T) denote the

set of fixed point solutions of (1) which we will assume to be nonempty.

The key idea that we explore is to average the fixed point (algorithmic) map T with
maps ¢ that are “well” behaved in order to counteract the “bad” properties of the map
T. In particular, we will introduce a general averaging framework which includes as special
cases averaging with two types of well-behaved maps: identity and contractive maps. By
allowing us to combine these two types of maps in various ways, the framework will establish
convergence for several forms of averaging. Our framework will include “outside averaging”
as in Ag(z) + (1 — A\)T(z). Halpern [8] and Browder [3] introduced this type of averaging
and Bauschke [1] and Wittmann [14] studied it further in the special case when g(z) =
constant. Dunn [5] introduced the special case of g(x) = z, which Magnanti and Perakis
further studied for variational inequality problems (see [10] and [11]). Our framework will
also include “inside averaging” as in T'(Ag(z) + (1 — A)z), with 0 < A < 1. It will permit
averaging with the identity map (line search procedures), or outside and inside averaging
with contractive maps as well as with the proximal point map. When applied to fixed point
and variational inequality problems, this framework gives rise to certain known methods as

well as several new ones.



Preliminaries:

Throughout our analysis, we will use a few elementary results concerning the relationship

between a given map G : K — K and the map I — G.

Proposition 1 : ([4])
I) A map G is contractive with contraction constant a € (0,1) if and only if I — G is a
strongly monotone map with constant l%‘i, that is,

2

(- Gl@) —y+CW) (e —v) 2 5 ole—yl’ + e~ G(z) —y + G|, Va,y € K.

II) A map G is nonezpansive if and only if I —G 1is a strongly-f-monotone map with constant

%, that is,

1
(€= G(z) —y+GW)(z-y) 2 5llz - Gla) -y + GW)|* Vz,y € K.
We will also use the following result.

Proposition 2 : Suppose K C R"™ is a convex compact set and G : K — K is a nonez-
pansive map. Suppose further that S C K is a closed convez set. Then some point s* € S

satisfies the condition
(G(s*) = s*)!(s—s*) <0 forall s€S.

Furthermore, if G is a contractive map, the point s* is uniquely defined.

Proof: Suppose first that the mapping G is nonexpansive. Consider the mapping G : § — S:

G(s) = Prg[G(s)], defined by the Euclidean projection Prg[-] onto the set S. This mapping

satisfies the following inequality
IG(s1) = G(s2)|| = [Prs[G(s1)] = Prs[G(s2)]ll < [G(51) = G(s2)l| < [ls1 — s2].

The first and second inequalities follow from the nonexpansiveness of the projection operator

and G(-), respectively. We conclude that the mapping G is nonexpansive and since its



domain S is a compact convex set, this set contains a fixed point s* of G, (see, for example,
(2)).
When the map G is contractive, a similar argument shows that the map G is also

contractive, and therefore has a unique fixed point s* € S. Q.E.D.

Observe that this result says that the point s* is a solution to a variational inequality
problem defined on S with the mapping s — G(s). Equivalently, s* is a fixed point of the
projection Prg[G(s)] of G(s) on S.

2 Averaging Trajectories.

2.1 Generalized Averaging Map.

As a first step to our analysis, we approximate the fixed point problem with the parame-

terized fixed point problem

zy = Fy(zx, T(2)))- (2)

What type of parameterized functions F can we consider? Can we develop a charac-
terization that will permit us to consider as special cases outside and inside averaging as is
Fx(zx, T(z2)) = Aglza) + (1 = A)T(xx) and Fa(za, T(z1)) = T(Ag(za) + (1 — A)z))? To-
ward this purpose, for a set of parameters A € A C R, we consider a function F)(z,T(z)) :

A x K x K — K that satisfies the following conditions:

A1l For all A € A =0, 1], the parameterized problem z) = F)(zx,T(x))) has a solution.

A2 T(z) is a continuous map of z. The function F)(z,T(z)) is a continuous function of A

and z.

A3 FP(F,) = FP(T).



We refer to any map F)(-,-) satisfying conditions A1-A3 as a generalized averaging map.

Assume in addition that
A4 K is a closed, convex and bounded feasible region.

Remark:

Observe that conditions A4, A2 imply condition Al.

For situations satisfying these four assumptions, we can characterize the limit points of

the sequence {z)} induced by the parametrized fixed point problems (2).

Theorem 1 : If conditions A1-AJ are valid and if A — 0, then every limit point of the

sequence {x)} is a fized point solution of the map T.

Proof:

Condition Al states that the iterates induced by (2) exist. Condition A4 implies that the
sequence {z)} has limit points. Finally, conditions A2 and A3 imply that as A approaches
zero, the limit points of {z,} are fixed point solutions of the original fixed point problem

(1). QED.

The previous analysis has only characterized the limit points of the sequence of solutions
of the parametric family of fixed point subproblems as solutions of the original problem. In
order to further understand the convergence of the entire sequence as well as the nature of

its limit points, we need to impose some additional conditions on the maps T and F).

A5 The map T is nonexpansive.

A6 The map F) is of the form F\ = F(G,), with F : K — K, G, : K x K — K continuous
functions of z, and, A € A = [0, 1]. In addition,

e F' is a nonexpansive map (as a function of z) and FP(F) 2 FP(T)



e Gy is a nonexpansive map (as a function of z) and FP(Gg) 2 FP(T)
llG,\Kl‘,\,T(;A))-xﬂf =0 :

e lim A—0

AT Gy(z,T(z))i(z — z*) < AG1(z, T(z))(z — z*) + (1 = N)Go(z, T(z))!(z — z*),
for all A € [0,1], all z € K and for all z* € FP(T).

A8a Gi(z,T(z)) is a nonexpansive map as a function of z, or

A8b Gi(z,T(z)) is a contractive map as a function of z with contraction constant a € (0, 1).

Remarks:

(i) Conditions A4 and A5 together imply that the set FP(T) is nonempty. Condition A6
implies that FP(T) C FP(Fp) since if * € FP(T) then Fy(z*) = F(Go(z*)) = F(z*) = z*
from the set of inclusions in condition A6.

(ii) Usually, we let F' =T and Gop = I or F' = ] and Gg = T. In both cases, these mappings

satisfy the set containment conditions in assumption A6.

By invoking these additional conditions, we can further characterize the limit points of

the sequence induced by parametric fixed point problem (2).

Theorem 2 :
I) Suppose conditions A1-A8a are valid. Then as A — 0, every limit point T of the sequence

{z} ts a fized point solution of FP(T, K) satisfying the condition
TeFP(T): (2-G1(zT(x)(z—z)>0, for all =€ FP(T).

II) Suppose conditions A1-A8b are valid. Then as A — 0, the sequence {x)} converges to
a fized point solution z* of FP(T, K) satisfying the condition

"€ FP(T): (z*-Gi(z*,T(z*)))(z—z*) >0, for all =€ FP(T).
Proof:
By condition A4, K is a compact convex set. The set of fixed points FP(T) is known to
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be a closed convex set. Therefore, Proposition 2 implies that under conditions A8a or A8b,
some point z* € F P(T) satisfies the condition (z*=G1(z*, T(z*)))*(z—2*) >0 for all z€
FP(T).

I) Let us first assume that conditions Al1-A8a hold. If yx = G A, T(zy)), then, by the
definition of z), zy = F(y»). Since F(-) is nonexpansive (assumption A6) and FP(T) C
FP(F), z* is a fixed point of F(-) and

0< ((ya— Flun) = (z* = F(z*))! (yr — %) = (ya — Fyr))'(yr — %)
= (ya — z)tyx — %) = (ya — 22)(yr — 2) + (ya — 22)'(2A — 27) (3)

= |Gz, T(za))=zall2—(@A—Go(@r, T(x2))) (A=) +(Ga(za, T(2r)) —Go(za, T(22))) (22 —2).

Condition A7 implies that for all A € [0, 1],

Ga(@x, T(zx)H (@a — %) < AGa (22, T(22)) (@ — %) + (1 = N)Go(ax, T(xa)) (@r — 27),
or, UpOn rearranging terms,
(Ga(@x, T(22)) — Golza, T(22)) (22 — 2*) < M(Ga(za, T(22)) — Go(za, T(21)))" (22— 27).
Substituting this inequality into (3), we conclude that for all A € [0,1],
0 < |Ga(zx, T(@2))=2All* = (23=Go(x, T(22))) (2a—2")+A(G1(2x, T(22))=Go(z, T(21))) (22 —2")
= |Ga(zr, T(22))=zallP=(1=2) (@r—Go(zx, T(21))) (2a=2")+A(G1(2r, T(22)) —22) (2a—2").
Since z* € FP(T) C FP(Gp) and Gy is a nonexpansive map (from condition A6),

(zx — Go(zx, T(zx))) (zx — 2*) > 0.

Therefore, for all A € (0,1],

|Ga(zA, T(2))) — |2
A

> (23 = Gi(ax, T(@a)) (2r — 27).

Condition A6 implies that limy_o(z) — G1(zx, T(z)))) (zx — z*) < 0.



Therefore as A — 0, every limit point Z (which is also a fixed point solution of the map

T as we have shown in Theorem 1 ) satisfies the condition
(z - G1(z,T(2)))'(z — z*) < 0. (4)
Consequently, condition A8a and Proposition 1 imply that

|Z=G1(2, T(Z)) —z* + G1(z*, T(z*))||

ot —

(Z—G1(z,T(Z)) —z* + G1(z*, T(z*))(z —2*) >
Moreover, the inequality (4) and the definition of z* imply that
(- Gi(2, T(7)) — " + G1 (2", T(z%)))'(Z - z*) < 0.

Therefore, Z— G1(Z,T(z)) = * — G1(z*,T(z*)). Consequently, the definition of z* and (4)
imply that, for all z € FP(T),

(Z - G1(z,T(2)))(z - Z) = (2" = G1(z", T(2")))(z — «*) + (Z - G1(Z, T(%)))*(z" -~ 7) 2 0,

establishing the first part of the theorem.
IT) Let us now assume that conditions A1-A8b hold instead.
As in the previous argument, as A — 0, every limit point Z € FP(T) and satisfies the

condition

(- Gi(z,T(2)))(z - 2*) < 0. (5)
Moreover, since Gy is a contractive map with contraction constant a, condition A8b and
Proposition 1 imply that

1—a

(- G1(z,T(Z)) — * + G1(z*, T(z*)))"(z — z*) > 1z — 2|

Therefore, inequality (5) and the definition of z* imply that Z = z*. Observe that the
contractiveness of map G implies that the point z* is uniquely defined. Therefore, the

entire sequence {z,} converges to the point z* = PrpGy(z*, T(z*)) € FP(T). O

This theorem states that any limit point Z of the sequence {z)} solves the variational

inequality with the mapping I — G; over the general set FP(T). In the special case when
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G1(z) = g(z) = ax for some 0 < a < 1, the condition becomes (1 — a)z!(z — Z) > 0 for all
xr € FP(T) which is the optimality condition for the minimum norm problem defined on

FP(T). Therefore, the parametric fixed points converge to this minimum norm point.

To illustrate the type of limiting conditions we have developed, let us consider a numer-
ical example.
Example: ,
Consider the fixed point problem FP(T,[0,2] x [-1,1]) with the map T(z) = z, if z; > 1
and T(x) = (2 — z1,z2), if 21 < 1. The set of fixed point solutions is FP(T) = {(1,z2) :
z2 € [~1,1]}. Consider the contractive map Gi(z) = g(x) = £. Its fixed point solution is
the point z* = (0,0). For this example, the averaging trajectory z} = Ag(z}) + (1 —\)T(z})
is z} = (%’_%,0). Similarly, the trajectory z3 = T(Ag(z2) + (1 — A\)z3) is 23 = (13.0).
As we have shown in Theorem 2, as A approaches zero, the parametric fixed points in
both cases converge to the fixed point solution with the minimum norm, that is, z* =

Prrg(z*,T(z*)) = (1,0). Observe that although the trajectories 3 and z?2 in this example
A A

are quite different, they both approach the same limit point.

In the next section we will show that indeed these types of averaging trajectories are

special cases of the averaging trajectories we have considered in this section.

2.2 Examples of generalized averaging maps.

We next provide several examples of maps Fj(,-} and show that they are special cases of
the averaging framework we have introduced. Again, we assume that the ground set K
is a convex compact set, the map T : K — K is nonexpansive and the map g : K — K
is contractive. These special cases use various forms of inside and outside averaging. The
fact that the fixed point map T is nonexpansive allows us to apply the proximal point map
(I 4 c(I —T))"! for some constant ¢ to the map (I — T) in some of these examples. For
a discussion of the proximal point map and its relationship to fixed point problems, see

Eckstein and Bertsekas [6] and Rockafellar [13].



A Outside averaging with a contractive map
F(z, T(2)) = F{ (2, T(2) € Xg(z) + (1 - NT().
In this case, F =1 and G\, = A\g + (1 — A)T.
Halpern (8] and Browder (3] introduced, and Bauschke (1] and Wittmann [14] further

studied, a special case of this map (with the constant map ¢g(z) = c for some constant
c).

B Inside averaging with a contractive map
Fi(z,T(z)) = Fi*(z, T(2)) € T(0g(z) + (1 = Nz).
In this case, F =T and Gy = A\g + (1 — A\)I.

C Outside averaging with the proximal point map
d -
(2, T(x)) = (1= Nog-y(@) F (1= NI + (I - 1)) (@),
In this case, /=1 and G\ = (1 — A\)Jy1-71)-

D Inside averaging with the proximal point map
F)\(2,T(@)) = Jer-1) (1 = Na) < (T + (T - 7)) (1 = M)a).
In this case, F' = Jy;_1) and Gy = (1 = A\)I.
Note that method C (D) is analogous to outside (inside) averaging of the map J,;_1)
with g = 0. Furthermore, like the methods A and B, we can apply averaging with a

more general contractive map g (or a family of contractive maps g as in method F

below).

E Convex combinations of any F)\ maps that satisfy the conditions A1-A8a or

Al-A8b

F Averaging with a family of contractive maps
In examples A-E, we can replace the map g with a family of maps g, : K — K if for

some constants « € [0,1) and v > 0:
llgr(z) = ax()ll < ellz =yl vz,y € K, YA€ [0.1]
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and
llgar (z) = grz(@)|] < ¥IAP = A%, Vz € K, VAL, A% € [0,1].

Validity of the algorithm schemes A-E:

We next show that the maps A-F satisfy the conditions A1-AS8.

e Conditions A4 and A5 follow by assumption.

e In all six cases, it is easy to see that the map F)(z,T(z)) is nonexpansive. Therefore,
condition A4 implies condition Al. Furthermore, for A € (0,1), Fy(z,T(z)) is a

contractive map.

o |[F\(z,T(z)) — F5(z,T(z))]] < |A = A|L(z) for some appropriately defined continuous
function L(z) of = for examples A-F.

Therefore, F) is continuous as a function of A.
e Conditions A2 and A3 follow from the corresponding definitions of Fj(z,T(z)).

e We can easily check that in all six cases that the map F\ = F(G,) satisfies the

properties of condition A6.

e Gi(z,T(z))(z — z*) = AG1(z, T(z))!(z — z*) + (1 — N)Go(z, T(z))*(z — z*) in all of
the examples A-F.

e In examples A and B, Gi(z,T(z)) = g, while in example F, G1(z, T(z)) = g1. In each
case, (71 is a contractive map. In examples C and D, G1(z,T(x)) = 0, a nonexpansive
map. In example E, the specific form of Gi(z,T(z)) will depend upon a particular

convex combination being considered, but it is easy to see that in any situation it will

be nonexpansive.

Comparing Some Averaging Trajectories
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To complete this section, we compare the trajectories generated through some of the

previous examples.

Consider the trajectories of the fixed points generated from the maps
Fi(z) = (1 - NT(z) and FC(z) = (1 — AN)Jo1-1)(2), for A € [0,1). The map F{!(z) is a

special case of the map F{¥(z) with g(z) = 0. Let
z8 = (L= NT(2f) and 2§ = (1= NJ-1)(z5) = (1= N((L + )T = cT) 7} (z5).

We compare the two trajectories by noting that

¥ = ((1+c)—-cT) (lx_§>\> = (lli—/c\)xf—cT<laf)\>.

c c
Therefore, -f{*x = 5T (13_%) implying that

= (1-Nz4 .
c+A

We might also consider the trajectories of fixed points generated from the maps F/{B (z) =
T((1=Nz) and FP(z) = ((c+ 1)I — ¢T)7L((1 = A)z). The map FZ(z) is a special case of
the map F}"(x) with g(z) = 0. As above, we can show that

Notice that in this case the trajectory of the fixed points generated by inside averaging with
the proximal point mapping (that is, the sequence {zf }) is the same as the trajectory of
the fixed points generated by inside averaging (that is, the sequence {zf}) Observe that

whenever ¢ > 1, the sequence {z?} converges faster than the sequence {z8}.

3 Approximate Averaging Trajectories

The averaging framework described in the previous section provides an intuitive way of

approximating fixed point solutions of a map T with the trajectory of fixed points solutions
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for a class of parameterized subproblems. Following this trajectory exactly as well as com-
puting the fixed points of the subproblems typically will be very expensive computationally.

Therefore, we would like to be able to approximate these trajectories.

We suggest two iterative schemes of approximating the generalized averaging trajectory.
Both include as a special case outside averaging with a constant map as previously con-
sidered in the literature (see, for example, Halpern [8] and Bauschke [1]). The framework

here, however, extends well beyond this very special case.

3.1 A General Averaging Framework

We consider the following approximation,

Th1 = Fagyy @k, T k), (6)

which takes a single step towards solving the parameterized fixed point problem (2) and

then alters the value of \.

We consider a function Fy(z,T(z)) defined on the set A x K x K — K. Suppose, in

addition, the function satisfies the following conditions:

Bl FP(Fy) = FP(T).

B2 F)\(z,T(z)) = fr(z) is a continuous function of z and A and || F(z, T(z))—Fx(y, T(y))|| <
BNz —yll, with 8(A) 20,0 < 8(0) <1 and §'(0) < 0 and B(X) < B(0) + 5'(0)A.

B3 ||Fy\(z,T(z)) — F5(z,T(z))|| < |\ — ML(z) for some continuous function L : K — R..

Note that condition B2 is valid if 3”(A) < 0, that is, 3()\) is a concave function.

Counsider stepsizes A satisfying:
B4 M\, — 0.
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B6 Zk IAk - Ak.{._ll < +o0o0.

Wittmann [14] has used the same choice of stepsizes for the special case of outside averaging

with a constant map. Finally, assume

B7 L(z) is bounded over the feasible set K (for example, when the set K is bounded).

Remark:

We can view conditions B1-B3 as relaxed versions of conditions A1-A3. Observe that when
Fy(z,T(z)) =T, the assumption 0 < 3(0) < 1 captures the nonexpansiveness of the map T
as in condition A5. The conditions §'(0) < 0 and B(A) < 3(0) + 8/(0)\ imply that B()) < 1
for all A € (0,1]. Consequently, F), is a contractive map for every fixed A € (0,1] and F), is
a nonexpansive map for every fixed A € [0,1]. In the case of inside and outside averaging,
these assumptions imply the contractiveness of the map g, implying that for every fixed

A € [0,1], Fa(z,T(z)) is a continuous function of z.

Before analyzing the behavior of the general averaging map Fy(z,T(z)), we examine
several of its special cases. In particular, we show that several iterative schemes which are
the algorithmic extensions of the examples A-F of the previous section satisfy properties

B1-B7.

A Outside Averaging:
Tit1 = Me419(@k) + (1 = A1) T (k)

Assume that

i) K is a bounded, closed, convex feasible region.

ii) g is a contractive map with a contraction constant a € (0, 1).
iii) T' is a nonexpansive map.

iv) The stepsizes Ay, are chosen as in B4-B6.

14




Observe that in this case F)(z,T(z)) = Ag(z) + (1 — A\)T'(z); consequently,

o Fy(z,T(z)) = T(z), therefore, FP(T) = FP(Fp) and Bl is satisfied.

¢ Conditions ii) and iii) imply that;
I1Fx(z, T(z)) = Fa(y, Tl < Aallz — yll + (1 = Az — yll = B(A) ||z - yl| with
B(A) = (1= A(1—a)) satisfies condition B2. In this case, 3(A) = 1—-A(1—a) >0,
B(0)=1, §(0)=—(1—a) <0and g"(A) =0.

e Condition iii) implies that
IFx(z, T(x)) = Fx(z, T(2)]| < A= Mllg(@)l| + A = MIT (@)l = X = M(llg(@)ll +
|T(z)]|), which satisfies condition B3 with L(z) = ||g(z)|| + | T(x)||.

e B4, B5, B6 follow by definition.

e B7 follows since K is bounded.

B Inside Averaging:
Tht1 = T(Mer19(zk) + (1 — Aps1)zk)

Assume that

i) K is a bounded, closed, convex feasible region.

ii) g is a contractive map with a contraction constant a € (0,1).
iii) T is a nonexpansive map.

iv) The stepsizes A4+ are chosen as in B4-B6.

Observe that in this case F)(z,T(z)) = T(Ag(z) + (1 — A)z). Therefore,

o Fy(z,T(z)) = T(x); consequently, FP(T) = FP(Fp) and Bl is satisfied.

e Conditions ii) and iii) imply that
[Fx(z,T(z)) = Faly, TNl < IAg(z) + (1 = Az — Ag(y) — (1 = Ayl < Aallz —
yll + (1 =Nz -yl = BN ||z — y|| with B(A) = (1 — A(1 — a)) satisfies condition
B2. In this case, B(\) = 1 — A(1—a) >0, 8(0) = 1, #(0) = —(1 — a) < 0 and
B"(A) =0.
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¢ Condition iii) implies that
I1Fx(z, T(z)) = Fx(z, T(@)l| < IAg(z) + (1 =Nz = Ag(z) = (1= Nz| < [A -
AMlg@)| + 1A= Xllzll = |A= X(|lg()|| + l|lz]|), and so B3 is satisfied with L(z) =
lg(@)Il + 1T ()]l

e B4, B5, B6 follow by definition.

o B7 follows since K is bounded.

C Outside Averaging with the Proximal Point Mapping
d -
zs1 = (1= Mes)Jer—r)(@6) (1= Mes) (T + eI = T)) ().

Assume that
i) K is a bounded, closed, convex feasible region.
ii) T is a nonexpansive map.

iii) The stepsizes Axy1 are chosen as in B4-B6.

o Fy(z,T(x)) = (I+c(I-T))"(z); therefore, FP(Fy) = FP(T) and B1 is satisfied.

e Since Jy(;_7) is a nonexpansive map, ||Fi(z, T(z))—Fx(y, T(y))|| < (1=-X)|lz—y].
Observe that §(A) =1 — X and so 3(\) € [0,1], 3(0) = 1, §'(0) = —1 < 0 and
B'(\) <o0.

 [FA(z,T(2)) - Fx(z, T(@))l £ |A = AL(z), with L(z) = (I + (I - T))"}(z),

which is bounded since K is a bounded set.
e B4-B6 follow by assumption.

e B7 follow since K is bounded.

D Inside Averaging with the Proximal Point Mapping
T = (I +c(I = T)) 7 (1 = Me1)zr).

Assume that

i) K is a bounded, closed, convex feasible region.
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ii) T is a nonexpansive map.

iii) The stepsizes Ag+1 are chosen as in B4-B6.

o Fy(z,T(z)) = (I +c(I —T))"}(z) and, therefore, FP(Fy) = FP(T).

Since J,(;_7) is a nonexpansive map, || F(z, T'(z))—Fa(y, T(y))|| < (1= |lz—yll.
Observe that 3(\) = 1 — \; therefore, B(A) € [0,1], B(0) =1, '(0) = -1 < 0
and 3"(A\) <0.

| Fx(z, T(z)) — F5(z, T(z))|| <X\ = A|L(z) with L(z) = ||z bounded since K is

a bounded set.
e B4-B6 follow by definition.

e Tollows since K is bounded.

E Convex Combinations

Similar to the previous cases.

We next prove some convergence results for our general averaging framework for situa-

tions satisfying conditions B1-B7.

Lemma 1 :
Suppose 0 < B(0) < 1, B'(0) <0, B(A) >0, B(A) < B(0)+ B (0)\ and ¥ A = +00. Then
[1x B(Ax) = 0.

Proof:
Since the log function is concave and 8(\) < 3(0) + 5'(0) A,

log B(A) < log B(0) + %(((?—))A-
Therefore, since log 3(0) < log(1) =0,

8'(0)
log B(A) < W/\
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which implies that
8'(0)

6(7;‘507)“ > () VE.

Therefore,

)

T[50w < L5 Zex g

k

since Y Ay = +00 and (%I(%)) < 0. Consequently, [, 8(A¢) =0. O

Theorem 3 : If the set K is bounded, then conditions B1-B7 imply that every limit point
of the sequence {z} induced from the averaging scheme (6) is a fized point of the map

T:K—- K.

Proof:

Since K is bounded, for some constant L > 0, ||zx4+1 — 2] £ L and L{z) < L for all

k > 0 and all z € K. Therefore, for any k£ > 0,
lzk+1 — Tkl = | Fxepr (Th, Tzi)) — F (21, T(zp-1))]l
S s (@i T(z)) = Py (Thom1, T(@hm ) ) 1 F oy (=1, T(2h—1)) = Fa (-1, T(zg—1)) |
< BAkr)llze = Tr-1ll + [Akr1 — Ml L(z)

< BOk+)llze = ze—1ll + [ A1 — Akl L.

Adding these telescopic inequalities and using the fact that G(\¢) < 1 for all k, shows that

k1 k41
lzks1 = zill < Nzmet = Zmll [T BAns1) + LY [An = Anga| ¥ 2 m > 0.
n=m n=m

Consequently,

ng“xkﬂ — k|| < [[Zme1 — zm| H B(Ans1) + L i |An = Ant1]

n=m n=m

[o.o] o
SLJ] Bns1) + L D 1A = A1l —mk—co O (since B(Ag) < 1 VE).

n=m n=m
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Therefore, {|Tk+1 — Tk|| —k—oo 0. Also,
lzx = Folze, T(@e)) | < 12k — Tl + lzrt1 — Folzw, T(zk)) ||

= ||z& — Ts1ll + 1 Fagsr (zk, T(21)) — Folzr, T(zk))]l

<k — sl + A1 L(zk) —k—00 0

Therefore, every limit point of the sequence {z} is a fixed point solution of the map Fp.
Property B1 implies that it is also a fixed point solution of 7. O

This theorem states that the limit points of the sequence induced by the iterative scheme (6)
are, indeed, fixed points of T. Can we, as before, characterize these limiting fixed points? In
order to do so, we consider a stronger version of assumptions B1-B7, obtained by replacing

conditions B2 and B3 with the conditions

B2' F, = F(G)).
e The map F is nonexpansive (as a function of z) and FP(F) D FP(T).
e The map Gy is nonexpansive (as a function of z), FP(Gy) 2 FP(T) and

1GA(z, T'(2)) = GA(y, Tl < BNz = yll, Va,y € K

with 8(A) > 0 and 0 < 5(0) <1 and #'(0) < 0 and B(A) < 8(0) + B'(0)\.
e For all y € K and all A € [0,1],

GA(z*) (y — 2*) < AG1(z*, T(z*))!(y — 2*) + (1 — \)Go(z*)}(y — z*) Vz* € FP(T).
B3’ ||Gx(z,T(z)) — G5(z, T(z))|| € |\ — A|L(z) for some continuous function L(z) of z.

In particular,
In case A, F' =1 and G, = A\g(z) + (1 — \)T(z).
In case B, F =T and G = Ag(z) + (1 — N)z.
Incase C, F =T and Gy = (1~ NI +c¢(I -T))"L.
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Incase D, F= (I +c(I-T))"! and G) = (1 - N)z.
We can check that cases A-E satisfy the new properties B2/, B3'.

Remark: Properties B2’ and B3’ imply properties B2 and B3.

For simplicity, in the remainder of this paper we will use the abbreviated notation

G/\k-}-l (:L‘, T(:B)) = G/\k+1 (.’L‘)

Before stating the main theorem of this section, we introduce the following lemma.

Lemma 2 : Suppose that for given constants u; € {0,1], 7 > ko > 0, the relation

* 3 .
lyk+1—z ||2 < W“k+le + (1= per)llye — ”2 (7)

18 valid for allk > ko. Letk>m > ko and 1 —a = Hfl:m(l — pn+1). Then0< a <1 and

. 3 .
g+ — 2*||* < — ,(0)6a+(1—a)!lym—r 112 (8)

Proof: We will establish this result using backward induction. Relation (7) implies that the

inequality (8) is valid for m = k. Suppose that the inequality is also valid for some m < k.

Applying (8) to the term ||y, — x*||?, we obtain

o 3 *
llyrsr — 2" < — ,(O)ea+(1—a)llym—x I&

3 3 "
. T R (T(O)6le+ (1= s =71
_ _.ﬂ?/)(O)E(a + (1= @) + (1= @) (1~ pn)llym1 = 2"

Let o/ =1—(1—-a)(1 = pm) = a+ (1 — a)um. Since o’ is a convex combination of u,, and

1, 0 < o' < 1. Moreover, since we can rewrite the previous expression as

: 3 :
lyesr =21 < —rosea + (1= ) lymr — "I,

we have completed the inductive argument and, therefore, established relation (8). Q.E.D.
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Theorem 4 : Conditions B1, B2, BF-B8 imply that the entire sequence {z} induced
by the iterative scheme (6) converges to a fized point solution xz* satisfying the property

z* = Prppr)G1(z*).

Proof:

Condition B2’ implies that 8(1) < 8(0)+1-4'(0) < 1, indicating that the map G1(z) is a
contraction. Therefore, according to Proposition 2, a unique point z* € F P(T) satisfies the

property £* = Prppr)G1(z*) or, equivalently, (z—z*)"(G1(z*)~z*) < O for allz € FP(T).

Let Z be a limit point of the sequence {zy} induced by the iterates (6). Then since
FP(T) C FP(Gy),  is also a fixed point of Gp, implying that (Go(Z) — z*)}(G1(z*) —2*) <
0. Therefore, limsup,(Go(zx) — z*)*((G1(z*) — z*) < 0, implying that for any ¢ > 0,
(Go(zk) — %) ((G1(z*) — z*) < € for k sufficiently large. Define L = sup,¢j L(x). Since
A — 0 as k — oo, for k sufficiently large, 3L2)\; < € for arbitrarily small ¢ > 0. Let kg

be large enough so that for all k¥ > kg both of these conditions are valid. Then if we let

Yk+1 = Gy, (T1),

lykse1 = 2*|* = lIGx,.., (k) = Gola™)®
= G () =Gy ENPH Gy (27)=Go(") [P+2(Girpy (1) = Crey (7)) Gy (27) = G (27))
= 1Gxess (@) =Crpas (@) P+ 1 (&%) =Go (@) [P 4+2( Gy, () = Go(@4)) (Giry ., (€7) — Go(z))
+2(Go(zk) — Go(z"))"(Grpy (27) = Go(z™)) = 2]y, (27) = Go(z™)II?
< (B(\e41))?lze = 2717 + 3L2AE,; +2(Go(w) ~ Go(2™)) Gy (&%) = Go(a™)).

To obtain the previous inequality, we have applied assumptions B2’ and B3’ twice, once
after using the Cauchy-Schwartz inequality. Since zyx = F(y;) and z* is a fixed point of F,

which is a nonexpansive map,

s =211 < (B+1))lyse — 2 |IP +BL2AE 11 +2(Golxx) = Go(2")) (O, (27) = Gola™)).
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Applying condition B2’ to the last term of this inequality and using the fact that Go(z*) = z*

gives
ket — 2 < (BOs1) e = =7 4+ 8L2M 1 + 2 (Go(aw) — 27)(Ga(a") = Gola"))
< (BOw+1)) 2l — 2|12 + 3L2A2 1 + 2016 < (BOws1)) o — 271 + 3edp1.
The properties of 3(A) in B2’ imply that
(B(Ae+1))? < B(Aes1) < B(0) + B'(0) A+t < 1+ 5(0) Aeg1,
with 3/(0) < 0. Therefore,
lyesr — 22 < (1 + B/(0)Aes)llgr — =°|* + 3eds1.

Letting —3'(0)A\x = i and noticing that p, € [0,1] for all k sufficiently large, we can

rewrite this relation as

3

g1 — 2| < _-,mukﬂf + (1 — ppn) g — ="
Lemma 2 implies relation (8) and, therefore, that
2 3 : 2
n=k

In this expression, k is any value chosen so that all the previous facts contingent on the &

being “large enough” are valid. Lemma 1 and equation (9) imply that

3
-5'(0)

L €.

Therefore, since ¢ is arbitrary,

[yk+1 = 27| —k—o0 O.

Observe that .1 = F(yk+1) and FP(F) 2 FP(T) imply that the sequence {z} converges
to the fixed point solution z* of T satisfying the property z* = Prpp(r)(Gi(z*)). O

22



3.2 Path-following algorithms

In this subsection we will present another variant of the previous averaging framework by
considering multiple applications of the averaging map F), ;. That is, we approximate the
trajectories of the parameterized fixed point subproblems more accurately by applying the
approximate averaging maps several times. In return, we need not place any restrictions on

the sequence {At}.

To provide some motivation, we consider the sequence z induced by the parameterized
fixed point subproblems (2). When conditions A1-A8b are valid, the sequence {z)} con-
verges to a fixed point solution z* as A — 0 (see Theorem 2, part II). If, in addition, Fy(-)

is a contractive map for every A > 0, then we can evaluate the fixed point z) as
z) = lim F£(Xo,T(Xo)) (10)
—00

for any starting point X € K.

Since z) converges to a fixed point solution of (1) as A — 0, we might consider an
iterative scheme that “follows closely” the path of fixed points {zx}. That is, given a
sequence Ay — 0, Ax € (0, 1) and a sequence of nonnegative integers {my}, for an arbitrary

Xo € K, we can approximate the original fixed point problem through

Xig1 = FUH (X, T(Xk)) (11)

Ak+1

by ensuring that the iterates Xy stay “close” to the fixed point solutions of the corresponding

subproblems zy, = F), (xy,,T(zy,)).
The following result formalizes this iterative scheme.
Theorem 5 : Let {\;} and {my} be scalars satisfying conditions A1-A8b and assume F)

satisfies condition B2 with 3(A\g)™ — 0 as k — oc. Then the sequence { X} induced by

relation (11) converges to the fized point solution z* = limy_o .
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Proof: Since the set K is bounded, for some constant L, ||z — y|| < L for all z,y € K.
Furthermore, since z,, is a fixed point solution of the map F}, (zy,,T(zy,) and, therefore,

of the map F/(:" (@ T(xa),

”Xk+1 - x/\lc+1” = ”kaH(Xk’T(Xk)) - ka+1(:r/\k+17T(x)\k+1))”

Ak+1 Ak+1
< B+ 1) ™ | Xk — Ta | < BAk+1) ™+ L —foo O-

Since T, —k—oco " by Theorem 2, this inequality implies that the sequence X converges

to the fixed point solution z* = limy_,gz). O

4 Approximate Averaging Trajectories; an Alternate Ap-

proach

To this point, we have introduced a general averaging framework using contractive averaging
maps F) for each fixed value of \. We next study the general averaging framework when
the map F) is nonexpansive. Averaging with the identity map (line search procedures)
is a type of averaging that has received much attention in the literature (see for example
[5], [10] [11]). For this type of averaging, the averaging map F) is nonexpansive rather
than contractive. Can our averaging framework incorporate this type of averaging? In this
section, we answer this question by illustrating how our averaging framework works. In the

context of this relaxed assumption, that is, when the map F) is nonexpansive.

We consider a continuous function F)(z,T(z)) of z and A\, mapping A x K x K into K.

We impose several conditions on F):

C1 FP(Fy) = FP(T).

C2 F, = F(G,))
e I is a nonexpansive map and FP(T) C FP(F).
¢ Gy is a nonexpansive map and FP(T) C FP(Gy).
e (1 is a nonexpansive map and FP(T) C FP(G;).
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C3 Ga(z*)!(y — z*) < AG1(z*)!(y — =*) + (1 — A)Go(z*)¥(y — z*), Yy € FP(T).

C4 Either F is a contractive map (with a contraction constant a € (0,1)) and G, is a

nonexpansive map: ||Gx(z) — Gx(z*)|]? < ||z — z*|?,
or F is a nonexpansive map (with a “contractive” constant a = 1), FP(Go) = FP(T)

and some y(\) € RT satisfies the condition,

IGA(z) = Ga@*)II? < llz = 2*[? = (W) ||z — Go()|*.

C5 [|Ga(z) = Gx(2)|l < L(z)|]A = A,
and L(z) < LVz € K.

The stepsizes A satisfy the conditions

C6 The limg A\, =0 and > v(Ak) = +00.

As in Section 2, we will consider the general iteration

Tit+1 = F/\k+1 (wk) (12)

Question.:
When is condition C4 true?

The following lemma provides some sufficient conditions.

Lemma 3 : The following conditions imply condition C4.
a) Gg is firmly nonezpansive, that is,
IGo(z) = Go(a*)|1? < llz = 2*|1* = llz — Go ().
b) 1Gx(z) = GA(z")|* < ¥(MIGo(z) — Go(z*)|?, with v(A) € [0, 1].

Proof: Conditions b) and a) imply that
1GA(z) = GA(z")]I? < Y(N)|Go(z) = Go(z")II* < v(N)lz = 2*|* = v(\) & — Go(z)||* <

lz = 2> = 7 (V) |z = Go(@)|I*.
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Theorem 6 : Conditions C1-C6 imply that the entire sequence {zx} induced by the aver-

aging scheme (12) converges to a fized point solution.

Proof: Let z* be a fixed point of the map T, and set yx41 = G, (zx) and 211 = F(yr+1)-
The nonexpansiveness of the map F, the definition of the sequence {yi}, the fact that z*

is a fixed point of F, Gy, and G, and condition C3 imply that
lzke1 = 2*[1* < allgrer — 2*|1* = all Gag, () ~ Golz)[?

= al|Greyr (85) =Gy (BP0l Gy (&%) = Go(&™) 1P +2a(G . (1) = Go(2™)) (G ry ., (27) = Go(2))
< al|Gresy (k) =Gy (BP0l Gy (2%) = Go(&*) 1P +205516(Giry . (24) = Go(2%) (G1(z™) = Go(27))

< @Gy (2k) = Gy (@)1

Condition C4 implies that either

(1) F is contractive (with a € (0,1)) and G is nonexpansive. Then for some a € (0, 1),
Z441 = 2*||* < allzx — =¥

This inequality implies the convergence of the sequence {z;} to a fixed point solution z* of
T.
(2) F is nonexpansive (with @ = 1) and condition C4 implies that if we consider a fixed

point z* of the map T, then

k1 = @)% < llzi = 272 = v (k1) lze — Golze) 1. (13)

Relation (13) implies that the sequence {|lzx — z*||?} converges for all fixed points z* €
FP(T). We now consider two subcases.

(i) For some limit point Z of the sequence {z:}, ||Z — Go(Z)||> = 0 implying that Z €
FP(Gy) = FP(T). But since {||zx — z*||?} is convergent for all fixed points z* of T, the

entire sequence {z} converges to a fixed point solution Z of T
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(ii) For some sufficiently large K and some constant B > 0, ||zx — Go(zx)||* > B for all

k > K. Consequently,

+00
00 > lim [z — 2*||* = |lzxe — 2> < = D ¥(Ak41)B = —o0
k=K
which is a contradiction. Therefore, ||Z — Go(Z)||*> = 0. Then, as before, the entire sequence

{zx} converges to a fixed point solution of . O

We next examine the application of these conditions to the special cases A-F that we

introduced in Section 1.

Special Cases:

A OQOutside Averaging
F¥(2) = Ag(a) + (1= N)T(x)

e The map T is firmly nonexpansive.

e The map g is nonezpansive and FP(g) 2 FP(T).

o A > 0 with ) Ae(1 — A) = +o0.

Observe that in this method, g could be the identity map. In this case, the method
reduces to averaging with the identity map (see for example [5], [10], [11]).

Note that G\ = Ag(z) + (1 — A)T(z) and F = I. Condition C1 is valid since Fyp(z) =
T(x).

The fact that g(z*) = T'(z*) = z* implies that G,(z*) = z*. Therefore, condition C4

applies with y(A) = A(1 — A) since
IGA(2) = GA(z")|I? < IAg(z) + (1 = N)T(z) — z*||* <
Alg(z) = 2 + (1 = M|z — 2*[1* = M1 = N||lz = T(2)||* <

Iz =2 = A1 = A)llz = T(@)[|*.
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We can also check that conditions C2, C3, C5 and C6 hold.

In the special case of g(z) = z, this result becomes Dunn’s averaging result [5].

B Inside Averaging
F{M(z) = T(A\g(z) + (1 = N)z),

e The map T is contractive.
e The map g is nonezpansive and FP(g) 2 FP(T).
e N\ >0 with >, Ae(l = Ag) = +o0.

Observe that Gy = Ag(z) + (1 — M)z and F = T'. Condition C1 is valid since Fy(z) =
T(z). Condition C4 applies with y(A\) = A(1 — A) since

IGA() = Ga(z")ll = IMg(z) + (1 = Nz - =*|* =

lz =21 + A%}z = g(2)|* = 2A(z ~ g())*(z ~ 2*) < [}z — 2| = ML = N)fle - g(2)]*.

The last inequality follows from the nonexpansiveness of the map g (see Proposition

1) as well as the fact that * — g(z*) = 0 which follows from the assumption that
FP(g) 2 FP(T).
Conditions C2, C3, C5 and C6 also hold.

C Outside Averaging with the Proximal Point Mapping
Fa(z) = Mg(z) + (1= NI + e = T)) "} (z).

e The map T is nonezpansive.

e The map g is nonezpansive and FP(g) 2 FP(T).

e A\ >0 with 3, (1 — \g)? = +o0.

In this case, G\ = Ag(z) + (1 = A)(I + ¢(I = T))~! and F = I. Condition C1 is valid
since Fy(z) = (I +c(I - T)) ().

Condition C4 applies with y(\) = (1 — A)2. That is,

a) Go(z) = (I+c(I-T))"*(z) is firmly nonexpansive (when T is nonexpansive).
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b) GA(z) = Ga@*)II> < (11 = NI + eI = T)7Hz) — 2] + Ag(z) — gl
(after expanding and using the nonexpansiveness of map g as well as the fact that

FP(g) 2 FP(T))
< (1= A)?Go(z) = Go(z™)II* + A lz = 2*|* + 2M(1 = V) ||z — =" ||~
Substituting a) in b) implies that
IGA(2) = Ga@")|? < llz = 2*|I* = (1 = A)[lz = Go(2)|I*.
Conditions C2, C3, C5 and C6 also hold.
D Inside Averaging with the Proximal Point Mapping
Fa(z) = (I + oI = T)""(Ag(a) + (1 — A)a).

e The map T is nonezpansive.

e The map g is nonezpansive and FP(g) 2 FP(T).

o X >0 with 3p Ae(1 — Ag) = +o0.

In this case, Gy = A\g+ (1 = NI and F = (I + ¢(I — T))~!. Condition C1 is valid
since Fo(z) = (I +c(I - T)) (z).

Averaging as we did for method C shows that condition C4 applies with y(\) =
A(1 — A). Conditions C2, C3, C5 and C6 also hold.

E Convex Combinations of Averaging Maps

Similar to the other cases.

4.1 Generalized Averaging with a Class of Contractive Maps

In this subsection we will establish an averaging scheme for solving fixed point problems
with maps T of bounded exzpansion. We consider the special case of outside averaging,

assuming that g is a contractive map
Tp+1 = Aer19(Tr) + (1 — A1) T (k)
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and impose the following assumptions.

D1 The map T has fixed point solutions, and it is a map of bounded ezpansion around its
solutions, that is,

| T (zx) — z*||? < Bl|jzx — z*||?, for some constant B > 1.

D2 The map g is contractive around its unique fixed point solution (with contractive con-

stant a € (0,1)).
D3 FP(T) 2 FP(g).
D4 The step sizes \g11 € [c, 1], with ¢ > -g—:—;.
Theorem 7 : Conditions D1-D4 imply that the outside averaging scheme induces a se-

quence that converges to the unique fized point solution of g, which is also a fized point

solution of T.

Proof: Conditions D1-D4 imply the following relationships:
21 = 2*[1% = [IAks1(9(ze) = zi) + (1 = M1 )(T(zk) — T8) + 73 — 2|
= [ Meralgzr) — zx) + (1= M) (T(2r) — 2) | + [lzx — ||
F2Xe+1(9(zk) — zi) (@ — 27) + 2(1 — Mg 1) (T() — ze) (ke — %)

(expanding the first term implies that)

= llox = 2*I” + Asallze = g(@i)l® + (1= Mpr)llze — T(z) P
+2Xk 41 (1= A1) (@ =T (k) (k=9 (k) =201 (k=g (k) (T —2*) = 2(1=App1) (zp—T (k) ) (T — ")
(Proposition 1 implies in turn that)
< e =212+ Mz — 9(@o) 117 + (1= M) llzn — T (@) 12+ Aesr (1= A1) llg(zr) — 2412

FAer1(1 = M )T () = zel? = A (1 = @)z — 27|* = Mesa o — g(an) |12
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+(B = 1)(1 = Aex)llzr = 2*I* = (1 = Aesa) e — Tax) |

= llok — 2*I* = |z — 2" [} M1 (B — @) — (B - 1)).

Consequently,
k41 = %% < (1 = O)llzx — 2*|1%,
with 1 > C = ¢(B — a) — (B — 1) > 0. Therefore, the sequence {zx} contracts to a fixed

point solution of 7', namely, the one that is also the unique fixed point solution of g. O

Example:
Consider the expansive map T'(z;, z2) = 3(x2, —z1) which has a fixed point solution z* =

(0,0). Observe that the constant B = 3 (condition D1), since

IT(z) = T(z")|| = 3lz|| = 3||lz — =7|.

Suppose we select g(z) = %—T(m) = %(1}2, —z7) whose fixed point solution is also the peint
z* = (0,0) (condition D3). The map g is a contraction with constant a = 3 (condition D2)
since
lg(z) — g(z)Il = S llzll = 5lle — ="|.
2 2
If we choose stepsizes 1 > Ag+1 > ¢ > 33_%- = %, then we can easily see that the sequence
2

1 5
Teg1 = M1 =T (k) + (1= A1) T (2k) = Tzk) — =M1 T (@k)-
6 6

Of course, the difficulty in implementing this approach is the construction of a contrac-
tive map g whose unique fixed point solution is also a fixed point solution of T. Since,
in general, this construction seems to require knowledge of the fixed points of the map T,
this scheme appears at this point to be of only theoretical interest. The other methods
that we have introduced don’t suffer from this limitation. A natural direction for fututre
research would be to test the methods computationally and to make necessary refinements

to improve their convergence behavior.
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